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AUTOMORPHISMS AND COVERINGS OF KLEIN SURFACES

by Wendy Hall

In this thesis the theory of automorphisms and coverings of compact Klein surfaces is discussed by considering a Klein surface as the orbit space of a non-Euclidean crystallographic group.  In chapter 1 we set out some of the well-established theory concerning these ideas.


In chapter 2 maximal automorphism groups of compact Klein surfaces without boundary are considered.  We solve the problem of which groups PSL (2,q) act as maximal automorphism groups of non-orientable Klein surface without boundary.


In chapter 3 we discuss cyclic groups acting as automorphism groups of compact Klein surfaces without boundary.  It is shown that the maximum order for a cyclic group to be an automorphism group of a compact non-orientable Klein surface without boundary of genus  g ≥3 is  2g,   if   g is odd  and   2 (g – 1)   if g is even.


Chapter 4 is the largest section of the thesis.  It is concerned with coverings (possibly folded and ramified) of compact Klein surfaces, mainly Klein surfaces with boundary.  All possible two-sheeted connected unramified covering surfaces of a Klein surface are classified and the orientability of a normal n-sheeted cover, for odd n, is determined
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INTRODUCTION

Historically, Riemann surfaces were introduced as devices which render certain mappings as one-one mappings and were originally defined to be without boundary and orientable.  The notion of a Klein surface is attributable to Klein because of his remarks in 1882 on the closing pages of [9].  Riemann surfaces have been studied extensively during the last century.  Klein surfaces which are not Riemann surfaces were occasionally mentioned but work on them did not really begin until the appearance of [23].  In this work Schiffer and Spencer refer to Riemann surfaces as surfaces which can be orientable or non-orientable, with or without boundary.  In [2] the term Riemann surface will infer an orientable surface without boundary.


Pioncaré introduced Fuchsian groups in order to generalize elliptic functions and subsequently realized that they were identical with groups of orientation preserving isometries of the non-Euclidean plane geometry of Lobatschewsky.


The orbit space of Fuchsian group is Riemann surface and recently Fuchsian groups have become very significant in the study of Riemann surfaces (e.g.  [3],  [14],  [11]).


Non-Euclidean crystallographic (NEC) groups are discontinuous groups of isometries of the non-Euclidean plane which contain orientation reversing elements.  The orbit space of a NEC group is a Klein surface.  Thus, Klein surfaces can be studied by way of NEC groups.  In chapter 1, we give the preliminary definition and results (obtained from the large volume of work already published on the subject) which we require to develop these ideas.


In chapter 2, we consider maximal automorphism groups of compact Klein surfaces without boundary.  Hurwitz [8] showed that the order of a group orientation preserving automorphisms of a compact Riemann surface, of genus g ≥ 2, cannot exceed 84 (g – 1).  He also showed that this bound is attained when g = 3.  Macbeath [13], [16] has shown that this bound is attained for infinitely many values of g.  Maximal groups of orientation preserving automorphisms of compact Riemann surfaces are called Hurwitz group.  Macbeath [16] gives the condition for PSL (2,q) to be a Hurwitz group.  The orders of the automorphism groups of compact non-orientable Klein surfaces without boundary, of genus g ≥ 3, are bounded above y 84 (g – 2) and a group of this order acting on a Klein surface of genus g is called an H* -group.  Every H* -group is a Hurwitz group.  Singerman [24] showed that the Huwitz group PSL (2,7) is not an H* -group while the Hurwitz group PSL (2,8) is.  We establish general conditions which determine when PSL (2,q) is an H* -group given that it is a Hurwitz group and show that infinitely many such groups appear.


It is know (e.g. [7]) that the maximum order for a cyclic group to be a group of orientation preserving automorphisms of a compact Riemann surface of genus g ≥ 2 is 2(2g +2) and May [22] has considered the problem for Klein surfaces without boundary.  We show that the maximum order for a cyclic group to be a group of automorphisms of such a surface of genus g ≥ 3 is 2g, if g is odd and 2(g-1) if g is even.


In chapter 4 we discuss coverings of Klein surfaces.  Including ramified and folded covers.  These have been studied in some detail by Alling and Greenleaf [2].  Initially, we consider 2-sheeted connected unramified covering of compact Klein surfaces with boundary.  By determining all subgroups of index two in certain NEC groups with compact orbit space Г we classify all possible connected unramified 2-sheeted coverings of the orbit space of Г.


We then extend the problem to connected n-sheeted coverings of compact Klein surfaces.  We determine the number of boundary components of a normal subgroup of prime index p, in a NEC group and the orientability of a normal subgroup of odd index n, in a NEC group.  We give an example to show that in general these results cannot be extended to non-normal subgroups.
