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Abstract

The maximum likelihood PCA (MLPCA) method has been devised in chemometrics as a generalization of the well-known PCA method in
order to derive consistent estimators in the presence of errors with known error distribution. For similar reasons, the total least squares (TLS)
method has been generalized in the field of computational mathematics and engineering to maintain consistency of the parameter estimates
in linear models with measurement errors of known distribution. The basic motivation for TLS is the following. Let a set of multidimensional
data points (vectors) be given. How can one obtain a linear model that explains these data? The idea is to modify all data points in such a
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ay that some norm of the modification is minimized subject to the constraint that the modified vectors satisfy a linear relation. Alt
ame “total least squares” appeared in the literature only 25 years ago, this method of fitting is certainly not new and has a long hi
tatistical literature, where the method is known as “orthogonal regression”, “errors-in-variables regression” or “measurement error.
he purpose of this paper is to explore the tight equivalences between MLPCA and element-wise weighted TLS (EW-TLS). De
eemingly different problem formulation, it is shown that both methods can be reduced to the same mathematical kernel problem,
he closest (in a certain sense) weighted low rank matrix approximation where the weight is derived from the distribution of the
he data. Different solution approaches, as used in MLPCA and EW-TLS, are discussed. In particular, we will discuss the weighte
pproximation (WLRA), the MLPCA, the EW-TLS and the generalized TLS (GTLS) problems. These four approaches tackle an e
eighted low rank approximation problem, but different algorithms are used to come up with the best approximation matrix. We will

heir computation times on chemical data and discuss their convergence behavior.
2004 Elsevier B.V. All rights reserved.
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. Introduction

.1. Total least squares: problem formulation,
lgorithms and extensions

The total least squares (TLS) method is one of several lin-
ar parameter estimation techniques that has been devised to
ompensate for data errors. The univariate line fitting prob-
em was already discussed since 1877[1]. More recently, the
LS approach to fitting has also stimulated interests outside
tatistics. One of the main reasons for its popularity is the
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availability of efficient and numerically robust algorithms
which the singular value decomposition (SVD) plays a pro
nent role[2]. Another reason is the fact that TLS is an appl
tion oriented procedure. It is suited for situations in which
data are corrupted by noise, which is almost always the
in engineering applications. In this sense, TLS and error
variables (EIV) modeling are a powerful extension of cla
cal least squares and ordinary regression, which corres
only to a partial modification of the data. A comprehensive
scription of the state of the art on TLS from its conception
to the summer of 1990 and its use in parameter estimatio
been presented in[3]. While the latter book is entirely devot
to TLS, a second[4] and third book[5] present the progress
TLS and in the broader field of errors-in-variables mode
respectively from 1990 till 1996 and from 1996 till 2001.

304-4068/$ – see front matter © 2004 Elsevier B.V. All rights reserved.
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The problem oflinear parameter estimationarises in a
broad class of scientific disciplines such as signal processing,
automatic control, system theory and in general engineering,
statistics, physics, economics, biology, medicine, etc. It starts
from a model described by a linear equation:

ξ1b1 + · · · + ξnbn = η (1)

where ξ1, . . . , ξn and η denote the variables andb =
[b1, . . . , bn]� ∈ Rn plays the role of a parameter vector that
characterizes the specific system. A basic problem of applied
mathematics is to determine an estimate of thetrue but un-
knownparameters from given measurements of the variables.
In general,η can be a vector of dimensiond > 1. In this case,
the parameters form a matrixB and more than one (indepen-
dent) linear relationship betweenη and the variablesξi has
to be estimated. This gives rise to anoverdeterminedset of
m linear equations (m > n):

XB ≈ Y (2)

where theith row of data matrixX ∈ Rm×n and vectorY ∈
R
m×d contain respectively the measurements of the variables

ξ1, . . . , ξn andη.
In the classical least squares approach, as commonly used

in ordinary regression, the measurementsX of the variables
ξi are assumed to be free of error and hence, all errors are
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the SVD only partially or iteratively if a good starting vector
is available. More recent advances, e.g. recursive TLS al-
gorithms, neural based TLS algorithms, rank-revealing TLS
algorithms, regularized TLS algorithms, TLS algorithms for
large scale problems, etc., are reviewed in[4,5].

Under specific conditions, the TLS solution, as introduced
in numerical analysis, computes optimal parameter estimates
in models withonly measurement error, referred to as clas-
sicalEIVmodels. These models are characterized by the fact
that the true values of the observed variables satisfy one or
more unknown but exact linear relations of the form(1). In
particular, we define[8–10] the following.

Definition 2 (Multivariate EIV regression model). Assume
that them measurements inX, Y are related ton× d un-
knownsB by:

ΞB = η, X = Ξ +�X andY = η+�Y (4)

where�X,�Y represent the measurement errors and all rows
of [�X �Y ] are i.i.d. with zero mean and covariance matrix
C, known up to a scalar multipleσ2

ν .

If additionally C = σ2
ν I is assumed withI the identity ma-

trix (i.e. �xij and�yij are uncorrelated random variables
with equal variance) and lim 1Ξ�Ξ exists and is pos-
i -
l
g
m med
d are
n be
n
c e true
m
N case.
I LS, as
c r
m mon
i ities,
b e TLS
s key
r ame
a on-
f stics
a ng.
R tion
a but,
o here
m from
a ical
i

ap-
p with
t n the
d vari-
onfined to the observationsY. However, this assumption
requently unrealistic: sampling errors, human errors, m
ling errors and instrument errors may imply inaccuracie

he data matrixX as well. One way to take errors inX into
ccount is to introduceperturbations also in X. Therefore

he following TLS problem was introduced in the field
omputational mathematics[2,6] (R(X) denotes the range
and‖X‖F its Frobenius norm[7]):

efinition 1 (Total least squares problem). Given an ove
ermined set ofm linear equationsXB ≈ Y in n× d un-
nowns B. The total least squares problem seeks to

min
�̂X,�̂Y,B̂

‖[ �̂X �̂Y ]‖F subject to (X− �̂X)B̂ = Y − �̂Y

(3)

B̂ is called a TLS solution and [̂�X �̂Y ] the correspondin
LS correction.

In most multivariate problems, the TLS problem(3) has
unique solution which can be obtained from a simple s

ng of thed right singular vectors of [X Y ] corresponding t
ts d smallest singular values. Extensions of this basic
roblem to problems in which the TLS solution is no lon
nique (called minimum norm TLS since then the solu
ith minimal norm is selected) or fails to have a solut
ltogether (called non-generic TLS) and to mixed LS-T
roblems that assume some of the columns ofX to be error

ree, are considered in detail in[3]. In addition, it is shown
ow to speed up the TLS computations directly by compu
m→∞ m
tive definite, then it can be proven[9,6] that the TLS so
ution B̂ of XB ≈ Y estimates thetrue parameter valuesB,
iven by (Ξ�Ξ)−1Ξ�η,consistently, i.e.B̂ converges toBas
→ ∞. This TLS property does not depend on any assu

istributional form of the errors. If additionally the errors
ormal, then TLS computes the ML estimate. It should
oted that the TLS correction [̂�X �̂Y ], being of rank≤ d,
annot be considered as an appropriate estimator for th
easurement errors�X and�Y , added to the data[2,3].
ote also that the LS estimates are inconsistent in this

n these cases, TLS gives better estimates than does
onfirmed by simulations[3]. This situation may occur fa
ore often in practice than is recognized. It is very com

n agricultural, medical and economic science, in human
usiness and many other data analysis situations. Henc
hould be a quite useful tool to data analysts. In fact, the
ole and importance of LS in regression analysis is the s
s that of TLS in EIV regression. Nevertheless, a lot of c

usion exists in the fields of numerical analysis and stati
bout the principle of TLS and its relation to EIV modeli
oughly speaking, TLS is a special case of EIV estima
nd, as such, TLS is reduced to a method in statistics
n the other hand, TLS appears in many other fields, w
ainly the data modification idea is used and explained
geometric point of view, independently from its statist

nterpretation.
The statistical model that corresponds to the basic TLS

roach is the no-equation-error EIV regression model
he restrictive condition that the measurement errors o
ata are i.i.d. with zero mean and common error co
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ance matrix, equal to the identity matrix up to an unknown
scalar. Most published TLS algorithms just handle this case
while other more useful EIV regression estimators did not
receive enough attention in computational mathematics. To
relax these restrictions, several extensions of the TLS prob-
lem have been investigated. In particular, themixed LS-TLS
problem formulation allows extension of the consistency of
the TLS estimator in EIV models, where some of the variables
ξi are measured without error. Thedata least squaresprob-
lem refers to the special case in which all variables except
η are measured with error and was introduced in the field of
signal processing by DeGroat and Dowling[11] in the mid-
1990s. Whenever the errors are independent butunequally
sized,weighted TLSproblems should be considered using
appropriate diagonal scaling matrices in order to maintain
consistency. If, additionally, the errors are also correlated,
then thegeneralized TLS(GTLS) [12] problem formulation
(defined in the next section) allows extension of the con-
sistency of the TLS estimator in EIV models, provided the
corresponding error covariance matrixC is known up to a
factor of proportionality (seeDefinition 2).

More general problem formulations, such asrestricted
TLS, which also allow the incorporation of equality con-
straints, have been proposed, as well as equivalent problem
formulations using other Lp norms and resulting in the so-
calledTotalLp approximations(see[3] for references). The
latter problems proved to be useful in the presence of out-
liers. Robustness of the TLS solution is also improved by
adding regularization, resulting in theregularized TLSmeth-
ods[5,13,14]. In addition, various types of bounded uncer-
tainties have been proposed in order to improve robustness of
the estimators under various noise conditions and algorithms
are outlined[4,5].

Furthermore,constrained TLSproblems have been for-
mulated. Arun[15] addressed the unitarily constrained TLS
problem, i.e.,XB ≈ Y , subject to the constraint that the solu-
tion matrixB should be unitary. He proved that this solution
is the same as the solution to the orthogonal Procrustes prob-
lem[7, p. 582]. Abatzoglou et al.[16] considered yet another
constrained TLS problem, which extends the classical TLS
problem(3) to the case where the errors [�X �Y ] in the
data [X Y ] are algebraically related. However, if there is
a linear dependence among the error entries in [�X �Y ],
then the TLS solution no longer has optimal statistical prop-
erties (e.g. maximum likelihood in case of normality). This
happens, for instance, in dynamic system modeling when
we try to estimate the impulse response of a system from
its input and output by discrete deconvolution. In these so-
called structured TLSproblems, the data matrix [X Y ] is
structured, typically block Toeplitz or Hankel. In order to
preserve maximum likelihood properties and consistency of
the solution[16,17], the TLS problem formulation, given in
Definition 1, must be extended with the additional constraint
that any (affine) structure ofX or [X Y ] must be preserved

in �̂X or [ �̂X �̂Y ], where�̂X and�̂Y are chosen to min-
imize the error in the discrete L1, L2 and L∞ norm. For L2

norm minimization, various computational algorithms have
been presented, as surveyed in[4,5], and shown to reduce
the computation time by exploiting the matrix structure in
the computations. In addition, it is shown how to extend the
problem and solve it, if latency or equation errors are in-
cluded. Recently, robustness of the structured TLS solution
has been improved by adding regularization, see e.g.[18].

Yet, another important extension is theelement-wise
weighted TLS(EW-TLS) estimator[19,20] (see definition
in the next section). EW-TLS computes consistent estimates
in linear EIV models, where the measurement errors are
element-wise differently sized or, more generally, where the
corresponding error covariance matrices may differ from row
to row, provided the total covariance structure of the errors
is known up to a scalar factor. Some of the variables are
allowed to be exactly known (observable)[5,21]. Mild con-
ditions for weak consistency of the EW-TLS estimator have
been given and an iterative procedure to compute it has been
proposed.

1.2. Total least squares in chemometrics: state-of-the-art

Although TLS has already been applied in chemometrics
since 1984[22], its concept and properties are not well known
in chemometrics and in fact a lot of confusion exists about
its proper use and relation to well-known chemometric tech-
n artial
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east squares (PLS) and other EIV approaches such as
oot regression (LRR).

Several authors, such as Burnham et al.[23], de Jong
24,25] and Phatak[4,26,27], have described the close
ationships between a variety of multivariate regression t
iques, including TLS, mainly from a theoretical point
iew. Although TLS should be primarily used for parame
stimation, it can be used for prediction provided the s

ion is appropriately computed[22,28]. In [22], the prediction
ccuracy and stability of the TLS estimator is compare

hat of ordinary LS, PC regression (PCR), ridge regres
nd shrunken estimators in a chemical example in multi
te regression in the presence of multicollinearities am

he independent variables. In many chemical applicatio
ultivariate regression like the present example of rela

hips between chemical structure and biological activity
redictive properties of the model are of prime importa
nd the regression estimates therefore often need to b
ilized. The example[22] shows that minimum norm TL
ives a solution to the multivariate regression problem w

s stabilized in comparison with the LS solution and wh
as (at least in the example investigated) minimal pre

ion error. Stabilization is performed by reducing the ma
X y ] to a matrix of much smaller rank.

More generally, the usefulness of an EIV model for p
iding insights into the multivariate calibration problem[29]
as demonstrated by Thomas[4,30]. Predicting new con
entrations of a multicomponent sample from the assoc
ew spectra can be viewed as parameter estimation in a
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framework with maximum likelihood properties. Moreover,
using the responses (spectra) from the available members of
the prediction set together improves the accuracy of the new
concentrations compared to estimation based on only one re-
sponse of the current member of the prediction set.

Another EIV approach to multivariate calibration and mul-
tivariate regression, two kernel problems in analytical chem-
istry, was developed by Wentzell et al.[28], who general-
ized the PCA method to maximum likelihood PCA (MLPCA)
[31,32]. MLPCA is an analog to PCA that incorporates in-
formation about measurement errors to develop PCA models
that are optimal in a maximum likelihood sense. A glob-
ally convergent algorithm based on an alternating regression
method has been derived. Generalization of the algorithm al-
lows its adaptation to cases of correlated errors provided the
error covariance matrix is known. Simplifications to the orig-
inal algorithm apply when errors are correlated only within
the rows of a data matrix and when all of these row covari-
ance matrices are equal. Simulated and experimental data for
three-component mixtures show that inclusion of error co-
variance information via MLPCA outperforms PCA when the
true error covariance matrix is available. Using MLPCA, two
approaches to multivariate calibration have been described
that allow information on measurement uncertainties to be
included in the calibration process in a statistically meaning-
ful way. These methods, referred to as maximum likelihood
PCR (MLPCR) and maximum likelihood LRR (MLLRR) are
based on principles of ML parameter estimation and general-
ize PCR, which has been widely used in chemistry, and LRR
[33,34], which has been almost ignored in this field. Whereas
MLPCR is based on the decomposition of the calibration
matrix X by MLPCA, MLLRR decomposes the augmented
data matrix [X Y ] using MLPCA. In multivariate calibra-
tion, this is the original calibration matrix of response vari-
ablesX augmented by the corresponding concentration vec-
torsY. (ML)LRR is equivalent to (EW)TLS in the sense that
it computes the best lower rank approximationD̂ = [ X̂ Ŷ ]
of the augmented data matrixD = [X Y ] in a (weighted)
least squares sense. IfX̂ ∈ R(Ŷ ), TLS computes the minimum
norm solution which equals the minimum norm LS solution
and hence TLS is equivalent to LRR, as reported in[28]. How-
ever, if only non-predictive multicollinearities (i.e. linear de-
pendencies among the columns ofXonly) have been removed
via the rank reduction, then̂X /∈ R(Ŷ ) and the TLS problem
is called non-generic. In this case, the LRR solution differs
from the non-generic TLS solution, as shown in[3]. After
removing the non-predictive multicollinearities, the LRR es-
timate is found by minimizing a sum of squared residuals,
while the non-generic TLS solution is found by minimizing
the corrections applied to the data such that the corrected data
satisfy the constraint̂X ∈ R(Ŷ ). By using estimates of the
measurement error variance, MLPCR and MLLRR are able
to extract the optimum amount of information from each mea-
surement and, thereby, outperform conventional multivariate
calibration methods such as PCR and PLS when there is non-
uniform error structure. Using simulated and experimental

data of three-component mixtures, it is shown that the ML
methods outperform PCR and PLS in case of non-uniform er-
rors. MLLRR generally performed better than MLPCR, but
in most cases the improvement was marginal.

Finally, it should be noted that structured TLS (STLS)
clearly differs from dynamic PCA[35]. Although both meth-
ods focus on modeling dynamic systems in an EIV context,
dynamic PCA is based on computing the truncated SVD of
an input/output data matrix and as such does not preserve the
matrix structure during rank reduction in contrast with STLS
and is hence not optimal.

1.3. The use of TLS and extensions in multivariate
(ML)PCR

From the previous subsections it should be clear that TLS
and its extensions can be used in any multivariate (ML) re-
gression/calibration problemXB ≈ Y by computing the best
lower rank approximation̂D = [ X̂ Ŷ ] of the augmented data
matrixD = [X Y ] according to a weighted norm. As such,
(EW)TLS is equivalent to (ML)LRR in problem formula-
tion. However, (EW)TLS can also be used in any multi-
variate (ML)PCR problemXB ≈ Y where an MLPCA of
X is sought prior to the computation ofB. Indeed, assume
that the true pseudorank ofX is p and the measurement er-
rors on the elements ofX are i.i.d. normal, then the opti-
m
i
X
p tes
m ons
�

r
m y
N n
a er-
r
e r
r iz-
i l
t and
E and
M R,
o ds
e trix
a ap-
p r
t solv-
i sed
i the
W

w he
G alent
w al-
g tion
al rankpmatrix approximation̂X ∈ Rm×N in an ML sense
s obtained by solving the TLS problemX1B ≈ X2 where

is split up in two partsX = [X1 X2 ] such thatX1 has
columns and rankp. The TLS approach then compu
inimal (with respect to the Frobenius norm) correcti
X̂ = [X1 − X̂1 X2 − X̂2 ] such thatX̂ = [ X̂1 X̂2 ] is of

ankp. In other words, TLS projects the dataX into a lower di-
ensional (of dimensionp) subspaceR(X̂) such that exactl
− p independent linear relations are imposed betweeX̂1

ndX̂2. Equivalently, for correlated normally distributed
ors where the error covariance matrixWi of the errors in
ach row of the data matrixX is known, an optimal lowe
ank approximation in an ML sense is obtained by minim
ng a weighted sum of squared corrections. If allWi are equa
o each other, EW-TLS reduces to GTLS. As such, TLS
W-TLS algorithms can be applied to compute the PCA
LPCA of a matrixD = X, as used in PCR and MLPC
rD = [X Y ], as used in LRR and MLLRR. Other metho
xist in the literature to tackle the weighted low rank ma
pproximation problem, such as the weighted low rank
roximation (WLRA) method[36]. It is the goal of this pape

o compare the performance of the algorithms used for
ng TLS problems and its extensions with the algorithms u
n chemometrics for computing PCA and MLPCA. Also,

LRA algorithm will be considered in this comparison.
The paper is organized as follows. InSections 2 and 3, we

ill discuss the WLRA, the MLPCA, the EW-TLS and t
TLS problems. These four approaches tackle an equiv
eighted low rank approximation problem, but different
orithms are used to come up with the best approxima
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matrixD̂ of a given data matrixD. In Section 4we will com-
pare their computation times on simulated as well as real-life
chemical data and discuss their convergence behavior. Con-
clusions are made inSection 5.

2. Weighted low rank matrix approximation:
problem formulation

When the measurement noise is centered, normal and in-
dependent identically distributed, the optimal closeness norm
is the Frobenius norm,‖ · ‖F. This is used in the well-known
TLS and the PCA methods. Nevertheless, when the measure-
ment errors are not identically distributed the Frobenius norm
is no longer optimal and a weighted norm is needed instead.
The weighting is related to the noise covariance matrix. In
this case a closed-form solution is no longer available and is
only implicitly defined via a non-convex optimization prob-
lem, which is the case in this paper.

Mathematically, we will consider the following weighted
low rank matrix approximation problem:

min
D̂

vec�(D− D̂)W−1vec(D− D̂) s.t. rank(D̂) ≤ p (5)

with D ∈ Rm×N,m ≤ N, the noisy data matrix,p < m,
�̂D = D− D̂ the estimated measurement noise andW the
c e
v ing
t
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t ap-
p nta-
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m ll be
d
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Any of the representationsC1 –C3 for the rank constraint
is bilinear. To handle such a bilinear problem, different opti-
mization techniques can be used:
T 1: applying an alternating least squares algorithm;
T 2: eliminating one of the variables and obtaining an equiv-

alent problem in the other variable;
T 3: linearizing the constraint and solving iteratively

equality-constrained least squares problems.

Now, we can formulate the WLRA[36], the MLPCA[31],
the EW-TLS[19] and the GTLS[12] problem:

WLRA : min
�̂D,N

vec�(�̂D)W−1vec(̂�D) s.t.

(D− �̂D)N = 0, whereN ∈ RN×(m−p) and
N�N = I.

MLPCA : minT,P vec�(�̂D)W−1vec(̂�D) s.t.
�̂D = D− TP�, with T ∈ Rm×p andP ∈ RN×p.

EW-TLS : min
B̂,�̂D

∑m
i=1 vec�(�̂Di)W

−1
i vec(̂�Di) s.t.

(D− �̂D)

[
B̂

−I

]
= 0 with �̂Di ∈ RN the ith row of

�̂D andWi the ith weighting matrix defined as the
covariance matrix of the errors in theith row of the
data matrixD.

GTLS : min
B̂,�̂D2

∑m
i=1 vec�(�̂D2,i)W

−1
f vec(̂�D2,i) s.t.[

B̂
]
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ovariance matrix of vec(̂�D) where vec(̂�D) stands for th
ectorized form of̂�D, i.e., a vector constructed by stack
he consecutive columns of̂�D in one vector.

We will discuss the WLRA, the MLPCA, the EW-TLS a
he GTLS method to tackle this matrix weighted low rank
roximation problem. These methods differ in the represe

ion of the rank constraint rank(D̂) ≤ p in problem(5) and in
he applied optimization technique in order to solve prob
5). In this section a short description is given of the diffe
roblem formulations and the different approaches for t
ethods. In the next section their different algorithms wi
iscussed.

The different representations of the rank constraint ar
ollowing:

1: D̂ = TP�, whereT ∈ Rm×p andP ∈ RN×p;
2: D̂N = 0, whereN ∈ RN×(N−p) andN�N = I;

3: D̂

[
B

−IN−p

]
= 0, whereB ∈ Rp×(N−p).

1 andC2 are equivalent. RepresentationsC2 andC3 only
iffer in the wayN is restricted to be full rank. Represe

ationC2 imposes the additional constraintN�N = I, while
epresentationC3 sets the lower (N − p) × (N − p) block of

to −I. The constraintN�N = I has the advantage tha
voids the so-called non-generic cases, but it is more dif
o deal with. Indeed, by usingC3 for representing the ran
onstraint, the condensed problem is an unconstraine
imization problem, while usingC2 the condensed proble
emains to a constrained optimization problem since the
traintN�N = I cannot be substituted in the object functi
(D− �̂D) −I = 0 with �̂D2,i ∈ RN2 the ith row

of �̂D2, �̂D = [0�̂D2] ∈ Rm×N and the weightin
matrix Wf is the covariance matrix of the errors
the ith row of the noisy data matrixD2 assumed to b
equal for all rows.D2 ∈ Rm×N2 is the noisy part of th
data matrixD ∈ Rm×N . Some columns ofD can be
known exactly, soD = [D1 D2 ] = [D1 D̂2 + �̂D2 ]
with D1 ∈ Rm×N1 noise-free andN1 +N2 = N.

he WLRA and the MLPCA problem are the most gen
roblem formulations. The weighting matrixW can be an
ossible positive definite covariance matrix of the meas
ent noise. So, for all data sets, no matter what kind of

elation exists among their measurement errors, the W
nd the MLPCA method can be applied. For the EW-T
nd the GTLS problem the covariance matrixW has a spe
ific block diagonal structure,W = blkdiag(W1, . . . ,Wm)
ndW = blkdiag(Wf , . . . ,Wf ) respectively. In terms of co
elation, it means that there should be no correlation a
mong the measurement errors along the columns of th
atrix. Only the rows of the measurement noise matrix
e correlated. In calibration problems[32], the rows of the
ata matrix are formed by individual spectra. Hence, it is
onable to discuss the case where correlations betwe
easurement errors exist only along the rows. The G
roblem is restrictive in the way that the covariance mat
f the rows of the measurement noise matrix should b
ame for all rows. In this paper we considerN1 = 0. Thus
ll the columns of the data matrixD contain measureme
oise. For real-life data this is mostly the case.
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Table 1
Different approaches of the WLRA, the MLPCA and the EW-TLS problem

Approach WLRA MLPCA EW-TLS

Rank constraint C2 C1 C3
Optimization technique T2 T1 T2

Another difference between the WLRA-/MLPCA prob-
lem and the two TLS problem formulations is the approxi-
mation variable. The first two problems are matrix approxi-
mation problems to find the approximation matrixD̂, while
the latter ones are looking for a solutionB̂ of a linear model.
Nevertheless, one can easily find the correspondingB̂ from

D̂ such thatD̂

[
B̂

−I

]
= 0 and at any optimal solution̂B, D̂

from the TLS problem formulationŝD can be obtained from
B̂ and the weighting matrices via a closed form expression
[20, Eq. (14)]. Thus except for the above-mentioned differ-
ences, the four formulated problems are equivalent. Their
numerical algorithms, however, are different. This will be
discussed in the next section.

In Table 1the rank constraint representations and the op-
timization approaches of the four mentioned problems are
summarized. Because the GTLS problem is a special case of
the EW-TLS problem withWi = Wf for i = 1, . . . , m, the
GTLS problem is not included in the table.Fig. 3 explains
the hierarchy of the four problem formulations.

3. Different algorithms for one problem

3.1. GTLS algorithm

hen

W

T l is
u

w
H
t

[

t l
v
u
a into

a solution of the original set of equationsXB ≈ Y . An outline
of the GTLS algorithm is given inAlgorithm 1. Alternatively,
the GTLS problem can also be solved by making use of the
Generalized SVD[7]. This approach is recommended when
Wf is close to rank deficiency. For more details, the interested
reader is referred to[12].

Algorithm 1. GTLS algorithm via rescaling the data.

1. Input: the data matrixD ∈ Rm×N , the error covariance
matrixWf ∈ RN×N which is equal for all rows ofD and
a rank specificationp.

2. DefineD = [X Y ], with X ∈ Rm×p andY ∈ Rm×(N−p).
3. Compute the Cholesky factorization ofWf : Wf = C�C.
4. Rescale the data matrixD:

D∗ = [X∗ Y∗ ] = [X Y ]C−1

= [X Y ]

p N − p[
C11

0

C12

C22

]
p

N − p

5. Apply the classical TLS algorithm to the dataD∗: compute
a rankp truncated SVD approximation̂D∗

tls = UpSpV
�
p

n

6

N S).
I e
d LS
s r the
e ,
t TLS
p

3

n im-
a

r

The GTLS algorithm is derived for the special case w

= blkdiag(Wf , . . . ,Wf ) withWf ∈ RN×N.

he following input/output representation of the mode
sed:

rank(D̂) ≤ p ⇐⇒ X̂B̂ = Ŷ , whereD̂ = [ X̂ Ŷ ]

ith col dim(X̂) = p, X̂ ∈ Rm×p and Ŷ ∈ Rm×(N−p).
ence, the low rank approximation problem(5) can be writ-

en as

min
B̂,�̂D

m∑
i=1

vec�(�̂Di)W
−1
f vec(̂�Di) s.t. (D−�̂D)

[
B̂

−I

]
=0

(6)

To compute a solution of problem(6) the data matrixD =
X Y ] is scaled such that the error covariance matrixW∗

f of

he transformed dataD∗ = [X∗ Y∗ ] is diagonal with equa
ariances, i.e.W∗

f ∼ I. The classical TLS algorithm[3] is
sed to solve this transformed set of equationsX∗B∗ ≈ Y∗
nd finally the solution of the transformed set is converted
of D∗, with the SVD of the matrixD∗ equal toUSV�,
Up the truncation of the matrixU to m× p, Sp the
truncation ofS to p× p and Vp the truncation ofV
to N × p,U�

p Up = I, V�
p Vp = I; compute the solutio

B̂∗
tls of X∗B∗ ≈ Y∗:

if p ≥ N − p thenB̂∗
tls = −V12V

−1
22 , where

p N − p[
V11

V21

V12

V22

]
p

N − p

elseB̂∗
tls = (V�

11)
−1V�

21.

. Output:B̂gtls = (C11B̂∗
tls − C12)C

−1
22 ; D̂gtls = D̂∗

tlsC.

ote 1 (Special cases: ordinary TLS and weighted TL
t is worth noting that whenW ∼ I (i.e., the errors of th
ata matrixD are uncorrelated and equally sized), the GT
olution reduces to the ordinary TLS estimate. Wheneve
rrors are uncorrelated but unequally sized (W is diagonal)

he GTLS problem formulation reduces to the weighted
roblem.

.2. Alternating least squares algorithm

The alternating least squares algorithm is based on a
ge representation of the model

ank(D̂) ≤ p ⇐⇒ D̂ = TP�, where

T ∈ Rm×p, P ∈ RN×p
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which allows us to write the low rank approximation problem
(5) equivalently as

min
T∈Rm×p min

P∈RN×p
vec�(D− TP�)W−1vec(D− TP�) (7)

The following two problems:

min
T∈Rm×p vec�(D− TP�)W−1vec(D− TP�) (8)

min
P∈RN×p

vec�(D− TP�)W−1vec(D− TP�) (9)

derived from(7) by fixing, respectively,P andT to given
values are least squares problems and therefore can be solved
in closed form. They can be viewed as relaxations of the non-
convex problem(7) to convex problems.

The alternating least squares method is an iterative method
that alternately solves(8) and (9)with respectivelyP andT
fixed to the solution of the previously solved relaxation prob-
lem. The resulting alternating least squares algorithm, see
Algorithm 2, is given for the case of an arbitrary positive
definite covariance matrixW. WhenW happens to be block
diagonal or diagonal (corresponding to respectively column-
wise and element-wise uncorrelated measurement errors),
Algorithm 2 can be implemented more efficiently by taking
into account the structure ofW. For example, let

W

a
b

p

w o
s
t ncy
w .

A

ce

-

s

t

,

6. k = k + 1.
7. Compute the solution of(9)

vec(T (k+1)) = (L (k)�W−1L (k))−1L (k)�W−1vec(D),

whereL (k) = P (k) ⊗ Id .
8. D(k) = T (k)P (k)�.
9. until ‖D(k) −D(k−1)‖F/‖D(k)‖F < ε.

10. Output:D̂ = D(k).

Note 2 (Initial approximation). The covariance matrixW
can partially be taken into account in the computation of the
initial approximation by using the GTLS method, thereby
improving the convergence rate as shown inSection 4. How-
ever, the initial approximation can also be chosen to be
a rank p TLS approximationD̂tls of D, as proposed in
[31,32]: compute a rankp truncated SVD approximation
D(0) = D̂tls = UpSpV

�
p of D, with the SVD of the matrix

D equal toUSV�, Up the truncation of the matrixU to
m× p, Sp the truncation ofS to p× p andVp the trun-
cation ofV to N × p,U�

p Up = I, V�
p Vp = I and letT̂tls =

UpSp, P̂
�
tls = V�

p , such thatD̂tls = T̂tlsP̂
�
tls.

The alternating least squares algorithm monotonically de-
creases the cost function value, so that it is globally conver-
gent. The convergence rate, however, is linear and depends on
t
a e rate
c

3

f

W

T l is
u

r

w
l ly
b
f is
d

B

w

f

= blkdiag(W1, . . . ,WN ), whereWi ∈ Rm×m

nd defineD = [ d1 · · · dN ]. The solution of problem(8)can
e computed efficiently in this case as follows:

i = (T�W−1
i T )−1T�W−1

i di, for i = 1, . . . , N,

herepi is the ith column ofP�. In a similar (but not s
traightforward) way, the block diagonal structure ofWcan be
aken into account for improving the computational efficie
hen solving problem(9). We skip the algorithmic details

lgorithm 2. Alternating least squares algorithm.

1. Input: data matrixD ∈ Rm×N , covariance matrixW ∈
R
Nm×Nm, rank specificationp, and relative convergen

toleranceε.
2. Initial approximation: compute a rankpGTLS approx

imationD̂�
gtls of D� with Wf = 1

N

∑N
i=1Wi whereWi

is the submatrix ofW at the intersection of the row
(i− 1)m+ 1 to i ·m and the columns (i− 1)m+ 1
to i ·m (seeAlgorithm 1 and letT (0) = T̂gtls,D

(0) =
D̂gtls, P

(0) = P̂gtls, whereP̂gtls is the matrix, such tha

D̂gtls = T̂gtlsP̂
�
gtls.

3. k = 0.
4. repeat
5. Compute the solution of(8)

vec(P (k+1)�) = (M (k)�W−1M (k))−1M (k)�W−1vec(D)

whereM (k) = IN ⊗ T (k).
he distribution of the singular values ofD [36, IV.A] . With
pair of closely spaced singular values the convergenc

ould be rather low.

.3. Algorithm of Premoli–Rastello

The algorithm of Premoli–Rastello, see[19,20]is derived
or the special case when

= blkdiag(W1, . . . ,WN ), whereWi ∈ Rm×m.

he following input/output representation of the mode
sed

ank(D̂) ≤ p ⇐⇒ X̂B̂ = Ŷ , whereD̂� = [ X̂ Ŷ ]

ith col dim(X̂) = p, col dim(Ŷ ) = d, andm = p+ d. The
ow rank approximation problem(5) can be solved partial
y minimizing analytically with respect tôD. In this way the

ollowing equivalent unconstrained optimization problem
erived:

ˆ ∗ = arg min
B̂
f (B̂), (10)

here

(B̂) =
N∑
i=1

d�
i R

�(RW−1
i R�)−1Rdi, R = [ B̂� −I ]

(11)
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Define the residual matrix

E(B̂)=(RD)�=XB̂ − Y, E�(B̂) = [ e1(B̂) · · · eN (B̂) ]

and partitiondi andWi as follows:

di =
[
xi

yi

]
p

d
, Wi =

p d[
Wx,i

Wyx,i

Wxy,i

Wy,i

]
p

d

The first order optimality conditionf ′(B̂) = 0 of (10) is

2
N∑
i=1

(xie
�
i (B̂)Γ−1

i (B̂) − (Wx,iB̂ −Wxy,i)Γ
−1
i

(B̂)ei(B̂)e�i (B̂)Γ−1
i (B̂)) = 0

where

Γi(B̂) = RW−1
i R�.

We aim to find a solution off ′(B̂) = 0 that corresponds to
a solution of the low rank approximation problem, i.e., to a
global minimum point off.

The algorithm proposed in[19] uses an iterative procedure
s g
a
p
d

F

w

F

c
( of
t
n

in
A
q atrix
c fol-
l
d ns
G

t y
v

A

1. Input: the data matrixD ∈ Rm×N , the covariance ma-
trices {Wi}Ni=1, a rank specificationp, and a conver-
gence toleranceε.

2. Initial approximation: compute a GTLS solution
B̂gtls of XB ≈ Y where D� = [X Y ] with Wf =
1
N

∑N
i=1Wi whereWi is the submatrix ofWat the in-

tersection of the rows (i− 1)m+ 1 to i ·m and the
columns (i− 1)m+ 1 to i ·m and letB(0) = B̂gtls (see
Algorithm 1).

3. Define:D =
[
x1 · · ·
y1 · · ·

xN

yN

]
p

d
, whered = m− p.

4. k = 0.
5. repeat
6. LetG = 0pd×pd andh = 0pd×1.
7. for i = 1, . . . , N do
8. ei = B(k)�xi − yi.

9. Ni =
[B(k)

−I

]�
Wi

[
B(k)

−I

]−1

.

10. ni = Niei.
11. G = G+Ni ⊗ (xix�

i ) − (nin�
i ) ⊗Wx,i.

12. h = h+ vec(xiy�
i Ni −Wxy,inin

�
i ).

13. end for
14. Solve the systemGb = h and letB(k+1) = vec−1(b).
15. k = k + 1.

N
m se,
Γ

a∑

w tions
G

∑
︸

N s).
A lv-
i oxi-
m
i the
tarting from an initial approximationB(0) and generatin
sequence of approximationsB(k), k = 0,1,2, . . . that ap-

roaches a solution off ′(B̂) = 0. The iteration is implicitly
efined by the equation

(B(k+1), B(k)) = 0, (12)

here

(B(k+1), B(k)) = 2
N∑
i=1

(xi(B
(k+1)�xi − yi)

�Γ−1
i (B(k))

−(Wx,iB
(k+1)−Wxy,i)Γ

−1
i (B(k))ei(B

(k))e�i

×(B(k))Γ−1
i (B(k)))

Note thatF (B(k+1), B(k)) is linear inB(k+1), so thatB(k+1)

an be computed in a closed form as a function ofB(k). Eq.
12) with B(k) fixed can be viewed as a linear relaxation
he first order optimality condition of(10), which is a highly
onlinear equation.

An outline of the Premoli–Rastello algorithm is given
lgorithm 3. In general, solving the Eq.(12) for B(k+1) re-
uires vectorization. The vec operator vectorizes a m
olumn-wise and⊗ denotes the Kronecker product. The

owing identity is used vec(XBY ) = (Y� ⊗X)vec(B) in or-
er to transform(12) to the classical system of equatio
(B(k))vec(B(k+1)) = h(B(k)), whereG andh are given in

he algorithm. The mappingb = vec(B) �→ B is denoted b
ec−1.

lgorithm 3. Algorithm of Premoli–Rastello.
16. until ‖B(k) − B(k−1)‖F/‖B(k)‖F < ε

17. Output:B̂∗ = B(k).

ote 3. In the special cases of rank reduction by one, i.e.,p =
− 1, Eq. (12) becomes particularly simple. In this ca
i(b(k)), ei(b(k)), andyi are scalars, so that(12)can be written
s

N

i=1

(xi(x
�
i b

(k+1) − yi)Γ
−1
i (b(k)) − (Wx,ib

(k+1) −Wxy,i)

Γ−1
i (b(k))ei(b

(k))ei(b
(k))Γ−1

i (b(k))) = 0,

hich is equivalent to a standard linear system of equa
(b(k))b(k+1) = h(b(k)),

N

i=1

(
xix

�
i

Γi(b(k))
−Wx,i

e2
i (b

(k))

Γ 2
i (b(k))

)
︷︷ ︸

G(b(k))

bk+1

=
N∑
i=1

(
xiyi

Γi(b(k))
−Wxy,i

e2
i (b

(k))

Γ 2
i (b(k))

)
︸ ︷︷ ︸

h(b(k))

ote 4 (Relation to Gauss–Newton type algorithm
lgorithm 3is not a Gauss –Newton type algorithm for so

ng the first order optimality condition because the appr
ationF is not the first order truncated Taylor series off ′;

t is a different linear approximation. The choice makes
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derivation of the algorithm simpler but complicates the con-
vergence analysis.

Note 5 (Convergence properties).Algorithm 3 is proven to
be locally convergent with a super linear convergence rate,
see[20, Section 5.3]. Moreover, the convergence rate tends
to quadratic as the approximation gets closer to a minimum
point. The algorithm, however, is not globally convergent and
simulation results suggest that the region of convergence to
a minimum point could be rather small. This requires a good
initial approximation for convergence.

3.4. An algorithm based on classical local optimization
methods

Both the alternating least squares and the Premoli–
Rastello algorithm are heuristic optimization methods. Next,
we describe an algorithm for the low rank approximation
problem based on classical local optimization methods. The
classical local optimization methods have reached by now a
high level of maturity. In particular, their convergence prop-
erties are well understood, while the convergence properties
of the alternative methods are still not.

In order to apply classical optimization algorithms for the
solution of(5), first we have to choose a parameterization of
t in-
p

f the
c t
f rm,
s nta-
t are
s ed
o
5

A n.

1

A a-
t

1. Input: the data matrixD ∈ Rm×N , the covariance matri-
cesWi, i = 1, . . . , N, a rank specificationp, and a con-
vergence toleranceε.

2. Initial approximation: compute a GTLS approximation
B̂gtls of D, and letB(0) = B̂gtls. (See Step 2 ofAlgorithm
3.)

3. Apply a standard optimization algorithm, e.g., the BFGS
(Broyden, Fletcher, Goldfarb, and Shanno) quasi-Newton
method, for the minimization off over B̂ with initial ap-
proximationB(0) and with cost function and first deriva-
tive evaluation performed viaAlgorithm 4. Let B̂∗ be the
approximation found by the optimization algorithm upon
convergence.

4. Output:B̂∗.

The optimization problem(10) is a nonlinear least squares
problem, i.e.,

f (B̂) = F�(B̂)F (B̂)

for certain F : Rp×d → R
Nd . Therefore, the use of spe-

cial optimization methods like the Levenberg–Marquardt
method is preferable. The vectorF (B̂), however, is com-
puted numerically, so that the JacobianJ(B̂) = δFi/δB̂j,
whereB̂ = vec(B̂), cannot be found in closed form. A possi-
b
a . The
q ne for
t ardt
m ob-
l

N
3
c ta ma-
t -
s lated,
A ata
m n, the
a ker-
n
b

C
C

4
E

and
t er to
d dis-
c from
c lts are
o at-
he model. A possible parameterization is given by the
ut/output representation, so the considered problem is(10).

A quasi-Newton type method requires an evaluation o
ost functionf (B̂) and its first derivativef ′(B̂). Both the cos
unction and its first derivative are available in closed fo
o that their evaluation is a matter of numerical impleme
ion of the involved operations. The computational steps
ummarized inAlgorithm 4. The proposed algorithm, bas
n a classical optimization method, is outlined inAlgorithm
.

lgorithm 4. Cost function and first derivative evaluatio

1. Input:D ∈ Rm×N, {Wi}Ni=1, p, andB̂.

2. Define:D =
[
x1 · · ·
y1 · · ·

xN

yN

]
p

d
, whered = m− p.

3. Letf = 01×1 andf ′ = 0p×d .
4. for i = 1, . . . , N do
5. ei = B̂�xi − yi.

6. Solve the system

[ B̂
−I

]�
WI

[
B̂

−I

] ni = ei.

7. f = f + e�i ni.
8. f ′ = f ′ + xin

�
i − (Wx,iB̂ −Wxy,i)nin�

i .
9. end for
0. Output: the cost functionf and its first derivative 2f ′ at
B̂.

lgorithm 5. Algorithm based on classical local optimiz
ion.
le workaround for this problem is proposed in[37], where
n approximation, called quasi-Jacobian is used instead
uasi-Jacobian can be evaluated in a similar way to the o

he gradient, which allows use of the Levenberg–Marqu
ethod for the solution of the low rank approximation pr

em.

ote 6 (Row versus column error covariances).Algorithms
and 5are designed for the case whenm ≥ N and row-wise

orrelated measurement errors. In chemometrics the da
rix usually has sizem×N with m ≤ N. When the mea
urement errors are uncorrelated or column-wise corre
lgorithms 3 and 5can be applied to the transposed d
atrix. For other cases of measurement error correlatio
lgorithms need to be optimized by considering the left
el ofD̂, i.e., the following modifications ofC2 andC3 should
e used:

2′ : N�D̂ = 0, whereN ∈ Rm×(m−p) andN�N = I;
3′ : [ B� −Im−p ]D̂ = 0, whereB ∈ Rp×(m−p).

. Performance comparison of MLPCA versus
W-TLS

In this section the different approaches of the MLPCA
he EW-TLS method are compared with each other in ord
iscuss their individual weak and strong points. For the
ussion, several simulated and experimental data sets
hemical measurements are used. The presented resu
btained by implementing the different algorithms in M
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lab (version 6.1) on a PC i686 with 800 MHz and 256 MB
memory.

The data sets which are used differ in the structure of the
covariance matrixW of the measurement noise. In the first
subsection we use data sets with uncorrelated measurement
errors. The second subsection contains a data set with row-
wise correlated measurement errors.

4.1. No correlation among the measurement errors

In this section we use data sets without any correlation
among their measurement errors. For these data sets the
weighting matrixW in problem(5) is diagonal.

4.1.1. Equal row error variances
In order to give results for the case of uncorrelated mea-

surement noise with a diagonal covariance matrixWf which
is equal for all rows, we use an experimental data set which
was used previously by Wentzell and Andrews[31]. The
reader is referred to the original work for a complete de-
scription of the experiment. In here, we only describe shortly
the experiment.

Example 1. Thirty-one three-component mixtures contain-
ing toluene, chlorobenzene and heptane were derived from
an augmented, three-level, three-factor, full factorial design.
The spectra were obtained over the range 400–2500 nm on
an NIRSystems model 6500 grating spectrometer at intervals
of 2 nm and were the average result of 32 scans. Only stan-
dard deviations calculated from the replicate data for the first
sample were available. The standard deviations for the first
sample were used for all samples. So, the error covariance
matrix was the same for every row of the measurement error
matrix. Because there was no information about the correla-
tions among the data, we used a diagonal covariance matrix
for each row.

Because the error covariance matrix was the same for each
row, the GTLS approach could be used. We applied both, the
MLPCA and the GTLS, approaches to the noisy data matrix
D of size 31× 1050 in order to estimate the error-free mea-
surement data matrix̂D of rank 3. The MLPCA algorithm
that we used for this data set is the standard MLPCA algo-
rithm for uncorrelated errors (see[31, Table 1]). The GTLS
algorithm that we applied isAlgorithm 1 from the previous
section. For both, the MLPCA and the GTLS, algorithms the

relative error‖D−D̂‖F
‖D‖F

and the computation time is presented
in Table 2. The table demonstrates that GTLS is a practical
alternative to MLPCA for this specific class of structure in

Table 2
MLPCA and GTLS for near-infrared spectroscopic data described in
Example 1

Relative error Time (s)

MLPCA 0.15834292416862 37.6150
GTLS 0.15834292417331 4.1760

the measurement error matrix. The measurement errors are
uncorrelated and the covariance matrices of the errors in the
rows are assumed to be equal for all rows. This class of mea-
surement noise structure (uncorrelated errors with equal row
error variance) is quite common for real-life data.

4.1.2. Unequal row error variances
To discuss the performance of the MLPCA and the EW-

TLS approach for data with uncorrelated measurement errors,
we use simulated data sets.

Example 2. The data sets all have 10 rows, but the number
of columnsN increases from 10 till 200 in steps of 10. So,
this simulation set contains data sets of size 10×N and pseu-
dorank 2. For each data set the error-free data matrixD0 is
generated by multiplying a 10× 2 random matrix of full rank
(with Matlab’s r and) by a 2×N matrix that also is created
with r and. The matrix of the measurement standard devia-
tions corresponding to this 10×N matrix is determined by
generating a 10×N matrix of uniform distributed random
numbers between 0 and 0.01. This ensures that there is no
pattern in the standard deviation matrix. Now, the 10×N

matrix of measurement errors�D is generated by taking a
10×N random matrix with normally distributed elements
(with Matlab’s r andn) and multiplying this, element-wise,
by the standard deviation matrix. Finally, the noisy data ma-
trix D is the sum of the error-free matrixD0 and the noise
matrix�D.

We applied the MLPCA method to the given data matrix
D and the EW-TLS method to the transposed data matrix
D� (seeNote 6) to approximate the ‘best’ rank 2 approx-
imation matrixD̂ and the results are presented inTable 3
andFig. 1. For the ‘mlpca’ approach (see[31, Table 1]) the
truncated SVD solution (seeNote 2) is used as initial value.
For the ‘mlpca(gtls)’ approach the GTLS approximation (see
Algorithm 1) is used as initial value instead of the truncated
SVD solution.Table 3andFig. 1also contain the results of ap-
plying the EW-TLS approach with two different algorithms.
For ‘ewtls’ Algorithm 3is used and for ‘ewtls(opt)’ Algorithm
5 is applied to the transposed data. For both algorithms we
have used the GTLS approximation as initial starting point.

Table 3contains the relative error‖D0−D̂‖F
‖D0‖F

after applying the
four algorithms to a data set of size 10× 200. The results in
the table are the average of the relative error over 100 rep-
etitions for different noise realizations. From the table it is
clear that the ‘ewtls’ Algorithm 3diverges. It is very sensitive

Table 3
MLPCA and EW-TLS for data with uncorrelated measurement error de-
scribed inExample 2

Approach Relative error

mlpca 0.00262998780684
mlpca(gtls) 0.00267695997595
ewtls 0.29211400246120
ewtls(opt) 0.00263335308541
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Fig. 1. The cputime of the MLPCA and the EW-TLS approaches for data with uncorrelated measurement error described inExample 2.

to local minima. Nevertheless, the ‘ewtls(opt)’ Algorithm 5
converges to the same solution as the MLPCA algorithms do.
Fig. 1shows the computation time of the algorithms. For each
N, the experiment is repeated 100 times for different noise re-
alizations and the average execution times are reported. The
EW-TLS method outperforms the MLPCA method for this
specific case of measurement error. Especially for data sets
of size 10×N with 10 � N, the EW-TLS is much more
efficient.

4.2. Correlation among the measurement errors along
the rows only

In calibration problems[32], the rows of the data matrix
are formed by individual spectra. Hence, it is reasonable to
discuss the case where correlations between the measurement
errors exist only along the rows. So, the errors are uncorre-
lated along the columns of the data matrix. In these cases the
full covariance matrixWof the matrix of measurement errors
will be block diagonal and can be stored as a sparse matrix.
To calculate the inverse ofW the diagonal blocks can be in-
verted individually. For the discussion of this specific class
of measurement structure a simulated data set from chemical
measurements is used which was previously described in a
paper by Wentzell and Lohnes[32].

E rom
1 ation
o e be-

tween 0 and 1 from a uniform random number distribution.
The spectral profiles of the three components were Gaus-
sian with a standard deviation of 20 nm and maximum mo-
lar absorptivities at 480, 500 and 520 nm, respectively. Pure
spectral vectors were generated between 400 and 600 nm at
20 nm intervals. The noise-free data matrixD0 was calcu-
lated by multiplying the 10× 3 matrix of concentrations by
the 3× 11 matrix of pure component spectra. To add a noise
matrix�Dof correlated measurement errors to the noise-free
matrixD0, first a 10× 11 matrixD′ of uncorrelated measure-
ment errors was generated. The matrix of the measurement
standard deviations corresponding to this 10× 11 matrix is
determined by generating a 10× 11 matrix of uniform dis-
tributed random numbers between 0 and 0.01. This ensures
that there is no pattern in the standard deviation matrix. Now,
the 10× 11 matrix of uncorrelated measurement errorsD′
is generated by taking a 10× 11 random matrix with nor-
mally distributed elements (with Matlab’sr andn) and multi-
plying this, element-wise, by the standard deviation matrix.
To introduce correlations among the errors within the rows,
the rows of matrixD′ were filtered using a 1× 5 moving
average digital filter (see[31, Eqs. (34)–(36)]for the def-
inition) to construct the correlated error matrix�D. This
error matrix�D w as added to the noise-free partD0 in or-
der to complete the noisy data matrixD = D0 +�D of size
10× 11.

CA
a W-
xample 3. The simulated data set contained spectra f
0 samples of three-component mixtures. The concentr
f each component in each of the 10 mixtures had a valu
To this simulated data set we have applied the MLP
pproach and the EW-TLS algorithms. Although the E
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Fig. 2. The cost function value per iteration number is displayed for the MLPCA and the EW-TLS approaches applied to data with row error covariance only
as described inExample 3.

Fig. 3. Hierarchy of covariance structures of the measurement noise. Between brackets are given the problems that use the assumption.
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Table 4
MLPCA and EW-TLS for data with row error covariance only as described
in Example 3

Approach Cost (∼ 105) Relative error

mlpca 0.00058253884923 0.00472272972683
mlpca(gtls) 0.00058233611546 0.00468049099448
ewtlsAlgorithm 3 9.21164965017561 0.44610730154588
ewtls(opt)Algorithm 5 0.00058356157547 0.00478011794589

TLS algorithms are not yet optimized for handling corre-
lated measurement errors in data sets wherem � N, as
is the case here (seeNote 6), we nevertheless applied it
to this data set. After all, from the previous section it is
clear that the EW-TLS approach can be very useful for
chemometrical problems. We compare the cost which is de-
fined by vec�(D− D̂)W−1vec(D− D̂) and the relative er-

ror ‖D0−D̂‖F
‖D0‖F

. The results are presented inTable 4. The table
contains the results of applying the MLPCA approach with
two different initial starting points. For the ‘mlpca’ approach
the truncated SVD solution (seeNote 2) is used. For the
‘mlpca(gtls)’ approach the GTLS approximation (Algorithm
1) is used as initial value instead of the truncated SVD solu-
tion. We expect that the MLPCA algorithm with the GTLS
approximation as initial value needs fewer iterations to con-
verge.Fig. 2shows this is indeed the case.Table 4also con-
tains the results of applying the EW-TLS approach with two
different algorithms. These are the same as in the previous
section. For ‘ewtls’ Algorithm 3 is used and for ‘ewtls(opt)’
Algorithm 5 is applied to the data. For both algorithms we
have used the GTLS approximation as initial starting point.
From the table it is obvious that we obtain the same solution
as the MLPCA algorithms with the ‘ewtls(opt)’ algorithm.
Fig. 2 contains the results of the computation time of the
MLPCA and the EW-TLS approaches. The ‘mlpca(gtls)’ ap-
p ment
e hod
n
t lue
f

5

een
M ods
c tion
p th-
e cer-
t ere
t in
t PCA
a sions
w rox-
i ad
o EW-
T how

that the EW-TLS method certainly has potential for the
problems in chemometrics. EW-TLS outperforms MLPCA
for data sets with unequal row error variances. Neverthe-
less, a strong point of the MLPCA approach is its good
convergence. But, the current algorithm is computation-
ally not very efficient. Future work will focus on improv-
ing the computational efficiency of MLPCA by combining
its good convergence with the efficiency of the EW-TLS
algorithm.
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