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Abstract: Microfabricated impedance cytometers have been developed to measure the electrical
impedance of single biological particles at high speed. A general approach to analytically solve
the electric field distributions for two different designs of cytometers: parallel facing electrodes
and coplanar electrodes, using the Schwarz–Christoffel Mapping method is presented.
Compared to previous analytical solutions, our derivations are more systematic and solutions are
more straightforward. The solutions have been validated by comparison with numerical simulations
performed using the finite element method. The influences on the electric field distribution due to
the variations in the geometry of the devices have been discussed. A simple method is used to deter-
mine the impedance sensitivity of the system and to compare the two electrode designs. For iden-
tical geometrical parameters, we conclude that the parallel electrodes design is more sensitive than
the coplanar electrodes.
1 Introduction

Microfluidic analytical systems have been developed over
the last decade. Many of these have potential applications
in the chemical, biochemical and medical fields.
Examples of microfluidic systems include flow rate
sensors [1, 2], protein analysis systems [3] and particle
manipulation tools [4–6]. One area of interest is high
throughput microfluidic cytometers for single cell analysis.
Several groups are developing different types of micro-flow
cytometers [7–16]; devices that measure the optical and/or
the electrical properties of single particles flowing in a
microfluidic channel at high speed.
Impedance-based flow cytometers measure the dielectric

properties of single particles [8, 10, 13–16]. The electrical
properties of the particles are measured using microelec-
trodes, and two examples are shown schematically in
Fig. 1. Two pairs of microelectrodes are fabricated within
the microfluidic channel, one pair to measure the electrical
properties of the particle suspended in the medium, and the
other pair to measure the electrical properties of the
medium only, which acts as reference. The electrodes are
energised with a voltage at one or more discrete frequencies.
When a particle passes over the electrodes, the differential
signal between the pairs of electrodes is measured with a
current to voltage converter and a differential amplifier to
give the electrical impedance of the particle. For detailed
description of the measurement system setup refer to
Morgan et al. [16]. To detect the impedance signal from a
single cell (e.g. red blood cell), the microelectrodes are fab-
ricated with sizes similar to the cells, in the range 10–20 mm.
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Fig. 1a shows a system with two pair of parallel facing
electrodes while Fig. 1b shows an alternative design with
the electrodes fabricated only on the bottom of the channel.
The latter is easier to fabricate but suffers from higher field
non-uniformity. Because the electric field is not homo-
geneous, due to fringing fields, the impedance signal from
the moving cell depends on the position of the cell within
the detection volume. Therefore an accurate map of the
electric field distribution in the device is required a
priori for evaluation of the impedance spectrum for a
single cell.
The electric field depends on the geometry of the specific

device, and can be determined using a number of methods,
including charge density method [17], Green’s theorem
[18], Green’s function [19], half-plane Green’s function
[20] and Fourier series [21, 22], as well as numerically
using for example finite element methods (FEMs) [23].
Schwarz–Christoffel Mapping (SCM) is a subset of confor-
mal mapping and has been used to analyse electromagnetic
field problems in MEMS devices, including coupling
capacitance in comb-finger actuators [24], and forces in
electromechanical actuators [25]. Of relevance to this
paper are the techniques used to calculate the capacitance
of a symmetrical-strip transmission line [26] and coplanar-
strip waveguides [27, 28].
In a recent paper, SCM was used to calculate the resist-

ance of a coplanar microfluidic impedance sensor [29].
The authors compared their theoretical calculations, par-
ticularly of the cell constant, with impedance measure-
ments of aqueous solutions, and attributed discrepancies
between experiment and theory to the fringing fields,
non-zero electrode thickness and parasitic capacitance.
However in their calculations, they failed to take into
account the finite height of the channel, a point which
was discussed by Linderholm and Renaud [30], who
derived an improved analytical solution for the cell con-
stant of the system. These authors applied a subsequent
sine and bilinear transformation [30] to perform the con-
formal mapping, and derived an accurate value for the
cell constant which gave good correlation with the
69



Fig. 1 Schematic diagram showing details of the microfluidic impedance cytometer, with two different designs of electrode
configuration

In the device, the particles are suspended in an electrolyte and pass over the electrodes under an external hydrostatic pressure
a Design A, the parallel facing electrode cytometer
Two pairs of electrodes are arranged to face each other; wa is the width of the electrodes; la the length of the electrodes and ha the height of the
channel
b Design B, the coplanar electrode cytometer
Electrodes are fabricated only on one side of the channel
These electrodes have width wb, length lb with channel height hb and an electrode gap gb
published experimental values of electrolyte conductivity.
Later, Linderholm et al. [31] derived the analytical sol-
ution for electric field between two parallel facing electro-
des using the similar procedure. More recently, Demierre
et al. [32] utilised the method in the work of Linderholm
and Renaud [30] to derive the electric field distribution in
a micro-device for the dielectrophoretic manipulation of
particles. However, the analytical methods used in these
papers [30–32] are complicated and difficult to use. In
particular, the bilinear transformation used by these
authors makes the derivation procedure complicated and
produces results which are difficult to interpret. The sine
transformation can also be easily derived using SCM
(see Section 7.1)
In this paper, we present a general method for the deri-

vation of the electric field distribution for two different
designs of micro-cytometers, based on SCM. Compared to
the derivations [30–32], no sine transformation or bilinear
transformation is needed, making the derivations systematic
and straightforward. In the analytical solutions, the salient
features of the electric field distribution can be clearly
associated with the geometrical parameters of the cyt-
ometer. Inverse SCM transformations are performed to
characterise the electric field lines in both cytometer
designs. In order to validate the analytical solutions, the
electric field distributions are numerically solved using the
FEM, using FEMLAB 3.1 (Comsol Ltd). Comparison of
the analytical solution and numerical simulation shows
excellent agreement. Finally, we present an analytical
model to evaluate the impedance sensitivity of the two
designs, which takes the properties of the particle and
medium in the system into account as well as the geometry
of the device.
70
2 SCM mapping

The SCM method [33] maps the upper half of a complex
plane (T-plane) into the interior of a given polygon in
another complex plane (Z-plane). Let ‘ be an m-sided
polygon in the Z-plane with vertices Z1, Z2, . . . , Zm and
interior angles u1, u2, . . . , um, respectively. Along the real
axis of the T-plane, T1, T2, . . . , Tm are the corresponding
mapping points to Z1, Z2, . . . , Zm in the Z-plane. The
SCM integral, which maps the upper half of T-plane into
the interior of ‘ in the Z-plane, is given by

Z ¼ C1

ðT
T0

Ym
r¼1

(T � Tr)
(ur=p�1)dT þ C2 (1)

where C1 and C2 are integral coefficients. C1 establishes the
scale and orientation of the polygon in the Z-plane and C2

gives its position. C1 and C2 can be determined by the pos-
itions of the corresponding points in the Z- and T-planes.
The mapping system has three degrees of freedom which
means up to three points Tr (r ¼ 1, 2, 3) can be chosen arbi-
trarily along the real axis of T-plane. The point T0 is the
reference point, which is usually chosen as the zero point.
Details of the SC mapping can found in [33].
For the electric field analysis, the real system, represented

by an arbitrary two-dimensional polygon, is transformed
into a rectangular region, equivalent to a parallel plate
capacitor, where the electric field distribution is uniform.
Generally, the standard technique consists of the following
three steps

(i) Select a basic cell with two-dimensional geometry in the
physical plane (Z-plane), with symmetrical axes. Determine
IET Nanobiotechnol., Vol. 1, No. 5, October 2007



Fig. 2 Parallel facing electrode design

a Diagrams showing the three different planes used for the parallel electrode geometry; physical plane (Z-plane); auxiliary plane (T-plane) and
model plane (W-plane)
b Electric field lines for the parallel facing electrodes
Dotted lines are symmetry planes
Note that the channel extends to infinity on both sides
c Magnitude of the electric field (V/m) for the parallel facing electrodes (log10 scale)
the boundary conditions (i.e. Neumann or Dirichlet
condition) along each boundary of the cell.
(ii) Apply SCM to open the selected basic cell and map it
from the Z-plane to the upper half of the auxiliary plane
(T-plane).
(iii) Apply a second SCM to transform the upper half of the
T-plane into a closed parallel plate capacitor region in the
model plane (W-plane).

The non-uniform field problem in the Z-plane can then be
easily solved in the W-plane. The detailed transformation
procedure, together with the electric field analysis is
shown in the next section.

3 Electric field analysis

The two electrode designs are shown in Fig. 1: Design A,
parallel facing electrodes (Fig. 1a) and Design B, coplanar
electrodes (Fig. 1b). In both designs, the electrodes are per-
pendicular to the direction of fluid flow in the channel,
which has electrically insulating walls. The suspending
medium is an electrolyte with fixed conductivity and per-
mittivity. The boundary condition on the channel is insulat-
ing (zero current) and the electric field at all points is
parallel to the side walls of the channel. Therefore the
IET Nanobiotechnol., Vol. 1, No. 5, October 2007
electric field distribution within the detection volume
chamber can be considered two-dimensional.

3.1 Design A parallel facing electrodes (subscript a)

Fig. 2a shows the planes used in the SCM for the parallel
facing electrode design. The physical geometry in the
Z-plane is mapped to the uniform electric field region in
the W-plane via the auxiliary T-plane. Owing to symmetry,
only one quarter of the geometry is solved, as indicated in
the Z-plane and the thickness of the electrode is assumed
to be zero. The mapping polygon has five points. A, B and
C are fixed points, given by ZA ¼ 2wa/2, ZB ¼ 0 and
ZC ¼ jha/2, where j is the imaginary unit ( j2 ¼ 21), wa is
the width of the electrode and ha is the height of the
channel. Points D and E go to infinity, and represent the
semi-infinite channel. The Neumann boundary condition
@f/@n ¼ 0, where f is the potential and n is the normal
to the boundary, holds in the electrolyte at the interface
between the bottom wall of the channel (AE) and the bound-
ary at the right (BC ), as shown by the dashed lines in the
Fig. 2a. Dirichlet boundary conditions define the fixed
potential f ¼ V on the electrode (AB) and the boundary
for the axis of odd symmetry, f ¼ 0 (CD).
In the auxiliary plane (T-plane), the whole polygon

ABCDE is mapped into the upper half of the T-plane and
71



all the boundaries are mapped onto the real axis. The corre-
sponding points are: TA, TB and TC. The points D and E are
mapped to infinity. Since SCM method allows that up to
three points can be chosen arbitrarily along the real axis
of T-plane, we fixed the coordinates of TB ¼ 21, TC ¼ 0.
The two interior angles of polygon ABCDE at the points
B and C are both p/2. The SCM integral from the
T-plane to the Z-plane is given by

Z ¼ C1

ðT
(T � TB)

�1=2(T � TC)
�1=2 dT þ C2 (2)

where Z ¼ Zxþ jZy refers to the complex coordinate of any
point in the interior of polygon ABCDE in Z-plane.
T ¼ Txþ jTy refers to the complex coordinate of any point
in the upper half of T-plane.
The solution of (2) is given by

Z ¼ 2C1 ln
ffiffiffiffi
T

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffi
T þ 1

p� �
þ C2 (3)

Equation (3) links the T-plane with the Z-plane. The values
of the coefficients C1 and C2 can be solved by a mapping
relationship between the coordinates of the corresponding
points in the two planes.
For coordinate point B, T ¼ TB, (3) becomes

ZB ¼ jpC1 þ C2 ¼ 0 (4)

For coordinate point C, T ¼ TC, (3) becomes

ZC ¼ C2 ¼ j
ha
2

(5)

Substituting (4) and (5) into (3), (3) becomes

Z ¼
�ha
p

ln
ffiffiffiffi
T

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffi
T þ 1

p� �
þ
jha
2

(6)

Equation (6) is the final solution for the transformation from
T-plane to Z-plane, the same result as in [26]. The
inverse function of (6) allows T to be expressed as a func-
tion of Z

T ¼ sinh2
p

ha
Z �

jha
2

� �� �
(7)

The coordinate of point A in the T-plane can be obtained
from (7)

TA ¼ � cosh2
pwa

2ha

� �
(8)

The second SCM is used to transform the upper half of the
T-plane into a rectangle in the model plane (W-plane). The
electric field is uniformly distributed in the interior of the
rectangle, due to the restriction from the transformed
boundaries in W-plane. The corresponding points are:
WA ¼ XWaþ jYWa, WB ¼ jYWa, WC ¼ 0 and WD ¼ XWa,
where XWa and YWa are the size of the rectangle along the
real and imaginary axis, respectively. Similarly,
the transformation from the T-plane to the W-plane is
given by

W ¼ D1

ðT
(T � TC)

�1=2(T � TB)
�1=2(T � TA)

�1=2 dT

þ D2 (9)
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For T . TE . TB . TA, the solution of (9) is an elliptic
integral [34]

W ¼ D3F(4a, ka)þ D2

¼ D3

ðla
0

dla

(1� l2a)(1� k2al
2
a)

dla þ D2 (10)

with

D3 ¼
2D1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
TC � TA

p , 4a ¼ arcsin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T � TC
T � TB

s !
,

ka ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
TB � TA
TC � TA

s
, la ¼ sin4a

where F(4a, ka) is the elliptical integral of the first kind and
ka is the modulus of the elliptic function.
Equation (10) links the T-plane with the W-plane. The

values of the coefficients D2 and D3 can be obtained by
mapping the coordinates of the corresponding points in
T- and W-plane.
For coordinate point C, T ¼ TC, therefore la ¼ 0 and (10)
becomes

WC ¼ D2 ¼ 0 (11)

For coordinate point B, T ¼ TB, therefore la ¼ 1 and (10)
becomes

WB ¼ D3

ð1
0

dla

(1� l2a)(1� k2al
2
a)

dla ¼ D3jK(k
0
a)

¼ jYWa (12)

For coordinate point A, T ¼ TA therefore la ¼ 1/ka and (10)
becomes

WA ¼ D3

ð1=ka
0

dla

(1� l2a)(1� k2al
2
a)

dla

¼ D3[K(ka)þ jK(k0a)] ¼ XWa þ jYWa (13)

Combining (12) and (13), D3 is given by

D3 ¼
YWa

K(k0a)
¼

XWa

K(ka)
(14)

where K(ka) and K(k0a) are the complete elliptic integral of
the first kind with k0a ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� k2a Þ

p
.

The cell constant [29, 30] per unit width of the microflui-
dic channel in Design A used for evaluating the impedance
is given by

ka ¼
XWa

YWa

¼
K(ka)

K(k0a)
(15)

By solving the inverse function of (10), we useW to express T

T ¼
TC � TBsn

2(W=D3, ka)

cn2(W=D3, ka)
(16)

where sn(. . . , . . .) and cn(. . . , . . .) are the Jacobian elliptic
functions.
IET Nanobiotechnol., Vol. 1, No. 5, October 2007



Substituting (16) into (6), we obtain a direct relationship
between the W-plane and Z-plane

Z ¼
�ha
p

ln
TC � TBsn

2(W=D3, ka)

cn2(W=D3, ka)

� �1=2
 

þ
TC � TBsn

2(W=D3, ka)

cn2(W=D3, ka)
þ 1

� �1=2
!
þ
jha
2

(17)

Equation (17) provides an easy and convenient way to
derive the distribution of electric field lines between the
two electrodes. In the W-plane, where the electric field is
uniform, every electric field line is perpendicular to the
electrode (AB). Therefore every point on a specific electric
field line has the same coordinate on the real axis. In this
case, if we choose one group of points which share the
same real axis coordinate (one electric field line in
W-plane) and use (17) to convert the coordinates of all
these points in the W-plane to the Z-plane, we derive the
corresponding electric field line in the Z-plane. Fig. 2b
shows the electric field lines for Design A. The electrodes
are shown in the figure (and also the following figures).
The complex variable calculations for the Jacobian

Elliptic Functions can be separated into real and imaginary
components using the following formulae [35].

sn(uþ jv, k) ¼
sn(u, k)dn(v, k0)

1� sn2(v, k0)dn2(u, k)

þ j
cn(u, k)dn(u, k)sn(v, k0)cn(v, k0)

1� sn2(v, k0)dn2(u, k)
(18a)

cn(uþ jv, k) ¼
cn(u, k)cn(v, k0)

1� sn2(v, k0)dn2(u, k)

þ j
sn(u, k)dn(u, k)sn(v, k0)dn(v, k0)

1� sn2(v, k0)dn2(u, k)
(18b)

where sn(. . . , . . .), cn(. . . , . . .) and dn(. . . , . . .) are the
Jacobian elliptic functions.
Since Laplace’s equation remains invariant under confor-

mal mapping, the relationship linking the potential gradi-
ents in the physical plane and model plane is [33]

rfZ ¼ rfW f 0(Z) ¼ rfW

dW

dZ
(19)

where, rfZ and rfW are the potential gradients in Z-plane

and W-plane, respectively. f 0(Z) is the conjugate of the
derivative of f(Z ), which is the linking transformation
equation between the Z-plane and the W-plane.
Utilising the relationship in (19) and combing (2) and (9),

the non-uniform electric field distribution in the Z-plane can
be easily derived as

EZa ¼ �rfZa ¼ �rfWa

dW

dT

dT

dZ

� �

¼ j
pV

ha

1

K(k0a)

TC � TA
T � TA

� �1=2

(20)

where EZa is the electric field distribution in the Z-plane for
Design A. fZa and fWa are the potential distributions in the
Z-plane and W-plane, respectively. V is the potential differ-
ence between the electrodes AB and the axis of odd sym-
metry, CD. The value of TA is given by (8) and TC is
chosen at the origin.
IET Nanobiotechnol., Vol. 1, No. 5, October 2007
Equation (20) is the analytical solution for the electric
field, Design A. Compared to the previous analytical sol-
ution [31], the salient features of field distribution are
easier to identify. The magnitude of the electric field goes
to infinity at point A (when T ¼ TA ), that is the electrode
edge. Numerical calculations (20) were used to plot the
field distribution using MATLABTM (Mathworks Inc.
USA). Fig. 2c shows a 2D plot of the magnitude of the elec-
tric field for Design A. The field magnitude increases
sharply towards the edges of the electrodes, the fringing
field. In the central region between the two facing electro-
des, the electric field magnitude is quasi-homogeneous.

3.2 Design B coplanar electrodes (subscript b)

Fig. 3a shows a representation of the configuration of copla-
nar electrodes in the Z-, T- and W- planes. From symmetry,
only half the channel is analysed, and the polygonal region
in the Z-plane has six points: A, B, C and D, given by
ZA ¼ wbþ gb/2, ZB ¼ gb/2, ZC ¼ 0 and ZD ¼ jhb, and E,
F tend to infinity. Again, wb is the width of the electrodes,
hb is the height of the channel and gb is the gap
separating the two electrodes. Neumann boundary
conditions @f/@n ¼ 0 hold on boundaries AF, BC and DE
(indicated by dashed lines) and Dirichlet boundary con-
ditions hold on the electrode AB (f ¼ V ) and the boundary
CD (f ¼ 0) (indicated by solid lines). The corresponding
points in the T-plane are: TA, TB, TC¼ 1 and TD¼ 0, and
E, F tend to infinity. The interior polygon angles in
Z-plane at C and D are both p/2. From the SCM integral
formula, the transformation from Z-plane to T-plane is

Z ¼ C1

ðT
(T � TC)

�1=2(T � TD)
�1=2 dT þ C2 (21)

Following the procedure used for Design A, the solution of
(21) is

Z ¼
2hb
p

ln
ffiffiffiffi
T

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffi
T � 1

p� �
(22)

The inverse function of (22) is

T ¼ cosh2
pZ

2hb

� �
(23)

The values of TA and TB are

TA ¼ cosh2
p(gb þ 2wb)

4hb

� �
, TB ¼ cosh2

pgb
4hb

� �
(24)

In the model plane (W-plane), the original polygon is trans-
formed into a rectangle, where the electric field distribution
is uniform. The corresponding points are: WA ¼ 0,
WB ¼ jYWb, WC ¼ XWbþ jYWb and WD ¼ XWb. Again, the
SCM integral from T-plane to W-plane is given by

W ¼ D1

ðT
(T � TA)

�1=2(T � TB)
�1=2

� (T � TC)
�1=2(T � TD)

�1=2 dT þ D2 (25)

For T . TA . TB . TC . TD, the solution of (25) is an
elliptic integral [34]

W ¼ D3F(4b, kb)þ D2

¼ D3

ðlb
0

dlb

(1� l2b)(1� k2bl
2
b)

dlb þ D2 (26)
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with

D3 ¼
2D1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

(TA � TC)(TB � TD)
p ,

4b ¼ arcsin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
(TB � TD)(T � TA)

(TA � TD)(T � TB)

s !

kb ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
(TB � TC)(TA � TD)

(TA � TC)(TB � TD)

s
, lb ¼ sin4b

The values of the coefficients D2 and D3 are obtained from
the corresponding coordinates of points A, B, C and D in T-
and W-plane.

D2 ¼ 0 D3 ¼
YWb

K(k0b)
¼

XWb

K(kb)
(27)

As introduced in Section (3.1), K(kb) is the complete elliptic
integral of the first kind and kb is the modulus of the elliptic
function which is different in this case. The cell constant per
unit width of microfluidic channel in Design B is given by

kb ¼
YWb

2XWb

¼
K(k0b)

2K(kb)
(28)

In this case, the result is multiplied by 2 since only half of
the microchannel is mapped.
In the recent paper by Hong et al. [29], the cell constant

of Design B was sub-divided into a resistive (1/kb) and
capacitive cell constant (kb). However, in their conformal
mapping analysis, the authors ignored the finite height of
74
the channel, causing significant deviation between exper-
imental results and theoretical calculations. Using a sine
and bilinear transformation, Linderholm and Renaud [30]
published the correct cell constant and showed a good fit
between theory and experiment, assuming the conductivity
of the DI water in Hong et al.’s [29] experiments to be
20 mS/cm. We have performed a similar analysis using
the SCM method and find excellent agreement with Hong
et al.’s corrected data (see Section 7.2)
The inverse function of (26) is

T ¼
TATBcn

2(W=D3, kb)

TB � TAsn
2(W=D3, kb)

(29)

Substituting (29) into (22), the direct transformation from
W-plane to Z-plane is

Z ¼
2hb
p

ln
TATBcn

2(W=D3, kb)

TB � TAsn
2(W=D3, kb)

� �1=2
 

þ
TATBcn

2(W=D3, kb)

TB � TAsn
2(W=D3, kb)

� 1

� �1=2
!

(30)

The distribution of the electric field (Fig. 3b) is derived
using the same principle as for Design A, using (30). The
only difference is that in Design B, all points on one electric
field line share the same imaginary axis coordinate.
Employing the relationship linking the potential gradients

in the physical plane and model plane (19), the electric field
Fig. 3 Coplanar electrode design

a Diagrams showing the three different planes for the coplanar electrode arrangement: physical plane (Z-plane); auxiliary plane (T-plane) and model
plane (W-plane)
b Electric field lines for co-planar electrodes
Dotted lines are symmetry planes
Note that the channel extends to infinity on both sides
c Magnitude of the electric field (V/m) for the coplanar electrodes (log10 scale)
IET Nanobiotechnol., Vol. 1, No. 5, October 2007



in Design B is

EZb ¼
pV

2hbK(kb)

TA � TC
T � TA

� �1=2
TB � TD
T � TB

� �1=2

(31)

In this expression, V is the potential difference between
electrode AB and the axis of odd symmetry, CD. The
values of TA and TB are given by (24). TC is chosen to be
1, TD is chosen to be the origin.
Equation (31) is the analytical solution for the electric

field for Design B; again the electric field distribution is
easier to analyse, going to infinity at points A and B
(when T ¼ TA or T ¼ TB), at the electrode edges. The mag-
nitude of the electric field for design B is plotted in Fig. 3c
and shows that the electric field for this design is quasi-
homogeneous in the gap between the two electrodes. In
terms of analysis of cells, the field changes by only a
small amount along the channel axis, either side of the
central symmetry line.

3.3 Comparisons with FEM

The analytical solutions were compared with numerical
simulations performed using the FEM in FEMLABTM

(Comsol Ltd). From symmetry, comparisons are made
along a central horizontal line through half of the channel;
OA for Design A and OB for Design B (Fig. 2b and 3b).

3.3.1 Design A: The electric field distribution depends on
two geometrical parameters: the electrode width and channel
height. Fig. 4a shows the results for fixed channel height and
variable electrode width, while in Fig. 4b the width of the

Fig. 4 Electric field magnitude plotted against distance from the
centre of the electrode along the channel axis (OA) for Design A

Lines are data from SCM, symbols are data from FEMLAB (FEM)
a Height of the channel and the gap is fixed at 20 mm; the width of the
electrode is varied from 10 to 40 mm
b Width of the electrode is fixed at 20 mm and the channel height
varied from 10 to 40 mm
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electrode is fixed and channel height varied. Excellent agree-
ment is observed between the SCM and FEM in both cases.
Fig. 4a shows that as the electrode width increases (with
fixed channel height), the quasi-homogeneous electric field
region becomes wider and the magnitude of the electric
field in the entire microchannel increases. Fig. 4b shows
that as the channel height increases (with fixed electrode
width), the magnitude of the field in the quasi-homogeneous
region decreases. However, the field magnitude outside the
quasi-homogeneous region increases.

3.3.2 Design B: The electric field distribution depends on
three geometrical parameters: the electrode width, channel
height and the gap between the electrodes. Fig. 5a compares

Fig. 5 Electric field magnitude plotted against distance from the
centre of the gap between the electrodes, along the channel axis
(OB) for Design B

Lines are date from SCM, symbols are FEMLAB (FEM) data
a Height of the channel and the gap is fixed at 20 mm, the electrode
width is varied from 10 to 40 mm
b Width of the electrode and gap is fixed at 20 mm and the height of
the channel is varied from 10 to 40 mm
c Height of the channel and electrode width is fixed at 20 mm and the
gap is varied from 10 to 40 mm
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the two methods for fixed channel height and electrode gap,
and variable electrode width. In Fig. 5b the electrode width
and gap are fixed and the channel height is varied while
Fig. 5c the channel height and electrode width is fixed
and the gap is varied. Again, the agreements between the
SCM and FEM are excellent in all three cases. The effect
of changing channel height is similar to Design A,
however, increasing the electrode width does not influence
the region of quasi-homogeneous electric field (in the
centre). Increasing the electrode gap leads to a larger
region of quasi-homogeneous field in the centre, (but
decreases the magnitude) and increases the magnitude of
the electric field outside the inter-electrode region.

3.3.3 SCM and FEM: Figs. 4 and 5 both show that the
SCM solutions and FEM numerical solutions are in excel-
lent agreement, where the typical deviation is ,0.5%, due
to the numerical error. The main advantages of SCM sol-
utions can be identified from adaptive geometrical
changes, accuracy, computational time and guidance for
device design.
The SCM solution for Design A (20) and Design B (31)

directly give the electric field distribution for any value of
geometrical parameter (electrode width, channel height or
gap distance) of the device. In contrast, a different FEM
simulation has to be performed for any arbitrary geometri-
cal parameter. Also the accuracy of FEM solutions is influ-
enced by the mesh conditions; a large number of refined
mesh elements are required for an accurate solution. In
order to improve the efficiency of the FEM simulations,
while maintaining the accuracy, we increased the mesh
density only on the electrode edges and along the paths
where the values of the electric field are sampled. The com-
putational convergence in FEMLAB was set to 1026; each
simulation used approximately 76 800 mesh elements and
the computational time was 21.4 s (P4 computer, 3G Hz
CPU, 2 GB RAM). The time taken to calculate the SCM
solution (MATLAB, with spatial resolution set to 0.1 mm)
was 0.46 s, much faster than FEM simulations.

3.4 Impedance sensitivity

The sensitivity of Design A (parallel facing electrodes) has
been discussed by Linderholm et al. [31]. These authors
defined the sensitivity as the ratio of local power dissipation
to total power dissipated in the medium, effectively related
to the electric field magnitude squared and the cell constant
of the device. They then proposed an optimum ratio of elec-
trode width and channel height (w/h ’ 0.56) (see Section
7.3)
We present an alternative method to evaluate the sensi-

tivity, S of the system, defined as the relative change in
impedance

S ¼
jD ~Zj

j ~Zmj
¼

jj ~Zmixj � j ~Zmjj

j ~Zmj
(32)

where DZ̃ is the impedance change due to the presence of a

particle, Z̃m is the complex impedance of the detection

volume containing medium and Z̃mix is the complex impe-

dance of the mixture (the medium and the particle ) in the
detection volume.
This method not only considers the geometry of the

system, but also includes the dielectric properties of the par-
ticle and medium, and the volume fraction. In conventional
dielectric spectroscopy, the dielectric properties of the sus-
pending mixture is calculated using Maxwell’s Mixture
Theory (MMT) [36], which relates the complex permittivity
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of the mixture to the volume fraction, and the complex per-
mittivity of the particle and the suspending medium. MMT
can be used to calculate the impedance of particles in a
homogeneous electric field and the volume fraction is low
(,20%). Therefore the sensitivity function is only valid
for a small particle located in the centre of the system,
where the electric field is quasi-homogenous, as shown in

Fig. 6 Plot of the sensitivity (jDZ̃j/jZ̃mj) for different electrode
geometries at three discrete frequencies

Variation in the volume fraction in each case is plotted in the corre-
sponding sub-figure
Data was calculated with the following parameters: 1o ¼ 8.854 �

10212 Fm21, cell radius: R ¼ 3 � 1026 m, thickness of cell membrane:
d ¼ 5 � 1029 m, permittivity of medium: 1m ¼ 80 � 1o, conductivity
of medium: sm ¼ 1.6 Sm21, permittivity of cell membrane:
1mem ¼ 5 � 1o, conductivity of cell membrane: smem ¼ 1028 Sm21,
permittivity of cell cytoplasm: 1i ¼ 60 � 1o, conductivity of cell mem-
brane: si ¼ 0.6 Sm21

a Design A, for different ratios of electrode width to the channel
height
b Design B, for different ratios of electrode width to the channel
height, with fixed gap (20 mm)
c Design B, for different ratios of gap to the channel height, with fixed
electrode width (20 mm)
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Fig. 1. The volume fraction is difficult to determine pre-
cisely because of the fringing field. In order to calculate
the sensitivity, we define the volume of the detection area
as the perimeter of the electrodes and the height of the
channel. The complex impedance of the mixture and
medium were calculated as shown in [16] using the cell con-
stant (k) of the device to consider the contributions from the
fringing field effect.
Calculations were performed for fixed electrode length

and channel height at 20 mm, using a single shelled spheri-
cal cell model [16]. Fig. 6a shows the impedance sensitivity
function for different frequencies, plotted against the ratio
of electrode width to channel height for Design A. For
any fixed ratio of w/h, the plot shows that the impedance
sensitivity decreases with increasing frequency, as expected
from dielectric theory [16], because of the dielectric dis-
persion. At each discrete frequency, the S decreases with
increasing w/h. In contrast [31], there is no optimal ratio
of the electrode width to channel height. These results
show that the impedance change is greater for larger
volume fractions, that is smaller detection volume
(smaller electrode width for fixed length and channel
height), as the size of the cell is fixed. Fig. 6a indicates
that highest sensitivity is achieved when the detection
volume is comparable with the volume of the cell, that is
maximum volume fraction. However, for small electrodes,
the interfacial impedance (electrical double layer) can limit
sensitivity in the low frequency range. Figs. 6b–c show the
similar sensitivity analysis for Design B, showing the same
trend as for Design A – a small electrode width and gap dis-
tance gives a high volume fraction (for a fixed particle size).
For large volume fractions, the situation is more complicated
because the particle is larger than the measuring electrodes.
Comparing the magnitude of S for Designs A and B, then
for identical geometrical parameters Figs. 6a –c show that
the impedance sensitivity for Design B is much lower than
for Design A. This is because the electric field from the
parallel facing electrodes is confined into a smaller detection
volume than the coplanar electrodes.

4 Conclusion

In this paper, we have presented a general method for deriv-
ing the electric field using SCM mapping. We solved the
electric field distribution in a microfluidic cytometer for
two different electrode arrangements. Compared with
previous work, the derivations presented in the paper are
systematic, and the expressions are much simpler to use.
The effects of geometrical parameters on the electric field
distribution have been discussed and the analytical
expressions have been verified using numerical simulations.
We have proposed a simple method to compare the sensi-
tivity for the two electrode designs. We conclude that the
sensitivity is not related to the ratio of w/h per se, but is pro-
portional to the volume fraction. For the same geometrical
parameters, the parallel facing cytometer design is more
sensitive than the coplanar electrode cytometer. The sen-
sitivity model is however preliminary; the model is only
valid for a static cell placed in the centre of the system
and for low volume fractions. The system response could
be evaluated in more detail by modelling a moving particle
as it travels along an arbitrary path through the system.
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7 Appendices

7.1 Sine-transformation

The sine-transformation used in [30–32] can be derived
using SCM method [33]. The transformation planes are
shown in Fig. 7. The chosen polygonal region in the
Z-plane, has four points: Z1, Z2, Z3, Z4, given by Z1 ¼ h/2,
Z2 ¼ 2h/2, Z3 ¼ 2h/2þ js/2, Z4 ¼ 2h/2þ j(s/2þ w).
The corresponding points at the real axis of the U-plane
are: U1 ¼ 1, U2 ¼ 21, U3 and U4. The interior polygonal
angles in the Z-plane for Z1 and Z2 are p/2. The SCM inte-
gral for performing transformation from Z-plane to U-plane
is given by

Z ¼ C1

ðU dUffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U2 � 1

p þ C2 ¼ C3

ðU dUffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� U2

p þ C2 (33)

where C3 ¼ 2jC1. The solution of the (33) is

Z ¼ C3 sin
�1 U þ C2

Fig. 7 Diagrams showing the two different planes for the sine-
transformation: physical plane (Z-plane) and Model plane
(U-plane)
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Applying the corresponding values for the boundary
points, the solution becomes

Z ¼
h

p
sin�1

U (34)

which gives the sine-transformation

U ¼ sin
pZ

h

� �
(35)

with the value of U3 and U4, which give the position of the
electrode in U-plane.

U3 ¼ � cosh
ps

2h

� �
(36)

U4 ¼ � cosh
p(sþ 2w)

2h

� �
(37)

7.2 Cell constant in Design B

In order to compare our solutions with Hong’s et al. [29]
measurement results and Linderholm’s [30] corrected simu-
lation results, the resistive cell constants is calculated for
different electrode width and the gap, using MATLAB.
The results are shown in Fig. 8. The lines are simulations
obtained form the SCM solutions, dots are the results of
Hong et al., corrected by Linderholm et al. [30]. Fig. 8
shows excellent agreement with Fig. 2 of [30], validating
our analytical solutions.

Fig. 8 Comparison of our SCM solution with the corrected
experimental data from Hong et al. [29] as published in the
work of Linderholm et al. [30], showing good agreement with
the resistive cell constant for Design B

Fig. 9 Sensitivity curve as defined by Linderholm et al. [31], cal-
culated using (39), showing the maximum value at w/h ’ 0.561

This result is identical to that presented in [31], except that the
maximum value in our plot is �1.8 � 109 (V2 m22)
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7.3 Sensitivity

Linderholm et al. [(8) in [31]] defined impedance sensitivity as

S ¼
rjjj2Ð Ð

microchannel
rjjj2

¼
RrjEZ=rj

2

U2
applied

(38)

Substituting (4) of [31] into (38), and assuming
Uapplied ¼ 1 V, the sensitivity expression reduces to

S ¼
K(k2)

K(1� k2)

� �
jEZ j

2 (39)
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where K(k2)/K(12 k2) is the resistive cell constant and EZ

is the electric field, all of which depend on the geometry.
This expression was used to plot the ‘sensitivity’ for differ-
ent ratios of electrode width to channel height, indicating a
maximum at w/h ’ 0.561. Plotting (39) using the electric
field solution derived in our paper gives the same shape
of curve as shown in Fig. 3b of [31], with a maximum at
w/h ’ 0.561. With h ¼ 20 mm, EZ ’ 104 V/m in the
centre of the channel, giving a maximum value for S of
109 (V2m22) (see Fig. 9). This value should be compared
with the Smax ’ 2.5%, quoted in [31]. However, the
authors did not explain how their curves were scaled.
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