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In systems far from equilibrium, such as cellular biomolecular assemblies,
energetic input is converted into systematic execution of function. The
functional machinery comprises transport and interconversion of matter,
as well as signalling systems and the regulation of other functional
components. Within the microscopic dimensions of the cell, these
processes are carried out by discrete co-ordinated interactions among
molecules in a noisy environment. We take the position that given the
pronounced effects noise can have in such small volumes having low
copy numbers of molecular species, cells have harnessed evolutionary
pressures into making productive use of noise. Correspondingly, given
the drive towards miniaturisation in future computational hardware, we
can view the attendant concerns about “taming” the noise inherent
to this regime as an opportunity to learn from the way cells fulfil
their transport and information processing needs. In particular, we shall
look at how molecular ratchets exploit thermal noise, how signalling
processes may exploit fluctuations in the number of enzymes, and how
the ability to read out from conformational substates of enzymes can
enable targeted low-pass filtering to guide computational steps through
a suitably mapped state space.
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1 INTRODUCTION

How can information reliably be processed with components that act in
a stochastic fashion? This question occupied computer science from its
onset [24]. The question was motivated by both the practical difficulty
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of implementing high-precision components and the manifestly reliable
operation of the nervous system assumed to be based on sloppy components
[9]. The typical approach to the problem resembled Shannon’s information
theory [22] by trading reliability against redundancy either in input signals
or functional modules in order to overcome noise [25].

The dual motivation for the present paper is similar to what started the
aforementioned line of inquiry half a century ago. Progress in engineering
is pushing towards nano-level structures, but fabricating nano-components
that rigidly follow imposed rules is typically uneconomical and often
physically infeasible. Yet, from an increasingly detailed understanding of
how organisms process information on the molecular level, it is also evident
that reliable information processing can be implemented on the nano-scale.

All information processors, being part of the physical universe, operate
within the constraints provided by the laws of physics. They need to be
shielded from entropy production and heat dissipation for them to extract
useful work from their energy sources [16]. Biological systems, too, operate
within the same set of constraints, yet their spontaneous ordered states and the
precision of their genetic information transfer at nano-scales is maintained
in an environment where thermal motion and stochastic fluctuation is a
prominent feature [21]. The possibility that the ambient noise may be
exploited by biological systems to enhance signal-to noise-ratio through
stochastic resonance has been considered on macroscopic and molecular
level [13]. It appears plausible that nature’s molecular computers not only
subdue noise but press it to the services of cells and organisms. Accordingly
our interest here is information processing concepts that make use of noise.

1.1 Biased Selection
At the heart of the following discussion is the principle of biased selection
from a random pool of possibilities. This principle is prevalent in biology
from molecular to ecosystem level, but not necessarily familiar to human
conception of functional mechanisms. Accordingly, explanations for the
operation of a system under investigation often assume that an interaction
between components evoke a definite change in the components, i.e., an
‘instruction’ principle. Jerne pointed out that in the field of biology repeatedly
explanations that were initially based on instruction had to be revised
subsequently to a mechanism based on selection from random variation [14].
Notable examples are the evolution of species and the creation of antibodies
by the immune system. More recently one can add enzymatic catalysis to
the list. The binding of a substrate was interpreted as a form of instruction
where the interaction of the substrate with the enzyme would induce the
enzyme to assume an appropriate conformational state [15]. It appears now,
however, that the substrate merely stabilises conformational states selected
from a large set of rapidly traversed conformational fluctuations [7, 8].
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Similarly, the operation of molecular motors, to be explained in more
detail below, may be viewed as funnelling of random fluctuations into a
preferred direction [17]. The broad applicability of biased selection principle
from random possibilities points to the question what role it may play in
intracellular information processing. Moreover, information processing in
general can be regarded as the selective discarding of information, although
in the established paradigm the selection is deterministic [16]. Conceivably
an alternate form of computation could be based on the biased selection
principle.

1.2 Computing with Molecules
Molecular level interactions are implicated in all forms of biological
information processing. Single cells provide the most prominent example.
Devoid of higher level structures or organs such as a nervous system or a
brain, cells have to process information on the molecular and supramolecular
scale. A seed, for example, has to process complex, ambiguous information
from multiple sensors to arrive at a crucial 1-bit output: to grow or not to
grow. Similarly, bacteria fuse the information of a variety of specialised
sensors to control their run-and-tumble movements. Whether these natural
molecular information processors function despite noise or actually exploit
noise is an open question.

Artificial molecular computing schemes that implement computation as
transformations of frequency distributions of molecules have been devised
[2, 27]. These schemes average over a sufficiently large number of reactions
to overcome the noise inherent in the stochastic nature of molecular
interactions. Within cells, and in particular within sub-compartments of
cells, however, the number of molecules present may not be large enough
to reduce noise by averaging [6]. In particular, given the small numbers
of mRNA in a cell, the processes of transcription, followed by translation
is inherently noisy, and it is quite likely that organisms have evolved to
exploit this indeterminacy of available components, such as proteins or
RNA in order to maintain function.

Random molecular interaction may actually be an asset rather than
a nuisance to a cell. Molecules are large enough to possess specific
shapes, yet small enough to explore each other by diffusion. Therefore
the heat bath can be recruited for a free Brownian search mechanism. The
random fluctuations of the heat bath also allow macromolecules to undergo
conformational state transitions without requiring an active mechanisms
that would drive the motions [8]. Conceivably the random fluctuations are
funnelled into a preferred direction as is the case in molecular motors.
The basic principle of their operation can be traced to Feynman’s version
of a Maxwell Demon implemented as ratchet and pawl [11]. The presence
of a ratchet introduces an essential asymmetry into the system. It would
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appear that this asymmetry could prevent motion in one direction, while
allowing the integration of momentum from molecular collisions, effectively
rectifying thermal motion. Such a hypothetical device can’t work in practice;
at thermal equilibrium the fluctuations in the ratchet mechanism would
nullify any rectification. The principle of eliciting directed motion from
random fluctuations does work, however, if the potential function of the
system is suitably modulated by a driving mechanism. When molecules
experience an asymmetry repeated along some generalised co-ordinate, but
in a time-dependent, non-equilibrium fashion, they can generate a drift
velocity by averaging over thermal noise [4, 19]. The result is a Brownian
molecular motor, i.e. a molecular machine that harvests thermally activated
state-transitions to perform useful work. This mechanism has been used to
explain the sophisticated operation of the molecular machines that transcribe
genetic information [5] and supramolecular machines acting as Brownian
motors have been demonstrated using chemically synthesised molecules [3].

Artifical molecular information processing devices (c.f. [26]) face the
same noisy environment as their natural counterparts. Selecting the course
of computation from random fluctuations by modulation of free-energy
landscapes may be a viable approach to tackling noise in a constructive way.

2 ENZYMES EXPLOIT THERMAL NOISE FOR TRANSPORT AND
TRANSCRIPTION

Determinism and randomness have well-defined algorithmic meanings. In
a deterministic process, outcomes are evaluated by one-to-one mappings
from input specifications, whereas a noisy process requires the notion of
random sampling from a distribution of potential outcomes. The physical
mechanism that underlies deterministic dynamics is one of a potential energy
function, and sequential temporal updates of a system follow gradients of
such a function—hence a particle is said to go downhill in the absence of
any other forces opposing gravity. Stochastic effects are paradigmatically
represented by a random walk where steps in all available directions are
equally likely extensions of a path. A simple isothermal Brownian ratchet is
a system where a particle is subject to either of these motions in a periodic
fashion. In a simple theoretical exposition, a particle achieves directed
motion even in the absence of a net directional gradient in the potential
energy. It does so by exploiting an asymmetric, periodic potential surface
and energy input (to drive the system away from equilibrium) in order to
switch back and forth between two states—one in which it experiences the
potential, and is subject to a deterministic drift, the other in which it free
to undergo diffusive motion. This is best explained diagrammatically as in
the Figure 1.
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FIGURE 1
The potential is shown to be asymmetric in the horizontal direction in the page, whereas
the vertical direction denotes the switching between this and a flat potential in which a
particle is free to diffuse in a random fashion. The dotted lines indicate that the potential is
set to zero. This switching between two potentials neither of which has a net directional
bias gives rise to a biased random walk of a particle localised at the bottom of the
potential well in the lowest figure. The location is tracked by the histograms in the figure.
Time progresses from bottom to top.

It is important to point out why such a combination of determinism
and stochasticity is a relevant system to consider as a potential source
of computational inspiration. In a conventional computer, resources are
consumed in carrying instructions to the central processing unit as well
as in executing the algorithm. In the machinery of the cell, the genetic
apparatus is responsible for transcription and translation of proteins which
undertake much of the cellular activities. While some signalling is performed
without any net transport of matter, there is substantial bulk transportation
undertaken in the cell which exploits the cytoskeleton. The ratchet principle
has been used to explain, with varying degrees of consensus, the different
motions required for transport as well as for the transcription from DNA
via the enzymatic motor RNA polymerase. Not only is there evidence
that the cell seems to make use of the noise and non-inertial dissipative
effects of the cellular environment, the diffusive “backtracking” of RNA
polymerase in the Brownian ratchet phase of its transcription elongation
steps [5, 1] is tied into the repair of transcription errors.

In the Figure 1 below, the lowest sketch shows a particle localised at one of
the minima of the asymmetric potential (for anyV (−x) �= V (x + a) ∀a ∈ R,
wherex denotes spatial location anda is a fixed arbitrary offset). In the
next depicted time step, this potential is switched off (dotted sketch of the
potential) and the particle is then free to diffuse and the histogram shows
the likelihood of the distance travelled by the particle until the asymmetric
potential is switched back on, whereby the particle slides down the potential
gradient to the nearest local minimum.

In view of the heights of the histograms in the top sketch, we can
view the Brownian ratchet as a device for generating a biased random
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walk by suitably rectifying thermal fluctuations. Since the Kelvin-Planck
formulation of the second law of thermodynamics explicitly forbids the
conversion of heat into work for an engine operating in a cycle, this system
must operate away from equilibrium. In Appendix A we show, following
[18] that in order to have a non-zero average velocity in the absence of
a net potential difference, there needs to be (a) an asymmetric periodic
potential and (b) energetic input into the switching of states experiencing
the different potentials as in Figure 1 to drive the system out of equilibrium.

In cellular environments, such a ratchet-like behaviour would exploit
the presence of ATP as an energy source to enable directed motion. There
is ongoing debate regarding the applications of this principle to explain the
motion of kinesin on microtubules or myosin on actin. In contrast to the
isothermal (flashing) ratchet depicted above, which has a loose coupling
between chemical energy burning (from ATP hydrolysis) and motion (the
diffusive step), a tightly coupled mechanochemical cycle has been proposed
where there is no diffusive slippage. Instead of switching between a sculpted
potential and a flat one, more finely tuned switching schemes have been
proposed where transitions take place between asymmetric potentials like
the one depicted which are shifted with respect to each other so that
the particles are switched about to always go downhill, thus making that
motion more efficient. The hand-over-hand motion of kinesin can be viewed
simplistically in this fashion.

The biological motor families such as kinesin and myosin are enzymes
which facilitate the conversion of one chemical species (substrate) into
another (product) by lowering the energy barrier separating the species’
energetic states. In this case, the enzyme performs hydrolysis of ATP to
release energy for motion, which results in a series of conformational
changes of the enzyme resulting in its net movement. In the case of the
creation of RNA transcript from DNA by RNA polymerase, experimental
data has identified a base-pair by base-pair transcription elongation as the
enzyme is translocated along the DNA polymer. However, the data also
favours a loosely coupled step in the process of elongation, whereby prior
to NTP binding to the active site (the catalytic core) the enzyme executes
Brownian motion, flipping between the pre- and post-translocation states,
much like the Brownian ratchet we have considered.

While the degree of match to detailed biophysical experimental data
may be open to debate, the ratchet principle could be a potential source
for guiding computational intuition towards a less prescriptive way of
performing computation. The capacity of enzymes to facilitate the movement
of chemical species along trajectories within a landscape described by
chemical potentials can be viewed as a possible biochemical implementation
of an algorithm whereby abstract state spaces relevant to describing the
inputs, outputs and internal states of the computation have been mapped onto
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the appropriate biomolecular states labelled by its conformation or by some
suitably coarse-grained summary of its microscopic quantum mechanical
description. While the interaction between the kinesin macromolecule and
theα andβ tubulin units of the microtubule accounted for the asymmetric
potential which was periodic in space, for a computation to be enacted,
differences in free energy could be confined to trajectories laid out in
terms of chemical potentials of the biochemical system. The task would
then be to sculpt the chemical potential landscape which would retain the
periodicity of the microtubule or actin filaments. A simple candidate for such
a periodicity would arise in the case of an enzyme sequentially converting
substrate molecules into products, thus revisiting the same chemical potential
differences periodically, modulo the lowering of substrate and raising of
product number by one unit at each step.

In the case of molecular motors, a conformational change of the enzyme
accompanying the chemical reaction (the strain of “induced fit” or some
other allosteric change) could render the enzyme to be weakly coupled to
the cytoskeletal substrate whereby it can explore by diffusion the surface
of the cyloskeletal filament. In the presence of fluctuations in numbers of
substrates and products a similar reduction in directed “downhill” motion
down the chemical potential gradient is fostered. In other words, the chemical
reaction can go either way along a generalised reaction co-ordiinate, the
analog of the diffusive step. This could realise a ratchet-like motion whereby
a reversible computation could be executed, depending on the nature of
the rectifying switching. The reversibility reflects the ability to generate
directional bias even in its absence in the underlying chemical potential
surface, which also permits “uphill” trajectories even when the overall
chemical potential requires downhill paths. This leads us to consider the
noise in biomolecular processes that originate in number fluctuations in
reactants in the next section.

3 NOISE IN SIGNALLING—-ALTERING THE STATE SPACE

While noise in the thermal ratchet setting served to generate directional
biases within a state space described by chemical potentials, fluctuations in
the numbers of chemical species at the biomolecular level can also generate
novel effects. A biological network is a selection of a specific set of
interactions within the multitude of pathways and processes that take place,
typically selected to explain the results of particular experimental protocols.
As such a biological network is a model whose design and principles
are fashioned by the nature of the experimental handles as much as by
the processes that occur in living cells. Since living matter undertakes its
activities in systems far from equilibrium, yet seem to present reproducible
features and characteristics, description of behaviours that are long-lived
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FIGURE 2
The basic phosphorylation-dephosphorylation cycle. KinaseE+ attaches to the protein and
hydrolyses ATP to covalently modify protein X by attaching a phosphoryl group to it,
releasing ADP in the process. The native concentrations of ATP and ADP ensure that
this runs far from equilibrium. A phosphataseE− reverses this by releasing inorganic
phosphate to the cytoplasm.

with respect to system-specific time scales is often the task at hand. These
long-lived dynamical behaviours of specific biochemical species are often
identified theoretically as the steady states of the biochemical network.
Instead of identifying conformational states of individual enzymes as the
carriers of computational states, it is also possible to view steady states of
networks in the same vein. We shall find, following [20] that bistability, a
feature thought to require feedback in networks (see for instance[10]) can
also be obtained if there is noise present in a non-linear reaction scheme.

Here we review a phenomenon demonstrated theoretically in the simplest
signalling network which is ubiquitous in biological systems, namely,
the phosphorylation-dephosphorylation cycle which are two independent
processes driven by enzymes belonging to the kinase and phosphatase
families respectively.

In a phosphorylation-dephosphorylation (“futile”) cycle, an enzyme
(kinase) converts a substrate proteinX to its phosphorylated (often active)
form X∗ with the phosphoryl group coming from hydrolysis of ATP (the
relative concentrations of ATP and ADP help drive the system away from
equilibrium). Similarly, a phosphatase convertsX∗ back into X again
involving an irreversible step, when the inorganic phosphate is released
to the cytosol. In Appendix B eq. 10 we outline the basic rate equations
for conversion of substrate to product using Michaelis-Menten (hyperbolic)
kinetics for each of the two reactions. Combining these two competing
effects, and given the conserved numbers of protein ([X](t)+ [X∗](t) is
t-independent), we have

d[X]

dt
= −d[X∗]

dt
= k+2 [E+]0[X]

K+M + [X]
− k

−
2 [E−]0[X∗]
K−M + [X∗]

(1)
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In reference[12] thesteadystateequations (obtainedbysetting (d[X]/dt) = 0)
yielded a quadratic equation in [X] (or [X∗]) which admits one stable fixed
point. In ref. [20] the kinasesE+ are introduced via a discrete chemical
process which introduces a non-zero variance in kinase concentration. In
the Appendix we outline how instead of kinetic rate equations, this can be
modelled as an equation for the probability density of the concentrations, a
Fokker-Planck equation. An intuitive Langevin picture can be seen easily
by replacing [E+] in the equation 1 by [E+]0 + σξt where ξt is a white
noise process. The steady state is now given by the stationary probability
distribution, which turns out to be quartic in [X] thus qualitatively changing
the stability characteristics of the system. In particular, [20] show the
bistability of the response ([X] or [X∗]) upon changing the input [E+], a
phenomenon absent in the noise-free case.

The appearance of a multiple steady states due to noise also allows
for temporal signatures of switching between them, providing a more
varied repertoire for the cell for signal analysis. Since intracellular noise in
terms of molecular number fluctuations is ubiquitous in cells, the attendant
spectrum of temporal fluctuations is likely to have been “interpreted” by
the organism. In the previous section we have isolated a particular enzyme
as an inspiration for providing a computational principle by following
its trajectory along its chemical potential. In contrast, in this section
we focus instead on a biochemical (sub)-network as a computational
substrate, viewing its steady states as computational states. By extension,
trajectories between multiple steady states which become accessible to
the system, albeit on a longer time scale, provide additional inputs for
downstream processes. Steady state behaviours, and in particular the
outcome of stable switching modes have been interpreted as the signals
for key events in the life history of a cell. Examples include the MAPK
cascade which is believed to instantiate the ultrasensitive switch driving
oocyte maturation in frogs [10]. For the purpose of this position paper,
we view the multistability as the basis for instantiating computational
states, where temporal signatures of noise-driven switching in response
to modulation in enzymatic concentrations can be decoded by a suitable
readout interface.

4 REMARKS

Since the molecular machinery of biological organisms operates in environ-
ments where thermal noise and fluctuations in numbers of components is
ubiquitous, it is natural to pose the question as to whether this noise is
productive, or merely a fact of life that has to be filtered out. In this
position paper we suggest that viewing noise as a useful resource for the
functioning of the organism can be a productive way of probing novel
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computational tools, particularly at nano-scales where rule based control
of device components is technically challenging, and often beset with the
difficulties of coping with noise.

From the above survey of potential contributions of noise to the functioning
of molecular mechanisms the basis for a speculative extrapolation emerges:
Noise induced change in structure of steady states give rise to transitions
between quasi-steady states. These transition patterns are signatures of system
states that could be acted upon by biased selection. Perhaps noise endows
biomolecular organisations with additional signals open to interpretation
and hence manipulation.

It is too early to know the extend to which noise exploiting mechanisms
play a role in intracellular computation, but what is known indicates that
the utilisation of noise in natural and artificial architectures warrants more
in-depth investigation.

A. CONDITIONS FOR MACROSCOPIC DRIFT

In this section we show, following [18] that in order to have a non-zero
average velocity in the absence of no potential difference, there needs
to be (a) an asymmetric periodic potential and (b) energy input into the
switching of states experiencing the different potentials as in Figure 1.
Here we use a generalised Fokker-Planck description of the enzyme in
conformational statei in which it is subject to a potentialVi(x). The
probability distribution of the enzyme in statei Pi(x, t) is then given by

∂tPi(x, t)+ ∂xJi(x, t) =
∑
j �=i

πi←j (x)Pj (x, t)− πj←i(x)Pi(x, t), (2)

whereπa←b(x) denotes the rate of switching from stateb to statea. The
currentJi(x, t) is given by

Ji(x, t) = η−1 [Pi(x, t) (∂xVi(x)+ Fext )+ kBT ∂xPi(x, t)] (3)

where we have set the friction termsη to be the same in all states for
simplicity. The current contains the drift (involving the gradient of the
potential) and diffusion (involving the Boltzmann constantkB times the
temperatureT ) terms, and the right hand side of 2 denotes the rates of
probability transfer into and out of statei. Introducing the total probability
P (x, t) =∑

i Pi(x, t), the fractional probabilitiesλi(x, t) = Pi(x, t)/P (x, t)
in each state and the total currentJ =∑

i Ji(x, t), we can introduce an
effective Fokker-Planck equation [23] for the total probabilityP (x, t):

∂tP (x, t)+ ∂xJ (x, t) = 0, (4)
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where

J (x, t) = η−1 [P (x, t) (∂xVeff(x)+ Fext )+ kBT ∂xP (x, t)] , (5)

and

Veff(x) =
∑
i

∫ x

d x ′λi(x ′)∂x′Vi(x ′). (6)

If the periodicity of the potential isL, we can now make a few
observations from equation 6. Upon integrating over the length of a period,
the effective energy difference over a period is

Veff(
L

2
)− Veff(

−L
2

) =
∑
i

∫ L/2

−L/2
d x ′λi(x ′)∂x′Vi(x ′). (7)

If the potentialsVi(x) are symmetric with respect tox →−x, the prob-
abilities inherit the same symmetry and the equation 7 vanishes. Also, if
the detailed balance condition is satisfied for the steady state probability
distribution, then

πi←j (x)

πj←i(x)
= eVj (x)−Vi (x)

Upon settingP ss
i ∼ exp(−Vi(x)), the equilibrium distribution, the average

velocity across a period in steady state:

v =
∫ L/2

−L/2

1

η

∑
i

P ss
i (x)(Fext − ∂xVi)dx

= 1

η
Fext

∫ L/2

−L/2
dx

∑
i

P ss
i (x)+ 1

η

∫ L/2

−L/2
dx

∑
i

∂x
(
e−Vi (x)

)

= 1

η
Fext ,

the last step again follows from the periodicity of the potentials and the
normalisation of the total probability distribution. Thus, spatial asymmetry
and non-equilibrium are both required for the ratchet motion to be possible
in the absence of an external force.

B. NOISE CHANGES THE FIXED POINT STRUCTURE OF THE
FUTILE CYCLE

In order to explain the concepts of ultrasensitivity in biochemical reactions
that perform covalent modifications of proteins, such as phosphorylation
or dephosphorylation of specific residues, it is essential to introduce the
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framework from which the Michaelis-Menten rate laws for conversion of
substrate to product is derived. The typical chemical reaction mechanism
with first order rate constantski takes the form:

E + S k1
⇀↽
k−1

ES
k2−→ E + S (8)

where the catalytic conversion at ratek2 is assumed to be energy driven, so
its reverse reaction occurs with vanishing probability. Introducing kinetic
rate equations valid for concentrations [X] of large numbers of molecules
of species X in a well-stirred regime, the coupled set of equations is usually
solved in the quasi-steady state approximation whered[ES]/dt ≈ 0. Since
the total concentration of enzyme is constant ([E]0 = [E](t)+[ES](t)), we
can take the concentration of available enzyme to be [E](t) = [E]0−[ES](t)
so that at steady state concentrations of[ES],

0≈ d[ES]

dt
= k1[S](t) ( [E]0 − [ES](t) )− (k−1+ k2)[ES](t) (9)

from which we deduce:

[ES] = [E]0[S](
k−1+k2
k1

)
+ [S]

=⇒ d[P ]

dt
= k2[E]0[S]

KM + [S]
(10)

where we have setKM = (k−1+ k2)/k1, called the Michaelis constant.
In a phosphorylation-dephosphorylation (“futile”) cycle, an enzyme

(kinase) converts a substrate proteinX to its phosphorylated (often active)
form X∗ with the phosphoryl group coming from hydrolysis of ATP (the
relative concentrations of ATP and ADP help drive the system away from
equilibrium). Similarly, a phosphatase convertsX∗ back into X again
involving an irreversible step, when the inorganic phosphate is released
to the cytosol. Combining these two competing effects, and given the
conserved numbers of protein ([X](t)+ [X∗](t) is t-independent), we have

d[X]

dt
= −d[X∗]

dt
= k+2 [E+]0[X]

K+M + [X]
− k

−
2 [E−]0([X]T − [X])

K−M + ([X]T − [X])
, (11)

where [X]T = [X] + [X∗]. In reference [12] the steady state equations
(obtained by setting (d[X]/dt) = 0) were analysed in the saturated limit
(K±M << 1). At saturation, the kinetics is “zero order” and there is not much
resistance to conversion ofX to X∗ if the catalytic ratek+2 > k−2 or the
converse, and in a macroscopic system, there is a steep or “ultrasensitive”
switch (faster than the hyperbolic Michaelis-Menten rate) ofX/(X +X∗)
from 0 to 1 ask+2 /k

−
2 crosses unity.

The steady state concentration [X] is the solution to a quadratic equation
in [X] and thus has one stable fixed point. Adding a fluctuating termσξt ,
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whereξt is a white noise process,

〈ξt 〉 = 0, 〈ξt ξt ′ 〉 = δ(t − t ′), (12)

to [E+]0 in eq. 11 we end up with a Langevin equation [20], where a
fluctuating term of the form

k+2 σ [X]

K+M + [X]
ξt . (13)

is added to the right hand side of eq. 11. This leads to a Fokker-Planck
equation for the probability distribution of the concentrations [X] (see [23]):

∂tP ([X], t) = ∂[X]

[
−a([X])P ([X], t)+ 1

2
∂[X] (D([X])P ([X], t))

]
, (14)

with “drift term” a([X]) given by the kinetic rate terms in eq. 11 and an
effective “diffusion constant” (obtained via a fluctuation-dissipation relation
calculated from〈d[X]t d[X]′t 〉) given by

D([X]) =
(
k+2 σ [X]

K+M + [X]

)2

. (15)

At steady state, the probability distribution is obtained by multiplying with
the integrating factor for the first order differential equation which follows
from the stationarity condition∂tP ([X], t) = 0:

−a([X])Ps([X]) + 1

2
∂[X] (D([X])Ps([X])) = constant

For the “zero current” case, the constant on the right hand side is 0, and

Ps([X]) ∝ 1

D([X])
exp

(
+2

∫ [X] a([X]′)
D([X]′)

d[X]′
)

We omit the details here, referring the reader to ([23]). Setting the derivative
of the stationary distribution to 0 gives the equation for the isocline:

a([X]) − 1

2
∂[X]D([X]) = 0.

Upon inserting fora([X]) andD([X]) the expressions in eq. 11 and eq. 15,
we get

−k+〈E+〉[X]

K+M + [X]
+ k+E−([X]T − [X])

K−M + ([X]T − [X])
− K+Mk

2
+σ

2[X]

(K+M + [X])2
= 0,

which turns out to be quartic in [X] (see ref. [20]). This yields the possibility
of multiple stable responses [X∗] to the same [E+].
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