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ABSTRACT

A residue number system (RNS) based parallel com-
munication system is proposed and its performance
is evaluated using non-coherent demodulation. Di-
versity reception techniques with equal gain com-
bining (EGC) or selection combining (SC) are con-
sidered and the related performance is evaluated
using both a non-redundant and redundant residue
number system based orthogonal signalling scheme.
The so-called ratio statistic test (RST) is introduced
for enhancing the system’s bit error rate (BER)
performance. The BER performance for the above
mentioned scenarios is evaluated numerically with
respect to specific system parameters. Coding gains
up to 8.5dB or 11dB are achieved at a BER of 10~°
using one or two redundant moduli, respectively.

1. INTRODUCTION

Flexible, high-bit-rate, low bit error rate communication is
becoming an issue of increasing importance. Convention-
ally, communication system design is based on the well-
known weighted number system representation, using for
example a binary, octal or hexadecimal number system with
a base of 2, 8, 16, etc. for implementation. Often the
naturally weighted binary system is favoured. In a binary
system, due to the carry forward property of the weighted
number system a bit error may affect all the bits of the
result. By contrast, the so-called residue number system
(RNS) [1] is a non-weighted number system. Due to its
carry-free property, the RNS can be advantageously intro-
dluced in comrunication and computation systems, in or-
der to protect the information processed or transmitted.
In rcecent years, RNS based arithmetics have received wide
attention due to their robust self-checking, error-detection,
error-correction and fault-tolerant signal processing prop-
erties [1]-{3].

In this paper, a residue number system (RNS) based
parallel communication system is proposed aad its bit-error-
rate {BER) performance is evaluated over indoor multipath
fading channels using a receiver with non-coherent demodu-
lation and equal gain combining [4][{(EGC) or selection com-
bining {7](SC) diversity. The inherent properties of the RNS
arithmetic on the bit-error-rate (BER) of the RNS-based or-
thogonal signaling system are presented and the so-called
ratio statistic test (RST) is introduced for dropping some
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Figure 1: The transmitter block diagram.

low-reliability demodulation outputs and consequently for
enhancing the system’s BER performance {5, 6].

2. SYSTEM DESCRIPTION

2.1. Transmitter model

A residue number system is defined [1] by the choice of v
positive integers m;, (i = 1,2,...,v) referred to as mod-
uli. If all the moduli are pairwise relative primes, any in-
teger N, describing a non-binary message, can be uniguely
and unambiguously represented by the so-called residue se-
quence (71,72,...,7y) in the range 0 < N < M; , where
7; = N (mod m;) represents the residue digit of N upon
division by m:, and M; = [];_, m: is the information
symbols’ dynamic range. Conversely, according to the so-
called Chinese reminder theorem (CRT) [2], for any given
v-tuple (r1,72,...,70), where 0 < 7; < m;, there exists
one and only one integer N such that 0 < N < M; and
r; = N (mod m;), which allows us to recover the message
N from the received residue digits.

For incorporating error control [1}-[3], the RNS has to
be designed with redundant moduli, which is referred to as a
redundant residue number system {(RRNS). A RRNS is ob-
tained by appending an additional (u—v) number of moduli
My g1, Mud2, . - - , My, Where muy; > maz {my,my, ..., My}
is referred to as a redundant modulus, to the previously in-
troduced RNS, in order to form an RRNS of v positive,
pairwise relative prime moduli. Now an integer N in the
range [0, M) is represented as a u-tuple residue sequence,
{r1,72,...,7u) With respect to the u moduli. In the RRNS,
the integer N can be recovered by any » out of u residue
digits using their related moduli due to the inherent prop-
erties of the RNS arithmetic. The transmitter block dia-
gram of the proposed RNS-based parallel communication
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Figure 2: The receiver block diagram with RNS-processing.

system using orthogonal signalling is shown in Fig.1. Ac-
cording to the principles of the RNS, the binary informa-
tion to be transmitted is first transformed to the residues
(r1,72,...,7y), which are then mapped in Fig.1 to the or-
thogonal sequences (Uiry,Uzry, ..., Uur,) and multiplexed
for transmission. The transmitted signal can be expressed
as:

s(t) = Re [Z Uir; (8) exp(j?‘zrfct)] (1)
i=1

for 0 <t < T, where f. is the carrier frequency.

2.2, Channel Model

Multipath measurements of the indoor radio channel at
about 1GHz in and around office buildings [8] showed that it
can be characterized by slowly varying, multipath Rayleigh
fading. The complex lowpass equivalent impulse response
is expressed as [9]:

Ly
h(t) =Y Bie’*d(t — ), ()
1=1

where 4(-) is the Dirac function, while £, ¢, and n; are
the I-th path gain, phase shift and time delay of the trans-
mitted signal, respectively, and L, represents the number
of resolvable paths at the receiver. Hence, for any input
signal s(t) expressed in the form of Eq.(1), the channel out-
put signal r(f) produced by the composite multipath fading
channel consists of a sum of delayed, phase shifted, attenu-
ated replicas of the input signal, and the lowpass equivalent
received signal can be written as:

Ly »

rt) =Y RS Unt-m)+ NG, (3)

(=1 =1

where ¢ = ¢; — 2w fery is uniformly distributed in [0, 27)
and N (%) represents a zero-mean Gaussian stationary ran-
dowm process with single-sided power spectral density of Np.

2.3. Receiver Model

Fig.2 portrays the proposed non-coherent receiver for re-
ceiving the RNS-based orthogonal signals in the form of
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Figure 3: The non-cohierent demodulation bank for receiv-
ing residue digit r;.

Eq.(3). Section I of the Figure consists of % number of
banks of correlators, square-law detectors, multipath diver-
sity reception combining and maximum likelihood detection
{MLD) units, where each bank is dedicated to receiving one
residue digit. The ith bank of Fig.2 is shown in Fig.3. The
receiver has a diversity reception structure, consequently, L
multipath components will be tracked, where L =1,2,3, ...
and L < L, depends on the design of the receiver, although
there are L, number of signal replicas at the receiver.

According to the properties of the RNS arithmetic {1}, if
an RNS is designed with redundant moduli using the RRNS,
then some residue digits can be discarded without affecting
the result, provided that a sufficiently high dynamic range
is retained in the reduced-range system, in order to con-
tain the result. The above statement can be augmented as
follows. Let {my,ms3,...,m.} be a set of « moduli of an
RRNS, where my < m2 < ... < m,. Let N be the value of
an information symbol, which is expressed as (r1,72,...,74)
with respect to the above moduli. If the dynamic range of
N is [0, [T;., m:), where v < u, then N can be recovered
from any v out of the u number of residue digits and their
relevant moduli. This property implies that, after the MLD
of the © banks, d, {d < u—v} number of MLD outputs can be
dropped before the residue-to-binary conversion, while still
recovering the transmitted symbol using the retained MLD
outputs, provided that the retained MLD outputs arc those
matched to the related residue digits, or the residue digit er-
rors in the retained MLD outputs can be corrected using the
so-called residue number system product codes (RNS-PC)
invoked in our system. The variables A; for ¢ = 1,2,...,u
in Fig.2 are computed in the process of demodulating the
residue digits and they are used as the metrics for making
decisions as to which MLD outputs will be dropped before
the RNS-PC decoding, an issue that will be discussed in
Section 3.

Given the properties of the RNS arithmetic, RNS-PCs
are usually suggested for error-control. RNS-PCs coustitute
a class of codes constructed according to the characteristics
of the RNS arithmetic {2]. They are maximum minimum
distance separable codes. A RNS(u,v) code, where the in-
formation dynamic range is [0, [];_, m;) and the code dy-
namic range is [0, ], m:), has a minimum distance of
(v —v+1). It is capable of detecting (u — v} or less residue
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digit crrors and correct up to [(u—v)/2] residue digit errors.
Furthermore, a RNS(u,v) code is capable of correcting a
maximum of ¢me, residue errors and simultaneously to de-
tect a maximum of 8 > tinaz residue errors, if and only if
finac + ﬂ <u-—wv.

Moreover, let d be the number of discarded residue dig-
its, where d < u — v. Then, a RNS(u,v) is changed to a
RNS(u — d, v) after d out of the u residue digits and related
moduli are discarded. Obviously, the reduced RNS(u~d, v)
code can detect up to [u — v — d] residue digit errors and
correct up to [(# — v —d)/2] residue digit errors. This prop-
erty suggests that the RNS(u,v) decoding can be designed
by first discarding d (d < u — v} out of the u outputs
of the MLDs in Section I of Fig.2, which is followed by
RNS(n — d,v) decoding. Since the discarded outputs do
not have to be considered in the RNS(u — d,v) decoding,
the decoding procedure is simplified.

Accordingly, as seen in Fig.2, the RNS-processing unit
of Section II in the receiver is used to implement the above
algorithms, such as ‘error-correction only’, ‘error-dropping
ouly’ as well as ‘error-dropping-and-correction’. The per-
formance of the system using these algorithms will be eval-
uated in the forthcoming Sections.

After the RNS-processing, the set of v retained residue

digits of the RNS-processing outputs are input to the residue-

to-binary conversion block of Fig.2 (Section III), and the
estimation of the information symbol value N ensues ac-
cording to known RNS decoding algorithms.

3. DIVERSITY COMBINING TECHNIQUES
AND RATIO STATISTIC TEST

Let an information symbol of N = 0, which is represented
by a residue sequence {0,0,...,0} with respect to moduli
{mi,ma,...,my} of a RNS be transmitted. Furthermore,
let U (1), i=1,2,...,u; j =0,1,...,m; —1 be the output
of the square-law detector for the sth residue digit on the
I-th diversity channel. Then, U;;{l) can be expressed as:

Un(l) =
U() =

1_2u_€ﬁ‘ef‘i’{ +Nkn[21 i=1,2,--'7u: (4)
‘Nijlzl ‘i=1,2,...,’ll.;j#0, (5)

when each residue digit is transmitted using equal energy,
where Ni; is a zero-mean complex Gaussian random vari-
able with variance 4€ No/u, and the channel gain coefficient
Bie’?" is also a zero-mean complex Gaussian random vari-
able with variance E[8}]. Here, E[ ] represents the expected
value of the argument.

3.1. Equal Gain Combining

For a receiver with L-th order (L < Lp) diversity reception
and Equal Gain Combining (EGC), the L paths are equally
weighted and then added to form the decision variables of:

L
U; = ) Uy ©®
i=1

fori=1,2,...,uand j =0,1,...,m;—1. The decision rule
is that for each value of 7 we select the largest value from the
set {U,:n, Ua,. .., U,-(mi..l)} and map it to the estimation of

;. Correspondingly, the RST is defined as [10]:

o Ymax; {Uio, Ui, - - ., Ugmi—1) }
;=
2 max; {UiO,Uily-~-,Ui(m,--—l)} '

M

where ! max; {} and ? max; {-} represent the maximum and
the ‘second maximum’ - ie the second largest - of the correla-
tor outputs of {U,-o, Uity -+, Ui(m;—])}) respectively, whicl
are used for receiving residue digit =;. It is plausible that
when the first maximum is significantly higher, than the
second highest correlator output, then the decision is a high-
reliability one and vice-versa. Hence the outputs associated
with the lowest values of A; are the lowest-reliability out-
puts, which can be dropped in the RNS-processing process.

3.2. Selection Combining

For an L-branch Selection Combining (SC) receiver, in which
the branch signal with the largest amplitude is selected for
demodulation, the decision variables are given by Eq.(4)
and Eq.(5) for the I-th multipath component, when the
residue sequence (0,0, ...,0) is transmitted. Here we intro-
duce a two-stage maximum selection, in order to invoke the
RST. In the first-stage maximum selection, the maximum of
the L diversity components {U;(1), Us; (2), ..., Ui; (L)} for
each specific given i and j is selected, since only one output
is matched to the transmitted signal and (n; — 1) outputs
are mismatched after this selection. Hence, the first-stage
L-branch diversity selection outputs are expressed as:

Uy = max {U;;(1), Ui(2),..., Ui (L)}, (8)

fori=1,2,...,uand j=0,1,...,m; — L.

In the second-stage maximum selection of the schematic,
the maximum of the first-stage outputs, namely that of
{Ui;} for each i is selected for demodulation, i.e:

Ui = max {Ui1, Uiz, - .., Usm;—1) } » (9)
for i = 1,2,...,u and we map these maxima to the esti-
mates of the residues r; 1 = 1,2,...,u. Simultaneously, the

ratio of the maximum to the ‘second maximum’ is computed
in this processing stage, which is defined in Eq.(7).

4. PERFORMANCE RESULTS

In this Section, the average bit error rate (BER) is evaluated
as a function of the average signal-to-noise (SNR) per bit,
which is computed by ¥, = l—;jﬁ":—j:—m—. for all systems
described above.

Fig.4 chows the bit error probability for the EGC and
SC schemes with L = 1,2,3. In the computations, we as-
sume that there were L, = 3 number of resolvable mul-
tipaths components at the receiver, and a non-redundant
RNS-based system with its moduli assuming valucs of m1 =
7, ma2 = 8, m3 = 9 was considered. As expected, both the
EGC and SC schemes provide dramatic BER improvements
for moderate to high average SNRs per bit, when the num-
ber of combined diversity paths, L, increases. Furthermore,
the results show that the EGC schemne has a lower BER than
the SC scheme. This is because that EGC is the optimal
diversity combining scheme for non-coherent demodulation.

In Fig.5, which is related to the EGC scheme and in
Fig.6 characterising the SC scheme, we evaluated the BER
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Figure 4 EGC, SC: BER versus average SNR per bit
for the RNS-based system with 3 moduli, my =7, my =
8 mz=9and L, =3.
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Figure 5: EGC: BER versus average SNR per bit for the
RNS-based system with 7 moduli, m; = 29,m, = 31,m3 =
32,mq = 33,ms5 = 35,ms = 37,m7 = 41, and L, = 3,
where d is the number of lowest-reliability inputs of RNS-
processing dropped.

performance of a RRNS-based system employing RNS-pro-
cessing without redundancy, or using one redundant modu-
lus with one lowest-reliability input of the RNS-processing
being discarded, which we denote asd = 0 and d = 1. In the
related computations, moduli of 29, 31, 32, 33, 35, 37, 41,
as well as L, = 3 total resolvable paths were used, and

= 1, 2 or 3 paths were combined in the receiver using
an EGC or SC scheme. The results show that when the
RNS is designed with redundant moduli, the BER perfor-
mance of both the EGC and the SC scheme is substan-
tially improved. Taking L = 2, 3 paths as examples, the
EGC scheme can achieve an error rate of 107* at SNRs
per bit of 18dB or 13.5dB, when one lowest-reliability in-
put of the RNS-processing is dropped, which are shown by
thed=1, L =2andd=1, L = 3 curves. However, if
the RNS-based system is designed without redundancy, an
average of 26dB or 19dB SNR per bit is required for the
EGC scheme using L = 2 or L = 3 to achieve the bit error

Figure 6: SC: BER versus average SNR per bit for the
RNS-based system with 7 moduli, my = 29, ma = 31,m3 =
32,mg = 33,ms = 35,ms = 37,m7 = 41, and L, = 3,
where d is the number of lowest-reliability inputs of RNS-
processing dropped.

rate of 10~*. This implies that we can obtain about 8dB or
5.5dB gain at Py{c) = 10~* by using one lowest-reliability
RNS-processing input dropping for L = 2 or 3, respectively.
Similarly, the SC scheme using L = 2 or 3 can achieve an
error rate of 10™% at SNRs per bit of 18.5dB or 14.5dB, and
obtain about 8dB or 5.5dB gain at Py(e) = 10™* by using
one lowest-reliability RNS-input dropping for £ = 2 or 3,
respectively.

Similarly to Fig.5 and Fig.6, in Fig.7 and Fig.8 we evalu-
ated the BER performance of a 10-moduli RNS-based com-
muxnication system using EGC or SC schemes, when d = 2
lowest-reliability inputs of the RNS-processing were dropped
Or tmaz = 1 residue digit error-correction RNS-processing
was considered. Obviously, these two RNS-based systems
used the same number of redundant moduli and had the
same information rate. The parameters related to the com-
putations were my; = 29, ma = 31, msz = 35, my =
36, ms = 37, mg = 41, m7 = 43, mg = 47, my =
53, mie = 59, and L, = 5. Observe that the BER of
the RNS-based system with the two lowest-reliability in-
puts of the RNS-processing discarded is lower than that
of the system with one residue digit error-correction RNS-
processing, when the same number of multipath compo-
nents are combined in the receiver. Specifically, the EGC
scheme with two lowest-reliability inputs dropped requires
2dB or 1.5dB less bit-SNR, than that of the system with
one residue digit error-correction, in order to achieve the
BER. of 107, when L = 2 or I = 3 multipath components
is combined in the receiver, respectively. The results imply
that, for a ten-moduli RNS-based system, RNS-processing
using lowest-reliability dropping is a highly-effective RNS-
processing method for improving the system’s BER perfor-
mance. Furthermore, the complexity of the RNS(10, 8) de-
coding of dropping two of the lowest-reliability inputs of the
RNS-processing is much lower than that of the RNS(10, 8)

one residue digit error-correction decoding.
Finally, the coding gains achieved in Fig.5 to Fig.8 were
summarized in Table 1, where k = |log, [];_, m:]] is the

number of bits of the transmitted symbol represented by
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Table 1: Summary of Coding Gain Achieved in Fig.5-Fig.8.
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Figure 7: EGC: BER versus average SNR per bit for
the RNS-based system with 10 moduli, m1 = 29,m; =
31,m3 = 35,m4 = 36,ms = 37,ms = 41, m7 =43, ms =
47, mg = 53, mio = 59, and L, = 5, where tmas is the num-
ber of errors corrected by RNS(u~d, v) and d is the number
of lowest-reliability inputs of RNS-processing dropped.

Figure 8: SC: BER versus average SNR per bit for
the RNS-based system with 10 moduli, m; = 29,m2 =
31,m3 = 35,m4 = 36,ms = 37, ms = 41, my = 43, Mg =
47, mp = 53, m10 = 59, and L, = 5, where tumnaz is the num-
ber of errors corrected by RNS(u—~d,v) and d is the number
of lowest-reliability inputs of RNS-processing dropped.

RNS-processing k EGC Coding gain (dB)
Mode {bits) Values of Moduli oaSC| L, | L 1Ix107°[ 1x10°°
One redundant my = 29, me = 31, m3 = 32, 3 2 6 > 10
modulus and 30 mq =33, m; =35,mg =37, | EGC 3 3 3.5 8.5
lowest-reliability me = 41 3 2 6 > 10
input dropping » SC 3 3 3.5 8.5
Two redundant my = 2%, mg = 31,m3 = 35, 5 2 8 > 11
moduli and 41 mq=36,ms =37,ms =41, | EGC 5 3] 6 11
lowest-reliability mq = 43, mg = 47, mg = 53 5 2 8 > 11
input dropping mip = 59 SC 5 3 6 11
Two redundant my = 29, my = 31, ms = 35, 5 2 6.5 >9
moduli and 41 mys = 36, ms = 37, ms = 41, EGC 5 3 4.5 9
one residue digit my = 43, ms = 47,m9 = 53 i 5 2 6.5 >9
error correction mig = 59 SC 5 3 4.5 9
the related RRNS.
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