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This article develops switched linear controllers for periodic exogenous signals using the framework of a
continuous-time model predictive control. In this framework, the control signal is generated by an algorithm that
uses receding horizon control principle with an on-line optimisation scheme that permits inclusion of operational
constraints. Unlike traditional repetitive controllers, applying this method in the form of switched linear
controllers ensures bumpless transfer from one controller to another. Simulation studies are included to
demonstrate the efficacy of the design with or without hard constraints.
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1. Introduction

Control system applications in mechanical systems,
manufacturing systems and aerospace systems often
require set-point following of a periodic trajectory or
signal. These signals have known frequencies and
amplitudes but unknown phase information. Another
type of control problem often encountered is the
rejection of periodic disturbances, where typically the
frequency information relating to the disturbance is
available either through experimental data analysis or
understanding of the system. In both situations, the
design of a control system that has the capability to
produce zero steady-state error is paramount. Instead
of a single frequency in the periodic signal, it is more
common in industrial applications that the frequency
of the external signal changes with respect to time, such
as the trajectory of a cutting tool in machining, or that
of an unmanned vehicle. In the situation where a
complex trajectory is followed by the feedback control
system, the command signal is often decomposed into a
piece-wise periodic signal with varying frequencies, and
the control system must follow the piece-wise periodic
signal with zero steady-state error and with a smooth
transition from one signal to another.

Repetitive control is a mature field and Li,
Dongchun, and Xianyi (2004) give a comprehensive
survey. There are two broad classes of repetitive
control: those using external models and those using
internal models. The methods using external models
include those based on basis functions (Hu and

Tomizuka 1993) and disturbance observers (Tomizuka,
Chew, and Yang 1990); as the name suggests, a model
of the disturbance is used outside a feedback control
loop. On the other hand, the internal model approach
is explicitly related to the internal model principle
(Francis and Wonham 1976) and includes a model
of the disturbance within the feedback loop.

It is well known from the internal model control
principle that in order to reject a periodic disturbance,
or follow a periodic reference signal with zero steady-
state error, the generator for the disturbance or the
reference must be included in the stable closed-loop
control system (Francis and Wonham 1976). The most
commonly known control systems that reject periodic
disturbance and follow a periodic reference signal are
the repetitive control systems and these use the internal
model control principle (see e.g. Hara, Yamamoto,
Omata, and Nakano 1988; Manayathara, Tsao,
Bentsman, and Ross 1996; Bai and Wu 1998; Owens,
Li, and Banks 2004). In the design of periodic
repetitive control systems, the control signal is often
generated by a controller that is explicitly described by
a transfer function with appropriate coefficients (Hara
et al. 1988; Owens et al. 2004). If there are a number of
frequencies contained in the exogenous signal, all
periodic modes will be contained in the system which
is then of higher order (Owens et al. 2004).

Instead of containing all the periodic modes in the
periodic control system, an alternative is to embed
fewer periodic modes at a given time, and when the
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frequency of the external signal changes, the coeffi-
cients of the controller change accordingly. This will
effectively result in a lower order system by using the
strategy of switched linear controllers. Apart from
knowing which periodic controller should be used, no
bump occurring in the control signal, when switching
from one controller to another, is paramount from
implementation point of view. In the steady-state, a
control signal with a periodic exogenous signal is also
periodic, and in a transfer-function-based repetitive
control system difficulties could arise in ensuring
bumpless transfer from one linear periodic controller
to another.

Although the issue of saturating actuators has been
studied in the context of repetitive control (Sbarbaro,
Tomizuka and Leon de la Barra 2009), the natural
setting for constrained control is model based pre-
dictive control. This article develops linear switched
controllers for periodic exogenous signals using the
framework of continuous-time model predictive con-
trol. For a continuous-time model predictive control
system, the control signal is generated by a control
algorithm using receding horizon control principle
with an on-line optimisation scheme (see e¢.g. Wang
2009). This has the advantages over alternative repet-
itive controllers when employed in the form of
switched linear controllers. Moreover, this advantage
becomes more evident when bumpless transfer from
one linear periodic controller to another is required.

The majority of the development of model pre-
dictive control in the past few decades has been based
on discrete-time models (see e.g. Maciejowski 2002;
Rawlings 2000). The continuous-time model predictive
control design using state-space models has emerged in
the recent years (see e.g. Wang 2001, 2009; Gawthrop
and Ronco 2002), and this setting brings a number of
advantages, one of which is less sensitivity to the choice
of sampling interval. In a fast sampling environment,
a continuous-time model outperforms its discrete
counter-part in terms of numerical stability (Garnier
and Wang 2008). Additionally, there is some flexibility
to cope with systems where there are irregular sampling
and event sampling environments (Gawthrop and
Wang 2009). Moreover, intermittent predictive control
offers additional flexibility in the implementation of
continuous-time model predictive control (Gawthrop
and Wang 20006).

There are three considerations in the design of a
switched model predictive controller for periodic
exogenous signals. Firstly, the input disturbance in a
state-space model is assumed to be periodic and
consequently a periodic disturbance model is naturally
incorporated into an augmented design model to
satisfy the internal model control principle. Secondly,
the signal to be optimised in the scheme is the control

signal filtered by the inverse periodic disturbance
model, and the control signal itself is constructed
iteratively using the optimised signal to ensure the near
continuity of the control signal when switched from
one periodic controller to another. This differs from
the other approaches in the literature, such as repetitive
control and other optimal control systems (see e.g.
Owens et al. 2004; Nestorovic-Trajkov, Koppe, and
Gabbert 2005) in which the control signal itself is
optimised, and as a result, the continuity of the control
signal could be violated when switched from one
controller to another.

Thirdly, a continuous-time predictive control
system is used in the design and the discretisation
occurs at the implementation stage, which permits fast
sampling rate and effectively reduces the transient
error when the controller is switched. With continuous-
time model predictive control, two different cost
functions are used before and after the switch, and
because of the fast sampling rate and bumpless
transfer, the error signal due to the switch can be
made as small as possible by reduction of the sampling
interval (Nestorovic-Trajkov et al. 2005).

The central idea of the design method developed in
this article is to use a set of Laguerre exponential
functions to describe the control trajectory, based on
the approach used first by Wang (2001) (for a more
detailed treatment see Wang (2009)). However, because
the focus is on periodic signals, a set of continuous-
time Laguerre functions, which are orthogonal, are
used to describe the filtered control signal and the filter
is the inverse of the disturbance model. Hence the
optimal control trajectory of the predictive control is
captured by the coefficients of the Laguerre polyno-
mials and the set of known Laguerre exponential
functions. In the cost function, the errors comprise two
components, the first one being the error between the
desired and actual derivatives of output, whilst the
second is the error between the desired and actual
outputs. The predictive control problem is converted to
a real-time optimisation problem that finds the optimal
Laguerre coefficients subject to constraints. Since the
control system here is designed using receding horizon
control principle, the operational constraints, such as
the limits on the derivatives and amplitude of the
control signal, are systematically imposed in the
design. The results in this article also show that when
the constraints become activated, the predictive control
system produces optimal results. Conversely, the sim-
ulation studies demonstrate that if saturation of the
control input is enforced without this mechanism, the
control performance degrades significantly.

This article is organised as follows. In Section 2, the
continuous-time model predictive control algorithm
for periodic exogenous signals is developed; in
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addition, constraints and implementation of the swi-
tched linear controller are considered; in Section 3,
extensive simulation studies of set-point following and
disturbance rejection of piece-wise periodic signals,
with or without constraints, are presented and dis-
cussed. In Section 4, simulation results from a gantry
robot is shown to track a desired trajectory in an
operational mode where the model used is constructed
from measured frequency response data.

2. Control algorithm design

Suppose that the plant to be controlled is described by
the state-space model:

')'Cl‘ﬂ(t) = Amxm([) + Bﬂlu([) + Qmﬂ(t) (1)

y(t) = mem(t) (2)

where x,,(7) is the n; x | state vector, u(¢) is the input
vector, y(¢) the output vector, both of which are r x 1
vectors, and wu(7) represents input disturbance vector.
For simplicity of notation, we first assume that the
plant is single-input and single-output.

In previous work, by assuming that the input
disturbance p(7) was a source of integrated white noise,
the predictive controller has an integrator naturally
embedded in its structure (Clarke, Mohtadi, and Tuffs
(1987) for the discrete case, and Wang (2001) for the
continuous-time case). Here, we follow a similar route
to develop predictive control systems that have the
capability to reject periodic input disturbances. As a
consequence, the resulting predictive control schemes
will also follow the same type of input signals with zero
steady-state errors.

2.1 Development of design model

Assume that the Laplace transform of the denominator
of the disturbance model is of the form

D(s)=s"+ds" " +dos" P4 +d, 3)
where the roots of polynomial D(s) are either on the
imaginary axis or in the open left-half of the complex
plane. When the disturbance has multi-periodicity with
known frequencies w;, w», ..., its model is of the form

v/2

D(s) = l_[(s2 + ?).
i=1

Let p be the differential operator defined as pf (7) = @
and D(p) be the corresponding polynomial to the
denominator of the disturbance model in p, where p*

f)=fP(1) (the k-th derivative of f(r)). Then, in the

time domain, the input disturbance () is described by
the following differential equation with D(p):

D(p)u(t) = (0" +dip”™" + dop?’ > + -+ + dy)u(t) = 0.
4)

From the internal model control principle, it is
known that the feedback control system completely
compensates the effect of the periodic disturbance if
the controller contains the disturbance model D(s)
(Francis and Wonham 1976). The question now is how
to embed this model in the continuous time predictive
control when orthogonal basis functions (Wang 2009)
are used to represent the control trajectory.

Define the following auxiliary variables using the
disturbance model:

Z(l) = D(p)xm(l)

us(t) = D(p)u(1)
i.e. z(t) and uyr) are obtained by filtering the state
vector x,,(7) and the control signal u(t), respectively, by
the denominator of the transfer-function description of
the disturbance model. Also applying the differential

operator D(p) to both sides of the state equation in the
system model (1) gives

D(p)xm(l) = AmD(p)xm([) + BmD(p)u([) + QirlD(p)M(t)

or

5

Z(t) = Amz([) + Bmus(l) (6)
where the relation D(p)u(f)=0 has been used.
Similarly, application of D(p) to both sides of the
output equation in (2) gives

D(p) y(1) = Cuz(1)
or
YOl = —di (@) — doy" ™D — oo = L —1(1)
- )/y(l) + sz(l) (7)

where y denotes the n-th derivative of y.
To obtain state-space model that embeds the
disturbance model, choose the new state vector as

0 = [0 Y@ i vo]
leading to the augmented state-space model

x(t) = Ax(t) + Buy(?)

W(1) = Cx(1) ®
where
(4, O O ... O 0 7] B, ]
C, —di —d, —d,_y —d, 0
o 1 0 ... 0 0 0
A= , B=
or o ... 1 0 0 0
Lo” 0 ... 0 1 0 | | 0 |

C=[000 ..01]

and O denotes the n; x 1 zero vector.
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The structure of the augmented model remains
unchanged when the plant is multi-input and multi-
output except that (i) the O vector becomes zero matrix
with appropriate dimensions, (ii) the scalar coefficients
—dy, —d>, ... are replaced by —d,I,—d-1,... matrices
with appropriate dimensions and (iii) the number 1 is
replaced by the identity matrix with compatible
dimensions. The key task in the design of the
continuous-time model predictive control is to model
the auxiliary control signal uy(f) using a set of
orthogonal basis functions.

2.2 Predicted response

Suppose that we have m control signals and, for a
given prediction horizon 7, and 0<t<T7,, let the
filtered control signal be expressed as

us(1) = (@) ug(0? ... u(0)""

and partition the input matrix in the plant state-space
model as

B=[B' B> ... B"]

where u,(-)" is its filtered control signal and B' is the i-th
column of the B matrix. Consider also a stable control
system with periodic exogenous signals where the
control signal u(-) has periodic components. Then the
filtered control u(-) only has exponentially decaying
modes and the key task in the design of the continuous-
time predictive control is to ensure stability within one
optimisation window of duration 7, where the filtered
control signal uy(t) also has only exponentially decay-
ing modes. When this is achieved, the i-th control
signal u,(t)" (i=1,2,...,m) can be described using a set
of Laguerre functions as

u(v) = L) i

where L) =[1(2) (7). . . [p(0)] and ni =
[g1& ... g;’V]T. More specifically, the set of Laguerre
functions are defined explicitly by the following
differential ~ equation  with  initial  condition
LO0)=2p[11 ... 117

[ —

N

L(1) = 4,L(7) 9)
where
—-p 0 e 0
-2 —-p ... O
A, =
: 0
—2p ... =2p —p

Here the parameter p is a scaling factor and N denotes
the number of terms used in the orthogonal expansion.

The set of Laguerre functions will have a different
response time if the scaling factor p is varied but p and
N can be selected for each individual input signal in the
design.

With this formulation, we compute the prediction
of state variables. The model used in the prediction is
based on (8) and the input signal is the filtered control.
We assume that at the current time, #;, the state
variable vector x(f;) is available, but if not then an
observer is needed to access the state information
through the measurement of input and output signals,
which will be discussed later. With this setup at the
future time t,7>0, the predicted state variable
x(t;+ 7| t;) is described by the following equation:

x(t; + tlt;) = ex(1;) + / A Buy(y)dy. (10)
0

Describing the control uy(y) using the Laguerre
functions enables the predicted future state at time t
parameterised by n to be written as

T
x(t; + t|t;) = e x(1;) + / AV
0
x[B'L(y)" BBL(»)" ... B"L(y)" |dyn
= eArx(ti) + [Iinr(r)] 11';1!(7:)2 e Iint(r)m]
m

mn
x| (11)

Mm

where I,,(t)’ is the analytical solution of the i-th
integral equation given by the algebraic equation

AL (0)' = L)' A} = =BiL()" + " B.L(0)".  (12)

Moreover, the state matrix for the Laguerre functions
A, is a lower triangular matrix and hence (12) has a
closed-form solution in the form of a set of linear
equations (Wang 2001, 2009).

2.3 Set-point following of periodic signals

In the formulation of the augmented model so far in
this article, the derivatives of the output have been
used in the augmented state variable x(7) (see (8)). If
the number of periodic modes is y/2, then the output
derivatives that will be predicted are 7 ~V(7),
Y72(0),...,9(1). The predicted output derivatives
can be represented using a matrix formulation as
below (where we assume a single output for notational
simplicity).
Let C, be the y x (n; + y) matrix defined by

C2 - [Onl I)/]
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where 0, is a zero matrix with the dimension y x n
and /, is the identity matrix with dimension y x y.
Hence the prediction of plant output and its derivatives
can be written as

W+l

= Cox(ti+lt) = Coe™™x(1;) + (1)
y(ti+lty)
V(ti+tlt)
(13)
¢(T) = CZIint(f)

where L, (1) =[ (1) Ln(t)*. .. I(t)" ]. Note that
the predicted plant output and its derivative are
expressed in terms of the coefficient vector 7.

Suppose that at time 7;, the set-point signal r(z) is
differentiable up to order y—1, and that these
variables remain constant within one optimisation
window. Then in order to achieve perfect set-point
following of the periodic signals, the design objective is
to find the control law that will drive the predicted
plant output y(¢;4 t|¢;) and the predicted derivatives
of the plant output as close as possible, in a least
squares sense, to the future set-point r(z;) and the
corresponding derivatives.

To proceed with the design, define the error signal
vector as

r () = Y0 + )

e(t; + tlt) = '

(1) — y(t; + lt;)
(1) — y(t; + lt;)
and associated cost function

Tﬂ
us(t)" Ruy(t)de

(14)

where Q, and R are symmetric positive definite and
positive semi-definite matrices, respectively (written as
0>0and R>0). Also the orthogonal property of the
Laguerre functions enables J to be written in the
equivalent form

Tp
J=/ e(fi-i-T|fi)TQe€(li+T|li)dT+/
0 0

T['
J= / e(t; + 7|1 Quelts + Tlt) dz + 0 Ry (15)
0

where R; =diag{R"} and Ri:kfIleN[ (the N;x N,
identity matrix). Note also that

()

et + tlty) = — Ce""x(1;) — p(1)

r(t;)

and on defining
()
w(t|t) = : — Cre™x(1) (16)
r(t)

the quadratic cost function (15) can be written in the
following standard form:

T,
JznT{ /0 ¢<r>Qe¢(r)Tdr+RL}n

T, T
- 277T/0 ¢(r)Qew(t|li)dt+/0 w(zlt)" Qew(z|t)de
(17)

which can be written explicitly in terms of set-point
signal r(¢;), its derivatives r()’*l)(ti),...,f(t,-) and the
state vector x(¢;) as

rr=D(t))
J=n"Qn—2n"{ ¥ : — Wox(1)
r(t;)
T,
4 / w(zlt) Qun(rln) dr (18)
0

where

T,
Q= [ ¢(DQpr) dr+ R,
0

Tp Tp
v = ()0 dr; Wy = A(1)0.Cre dr.
0 0

Minimisation of (18) without hard constraints on
the variables is given by the simple least squares
solution:

P D)
n=Q 'Y — Wx(1)) (19)
r(t;)

and the optimal parameter vector, n, and the optimal
control uy(t), 0 <t < T, can be reconstructed using the
Laguerre functions as

us(0) = [ul (@) 2@ ... ()]

Lt o, ... o m
oo L@ ... o 2

= : . (20)
or or . L(‘K)T Mm

where o, is a zero vector of dimension 1 x .
By applying the principle of receding horizon
control (i.e. the control action will use only the
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information uy(t) at t =0), the optimal control u(¢) for
the unconstrained problem at time z; is

L(O)T or, ce or,
or, L(O)T ‘e or,
us(t;) = . Q!
or, or, ce L(O)T
rr=D(z))
X § W e — Wox(t) ¢ - (21
(1)
Also define K from (21) as
L(O)T or, ce or,
oo LOY ... o
K= . Q 'y, (22
or, or, ce L(O)T

Then the closed-loop state matrix is
Ag=A— BK (23)

from which we can assess the closed-loop performance
of the predictive control system when constraints are
not imposed.

In this design, the Laguerre scaling parameter p and
the number of terms used, N, are the performance
tuning parameters. When N is large, with a long
prediction horizon T, the filtered control trajectory
uy(-) closely matches the underlying optimal control
trajectory defined by the linear quadratic regulator
(LQR) (Wang 2009), where equivalently the weighting
matrices Q = C1Q,C; and R remain unchanged. The
small discrepancy here is caused by the fact that the
design model 4 contains sinusoidal modes, leading to
numerical errors when computing the matrices 2, ¥,
and W, using a long prediction horizon. These numer-
ical errors can be removed if modified matrices 4, and
0, are used in the computation, where 4, and Q, are
given by

Ay =A—al, Qy=0+2aP (24)

where >0 is selected such that all eigenvalues of A,
lie in the open left-half of the complex plane, and P>0
is the solution of the Riccati equation

PA+ A"P— PBR'B"P+ 0 =0. (25)

2.4 Control implementation

The information about the optimal u,(¢) at time ¢; needs
to be converted to the actual control signal u(¢) at ¢, for
control implementation. In order to achieve this
conversion, we use the relationship between the two

signals, which is uy(f) = D(p)u(t). Also defining
U@ = [uD(0) u2(0) i) u(n]

and using a controller canonical form realisation gives

U(t) = Ay U(t) + Buu.v(t) (26)
where
Cdi —dy ... —dy —d,] 1
0 1 . 0 0 0
Au = 5 Bu =
1 0
L 0 i | 0]

Moreover, approximating the differential equation (26)
with sampling interval A¢ gives the optimal control
at t; as

Ut)) = (I — A A) 7' U(tiy) + (I — A,A0) 7 Bug(1)At
(27)

where the backward difference approximation,
% =, %-%, is used. The actual control u(¢)) is
computed using the optimal signal uy#;) and the
previous states of the control derivatives and the
control itself.

Note that in this formulation the computation of
the actual control vector is iterative. At the instant
when the control system is switched on, the initial
conditions of the control vector are specified, i.e. U(z).
These can be chosen to correspond to the actual
plant control states. For instance, the control signal
u(ty) is chosen to be equal to the actual input to the
plant and the derivatives of u(¢) equal to zero. With this
selection, the recursive computation will automatically
update the actual control signal to the plant, and the
implementation of the control system is performed
without additional information, such as plant steady-
state value.

The resulting state-space model here contains the
auxiliary state variable vector z(1), y(t)(’”_l), oL
and y(7) which involves the derivatives of the original
state variable vector x,,(¢) and output y(7), and it is not
desirable to implement the continuous-time predictive
controller using z(z) even if x,,(7) is available. This is
because differentiation of a signal will amplify existing
measurement noise in the system. Instead, an observer
is proposed to estimate the augmented state vector x(7),
regardless of whether or not the original state vector
X,,(f) is available or not. The observer will have a
structure that matches the augmented model in
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the form:

RE0)

= AX(1) + Buy(1) + Kop(y(1) — 3(1)) (28)

where X(¢) and p(¢) are the estimated state variable and
output, respectively, and K,, is the observer gain
matrix.

2.5 Constrained control

The main strength of model predictive control lies in its
ability to incorporate hard constraints in the design
with on-line optimisation. The hard constraints on the
derivatives of the control and the control itself are
frequently encountered and formulated as follows,
where for notational simplicity we assume a single
input signal u(7) and consider putting constraints on
the first sample of the optimal signals (i.e. 7=0).

From (27), we can express u(f;) and u(z;) as
functions of the parameter vector n (uy(t;)) = L(0)” n).
In particular, defining the matrix C as

0 ... 010
Cﬁ‘:[o .. 00 1}

the vector [u(7;)u(t;)]" has the following relationship
with the Laguerre parameter vector n

il(l,‘) _ _ —1 )
[u(z,-)] = C(I — A, At U(ti—y)
+ C(I — A, A" B,AIL(0) . (29)

Assume that the hard constraints on u(z) and
u(t) are o™ <u(r) <™ and ™" <u(r) <u™,
respectively, or

L'tmin d(l,—) Jymax
I:umini| = |:u(t,~) = ymax | (30)
In terms of the Laguerre parameter vector 7, the set of

linear inequality constraints that will be used in the
optimisation problem are

— C(I— A,AD)7'B,AtL(0)n

< C(I— A, A0 U(ti1) — [”mm} (31)
u
Cy(I — A,A0) "' B,AtL(0)

s max

< = A A Ult) + [”max] (32)
u

and the predictive control problem with hard
constraints imposed on the design becomes that of

finding the optimal solution of the quadratic
cost function

J=n"Qn— 27}T{‘1’1 |:};(li):| - ‘Ilzx(li)}

r(t;)
T,
+ / w(tl)T Qew(rlty) de (33)
0

subject to the linear inequality constraints (31) and
(32). This is a standard constrained quadratic mini-
misation problem, and the optimal solution can be
found using a quadratic programming algorithm, such
as that in Wang (2009).

2.6 Switched linear controllers

In the approach to the design of the model predictive
control for the periodic signals developed above, the
frequencies of either the reference or disturbance signal
are embedded in the design. In addition, the derivatives
of the reference signal up to the order of y—1 are
needed. There are some applications where the refer-
ence signals are only piece-wise differentiable. In such
cases, the reference trajectory can be divided into
several pieces with each being differentiable up to the
order of y — 1. As the reference trajectory changes, the
predictive controller will be effectively switched from
one to another. This leads to a switched linear
controller implementation.

The receding horizon control principle that has
been used in the design gives a natural setting for a
switched linear controller. With this framework, there
are a set of the cost functions pre-computed using the
augmented model structure (8) according to the
frequency content of the reference trajectory. Each
cost function corresponds to a single piece of the
trajectory, within which the reference signal is assumed
to be differentiable up to the order of y —1, and the
predictive controller in real-time minimises the cost
function subject to constraints. When the trajectory
changes, the cost function is switched to the form
which reflects the appropriate frequency contents
contained in the reference. An example is given in the
section below to demonstrate this switching controller
option.

Since the predictive control law is changed from
one to another when the reference trajectory changes,
the corresponding signal u(f) could potentially become
discontinuous at the point of switching, which should
be avoided in practical applications. This is naturally
resolved since u(t) is guaranteed to be continuous at the
point of switching when the sampling interval Az — 0,
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which follows from
. N 1 i —1 )
Al}go U(t) AI}go(l A At U(1i-1)
+ lim (I — A,Af) "' Buuy(1;)At
At—0
= U(tiy). (34)

3. Examples

This section will demonstrate in simulation perfor-
mance achievable from the continuous-time predictive
control algorithm developed above. We will show the
cases of unconstrained control and constrained con-
trol, respectively. The system used for these is a power
electronic device with state-space model

xm(t) = Amxm(t) + Bm”([)

(35)
(1) = Couxin(1)
where
|: 0 —=2.6667 x 103i| [2X 105:|
A, = , Bn=
80 —066.6667 -25
C, = [O 1].

This system is severely under-damped, which has a pair
of complex modes A;=—33.3333+i460.6758, i, =
—33.3333 — /460.6758.

3.1 Set-point following with constraints

Assume that the set-point signal is a ramp wy=0
followed by a sinusoidal input signal with frequency
wo=2.8, and we also assume that these signals have a
smooth transition from one to the other. The design
objective is that the output follows the reference signal
as close as possible subject to the following constraints
on the amplitude of the control signal:

—0.015 < u(z) < 0.015.

For a comparison, we simulate three cases: without
constraints, predictive control with embedded con-
straints and state feedback control with saturation,
respectively.

We include these two frequencies (wo=0 and
wo=2.8rad/s in the design of model predictive control
to obtain two sets of control parameter matrices for the
quadratic cost function (33). The observer is also
designed using these two frequencies. The control law
automatically switches when the set-point signal
changes its frequency.

The parameters for the continuous-time predictive
control are chosen as p=63, N=3, 7T,=0.4762,
Q,=CIC, and R=0.0001. Here p is chosen

around twice the modulus of the real part of the
open-loop poles.

The control law for the ramp signal is determined
by minimising the cost function (33). For wy=0,

5.7985 —5.1993 4.6071

Q= -=51993 4.6799 —4.1606

4.6071 —4.1606 3.7155

0.4567 1.4159

—0.4089 —1.2275

0.3618 1.0525

0.0002  0.0000  0.4567 1.4159
v, = | —0.0002 —-0.0000 —0.4089 —1.2275
| 0.0001 0.0000  0.3618 1.0525

Wy

For wg=2.8rad/s

4.1445 —3.7968 3.4261
Q= -3.7968 3.4985 —3.1728
| 34261 —3.1728 2.8957
[ 0.3227  0.7467
—0.2950 —0.6362
| 0.2655  0.5339
[ 0.0001 0.0000  0.3227  0.7467
W, = | —0.0001 —0.0000 —-0.2950 —0.6362
| 0.0001 0.0000  0.2655  0.5339

Wy

and these laws are different. The observer for each case
has been designed using the pole-placement method,
where the desired closed-loop poles are selected
as —189.0000, —189.5000, —190.0000, —190.5000,
roughly located at —3 x p.

The closed-loop system is simulated using a sam-
pling interval of 0.00005s. Without constraints, the
closed-loop output response and the set-point signal
are compared in Figure 1(a). It is seen that the output
tracks the set-point signal very closely. In fact the
absolute maximum tracking error occurred at the
transition point between the two set-point signals, and
has a value of 0.049.

When the constraints are imposed in the design, the
predictive control finds the optimal control signal
subject to the constraints (Figure 1(b)). For compar-
ison purposes, we simulated the case when a saturation
of the control amplitude is used, instead of using the
predictive control scheme. Figure 2 shows the simula-
tion results. It is seen that the tracking performance
degrades when the control signal amplitude is con-
strained at 0.015, and control system is not able to
recover after the saturation is introduced.
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Figure 1. Comparison of predictive control with and without constraints: set-point following case: (a) tracking of the reference

and (b) tracking of the reference with constraints.
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Figure 2. Comparison results: (a) tracking of the reference with saturation and (b) comparison of the tracking errors.

3.2 Disturbance rejection with constraints

To illustrate rejection of input disturbance we intro-
duce the signal to be rejected as two sinusoidal signals
with wy = 60 and wy = 6rad/s. The disturbance signal is
added to the control signal, and a white noise with 0.1
standard deviation is added to the output to simulate
the existing measurement noise. The design parameters
for the predictive control system are identical to the
ones used in the set-point following case, except that
the frequency parameters are different. The constraints
on the control amplitude are specified as
—1.1 <u(?) <1.1. Figure 3 shows the simulation results
with constraints.

4. Gantry robot example

This section shows the results from a case study
where the plant transfer function has been obtained
from tests on a gantry robot undertaking pick and

place operations. The results presented here are
simulated, and experimental implementation is cur-
rently under way.

4.1 Process description

The gantry robot, shown in Figure 4, is a commercially
available system found in a variety of industrial
applications whose task is to place a sequence of
objects onto a moving conveyor under synchronisa-
tion. The sequence of operations is that the robot
collects the object from a specified location, moves
until it is synchronised (in terms of both position and
speed) with the conveyor, places the object on the
conveyor, and then returns to the same starting
location to collect the next object and so on. This
experimental facility has been extensively used in the
benchmarking of repetitive and iterative learning
control algorithms; see, for example, Ratcliffe (2005),
Ratcliffe, Lewin, Rogers, Hatonen, and Owens (2006)
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Figure 3. Predictive control with constraints. Input disturbance rejection case in the presence of measurement noise: (a) output

and disturbance and (b) control signal.

Figure 4. The gantry robot.

and Ratcliffe, Hatonen, Lewin, Rogers, and Owens
(2007, 2008).

The gantry robot can be treated as three SISO
systems (one for each axis) which can operate
simultaneously to locate the end effector anywhere
within a cuboid work envelope. The lowest axis, X,
moves in the horizontal plane, parallel to the conveyor
beneath. The Y-axis is mounted on the X-axis and
moves in the horizontal plane, but perpendicular to the
conveyor. The Z-axis is the shorter vertical axis
mounted on the Y-axis. The X- and Y-axes consist of
linear brushless dc motors, while the Z-axis is a linear
ball-screw stage powered by a rotary brushless dc
motor. All motors are energised by performance
matched dc amplifiers. Axis position is measured by
means of linear or rotary optical incremental encoders
as appropriate.

To obtain a model for the plant which is to be
controlled, each axis of the gantry was modelled

independently by means of sinusoidal frequency
response tests. From this data it was possible to
construct the Bode plots for each axis and hence
determine approximate transfer functions. These were
then refined, by means of a least mean squares
optimisation technique, to minimise the difference
between the frequency response of the real plant and
that of the model. The resulting X-axis Bode plot
comparing the plant and the model is given in Figure 5
(the remaining plots appear in Ratcliffe (2005)). From
each Bode plot an approximate transfer function was
constructed and from that, a minimal order state-space
model. Here we only consider the X-axis where a
7-order transfer function was used in design, where the
Laplace transfer function is given as

{(s +500.19)(s + 4.90 x 10%) }

x (s 4+ 10.99 £ j169.93)(s + 5.29 % j106.86)
{ s(s + 69.74 & j459.75)(s + 10.69 }

+7141.62)(s + 12.00 & 79.10)

G(s) =
(36)

4.2 Determination of the disturbance model

The reference signal over one period has 200 samples
and the X-axis component is shown in Figure 6(a).
With the sampling interval of 0.01s, the period of this
signal is T=2(s). From this reference signal, the
dominant frequencies contained are determined, lead-
ing to the disturbance model D(s) required for the
design.

It is a standard fact that a discrete periodic signal
r(k) can be uniquely represented by the inverse discrete
fourier transform

i2mik

1=
k)= > R (37)
i=0
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Figure 6. (a) Discrete reference signal and (b) magnitudes of the frequency components.

where M is the number of samples within a period and
Rf(ef%) (i=0,1,2,...,M—1) are the frequency com-
ponents contained in the periodic signal. For this
reference signal, the frequency components Rf(ef%)
where i=0,1,2,..., M —1, are obtained via Fourier
analysis. The magnitudes of the frequency components
are shown in Figure 6(b).

From this last plot we have seen that there are three
significant frequencies contained in the signal, at 0,
27/M and 4m/M while the rest of the frequencies are
insignificant because of their much smaller magni-
tudes. Hence the continuous-time frequencies that
correspond to the discrete frequencies are wy=0,

w1 =2m/2 and w,=4mr/2 (T = MA?), respectively. The
disturbance model to be embedded in the controller is
determined by the three dominant frequencies and is
given by

D(s) = s(s*> + 7°)(s* + 47%). (38)

4.3 Tuning of the predictive controller

The performance tuning parameters in this particular
case are the weighting matrix Q and the scalar R in the
cost function, and the Laguerre parameters p and N.
The parameter p has been set at a value close to the
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modulus of the real part of the dominant pole and a
sufficient large number of N (15) is used so that the
predictive control trajectory converges to the trajectory
of underlying optimal LQR. However, the augmented
model has 12 states and hence is difficult to find the
desired performance via the selection of individual
elements in Q and the scalar R. (This problem would
be compounded for a multi-input multi-output
example.)
Suppose the cost function J is selected as

T,
J= / e(0))* + (D) + (@ (0)* + (e(1))*
0
+ (e(1))* + us(£)T Ruy(r) dt (39)

where e(t)=r(1)— y(t) and e®(r) denotes the k-th
derivative of the error signal. Then in this case Q is a
block diagonal matrix, with the first block entry being
a 7 x 7 zero matrix, and the second a 5 x 5 identity
matrix, and R>0. With this selection, the common
approach to tuning the closed-loop performance is to
select R. After numerous trials, it is found that there
are five closed-loop poles, which are difficult to
re-assign and form a cluster with a real part around
—0.002, despite the selection of R as a very small
number (R=107"), and hence we need to use an
advanced tuning method. One such method is given in
Wang (2009) for the continuous-time predictive control
with a prescribed degree of stability and is now applied
to this example.

In this case, the model used in the design has two
poles at the origin and two pairs of poles on the
imaginary axis and as a result the computation of the
predictive controller is ill-conditioned unless exponen-
tially weighted cost is used (Wang 2009). Here we
select the weight factor o« =0.18 and modify the state
matrix of the design model to 4, = A — «af, where A4 is
the state matrix from the original augmented model
and [ is the identity matrix of 12 x 12. The closed-loop
performance is determined by the location of the
closed-loop poles where a maximum real part of
the closed-loop poles is enforced (i.e. the real parts
of the poles are to the left of —8 where B is a positive
scalar). With given Q and R matrices, we solve the
following Riccati equation with the parameter 8 to
obtain the matrix P

P(A+ Bl +(A+BDTP—PBR'BTP+ Q=0 (40)
and then compute Q, as

OQu =0 +2a+ PP

Next, the design procedure of Section 2 is used with Q,,
and A, replacing the Q and 4 matrices, respectively.

20

15| 1
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Figure 7. The dominant closed-loop eigenvalues and B line
(*, B=0.8 and o, B=0).

On completion the predictive control scheme will have
a prescribed degree of stability S.

To illustrate the application of this design we
consider three cases: §=0.8 (Case A); B=1.8 (Case B);
B=06 (Case C). For all the cases, the weight parameter
on the control signal R=1. In each case, the closed-
loop eigenvalues of the predictive control system are
allocated to the left of the line —B. Figure 7 compares
the closed-loop dominant eigenvalues generated from
the design with the parameter 8=0.8 (Case A) and
B=06 (Case C), respectively. It is seen from this figure
that when 8=0.8, the six closed-loop dominant poles
are on the left-hand side of —f=—0.8 line and when
B =06, the six closed-loop dominant poles on the left-
hand side of —8=—6 line.

For these designs, the continuous-time closed-loop
predictive control system was simulated under fast
sampling. Here the sampling rate of 5S¢ >s was used
and the original reference trajectory is interpolated
with a 8th-order polynomial to achieve such as fast
sampling in the simulation. Figure 8 shows both the
output of the predictive controller and the position of
the robot. Figure 9 compares the tracking errors
among the three cases. It is seen that the tracking error
converges to zero for all three cases; however, because
of the fast dynamic response for Case C, the tracking
error is significantly smaller than the other two cases.

5. Conclusions

This article has developed an approach to disturbance
rejection and set-point following of the periodic signals
in the framework of predictive control with con-
straints. The predictive control system is designed
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Figure 9. Comparison of tracking errors.

with embedded periodic components in the augmented
model where a set of continuous-time Laguerre
functions is used to describe the inversely filtered
control signal. As a result, the control system tracks (or
rejects) sinusoidal signals with zero steady-state errors.
The simulation results demonstrate that the predictive
control system can produce optimal results with
constraints.
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