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Abstract

Classical linear time-invariant system simulation methate based on a transfer function, impulse response,
or input/state/output representation. We present a mdtrazbmputing the response of a system to a given input
and initial conditions directly from a trajectory of the sy, without explicitly identifying the system from the
data. Similarly to the classical approach for simulatidr tlassical approach for control is model-based: first a
model representation is derived from given data of the @andtthen a control law is synthesised using the model
and the control specifications. We present an approach fopating a linear quadratic tracking control signal
that circumvents the identification step. The results arevelé assuming exact data and the simulated response or

control input is constructed off-line.

Keywords: simulation, data-driven control, output matching, lingaadratic tracking, system identification.

1 Introduction

The usual starting point of systems and control problemgisen representation of the plant. As a consequence, the
developed solution methods and algorithms are based otistgte/output, transfer function, matrix fraction, inhg®u
response, etc. representations. We call this researctligarémodel-based’, and refer to problem formulations lblase
on the input/state/output representation (perhaps theaftes used representation) as classical problem foriounkt

In this paper, we consider alternative problem formulatjomhich we call ‘data-driven’, that start from a given
observed trajectory of the to-be-simulated or to-be-adleid system (the plant). From the applications point ofwie
data-driven formulations are closer than their classioahterparts to real-life problems: indeed in practise anely
has a given input/state/output representation but oftenabserve a trajectory of the plant. From the theoreticahipoi
of view, data-driven formulations allow for a new class diuson methods and algorithms that are not based on any
particular representation of the plant.

Of course, a data-driven problem could be solved by a cortibmaf system identification and a model-based

method. System identification derives from the given dataodehrepresentation of the plant, and a model-based
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simulation or control design method could then be applied.a¢ looking for alternatives to this obvious two-stage
solution that avoid the explicit derivation of a model reyaetation.

Data-driven algorithms for systems and control problengspesently less developed than their model-based
counterparts. Only a few control problems have data-drs@ntions. Our purpose in this paper is to outline a
generic approach to data-driven simulation and show itddorental role for deriving data-driven control algorithms
We impose the strong assumption that the data is generatadifgar time-invariant system of an a priori bounded
order and all the data is available off-line. Thus, the athors presented in this paper are non-recursive and apply
to exact data. In a future work, we will address the approkionaissue, the recursive and real-time operation of the

algorithms, and data-driven feedback control.

Overview of the literature, outline of the paper, and summalry of contributions

Data-driven simulation of free response and impulse respdused in (Markovskgt al. 2005) for deriving bal-
anced input/state/output representations from data.slfult generality the data-driven simulation problem istfirs
formulated and solved in (Markovslat al. 20050). In Section 4, we review the results of (Markovsityal. 2005),
because they are fundamental for the solution of the datardcontrol problems, considered in Sections 5 and 6.

Perhaps the first data-driven control method is the Zigglehols procedure for tuning PID controllers. That
method is based, however, on the plant step response, wdsamas zero initial conditions and step input. In addition,
the method is graphical and does not generalise to otherat@noblems. Procedures for deriving multivariable linea
guadratic Gaussian controller, using the plant impulspaese, are proposed in (Furuta and Wongsaisuwan 1995)
and (Shi and Skelton 2000).

Data-driven synthesis methods using an arbitrary resparesdeveloped under different names: unfalsified con-
trol (Safonov 1996, Safonov and Tsao 1997), iterative faekituning (Hjalmarssomt al. 1998, Hildebrandet
al. 2004), virtual reference feedback tuning (Carepial. 2002), and model free control (Favoreel 1999, Woodley
2001, Ikedaet al. 2001, Fujisakiet al. 2004, Park and Ikeda 2006). The model free methods as wdikaméthods
proposed in this paper can be classified as subspace-typedset.e., similarly to the subspace system identification
methods (Van Overschee and De Moor 1996, Verhaegen and d@ei8i92), they are based on linear algebra opera-
tions, such as projections and solution of linear systenagjoétions. The model less methods of (Favoreel 1999, Ikeda
et al. 2001, Fujisakiet al. 2004) and the data-driven control method, presented iride6tof this paper, minimise a
finite horizon 2-norm cost function. The solution to this lpleam is given in closed form by a projection and conse-
guently the solution methods are related. The proposeditidges for solving the problem, however, are different.

In Section 5, we consider a control problem, called outpuichiag, which is in the following sense the opposite
to simulation: the output matching controller aims to deliee an input that achieves exactly a desired output, while
a simulation algorithm aims to determine an output thatesgronds to a given input. (In both problems the initial
conditions are assumed to be given.) We present an algofihoutput matching, which is a trivial modification of
the data-driven simulation algorithm. As will be shown, arstoming of the output matching problem formulation

is that it does not impose restrictions on the control sigmal therefore the input can grow unbounded.
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In Section 6, we consider a data-driven finite horizon lingaadratic tracking problem, which implicitly con-
strains the input signal and thus avoids the main shortopmirihe output matching control. We present three solu-
tions to the linear quadratic tracking problem. The first isrt@e classical model-based solution that first computes an
input/state/output representation of the plant and thathggises the controller by solving the corresponding &icc
equation. The second solution is to compute an impulse nssgp@presentation of the plant and then find the optimal
trajectory by solving a weighted least squares problem. tiiind solution computes the optimal trajectory directly
from the given data by projecting the reference trajectoryhe set#, of all zero initial conditions trajectories of the
plant. Under certain conditions, which will be specified asib for%, can be computed from the given trajectovy
of the plant, which makes the procedure implementable. M&tiate the equivalence of the three approaches by sim-
ulation examples. The third approach is similar to that usg¢Bavoreel 1999, lkedat al. 2001, Fujisakiet al. 2004).

However, the approach presented here has the followind feateires compared to the cited sources:
1. sufficient conditions are given under which the dataedrigimulation and control problems are solvable,
2. anew algorithm is derived for data-driven control (segokithm 8), and

3. the solution of the data-driven control problem is raldtethe basic idea of computing special responses of the

unknown plant (i.e., data-driven simulation).

The control criterion, considered in Section 6 of the paigayer dfinite horizon so that the initial conditions play
an important role. In iterative feedback tuning (Hjalmarsst al. 1998, Hildebrandtt al. 2004) and virtual reference
feedback tuning (Camgit al. 2002) approaches, instead, the objective is to achieveiredaperating regime of the
plant. In this case, an infinite horizon cost is used and fherdhe initial conditions are not relevant. This diffecen
is also reflected in the fact that in the approach of this paperdesigns a control input while in iterative feedback

tuning and virtual reference feedback tuning the aim is tetilne parameters of a feedback controller.

2 Preliminaries and notation

We use the behavioural language. A discrete-time dynamysiéma with w external variables (inputs and outputs)
is a subset of the signal spa@@¥)". The set of natural numbeh$ is the time-axis, so that a trajectonyof % is a
vector time seriesv = (w(1),w(2),... ), wherew(t) € R¥, for allt € N. The notation%; is used for the restriction of

the behaviour on the intervél,t], i.e.,
P = {wp € (R")!| there isw, such thaiv, Aws € B}, (1)

wherew, Aws denotes the concatenation of the trajectorigandw;. Thus,w € 4, is a finite trajectory(w(1), ... w(t))

of the system. o denotes the backwards shift operatw(t) := w(t + 1).
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The number of inputa and the number of outputsof a systemz < (R**P)N are invariant of the representation.

Modulo a permutation of the variables, any trajectary % has an input/output partition

u
w = col(u,y) := ,
g

whereu is an input, i.e., it is free, anglis an output, i.e., it is determined by the input, the systand the initial
condition.
Denote by.#"¥ the class of linear, time-invariant, and finite dimensiosydtems withw variables. There are a

number of equivalent representations of a systéra .Z". In this paper, we use the input/state/output representati
%(A,B,C,D) := {col(u,y) € (R™P)N| 3 x e (R*)N, such thatox = Ax+Buandy = Cx+ Du},

parameterized by the matricdsc R***, B € R, C € RP*", andD € RP*". The state dimension is called the
order of the representation. An input/state/output repregion % (A,B,C,D) is minimal if its order is as small as
possible. This smallest possible orar?) is invariant and is called the order of the system. Anotheariant that is
used in the paper is the l&agZ) of 4. Itis defined as the observability index of an input/statgiat representation

% (A,B,C,D) of £, i.e., the smallest integér for which the observability matrix
0y(A,C) :=col(C,CA ...,CA 2)

has rankn(%).

The Hankel matrix with; block rows, composed of the signalc (R¥)" is denoted by

Wy owe) e owi)
w2 w3 - w(ta+1)

'%1#2 (W) = W(3) W(4) T W(t2 + 2) : (3)
_W(tl) W(tl + 1) e W(tl +t— l)_

If the indext; is skipped, the matrix/%, (w) is assumed to have the maximal possible number of columas
T —t1+1. The signali= (u(1),...,u(T)) is calledpersistently excitingf orderL if the Hankel matrix{ (u) is of
full row rank.

The block lower-triangular Toeplitz matrix wittblock rows, composed of the sigrtal= (H (0),H(1),...,H(t—
1)) is denoted by

[ HO 0 0 0 |
(1) H@O 0
J(H):=| H(@ H(@) HO o0 0 |. (4)
0
H(t-1) H(2) H(1) H(0)]
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LetH be the impulse response &, i.e., with = %(A,B,C,D) of ordern, we have
H(O)=D, H(1)=CA" !B, forr=12...t—1 (5)

Using the notation (2) for the observability matrix and tlwtation (4) for the lower triangular Toeplitz matrix, we

can express the condition thatis a trajectory of# as a linear system of equations
w=col(uy) € 4 <= I xn €R" such thay = 0;(A,C)xni + Z(H)u. (6)

We use the same lettgrfor the signal(y(1),...,y(t)) as well as for the vector c¢y(1),...,y(t)), i.e., we identify
the space$RP)! andRP'. Corresponding to a given inpute (R™)!, the systen¥ € .#™P has am(%)-dimensional
space of outputg, such that cdl,y) € %;. This space is parameterized by the initial condition.

The Moore-Penrose pseudoinverse of the matiisx denoted byA™. colspariA) denotes the span of the columns

of A. Iy is them x midentity matrix and Q. is them x n zero matrix.

3 Fundamental lemmas

3.1 Specification of initial condition

In a representation free setting, we specify initial canditfor a trajectoryw, € %, by considering the extended
trajectorywini A Wy, Wherewi, € %7, is a suitably chosen initial trajectory. Assuming that teegth Ty, of wiy; is
greater than or equal to the 1§g#) of the system, the sta€ T, + 1) of a minimal input/state/ouptut representation

of 4 is uniquely determined at timB,; + 1. This state serves as an initial condition for the trajgctg.

Lemma 1 (Initial condition) Let #(A,B,C,D) be a minimal input/state/output representation and let HH®eim-

pulse response a® € .Z¥. Then for all wy € (R¥)"i, with Ty > 1(5),
Wini ACOl(Ur, ) € #r. o7, — thereis unique € R"?) such that y= 01 (A,C)xni + Z. (H)Ur.  (7)

Proof. Given an initial trajectorywi,;, we need to prove the existence of a unique initial vegggre R"%), such
that (7) holds, for ally € (R®)™. We do this constructively. Let clini,Yini) be an input/output partitioning afiy,;.
Note thatwi,; is not free:

Wini A\ col(ur,yr) € %Tiniﬂ'r — Wini € $t

ini *

Sincewy, is a trajectory oft

ini?

it follows from (6), that there is an initial stat€1), such that
Yini = Tini (C7A)X(l) + gﬁni (H )uini . (8)

Moreover, the assumptions that(A,B,C,D) is a minimal representation arigh > I(%) imply that the extended

observability matrixor

ini

(C,A) is full column rank. Therefore, the system of equations &) & unique solutior(1).

The initial conditionx;,; is equal to the state(Tini + 1), i.e.,

Xini = X(Tini + 1) = ATnix(1) + |ATn—1B  ATni—2B ... AB B| Uini. 9)
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The uniqueness of,; follows from the uniqueness af1). O

Lemma 1 shows that assumimg, € %7, andTiy > (), a trajectoryw, € Hr,, such thawinj AW, € AT+ 1.,
has a uniquely specified initial condition and is therefan&ue, given its input component. Moreover, the proof
gives an explicit expression (8-9) for an initial stagg in terms of the initial trajectoryvi,i, the input/state/output
representation parametefsB,C,D, and the impulse respong¢. This expression is used in Section 6.1 for the

solution of the linear quadratic tracking problem by inpt#ife/output representation.

3.2 Construction of trajectories

Next, we consider an important result for the solution of daga-driven simulation and control problems, related
to the construction of new trajectories of the system frormawkn one. Assume thaty € (R¥)T is a trajectory
of # € ¥¥. The subscript d stands for ‘data’ and aims to distinguigshgrticular observed trajectonyy from a
general one. Due to the linearity and time-invariancégotheT —t + 1 columns of the Hankel matrix? (wg), where
t < T, aret samples long trajectories oB. Therefore, any linear combination of the columnssf(wy) is also a

t-samples long trajectory o8, i.e.,
A (Wg)g € %, forallge RT-1

The following lemma shows that under additional assumptiomwy and. %, for every trajectoryw € %;, there is a

vectorg, such thaiv = & (wgy)g.

Lemma 2 (Fundamental lemma (Willenet al. 2005)) Let
e Wy = col(ug,Yq) be a T samples long trajectory of a linear time-invariantteys#, i.e., wy € %r;
e the systen¥ be controllable; and
e the input @ be persistently exciting of ordertn(%).

Then any t samples long trajectory=acol(u,y) of Z can be written as a linear combination of the columns@twy)

and any linear combinatior4 (wgy)g, where g RT -1, is a trajectory of4%, i.e.,
colspan(s4(wy)) = %:.

Under the assumptions of the fundamental lemma, computingjectoryw of %; with certain specified prop-
erties, e.g.w corresponds to a given inputand initial trajectorywi,;, amounts to choosing a vectgithat imposes
those properties through = .7 (wq)g. For example, choosing, such thatwin; A col(u,y) € %t 1+ requires solving

a linear system of equations fgiwith right-hand-sidew;,; andu.
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4 Data-driven simulation

In this section, we consider the simulation problem: giveystem# with an input/output partitionv = col(u,y) of
the variables, an input signal, and an initial condition; find the respongeof %; to u, and the given initial condition.
4.1 Problem formulation

Classically, the system® and implicitly the input/output partition are given by aputi/state/output, transfer function,

or impulse response representation. The input/statelbugpresentation is used most often, because it allows a
convenient specification of the initial condition by anialitstate vectoki,j and because of the good numerical linear
algebra methods developed in the state space setting. @i@mrgly, in what follows, we refer to the simulation

problem with a given input/state/output representatiothefsystem as the ‘classical simulation problem’.
Problem 3 (Classical simulation)Given

e an input/state/output representatia{A,B,C,D) of a linear time-invariant systery,

e aninput signali, = (ur(1),...,u(Ty)) € (R®)™, and

e an initial conditionx,j € R®,
find the responsg of % (A,B,C,D) to the inputu, and the initial conditionp;.

The data-driven simulation problem is defined similarlyhe tlassical simulation problem with the differences

that the systen® and the initial conditions are specified implicitly by giveajectories.
Problem 4 (Data-driven simulation) Given

e atrajectorywg = (Wg(1),...,wq(T)) € (R¥)T of a linear time-invariant systers,

e aninput signali, = (u(1),...,u(Ty)) € (R®)™, and

e an initial trajectorywini = (Wini (1), ..., Wini(Tini)) € (R¥)Tn, wherew, € %r,,,
find a responsg of 4 to the inputu;, such that

Wini A col(ur,y) € HBr, .+, (10)

Note5 (Uniqueness of the responge Equation (10) does not necessarily define a unigue., in Problem 4 we do
not impose that the respongés unique. In most cases, however, uniqueness is desirdblgroven in Lemma 1, the

additional assumptiofiy; > 1(%) imposes uniqueness.

It is assumed, as part of the problem formulation, thatand wi,j are trajectories of a linear time-invariant

systemZ. Sincewy andwi,; are of finite length and the order & is not a priori restricted, the assumptiongc %+
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andwin € %1 can be made without loss of generality. We do need restiassumptions, however, in order to

guarantee thatiy uniquely specifies# (identifiability). If, in addition, we insist on a unique sion to Problem 4,
wini should specify a unique initial condition. Sufficient caitis for identifiability can be derived from Lemma 1,
see (Markovskyet al. 2006, Theorem 8.16), and a uniqueness condition is given in Le&ima

Assuming that# is identifiable fromwy, standard identification algorithms can be used to find aficiixpep-
resentation of4. This suggests the following solution of the data-drivemwation problem that reduces it to the

classical simulation problem:
1. identificationwy — (A,B,C,D),
2. observer desig{Wwii, (A,B,C,D)) — Xini,
3. classical simulatioru;, Xni, (A,B,C,D)) —y.
The question occurs:
Can we find a responsesuch that (10) holds without deriving an explicit repreation of #7?

As shown in the following section, the answer is positive.r&tver, the main idea for doing data-driven simulation

can be used as well for data-driven control. This is expthineSections 5 and 6.

4.2 Data-driven simulation algorithm

Consider givewy, Uy, andwini. Under the assumptions of the fundamental lemma,
Wini Acol(uy,y) € Byt < 30, such that’#,, .1.(Wa)g = col (Wini,col(ur,y)).

The equation
S+, (Wg)g = ol (Wini, Col(Ur, Y)) (11)

is a linear system for the unknowgsandy. The equations with right-hand-sigecan be used to defingfor giveng.
The remaining equations impose restrictionsgometermined bywi,i andu,. This suggests the following generic

data-driven simulation algorithm:
1. compute any solutiog of the equations in (11) with right-hand-sidg,; andu,
2. definey from the remaining equations in (11) by substituting the potadg on step 1.

In order to make the algorithm more concrete, define
U:=74,.7(u) and Y :=4 .1(Ya)

and the partitionings

Up| oTin Yo| pTn
p| Mlinj and Y =: p| Plini .
Us| mTr Y:| pTr
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The blocksU, andY, are referred to as the ‘past’ (of the computed response) endised to set up the initial
conditions. The block&)k andY; are referred to as the ‘future’ and are used for computingdésired responsg

With this notation steps 1 and 2 above can be formulated a@®libe/ing Algorithm 1.

Algorithm 1 Data-driven simulation.
Input: wy € (R¥)T, ur € (R®)™, andwi,; € (R¥)Tni,

1. Compute a solution of

Up Uini
Yo 9= [Vini| - (12)
Us Uy
2: Compute
Yig=:y. (13)
Output: .

Proposition 6. Assume that

e the data generating syste# is controllable, and

e the input componentywof the trajectory w is persistently exciting of ordef.J+ T, + n(2).

Then for any ue (R™)™, the system of equations (12) is compatible and for any @aei solution g, the output y=
Ytg of Algorithm 1 is such that (10) holds. If in addition, T 1(£), then y=y; is the unique signal that satisfies (10).

Proof. Under the assumptions of the proposition, we can apply Lemiafollows that colspafi#t, .1, (Wq)) =

PBr,.+7,- Since by assumptiow, € B, for anyu, € (R™)™, there isy € (RP)™, such that (10) holds. Then there is
in general a nonunique vectgy such that (11) holds. The system of equations (12) on sté@\lgorithm 1 consists
of a subset of the equations of (11), which proves that (12pmpatible. Assume now thgtis a particular solution

of (12) andy is defined as in (13). Then by Lemma 2,
A7, (Wat)g = COl(Wini, cOI(Ur, Y)) € B 41,

so that (10) holds.
Under the additional assumption thgf > |(4), we can apply Lemma 1. It follows that,; andu, determine a

unique outputy,, such that (10) holds. Then the sigyacomputed by Algorithm 1 is unique and is equalto [

Note7 (‘Noisy’ data) The choice of the particular solutianon step 1 of Algorithm 1 is irrelevant as long as the
assumptions of Proposition 6 are satisfied. However, if anaare of the assumptions are not satisfied, then (12)
may have no solution. In this case, one can still execute i{flgn 1 by computing an approximate solution fpr
aiming at an approximate response of the system. The qoesftiwhich notion of approximate solution one should
use depends on additional assumptions (or prior knowledgelit the data generating mechanism. Results for the

case whenyy is exact andyy is noisy (output error setup) are given in (Markovskyal. 20060).
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Note 8 (Recursive implementation)rhe persistency of excitation fay, required by Algorithm 1 is of ordeF; +
Tini +n(Z). Typically Ti,; andn(%) are small compared to the lengthof the given trajectory, however; might be
big. In (Markovskyet al.200%) a refinement of the data-driven simulation algorithm ispreed (in the special cases
of impulse response and free response computation) thairesgpersistency of excitation of order-Ii,; + n(4).
The idea is to construct the responsieratively by weaving together consecutive patcheg @ue to lack of space,

we do not present iterative versions of the algorithms is faiper.

Next, we describe three special cases of the generic daeadsimulation algorithm that are of independent
interest and are used in the solution of data-driven copiablems. The observations made in Notes 7 and 8 can be

repeated verbatim for the special cases of Algorithms kqgmed below.

4.3 Special case = 0: zero input response

The columns of an extended observability matfix(A,C) of % areT, samples long free responses#t There-
fore, by using a data-driven simulation algorithm we canstartt an observability matrix directly from data. In
Algorithm 2 we computg := T — T, — Tin + 1 free response§;, .. ., f; and do a rank revealing factorisation of the
matrix F := [fl fj], i.e., factorF as &'Xi,i, whered is full column rank andXi,; is full row rank. Due to the
persistency of excitation assumption of Proposition 6 nttnaber of linearly independent free responses computed in

this way isn(4%).

Algorithm 2 Compute an observability matrix.
Input: wq € (RY)T, Tini € N, andT; € N.

1. Compute a solution of

Up Up
Yp G= Yp
Ut O, x j
2: Compute
Y:G=:F.

3: Compute a rank revealing factorisatibn= 0'Xiy;.

Output: 0.

Proposition 9. If the assumptions of Proposition 6 are satisfied apd-T(%), the matrix&, computed by Algo-
rithm 2, is an observability matrix o8 with T, block rows, corresponding to a minimal input/state/outpgresen-

tation #(A,B,C,D) of £, i.e.,0 = 01, (A,C).

Proof. From Proposition 6 it follows that every column of the matfix computed on step 2 of Algorithm 2, is a
free response of4. Moreover, from (Willemset al. 2005, Corollary 2) and the assumpti®n> (%) it follows that

rank(F) = n(#). The statement of the proposition follows from raak = rank(F) = n(4). O
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4.4 Special cas&vi,j = 0: zero initial condition response

Define the zero initial conditions subbehavio#dp of % as follows

Pox, = {wr € (R)T | (0,...,0) AW € Br,,.1,, for all Tinj € N }. (14)
The set%, consists of all trajectories o that when preceded with an arbitrary number of zero sampkestdl
trajectories of%. 1(#) or more leading zero samples specify zero initial cond#jso.% is indeed the subspace
of # consisting of all zero initial conditions trajectories. tdahat din{%t,) = nT,, SO we can compute a basis for
Sy, directly from data, by computingT, linearly independent zero initial condition responsesAlgorithm 3, we
computej :=T — T, —Tini + 1 zero initial condition responses 1, ..., Wo,j, because the persistency of excitationigf
guarantees that among them there are exad{lyinearly independent one. Then a basis #841, can be computed

from the matrid\b := |wp; -+ wp | by doing a rank revealing factorisation.

Algorithm 3 Compute a basis for the zero initial conditions subbehaviou
Input: wg € (R")T, Tini € N, andT; € N.

1. Compute a solution of

Up OniTi
Yo | CG= | OpTxj
Us 4, (Ug)
2: Compute
Y:G =:Yo.
3: DefineWp = col(Uo1,Yo1) - col(uo,j,yoJ)], whereug; is theith column of 777, (ug) andyp; is theith
column ofY,.

4: Compute a rank revealing factorisatidy = BgL

Output: Bp.

Proposition 10. If the assumptions of Proposition 6 are satisfied, the cokiofrthe matrix B, computed by Algo-

rithm 3, form a basis for the zero initial conditions subbeicar %, . of %r,.

Proof. From Proposition 6, it follows that the columns¥gfare zero initial condition responses@t By construction
the corresponding inputs are the columnss6f (uq), so that colspafWp) C Ho1,. The persistency of excitation

assumption implies rank#7. (ug)) = nT,. Therefore ranf\p) = mT;. But dim(%o1.) = mT;, and consequently

colspariBg) = colspariWp) = Ho,.
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4.5 Special cas&vinj =0, u=105: impulse response

Let g be theith column of them x m identity matrixl,. Choosing zero initial conditiongi,; = 0 and pulse input
ui(l) =&, ui(t) =0, fort > 1, we find the impulse response &f. Note that this procedure constitutes a system

identification method, because a representatio® @ derived from data.

Algorithm 4 Compute the impulse response.
Input: wq € (R")T, Tini € N, andT; € N.

1. Compute a solution of

Up OuTyy xm
Y, | G= OpTyy xm : (15)
Us COl(lu, O, —1) xm)
2: Compute
YiG =:H.
Output: H.

Proposition 11. If the assumptions of Proposition 6 are satisfied, the madrixxomputed by Algorithm 4, contains

the first T samples of the impulse response/f

Proof. Follows trivially from Proposition 6 and the structure oéthght-hand-side of (15). O

5 Output matching control

Simulation can be viewed as ‘input matching’: determinedtgut component of a system trajectory, corresponding
to a given input component and initial condition. By revegsthe roles of the input and the output, we have an
‘output matching’ problem: determine the input componena gystem trajectory, given an output component and
initial condition. This is a control problem, which we cadiutput matching control’.

The output matching problem is a special (singular) cashebttput tracking problem, when the input does not
enter into the cost function and the desired output can bieahexactly. Alternatively, the output matching problem
can be viewed as a special dead-beat control problem, whénitial condition of the system is given. In Section 5.2,

we present a model-based solution and in Section 5.3 wendraskata-driven solution to this problem.

5.1 Problem formulation

We call the output matching problem ‘classical’, if the te-tontrolled system is given by an input/state/output

representation.
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Problem 12 (Classical output matching)Given
e an input/state/output representatigt{A,B,C, D) of a linear time-invariant systers,
o areference responge= (y:(1),...,y:(Tr)) € (RP)", and
e an initial conditionxj,; € R*?,

find an inputu € (R™)™, such that the response &f to u and initial conditionxipn; is y;.

In the data-driven output matching control problem, thévéeeontrolled system and the initial condition are

implicitly specified by given trajectories of the system.
Problem 13 (Data-driven output matching)Given

e atrajectorywg = (Wy(1),...,wq(T)) € (R¥)T of &,

o areference responge= (y:(1),...,y:(Tr)) € (RP)", and

e an initial trajectorywini = (Wini (1), ..., Wini (Tini)) € (R¥)™, wherewi, € %r,,,
find an inputu € (R™)™, such that

Wini A (U, Yr) € BT+, (16)

5.2 Model-based output matching

Figure 1 shows the structure of a feedforward output magchomntroller. 2~ denotes a right inverse o#, i.e., a
linear time-invariant system with inputs andn outputs, such that the series connectionf! and % is l,. Note

that the existence of a right inverse requires that the giystem% has more inputs than outputs.

Proposition 14 (Model-based output matching controlf a causal right inverse syste# ! of # exists, then for

any reference signal,ye (RP)™ and initial condition ¥, € R®, there is a control signal u, such that (16) holds.

Proof. If a causal right inverség—1 exists, the feedforward controller, given on Figure 1 selifee output matching

problem for anyy; € (RP)™ andx, € R®. O

We do not consider further conditions for existence of a ahtight inverse systen¥#~! nor algorithms for
computing its representation from a given representatfo® oThe reader is referred to (Sain and Massey 1969) for

related results. Our concern next is an algorithm for daiteed output matching control.
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Figure 1: Structure of the output matching controller.

5.3 Data-driven output matching algorithm
Consider givewy, ¥;, andwi,;. Under the assumptions of the fundamental lemma,

Wini A col(u,yy) € By

wiT. <= 30, such that’z,, ,1.(Wy)g = col (Wini,col(u,yr)).
The equation

S+, (W)@ = col (Winj, col(u, r) ) (17)
now has as unknowrgsandu. Therefore, we determingfrom the equations in (17) with right-hand-sidg, andys,
and defineu from the remaining equations. Using the notatldg Uy, Yy, Yf, defined in Section 4.2, we obtain

Algorithm 5.

Algorithm 5 Data-driven output matching.
Input: wg € (R")T, y; € (RP)™r, andwip; € (R¥)Tii,

1. Compute a solution of

Up Uini
Yo 9= |Vini| - (18)
e Yr
2: Compute
Uig=:u.
Output: u.

Proposition 15. If the assumptions of Proposition 6 are satisfied and the @etial conditions subbehaviou,

of A, see (14), satisfies the prope#gp1 = R™, the vector u computed by Algorithm 5 is such that (16) holds.

Proof. Consider an input/state/output representatif, B,C,D) of 2 and letH = (H(0),H(1),...) be the impulse
response of4. Under the assumptions of Propositionng,; defines a unique initial staig,;. Then (18) is compatible
if and only if

Yr — O1.(A,C)%ini = Z7,(H)u (19)

is compatible. A necessary and sufficient condition for catitylity of (19) is that the matrix7t. (H) is full row rank.

Due to the lower triangular Toeplitz structure %, (H), it is easy to see that the full row rank condition & (H)
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is equivalent to a full row rank condition fa#(0) = D. The statement of the proposition follows from
Disfullrowrank <= %y1=R"

O

Examplel6 (Unbounded input)Consider the linear time-invariant syste# of ordern = 2, withm = 1 input and

p = 1 output, induced by the transfer function

H(2) = (z—0.7847)(z+ 1.17)
T 2-1615+06972°

The trajectorywy is a random one witll = 200 samples, the reference signaljis= 0 with horizonT, = 30, and
the initial trajectory iswi,i = (1,1). Figure 2 shows the input, computed by Algorithm 5. The assumptions of
Proposition 15 are satisfied and we experimentally verifit the inputu achieves the reference outpyt In the
particular experiment, howeveu, grows unbounded dsincreases. The reason for this is that the plahis non-
minimum phase (has zero atl.17), and the output matching controller internally computiee response of the

inverse systen 1.

-100

Figure 2: An inputu that achieves the reference outguin the output matching example.

In the next section, we consider a more general trackingl@nmob-follow a reference trajectony; by trading-off
errors in both the input and the output. In the infinite hanizase, the latter problem avoids the instability issue,

pointed out in Example 16.

6 Linear quadratic tracking

In a linear quadratic tracking problem the objective is toade a trajectoryv = (u,y) of a linear time-invariant
system that is as close as possible to a given reference trajeatoey(R")™. More precisely, in a finite-horizon
case, the objective is to minimise oweic %, the cost function

T;

e == 5 (we(t) ~wit)) " @(we(t) - wlt). (20)

t=
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where® € R¥*¥ is a given positive definite weight matrix. In the specialecagen the reference trajectory is the
zero trajectory, the tracking problem is referred to asrdglation problem In this case, the optimal tracking,
aiming solely at minimising the criterion (20) over all #ajoriesw of 4, has a trivial solution—the zero trajectory.
The regulation problem is meaningful, when a nonzero initiendition is specified. Therefore, we introduce initial
conditions specification in the general tracking problem.

The classical formulation of the tracking problem assunhes an input/state/output representation of the sys-
tem 2 is given. In the context of data-driven tracking, we stastéad from a given trajectoryy € (R¥)" of %, and
aim at finding an optimal trajectory without explicitly commng a representation (in particular an input/statefoutp

representation) ofs.

Problem 17 (Linear quadratic tracking)Given
e atrajectorywg = (Wg(1),...,wq(T)) € (R¥)T of a linear time-invariant systers,
o areference trajectony, = (W;(1),...,w(Ty)) € (R")T,

e an initial trajectorywini = (Wini (1), ..., Wini (Tini)) € (R¥) ™, wherew, € %, and

ini ?

e a positive definite matrixp € R¥*¥,

find a trajectoryw* € 2 that minimises the cost functidfw; —w||% and has as a prefix the initial trajectamy;, i.e.,
solve the problem

mv\iner—ng, subject to Wini AW € Bt 4 7..

In the following we propose three solutions to Problem 17.e Tinst one computes parameteksB,C,D of
an input/state/output representation of the data gengraiistem and then proceeds by solving a classical tracking
problem, using standard linear quadratic control techeBsquThe second solution computes the impulse response
of the system and then solves the linear quadratic trackiofglem as a weighted least squares problem. The third
solution for solving Problem 17 is completely data-driviris not based on any particular representation of the plant
however, as in the solution using the impulse response, fite ateps is a solution of a large weighted least squares

problem.

6.1 Algorithm using input/state/output representation

The classical but indirect solution of Problem 17 is to cotegirst an input/state/output representatiggA, B,C,D)
of # from the datavy and then using the parametérs B,C,D) to compute the optimal trajectoy*. This is the
well known model-based approach that we summarise for cetenss.

By assumption the datsy is an exact trajectory of the unknown systegn Therefore, we are dealing with an exact
(deterministic) identification problemy — 2. Under the assumptions of (Markovskyal. 2006, Theorem 8.16),

the system is identifiable and an input/state/output remtasion of% can be computed. Algorithms for computing an
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input/state/output representation from exact data areldped in the (deterministic) subspace identificationirsptt
see (Van Overschee and De Moor 1996, Chapter 2) and (Mark@ts{. 2006, Chapter 8).
A procedure for deriving the initial state from the initiahjectory is outlined in the proof of Lemma 1. Once the
state space representation and the initial state are blegiRRroblem 17 becomes
X(t+1) = Ax(t) + Bu(t)

min|jw; —col(u,y)||3 subject to . X(1) =xpni, fort=1,...T. (21)
sy y(t) = Cx(t) + Du(t)

The solution leads to a difference Riccati equation thaeddp only on thé\ B,C, D matrices and a backward in time
recursion that depends on the reference sigpand the initial conditiorx;,i. The formulae for the continuous-time
case are given in (Markovslat al. 2002, Theorem 1). For simplicity, next we give the solutionthe finite-horizon
linear quadratic regulation problem, i.e., for the specéde ofw; = 0.

We can eliminate the variablg in (21) by substitution. This gives the following linear gisatic regulation
problem with complete state information

T T
T lu(t) I 0O I O] [u(t)

min Zl ()
3 x(t) D C D C| |x(t) (22)
subjectto x(t+1) = AX(t) +Bu(t), X(1) =X, fort=1....T.
Define the patrtitioning
by q)uy
Py By

b=

The solution of (22) is (see, e.g., (Astrdm and Wittenmar®7,Fheorem 11.1))

X'(t+1) = (A=BL)X'(t), X(1) = Xini,

—L (23)
wWi(t) = X (1),
C-— DL,
where
Li == (B'S+1B+ ®y+ DD+ D Py + DanyD)‘l(BTs+1A+ ®yC+D'd,C) (24)
and

S =A'S1A+CTO,LC— (B'S 1A+ Dy C+D BC) '
x (B'S41B+®y+ ®yD +D @), +D'®D) *(B'S 1A+ DyC+D ®,C),  Spy1=0. (25)

The resulting algorithm for solving Problem 17, in the spécasew, = 0, using an input/state/output representa-

tion of the plant is Algorithm 6.
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Algorithm 6 Data-driven linear quadratic regulation, using an ingatéoutput representation.
Input: wg € (R)T, wy € (RP)T, wipj € (R¥) T, and®d € R¥<¥, & > 0.
Identification, e.g., (Markovskegt al. 2006, Algorithm 8.5) (A, B,C, D)

L (WdaTini)
2. (Wini, A, B,C, D) 225eerG89), o
3. (O, W, Xini, A, B,C, D) Ynesis (23:24.29)

w*
Output: w*.

6.2 Algorithm using impulse response representation

Another approach for solving Problem 17 is to compute theuisgresponsel of % from the datang, using Algo-

rithm 4, and then usingl to computew*. Let Z(A, B,C,D) be an input/state/output representationzoand let

€0l(Opxn,C)
~ COl(Opxn,CA)

| COl(Opn, CAT TT1) |

be an extended observability matrix.@f with T, + T, block rows. Any zero-input trajectomnysee = col(0, f) of &

can be written a®ree = 5xmi, for somex;, € R™. Define also the augmented Markov parameters
H(0) = col (I,,H(0)), and
H(t) = col (O, H(t)), fort=12,....

Then for any trajectoryvin AW € %t .1, there is a corresponding initial conditiog; and an input signalin; A u,

such that
Wini ~ ~. | Uini
= ﬁx(l) + r?rini‘l‘Tr(H) . (26)
w u
Define the partitionings
e . T 0
0 =: ~1 and  Jg i1.(H)=: ~11 ~
ﬁz T21 %}(H)

that are conformable with the partitionings of @@};,w) and co(ui,,u). The equations in (26) with left-hand-
sideWwin;

Wini = O1X(1) + Ty 1Uin (27)
are decoupled from the other equations and can be solvedéndently in terms of the initial stat€1) and initial

input signalui,j. The remaining equations
W= OpX(1) + Tolini + J7,(H)u

specifyw in terms of the inputi. Define

Wiree := ﬁNZX(l) + -F21Uini- (28)
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Note thatwgee is the free trajectory af, with prefixwini (or equivalently by the initial conditioriy;).

The optimal tracking problem becomes
muin IWr — Wiree — 7 (H)ul[3,
which is a standard weighted least squares problem. ltsi@olis
U = (F (AP, (H)) 75 (H)®(W — Weo), (29)

where

® = diag(®,..., ) € RT*¥Tv,

so that

The resulting algorithm for solving Problem 17, using an s response representation of the plant, is Algo-

rithm 7.

Algorithm 7 Data-driven linear quadratic tracking, using an impulspoase representation.
Input: wq € (R")T, wy € (RP)T, wipj € (R¥)Tni, and® € R¥*¥, & > 0.

Algorithm 4
: (W, Tini, Tr) ——— H

Igorithm 2
(W, Tini, Tini + Tr) M’

27,28
: (Wini,H, 0) g} Wrree

4: (P, W, Wiree, H) M w*

[EEY

0

N

w

Output: w*.

6.3 Algorithm for data-driven linear quadratic tracking

In this section, we present a complete data-driven soldtidProblem 17, i.e., one that does not rely on any specific
system representation. The basic idea underlying thediat@n linear quadratic tracking algorithm is to project th
trajectoryw; — Weee ON the zero initial conditions subbehaviotfy 1. (see (14)) of%. The data-driven simulation

algorithms, presented in Section 4 can be used to deteriménkedge trajectoryviee and a basis foA T, .

Theorem 18. Let Wy € R™** be a matrix, such thatolspanWy) = %o1.. Then the solution of Problem 17 is
given by
W' =W (WOT ElV)VVO) +W0Ta)(Wr — Wiree) + Wiree, (31)

where Wee is the free trajectory of4, caused by the initial trajectory iy. If Wp defines a basis fo# T, then the

pseudoinverse in (31) can be replaced by inverse.
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Proof. Any zero initial conditions trajectorywo = col(Up,Yo) € (R¥)™ is of the formwg = .77 (H)uo. Therefore,
Po, = colspan(. 75, (H)) = colspan(Wp).
Consider the spac# = (R¥)™ with inner product defined byw:, w,) = w] ®w,. The projector oo, in # is
Ty (H) (75 (R)DF(H)) 5 (H)® = Wo (W' D) "W .
Then (31) follows from (29,30). O

Theorem 18 is based on the fact that the optimal solutidrepends only on the subspaég r., the metric,
given by the weight matri®, and the free trajectoye, initiated bywi,;, and not on the particular basis @b T,. In
(29,30), we used as a basis &b 1, the columns of the Toeplitz matri%r(ﬁ) constructed from the impulse response
of Z. However, using Algorithm 3, we can find another basis#y~,. In addition, the free trajectornyee can be
computed directly from the dat&y, using Algorithm 1. Then by Theorem 18, the optimal trajegte (31), and we
completely circumvent the need to compute the impulse resgio.

The resulting algorithm for solving Problem 17 is Algorittan

Algorithm 8 Data-driven linear quadratic tracking.
Input: wg € (R*)T, wy € (RP)T, wipj € (R¥) T, andd € R¥*¥, & > 0.

Algorithm 3
1 (W, Tinis Tr) ——— Wo

Algorithm 1
2 (Wd, OnT; 1, Wini ) ————— Whree

3 (D, Wy, Wiree, Wo) @’

Output: w*.

6.4 Simulation examples

We show simulation examples that illustrate numerically élquivalence of the three methods for data-driven control
linear quadratic tracking. The to-be-controlled pla#tis the same as that in Example 16. The dagaused by
the algorithms, is a random trajectory &f with T = 200 samples. It is the same in both experiments. A reference

trajectoryw; with T, samples and an initial trajectowy,; with Ty, = |(#) = 2 samples are chosen as follows:

e Experiment 1l:data-driven regulation T= 30,

w, =0, and wii=([1],[1]).

e Experiment 2:data-driven step tracking, & 60,

0, fort=1,...,30
=0, y(t)= ,andwini = (1], [1])-
1, fort=31...,60
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The weight matrix® is chosen as the 2 2 identity matrix.
In both experiments the compared methods compute the saimebfrajectory, see Figures 3 and 4. The optimal

values of the cost function in experiment 1 and 2|asé||3, = 1.1139 and|w; — w*||3 = 2.1034, respectively.

0.7 T T T T T 06
0.6¢ 1 0.5
0.5¢
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20 25 30

Figure 3: First experimenty; dotted linew* solid line.

Figure 4: Second experiment; dotted linew* solid line.

7 Conclusions

We presented a generic approach for construction of lingse-invariant system responses directly from data and
showed its fundamental role for solving output matching &nde horizon linear quadratic tracking data-driven
control problems. Three solutions to the linear quadraticking problem are: 1) identify an input/state/output
representation of the plant and use classical state spatieesys, 2) identify an impulse response representation of
the plant and solve a weighted least squares problem, and 8)dojection on the subbehavioufy of zero-initial
conditions responses of the plant. The third solution itam simulation of zero input and zero initial conditions
responses of the plant. Using the data-driven simulatigarshm such responses can be computed without deriving
a representation of the plant. All solutions need the sans& lessumptions: the pla# is controllable, and an
input component of the given trajectory is persistentlyitaxg of ordern(%) +1(%) + 1, which are the identifiability
conditions of (Markovskyet al. 2006, Chapter 8). The solution given by the input/state/outppiraach, however, is
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in the form of a feedback, while the other solutions comptitdiree the optimal trajectory. This poses the question

of finding an optimal feedback control law directly from data
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