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Sueña el rico en su riqueza,
que más cuidados le ofrece;
sueña el pobre que padece
su miseria y su pobreza;
sueña el que a medrar empieza,
sueña el que afana y pretende,
sueña el que agravia y ofende,
y en el mundo, en conclusión,
todos sueñan lo que son,
aunque ninguno lo entiende.

Yo sueño que estoy aquí
de estas prisiones cargado,
y soñé que en otro estado
más lisonjero me vi.
¿Qué es la vida? Un frenesí.
¿Qué es la vida? Una ilusión,
una sombra, una ficción,
y el mayor bien es pequeño;
que toda la vida es sueño,
y los sueños, sueños son.

La vida es sueño, acto segundo.
Pedro Calderón de la Barca, 1635.
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by Álvaro Ruiz-Serrano

Abstract

Kohn-Sham density functional theory (DFT) calculations yield reliable accu-
racy in a wide variety of molecules and materials. The advent of linear-scaling
DFT methods, based on locality of the electronic matter, has enabled calculations
on systems with tens of thousands of atoms. Localisation constraints are imposed
by expanding the Kohn-Sham states in terms of a set of atom-centred, spherically-
localised functions. Chemical accuracy is then achieved via a self-consistent opti-
misation using a high-resolution basis set. This formalism reduces the size of, and
brings predictable sparsity patterns to, the matrices expressed in this representa-
tion, such as the Hamiltonian matrix. In this work, we used the ONETEP program
for DFT calculations, which is based on the abovementioned principles. The vi-
sion behind our research is to advance the method by developing new and robust
algorithms to enable novel applications based on localised orbitals.

We investigated the consequences of strict spatial localisation constraints on
the energy minimisation problem. This part of our research led to new theoretical
realisations and approaches to calculate the total energy and atomic forces. We
show that the self-consistent energy minimisation process is in fact a constrained
optimisation problem where the localisation constraints must be taken into account
for consistency. With this important point in mind, we were able to show that the
atomic forces must be corrected with extra terms that account for the localisa-
tion constraints. We developed the code to determine the correction terms, known
as Pulay forces, which provide consistency between the total energy and atomic
forces. Weakly-bound systems, such as protein-ligand complexes, are now accu-
rately described after the total forces were corrected.

We took a step forward in the formulation of the optimisation problem with lo-
calisation constraints. Using an analytic manipulation of the equations that govern
the energy minimisation procedure, we were able to design a new algorithm for
constrained optimisation of non-orthogonal, localised functions. This new method
is exact and accounts for the localisation constraints in a fully variational man-
ner. We named this new algorithm the variationally-localised search direction
(VLSD) method. We implemented a prototypical version of the VLSD method
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in the ONETEP program. We were able to compare the convergence speed to-
wards the solution between the VLSD and the standard method, based on an un-
constrained optimisation process that does not account for localisation constraints
in a variational fashion. Calculations with the VLSD method typically show faster
convergence, especially in systems with a certain degree of expected natural delo-
calisation.

We not only studied the effects of localisation, we also used the localised-
functions formalism to develop two new types of algorithms for calculations on
insulators (various density mixing methods) and metals (a direct minimisation
method for finite-temperature DFT). These methods use the SCALAPACK dense
algebra package to distribute memory and computational requirements over a large
number of processors. In these approaches, the Hamiltonian matrix must be diag-
onalised for consistency. The formalism based on localised functions makes this
step efficient, despite the cubic-scaling cost, and allowed us to perform calculations
on systems with thousands of atoms.

Density mixing methods are well-established techniques for total energy min-
imisation in self-consistent field approaches. Their implementation is very useful
for profiling and benchmarking other approaches that are fundamental for achiev-
ing linear-scaling cost. Validation calculations on a set of insulators and semi-
conductors show that accuracy in the description of the electronic structure is con-
sistently achieved with the density mixing schemes.

The new algorithm that we have implemented in the ONETEP program for cal-
culations on metallic systems is an important new functionality for the code. Typ-
ically, standard DFT methods for metals, based on plane-waves or other forms of
delocalised orbitals, are limited to a few tens of atoms. Calculations on thousands
of atoms are possible at the expense of a high computational cost, requiring tens
of thousands of processors. With our new approach, calculations on large metallic
systems with thousands of atoms can be executed employing for the task only a few
hundreds of processors. This method can be used in studies of metallic complexes
that are not viable with traditional approaches, such as the kind of nanoparticles
used in innovative catalytic processes.
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Introduction

The role of atomistic simulations of matter is to model the fundamental interactions

that take place at the nano-scale and to produce reliable theoretical techniques ca-

pable of producing accurate predictions. It is by itself a vast and rapidly-evolving

field with implications for many branches of nano-technology, from materials sci-

ence [1] to bio-medicine [2].

Most of the relevant properties of atomic systems can be obtained from the de-

tailed characterisation of their electronic structure, which, inevitably, requires the

level of theory of quantum mechanics. It is well known that exact solutions of the

quantum equations can only be obtained for very simple systems. Hence, realistic

systems must be studied using well-established approximations. The complexity

of solving the approximate problem is nevertheless enormous. Only using robust

numerical algorithms and state-of-the-art computing techniques can simulations on

many-atom systems be achieved.

Over the last decades, a wealth of scholarly research on electronic structure the-

ory has been produced. The theory now known as density functional theory (DFT)

[3] is an exact reformulation of the quantum-mechanical approach to condensed-

matter physics in which the electronic density takes the central role of being the

defining element of a given atomic system. DFT methods have been shown to be

remarkably accurate and have enabled the research community to develop ever-

31



INTRODUCTION

more sophisticated techniques for calculations on a wide range of materials. The

concept of locality or “nearsightedness” of the electronic matter has lead to the

design of linear-scaling DFT methods that expand the size of the systems that can

be simulated to tens of thousands of atoms.

Our research focused on the development of new approaches for DFT simula-

tions on a wide range of systems, from organic molecules to semi-conductors and

metals. We used the formalism of strictly localised orbitals, where the Kohn-Sham

molecular orbitals are expanded as a linear combination of atom-centred functions

localised within spheres. The ground-state is found using a self-consistent, varia-

tional approach to optimise the set of degrees of freedom that describe the system.

We used the ONETEP program [4] as the software platform in which our develop-

ments were implemented.

In the course of our investigations, we were able to produce advances in our un-

derstanding of the theory behind the methods that use strict localisation constraints

to reduce the computational cost. We developed new algorithms that are capable

of treating localisation in an exact and fully-consistent manner, as an integral part

of the optimisation process. Furthermore, we used the technique of localised func-

tions to devise new methods for insulators and metals capable of calculations on

thousands of atoms. The new software capabilities for atomistic simulations that

resulted from our research are available as part of the ONETEP program and are

accessible to other researchers.

Thesis outline

The present Ph. D. dissertation is organised in seven chapters. The first two chap-

ters aim to give a comprehensive background of our work. Chapter 1 contains
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a summary of the quantum theory and principles that form the theoretical back-

ground of our research. Chapter 2 contains a comprehensive literature review on

atomistic calculations with DFT methods, including pivotal concepts such as the

Born-Oppenheimer approximation, the Hohenberg-Kohn theorems, Kohn-Sham

density functional theory and the fundamentals of computational approaches to

quantum chemistry. We also include a description of the ONETEP method for

linear-scaling density functional theory calculations. The results of our research

are presented and discussed in Chapters 3 to 6.

In Chapter 3, we show that a contribution to the total atomic forces, known as

Pulay forces, are present and must be calculated if strict localisation constraints are

requested. This correction to the total force is essential for achieving consistency

between the total energy and the total atomic forces. We show that, once the Pulay

corrections have been taken into account, geometry optimisation calculations on

weakly-bound systems produce correct relaxed structures.

Then, in Chapter 4 we describe the principles of a newly-developed algorithm,

named the variationally-localised search direction method for constrained energy

minimisation. This is a novel theoretical realisation of the optimisation problem

with localisation constraints in a non-orthogonal representation, which shows that

strict spatial localisation can be enforced exactly and in a fully variational manner.

The VLSD method avoids the addition of an uncontrollable error factor arising

from truncation of the search direction vectors, common in unconstrained optimi-

sation schemes.

Chapter 5 describes the implementation of density mixing methods based on

Hamiltonian diagonalisation. This development allowed us to assess the applica-

bility of parallel eigensolvers to diagonalise the Hamiltonian operator as the basic
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self-consistent step. Density mixing techniques are well-established methods for

total energy minimisation which can be used to benchmark other techniques (such

as direct minimisation schemes). Our results show that calculations in systems

with thousands of atoms are possible, despite of the cubic-scaling properties of the

diagonalisation operation. Accuracy in the description of the electronic structure

is demonstrated with a set of validation calculations on silicon nanorods.

In Chapter 6, we outline the principles of a new direct free-energy minimisa-

tion technique that allows calculations on large metallic systems with thousands

of atoms. The results show that the new algorithm substantially widens the range

of metallic materials that can be simulated at the DFT level of theory at the same

time that it reduces the computational cost. Our method has the potential to be

used in studies of large-scale compounds (such as metallic nanoparticles) of direct

relevance to industry.

There are many ramifications of our work that can be continued as future re-

search projects. In Chapter 7 we summarise what we have achieved with our inves-

tigations and we outline the most relevant extensions of our work for future devel-

opments. Additionally, Appendices A, B and C show extra results that could po-

tentially be used in future developments, and which we obtained during the course

of the main research projects. Appendix A shows some results regarding the use

of spherical waves as a method to store the result of a calculation in an effective

manner. Appendix B shows an extension to the VLSD method for developing

a multiple-accuracy QM/QM scheme based on DFT. Finally, Appendix C shows

how the VLSD method can be used for the very challenging problem of density

matrix optimisation with localisation constraints, which is central in linear-scaling

approaches.

34



List of related publications

• The theory and results presented in Chapter 3 have been published as:

Pulay forces from localized orbitals optimized in situ using a psinc basis set.

Á. Ruiz-Serrano, N. D. M. Hine, and C.-K. Skylaris. J. Chem. Phys. 136(23),

234101 (2012).

• The theory and results presented in Chapter 4 have been published as:

Variationally-localized search direction method for constrained optimization

of non-orthogonal, localized orbitals in electronic structure calculations.

Á. Ruiz-Serrano and C.-K. Skylaris. J. Chem. Phys. 139(16), 164110 (2013).

• Some, but not all, of the theory and results presented in Chapter 5 have been

published as:

DIIS and Hamiltonian diagonalisation for total-energy minimisation in the

ONETEP program using the ScaLAPACK eigensolver.

Á. Ruiz-Serrano. M. Sc. in High Performance Computing. University of

Edinburgh (2010).

• The theory and results presented in Chapter 6 have been published as:

A variational method for density functional theory calculations on metallic

systems with thousands of atoms.

Á. Ruiz-Serrano and C.-K. Skylaris. J. Chem. Phys. 139(5), 054107 (2013).

35



INTRODUCTION

36



Chapter 1

Principles of quantum mechanics

Quantum mechanics is a very complex branch of modern physics that has extraor-

dinary repercussions in all the natural sciences as well as in engineering, math-

ematics and philosophy. In our research, we applied the equations of quantum

mechanics to atomistic modelling and solid state physics. In this chapter we wish

to provide a brief account of some of the principles of the quantum theory which

are of special relevance to our project. For an in-depth study of the quantum theory,

we refer the reader to Refs. [5–7] of well-known textbooks on the matter.

1.1 The wavefunction space

The predominant view of quantum mechanics is mostly due to the formalism devel-

oped by Schrödinger [8], termed wave mechanics, which makes the wavefunction,

Ψ (t), the defining element of a given quantum system. An alternative formula-

tion of the quantum theory is due to Heisenberg, Born and Jordan, [9–11], termed

matrix mechanics, which nominates the observable properties of a given quantum

system as the elements that effectively define that system. Observables are the

measurable quantities, either with experimental or theoretical techniques, that can
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be obtained by probing the system. The interpretation of the quantum theory given

by matrix mechanics is based on the action of operators over the elements of a

Hilbert space, known as the wavefunction space. It is due to Dirac [12] the demon-

stration that these two visions of quantum mechanics are in fact equivalent. The

rules of the so-called “new” quantum mechanics are enumerated in the Dirac-von

Neumann axioms [12, 13].

Notation in quantum mechanics is important. The notation due to Dirac [14],

called the “bra-ket” notation, is predominant in quantum theory for its consistency

and simplicity. Every wavefunction Ψ (t) suitable of describing a quantum system

is a unique point of a complex Hilbert space H, and must be single-valued and

square-integrable. The wavefunction space H has infinite dimensions. However,

an infinite subset B ⊂ H can always be found such as any other element Ψ (t) ∈ H
can be written as a linear combination of elements in B. The subset B is said to

be a basis set of H. Seen as points in a Hilbert space, the wavefunctions must

be, by definition, independent of their representation. For example, in literature,

Ψ (r, t) often refers to the representation of Ψ (t) in the real tridimensional space,

while Ψ (k, t) often refers to the representation of Ψ (t) in the reciprocal tridimen-

sional space (or k-space). It is obvious that Ψ (r, t) 6= Ψ (k, t), but, at the same

time, the difference between these two expressions is not in the actual wavefunc-

tion Ψ (t), but in its representation in the r-space and k-space, respectively. The

bra-ket notation, addresses this important point by assigning a bra 〈Ψ (t)| and a ket

|Ψ (t)〉 to every wavefunction Ψ (t) ∈ H in a one-to-one correspondence via Her-

mitean conjugacy, so that |Ψ (t)〉 = (〈Ψ (t)|)†. In this notation, the inner product of

two dynamical states Ψ1 (t) and Ψ2 (t) is symbolised by 〈Ψ1 (t) |Ψ2 (t)〉. The inner

product has the following properties:
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• Linearity:

〈λ1Ψ1 (t) + λ2Ψ2 (t) |Ψ3 (t)〉 = λ1 〈Ψ1 (t) |Ψ3 (t)〉+ λ2 〈Ψ2 (t) |Ψ3 (t)〉.

• Conjugate symmetry: 〈Ψ1 (t) |Ψ2 (t)〉 = 〈Ψ2 (t) |Ψ1 (t)〉†.

• Positive definiteness: 〈Ψ1 (t) |Ψ1 (t)〉 ≥ 0, with 〈Ψ1 (t) |Ψ1 (t)〉 = 0 if and

only if Ψ1 (t) = 0.

Representations of dynamical states are correctly managed with the bra-ket nota-

tion via inner products. To follow with the examples put before, the real-space

representation corresponds to Ψ (r, t) = 〈r|Ψ (t)〉 , while the reciprocal-space rep-

resentation corresponds to Ψ (k, t) = 〈k|Ψ (t)〉. The conjugates of these expres-

sions are Ψ † (r, t) = 〈Ψ (t) |r〉 and Ψ † (k, t) = 〈Ψ (t) |k〉.
For every observable A, there is a linear Hermitean operator Â (t) and an asso-

ciated eigenvalue equation:

Â (t) |χn (t)〉 = an (t) |χn (t)〉 , (1.1)

such as {an (t)} take real values and {χn (t)} form a basis set of H. Eigenvectors

associated to different eigenvalues are mutually orthogonal by construction. An

orthonormal basis set such as 〈χn (t) |χm (t)〉 = δnm can always be constructed,

even if one or more eigenstates are degenerate. Assuming orthonormality of the

basis set, any wavefunction Ψ (t) can be written as a linear combination of {χn (t)}
as:

|Ψ (t)〉 =
∑

n

|χn (t)〉 cn (t) . (1.2)

where cn (t) are the expansion coefficients:
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cn (t) = 〈χn (t) |Ψ (t)〉 . (1.3)

The basis set formed by {χn (t)} gives rise to the closure relation:

∑
n

|χn (t)〉 〈χn (t)| = Î , (1.4)

where Î is the identity operator. The postulates of quantum mechanics dictate

that when a measurement of the observable A is taken, the result is one, and only

one, of the eigenvalues of Â (t), and the system colapses to the state given by

the corresponding eigenvector. The probability of registering the eigenvalue an (t)

after a measurement of A is1:

Pn (t) =
|cn (t) |2

〈Ψ (t) |Ψ (t)〉 . (1.5)

This probabilistic interpretation of the laws of nature is intrinsic to the quantum

theory. The expectation value, or mean value, of Â (t), can be calculated as:

〈Â (t)〉 =
〈Ψ (t) |Â (t) |Ψ (t)〉
〈Ψ (t) |Ψ (t)〉 =

∑
n

Pn (t) an (t) . (1.6)

Equations (1.5) and (1.6) can be simplified by requiring the system’s wavefunction

to be normalised, i.e., 〈Ψ (t) |Ψ (t)〉 = 1. This choice of normalisation does not

alter the value of the observables, as it will be demonstrated in Section 1.4.

Two Hermitean operators Â (t) and B̂ (t) are simultaneously observable if their

commutator:

1If the eigenspectra of Â is degenerate, then Pn (t) =

∑
j |cjn|2

〈Ψ (t) |Ψ (t)〉 , where j labels the degenerate

eigenvectors corresponding to an (t). The system collapses to a state confined to the subspace ofH spanned
by {χj (t)}.
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1.2. THE SCHRÖDINGER EQUATION

[
Â (t) , B̂ (t)

]
= Â (t) B̂ (t)− B̂ (t) Â (t) , (1.7)

is zero, meaning that Â (t) and B̂ (t) share the same set of eigenvectors. A typical

example of operators that do not commute are the position and momentum opera-

tors, which are observable separately, but not simultaneously. This is the basis of

the uncertainty principle as originally formulated by Heisenberg [15].

1.2 The Schrödinger equation

The evolution in time of the system’s wavefunction is determined by the non-

relativistic Schrödinger equation [8]:

ı}
∂

∂t
|Ψ (t)〉 = Ĥ (t) |Ψ (t)〉 , (1.8)

Equation (1.8) can be developed by establishing analogies with the Euler-Lagrange

and Hamilton variational approaches to classical dynamics [16]. It is a first-order

differential equation (a condition derived from the concept of continuous time of

classical mechanics), and has the property of linearity, which implies that any linear

combination of solutions is also a valid solution. In classical mechanics, evaluating

the Hamiltonian at a given set of canonical coordinates returns the value of the

energy of the system at time t. In quantum mechanics, the energy is given by the

expectation value of the Hamiltonian operator acting on the system’s wavefunction:

E (t) = 〈Ψ (t) |Ĥ (t) |Ψ (t)〉 , (1.9)

where normalisation of Ψ is assumed.
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If the Hamiltonian is independent of t, the energy eigenvalues and their associ-

ated eigenvectors will also be independent of t. The energy is said to be a constant

of motion if it is independent of t, and in such cases, the system is said to be

conservative. Conservative systems are very important for the study of quantum

mechanical systems, for they link to the familiar principle of conservation of the

total energy. Under this assumption, the solutions of (1.8) are the stationary states:

|Ψ (t)〉 =
∑

n

|Ψn〉 eıEnt/}, (1.10)

where the time-independent wavefunctions {Ψn} are the solutions of the eigen-

value equation of the Hamiltonian operator:

Ĥ |Ψn〉 = En |Ψn〉 . (1.11)

Equation (1.11) is referred to as the time-independent Schrödinger equation.

1.3 Pure and mixed states

A quantum system is said to be in a pure state if it can be completely described by a

wavefunction. On the other hand, a quantum system is said to be in a mixed state if

it cannot be fully described by a wavefunction. Such cases correspond to systems

where a set of different pure states {Ψu (t)} coexist with certain probabilities {pu},

with 0 ≤ pu ≤ 1 and
∑

u pu = 1. Mixed states must be described via the density

operator %̂, defined as [5]:

%̂ (t) =
∑

u

pu |Ψu (t)〉 〈Ψu (t)| . (1.12)
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The probabilities and expectation values of observables are fully characterised by

the product of the density operator and other Hermitian operators, thus correctly

describing the mixed state. For example, the probability of registering the eigen-

value an (t) and the eigenvector χn (t) after a measurement of A (t), is:

Pn (t) = %̂ (t) P̂n (t) , (1.13)

where P̂n (t) is the projection operator onto the space spanned by χn (t)2:

P̂n (t) = |χn (t)〉 〈χn (t)| . (1.14)

The expectation value of Â (t) is:

〈Â (t)〉 = tr
[
%̂ (t) Â (t)

]
=

∑
n

Pn (t) an (t) . (1.15)

The density operator has the following properties:

• Idempotency: %̂ (t) = %̂2 (t) if, and only if, the system is in a pure state.

• Hermitean: %̂ (t) = %̂† (t).

• Normalisation: tr [%̂ (t)] =
∑

u pu = 1.

The time-dependent Schrödinger equation (1.8) can be reformulated in terms of

%̂ (t) as:

ı}
d

dt
%̂ (t) =

[
Ĥ (t) , %̂ (t)

]
. (1.16)

In conservative systems, %̂ is independent of the time. Under this condition, the

above equation yields
2Assuming non-degeneracy of an (t).
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[
Ĥ, %̂

]
= 0, (1.17)

and so the Hamiltonian and the density operator commute. A common set of wave-

functions that are eigenstates of both %̂ and Ĥ can be found. From now onwards,

our study will be restricted to conservative systems only.

1.4 The variational principle of quantum mechanics

The variational principle of quantum mechanics states that solving the eigenvalue

equation of the Hamiltonian Ĥ |Ψ〉 = E |Ψ〉 is identical to solving the variational

problem δE [Ψ] = 0, where Ψ is the system’s wavefunction. To begin with the

proof, consider an infinitesimal variation of Ψ and its effect on the total energy of

the system, calculated as the expectation value of Ĥ:

δE [Ψ] = E [Ψ + δΨ]− E [Ψ] (1.18)

=
〈Ψ + δΨ|Ĥ|Ψ + δΨ〉
〈Ψ + δΨ|Ψ + δΨ〉 − 〈Ψ|Ĥ|Ψ〉

〈Ψ|Ψ〉
. . . rearranging terms . . .

=
〈δΨ|Ĥ|Ψ〉+ 〈Ψ|Ĥ|δΨ〉

〈Ψ|Ψ〉 − 〈Ψ|Ĥ|Ψ〉
〈Ψ|Ψ〉2 (〈δΨ|Ψ〉+ 〈Ψ|δΨ〉) +O (

δΨ2
)

=
1

〈Ψ|Ψ〉
[
〈δΨ|Ĥ − E|Ψ〉+ 〈Ψ|Ĥ − E|δΨ〉

]
+O (

δΨ2
)
,

where normalisation of Ψ is not assumed. The Hermiticity of Ĥ implies that

〈δΨ|Ĥ − E|Ψ〉 = 〈Ψ|Ĥ − E|δΨ〉. Ignoring the error due to second-order terms,

O (
δΨ2

)
, and imposing the condition of conservative systems, δE [Ψ] = 0, gives
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the result:

Ĥ |Ψ〉 − E |Ψ〉 = 0, (1.19)

and thus the variational principle is proved.

As described in Section 1.1, any suitable wavefunction capable of describing

a quantum system must be square-integrable. A Lagrangian L [Ψ] that takes into

account this constraint can be constructed as follows:

L [Ψ] = 〈Ψ|Ĥ|Ψ〉 − E (〈Ψ|Ψ〉 − C) , (1.20)

where C is a real-valued constant and E is an undetermined Lagrange multiplier

(constant) that takes into account the constraint of square-integrability of Ψ. The

wavefunction that minimises L [Ψ] must meet the condition of extremal:

δL
δ 〈Ψ| = 0 =⇒ Ĥ |Ψ〉 − E |Ψ〉 = 0. (1.21)

Therefore, the variational principle can be reformulated in terms of an optimisation

problem where the Lagrangian L [Ψ] is minimised with respect to Ψ.

Now, let Ψtrial be a trial wavefunction for the ground-state Ψ0 of the system.

For simplicity, the eigenspectra of Ĥ is assumed to be discrete and non-degenerate,

and its eigenvectors {Ψn} mutually orthonormal. We shall assume that the energy

eigenvalues are ordered in the ascending sequence E0 < E1 < . . . < En < . . ..

Since {Ψn} form a basis set of the Hilbert space H, Ψtrial can be expanded as:

|Ψtrial〉 =
∑

n

|Ψn〉λn. (1.22)

The energy of the system in the state Ψtrial is:
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E
[
Ψtrial

]
=
〈∑n λ

∗
mΨm|Ĥ|

∑
n λnΨn〉

〈∑m λ
∗
mΨm|

∑
n λnΨn〉 =

∑
nEn|λn|2∑

n |λn|2 . (1.23)

Subtracting E0 on both sides, we obtain the following inequality:

E
[
Ψtrial

]− E0 =

∑
n (En − E0) |λn|2∑

n |λn|2 ≥ 0, (1.24)

since En ≥ E0. The above expression is identically equal to zero if and only

if Ψtrial = CΨ0. The fact that two wavefunctions that differ by a multiplicative

constant yield the same energy can be used to choose the constant C without re-

striction, so long as it is a finite real number. A convenient choice is to assume

every wavefunction to be normalised:

〈Ψ|Ψ〉 = 1, (1.25)

which implies C =
1√
〈Ψ|Ψ〉 .

The variational principle proves that solving the time-independent Schrödinger

equation can be transformed into a variational problem. The solutions are the

wavefunctions that minimise the Lagrangian (1.20), which includes the constraint

of square-integrability of the wavefunctions. Furthermore, the variational principle

yields an effective method for setting an upper boundary to ground-state energy of

the system. This is a precious tool that enables practical quantum-mechanical cal-

culations. Approximate solutions of (1.20) can be found by continuous refinements

of Ψtrial towards minimising the Lagrangian L.
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1.5 The Hellmann-Feynman theorem

The derivatives of the energy with respect to an external parameter λ can be ef-

ficiently calculated with the Hellmann-Feynman theorem [17, 18], enunciated as

follows. Given a wavefunction Ψ (λ), which is a solution of the time-independent

Schrödinger equation H (λ) Ψ (λ) = E (λ) Ψ (λ), such as 〈Ψ|Ψ〉 = 1, then the

derivative of the energy with respect to an external parameter λ is

dE (λ)

dλ
= 〈Ψ|dĤ

dλ
|Ψ〉 . (1.26)

To prove this statement, we should first calculate the full derivative of the en-

ergy, which is equal to:

dE (λ)

dλ
= 〈dΨ

dλ
|Ĥ|Ψ〉+ 〈Ψ|Ĥ|dΨ

dλ
〉+ 〈Ψ|dĤ

dλ
|Ψ〉 (1.27)

= E (λ)

[
〈dΨ
dλ
|Ψ〉+ 〈Ψ|dΨ

dλ
〉
]

+ 〈Ψ|dĤ
dλ
|Ψ〉 .

On the other hand, the condition of square-integrability (which is inherent of the

solutions of the time-independent Schrödinger equation, as as shown by the varia-

tional principle), implies that:

d

dλ
〈Ψ|Ψ〉 = 〈dΨ

dλ
|Ψ〉+ 〈Ψ|dΨ

dλ
〉 = 0. (1.28)

Introducing this result in (1.27), it follows that:

dE (λ)

dλ
= 〈Ψ|dĤ

dλ
|Ψ〉 , (1.29)

and the theorem is proved. The Hellmann-Feynman theorem establishes that the
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derivative of the energy with respect to an external parameter λ can be calculated as

the expectation value of the derivative of the Hamiltonian operator. The derivative

of Ψ with respect to λ does not intervene in the final value.
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Chapter 2

Density functional theory

The atomic models of Thomson [19], Rutherford [20] and Bohr [21–23] preceeded

and contributed to the rise of rigorous studies of atomic-scale interactions based on

quantum mechanics. A modern realisation of the atomic model carries the idea of a

nucleus formed by protons and neutrons surrounded by electrons moving in unde-

termined trajectories of quantised energy levels. Electrostatic interactions between

atoms make them bond to one another, forming complex molecules and crystals

and giving rise to the solid state of matter. The study of matter and the interactions

between electrons and nuclei is the subject of solid state physics. The most com-

plete theory to date combines quantum-mechanical wavefunction methods, many-

body statistics and thermodynamics to yield remarkable accuracy in calculations

on a wide range of systems. Even so, solving the equations of quantum mechanics

for the many-body problem is far from being trivial, and exact solutions are only

possible for a few simple academic examples.

Much progress has been made towards practical methods for describing molec-

ular interactions at the quantum level of theory. The Hartree-Fock method [24–27]

significantly reduces the complexity of the problem by introducing single-electron
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molecular orbitals. The many-electron wavefunction is then constructed as an anti-

symmetrised Slater determinant of the single-electron orbitals [28]. Post-Hartree-

Fock methods refine the formalism by including an explicit treatment of the elec-

tron correlation energy. Successful approaches include Møller-Plesset (MP) pertur-

bation theory [29], coupled cluster [30, 31], configuration interaction (CI) [32], or

multi-configurational self-consistent field (MCSCF) approaches such as CASSCF

[33].

The pioneering Thomas-Fermi model [34–36] was the precursor for a theory

based entirely on the electronic density. It took almost 40 years until this view

materialised in the form of the Hohenberg-Kohn theorems [37], leading to the de-

velopment of the density functional theory (DFT). DFT is a formal and exact refor-

mulation of the quantum-mechanical equations in terms of the electronic density

as the defining element of the system. Computational electronic structure methods

based on DFT [38–42] are able to predict an extensive range of electronic proper-

ties in all sorts of materials and compounds, which have helped in the development

new practical applications [43, 44]. In this chapter we describe the foundations of

electronic structure calculations based on density functional theory.

2.1 The molecular many-body problem

The first step to describe an atomic system is to construct the Hamiltonian operator

that defines the interactions therein. Consider a molecule in isolation, not subject

to any external electric or magnetic field, formed by M point-like nuclei, with

position vectors {RA}, masses {mA} and positive charges {ZA}, and N point-

like electrons with position vectors {ri}, moving in trajectories around and near

the nuclei. Neglecting other fundamental interactions other than electrostatic, the
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Hamiltonian corresponding to the system of M + N mutually interacting nuclei

and electrons is:

Ĥ = T̂n + T̂e + V̂ee + V̂ne + V̂nn, (2.1)

where T̂n and T̂e are the kinetic energy terms due to the motion of the nuclei

and the electrons, respectively, and V̂ee, V̂ne and V̂nn are the electron-electron,

nucleus-electron and nucleus-nucleus interactions, respectively. Representing both

Ĥ and the wavefunctions |Ψn〉 in terms of the nuclear and electronic coordinates,

〈{ri} , {RA}|, the time-independent molecular Schrödinger equation is 1:

H ({ri} , {RA}) Ψn ({ri} , {RA}) = (2.2)
[
− 1

2mA

M∑

A=1

∇2
A −

1

2

N∑

i=1

∇2
i +

M∑

A=1

M∑

B>A

ZAZB

|RA −RB|

+
N∑

i=1

N∑

j>i

1

|ri − rj| −
N∑

i=1

M∑

A=1

ZA

|ri −RA|

]
Ψn ({ri} , {RA}) =

EnΨn ({ri} , {RA}) .

Electrons are subatomic, fundamental particles that belong to the category of

fermions. Fermions are characterised for having a half-integer spin number. The

spin quantum number originates from the relativistic interpretation of the equations

of quantum mechanics, which arises naturally from Dirac’s equation [12]. Each

individual electron has a total spin number of modulus ½, which can take two

distinct values σ = ½ (spin-up, ↑) or σ = −½ (spin-down, ↓). The notation based

on the spin-coordinate vectors x = (r, σ) incorporates the electronic spin into

1In atomic units: me = e = } = 4πε0 = 1.
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the formalism. The thermodynamics of fermionic systems are governed by the

Fermi-Dirac statistics [45–47], which take into account that fermions are bound

to be indistinguishable and that no two fermions can be found with the same set

of quantum numbers. The exclusion principle formulated by Pauli [48] can be

expressed as a mathematical constraint that requires each many-body wavefunction

to be antisymmetric under any permutation of the electrons coordinates:

Ψn (x1, . . . ,xi, . . . ,xj, . . . ,xN ;R1, . . . ,RM) = (2.3)

−Ψn (x1, . . . ,xj, . . . ,xi, . . . ,xN ;R1, . . . ,RM) .

The solutions of the time-independent Schrödinger equation for the molecular sys-

tems must obey the abovementioned constraint.

The complexity of the molecular Hamiltonian makes the analytic treatment of

the equations practically impossible. The Born-Oppenheimer approximation [49]

addresses this issue with a method that effectively decouples the electronic and nu-

clear degrees of freedom. As the name suggests, the method is not exact, however

the error of the approximation is inversely proportional to the sum of the nuclear

masses MTOT =
∑M

A=1mA, which is an enormous number compared to the mass

of the electrons2. The Born-Oppenheimer approximation is also referred to as the

adiabatic approximation, since the terms that couple the motion of the nuclei and

the electrons are neglected. We refer the reader to Ref. [50] for a complete deriva-

tion of the Born-Oppenheimer approximation. In short, an observer in the centre

of mass of the system will perceive that the heavy nuclei are static compared to the

lighter electrons, which are in constant motion in undetermined trajectories around

2The mass of the proton is 1836.152 times the mass of the electron.
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the nuclear centres. The observer could then decide that, instantaneously, to a good

degree of approximation, the dynamical state of the system is described only by

the electronic degrees of freedom, while the nuclear positions are mere parameters

that define the system. The many-body wavefunctions, {Ψn}, can then be sepa-

rated into the product of an electronic wavefunction and a nuclear wavefunction,

denoted by
{
Ψelec

n

}
and {Ψnuc

n }, respectively, as:

Ψn ({xi} , {RA}) ≈ ΨBO
n ({xi} ; {RA}) = Ψelec

n ({xi} ; {RA}) Ψnuc
n ({RA}) .

(2.4)

The electronic states,
{
Ψelec

n

}
, are found by solving the electronic part of the

molecular Schrödinger equation:

Helec ({xi} ; {RA}) Ψelec
n ({xi} ; {RA}) = (2.5)

[
−1

2

N∑

i=1

∇2
i +

N∑

i=1

N∑

j>i

1

|ri − rj| −
N∑

i=1

M∑

A=1

ZA

|ri −RA|

]
Ψelec

n ({xi} ; {RA})

= Eelec
n ({RA}) Ψelec

n ({xi} ; {RA}) .

While the nuclear states, {Ψnuc
n }, are the solutions of the molecular equation,

which now takes the form:
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H ({RA}) Ψnuc
n ({RA}) = (2.6)

[
Eelec

n ({RA})− 1

2mA

M∑

i=1

∇2
A +

M∑

A=1

M∑

B>A

ZAZB

|RA −RB|

]
Ψnuc

n ({RA})

= EnΨnuc
n ({RA}) .

Systematic evaluation of the total energy for a range of values of {RA} produces

the potential energy surface (PES), or adiabatic surface. Sampling the PES is the

basis for studies involving nuclear-electron interactions or for relaxing the geome-

try of a system to its equilibrium state [51].

2.2 The Hohenberg-Kohn theorems

Under the Born-Oppenheimer approximation, the N electrons move in an exter-

nal potential created by the M static nuclei. The kinetic energy of the nuclei is

assumed to be zero, while the nucleus-nucleus repulsion term is considered a con-

stant (for a given set of nuclear coordinates) that can be overlooked. The problem

is in this way reduced to finding the eigenstates of the electronic Hamiltonian:

H ({ri}) = −1

2

N∑

i=1

∇2
i +

N∑

i=1

N∑

j>i

1

|ri − rj| +
∑

i

v (ri) , (2.7)

where:

v (r) =
M∑

A=1

ZA

|r−RA| . (2.8)
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is the external potential. The first two terms in Eq. (2.7) depend exclusively on

the electronic degrees of freedom, and therefore are universal for any N -electron

system, regardless of the presence of the nuclei. The external potential v (r), on the

other hand, is not universal, since it depends parametrically on {RA} and {ZA}.

As a result, in a given atomic system, the electronic wavefunction is uniquely de-

termined by the functional form of v (r) and by the total number of electrons, N .

Therefore, the total number of variational degrees of freedom is equal to 3N , that

is, the three-dimensional components of the position vector of each electron.

Hohenberg and Kohn revisited the N -electron problem from a different per-

spective and enunciated two important theorems that laid the foundations of density

functional theory (DFT) [37]. DFT is an exact reformulation of the quantum the-

ory in terms of the electronic density, n (r), which is given the role of the defining

element of the entire electronic system. The electronic density can be calculated

via the recursive integration of the system’s N -electron wavefunction as:

n (r) = N
∫
dr2, . . . , drN |Ψ (r, r2, . . . , rN ) |2. (2.9)

The interesting thought behind DFT is that all the information about the system

is retained in n (r), even after the integration of 3 (N − 1) electron coordinates

of the N -electron wavefunction. Computationally-speaking, it is much easier to

represent n (r) in a three-dimensional computational grid than Ψ ({ri}) in 3N di-

mensions [52]. In their seminal work, Hohenberg and Kohn conceived elegant

proofs for their two theorems, which are reproduced hereafter.

First Hohenberg-Kohn theorem: the total energy of the system is a functional of

the electronic density, n (r), with the form:
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E [n] = F [n] +

∫
dr n (r) v (r) , (2.10)

where F [n] is a universal functional formed by the addition of the kinetic en-

ergy and electron-electron energy terms, and where the external potential, v (r),

is uniquely determined by n (r). The proof of this theorem can be done by re-

ductio ad absurdum. Assuming that n (r) is positive-definite and integrable to a

constant integer number N , and that the ground-state Ψ0 is non-degenerate, con-

sider another potential v′ (r) with ground-state wavefunction Ψ′
0, that gives rise

to the same electronic density n (r). Using the variational principle of quantum

mechanics (see Section 1.4):

E0 = 〈Ψ0|Ĥ|Ψ0〉 < 〈Ψ′
0|Ĥ|Ψ′

0〉 = 〈Ψ′
0|Ĥ ′|Ψ′

0〉+ 〈Ψ′
0|Ĥ − Ĥ ′|Ψ′

0〉 (2.11)

= E′0 +

∫
dr n (r) [v (r)− v′ (r)] .

At the same time:

E ′0 = 〈Ψ′
0|Ĥ ′|Ψ′

0〉 < 〈Ψ0|Ĥ ′|Ψ0〉 = 〈Ψ0|Ĥ|Ψ0〉+ 〈Ψ0|Ĥ ′ − Ĥ|Ψ0〉 (2.12)

= E0 +

∫
dr n (r) [v′ (r)− v (r)] .

Adding these two equations together leads to a result that is false by definition

(absurdum):

E0 + E ′0 < E0 + E ′0, (2.13)
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and so the first theorem is demonstrated. The first Hohenberg-Kohn theorem estab-

lishes a bijective mapping between the external potential v (r) and the electronic

density n (r), and proves that if one of them is determined, the other one is auto-

matically determined too. The wavefunction is determined uniquely by v (r), and

therefore it is also uniquely determined by n (r). The electronic density is in such

way placed in the position of being the element that can completely and uniquely

describe the entire system of N interacting electrons.

Second Hohenberg-Kohn theorem: for any trial electronic density ntrial (r):

E
[
ntrial

] ≥ E [n0] , (2.14)

where n0 (r) is the true ground state energy corresponding to Ψ0. The proof relies

on the first Hohenberg-Kohn theorem, which demonstrates that n (r) defines the

external potential v (r) and also the wavefunction Ψ. From the variational principle

of quantum mechanics:

E
[
ntrial

]
= 〈Ψtrial|Ĥ|Ψtrial〉 ≥ 〈Ψ0|Ĥ|Ψ0〉 = E [n0] . (2.15)

The equality is true only when ntrial (r) = n0 (r). The second Hohenberg-Kohn

theorem is the extension of the variational principle of quantum mechanics (see

Section 1.4) to the electronic density. The Lagrangian (1.20) can then be written

as:

L [n] = 〈Ψ [n] |Ĥ|Ψ [n]〉 − E (〈Ψ [n] |Ψ [n]〉 − 1) . (2.16)

Imposing the condition of n (r) being and extremal of L, gives the following opti-
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misation scheme:

δL
δn

= 0 =⇒ δL
δ 〈Ψ| = 0 =⇒ Ĥ |Ψ〉 − E |Ψ〉 = 0. (2.17)

The above relation is the basis for self-consistent DFT calculations, where a trial

electronic density is iteratively optimised in order to minimise the total energy

functional.

The reformulation of the electronic problem proposed by the Hohenberg-Kohn

theorems is exact in principle, although concerns about the v-representability of the

electronic density have been raised [53, 54]. The class of v-representable electronic

densities are those n (r) such as there exist an external potential v (r) that can

generate an N -electron ground-state wavefunction Ψ that produces n (r). The

issue appears by considering that a plausible electronic density n (r) that does not

correspond to any wavefunction Ψ or external potential v (r) can be constructed.

An alternative proof by Levy [53] eliminates the need for non-degenerate states

and introduces the wider class of N -representable electronic densities. The class

of N -representable densities are those that can be constructed from a N -electron

antisymmetric wavefunction Ψ. Given the Hamiltonian operator Ĥ , the energy of

the system is determined via the following constrained minimisation problem:

E [n] = min
Ψ→n

〈Ψ|Ĥ|Ψ〉 . (2.18)

where Ψ are the wavefunctions that produce the electronic density n (r).

58



2.3. FINITE-TEMPERATURE DFT

2.3 Finite-temperature DFT

Soon after the introduction of DFT, Mermin [55] proved that the Hohenberg-Kohn

theorems could be generalised to the grand canonical ensemble, defined by a con-

stant temperature, T , constant volume, V , and constant chemical potential, µ.

In what follows, we will be interested in a different thermodynamical ensemble,

termed the canonical ensemble. The system of N interacting electrons is in a

mixed state, formed by a collection of microstates {ψu} with energies {Eu}, con-

stant volume V and number of electrons N , which are in thermal equilibrium with

a reservoir at a constant temperature T . The probability of the microstate ψu to be

observed is pu, with 0 ≤ pu ≤ 1 and
∑

u pu = 1. The system is fully described by

the density operator %̂ =
∑

u pu |ψu〉 〈ψu|, and constrained to meet the conditions:

E = tr
[
%̂Ĥ

]
, (2.19)

and

N = tr
[
%̂N̂

]
, (2.20)

where N̂ is the number of particles operator. There are, in principle, infinite re-

organisations of the probability distribution {pu} that meet the conditions (2.19)

and (2.20). Therefore, one must take a holistic approach, and assume that the prob-

ability distribution that best describes the current state is the one that maximises

the frequency W [{pu}] in which a given distribution appears. Such distribution is

the one that maximises the entropy associated to {pu}, defined as:

S [{pu}] = −kBtr [%̂ ln %̂] = −kB

∑
u

pu ln pu, (2.21)
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which yields the values [47]:

pu =
e−βEu

∑
u e

−βEu
, (2.22)

where β = [kBT ]
−1 and kB is the Boltzmann constant. The resulting density

operator becomes:

%̂ =
e−βĤ

tr
[
e−βĤ

] . (2.23)

The macroscopic state function in the canonical ensemble is the Helmholtz free

energy, A (N ,V , T ), defined as:

A (N ,V, T ) = −kBT lnZ (N ,V , T ), (2.24)

where Z (N ,V , T ) is the partition function:

Z (N ,V , T ) =
∑

u

e−βEu. (2.25)

The dependence of Z (N ,V , T ) on N and V is contained in the energy values

{Eu} of each microstate. Using the density matrix formalism, the Helmholtz free

energy becomes:

AT = tr

[
%̂

(
Ĥ +

1

β
ln %̂

)]
= E − T S. (2.26)

The dependence of N and V has been dropped for simplicity. Parametric depen-

dence of AT on T will be assumed from now on.

Extrapolated to the canonical ensemble, the first Hohenberg-Kohn theorem es-
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tablishes that the Helmholtz free energy functional can be exactly re-written as:

AT [n] = FT [n] +

∫
dr n (r) v (r) , (2.27)

where, using the Levy formalism:

FT [n] = min
%̂→n

tr

[
%̂

(
T̂ + V̂ee +

1

β
ln %̂

)]
, (2.28)

is a universal functional of theN -representable electronic density n (r), and where

the external potential v (r) is uniquely determined by n (r). This statement can be

proven by reductio ad absurdum [55].

In a similar fashion, the second Hohenberg-Kohn theorem is the extension of

the variational principle to the Helmholtz free energy:

AT
[
ntrial

]
= (2.29)

min
%̂trial→ntrial

tr

[
%̂trial

(
T̂ + V̂ee +

1

β
ln %̂trial

)]
+

∫
dr ntrial (r) v (r) ≥

min
%̂0→n0

tr

[
%̂0

(
T̂ + V̂ee +

1

β
ln %̂0

)]
+

∫
dr n0 (r) v (r) = AT [n0] .

The proof [55] is identical to the zero-temperature case shown in the previous sec-

tion. The solution to the eigenvalue equation Ĥ |Ψ〉 = E |Ψ〉 can be transformed

into a minimisation problem of the Lagrangian:

LT [n] = min
%̂→n

{(
tr

[
%̂Ĥ

]
− T tr [%̂ ln %̂]

)
− E (〈Ψ [%̂] |Ψ [%̂]〉 − 1)

}
(2.30)

such as
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δLT [n]

δn
= 0 =⇒





δLT
δ 〈Ψu| = 0

∂LT
∂pu

= 0

=⇒
[
%̂, Ĥ

]
= 0. (2.31)

And hence the finite-temperature ground-state density operator %̂ is the solution to

the time-independent Schrödinger equation (1.17).

From Eq. (2.26), it can be inferred that at zero-temperature, AT =0 [n] = E [n].

If the zero-temperature ground-state is non-degenerate, the probabilities {pu} be-

come identically equal to zero except for the ground-state wavefunction, and the

system is found in a pure state where the entropy term is identically zero. If, on

the contrary, the zero temperature ground-state is degenerate, it remains true that

T = 0 =⇒ AT =0 [n] = E [n]. However, the probabilities {pu} are not integer

numbers, and the entropy term S [{pu}] is not equal to zero [47].

2.4 Kohn-Sham mapping

The Hohenberg-Kohn theorems demonstrate that, at the ground-state, the whole

system of N interacting electrons can be uniquely described by their electronic

density, n (r). Although this is a tremendous advance in our understanding of the

N -electron problem, it yields very little applicability for practical calculations,

because the exact form of the universal functional FT [n] is unknown.

The theory developed by Kohn and Sham [56] establishes an exact correspon-

dence between the system of N interacting electrons and a fictitious system of N
non-interacting electrons moving in an effective potential. The impressive feature

of this correspondence is that the non-interacting and interacting systems are as-
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sociated to the same ground-state electronic density. The original proof by Kohn

and Sham was developed for the canonical ensemble at zero temperature. The ex-

tension to T > 0 is very well described by Parr and Yang [36]. Here, we will

develop the Kohn-Sham mapping for the finite-temperature case, and return to the

zero-temperature scheme simply by setting T = 0.

The form of the universal functional FT [n] of the interacting system can be

manipulated to be written exactly as:

FT [n] = T [n] + Eee [n]− T S [n] (2.32)

= Ts [n] + EH [n] + Exc [n]− T Ss [n] ,

where Ts [n], EH [n] and Ss [n] are the kinetic, the Hartree energy and the entropy

terms of the system of non-interacting electrons, respectively, and Exc [n] is the

exchange-correlation term, which by definition is equal to:

Exc [n] = (T [n]− Ts [n]) + (Eee [n]− EH [n])− T (S [n]− Ss [n]) . (2.33)

Assuming for now that the N -electron wavefunctions are orthonormal, following

the variational principle of DFT, the ground state can be found as in Eq. (1.18) by

imposing δLT [n] = 0, where LT is the Lagrangian:

LT [n] = E [n]− T S [n]− µ

(∫
dr n (r)−N

)
. (2.34)

The parameter µ is an undetermined Lagrange multiplier that ensures conservation

of the number of electrons. Once the ground-state has been found, µ is equal to the
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Fermi level. The condition δLT [n] = 0 gives:

δTs

δn
+ vKS (r)− T Ss

δn
= µ, (2.35)

where vKS (r) is the effective potential:

vKS (r) =

∫
dr′

n (r′)
|r− r′| + vxc (r) + v (r) , (2.36)

with vxc (r) =
δExc

δn
. Equation (2.35) could have been derived from a different

starting point, by assuming that the N electrons were indeed non-interacting but

subject to an effective potential vKS (r) generated by an external source. The inter-

pretation of this result is that the problem of N interacting electrons subject to the

external potential v (r) is formally equivalent to the problem of N non-interacting

electrons under the effective potential vKS (r). According to the first Hohenberg-

Kohn theorem, both systems are associated to the same electronic density, n (r).

The many-electron wavefunction of the problem of non-interacting electrons

can be constructed as an antisymmetrised Slater determinant that combines the

products of one-electron molecular orbitals {ψi} [57]. The one-electron orbitals

are the eigenstates of one-electron Hamiltonians
{
ĥi

}
, such as:

ĥi |ψi〉 = εi |ψi〉 , (2.37)

where {εi} are the energy eigenvalues of the one-electron orbitals. In the real-space

representation, ĥi takes the form:

hi (r) = −1

2
∇2

r + vKS (r) . (2.38)
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The many-electron Hamiltonian operator is the sum of the one-electron Hamilto-

nians:

Ĥ =
∑

i

ĥi. (2.39)

Each orbital ψi is occupied with a probability fi, with 0 ≤ fi ≤ 1. Following

the aufbau principle, the lower-energy states must have a higher probability to be

occupied. On the other hand, the fixed number of electrons in the system imposes

the constraint:

∑

i

fi = N . (2.40)

In the free electron model, the occupancies of each state are given by the Fermi-

Dirac distribution:

fi (εi) =

(
1 + exp

[
εi − µ

kBT
])−1

. (2.41)

The Fermi-Dirac distribution is derived from the principle that the electrons are

fermions of spin ½. As mentioned earlier, this condition implies that the electrons

must be indistinguishable and that no two electrons can be found in the same state

simultaneously. Associated to the Fermi-Dirac distribution there is the following

entropy term:

Ss [{fi}] = −kB

∑

i

[fi ln fi + (1− fi) ln (1− fi)] . (2.42)

The system of non-interacting electrons is nevertheless in a mixed quantum

state, formed by microstates {ψi} with probabilities {fi}. Therefore, the system

can only be described in terms of a density operator. The one-particle density
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operator, %̂, defined as:

%̂ =
∑

i

fi |ψi〉 〈ψi| , (2.43)

fully describes the fictitious system ofN non-interacting electrons, where the con-

dition (2.40) implies:

tr [%̂] = N . (2.44)

The representation of %̂ in real-space is known as the one-particle density matrix,

ρ (r, r′), defined as:

ρ (r, r′) = 〈r|%̂|r′〉 =
∑

i

fi 〈r|ψi〉 〈ψi|r′〉 =
∑

i

fiψi (r)ψ
∗
i (r′) . (2.45)

The collection of diagonal elements of ρ (r, r′) forms the electronic density, n (r):

n (r) =
∑

i

fiψi (r)ψ
∗
i (r) . (2.46)

In close-shell calculations, the one-electron orbitals of opposite spin are iden-

tical3: ψi = ψ↑i = ψ↓i . On the other hand, in open-shell calculations the two spin

channels are considered to be different: ψ↑i 6= ψ↓i . The one-electron Hamiltonian

is also assumed to be different for each spin channel: ĥ↑i 6= ĥ↓i . Different spin

channels can be established for the one-particle density operator (%̂↑ 6= %̂↓), density

matrix (ρ↑ (r, r′) 6= ρ↓ (r, r′)), and electronic density (n↑ (r) 6= n↓ (r)), such as:

3Notation: ψ↑i (r) = ψi (r, ↑), and ψ↓i (r) = ψi (r, ↓)
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%̂ = %̂↑ + %̂↓, (2.47)

ρ (r, r′) = ρ↑ (r, r′) + ρ↓ (r, r′) , (2.48)

n (r) = n↑ (r) + n↓ (r) . (2.49)

Naturally, the amount of computation doubles in open-shell calculations compared

to closed-shell calculations.

The hermiticity of Ĥ implies that the Kohn-Sham states {ψi} are orthogonal to

each other if they belong to different eigenvalues {εi}. If degeneracy is present,

Kohn-Sham states corresponding to the same eigenvalue can be constrained to be

orthonormal to each other. An unconstrained minimisation of the Lagrangian:

LT [n] = E [n]− T S [n]− µ

[∫
dr n (r)−N

]
−

∑

ij

λij [〈ψi|ψj〉 − δij] ,

(2.50)

where {λij} are undefined Lagrange multipliers that account for orthonormality of

{ψi}, gives rise to orthonormal solutions of the Kohn-Sham equations. The varia-

tional principle of DFT ensures that LT
[
ntrial

] ≥ LT [n0] for any trial electronic

density, ntrial (r).

Although the density of the interacting and non-interacting N -electron prob-

lems is identical, the energy functional is different. The energy functional that

corresponds to the non-interacting system is referred to as the band-structure en-

ergy:
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EBS [n] = tr
[
%̂Ĥ

]
=

∑

i

fiεi. (2.51)

To obtain the energy of the interacting system, the band-structure energy must

be corrected to take into account the double-counting of the Coulomb electron-

electron repulsion and corrections to the exchange-correlation energy, resulting in

the functional [58]:

E [n] = EBS [n]− 1

2

∫

V
drdr′

n (r)n (r′)
|r− r′| +

∫

V
dr n (r) vxc (r)−Exc [n] . (2.52)

The Kohn-Sham mapping for zero-temperature DFT can be derived almost

straightforward by setting T = 0. Under this condition, the Lagrangian (2.34)

simplifies to:

L [n (r)] = E [n (r)]− µ

[∫
dr n (r)−N

]
, (2.53)

and its derivative becomes:

δTs

δn
+ vKS (r) = µ, (2.54)

which is the original expression obtained by Kohn and Sham. Also, at T = 0, the

Fermi-Dirac distribution collapses into the Heaviside step function (see Fig. 2.1),

and {fi} are assigned integer numbers:
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fi =





1 εi ≤ µ

0 εi > µ.

(2.55)

Figure 2.1: Fermi-Dirac distribution for different values of the electronic temperature.

At zero temperature, µ is an estimation of the chemical potential, and marks the

barrier between occupied and unoccupied levels of the system. Since the occupan-

cies are identically either zero or one, it follows that that the one-particle density

operator is idempotent:

%̂2 = %̂. (2.56)

According to this result, the system ofN non-interacting electrons is in a pure state

at T = 0.
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2.5 The exchange-correlation functional

With the Kohn-Sham mapping, all the complexity inherent to the system of N in-

teracting electrons is shifted to the exchange-correlation functional, of which its

exact form is unknown. The great success of the Kohn-Sham model is due to the

fact that accurate approximations of Exc [n] can be developed for calculations on

a wide range of systems. The quest towards more refined and consistent approxi-

mations of Exc [n] has led to a large collection of exchange-correlation functionals

[59]. Eventually, the choice of the form of Exc [n] is motivated by the kind of

system under simulation and the physical properties that are under scrutiny. A

universal exchange-correlation functional is not yet available.

Numerous methods separate Exc [n] into the exchange and correlation parts,

as in Exc [n] = Ex [n] + Ec [n]. The Hartree-Fock exchange energy is known

analytically in terms of the one-electron orbitals and their occupancies [60]:

EHF
x [{fi} , {ψi}] = −1

2

∑

ij

fifj

∫ ∫
drdr′

ψ∗i (r)ψ∗j (r′)ψi (r
′)ψj (r)

|r− r′| , (2.57)

but no exact expression of Ex [n] as a functional of n (r) is known.

In the local density approximation (LDA), the total exchange-correlation en-

ergy is calculated by extrapolating the function εLDA
xc (n), defined as the energy per

electron in the uniform electron gas, to every infinitesimal volume dr containing

dr n (r) electrons:

ELDA
xc [n] =

∫
dr n (r) εLDA

xc (n) . (2.58)

The exchange-correlation potential calculated after differentiation of (2.58) pro-
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duces:

vLDA
xc (r) =

δELDA
xc

δn
= εLDA

xc (n) + n (r)
δεLDA

xc

δn
. (2.59)

The function εLDA
xc (n) can also be separated into the exchange and correlation

parts, εLDA
xc (n) = εLDA

x (n)+εLDA
c (n). The exchange part is calculated following

the Thomas-Fermi-Dirac model [36] as:

εLDA
x (n) = −3

4

(
3

π

)1/3

n1/3 (r) , (2.60)

which, integrated as in (2.58) results in the LDA exchange energy:

ELDA
x [n] = −3

4

(
3

π

)1/3 ∫
dr n4/3 (r) . (2.61)

LDA functionals yield accurate results in calculations on systems where varia-

tions of the electronic density are smooth and uniformity is the rule. The corre-

lation energy of the uniform electron gas has been studied analytically by Gell-

Mann and Bruecker [61] and numerically by Ceperley and Alder [62]. Successful

LDA functionals include the Ceperley-Alder-Perdew-Zunger (CAPZ) [63] and the

Vosko-Wilk-Nusair (VWN) [64], which are different parametrisations of the LDA

exchange and correlation terms.

Non-uniform systems tend to display a rapidly-varying electronic density. Non-

local exchange-correlation functionals include the dependency of the exchange-

correlation energy on the gradient of the electronic density, ∇n (r). The family of

exchange-correlations produced in this way is termed the generalised gradient ap-

proximation (GGA) [65]. The generalised form of a GGA functional corresponds

to the real-space integration of a function ϕGGA
xc that depends on the electronic
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density and its gradient:

EGGA
xc [n] =

∫
dr ϕGGA

xc (n (r) ,∇n (r)) . (2.62)

Functionals that belong to this family are the class of functionals developed by

Becke (B86 [66] and B88 [67]), Lee-Yang-Parr (LYP) [68], Perdew-Wang (PW91)

[69], Perdew-Burke-Ernzerhof (PBE) [70], and revised-PBE (RPBE) [71]. An-

other class of functionals, termed Meta-GGA functionals, include higher order

derivatives of the electronic density:

Emeta−GGA
xc [n] =

∫
dr ϕmeta−GGA

xc

(
n (r) ,∇n (r) ,∇2n (r) , . . .

)
. (2.63)

Examples of meta-GGA parametrisations are the functionals of Perdew-Kurth-

Zupan-Blaha (PKZB) [72] and Tao-Perdew-Staroverov-Scuseria (TPSS) [73].

A different class of functionals adds a fraction of the exact Hartree-Fock ex-

change energy to improve the accuracy of the calculation. These are called hybrid

functionals, amongst which the B3LYP functional of Becke [74]:

EB3LY P
xc [n] = (1− α0 − αx)E

LDA
x [n] + α0E

HF
x [{fi} , {ψi}] (2.64)

+ αxE
B88
x [n] + (1− αc)E

V WN
c [n] + αcE

LY P
c [n] , (2.65)

where α0, αx and αc are chosen according to the parametrisation of Stevens et al.

[75], must be highlighted.

According to (2.33), there is a parametric dependence of Exc [n] on the elec-

tronic temperature T . However, to the best of our knowledge, very few approaches
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take into account the effect of T in the exchange-correlation term [76]. In finite-

temperature Kohn-Sham DFT approaches, the parametric dependence of Exc [n]

on T is usually relegated to its effect on the Kohn-Sham orbitals and their occu-

pancies, which gets transferred into the electronic density n (r). The exchange-

correlation term is then calculated using one of the aforementioned methods.

2.6 Basis set functions

The wavefunction space H was defined in Section 1.1 as the Hilbert space of

square-integrable wavefunctions capable of describing a quantum system. A sub-

set B ∈ H is said to be a basis set of H if any wavefunction included in H can

be written as a linear combination of the elements in B. The wavefunction space

H has infinite number of dimensions, and so B must contain an infinite number of

elements in order to span H completely.

In Kohn-Sham DFT approaches, each one-electron molecular orbital ψi ∈ H
can be expanded as:

|ψi〉 =
∞∑

b=1

|χb〉 cbi, (2.66)

where {χb} ∈ B and {cbi} are the expansion coefficients. An expansion of the

kind of (2.66) will carry an unbearable cost, since an infinite number of {cbi} must

be computed and stored. A more tractable approach to DFT calculations must

be found, and the answer, inevitably, must be to reduce the dimensionality of the

problem by using a finite number of basis set functions.

A reasonable accuracy can be obtained in most practical calculations if only

a subspace H′ ⊂ H, is sampled, where H′ has a finite number of dimensions,
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0 < ς < ∞. The condition of completeness implies that H′ → H when ς → ∞.

The Kohn-Sham states can then be expanded as a linear combination of the basis

set functions {χb} ∈ B′ ⊂ H′ as:

|ψi〉 =

Nb∑

b=1

|χb〉 cbi, (2.67)

where Nb is the number of basis set functions in B′, with ς ≤ Nb < ∞. As a

result, {ψi} ∈ H′. The degree of completeness of a basis set is judged based on

the value of ς , which defines the dimensionality of H′. A basis set capable of

spanning a subspace with larger ς is expected to yield more accurate results. This

is an ideal situation in which the accuracy can be systematically controlled by a

single parameter, ς , which controls the dimensionality of H. Very often, this task

is accomplished by adding new basis set functions that are linearly-independent

of all the rest. As one might imagine, adding new basis set functions is not cost-

free. A larger basis set will result in a larger number of expansion coefficients

{cbi}, which will require more time, memory and power to be computed correctly

[57, 77].

The choice of basis set is therefore crucial for the accuracy and performance

of a given DFT algorithm, to the point that many available programs are defined

by the type of basis set that they use. Generally speaking, the most successful

choices of basis sets are those that allow systematic improvement of their degree

of completeness. Basis sets formed by Gaussian-type orbitals (GTOs) [78–83] can

be analytically manipulated, which makes operations such as derivatives or inte-

grals extremely efficient. Programs such as GAUSSIAN [84] or NWCHEM [85] use

multiple-ζ Gaussian basis sets for accurate DFT calculations. Basis sets of Slater-

type orbitals (STOs) [86] have a different analytical form and are used in programs
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such as ADF [87]. Daubechies wavelets are used in the BIGDFT program [88]

with optimum results. Plane-wave basis sets [40] are the typical choice for simu-

lating periodic systems such as crystals, surfaces and wires. Programs like ABINIT

[89], CASTEP [90], GPAW [91], QUANTUM EXPRESSO [92], S/PHI/NX [93], VASP

[94, 95] or Wien2K [96], use plane-wave basis sets. Plane-waves are also used in

Gaussian-basis-set methods to calculate the Hartree energy in a computationally-

efficient manner [97], for example in the QUICKSTEP program [98].

2.7 Periodic systems and plane waves

Systems that extend periodically in space, such as crystalline structures and sur-

faces, can be very well described with a basis set of plane-waves. A complete study

of periodic systems and their characterisation can be found in Ref. [99]. Also, the

review by Payne et al. [40] offers a comprehensive review of plane-wave methods

applied to Kohn-Sham density functional theory and periodic systems. We refer

the reader to these sources for further reading. In this section, we summarise the

main features of DFT calculations on periodic systems using plane-waves.

A given atomic system is said to be periodic with the periodicity of a Bravais

lattice if the Kohn-Sham potential meets the condition:

vKS (r) = vKS (r + R) , (2.68)

where R = n1a1 + n2a2 + n3a3 is a lattice vector in real space, and n1, n2 and n3

are integer numbers. The vectors a1, a2 and a3 are the primitive lattice vectors that

define the volume of the periodic cell, Vcell = a1 · (a2 × a3). A reciprocal Bravais

lattice with primitive lattice vectors b1, b2 and b3, can be defined with the rule:
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eıG·R = 1, (2.69)

where G = m1b1 + m2b2 + m3b3 is a reciprocal lattice vector, and m1, m2 and

m3 are integer numbers. Equation (2.69) implies G ·R = 2πm, with m being an

integer number. Therefore:

bi · aj = 2πδij. (2.70)

The vectors b1, b2 and b3 define the volume of the first Brillouin zone:

V1BZ = b1 · (b2 × b3) =
(2π)

3

Vcell
. (2.71)

The first Brillouin zone corresponds to the volume that is closer to a k-point than to

any other k-point in the reciprocal lattice. The entire reciprocal lattice can be con-

structed by superposing consecutive translations of the first Brillouin zone along

the vectors b1, b2 and b3 in integer steps.

The solutions of the Kohn-Sham equations with a periodic potential, denoted

by {ψik}, take the form given by Bloch’s theorem [100]:

ψik (r) = eık·ruik (r) , (2.72)

where eık·r is a plane-wave and uik (r) is a function with the periodicity of the

Bravais lattice, i.e., uik (r + R) = uik (r). The periodicity of uik implies that:

ψik (r + R) = eıkRψik (r) . (2.73)

Each ψik defines an energy band, with value εik, and occupancy fik within the
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range 0 ≤ fik ≤ 1. Expanding uik (r) as a linear combination of infinite plane-

waves, the Bloch states become:

ψik (r) =
∑

G

ci,k+Ge
ı(k+G)·r. (2.74)

In practice, plane-wave methods limit the sum over G by establishing a spherical

cut-off radius in the reciprocal space, denoted by |Gc|. In an equivalence to the

expression of the kinetic energy of an electron (in atomic units), the plane-wave

kinetic energy cut-off is defined as:

Ec =
1

2
|Gc|2. (2.75)

The accuracy of the plane-wave basis set is therefore well-controlled by the sin-

gle parameter Ec. A higher kinetic energy cut-off automatically results in a more

complete plane-wave basis set.

For each vector R in the direct lattice, there is a vector k in the reciprocal lattice

that satisfies Eq. (2.73). If the system is periodic but finite in size, the number of

periodic replica in every direction is limited, and so the number of k-points is

also finite. If the system is assumed to extend an infinite number of times in each

direction, then the number of k-points is also infinite. The range of k vectors that

need to be sampled can be limited by taking into account the effect of the boundary.

The Bloch states can be requested to be periodic under Born-von Karman periodic

boundary conditions:

ψik (r) = ψik (r + niai) , (2.76)

where ni is an integer number and ai is a primitive lattice vector. Imposing (2.73)
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and (2.76) simultaneously, it follows that:

ψik (r + niai) = eınik·aiψik. (2.77)

The k vectors can be expanded in terms of the reciprocal lattice vectors as k =
∑

j xjbj , where {xj} take real values. Introducing this expansion in (2.77), and

using the condition (2.70), it follows that:

e2πı
P

j xjnj = 1, (2.78)

which implies that

xj =
mj

nj
, j = 1, 2, 3, (2.79)

where {mj} are integers. The resulting k vectors with coefficients {xj} span a

lattice with vectors bj/nj , of volume (2π)
3
/Vcell. This is the volume of the first

Brillouin zone, as shown in Eq. (2.71). Therefore, under periodic boundary condi-

tions, sampling the k-points within the first Brillouin zone suffices to characterise

the band-structure of the entire periodic system. In an finite periodic system, there

is a finite number of k vectors in the first Brillouin zone. On the other hand,

infinitely periodic systems show a continuous spectra of k-points in the first Bril-

louin zone. Numerical methods such as the ones developed by Baldereschi [101]

and Monkhorst and Pack [102] simplify the k-point sampling by taking into con-

sideration the symmetry groups of the lattice, and reduce the integration over a

continuous range to a finite sum of certain k-points.

Plane-wave approaches can also be successfully applied to non-periodic sys-

tems using the supercell approach, where the primary simulation cell in real space
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is made sufficiently large as to avoid interactions between atoms in periodic repli-

cas. The extra space is then filled with vacuum or any form of continuous medium

in which the system is embedded. Enlarging the volume of the cell is not normally

cost-free, as it is filled with plane-waves. As the volume of the cell increases,

the first Brillouin zone becomes progressively smaller, and the reciprocal space

representation of the Bravais lattice contracts, according to Eq. (2.71). As a conse-

quence, the system can be correctly described by only one k-point, (k = 0, dubbed

the Γ-point), and the formalism is greatly simplified.

Plane-wave basis sets have certain intrinsic advantages, such as the lack of the

basis set superposition error (BSSE) [103] and the independence of the nuclear

coordinates, which allows the calculation of the energy derivatives simply with

the Hellmann-Feynman theorem. Numerically speaking, they are a convenient

basis set for calculating different components of the energy functional, such as the

kinetic energy or the Coulomb potential, that take a simpler form in the reciprocal

space [104]. Fast Fourier transforms [105, 106] are routinely used in plane-wave

methods to transform the Bloch states into the reciprocal space.

2.8 Core electrons

The electronic structure of a given atomic system is determined almost entirely

by the valence electrons, which are the ones that are likely to be found at long-

range distances from the nuclear centres. The core electrons, on the other hand,

are tightly-bound and confined to a limited region in the vicinity of the nuclei, and

are less exposed to changes in the chemical environment. Therefore, the role of

the core electrons in the electronic properties of a system is typically negligible. It

then becomes possible to obtain an accurate description of the electronic structure
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of a system even if the treatment of the core electrons is simplified in some way

[40].

From a computational perspective, there is a good reason to avoid explicit equa-

tions involving the core electrons. The combination of spatial confinement of the

core electron wavefunctions and the constraint on orthonormality of the Kohn-

Sham states provokes rapid oscillations of the core-electron wavefunctions in the

region near the nuclear centres. An accurate plane-wave representation of the

wavefunctions near the nuclei will require a extraordinarily large number of ba-

sis set functions that will make the calculation impractical.

The pseudopotential approximation [107–115] eliminates the explicit treatment

of the core electrons from the problem. A pseudopotential operator, v̂ps, that

screens the Coulomb potential in the short range and converges asymptotically

to 1/r as r → ∞, where r is the distance from the nuclear centre, is added to

the system’s Hamiltonian. The eigenstates of the corrected Hamiltonian, ψps, are

smoother in the short-range distances, and can now be accurately represented with

a finite plane-wave basis set. The pseudised wavefunctions converge to the original

wavefunctions in the long range. The pseudopotential approximation is depicted

in Figure 2.2.

Norm-conserving pseudopotentials [111] are designed to conserve the scatter-

ing properties of the nuclei while maximising the transferability of the pseudopo-

tential to any chemical environment. The procedure devised by Kleinman and

Bylander [109] yields norm-conserving pseudopotentials composed by the sum of

a local part and a non-local part:

v̂ps = v̂local + v̂nl. (2.80)
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Figure 2.2: Pseudopotential approximation. The pseupotential Vpseudo converges to 1/r
after a given radial cut-off rc. The pseudised wavefunction, ψpseudo, is smooth near the
core and converges to the original one in the long-range. Image extracted from Ref. [40].

The non-local potential is constructed using the projector algebra as:

v̂nl =
lmax∑

l=0

l∑

m=−l

|ξlm〉 〈ξlm|
〈χlm|v̂l|χlm〉 , (2.81)

where v̂l is a different potential for each angular momentum channel, and |ξlm〉 =

v̂l |χlm〉, where {χlm} are core eigenstates of each atom.

The ultrasoft pseudopotentials developed by Vanderbilt [113] allow plane-wave

calculations with lower kinetic energy cut-off than the norm-conserving ones, in-

creasing the computational speed. A completely different methodology, known as

the projector-augmented wave method (PAW), developed by Blöchl [116], uses the

frozen-core approximation to enable all-electron plane-wave calculations without

pseudopotentials.
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2.9 Linear-scaling density functional theory

The performance of a given computational algorithm can be measured in many

different ways. For example, one might judge the performance of a program by the

amount of computational resources that are required to execute it (memory size,

number of CPUs, etc), energy efficiency (consumption of electricity in kWh in a

given computer), or even in monetary terms. Performance can also be judged by

the time-to-solution, that is, the lapse of time that the algorithm needs to complete

all the scheduled operatons when executed in a given target machine. Taking a step

forward, one might ask about how the running cost would increase if the number

of degrees of freedom of the problem that we wish to solve also increased. This is

performance measured in terms of the scaling with the system size

Considering a problem of size N , the cost of executing a given computer pro-

gram, which we denote by C (N), is the result of adding the cost of executing each

of the individual subroutines that take place during the run-time. In more mathe-

matical terms, a polynomial expansion of C (N) in terms of powers of N gives rise

to the expression:

C (N) =
∞∑

s=0

λsN
s. (2.82)

where {λi} are the prefactors associated to each term of the sum. Put in this form,

the condition for an algorithm to be linear-scaling is clear:

{λi}∞i=2 → 0, (2.83)

so that the polynomial expansion (2.82) can be truncated to first order, producing

the straight line:
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C (N) = λ0 + λ1N. (2.84)

The term λ0 is the prefactor, i.e., the cost of running a calculation of size N = 0,

and the term λ1 is the slope of the straight line, which indicates how rapidly the

cost increases with N . Numerical algorithm whose cost C (N) scales as (2.84) are

said to scale as O (N), and are referred to as linear-scaling methods.

Most algorithms for Kohn-Sham DFT (within the finite basis set limit) scale

as O (
N3

)
, and so they are said to be cubic-scaling. These implementations es-

sentially follow a self-consistent field (SCF) optimisation using a variation of the

Roothaan’s algorithm [117]. Typical O (
N3

)
-scaling operations routinely per-

formed in Kohn-Sham DFT methods are diagonalisation of the Hamiltonian ma-

trix, orthogonalisation of {ψi}, and multiplication and inversion of dense matrices.

In plane-wave approaches, fast Fourier transforms (FFTs) are necessary, with each

FFT scaling as O (N logN). With N FFTs being required, the total cost scales as

O (
N2 logN

)
. If a linear-scaling DFT approach is to be devised, all non-linear-

scaling steps must be completely avoided. This is not a straightforward accom-

plishment. Linear-scaling DFT methods rely on well controlled approximations

to reduce the computational cost to the O (N) regime. We refer the reader to the

reviews by Goedecker [118] and Bowler and Miyazaki [119] for a detailed discus-

sion on linear-scaling DFT methods.

The complexity of the N -electron problem in crystals and molecules can be

greatly diminished if locality of the electronic structure can be introduced into the

model. The review by Goedecker [118] has an excellent discussion on localisation

in electronic structure theory. It can be shown that the one-particle density matrix,

ρ (r, r′), of an insulating system decays exponentially as:
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ρ (r, r′) ∝ exp (−$ | r− r′ |) , (2.85)

where$ is a constant that is proportional to the band-gap of the system [120]. Due

to the large band-gap present in insulators, the effect of finite-temperature can be

completely discarded, unless the value kBT is abnormally large and comparable to

the energy gap. In metallic systems (using the jellium model, or uniform electron

gas), at finite temperature T , ρ (r, r′) decays as an exponentially-modulated wave

[120, 121]:

ρ (r, r′) ∝ kF
cos (kF | r− r′ |)

| r− r′ |2 exp

(
−ckBT

kF
| r− r′ |

)
, (2.86)

where kF is the modulus of the wave vector associated to the Fermi surface and c

is an order-1 constant. At zero temperature, the above expression yields algebraic

decay:

ρ (r, r′) ∝ kF
cos (kF | r− r′ |)

| r− r′ |2 . (2.87)

This property of localisation of ρ (r, r′) gives rise to the notion of “nearsight-

edness” of the electronic matter, a model put into mathematical terms by Kohn et

al. [122, 123]. Nearsightedness cannot be exploited efficiently with a formalism

based on Bloch states that are delocalised to fill all the space in the cell. Wannier

[124] proposed a transformation of the Bloch states which effectively introduces a

set of semi-localised orbitals, {wiR}, defined as:

wiR (r) =

(
V

2π3

)1/2 ∫

1BZ

dk ψik (r) eık·R, (2.88)

where R is a primitive lattice vector as defined in Section 2.7. Wannier functions
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have been found to decay exponentially with the radial distance in insulators and

finite-temperature calculations [125–128], and their spread in the real space gives

a suitable measure of locality in the system [129]. The representation of the one-

particle density matrix (2.45) in terms of the Wannier functions is:

ρ (r, r′) =
∑

i

fi

∑

R

wiR (r)w∗iR (r′) . (2.89)

One might then conclude that a small error would be introduced in those elements

of ρ (r, r′) which are separated far apart, were truncated. In doing so, the numeri-

cal manipulation of the truncated elements is avoided altogether, and the computa-

tional cost is effectively reduced. After truncation, each of the Wannier functions is

strictly localised within finite region of space, termed the localisation region. The

superposition of Wannier localisation regions results in a wider molecular locali-

sation region. In order to achieve linear-scaling, all the quantities that are related

to the system are calculated only within the boundaries of the molecular localisa-

tion region, and everything outside is ignored or considered to be equal to zero.

Linear-scaling methods rely on spatial truncation of the electronic structure as a

well-controlled approximation to reduce the computational cost of the calculations.

A first practical implementation of linear-scaling DFT was the “divide-and-

conquer” approach by Yang [130]. However, it is the approach originally proposed

by Galli and Parrinello [131], based on the expansion of the Kohn-Sham states

in terms of localised orbitals, that has gather a wider attention in the electronic-

structure community. There are many examples of electronic structure methods

that localised orbitals in one form or another [132–136]. The large band-gap of

insulators and semi-conductors allows zero-temperature Kohn-Sham DFT calcula-

tions to be performed efficiently. The occupancies {fi} take integer values (either

85



CHAPTER 2. DENSITY FUNCTIONAL THEORY

zero or one), and the entropic term vanishes. The density matrix is thus idempo-

tent. Approaches such as the McWeeny purification transformation [137], the sign-

matrices density mixing method [138], the Fermi operator expansion approach

[139, 140], and the Krylov-subspace techniques [141], are methods for calculating

ρ (r, r′) without explicitly diagonalising Ĥ or orthonormalising {ψi}, thus avoid-

ing some of the most important computational bottlenecks for linear-scaling DFT.

2.10 Localised orbitals

Many linear-scaling DFT approaches based on localised orbitals have been devel-

oped [131, 142–157]. The mathematical model that enables efficient algorithms

based on this formalism is as follows. Consider a set of Nφ atom-centred or-

bitals {φα} which are constrained to be strictly localised within a certain region

of space near the atoms associated to them (typically in spherical volumes), which

can be denoted generically by {LR (φα) (r)}. The Kohn-Sham states can then be

expanded as a linear combination of {φα} as:

|ψi〉 = |φα〉Mα
i . (2.90)

where {Mα
i} are the expansion coefficients, which are the elements of the rep-

resentation transformation matrix M. In the above equation and in what follows,

unless otherwise mentioned, the Einstein convention of implicit summation over

repeated Greek indices is adopted. According to (2.90), the resulting Kohn-Sham

states are constrained to be strictly localised within a finite region of space, formed

by the union of all {LR (φα (r))}:
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LR (ψi (r)) =

Nφ⋃

α=1

LR (φα (r)) . (2.91)

The Kohn-Sham states are considered to be exactly zero outside this volume. This

is a well-controlled approximation, for in the limit of infinitely large localisation

regions, the results with fully unconstrained (delocalised) Kohn-Sham states are

recovered.

The localised functions {φα} can be chosen to be orthonormal [135, 157].

However, imposing localisation and orthogonality constraints upon {φα} is not

always straightforward. The requirement of orthonormality can be relaxed and

non-orthogonality of {φα} can be assumed by default. If that is the case, how-

ever, the tensorial algebra of curved manifolds must be used [158–160]. The set of

spatially-localised Kohn-Sham states {ψi} form a complete basis of the complex

Hilbert space H′ ⊂ H. On the other hand, the localised functions {φα}, defined

after the transformation M (2.90), also form a complete basis set of H′, albeit

non-orthogonal, so long as {φα} are linearly-independent functions. A set of dual

functions {φα} that verify the biorthonormality condition:

〈φα | φβ〉 = δα
β. (2.92)

can be calculated from the duality relations:

|φα〉 = |φβ〉Sβα, (2.93)

|φα〉 = |φβ〉Sβα. (2.94)

where {Sαβ} and
{
Sαβ

}
are the elements of the overlap matrix S and the inverse

overlap matrix S−1, respectively, defined as:
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Sαβ = 〈φα | φβ〉 , (2.95)

Sαβ = 〈φα | φβ〉 = (Sαβ)
−1
. (2.96)

The inverse overlap can be calculated at a linear-scaling cost with the Hotelling al-

gorithm [161]. The functions {φα} are rank-one covariant tensors (identified with

Greek subscript), while {φα} are rank-one contravariant tensors (identified with a

Greek superscript). Any operator represented in terms of {φα} or {φα} will in-

herit the covariant or contravariant tensorial character, respectively. Contravariant

indices can be made covariant by multiplication with S, whereas covariant indices

can be made contravariant by multiplication with S−1. Multiplication of tensors

can only involve a pair of covariant and contravariant indices, and tensors of the

same kind can be multiplied after mediation of the appropriate overlap matrix. The

energy functional, ultimately calculated as the trace of the product of covariant and

contravariant tensors, is tensor-invariant (or a rank-zero tensor). Derivatives of the

total energy with respect to covariant functions {φα} produce rank-one contravari-

ant tensors:

δE

δ 〈φα| = |gα〉 , (2.97)

while derivatives with respect to contravariant functions {φα} produce rank-one

covariant tensors:

δE

δ 〈φα| = |gα〉 . (2.98)

The dual functions {φα} also form a complete basis set of H′. Therefore, the
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Kohn-Sham orbitals {ψi} can be expanded in terms of {φα} as:

|ψi〉 = |φα〉Mαi , (2.99)

where

Mαi = SαβM
β
i . (2.100)

The elements of the overlap matrices {Sαβ} and
{
Sαβ

}
, and of the transformations

{Mα
i} and {Mαi}, are related as:

Sαβ =
∑

n

MαnM
†
nβ (2.101)

Sαβ =
∑

n

Mα
nM

†β
n , (2.102)

which implies that (Mαn )
−1

= M †α
n . The one-particle density matrix ρ (r, r′) can

be represented in terms of {φα} as:

ρ (r, r′) = φα (r)Kαβφβ (r′) , (2.103)

where
{
Kαβ

}
are the elements of a matrix K, defined as:

Kαβ =
∑

i

Mα
ifiM

†β
i . (2.104)

The matrix K of elements
{
Kαβ

}
is the non-diagonal representation of the one-

electron density operator %̂ in terms of the contravariant functions {φα}:

Kαβ = 〈φα|%̂|φβ〉 . (2.105)
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In the {φα} representation, the Hamiltonian operator becomes

Hαβ = 〈φα|Ĥ|φβ〉 . (2.106)

The matrices K, S and H, as well as any other matrix represented in the {φα} or

{φα} representations, are square matrices of size Nφ.

One of the fundamental advantages of the formalism of localised functions is

that it brings sparsity to the Hamiltonian matrix H and to the overlap matrix S,

due to the limited overlap between localised functions centred on different atoms.

Regarding K, an extra approximation based on nearsightedness of ρ (r, r′) must be

made: the matrix elements Kαβ that belong to atoms separated beyond a spatial

cut-off threshold, Rc, are truncated, i.e., set to zero. In such way, dense algebra,

which is one of the main impediments for linear-scaling DFT calculations, is effec-

tively substituted by sparse algebra, which is linear-scaling in the limit of sufficient

sparsity.

Examples of localised functions used in linear-scaling DFT approaches are

pseudoatomic orbitals (PAOs) [162, 163] (used by the SIESTA program [164–168],

as well as by CONQUEST [169]), numerical atomic orbitals (NAOs) [170] (used

in the FHI-AIMS program), Gaussian functions [171] and spherical waves [172].

With these approaches, multiple-ζ basis sets can be constructed in a systematic

way, and the accuracy of the calculation is controlled by the number and shape of

the functions included in the basis set. In some approaches, the localised func-

tions {φα} are expanded in terms of an underlying basis set of functions {Dp},

and optimised in situ to attain chemical accuracy. This technique has the advan-

tage of reducing the dimensions of the matrices expressed in terms of {φα} to

the minimum size, usually comparable to that of a single-ζ basis set. Examples
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of Kohn-Sham DFT approaches with optimised localised orbitals can be found

in Refs. [149, 150, 152], and have been successfully implemented in the linear-

scaling DFT packages CONQUEST [173], OPENMX [153] and ONETEP [4].

2.11 The ONETEP program

The methods that have been newly developed as part of this Ph. D. project, de-

scribed in the forthcoming Chapters 3 to 6, have been implemented within the

ONETEP method [4]. The ONETEP program is designed for first-principles linear-

scaling Kohn-Sham DFT calculations on very large systems, using a SIMD (single

input, multiple data) coding paradigm that allows calculations to be performed ef-

ficiently on modern massively-parallel computational facilities. There are a large

number of publications that describe the numerical techniques used in ONETEP,

cited in Refs. [4, 151, 174–187], and we refer the reader to these sources for an

in-depth description. A brief summary of the most relevant features is provided in

this section.

2.11.1 Calculation of the total energy

In the ONETEP method, the Kohn-Sham states, {ψi}, are expanded as a linear

combination of non-orthogonal generalised Wannier functions (NGWFs) [151],

which are localised within spheres of radii {Rα} centred in the atomic positions.

The NGWFs are defined mathematically as:

φα (r) =
V

2π

∫

1BZ

dk e−ık·Rα

[∑

i

ψik (r)M †
iα

]
, (2.107)

where Rα is the coordinate vector of the centre of the localisation region of φα, V
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is the volume of the simulation cell and
{
M †

iα

}
are the elements of a representation

transformation matrix. An example of Kohn-Sham orbitals represented in terms of

NGWFs is shown if Fig. 2.3.

(a) (b)

Figure 2.3: (a) Localised Kohn-Sham orbitals on a peptide. (b) Single NGWFs on the
same peptide. Images taken from Ref. [4].

(a) (b)

Figure 2.4: (a) Two-dimensional layout of the NGWFs in a uniform Cartesian grid, in-
cluding their spherical localisation regions. (b) Three-dimensional representation of a
psinc function. Images taken from Ref. [178].

In the NGWF representation, the one-particle density matrix, ρ (r, r′), takes the

form (2.103), where
{
Kαβ

}
are defined by Eq. (2.104) and the matrix K is named

the density kernel. The NGWFs are expanded in terms of a set of Np periodic-sinc

functions (psincs) {Dp} [175] as:
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φα (r) =

Np∑
p=1

Dp (r) cpα, (2.108)

where {cpα} are the expansion coefficients. The psinc functions are bandwidth-

limited delta functions positioned at the points of a uniform Cartesian computa-

tional grid in real space (see Figure 2.4). The psinc functions can be written as a

sum of a finite set of plane-waves as:

Dp (r) = D (r− rp) =
1

Np

Gc∑

G

eıG·(r−rp). (2.109)

where rp is the coordinate vector of the grid point p. The quality of the psinc basis

set is uniquely determined by the modulus of Gc, which determines the plane-

wave kinetic energy cut-off, Ec, as defined by Eq. (2.75). Standard plane-wave

approaches determine a radial cut-off based on a sphere of wave vectors in the re-

ciprocal space. The process is slightly different in ONETEP, and Gc corresponds

instead to the side of a cube of wave vectors in the reciprocal space [177]. Calcu-

lations performed with ONETEP can be compared to standard plane-wave methods

by ensuring that the total number of basis set functions is the same. The grid

spacing is selected based on the value of the Nyquist frequency, which gives the

highest-frequency plane-wave that can be correctly represented in a grid of points.

The magnitude of the grid spacing, ∆, is thus inversely proportional to |Gc|. In-

creasing Ec reduces ∆, and augments the density of grid points per unit volume

and the total number of grid points, Np, in the calculation. Therefore, the accuracy

of a ONETEP calculation is systematically controlled by a single parameter: the

plane-wave kinetic energy cut-off, Ec [177]. The equivalence between psincs and

plane-waves also has the advantage of providing with a well-defined framework
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for performing operations in the reciprocal space representation. As explained

in Section 2.9, a straight implementation of fast Fourier transforms will scale as

O (
N2 logN

)
. The FFTbox technique developed within the ONETEP program

[175] reduces the cost to the linear-scaling regime by performing FFTs in a box

whose size is independent of the total number of atoms.

The ONETEP program is designed for running very large systems using periodic

boundary conditions and the supercell approach. The simulation cell is expected

to be very large, and therefore the k-point sampling in ONETEP calculations is

reduced to k = 0 (Γ point). Norm-conserving pseudopotentials are employed to

model the core electrons. The ion-ion interacting energy is calculated using an

Ewald sum [57, 188], which includes the effect of the periodic boundary condi-

tions, and can be regarded as a constant during the determination of the electronic

states. The total Kohn-Sham energy functional of the interacting system of N is

calculated as:

E [n] = T [n] + Enl [n] + Eloc [n] + EH [n] + Exc [n] , (2.110)

where T is the kinetic energy, Enl and Eloc are the energy terms due to the non-

local and local parts of the pseudopotential, EH is the Hartree energy and Exc is

the exchange-correlation energy. The total energy calculated as in (2.110) already

includes the double-counting corrections described in (2.52). An extra energy term

Enlcc [n] must be added to account if non-linear core corrections are considered

[189, 190].

In its standard functionality, ONETEP finds the Kohn-Sham ground-state at zero

temperature (T = 0), by a process of iterative constrained minimisation of E [n]

in two nested loops [182]. The inner loop optimises the elements of the density
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kernel,
{
Kαβ

}
, for a fixed set of NGWFs expansion coefficients, {cpα}. Then, the

outer loop optimises {cpα} with fixed
{
Kαβ

}
. Mathematically, the ground-state

energy is equal to:

E0 = min
{Kαβ},{cpα}

L [{
Kαβ

}
, {cpα}

]
(2.111)

= min
{cpα}

min
{Kαβ}

L [{
Kαβ

}
, {cpα}

]

= min
{cpα}

L′ [{cpα}] ,

where L and L′ are Lagrangians that account for some of the constraints imposed

upon the model. The standard methods for each of the loops are described in the

next two subsections.

2.11.2 Inner loop optimisation

During the execution of the inner loop, the total energy is minimised iteratively and

self-consistently with respect to the elements of the density kernel matrix [182],
{
Kαβ

}
, subject to the localisation constraint:

Kαβ = 0, if |Rα −Rβ| ≥ Rc, (2.112)

the idempotency constraint:

KSK = K, (2.113)

and the constraint on conservation of the number of electrons:
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tr [KS] = N . (2.114)

The idempotency constraint applies at zero temperature, and ensures that the occu-

pancies are identically zero or one (2.55).

The method of Li, Nunes and Vanderbilt (LNV) [191, 192], based on the

McWeeny purification transformation [137], is used to construct a new density

kernel at a linear-scaling cost, without explicit diagonalisation of the Hamiltonian

matrix. Given a so-called “auxiliary“ density kernel L, subject to the same local-

isation constraints as K, with occupancies in the range

[
1−√5

2
,
1 +

√
5

2

]
, the

purification transformation:

K = 3LSL− 2LSLSL, (2.115)

results in a ”weakly-idempotent“ density kernel matrix (i.e., with occupancies in

the interval [0, 1]). Recursive application of (2.115) yields full idempotency of

K [193]. Furthermore, imposing idempotency of K is equivalent to imposing

orthonormality of the Kohn-Sham states. The proof for this last assertion is as

follows:
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KSK = K (2.116)

⇐⇒ KαρSρδK
δβ = Kαβ

⇐⇒
N∑
rs

Mα
rM

†ρ
r SρδM

δ
sM

†β
s =

N∑
q

M δ
qM

†β
q

⇐⇒
N∑
rs

M †
iαM

α
rM

†ρ
r SρδM

δ
sM

†β
s Mβj =

N∑
q

M †
iαM

δ
qM

†β
q Mβj

⇐⇒
N∑
rs

δirM
†ρ
r SρδM

δ
s δsj = δij

⇐⇒M †α
i SαβM

β
j = 〈ψi|ψj〉 = δij.

This is a very important result. At T = 0, the occupancies are perfectly known to

be identically zero for the empty states and one for the occupied states. Therefore,

there is no need to calculate {fi} from {εi} and the aufbau principle, which will

require an explicit diagonalisation of the Hamiltonian matrix at a cubic-scaling

cost. At the same time, the above result ensures that explicit orthonormalisation of

{ψi}, which is also cubic-scaling (with the Gram-Schmidt [194] or Löwdin [195]

methods, for instance), can be wholly avoided if the idempotency constraint holds

during the energy minimisation.

The constraint of constant number of electrons, N , must also be considered.

The Lagrangian:

L [{
Kαβ

}
, {φα}

]
= E [K, {φα}]− µ (tr [KS]−N ) , (2.117)

where µ is an undetermined Lagrange multiplier, ensures that the solutions that

minimise (2.117) are compatible with this constraint. At any point of the itera-
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tive minimisation of L (except, perhaps, at convergence), the actual value of µ is

unknown. To circumvent this difficulty, L is reformulated in terms of a rescaled

density kernel matrix, K′, defined as [196]:

K′ =
N

tr [KS]
K, (2.118)

so that, by construction and at all times, tr [K′S] = N . The Lagrangian (2.117)

adopts the simplified form:

L
[{
K

′αβ
}
, {φα}

]
= E

[{
K

′αβ
}
, {φα}

]
, (2.119)

where, at convergence, K = K′. The variant of the LNV method proposed by

Millam and Scuseria [197], offers a method for calculating the Lagrange multiplier

µ, and makes kernel rescaling unnecessary. Both methods prove to yield optimal

convergence at a linear-scaling cost. The method of kernel-rescaling is used by

default in a standard ONETEP calculation.

At iteration m of the inner loop, a new auxiliary density kernel, L(m), can be

updated using the line-search step L(m+1) = L(m) + λ(m)∆(m), where ∆(m) is a

suitable search direction compatible with the constraints. In fact, ∆(m) is calcu-

lated using direct energy minimisation techniques (steepest-descents or conjugate-

gradients), based on the energy gradient [148]:

∂E

∂Lαβ
= 6 (SLH′ + H′LS)

βα − 4 (SLSLH′ + SLH′LS + H′LSLS)
βα
,

(2.120)

where H′ appears as a consequence of the density kernel rescaling, and is equal to:
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H′ = H− tr [KH]

tr [KS]
S. (2.121)

Once L(m+1) is constructed, a new, nearly-idempotent density kernel K(m+1) can

be built with the McWeeny purification (2.115). The process can take place at

a linear-scaling cost by virtue of the sparsity of L and S due to the localisation

constraints. ONETEP incorporates a series of custom-built, parallel sparse algebra

routines that allow efficient matrix multiplications using thousands of processors,

expanding the scope of calculations to systems with tens of thousands of atoms

[183]. At convergence of the inner loop, the Hamiltonian and the density matrix

commute:

[HKS− SKH] = 0, (2.122)

indicating that the time-independent Schrödinger equation has been solved.

2.11.3 Outer loop optimisation

Once the inner loop has finished, the outer loop optimises {cpα} with a fixed den-

sity kernel K (and auxiliary density kernel L), subject to the constraints of spheri-

cal localisation of the NGWFs:

cpα = 0 if | Rα − rp |≥ Rα, (2.123)

idempotency of K and conservation of the number of electrons. At every iteration

l of the outer loop, the NGWF expansion coefficients are updated using a line-

search step c(l+1)
pα = c

(l)
pα + λ(l)d

(l)
pα, where {dpα} are the expansion coefficients of

the suitable search direction vectors compatible with the constraints. The search
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direction coefficients {dpα} are also found with direct energy minimisation tech-

niques, based on the gradient [148]:

gp
α =

∂E

∂cpα
=

[
Ĥφβ (r)Kβα − φβ (r)Qβα

LNV

]
r=rp

, (2.124)

where

QLNV = 3LH′L− 2 (LH′LSL + LSLH′L)− tr [KH]

tr [KS]
K. (2.125)

If the inner loop is fully converged, K = LSL = L and HKS = SKH. Introduc-

ing these relations in (2.125), and expanding H′ as in (2.121), we obtain:

QLNV = 3LHL− 2LHLSL− 2LSLHL (2.126)

+
tr [KH]

tr [KS]
(3LSL + 2LSLSL + 2LSLSL−K)

= −KHK = −KHKSS−1 = −KSKHS−1 = −KHS−1.

Convergence of the outer loop is judged based on the slope of the NGWF gradient

along the search direction vector, calculated as:

slopeφ =

Np∑
p=1

gp
αdpα (2.127)

which at convergence is equal to zero, indicating that the maximum degree of

optimisation in the psinc basis set has been reached. The final NGWFs do not retain

any specific angular momentum symmetry (see Fig. 2.5 for a practical example),

and form a near-complete basis set for the wavefunctions that describe the valence
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electrons.

Figure 2.5: Optimisation of a single NGWF on a carbon atom in ethene. Image taken
from [178].

Figure 2.6 shows a flowchart of the standard energy minimisation during a

ONETEP calculation.
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Figure 2.6: Self-consistent energy minimisation with two nested loops.
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Chapter 3

Pulay forces

The total force acting on an atom is calculated from the derivative of the energy

with respect to the position vector of the nucleus of that atom. The Hellmann-

Feynman theorem shows that when the exact solutions of the time-independent

Schrödinger equation are known, only the derivative of the Hamiltonian operator

must be calculated. However, the Hellmann-Feynman theorem does not neces-

sarity hold in variational, finite-basis-set approaches, where the wavefunctions are

self-consistently improved using an iterative cycle. In some cases, a correction

term to the total forces, known as Pulay forces, must be calculated for consistency

between the energy and its derivatives.

It is widely accepted that Pulay forces have to be calculated if the basis set

functions depend on the coordinates of the nuclei, as in PAO or Gaussian basis

sets. The psinc functions that are used as a basis set in a standard ONETEP calcu-

lation are completely independent on the nuclear coordinates, since they are fixed

to the points of a uniform Cartessian grid. Because of this, it was thought that the

Pulay forces were null in the ONETEP method, and that the total forces could be

accurately calculated simply according to the Hellmann-Feynman theorem. Some
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practical tests involving geometry optimisation calculations, which rely very much

on the accuracy of the atomic forces, seemed to indicate that the calculated atomic

forces were not entirely correct. In particular, calculations on weakly-bound sys-

tems with hydrogen bonds often failed to relax the molecular structure and pro-

duced unreasonable results and heavily distorted geometries.

After further investigation, we discovered that the Pulay terms were in fact

non-vanishing in a standard ONETEP calculation. As we explain in this chapter,

the Pulay corrections are not caused by the displacement of the basis set. In-

stead, they appear as a direct consequence of the exact localisation constraints

imposed upon the NGWF spheres. We have developed and implemented a numer-

ical method for calculating the Pulay terms. Once these were added as a correction

to the Hellmann-Feynman forces, geometry optimisation calculations consistently

resulted in correct atomic structures in all sorts of systems. The addition of Pulay

forces also enabled geometry optimisation calculations with fixed PAO basis sets,

which have the potential to accelerate demanding calculations where the total en-

ergy has to be evaluated multiple times, such as in geometry optimisations of large

DNA fragments.

3.1 Origin of the Pulay forces

Following Hamilton’s definition of the generalised force vector [16], the total force

acting on an atom A, denoted by FA, corresponds to the negative derivative of the

Lagrangian (that describes the system and some of its constraints) with respect to

the position vector, RA, of the nucleus of A:

FA = − dL
dRA

. (3.1)
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The Hellmann-Feynman theorem (see Section 1.5) predicts that, if the system is

in its exact ground-state with an N -electron wavefunction Ψ, such as ĤΨ = EΨ,

then the force acting on atom A can simply be calculated from the derivatives of

the Hamiltonian operator as:

FA = −d 〈Ψ|Ĥ|Ψ〉
dRA

= −〈Ψ| dĤ
dRA

|Ψ〉 . (3.2)

In variational methods, however, the exact ground-state wavefunction is not known

exactly, although it can be very well approximated. Instead, we must refer to a trial

wavefunction, Ψtrial, where, in general, Ĥ |Ψtrial〉 6= E |Ψtrial〉. The Hellmann-

Feynman theorem cannot be applied straighforwardly since an exact wavefunction

is not known. This observation was first published by Pulay [198], who argued that

the total force acting on atom A must also include terms containing derivatives of

the trial wavefunction with respect to the nuclear coordinates.

Let us now introduce a basis set of functions {Φb}, such as |Ψ〉 =
∑

b |Φb〉 cb,
where {cb} are the expansion coefficients. Using the chain rule, the derivative of

the Lagrangian becomes [199]:

FA = − dL
dRA

= −
[
∂L
∂RA

+
∑

b

∂L
∂cb

∂cb
∂RA

+
∑

b

∫
dr

δL
δΦb (r)

∂Φb (r)

∂RA

]
. (3.3)

where ∂RA indicates explicit derivation with respect to RA. The first term in

(3.3) corresponds to the Hellmann-Feynman force and contains only the explicit

derivatives of the Hamiltonian operator. The second and third terms are remnants

of the numerical representation of the trial wavefunction. The second term in (3.3)

contains the derivatives of the expansion coefficients of Ψ in terms of {Φb}:
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Fcoeffs
A = −

∑

b

∂L
∂cb

∂cb
∂RA

, (3.4)

while the third terms contains the derivative of the basis set functions with respect

to the atomic positions:

Fbasis
A = −

∑

b

∫
dr

δL
δΦb (r)

∂Φb (r)

∂RA
. (3.5)

The sum of these two terms is the total Pulay force:

FPulay
A = Fcoeffs

A + Fbasis
A . (3.6)

Looking at Fcoeffs
A , the term

∂cb
∂RA

is, in principle, not zero. The term
∂L
∂cb

is

also non-zero unless full self-consistent convergence to the exact ground-state has

been achieved, in which case
∂L
∂cb

= 0, and Fcoeffs
A vanishes. Regarding Fbasis

A ,

the term
δL

δΦb (r)
is alway non-zero except in the limit of fully complete basis set,

which will require an infinitely large basis set. If the basis set functions depend

explicitly on the nuclear coordinates (such as in PAO or Gaussian basis sets), then

the term
∂Φb (r)

∂RA
does not vanish, and Fbasis

A must be calculated. But if the basis

set functions do not depend on the nuclear coordinates (such as in plane-wave or

psinc basis sets), then
∂Φb (r)

∂RA
= 0, and Fbasis

A is exactly zero.

Based on these observations, it is commonly accepted that Pulay forces do not

have to be calculated in plane-wave Kohn-Sham DFT methods. This is approxi-

mately true, so long as the following condition has been met:

∂L
∂cb

≈ 0, (3.7)

which indicates that the calculation has converged variationally to the Kohn-Sham

106



3.2. PULAY FORCES IN ONETEP

ground-state within an acceptable tolerance.

3.2 Pulay forces in ONETEP

In a standard ONETEP calculation, the Lagrangian L = E
[{
K

′αβ
}
{cpα}

]
, de-

fined in Eq. (2.119), is minimised with respect to
{
Kαβ

}
and {cpα}, using the

LNV method and a conjugate-gradients scheme. As demonstrated in Section 2.11,

this Lagrangian accounts for the constraints of orthonormality of the Kohn-Sham

states (via the idempotency constraint), and for conservation of the total number

of electrons. An unconstrained minimisation of L will yield a solution compati-

ble with these constraints. According to the Hohenberg-Kohn theorems, at self-

consistency:

δL
δn

= 0 =⇒ δL
δψi

= 0 =⇒





∂L
∂Kβα

= 0

∂L
∂cpα

= 0,

(3.8)

and the exact Kohn-Sham ground-state is found.

However, so far, nothing has been said about the localisation constraints of

the density kernel matrix, K, and the NGWFs, {φα}. The fact is that L does

not account for the localisation constraints on either of those. Therefore, an un-

constrained minimisation of L will carry an unwanted consequence, which is the

delocalisation of both
{
Kαβ

}
and {φα}, and it will result in a non-linear-scaling

algorithm. Instead, a constrained minimisation of L ensures that the final density

kernel and NGWFs are correctly localised. The logical path (3.8) must be altered

in the following way:
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lim
{Rα}→∞

lim
Rc→∞

δL
δn

= 0 =⇒ lim
{Rα}→∞

lim
Rc→∞

δL
δψi

= 0 =⇒





lim
Rc→∞

∂L
∂Kβα

= 0

lim
{Rα}→∞

∂L
∂cpα

= 0,

(3.9)

where Rc is the radial cut-off applied to the density kernel, K, and {Rα} are radii

of the spherical localisation regions of the NGWFs {φα}. Only in the limit of in-

finitely large localisation regions, the constrained minimisation will produce the

same result as the unconstrained minimisation. This condition is obviously equiv-

alent to fully delocalised density kernel and NGWFs, and it never actually happens

in a practical calculation. One must therefore assume that by construction, a con-

verged ONETEP calculation with finite localisation spheres of radii {Rα} and finite

radial cut-off Rc inevitably yields:

∂L
∂Kβα

6= 0, (3.10)

and
∂L
∂cpα

6= 0. (3.11)

Another possible interpretation of this result is that the slope of the energy gradient

in any direction of the multidimensional space of
{
Kαβ

}
and {cpα} coefficients is

not generally zero. However, the slope along the search direction that is compatible

with the localisation constraints becomes zero when the closest state to the fully

delocalised Kohn-Sham ground-state is reached.

Now we will demonstrate how these observations are behind the non-zero Pulay

forces in ONETEP. Using the chain rule, the derivative of the total energy with re-
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spect to the nuclear coordinates of atom A can be split into three partial derivatives

as [184] 1:

FA = − dL
dRA

= − ∂L
∂RA

− ∂L
∂Kαβ

∂Kαβ

∂RA
−

Np∑
p=1

∂L
∂cpα

∂cpα

∂RA
, (3.12)

where the first term is the Hellmann-Feynman force and the second and third terms

are the Pulay contributions that arise from the density kernel and the NGWF psinc

expansion energy gradients, respectively. The derivative
∂Kαβ

∂RA
is not easy to cal-

culate, and its exact form is not known2. For this reason, in order to be able to

calculate accurate forces, we must assume that the density kernel is not constrained

to be localised (which is often the case in calculations with up to a few thousands

of atoms), so that
∂L
∂Kαβ

= 0 at self-consistency. Once convergence has been

reached, Equation (3.12) can be simplified to:

FA = − dL
dRA

= − ∂L
∂RA

−
Np∑
p=1

∂L
∂cpα

∂cpα

∂RA
. (3.13)

We shall still consider the NGWFs to be localised within finite spheres.

The energy gradient
∂L
∂cpα

, can be calculated using Eq. (2.124) for LNV meth-

ods. The derivative of the expansion coefficients with respect to RA can be cal-

culated in an efficient manner according to the following procedure. Using the

FFTbox technique [174], the NGWFs are written as a linear combination of plane

waves as:

φα(r) =
1

NF

Gc∑

G

φ̃α(G)eıG(r−Rα), (3.14)

1The psinc functions are independent of the nuclear coordinates, therefore
∂Dp (r)
∂RA

= 0.
2Perhaps it could be calculated using density matrix perturbation theory [200].
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whereNF indicates the number of points in the FFTbox, whose size is proportional

to the NGWF radii. In this representation, the coordinates of the NGWF centre

appear as a translational phase factor that takes into account the displacement of the

NGWF centre across the simulation cell. Direct differentiation of (3.14) provides

the derivative of the NGWFs with respect to RA:

∂φα(r)

∂RA
=

1

NF

Gc∑

G

−iGφ̃α(G)eıG(r−Rα)δαA. (3.15)

where δαA is a Kronecker delta, which is equal to 1 only if the centre of the NGWF

φα coincides with the centre of the atom A, and is zero otherwise. Equation (3.15)

is evaluated at a linear-scaling cost (i.e., O(1) per NGWF). The derivative of the

psinc expansion coefficients is:

∂cpα

∂RA
=

[
1

NF

Gc∑

G

−iGφ̃α(G)eıG(r−Rα)δαA

]

r=rp

, (3.16)

and so the Pulay force terms are equal to:

FPulay
A = −

Np∑
p=1

∂L
∂cpα

∂cpα

∂RA
. (3.17)

The total atomic force acting on atom A is equal to the sum of the Hellmann-

Feynman and the Pulay terms:

FA = FHF
A + FPulay

A , (3.18)

The terms that form FHF
A in a ONETEP calculation are calculated in Ref. [184] as:

FHF
A = Fnl

A + Floc
A + Few

A + Fnlcc
A , (3.19)
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where Fnl
A and Floc

A are due to the non-local and local parts of the pseudopotential,

respectively, Few
A is due to the ion-ion Ewald energy and Fnlcc

A are due to the non-

linear core correction term.

Regarding finite-temperature DFT calculations, many studies [201–203] prove

that there is no extra term due to the fractional occupancies or the entropy term if

the occupancies follow the Fermi-Dirac distribution. This is important for the cal-

culation of the total forces in the newly-implemented method for finite-temperature

calculations on metals, described in Chapter 6, where Eq. (3.18) is also valid.

3.3 Convergence of the forces

Basis set convergence of the calculations, determined by the plane-wave kinetic

energy cutoff and the radii of the spherical localisation regions of the NGWFs, is

vital for accuracy in the total atomic forces. This aspect has been studied in Ref.

[184] for the Hellmann-Feynman forces alone. Fig. 3.1 demonstrates the effect

of adding the Pulay forces to the total atomic forces. The plots refer to the force

acting on an oxygen atom in CO2 and the force acting on a hydrogen atom in a

H2O dimer. We used the CAPZ LDA exchange-correlation functional with one

NGWF for hydrogen and four for carbon and oxygen atoms.

The total forces, calculated as the sum of the Hellmann-Feynman components

and the Pulay corrections, converge to a single value as the kinetic energy cutoff

and the NGWF radii increase, and are comparable to the results obtained with

traditional plane-wave DFT methods like CASTEP. The Pulay corrections to the

Hellmann-Feynman forces ensure a greater degree of consistency between ground-

state energies and the total force acting on ions for any size of localisation region.

The magnitude of the Pulay forces decreases as the NGWF localisation spheres
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Figure 3.1: Convergence of the forces with respect to the kinetic energy cutoff and the
radius,R, of the NGWF localisation spheres (assumed to be the same for all the NGWFs).
Left: force acting on an oxygen atom in CO2 along the covalent bond. Right column:
force acting on a hydrogen atom in H2O dimer along the hydrogen bond. The first row
corresponds to the Hellmann-Feynman force, the second to the Pulay force and the third
are the Pulay-corrected total forces (Hellmann-Feynman forces plus Pulay).

become larger, and they do not vanish as the kinetic energy cutoff increases. These

results are in agreement with the theoretical observations regarding the localisation

constraints, expressed in Eq. (3.9). The relative strength of the Pulay correction

is greater in the case of the hydrogen bond in the water dimer (up to 15% of the

Hellmann-Feynman force) than in the covalent bond of CO2 (3%). Therefore,

Pulay forces can be expected to play a more significant role in the ionic forces of

weakly bonded systems, particularly when modeled with NGWFs of smaller radii.
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3.4 Geometry optimisation calculations

The atomic forces play an essential role in geometry optimisation calculations,

where the positions of the nuclear centres are varied until the equilibrium posi-

tions are reached. The equilibrium state is itself defined as the state where the total

forces acting on the atoms are zero, leading to the structural conformation of min-

imum energy. Thus, the ability to calculate atomic forces accurately is critical for

the success of geometry optimisation calculations. We used the pseudo Newton-

Raphson method of Broyden, Fletcher, Goldfarb and Shanno (BFGS) [204] for

relaxing the atomic structure. Also, we wanted to study the accuracy of the results

using both optimised NGWFs (in the psinc basis set) and fixed NGWFs forming

a PAO multiple-ζ basis set. The motivation is that geometry optimisation calcu-

lations can be expensive since they require a single-point energy calculation for

each new set of nuclear coordinates. A fixed basis set of PAOs could potentially

accelerate this type of calculations. A typical single-ζ (SZ) basis sets includes

one function for hydrogen (1s) and four for carbon, nitrogen and oxygen (2s2p).

Double-ζ basis sets include double the number of basis set functions to describe

the same set of atomic orbitals (two for hydrogen and eight for carbon, nitrogen

and oxygen). Triple-ζ basis sets include triple the number, and so on. Polarisa-

tion orbitals add atomic orbitals of higher angular momentum. A SZP basis set

includes four functions for hydrogen (1s2p) and nine for carbon, nitrogen and oxy-

gen (2s2p3d). Double and triple polarisation adds double and triple the number

of polarisation orbitals. A DZP basis set includes five functions for hydrogen and

thirteen for carbon, nitrogen and oxygen, while a TZDP includes nine for hydrogen

and twenty-two for carbon, nitrogen and oxygen.

The quality of a geometry optimisation calculation can be affected by the so-
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called “egg-box” effect [205, 206]. The egg-box effect is a numerical phenomenon

associated to real-space grid methods that appears when the nuclear coordinates

are displaced by a fraction of the grid-spacing in the simulation cell, generating

periodic oscillations of the converged ground-state energy and forces. An estima-

tion of the egg-box effect in the total energy and the forces is shown in Fig. 3.2.

These calculations consecutively displace a CO2 molecule along the first axis of

the simulation cell (parallel to the CO2 covalent bond) by a given step of 1/20 of

the grid spacing of 0.24 Å. We use the PBE exchange-correlation functional with a

kinetic energy cutoff of 1000 eV and NGWF radii of 4.23 Å to ensure convergence

of the forces with the basis set. SZ, DZP and TZDP basis sets were constructed

using PAOs.

The magnitude of the egg-box effect is reduced when NGWFs are used instead

of PAO. A better stability is thus expected in geometry optimization calculations

with optimised NGWFs. The maximum variation of the energy using NGWFs is

of 1.6 × 10−3 eV, which is up to ten times smaller compared to SZ calculations.

NGWFs also reduce the magnitude of the egg-box effect on the forces to 0.01

eV/Å, nearly a third of the magnitude in the case of SZ calculations.

3.4.1 Geometry optimization using NGWFs

Calculations on an adenine-thymine DNA base pair were carried out as a first test.

This system is weakly bound by two hydrogen bonds, O. . .H and N. . .H, which

make it sensitive to small variations of the energy and forces. We performed calcu-

lations using the PBE exchange-correlation functional with 1200 eV kinetic energy

cutoff. We employed one NGWF for the hydrogen atoms and four for oxygen,

carbon and nitrogen atoms, and various NGWF radii to test the convergence of
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Figure 3.2: Eggbox effect on the energy (top) and force along the covalent bond (bottom)
of a CO2 molecule with SZ (red circles), DZP (blue squares) and TZDP (green diamonds)
PAO basis sets and NGWFs (black triangles).

the geometry optimization calculations both with uncorrected Hellmann-Feynman

forces and Pulay-corrected forces. We compared the resulting structures with those

given by NWCHEM with a cc-pVTZ Gaussian basis set and CASTEP with the same

kinetic energy cutoff and pseudopotentials. The results are shown in Table 3.1.

The addition of Pulay corrections to the Hellmann-Feynman forces improves

the convergence of the BFGS algorithm for all the range of NGWF radii. It

has a more important effect for small localisation regions, allowing relaxation of

the structure to tighter tolerance thresholds. The calculations using uncorrected

Hellmann-Feynman forces with small NGWF radii result in a poor description of

hydrogen bonding in the adenine-thymine complex, leading to heavily distorted
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Figure 3.3: Convergence of the maximum absolute value of the force during geometry
optimization of the adenine-thymine DNA base pair with NGWF radii of 3.70 Å (top) and
7.94 Å (bottom). The convergence threshold was 0.015 eV/Å.

geometry and unphysical configurations. In the uncorrected case, increasing the

NGWF radii eventually results in a symmetric system that displays the correct

binding properties, although the maximum value of the residual force remains

higher than in the corrected case after a similar number of BFGS steps. The

convergence of the maximum element of the force is plotted in Fig. 3.3, which

demonstrates that accuracy in the forces is crucial to achieving efficient geometry

relaxation using the BFGS method. Our results also show that the converged geom-

etry of the adenine-thymine complex obtained with Pulay-corrected forces is still

sensitive to changes in {Rα}. Small NGWF localisation regions tend to overbind

of the hydrogen bonds. As the NGWF radii increase, the geometry converges to
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Table 3.1: Geometry optimization of adenine-thymine using ONETEP for different locali-
sation radiiRα with Hellmann-Feynman forces (HF) and Pulay-corrected forces (PC). Re-
sults show the hydrogen bond lengths, the maximum absolute value of the force, |F |max,
and the number of BFGS steps required.

O. . .H bond (Å) N. . .H bond (Å) |F |max (eV/Å) BFGS steps
Rα (Å) HF PC HF PC HF PC HF PC

ONETEP 3.70 9.77 1.73 10.64 1.60 1.028 0.010 203 222
4.23 5.39 1.75 7.15 1.62 1.542 0.015 128 73
4.86 1.90 1.80 1.65 1.65 1.542 0.015 80 73
5.39 1.61 1.83 1.62 1.69 0.514 0.015 95 90
5.82 1.73 1.83 1.64 1.71 1.028 0.015 100 63
6.45 1.75 1.83 1.57 1.72 0.463 0.015 92 63
6.98 1.85 1.84 1.62 1.72 0.463 0.015 97 65
7.41 1.81 1.84 1.68 1.73 0.206 0.015 92 74
7.94 1.83 1.84 1.67 1.73 0.051 0.015 78 69

NWCHEM — 1.84 1.73 0.026 102
CASTEP — 1.85 1.75 0.010 88

the optimised structures obtained with NWCHEM and CASTEP.

We have used the relaxed structures (obtained both with uncorrected and cor-

rected forces) to calculate the binding energy of the adenine-thymine complex,

defined as Ecomplex − Eadenine − Ethymine. The first term corresponds to the en-

ergy of the geometry-optimised complex, and the last two are the energies of the

isolated adenine and thymine molecules, respectively. In each case, the individual

molecules retain the same geometry as in the complex. The results, represented in

Fig. 3.4, show that the calculations using uncorrected Hellmann-Feynman forces

lead to extreme variations and erratic convergence with increasing NGWF radii3.

In contrast, the structures obtained with Pulay-corrected forces converge system-

atically with respect to the size of the localisation region. In this case, the bind-

ing energies converge within 1 kcal/mol for NGWF radii larger than 5.5 Å. The

convergence of these calculations is due to the simultaneous change of the basis

set (as a result of increasing NGWF radii) and the change in the initial structure.
3The VMD program was used for visualisation of atoms and molecules [207].
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To determine the convergence of the binding energies with respect to the basis

set only, we chose the structures obtained with Rα = 3.70 Å and Rα = 7.94 Å

(Pulay-corrected) and re-calculated the binding energies for different NGWF radii.

In these calculations, the binding energy converges within 1 kcal/mol for NGWF

radii larger than 4.2 Å. Basis set superposition error is eliminated due to the opti-

mization of the NGWFs in terms of the psinc basis set [180].

Figure 3.4: Convergence of the binding energy in the adenine-thymine complex with
increasing NGWF radii. The calculations that use the structures obtained with Pulay-
corrected forces show systematic convergence (blue squares) with increasing NGWF
radii. In contrast, the calculations that use structures obtained with uncorrected Hellmann-
Feynman forces (red circles) lack of convergence and show large variations of the binding
energy. The calculations represented with black crosses show convergence of the binding
energy with increasing NGWF radii, based on fixed molecular geometries obtained with
Pulay-corrected forces and NGWF radii of 3.70 and 7.94 Å, respectively.

We have also performed geometry optimization calculations in the larger sys-

tem of the “tennis-ball” self-assembling superstructure [208, 209], formed by 176

atoms. This system is a model for protein-ligand binding interactions, formed by

two identical structures that bind each other through eight hydrogen bonds when
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rotated 90 degrees. We used the PBE functional, 1200 eV kinetic energy cut-

off and one NGWF per hydrogen atom and four per oxygen, nitrogen and carbon

atoms with NGWF radii of 3.70 Å. The results, included in Fig. 3.5, show that

calculations with uncorrected Hellmann-Feynman forces result in an asymmetric

complex and in an unstable and highly oscillating minimization of the total force.

On the other hand, when the Pulay corrections are taken into account, the BFGS

method converges to a symmetric structure and a low threshold of force tolerance

(0.015 eV/Å).

Figure 3.5: Convergence of the maximum force during the BFGS geometry optimization
of the tennis-ball dimer using only the Hellmann-Feynman forces (top left molecule) and
Pulay-corrected forces (top right).
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3.4.2 Geometry optimization using PAOs

We performed a number of geometry optimization calculations on the adenine-

thymine DNA base pair using PAO multiple-ζ basis sets, using the same exchange-

correlation functional, pseudopotentials and kinetic energy cutoff than in the case

of the NGWFs calculations discussed in section 3.4.1. The results, shown in Ta-

ble 3.2, are consistent with those obtained with NGWFs for the same radii. The

calculations with the smaller basis sets tend to overbind the hydrogen bonds. Pro-

gressively larger basis sets result in structures that converge to those obtained with

NGWFs, NWCHEM and CASTEP, previously shown in Table 3.1. Basis sets of

medium size such as TZP, TZDP or QZP can lead to optimum geometries.

Table 3.2: Length of the two hydrogen bonds in the adenine-thymine complex obtained
with different PAO multiple-ζ basis sets of different localisation radii of size R, given in
Å. The total forces converged to 0.015 eV/Å.

O. . .H bond (Å) N. . .H bond (Å)
R=3.70 R=4.23 R=4.86 R=3.70 R=4.23 R=4.86

SZ 1.41 1.42 1.42 1.32 1.31 1.31
SZP 1.57 1.61 1.56 1.32 1.31 1.31
DZ 1.66 1.67 1.65 1.49 1.52 1.53

DZP 1.74 1.73 1.71 1.58 1.58 1.57
TZ 1.70 1.71 1.69 1.53 1.58 1.56

TZP 1.83 1.84 1.81 1.68 1.69 1.68
TZDP 1.79 1.84 1.79 1.68 1.68 1.68

QZ 1.73 1.71 1.71 1.55 1.56 1.57
QZP 1.81 1.82 1.81 1.67 1.66 1.69

3.4.3 Geometry optimization of large systems

As an example of the application of the aforementioned methods to large-scale

systems, we performed a geometry optimization calculation on a DNA fragment

of 16 base pairs consisting of 1045 atoms in vacuum. The initial structure was
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created using AMBER NUCGEN [210] (sequence ATCGATTGAGCTCTAG), after

which we protonated the phosphate groups so that the total charge is zero. The

calculations were run using the PBE exchange-correlation functional and a kinetic

energy cutoff of 1200 eV. We used, for each test case, NGWFs (one for hydrogen

atoms, four for oxygen, nitrogen and carbon, and nine for phosphorus), DZP and

TZP PAO basis sets. The localisation radii were 3.70 Å in all cases. In such large

systems, achieving the same degree of convergence of the total force as we would

achieve in smaller systems can be cumbersome, due to the greater number of de-

grees of freedom involved in the calculation. Therefore, we consider that a higher

convergence threshold of 0.16 eV/Å is suitable for the purpose of demonstrating

that effective structural relaxation occurs.

Fig. 3.6 shows the convergence of the force for the different calculations, and

Table 3.3 shows the optimised value of some relevant structural parameters and

their change throughout the calculation. The maximum value of the force con-

verges to the given threshold in all cases. The final structure obtained with the

DZP basis set shows clear differences when compared to the structures obtained

with TZP and NGWFs. It displays a shorter length, a smaller radius and much

shorter N. . .H hydrogen bonds between the base pairs. Such observations are in

agreement with the results of the adenine-thymine complex discussed in sections

3.4.1 and 3.4.2, in which the DZP basis set tends to overbind hydrogen bonds

compared to TDZP and NGWFs. These last two calculations, on the other hand,

produce very similar results.

Noticeably, the calculation with NGWFs requires fewer BFGS steps to com-

plete in comparison with DZP and TZDP basis sets. This is likely to be a conse-

quence of the more accurate description of the Kohn-Sham ground-state provided
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by the NGWF optimization. Similarly, TZDP also requires fewer BFGS steps than

DZP due to its better degree of completeness. For the basis sets used in this study,

each BFGS step is completed faster when using PAOs, as overall fewer matrix op-

erations are required due to the absence of the outer loop to optimise the NGWFs.

We run our calculations on 120 cores, using 15 Intel Nehalem nodes with 8 cores

each. On average a BFGS step took 3.2 hours with the DZP basis set, 7.6 hours

with TZDP basis set, and 8.3 hours with the NGWFs optimised in the psinc basis

set. As we can observe, the time saved per BFGS step through the use of a PAO

basis set decreases as the number of basis set functions becomes larger. For this

system in particular, using a DZP basis set is nearly twice as fast as the correspond-

ing NGWF calculation, while the TDZP basis set is only marginally faster.

Table 3.3: Structural parameters of the optimised 1045-atom DNA fragment as optimised
by ONETEP. N. . .H(4), N. . .H(8) and N. . .H(12) correspond to the hydrogen bond of the
fourth, eighth and twelfth pairs, respectively, that involve a nitrogen atom.

Basis set DZP TZDP NGWFs
Final Change Final Change Final Change

Length (Å) 49.74 -1.18 50.62 -0.35 50.50 -0.47
Diameter (Å) 15.31 0.04 15.32 0.05 15.21 -0.06

Helix pitch (Å) 24.05 0.34 23.63 0.08 23.55 0.16
N. . .H(4) 1.66 -0.21 1.78 -0.09 1.80 -0.07
N. . .H(8) 1.48 -0.33 1.62 -0.19 1.67 -0.14

N. . .H(12) 1.54 -0.27 1.63 -0.18 1.64 -0.17
Time per BFGS step (h) 3.2 7.6 8.3
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Figure 3.6: Convergence of the maximum value of the force during the geometry opti-
mization of the DNA molecule using NGWFs and DZP and TZDP PAO basis sets.

3.5 Summary

In this chapter we have shown that the Pulay forces terms appear as a consequence

of the strict localisation constraints imposed upon the density kernel and the NG-

WFs in a standard ONETEP calculation. We have also devised a linear-scaling

numerical method for calculating the Pulay terms due to the energy gradient of the

NGWF expansion coefficients. The results demonstrate that the Pulay corrections

to the Hellmann-Feynman forces are essential in order to achieve accuracy in the

total atomic forces. Using localised orbitals optimised in situ in terms of a basis

set that is independent of the nuclear positions, such as psinc functions, does not

eliminate the Pulay forces.
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Geometry optimization calculations produce much better results when Pulay

forces are taken into account. For example, Pulay forces are necessary to correctly

describe weakly-bound molecular systems such as the “tennis-ball” hydrogen-

bonded dimer. Our method can be used for large-scale geometry optimization

calculations on systems of more than a thousand atoms. The results converge sys-

tematically with respect to the basis set.

The corrections due to the Pulay forces also allow calculations in which the

localised orbitals are kept fixed to pseudoatomic orbitals (PAO) after initialisation,

forming multiple-ζ basis sets of controllable accuracy. Geometry optimization cal-

culations with medium-size PAO basis sets are faster than with optimised NGWFs.

As a future extension, a method to determine the Pulay forces due to the optimi-

sation of the density kernel under localisation constraints might be implemented.
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Chapter 4

The variationally-localised search

direction (VLSD) method

Locality (or nearsightedness) of the electronic matter can be exploited to achieve

linear-scaling cost in electronic-structure theory calculations. [122, 123, 130–136].

The Kohn-Sham orbitals can be expanded as a linear combination of spatially-

localised functions centred on the atomic coordinates. These localised functions

can additionally be optimised with an in situ optimisation based on their expansion

in terms of a high-resolution basis set. Direct energy minimisation techniques such

as steepest descent or conjugate gradients are commonly used to accomplish this

task [149, 152, 156, 175]. At every iteration, the orbitals are updated by taking

steps along search direction vectors calculated from the energy derivatives.

The localisation constraints must be consistently maintained during the calcu-

lation. An approach that is widely-accepted calculates the search direction vectors

associated to the unconstrained problem, which are delocalised in real space, and

performs an ad-hoc truncation step in which the values outside the assigned local-

isation regions are deleted [149, 151]. Hereafter, this method will be referred to
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as the truncated search direction (TSD) method. The TSD method is compatible

with the variational principle, in the sense that the energy functional converges to

a single value as the size of the localisation region increases. However, at every it-

eration, the search direction vectors are not calculated following a fully variational

approach, for it is clear that the truncation step does not guarantee that the energy

will acquire a lower value along the resulting search direction vectors. The TSD

method can be regarded as an approximation which implicitly assumes that the

truncated search direction vectors corresponding to the unconstrained problem will

resemble the search direction vectors of the problem with exact localisation con-

straints. Experience, however, dictates that the TSD method is capable of yielding

successful convergence and of producing results which are in agreement with other

electronic structure approaches [181].

The method presented in this chapter takes a fundamentally different approach.

The localisation constraints are introduced into the mathematical model exactly

and upfront, and propagated analytically throughout the equations that describe

the system using formal tensorial algebra. Only the variational degrees of freedom

associated to the problem with localisation constraints are taken into account for

calculating the search direction vectors. As a result, the search direction vectors are

strictly localised by construction. Truncation is therefore unnecessary and avoided

altogether, and the total amount of information stored in the search direction vec-

tors at every iteration is fully conserved. This method provides rapid convergence

with any size of the localisation region in an entirely variational manner. For these

reasons, this new method will be referred to hereafter as the variationally-localised

search direction (VLSD) method.

We have implemented the new VLSD method in the ONETEP program (which
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by default uses the TSD method) to work with the formalism of localised NGWFs

in a non-orthogonal representation. Validation calculations demonstrate that both

the TSD and VLSD methods are capable of producing correct results for the elec-

tronic and structural properties of the test molecules, compared to other computa-

tional electronic structure approaches. However, the VLSD algorithm is capable

of achieving faster convergence towards the Kohn-Sham ground state. This is par-

ticularly true in atomic systems where a higher degree of natural delocalisation is

expected.

4.1 Localised functions

The mathematical framework that is suitable for calculations with non-orthogonal,

localised orbitals was explained in Section 2.10. With the aim of not repeating

large amounts of what has already been said, we would like to ask the reader to

refer to that section for a more detailed outline of the tensorial relations in curved

manifolds. Refs. [158–160] are excellent sources of information regarding tenso-

rial algebra methods applied to electronic structure theory. We shall now, briefly

and for the sake of completion, refresh some of these expressions. The Einstein

convention for summation over repeated Greek indices is not used in the equations

presented in this chapter.

The Kohn-Sham orbitals are written in terms of a set of Nφ atom-centred, lo-

calised functions as:

|ψi〉 =

Nφ∑
α=1

|φα〉Mα
i . (4.1)

where {φα} are constrained to be strictly localised within a finite region of the real
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space, denoted generically by {LR (φα)}. The set of functions {φα} are covariant.

A set of dual contravariant functions that is biorthogonal to {φα} is defined as:

〈φα | φβ〉 = δα
β, (4.2)

which implies the two duality relations:

|φα〉 =

Nφ∑

β=1

|φβ〉Sβα, (4.3)

|φα〉 =

Nφ∑

β=1

|φβ〉Sβα. (4.4)

where {Sαβ} and
{
Sαβ

}
are the elements of the overlap and inverse overlap ma-

trices, respectively, defined as:

Sαβ = 〈φα|φβ〉 =
∑

i

MαiM
†
iβ (4.5)

Sαβ = 〈φα|φβ〉 =
∑

i

Mα
iM

†β
i , (4.6)

Both {φα} and {φα} can be discretised in terms of an underlying, orthonormal

basis set of functions {Dp} centred in the points of a computational grid as:

φα (r) =

Np∑
p=1

Dp (r) cpα, (4.7)

φα (r) =

Np∑
p=1

Dp (r) cp
α. (4.8)

The expansion coefficients carry the tensorial character of the functions that they

expand. The duality relations (4.3) and (4.4) apply to {cpα} and {cpα} as:
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cpα =

Nφ∑

β=1

cp
βSβα (4.9)

cp
α =

Nφ∑

β=1

cpβS
βα. (4.10)

In the ONETEP program, {φα} are NGWFs and {Dp} are periodic-sinc (psinc)

functions. In what follows, we will assume that the total Kohn-Sham energy func-

tional at zero-temperature is minimised using the two-loop approach. We will

assume that the inner loop is fully converged, and we will focus our attention to

the outer loop where the NGWFs are optimised using direct energy minimisation

methods.

4.2 Analysis of the constraints

4.2.1 Orthonormality of the Kohn-Sham states

The set of Kohn-Sham states {ψi} forms an orthonormal basis set of the Hilbert

space H. At convergence, both the Hamiltonian and the one-particle density op-

erators are diagonal in this representation, and hence their commutator
[
Ĥ, ρ̂

]
is

zero. Orthonormality of {ψi} is a necessary physical constraint on the mathemati-

cal model that must be strictly maintained during the self-consistent optimisation.

Using Eq. (4.1), orthonormality of {ψi} can be written as:

〈ψi | ψj〉 =

Nφ∑

α,β=1

M †α
i 〈φα | φβ〉Mβ

j = δij. (4.11)

Left-multiplying by Mγi and right-multiplying by M †ε
j , and summing over α and

β, the following result is obtained:
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∑

ij

Nφ∑

α,β=1

MγiM
†α
i 〈φα | φβ〉Mβ

jM
†ε
j =

∑

ij

Mγi δijM
†ε
j . (4.12)

Using Eq. (4.6) and the property (Mαi )
−1

= M †α
i , Eq. (4.12) yields 〈φα | φβ〉 =

δα
β , which is the biorthonormality condition as defined in Eq. (4.2). The inter-

pretation of this result is that the transformation Mα
i converts the constraint of

orthonormality of the Kohn-Sham states {ψi} into a constraint of biorthonormality

between the dual sets {φα} and {φα}, which holds if and only if Eqs. (4.3) and

(4.4) are equivalent, so that duality between covariant and contravariant tensors is

maintained.

4.2.2 Localisation of the non-orthogonal functions

Traditional electronic structure methods employ delocalised representations to ex-

pand the Kohn-Sham states, such as plane-waves or Gaussian functions. The con-

straint of localisation of {φα} is a requisite for achieving linear-scaling cost with

the number of atoms. In such cases, the search towards the minimum in the po-

tential energy surface (PES) is transformed into a search along the metasurface

of the PES compatible with exact localisation constraints. As a consequence, at

convergence, Eloc ≥ Edeloc, where Eloc and Edeloc are the ground state energies

of the problem with and without localisation constraints, respectively [142–146].

Thus, approaches that use localised functions are variational with respect to the

size of the localisation regions, and are equivalent to approaches with delocalised

functions in the limit of infinitely large localisation regions. Demanding strict lo-

calisation of {φα} should not result in a loss of orthonormality of {ψi}, or else

unphysical results would be obtained. To avoid this scenario, as discussed in Sec.

4.2.1, Eqs. (4.3) and (4.4) must be verifiable and equivalent at the ground state.
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A mathematically-concise manner to define the strict localisation constraints,

based on the expansion of {φα} in the {Dp} basis set as in Eq. (4.7), is:

cpα = 0, ∀p ∈ [1, . . . , Np] | rp /∈ LR (φα (r)) , ∀α ∈ [1, . . . , Nφ] , (4.13)

where LR (φα (r)) is the localisation region of φα (r). Without loss of generality,

LR (φα (r)) can be considered as a well-delimited, finite region of the real-space

simulation cell. It is important to realise that the contravariant functions {φα} are

also spatially-localised in a well-delimited region of the real-space simulation cell.

Figure 4.1 illustrates this property with an example. According to Eq. (4.3), the

localisation region of φα (r) is equal to the volume occupied by the union of all the

localisation regions of {φβ} for which Sβα 6= 0:

LR (φα (r)) =

Nφ⋃

β=1
Sβα 6=0

LR (φβ (r)) . (4.14)

One can conclude from this result that the union of all the localisation regions

of {φα} and the union of all the localisation regions of {φα} occupy exactly the

same volume in real space. Therefore, in the {Dp} representation (Eq. (4.8)), the

localisation constraint on {φα} can be defined as:

cp
α = 0, ∀p ∈ [1, . . . , Np] | rp /∈ LR (φα (r)) , ∀α ∈ [1, . . . , Nφ] . (4.15)

Imposing orthonormality of {ψi} and localisation of {φα} simultaneously does

not overconstrain the Kohn-Sham equations. To prove this assertion, the number
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Figure 4.1: Two-dimensional depiction of the real-space localisation regions in a calcu-
lation involving four non-orthogonal localised functions. The covariant functions φ1 (r),
φ2 (r), φ3 (r) and φ4 (r) are localised within different circles, which produces a distinc-
tive sparsity pattern in Sαβ . In contravariant space, φ1 (r), φ2 (r) and φ3 (r) are localised
within the same localisation region, made up from the union of the localisation regions of
φ1 (r), φ2 (r), φ3 (r), while φ4 (r) is localised in a circle, as a result of φ4 (r) not over-
lapping any other function. The volume covered by all the localisation regions is the same
both in the covariant and contravariant representations. All the expansion coefficients as-
sociated to grid points outside of this volume are zero by definition of the localisation
constraint.

irreducible degrees of freedom (DOF), defined as the minimum number of linearly-

independent variational parameters capable of describing the system under these

constraints, was counted. The number of DOF can be calculated as the sum of

DOF of the unconstrained problem minus the number of constraints. In the un-

constrained problem, each covariant function represented in real space, φα (r), is

expanded in terms of Np coefficients {cpα}, and each contravariant function φα (r)

in terms of Np coefficients {cpα}. These add up to a total of 2 × Nφ × Np co-

efficients. Orthonormality of {ψi} is imposed by ensuring that Eqs. (4.3) and

(4.4) are equivalent, so only one of them needs to be taken into account when
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counting the constraints. Also, they must hold point-wise, for each different grid-

point rp, which amounts for a total of Nφ × Np constraints. The localisation con-

straint is imposed via Eq. (4.13). Assuming that there are Nα grid points inside

LR (φα (r)), the number of coefficients that are constrained to be equal to zero is
∑Nφ

α=1 (Np −Nα) = Nφ × Np −
∑Nφ

α=1Nα. Therefore, the number of irreducible

degrees of freedom, NDOF , is:

NDOF = 2×Nφ ×Np −Nφ ×Np −

Nφ ×Np −

Nφ∑
α=1

Nα


 =

Nφ∑
α=1

Nα. (4.16)

Perhaps the most intuitive and natural choice of NDOF variational parameters to

describe the system are the set of covariant coefficients associated to the points

inside the localisation region of each of the covariant functions {φα}:

Ω = {cpα, ∀p ∈ [1, . . . , Np] | rp ∈ LR (φα (r)) , ∀α ∈ [1, . . . , Nφ]} . (4.17)

Technically speaking, however, there are an infinite number of choices of NDOF

linearly-independent variational parameters that can also provide an equivalent de-

scription of the mathematical problem.

4.3 Steepest-denscent optimisation of the non-orthogonal

functions

From this point onwards, it is assumed that the density kernelKαβ is an idempotent

matrix that has been fully optimised during an inner loop. The focus will be put on
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the optimisation of {φα} in an outer loop, based on the steepest-descent algorithm

for direct energy minimisation [40, 151]. The extension to the more efficient con-

jugate gradients method is straightforward. At every iteration l of the outer loop,

the covariant functions
{
φ

(l)
α

}
are updated as:

|φ(l+1)
α 〉 = |φ(l)

α 〉+ λ(l) |∆(l)
α 〉 , (4.18)

where
{

∆
(l)
α

}
are the search direction vectors compatible with the constraints ap-

plied onto
{
φ

(l)
α

}
, and λ(l) is the optimum step length, calculated after a line-search

process. The property of tensor-invariance of the energy functional implies that a

steepest-descent update of the contravariant functions
{
φα(l)

}
of the type:

|φα(l+1)〉 = |φα(l)〉+ λ(l) |∆α(l)〉 , (4.19)

must produce an equivalent energy minimisation path. The covariant and con-

travariant search directions are mutually dual:

|∆(l)
α 〉 =

Nφ∑

β=1

|∆β(l)〉S(l)
βα, (4.20)

|∆α(l)〉 =

Nφ∑

β=1

|∆(l)
β 〉Sβα(l). (4.21)

In practice, the steepest-descent update takes place in the space of coefficients in

terms of {Dp}:

c(l+1)
pα = c(l)pα + λ(l)d(l)

pα, (4.22)

cp
α(l+1) = cp

α(l) + λ(l)dp
α(l), (4.23)
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where
{
d

(l)
pα

}
and

{
dp

α(l)
}

are the expansion coefficients of
{

∆
(l)
α

}
and

{
∆α(l)

}
:

∆(l)
α (r) =

Np∑
p=1

Dp (r) d(l)
pα, (4.24)

∆α(l) (r) =

Np∑
p=1

Dp (r) dp
α(l), (4.25)

with ∆
(l)
α (r) and ∆α(l) (r) being the representation of |∆(l)

α 〉 and |∆α(l)〉 in real

space, respectively. The coefficients
{
d

(l)
pα

}
and

{
dp

α(l)
}

are mutually dual:

d(l)
pα =

Nφ∑

β=1

dp
β(l)S

(l)
βα, (4.26)

dp
α(l) =

Nφ∑

β=1

d
(l)
pβS

βα(l). (4.27)

Orthonormality of
{
ψ

(l)
i

}
must be maintained during the steepest-descent up-

date. As discussed in Sec. 4.2.1, imposing orthonormality of {ψi} is equivalent to

imposing biorthonormality between the dual sets
{
φ

(l)
α

}
and

{
φα(l)

}
. After updat-

ing the non-orthogonal functions as in Eqs. (4.18) and (4.19), Eq. (4.2) changes

as:

〈φ(l+1)
α | φβ(l+1)〉 = 〈φ(l)

α | φβ(l)〉

+ λ(l)
(
〈φ(l)

α | ∆β(l)〉+ 〈∆(l)
α | φβ(l)〉

)
(4.28)

+
(
λ(l)

)2

〈∆(l)
α | ∆β(l)〉 .

Exact biorthonormality can be imposed only if the following two equations are

simultaneously true:
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〈φ(l)
α | ∆β(l)〉 = δα

β, (4.29)

〈∆(l)
α | ∆β(l)〉 = δα

β. (4.30)

The task of imposing these two conditions simultaneously is highly non-trivial. It

is often more practical to impose only Eq. (4.29) and assume a small error of order

O (
λ2

)
. Thus, after the steepest descent update, biorthonormality is maintained

only to first order, and orthonormality of
{
ψ

(l+1)
i

}
is not exact. An immediate

consequence of this is that the steepest-descent updates Eqs. (4.18) and (4.19)

are not equivalent. Another manifestation of the lack of exact orthonormality of
{
ψ

(l+1)
i

}
is that the total number of electrons in the system is not maintained:

Ñe = tr [ρ̂] =

Nφ∑

α,β=1

KαβS
(l+1)
βα 6= Ne, (4.31)

where S(l+1)
βα is the up-to-date overlap matrix. To fix the problem of electron con-

servation, a rescale factor [196] can be applied to the density kernel as:

K̃αβ =
Ne

Ñe

Kαβ, (4.32)

which guarantees that
∑Nφ

α,β=1 K̃
αβS

(l+1)
βα = Ne. This technique reduces the neg-

ative effect of the lack of orthonormality of
{
ψ

(l)
i

}
, which can be completely re-

stored after re-entering the inner loop by allowing changes to the transformation

matrix Mα
i .

Regarding the localisation constraint on
{
φ

(l+1)
α

}
, inspection of Eq. (4.18)

reveals that the search directions
{

∆
(l)
α

}
must also be spatially-localised within the
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same region as
{
φ

(l)
α

}
. This observation also applies to the contravariant functions.

Therefore:

LR (∆α (r)) = LR (φα (r)) , (4.33)

LR (∆α (r)) = LR (φα (r)) . (4.34)

In the representation in terms of {Dp}, the localisation constraints on
{

∆
(l)
α

}
and

{
∆α(l)

}
can be written as:

d(l)
pα = 0, ∀p ∈ [1, . . . , Np] | rp /∈ LR (∆α (r)) , ∀α ∈ [1, . . . , Nφ] , (4.35)

dp
α(l) = 0, ∀p ∈ [1, . . . , Np] | rp /∈ LR (∆α (r)) , ∀α ∈ [1, . . . , Nφ] . (4.36)

As demonstrated in Sec. 4.2.2, imposing orthonormality of {ψi} and localisa-

tion of {φα} does not overconstrain the Kohn-Sham equations. However, in the

best-case scenario, orthonormality of {ψi} can only be imposed to first order dur-

ing the optimisation of {φα}. Methods such as kernel rescaling can stabilise the

algorithm, but, ultimately, it is the task of the inner loop to completely fix and

maintain orthonormality of {ψi}. Therefore, one can choose to introduce a larger

error in the orthonormality of {ψi} if in doing so, imposing localisation of {φα}
becomes simpler or faster. The risk of such an approach is that the inner loop

might converge at a slower rate or even diverge. Thus, it is interesting to explore

methods for which imposing localisation of {φα} implies the lowest alteration to

the biorthonormality constraint. When the self-consistent solution is reached, the

search direction is perpendicular to the energy gradient, and the slope along the

search direction compatible with the localisation constraints is zero:
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〈∆(l)
α |

δE

δ 〈φ(l)
α |

= 0, (4.37)

When this occurs, a minimum on the energy metasurface that is compatible with

the biorthonormality and localisation constraints has been reached.

In the following sections, the TSD and VLSD methods will be analysed. For

clarity in the equations, in what follows, the iteration index l will be dropped, but

it must be clear that all the steps presented hereafter have to be repeated at every

new iteration of the outer loop.

4.4 Truncated search direction (TSD) method

The derivative of the energy functional with respect to {cpα} is:

gp
α =

∂E

∂cpα
=




Nφ∑

β=1

Ĥφβ (r)Kβα




r=rp

, (4.38)

where {gp
α} are the expansion coefficients associated to the gradients {Γα}:

Γα (r) =

Np∑
p=1

Dp (r) gp
α. (4.39)

The coefficients {gp
α} are contravariant tensors that cannot be used to update {cpα}

directly. Furthermore, they cannot yet be used to update {cpα} either, since they

do not account for the constraints of orthonormality of {ψi} and localisation of

{φα}. Orthonormality of {ψi} can be imposed to first order by projecting out the

components of {Γα} parallel to {φβ} [40, 211], so that Eq. (4.29) holds:
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g̃p
α =




Nφ∑

β=1

Ĥφβ (r)Kβα −
Nφ∑

β,γ,δ=1

φβ (r)KβγHγδS
δα




r=rp

, (4.40)

where {g̃p
α} are the expansion coefficients of

{
Γ̃α

}
:

Γ̃α (r) =

Np∑
p=1

Dp (r) g̃p
α. (4.41)

LNV-type methods can avoid this projection, as accounting for idempotency of

Kαβ is equivalent to maintaining orthonormality of {ψi} to first order [148]. At

convergence of LNV, the derivative of the energy functional with respect to {cpα}
returns {g̃p

α} directly. The covariant representation of {g̃p
α} can be calculated by

multiplying with Sαβ as in Eq. (4.26). Kinetic energy [40, 176] and occupancy

preconditioning [212] are applied, resulting in:

d̃pα = −P̂



Nφ∑

β=1

Ĥφα (r)−
Nφ∑

β,γ=1

φβ (r)SβγHγα




r=rp

, (4.42)

where P̂ is a generic kinetic energy preconditioner. The search directions
{

∆̃α

}

expanded by
{
d̃pα

}
as

∆̃α (r) =

Np∑
p=1

Dp (r) d̃pα, (4.43)

are delocalised in real space, and therefore not yet suitable for updating {φα} with

the steepest-descent method. To solve the issue of delocalisation, an ad hoc trun-

cation of
{

∆̃α

}
can be utilised [149, 151], setting to zero all the expansion coeffi-

cients corresponding to grid points outside LR (∆α (r)):
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dpα =





d̃pα, if rp ∈ LR (∆α (r))

0, if rp /∈ LR (∆α (r))

(4.44)

A steepest-descent update of {φα} that is consistent with the constraint of locali-

sation is now possible using the search directions {∆α}, which are represented in

the {Dp} basis set as:

∆α (r) =

Np∑
p=1

Dp (r) dpα. (4.45)

After truncation, the constraint of orthonormality of {ψi} is not maintained, not

even to first order. This can be seen by the fact that the inner product 〈∆α | φβ〉
is not zero for any pair α 6= β. A new projection of the kind of Eq. (4.40) to

re-impose biorthonormality to first order would not result in a suitable search di-

rection, since it would delocalise {∆α} again. The algorithm then continues with

the updating {φα} and the overlap matrices, Sαβ and Sαβ , followed by the rescal-

ing of the density kernel as in Eq. (4.32). The TSD algorithm relies upon the inner

loop to restore orthonormality of {ψi} during the next cycle.

In the TSD method, delocalisation originates when the gradient coefficients

{gp
α} are calculated in Eq. (4.38). At this step, the derivatives with respect to all

the covariant coefficients {cpα} are calculated, without taking into consideration

that not all cpα are variational degrees of freedom listed in Ω (Eq. (4.17)). After

imposing orthonormality to first order, multiplying with the overlap matrix, and

applying occupancy and kinetic energy preconditioning, the covariant search di-

rections
{

∆̃α

}
are still delocalised in real space. If they were used to update {φα}

in a steepest-descent method, the algorithm would fall out of the metasurface of the

PES compatible with the localisation constraints. The only solution at this stage is
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to truncate
{

∆̃α

}
, which is equivalent to eliminating all the information stored in

the form of
{
d̃pα

}
coefficients associated to rp outside the localisation regions.

There are two major caveats with the TSD method. First, the search directions

vectors
{

∆̃α

}
do not correspond to the search direction vectors of the problem

with explicit localisation constraints. Instead, they are the search direction vec-

tors corresponding to the unconstrained problem, where delocalisation is allowed.

The second caveat is that the TSD method does not guarantee that {∆α}, after

truncation, resemble the correct search direction vectors of the problem with strict

localisation constraints and, therefore, the existence of a minimum along {∆α} is

not guaranteed either. Truncation of
{

∆̃α

}
is a non-variational artifact that has

to be introduced in order to obey the localisation constraints, and the resulting

search direction vector is only approximate. In other words, there is always an

error associated to the truncation of
{

∆̃α

}
. Only in the cases where the amount of

information that is deleted during truncation is negligible compared to the amount

of information that remains in the search direction vectors {∆α}, the TSD method

could be considered as a valid approximation.

4.5 The variationally-localised search direction (VLSD)

method

4.5.1 Mathematical principle of the VLSD method

The optimisation of the localised functions {φα} is twice-constrained by the re-

quirements of biorthonormality of {φα} and {φα}, and localisation of {φα}. While

biorthonormality is a strong requirement upon the physical model, because it is

equivalent to imposing orthonormality of the Kohn-Sham orbitals {ψi}, the locali-
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sation constraints are optional. It was shown in Sec. 4.2.2 that requiring these two

constraints simultaneously does not overconstrain the Kohn-Sham equations. The

localisation constraints, however, reduce the variational degrees of freedom of the

optimisation problem to NDOF ≤ Np, as shown in Eq. (4.16).

The principle of the VLSD method can be enunciated as follows. Given the

biorthonormality constraints Eqs. (4.9) and (4.10), and the localisation constraint

Eq. (4.13), all the non-zero covariant coefficients {cpα ∈ Ω}, where Ω was defined

in Eq. (4.17) as the set of NDOF irreducible degrees of freedom of the constrained

optimisation problem, can be uniquely and unambiguously calculated from the

subset of NDOF contravariant coefficients:

{cpα, ∀p ∈ [1, . . . , Np] | rp ∈ LR (φα (r)) , ∀α ∈ [1, . . . , Nφ]} , (4.46)

which correspond to grid points inside the volume of the individual localisation

regions of the covariant functions, provided that the overlap matrix, Sαβ , is known.

The proof this statement begins by considering the group of all the covariant

coefficients associated to a particular grid point, rp. It must be noted that there

could be more than one {cpα} coefficient associated to the same rp, originating

from different {φα}. As a matter of fact, there is a finite number of {φα} for which

rp is inside their localisation regions, and, conversely, also a finite number of {φα}
for which rp is outside their localisation regions. Based on this criteria, for every

single grid point rp, the following two subsets of tensorial indices can be formed:
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ξp = {α ∈ [1, . . . , Nφ] | rp ∈ LR (φα (r))} (4.47)

χp = {α ∈ [1, . . . , Nφ] | rp /∈ LR (φα (r))} . (4.48)

This separation is unique and complete, in the sense that for every rp, a given index

α always belongs to one, and only one, of these subsets. Hence, Nφ = Nξ + Nχ,

where Nξ and Nχ are the number of indices included in each subset. The notation

used in this work is as follows. Expressions such as {φη | ∀η ∈ ξp}, refer to the

subset of covariant functions φη for which rp ∈ LR (φη (r)). The notation extends

to the contravariant functions. For example, {φτ | ∀τ ∈ χp}, refers to the subset

of contravariant functions φτ for which rp /∈ LR (φτ (r)), with φτ being the dual

of φτ , calculated as φτ =
∑Nφ

α=1 φ
αSατ . In the same fashion, the notation also

extends to the search direction vectors and, in general, to any tensor. For example,

{dp
ι | ∀ι ∈ ξp}, refers to the subset of contravariant coefficients {dp

ι} for which

rp ∈ LR (φι (r)), with dpι =
∑Nφ

α=1 dp
αSαι. Figure 4.2 further clarifies this notation

with an example.

Based on this point-wise subset separation, three distinct overlap matrices can

be defined for every single grid point rp:

Ap,ηι = 〈φη | φι〉 , ∀η, ι ∈ ξp (4.49)

Bp,ισ = 〈φι | φσ〉 . ∀ι ∈ ξp, ∀σ ∈ χp (4.50)

Cp,στ = 〈φσ | φτ 〉 , ∀σ, τ ∈ χp. (4.51)

The matrices Ap,ηι, Bp,ισ and Cp,στ are unique different mappings of the full over-
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Figure 4.2: Example of point-wise subset separation in a hypothetical calculation with
a two-dimensional real space simulation cell, containing three covariant functions lo-
calised within circles. The grid point ra is inside LR (φ2 (r)), and outside LR (φ1 (r))
and LR (φ3 (r)). Therefore ξa = {2} and χa = {1, 3}. The grid point rb is in-
side LR (φ2 (r)) and LR (φ3 (r)), and outside LR (φ1 (r)). Therefore ξb = {2, 3}
and χb = {1}. The grid point rc is inside all the localisation regions. Therefore
ξc = {1, 2, 3} and χc is an empty subset. The grid point rd is outside all the locali-
sation regions. Therefore, ξd is an empty subset and χd = {1, 2, 3}.

lap matrix Sαβ . Ap,ηι is a square matrix of dimensions Nξ ×Nξ; Bp,ισ is a rectan-

gular matrix of dimensions Nξ × Nχ; and Cp,στ is a square matrix of dimensions

Nχ × Nχ. If a the grid point rp is inside all the localisation regions, then χp is an

empty subset, and Bp,ισ and Cp,στ are matrices of rank zero. If rp is outside all the

localisation regions, then ξp is an empty subset, and Ap,ηι and Bp,ισ are matrices of

rank zero. Equation (4.9) can now be split into two expressions:

cpι =

Nξ∑
η=1

cp
ηAp,ηι +

Nχ∑
σ=1

cp
σB†

p,σι, ∀η, ι ∈ ξp, ∀σ ∈ χp (4.52)

cpτ =

Nξ∑
η=1

cp
ηBp,ητ +

Nχ∑
σ=1

cp
σCp,στ , ∀η ∈ ξp, ∀σ, τ ∈ χp. (4.53)

No approximation was made in the above separation, and duality between {φα}
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and {φα} is rigorously maintained. In this notation, the localisation constraint on

{φα}, as given in Eq. (4.13), can be written exactly as:

cpτ = 0, ∀τ ∈ χp. (4.54)

Substituting Eq. (4.54) in the left-hand side of Eq. (4.53) leads to:

cp
σ = −

Nξ∑
η=1

Nχ∑
τ=1

cp
ηBp,ητ

(
C−1

p

)τσ
, ∀η ∈ ξp,∀σ, τ ∈ χp. (4.55)

Eq. (4.55) can now be introduced into (4.52) to obtain:

cpι =

Nξ∑
η=1

cp
η

[
Ap,ηι −

Nχ∑
τ,σ=1

Bp,ητ

(
C−1

p

)τσ
B†

p,σι

]
, ∀η, ι ∈ ξp,∀σ, τ ∈ χp.

(4.56)

Equations (4.54), (4.55) and (4.56) show that, given the overlap matrix, Sαβ , the

values of {cpσ, ∀σ ∈ χp} and {cpι, ∀ι ∈ ξp} are uniquely determined by the val-

ues of the coefficients {cpη, ∀η ∈ ξp}. Therefore, the optimisation problem with

biorthonormality and localisation constraints is completely and unambiguously de-

termined by the contravariant coefficients:

Ω′ = {cpη, ∀η ∈ ξp, ∀p ∈ [1, . . . , Np]} . (4.57)

A more detailed inspection of Eq. (4.57) reveals that the {cpη} coefficients listed

in Ω′ correspond exactly to all the contravariant coefficients inside the localisation

regions of the covariant functions. The set Ω′ can be redefined in formal terms as:
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Ω′ = {cpα, ∀p ∈ [1, . . . , Np] | rp ∈ LR (φα (r)) , ∀α ∈ [1, . . . , Nφ]} . (4.58)

Hence, the initial hypothesis is demonstrated. The question of whether Ω′ is a

valid set of NDOF irreducible degrees of freedom is left unresolved in this work.

To prove such condition, it would be enough to demonstrate that the overlap matrix

Sαβ can be fully built from the coefficients in Ω′.

4.5.2 The VLSD algorithm

The equations introduced in Sec. 4.5.1 can be used to design an algorithm for the

constrained optimisation of {φα} with the steepest descent iterative method. The

search direction vectors {∆α} are calculated in the current {φα} representation, of

which the overlap matrix Sαβ is fully known. Also, the search direction vectors

are subject to the biorthonormality constraints Eqs. (4.26) and (4.27), and the

localisation constraint Eq. (4.35). The set of covariant search direction coefficients

{dpα} that can be used to update the variational degrees of freedom {cpα ∈ Ω} is

denoted as:

Υ = {dpα, ∀p ∈ [1, . . . , Np] | rp ∈ LR (∆α (r)) , ∀α ∈ [1, . . . , Nφ]} , (4.59)

while the set of contravariant search direction coefficients {dp
α} that can be used

to update {cpα ∈ Ω′} is denoted as:
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Υ′ = {dp
α, ∀p ∈ [1, . . . , Np] | rp ∈ LR (∆α (r)) , ∀α ∈ [1, . . . , Nφ]} . (4.60)

Under these conditions, the equations in Sec. 4.5.1 demonstrate that the values of

{dpα ∈ Υ} are fully and univocally determined by the values of {dp
α ∈ Υ′}, via

the recursive application of Eqs. (4.54), (4.55) and (4.56) for every grid point rp.

The VLSD algorithm begins with the calculation of the values of the contravari-

ant search direction coefficients in Υ′. First, the energy gradients {gp
α} are calcu-

lated as:

gp
α =

∂E

∂cpα
=




Nφ∑

β=1

Ĥφβ (r)Kβα




r=rp

, ∀cpα ∈ Ω. (4.61)

A central difference between of the VLSD algorithm with respect to the TSD al-

gorithm is that the derivative of the energy is calculated exclusively with respect

to {cpα ∈ Ω}, and not with respect to all the {cpα} coefficients, which is consis-

tent with the choice of variational degrees of freedom. Orthonormality of {ψi} is

maintained to first order with the projection:

g̃p
α =




Nφ∑

β=1

Ĥφβ (r)Kβα −
Nφ∑

β,γ,δ=1

φβ (r)KβγHγδS
δα




r=rp

, ∀cpα ∈ Ω. (4.62)

Kinetic energy [40, 176] and occupancy preconditioning [212] are applied in the

contravariant representation point-wise:
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dp
α = −P̂




Nφ∑

β=1

Ĥφβ (r)Sβα −
Nφ∑

β,γ,δ=1

φβ (r)SβγHγδS
δα




r=rp

, ∀cpα ∈ Ω.

(4.63)

The resulting contravariant search direction coefficients correspond to the entire

set {dpα ∈ Υ}. At this stage, a loop runs over all the grid points rp. At each point,

the subset separation (4.47) and (4.48) is established, followed by the determina-

tion of the overlap matrices Ap,ηι, Bp,ισ and Cp,στ with Eqs. (4.49), (4.50) and

(4.51). Then, Eqs. (4.54), (4.55) and (4.56) are applied recursively to obtain the

remaining non-zero covariant and contravariant search direction coefficients. The

VLSD algorithm is depicted in Figure 4.3.

The localisation constraint is introduced using Eq. (4.54):

dpσ = 0, ∀σ ∈ χp. (4.64)

The contravariant search directions coefficients {dp
σ,∀σ ∈ χp} are calculated us-

ing Eq. (4.55):

dp
σ = −

Nξ∑
η=1

Nχ∑
τ=1

dp
ηBp,ητ

(
C−1

p

)τσ
, ∀η ∈ ξp,∀σ, τ ∈ χp. (4.65)

And the non-zero covariant search direction coefficients {dpι,∀ι ∈ ξp} are calcu-

lated using Eq. (4.56):

dpι =

Nξ∑
η=1

dp
η

[
Ap,ηι −

Nχ∑
τ,σ=1

Bp,ητ

(
C−1

p

)τσ
B†

p,σι

]
, ∀η, ι ∈ ξp,∀σ, τ ∈ χp.

(4.66)
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Figure 4.3: Schematic representation of the VLSD method. In this example, there are
three mutually overlapping covariant functions, {φα}, localised within circles in a two-
dimensional simulation cell. The algorithm begins in (A), calculating the derivative of the
energy with respect to the variational parameters in Ω, imposing orthogonality of {ψi}
and applying occupancy and kinetic energy preconditioning Eq. (4.63). The result are
the values of {dp

α ∈ Υ′}, which correspond to the grid points confined within the circles.
Then, a loop over all the grid points rp starts. Steps (B) and (C) represent the progress
of the algorithm at a certain intermediate stage, where some, but not all, grid points have
been scrutinised. In most situations, only the covariant search directions are needed to
proceed with the steepest descent update. In such cases, the path through (B) and (C)
calculates {dp1}, {dp2} and {dp3} directly by applying Eq. (4.64) and Eq. (4.66) to
the current grid point. Alternatively, the path through (D) and (E) calculates the remain-
ing contravariant search direction coefficients using Eq. (4.65). The VLSD algorithm is
capable of calculating the covariant and contravariant search direction coefficients simul-
taneously by running steps (B) and (D) as independent processes. At the conclusion of the
look over rp, the resulting search directions are directly localised within the established
localisation regions and duality between {dpα} and {dp

α} holds exactly.

At the conclusion of the loop over rp, the full covariant and contravariant search

direction vectors, {∆α} and {∆α}, can be built on the grid as:

∆α (r) =

Np∑
p

Dp (r) dpα, (4.67)
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∆α (r) =

Np∑
p

Dp (r) dp
α, (4.68)

and used to update {φα} and {φα}, respectively, using the steepest descent method.

The formalism of the VLSD method ensures that Eqs. (4.26) and (4.27) hold, and

hence {∆α} and {∆α} are mutually dual. More importantly, {∆α} and {∆α}
are fully localised by construction. After updating {φα}, Sαβ and Sαβ , the den-

sity kernel is rescaled to assure electron conservation and to reduce the impact

of second-order error terms, and the total energy functional is evaluated. The in-

ner loop is then responsible of fixing orthonormality of {ψi} beyond second-order

terms during the next cycle.

4.6 Results and discussion

4.6.1 Description of the calculations

The current implementation of the VLSD algorithm in ONETEP is not optimised

for computational performance, and therefore execution timings are meaningless.

Also, currently, calculations using the VLSD algorithm can only be run in serial

(one processor), which limits the size of the molecules that can be simulated to

a maximum of a few tens of atoms. The purpose of the VLSD implementation

that was used to obtain the results exposed in this section is solely that of test-

ing and benchmarking the method. In the current implementation, the covariant

search direction coefficients {dpα} are calculated using Eq. (4.66) directly. This is

equivalent to follow the path through (A), (B) and (C) in Fig. 4.3.

The calculations with the ONETEP program used a kinetic energy cut-off of

800 eV, the PBE exchange-correlation functional and norm-conserving pseudopo-
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tentials. An inner loop performed 3 LNV iterations to optimise the density kernel.

The size of the localisation regions of {φα} is taken into account by performing

calculations with different Rα in the range of 3.0 Å to 7.0 Å. Periodic boundary

conditions were required. Interactions between periodic images are largely avoided

by confining the systems within a cubic simulation cell of 52.91 Å width, ensuring

that a vacuum space of at least 45.46 Å exists between periodic images. The possi-

bility of long-range ionic interactions affecting the convergence of the calculations

was discarded after performing calculations with spherical Coulomb cut-off [186]

and obtaining identical results. Fast Fourier transforms were calculated using cu-

bic FFT-boxes [174, 175] of size 44.45 Å and 189 grid points on each lattice vector

direction.

A set of sixteen benchmark molecular systems was chosen and organised in

four groups, each of which contains molecules that share a common property.

These groups will be referred to hereafter as G1, G2, G3 and G4, respectively,

and are constructed as follows. G1 contains molecules with at least one chlorine

atom: Cl2 (chlorine diatomic), CH3Cl (methyl chloride), HCl (hydrogen chloride),

and NaCl (sodium chloride). The first three of these chlorinated molecules contain

covalent bonds, while NaCl is an ion pair with a long ionic bond. CH3Cl, HCl and

NaCl are expected to show non-zero electric dipole. Calculations on these systems

with Gaussian basis set approaches require the addition of diffuse functions in or-

der to achieve chemical accuracy in the prediction of their electronic properties

[78, 82]. Therefore, a certain degree of natural delocalisation of their molecular

orbitals is expected. G2 is formed by the phosphoric acid molecule H3PO4 and the

subsequent anions H2PO−
4 , HPO2−

4 and PO3−
4 , of increasing total negative charge.

Also, for such molecules, calculations with Gaussian basis sets need the addition
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of diffuse functions to correctly describe electronic properties [78, 82]. Delocal-

isation of their molecular orbitals is expected to increase with the total charge.

G3 encompasses a set of common small molecules that form short covalent and

hydrogen bonds. These are H2O (water), NH3NH3 (ammonia dimer, hydrogen

bonded), C6H6 (benzene, aromatic) and NH+
4 (ammonium cation). The small size

and reduced electric dipole of these test systems is expected to result in a high

natural localisation of their molecular orbitals. Finally, G4 contains four amino

acids that are often found in proteins and other organic complexes: lysine (lys+),

glutamic acid (glu−), glycine (gly) and serine (ser). Lysine and glutamic acid are

positively and negatively charged, respectively, glycine is non-polar and serine is

polar. Natural localisation of the molecular orbitals is expected to be observed in

these systems. The number of NGWFs per atom is as follows: one for H, four for

C, N, O and Na, and nine for Cl and P.

4.6.2 Analysis of the TSD method

The effect of truncation of the search direction vectors in calculations with the TSD

method was analysed. The coefficient µ, defined as

µ =

Nφ∑
α=1

∑
rp∈LR(∆α(r)) d

2
pα∑Np

p=1 d̃
2
pα

, (4.69)

compares the sum of the squares of {dpα} inside LR (∆α (r)) and the sum of the

squares of
{
d̃pα

}
in the entire simulation cell prior to truncation. By definition, µ

is confined to be in the range 0 ≤ µ ≤ 1, where µ = 0 means that the truncation

step deletes all the information available, and µ = 1 means that no truncation

happens at all. It must be emphasised that calculations with the VLSD method

always result in µ = 1, by construction. The value of µ was plotted against the
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iteration counter l for all the test systems and all the different values of Rα. Figure

4.4 shows the results.
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Figure 4.4: Evolution of the parameter µ with the iteration counter l for different values
of Rα. The solid lines are the Gaussian broadening curves used to fit the results.

A first observation is that, as the number of iterations increases, µ saturates to a

constant value, denoted by µ0, indicating that the ratio of the amount of information

that is deleted to the amount of information that is kept does no longer change. This

trend was observed in calculations on all the four groups of test systems with any

value of Rα. The pace at which µ saturates to µ0 is determined by the slope of the

curve. To quantify and analyse this behaviour, a Gaussian broadening curve with

equation
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µ(l) = µ0 +
(1− µ0)

2

(
1− erf

[
l − l0
θ0

])
, (4.70)

was fitted to the results, where erf is the error function, l0 is the iteration number

for which µ =
µ0

2
, and θ0 is the broadening factor (inversely proportional to the

slope). The choice of the Gaussian broadening function was motivated after testing

other alternatives, such as an exponential function, hyperbolic tangent, cumulative

Gamma distribution, Gaussian distribution, and Fermi-Dirac distribution. It was

found that the Gaussian broadening curve resulted in the smallest fitting error, with

a correlation coefficient superior to 0.99 in all cases.

The values of µ0, l0 and θ0 for each of the test cases in every group were plotted

for the different values of Rα. Figure 4.5 shows the results. The relation between

µ0 and Rα, and between l0, θ0 and Rα, must be analysed separately. Calculations

on molecules in G1 and G2 resulted in a very low µ0, typically below 0.50, and

in some cases like HCl, NaCl and PO3−
4 , below 0.25 for most of the values of Rα.

The values of µ0 for NaCl are remarkably low, reaching a minimum of 0.03 with

Rα = 5.0 Å. Such low values indicate that, in calculations on molecules in G1 and

G2, during the last iterations, comparatively, there is more information contained

outside the localisation spheres than inside. The value of µ0 does not increase

with Rα for molecules in G1 and G2, however, it consistently increases with Rα

for molecules in G3 and G4. Regarding l0 and θ0, it seems plausible to think that

these two variables are in some way inter-related, for a smoother decay is expected

to result in a larger value of l0 and θ0, and viceversa. It is clear from Figure 4.4

that l0 and θ0 increase with Rα in every system in every group. Therefore, the

non-variational truncation of the search direction results in the deletion of less

information per iteration as Rα increases, measured in relative terms.
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With the TSD method, the search direction is calculated as unconstrained and

allowed to be delocalised until the final stage, where the truncation step imposes

the localisation constraints. According to the results, during the first few iterations,

a small fraction of the total information is deleted. Then µ decays to the saturation

value µ0 at speed that is inversely proportional to Rα. A low value of µ0 can

be interpreted as a failure of the implicit assumption of TSD: that the truncated

search direction of the unconstrained problem resembles the search direction of

the problem with exact localisation constraints. Truncation has a stronger effect in

calculations on molecules in G1 and G2 than in calculations on molecules in G3

and G4. This is in consonance with the expectations of more diffuse molecular

orbitals on systems in G1 and G2 than on G3 and G4.

Figure 4.5: Progression of µ0, l0 and θ0, calculated after fitting a Gaussian broadening
function through the results, for different values of Rα.

4.6.3 Convergence properties

The convergence rate of the TSD and VLSD methods, defined as the number of

iterations that is necessary to achieve self-consistent convergence, was compared.
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Convergence is considered to be achieved when the root-mean-square (RMS) of the

gradient along the search direction falls below a tolerance threshold of 3.8×10−5

eV, and the change in the total energy below a tolerance threshold of 1×10−7

eV/atom. All the TSD and VLSD calculations converged according to these cri-

teria, with the only exception of H2PO−
4 with Rα = 3.0 Å, in which the total en-

ergy converged to the established tolerance threshold with an RMS gradient of

6.8×10−4 eV, both in TSD and VLSD calculations. The total number of itera-

tions to achieve convergence with the TSD and VLSD methods, denoted as lTSD

and lV LSD, respectively, is shown in Table 4.1. The relative speed-up coefficient

ζ = lTSD/lV LSD gives a comparison of the relative convergence properties of the

two methods: ζ > 1 indicates that VLSD needs less iterations than TSD to con-

verge, whereas ζ < 1 indicates otherwise. The value of ζ in every calculation is

shown in Figure 4.6.

Table 4.1: Number of iterations required to achieve self-consistent convergence in cal-
culations with the TSD and VLSD methods. The values refer to the ratio lTSD/lV LSD.

Rα (Å) Cl2 CH3Cl HCl NaCl H3PO4 H2PO−
4 HPO2−

4 PO3−
4

3.0 19/12 11/9 11/10 16/13 11/10 15/14 16/16 24/11
4.0 11/8 13/11 14/12 28/17 12/10 11/14 13/14 24/11
5.0 12/12 17/14 20/18 81/25 15/13 13/11 13/14 22/13
6.0 14/12 20/15 27/32 62/28 17/15 15/12 28/12 26/15
7.0 16/9 21/18 43/22 64/31 19/16 14/12 22/12 34/20

Rα (Å) H2O NH3NH3 C6H6 NH+
4 glu− gly lys+ ser

3.0 11/11 12/10 10/8 13/11 15/15 14/14 14/14 14/13
4.0 14/15 16/14 14/15 20/14 17/16 15/14 16/16 15/14
5.0 22/20 20/17 17/17 22/24 17/18 17/16 17/16 17/16
6.0 27/21 24/21 20/18 23/26 19/19 21/21 18/17 19/17
7.0 31/29 28/23 24/22 28/27 22/20 25/22 20/19 23/22
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Figure 4.6: Calculated value of the relative speed-up ζ for each test system and increasing
Rα.

The results show that, with some exceptions, calculations using the VLSD

method require less iterations to converge than calculations with the TSD method.

The analysis of the value of ζ indicates that calculations on molecules in G1 and

G2 seem to benefit more of the VLSD method than calculations on molecules in

G3 and G4. The largest values of ζ are obtained for NaCl, HPO2−
4 and PO3−

4 ,

which also show some of the lowest values of µ0 in TSD calculations. The max-

imum speed-up is obtained for NaCl with Rα = 5.0 Å, which has the lowest µ0

coefficient of all in TSD calculations, and corresponds to a value of ζ = 3.24,

meaning that TSD needs more than three times the number of VLSD iterations to

converge. On the other hand, calculations on molecules in G3 and G4 seem to

require approximately the same number of iterations with TSD than with VLSD.

These results seem to point out that the VLSD method is more robust compared

to TSD, especially in molecules where a certain degree of delocalisation of the

unconstrained molecular orbitals is expected.

4.6.4 Validation tests

A number of tests were performed to confirm that both the TSD and VLSD meth-

ods are capable of predicting structural and electronic properties correctly. Ac-

cording to the results in the previous section, NaCl converges very differently with

the TSD and VLSD methods, whereas H2O shows a similar convergence pattern
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with both. These two molecules were chosen to perform validation tests. The

structures were optimised with the BFGS geometry optimisation algorithm [204],

using either the TSD or the VLSD methods to calculate the total energy and the

atomic forces. The equilibrium bond length, L0, of the Na-Cl bond in NaCl and

of the average O-H bond in H2O were determined. Then, the magnitude of the

total electric dipole moment at the equilibrium geometry, p0, was calculated. The

results were compared to the values of L0 and p0 obtained with calculations using

the NWCHEM program [85] and the near-complete aug-cc-pVTZ Gaussian basis

set, which contains a large number of polarisation and diffuse functions [79, 80].

The values of L0 and p0 are shown in Table 4.2.

The equilibrium bond lengths L0 of NaCl and H2O calculated with the TSD

and VLSD methods in ONETEP and with NWCHEM agree very well, within a < 1

% deviation margin. Convergence of L0 to a single value with respect to to Rα is

fast both in NaCl and H2O calculations.

On the other hand, the value of the total electric dipole moment seems to be

more sensitive to changes in the accuracy of the basis set and the numerical method.

In ONETEP calculations, p0 converges to a single value when Rα increases, both

in NaCl and H2O calculations. The convergence of p0 is faster in H2O calcula-

tions than in NaCl, which might be seen as a consequence of the greater degree

of delocalisation of the Kohn-Sham orbitals in NaCl. The converged value of p0

in ONETEP calculations, with either TSD or VLSD methods, is around 8.40 De-

bye for NaCl and 1.86 Debye for H2O, which differ from the values obtained with

NWCHEM by∼ -3 % and 4 %, respectively. This disagreement, which is within ac-

ceptable levels, could potentially be reduced with the use of a higher kinetic energy

cut-off in the ONETEP calculations.
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Table 4.2: Calculated equilibrium bond length, L0, and total electric dipole moment at
the equilibrium geometry, p0, of NaCl and H2O.

NaCl H2O
Rα (Å) L0 (Å) p0 (Debye) L0 (Å) p0 (Debye)

TSD 3.0 2.38 9.54 0.97 1.90
4.0 2.37 8.95 0.97 1.89
5.0 2.38 8.55 0.97 1.88
6.0 2.37 8.42 0.97 1.86
7.0 2.37 8.40 0.97 1.86

VLSD 3.0 2.38 9.51 0.97 1.90
4.0 2.37 9.00 0.97 1.90
5.0 2.37 8.68 0.97 1.88
6.0 2.38 8.49 0.97 1.87
7.0 2.38 8.42 0.97 1.86

NWCHEM 2.38 8.65 0.97 1.79

4.7 Summary

In this chapter we described a new method for imposing localisation constraints

in self-consistent energy minimisation approaches for electronic structure calcula-

tions, called the variationally-localised search direction (VLSD) method. With the

VLSD method, the constraints of localisation of the atom-centred functions {φα}
are naturally included in the mathematical formalism by means of a detailed anal-

ysis of the variational degrees of freedom and the use of formal tensorial algebra.

The search direction vectors calculated with the VLSD method are fully localised

by construction, and no external truncation is needed. The VLSD method is capa-

ble of achieving rapid convergence regardless of the size of the localisation region.

The conventional truncated search direction (TSD) method, in contrast, relies

on the approximation that the truncated search direction vectors of the uncon-
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strained problem resemble the exact search direction vectors of the constrained

problem. The results of calculations on a number of molecules show that the TSD

method can provoke the deletion of a large portion of information, which was pre-

calculated and stored in the delocalised search direction vectors, in order to keep

the localisation constraints. It was observed that the VLSD method often con-

verges in less iterations than the TSD method. More particularly, in calculations

on systems where the deletion of information by the TSD method is remarkably

large, the VLSD method clearly outperforms TSD by converging in up to a third

of the number of iterations. Validation tests confirm that structural and electronic

properties can be accurately calculated with both methods.

In this chapter, the VLSD algorithm has been introduced as an technique to

optimise non-orthogonal, localised functions in real space. However, this is only

one particular application of the method. VLSD could be generalised to any opti-

misation problem in a non-orthogonal representation in which the search direction

vector is subject to a set of analytical constraints. For example, VLSD can be used

to impose that a certain subset of localised, non-orthogonal functions must remain

constant while the rest are optimised, by ensuring that the relevant associated sub-

set of search direction vectors is identically zero. The theory for developing this

method is briefly outlined in Appendix B. Moreover, the VLSD method should not

be limited to the case of localised functions. The optimisation of any n-th order

tensor in a non-orthogonal representation can benefit from the VLSD algorithm.

An example of a second-order tensor optimisation problem of special relevance in

linear-scaling density functional theory approaches is the optimisation of the den-

sity matrix in a non-orthogonal representation [147, 182], which is expected to be

localised, and in practice it is made localised by truncating its associated search
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direction vector. The extension of the VLSD algorithm for imposing localisation

constraints on the density kernel matrix is shown in Appendix C.
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Chapter 5

Density mixing and Hamiltonian

diagonalisation methods

Density mixing is used in many DFT methods to minimise the energy functional

self-consistently with respect to the electronic density. The scheme that has gath-

ered a wider attention was proposed by Pulay [213], who baptised the new ap-

proach as “direct inversion of the iterative subspace” (DIIS). The method has since

been developed by many authors [214] and applied to all sorts of systems, from

insulators to metals. There are a large number of DIIS schemes, amongst which

linear mixing (damping), Pulay mixing [213], C2-DIIS [215], ODA [216, 217],

EDIIS [218, 219], ADIIS [220] or LiST [221–223], are known examples.

DIIS methods are not direct energy minimisation methods. What this means is

that the objective of the iterative improvement of the electronic density is not neces-

sarily to minimise the energy functional, but to reduce an error vector that vanishes

at self-consistency. The choice of the error vector is thus fundamental, as pointed

out in Ref. [224]. Generally speaking, a given DIIS method cannot be used in

isolation because they tend to diverge when the initial guess of the electronic den-
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sity is somewhat unoptimised. To mitigate this effect, a combination of different

DIIS techniques can be used within the same calculation (such as linear-mixing

and Pulay mixing, for example), or, alternatively, DIIS can be used in combination

with other techniques such as Kerker preconditioning [225], level-shifting [226] or

occupation smearing [202].

The implementation of DIIS methods in ONETEP is part of the current Ph. D.

project as well as part of a dissertation for the M. Sc. degree on High-Performance

Computing at the University of Edinburgh [227]. Two are the main motivations for

including DIIS methods within ONETEP:

1. As an alternative to the LNV conjugate-gradient-based optimisation of the

density kernel matrix, K in the inner loop. Hamiltonian diagonalisation

approaches are prototypical self-consistent field procedures for total energy

minimisation. The DIIS methods that we have implemented are a very useful

tool for developing and testing more complex approaches, as they do not rely

on any kind of approximations to calculate the Kohn-Sham states and their

occupancies.

2. To benchmark the use of parallel diagonalisers within ONETEP. The scaling

of the current DIIS implementation with the system size is cubic-scaling, as

a consequence of the Hamiltonian diagonalisation step. The benchmarking

results turned out to be very encouraging, and opened the door for a further

development: a direct-energy minimisation scheme for large-scale calcula-

tions on metallic systems, described in Chapter 6. While diagonalisation is

cubic-scaling, the rest of the calculation can be executed with linear-scaling

cost. This scheme has been previously proposed by Fattebert and Bernholc

[150].
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In this chapter, we first describe the original idea behind DIIS methods. Then,

we describe the density mixing schemes that were implemented in ONETEP (linear,

ODA, Pulay and LiST). Briefly, the equations for the NGWF energy gradient that

is used in DIIS calculations are also outlined. The role and performance of the

Hamiltonian diagonaliser is discussed afterwards, showing that large calculations

of thousands of atoms are possible if efficient parallel diagonalisers (like those

included in the SCALAPACK suite [228]) are used. We also show validation tests

that prove that the DIIS schemes can yield a good description of the electronic

structure. We conclude with some remarks on future developments for improving

the convergence rate and efficiency of the DIIS methods used in ONETEP.

5.1 Direct inversion of the iterative subspace

In the original Pulay DIIS scheme [213], the total ground-state energy of the system

is a functional of a set of NDOF degrees of freedom, which can be interpreted as

the coordinates of a parameter vector p:

p = {p1, p2, . . . , pNDOF
} . (5.1)

The total energy of the system becomes a functional of p:

E = E [p] = E [p1, p2, . . . , pNDOF
] . (5.2)

DIIS is inserted within an self-consistent field (SCF) iterative algorithm that min-

imises the total Kohn-Sham energy. At each iteration m, a new parameter vector

p(m+1), that, ideally, should be closer to the ground-state coordinates, is produced.

An error vector can be associated to each new parameter vector by calculating the
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distance to the previous one:

∆p(m+1) = p(m+1) − p(m). (5.3)

Convergence of the SCF cycles can be slow or non-existent for certain systems,

so stable numerical algorithms to accelerate the convergence speed are needed to

solve the energy minimisation problem. In this context, the DIIS algorithm im-

proves the solution at each SCF iteration by constructing a new parameter vector

from a linear combination of the solutions of previous iterations as:

p(m+1) =
m∑

j=1

p(j)λj. (5.4)

where {λj} are the expansion coefficients. In this way, the knowledge about the

energy surface gained during a history of previous iterations is used to speed-up

convergence, by generating a more refined trial vector at every iteration. The DIIS

method is based on the assumption that the error vector

∆p(m+1) =
m∑

j=1

∆p(j)λj, (5.5)

converges to zero in the mean-squares sense, provided the condition

m∑

j=1

λj = 1, (5.6)

to preserve the norm of p at every iteration. Minimisation of (5.5) under the con-

straint (5.6) leads to the following system of m+ 1 linear equations:
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where Bjk = 〈∆p(j)|∆p(k)〉, with 〈|〉 being a suitable inner product of the error

vectors, and ν being a Lagrange multiplier that imposes the condition (5.6). The

solution of this system of linear equations are the {λj} coefficients that will be

used to generate the parameter vector for the next iteration, p(m+1), according to

equation (5.4).

5.2 Density kernel optimisation with DIIS methods

The DIIS algorithms implemented in ONETEP take place exclusively in the inner

loop, where the Kohn-Sham energy functional is minimised with respect to the

elements
{
Kαβ

}
of the density kernel. The NGWFs {φα} are kept constant during

the process. It is important to note that the DIIS implementation presented here

is specific for zero-temperature DFT calculations, although the extension to finite-

temperature DFT should be possible [95]. Therefore, the density kernel is required

to fulfill the constraint of idempotency (2.113), which, as demonstrated in Eq.

(2.116), is equivalent to imposing orthonormality of the Kohn-Sham states.

The algorithm requires a suitable initialisation of {φα} and
{
Kαβ

}
to begin

with. Then, at iteration m of the inner loop, the electronic density n(m) (r) is

constructed as:
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n (r)
(m)

= φα (r)Kαβ(m)φβ (r) . (5.8)

At this point, the Hamiltonian matrix is updated with the new density, producing

H(m), of elements:

H
(m)
αβ = 〈φα|Ĥ

(
K(m)

)
|φβ〉 . (5.9)

The total energy functional E(m) = E
[{
Kαβ(m)

}
, {φα}

]
is also evaluated. Then,

the diagonalisation step:

H
(m)
αβ M

β (m)
i = SαβM

β (m)
i ε

(m)
i , (5.10)

returns
{
M

β (m)
i

}
and

{
ε
(m)
i

}
. A new, perfectly-idempotent density kernel K̃(m)

can now be constructed as:

K̃αβ(m) =
Nocc∑

i

M
α (m)
i M

†β(m)
i , (5.11)

where Nocc is the number of fully occupied Kohn-Sham states (i.e., fi = 1), se-

lected by applying the aufbau principle to
{
ε
(m)
i

}
. The “output” density kernel

K̃(m) and the “input” Hamiltonian H(m) share the same set of eigenvectors, and

therefore the product of these matrices is commutative. However, this is not true

for the input density kernel K(m) and the input Hamiltonian, H(m), and the commu-

tator
[
H(m)K(m)S− SK(m)H(m)

]
is not zero unless self-consistent convergence

is achieved.

Equations (5.8) to (5.11) are common to all the DIIS schemes implemented in

ONETEP. At this point, the algorithm follows different paths depending on the

DIIS scheme selected for the calculation. Existing DIIS schemes can be classified
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as interpolation methods if the mixing coefficients {λj} are constrained to be in

the range [0, 1], and as extrapolation methods if {λj} can take any value in the

spectrum of real numbers. In both cases, the constraint (5.6) must hold. Another

element that helps classifying the different DIIS schemes is the number of input

and output density kernels and Hamiltonian matrices that are used to construct the

input of the next iteration. The number is not only determined by how many den-

sity kernels from previous iterations are used in the mixing step (5.5) (which we

will denote by Nmix), but also by how many matrices are necessary in order to

calculate the error vector. More matrices imply that more information is available

to construct a better input in the next iteration, but also that more resources are

needed in order to store them on memory. A flowchart of the complete DIIS im-

plementation is shown in Fig. 5.6 at the end of this chapter, which includes the

linear, ODA, Pulay and LiST density mixing methods. The details of each DIIS

method are outlined in the next subsections, and summarised in Table 5.1.

Table 5.1: Summary of the main features of the DIIS schemes implemented in ONETEP.
The table shows the range of the {λj} coefficients and the number of matrices required
by each method.

Scheme Range of {λj} #K #K̃ #H #H̃
Linear [0, 1] 1 1 1 0
ODA [0, 1] 1 1 1 1
Pulay (−∞,+∞) 1 Nmix 1 0
LiST (−∞,+∞) Nmix Nmix Nmix Nmix

5.2.1 Linear mixing

Linear density mixing is the simplest of all the DIIS methods. In this scheme, the

new density kernel K(m+1) is generated solely from the input and output kernels
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of the current iteration:

K(m+1) = (1− λ)K(m) + λK̃(m), (5.12)

where λ is the mixing coefficient, also called damping parameter. The peculiarity

about the linear mixing is that λ is not calculated as a consequence of measuring the

error vector, but instead it is selected manually and kept constant in the range [0, 1].

This feature makes linear mixing the DIIS method with the poorest performance

regarding self-consistent convergence, but also the most stable of all, so long as λ

is sufficiently small. This is an intrinsic advantage, since by manually adjusting

the value of λ, an array of relatively similar and suitable density kernels can be

generated during a certain number of initial iterations, which can then be used as

part of a more sophisticated Pulay or LiST scheme.

5.2.2 ODA mixing

The acronym ODA stands for optimal damping algorithm. ODA is an improved

form of linear mixing, originally developed for Hartree-Fock calculations [216]

and then extended to DFT [217]. The ODA updates the density kernel by taking

steps along the steepest descent direction, which is the one for which the slope:

s =
d

dλ
E

[
K(m) + λ

(
K̃(m) −K(m)

)
, {φα}

]
λ=0

, (5.13)

is minimal. The optimal value of λ is found after minimising a third-order polyno-

mial fitting of the energy along the steepest descent direction:

E (λ) = aλ3 + bλ2 + cλ+ d. (5.14)
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In order to evaluate a, b, c and d, the electronic density must be updated with the

output density kernel:

ñ (r) = φα (r) K̃αβ(m)φβ (r) , (5.15)

followed by the update of the Hamiltonian matrix:

H̃
(m)
αβ = 〈φα|Ĥ

(
K̃(m)

)
|φβ〉 , (5.16)

and the evaluation of the total energy functional Ẽ(m) = E
[
K̃αβ(m), {φα}

]
. Then,

the values of a, b, c and d can be found analytically as:

d = E(m) (5.17)

c = 2tr
[
H(m)

(
K̃(m) −K(m)

)]
(5.18)

a = 2tr
[
H̃(m)

(
K̃(m) −K(m)

)]
− 2Ẽ(m) + c+ 2d (5.19)

b = Ẽ(m) − a− c− d. (5.20)

The two solutions of the minimisation problem
dE

dλ
= 0 are:

λ± =
−b±√b2 − 3ac

3a
. (5.21)

If both values of λ± are in the range [0, 1], then one will correspond to a maximum

and the other to a minimum. The λ corresponding to the minimum is chosen based

on the second derivative criterion:

d2E

dλ2

∣∣∣∣
λ=λmin

> 0. (5.22)
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If none of the solutions are in the interval [0, 1], then λ is chosen manually to a safe

value (usually 0.1). The new density kernel K(m+1) is generated as in Eq. (5.12).

5.2.3 Pulay mixing

Pulay mixing uses a history of previous Nmix iterations to generate the next input

density kernel as:

K(m+1) =
m∑

j=m−Nmix

K̃(j)λj. (5.23)

Pulay mixing is an extrapolation approach where the coefficients {λj} can take any

real values. The optimal coefficients that can be used in (5.23) are calculated by

the principle of minimising the least-squares error, as described in Sec. (5.1). At

iteration m, an error vector R(m) is constructed as:

R(m) = K̃(m) −K(m). (5.24)

The inner product of any two error vectors can be calculated as :

Bjk = 〈R(j)|R(k)〉 = tr
[
R(j)SR(k)S

]
, (5.25)

where this choice of inner product is motivated from the definition of the Frobenius

norm. At every iteration, a matrix of Bjk elements can be formed, and the system

of equations (5.7) can be solved to obtain the coefficients {λj}. The next input

density kernel is calculated with Eq. (5.23).
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5.2.4 LiST mixing

The acronym LiST stands for “Linear-expansion shooting technique”. There are

three LiST methods, termed LiSTd (direct), LiSTi (indirect) and LiSTb (better).

LiSTd is regarded as unstable and impractical [222], due to spurious linear depen-

dencies that make the system of equations (5.7) ill-defined. On the other hand,

LiSTi [222] and LiSTb [223] are essentially the same method, with the differ-

ence that the matrices associated to each method are mutually transposed, i.e.,

BLiSTb
jk = BLiST i

kj . According to the authors of the LiST method, the performance

of LiSTb is better than LiSTi.

In LiST methods, the corrected Hohenberg-Kohn-Sham energy functional at

every iteration, E (m), defined as [221]:

E (m) = Ẽ(m) +
1

2
tr

[(
K(m) − K̃(m)

)(
H̃(m) −H(m)

)]
, (5.26)

is minimised with respect to K(m). The idea is that when self-consistency is

achieved, the second term in Eq. (5.26) vanishes, and the familiar Kohn-Sham

energy functional is recovered. Therefore,
(
K(m) − K̃(m)

)(
H̃(m) −H(m)

)
is a

suitable choice of error vector per iteration, that combines not only the informa-

tion stored in a history of input-output density kernels, but also in a history of

input-output Hamiltonian matrices. A linear combination of the type (5.5) yields a

system of equations of the type (5.7), where the elements Bij are:

BLiST i
jk =

1

2
tr

[(
K(k) − K̃(k)

)(
H̃(j) −H(j)

)]
(5.27)
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for LiSTi, and

BLiSTb
jk =

1

2
tr

[(
K(j) − K̃(j)

)(
H̃(k) −H(k)

)]
(5.28)

for LiSTb. The solutions of the respective systems of equations yield the coeffi-

cients {λj}. The next input density kernel is built as in Eq. (5.23).

5.3 NGWF optimisation

The NGWFs are optimised in the outer loop using a conjugate gradients iterative

scheme, with fixed density kernel K. In the standard approach, the localisation

constraints on the NGWFs are kept using the TSD method, described in Section

4.4. The purpose of this section is to describe how the NGWF energy gradient that

is calculated when the inner loop uses a DIIS scheme for determining K.

The constraints of orthogonality of the Kohn-Sham states, {ψi}, as well as

the constraint on conservation of the number of electrons N , must be taken into

account during the inner loop. This task is efficiently accomplished by the La-

grangian:

L′ [{cpα}] = E′ [{cpα}]− tr [H (KSK−K)]− µ (tr [KS]−N ) . (5.29)

The second term in L′ imposes idempotency of K, which, we recall, is equivalent

to imposing orthonormality of {ψi}, as shown in Eq. (2.116). The third term of

L′ imposes conservation of the number of electrons. To eliminate the Lagrange

multiplier µ, which is unknown (at least in principle), the density kernel obtained

after the DIIS optimisation is rescaled as in Eq. (2.118):
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K′ =
N

tr [KS]
K, (5.30)

and the Lagrangian L′ is simplified to:

L′ [{cpα}] = E ′ [{cpα}]− tr [H (K′SK′ −K′)] . (5.31)

which is now tractable with analytical techniques. The derivative ofL′ with respect

to cpα is:

gp
α =

∂L′
∂cpα

=
[
Ĥφβ (r)P βα

DIIS − φβ (r)Qβα
DIIS

]
r=rp

, (5.32)

where

PDIIS = 2ηK− η2KSK, (5.33)

and

QDIIS = η2KHK− 2

(
η − η2 tr [HKSK]

tr [KS]

)
K, (5.34)

with η = N /tr [KS]. If the inner loop has fully converged, then K = KSK and

η = 1, and the gradient obtained with LNV methods is naturally recovered, with

PDIIS = K and QDIIS = QLNV = −KHS−1, as shown in Eq. (2.126).

5.4 Numerical eigensolvers

All the DIIS schemes implemented in ONETEP require the diagonalisation of the

Hamiltonian matrix as the fundamental step that ensures self-consistency. Diago-

nalisation is equivalent to finding the solutions to the generalised eigenvalue prob-
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lem (5.10), a step that must take place at each iteration in order to construct a new

guess of the idempotent density kernel. This operation is cubic-scaling, O (
N3

)
,

for two reasons:

1. The intrinsic cost of diagonalising H is cubic-scaling.

2. The transformation matrix M is dense (as opposed to sparse). Dense matrix

multiplications to construct K are cubic-scaling.

The size of the systems that can be simulated with DIIS methods is then expected

to be limited by the cubic-scaling behaviour of the diagonalisation step. The per-

formance of the eigensolver will therefore mark the performance of the DIIS cal-

culations. Mathematical libraries are very important in high-performance comput-

ing for their potential to accelerate numerical algorithms. The LAPACK [229] and

SCALAPACK [228] packages are a collection of optimised routines for algebraic

operations involving matrices and vectors. LAPACK is optimised to be run in se-

rial, i.e., using only one core (CPU) per problem at a time, while SCALAPACK

is optimised for parallel computing, and allows to solve a single problem using

many cores. For this work, we used the LAPACK eigensolver DSYGVX and its

SCALAPACK parallel equivalent PDSYGVX. Both eigensolvers follow the same

basic algorithm [230].

The size of the matrices in the NGWF representation is equal to N2
φ, and stor-

ing the matrix elements in memory becomes increasingly complicated as the size

increases. The internal matrix handling of LAPACK implies that an entire copy of

each matrix must be stored within a single core memory [231]. Therefore, LA-

PACK calculations are limited by the capabilities of a single core hardware. On

the other hand, SCALAPACK assigns a fraction of the matrix elements to each of
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the cores involved in the calculation. The memory requirements are in this manner

distributed across all the processors, and the hardware limitation is effectively tack-

led [232]. By allocating more cores to the calculation, which might be distributed

across different nodes (each having its own memory sockets), the total allocated

memory to the calculation can be increased almost limitless.

Calculations with LAPACK require all-to-all communications to synchronise

the results obtained with each core. This is not true parallelism, since each core

is computing exactly the same problem, and should obtain identical solutions.

This is an obvious bottleneck in the performance of the LAPACK eigensolver that

gets worse for large systems. On the other hand, SCALAPACK calculations are

communication-intensive, since the different data stored in multiple cores must be

circulated correctly in order to obtain the correct result. The SCALAPACK parallel

algebra engine, named PBLAS, uses a 2D block-cyclic distribution of the matrix

elements within the cores that minimises the data movement between the different

memory levels and optimises inter-nodal communications. The parallel communi-

cations are controlled with the BLACS interface. The overall performance of the

SCALAPACK routines will be determined by the amount of computation per core

and the efficiency of the communications between cores.

The ONETEP code has been interfaced to the DSYGVX and PDSYGVX eigen-

solvers. The choice between LAPACK and ScaLAPACK is given at compilation

time, via conditional compilation flags (#ifdef). If no flags are invoked, LA-

PACK is the default solver, whereas if the flag -DSCALAPACK is invoked at com-

pilation time, the ScaLAPACK solver will be enabled. The Kohn-Sham eigen-

vectors are required to be orthonormal to each other. Eigenvectors that corre-

spond to different eigenvalues are orthogonal by definition, but if degeneracy is
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present, each group of eigenvectors will have to be orthonormalised independently.

The SCALAPACK eigensolver orthonormalises the eigenvectors using an iterative

method based on convergence within a given tolerance threshold, specified by the

SCALAPACK input variable ABSTOL. The input variable ORFAC tells PDSYGVX

which eigenvectors must be orthonormalised (none is a possibility). The amount

of workspace that must be allocated for the orthonormalisation process is directly

proportional to the degree of degeneracy of the eigenstates. The variable WORK

controls the size of the arrays allocated for the completion of the diagonalisation

and orthonormalisation with PDSYGVX. For a parallel algebra eigensolver like

PDSYGVX, keeping the eigenvectors orthogonal requires a large amount of all-

to-all communications, which take a substantial amount of the total runtime of the

diagonalisation routine.

5.5 Performance of the eigensolvers

The ONETEP program with the DIIS implementation and an interface to the LA-

PACK and SCALAPACK eigensolvers DSYGVX and PDSYGVX was compiled on

HECToR Cray XT4, Phase 2A (3072 AMD 2.3 GHz quad-core Opteron proces-

sors and 8 GB of memory per node), and Iridis 3 (1008 Intel Nehalem nodes with

two 4-core processors each and 22 GB of memory per node). Full details of the

compilation of ONETEP on each of these target machines can be found in Ref.

[227]. A group of benchmark systems was formed by five silicon nanorods of

different sizes which should show some of the typical properties of the semicon-

ductors, such as a medium value of the band gap. A smaller band gap means that

the nearsightedness of the density matrix is not so obvious, and some linear-scaling

approaches may fail during the simulation. However, recent work using this set of
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silicon benchmarks [233] demonstrated that it is possible to simulate these kind of

semiconductors using ONETEP without loss of accuracy. Table 5.2 summarises the

set of silicon benchmarks, represented in Figure 5.1.

Table 5.2: Set of benchmarks corresponding to silicon nanorods of different size. The
NGWF radii {Rα} are 7.0 Bohr for silicon atoms and 6.0 Bohr for hydrogen. The density
kernel is truncated beyond a cut-off radius Rc of 25 Bohr. The table shows the number of
atoms, Nat, number of NGWFs, Nφ, and plane-wave kinetic energy cut-off, Ec, of each
calculation.

Test case Nat Nφ Ec (eV)
Si29H36 65 297 650

Si242H140 382 2318 650
Si532H224 756 5012 600
Si766H402 1168 7296 600
Si1186H366 1552 11040 600

Figure 5.1: Set of silicon nanorods benchmarks.

The performance of the eigensolvers was also benchmarked in a sequence of

fragments of a double-helix shaped amyloid fibril protein [234]. This biological

system has a larger band gap that should make a linear-scaling approach based on

the locality of the density matrix more accurate [185]. Table 5.3 and figure 5.2

summarise the computational parameters of this set of calculations.
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Table 5.3: Set of benchmarks corresponding to a the amyloid protein of increasing size.
The NGWF radii {Rα} are 7.0 Bohr for all species. The density kernel is truncated
beyond a cut-off radius Rc of 20 Bohr. The table shows the number of atoms, Nat,
number of NGWFs, Nφ, and plane-wave kinetic energy cut-off, Ec, of each calculation.

Test case Nat Nφ Ec (eV)
p16_20 1712 4544 600
p32_20 3424 9088 600
p48_20 5136 13632 600
p64_20 6848 18176 600
p80_20 8560 22720 600
p96_20 10272 27264 600

p112_20 11984 31808 600
p128_20 13696 36352 600

Figure 5.2: Set of benchmarks of fragments of an amyloid fibril protein.

A complete report of the benchmarking process can be found in Ref. [227]. We

shall summarise here the main results which are important for further applications

of parallel diagonalisers in self-consistent field algorithms.

1. Using LAPACK in a parallel ONETEP calculation yields almost no benefit.

Since LAPACK is, by definition, a serial code, there is no parallel speed-up.

That is, adding more cores does not make the execution of the diagonalisation
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step faster.

2. Memory-wise, parallel calculations with the LAPACK eigensolver DSYGVX

are hardware-limited. Each core holds an exact copy of the entire collection

of dense matrices that are involved in the diagonalisation step. The memory

requirements per core are thus constant regardless of the total number of

cores involved in the calculation. The numbers are simple: if the matrices

do not fit in a single core memory, the calculation cannot proceed. Large

systems cannot be executed with LAPACK.

3. Parallel calculations with the SCALAPACK PDSYGVX eigensolver yield a

noticeable parallel speed-up, however the parallel efficiency is not dramatic.

4. Parallel dense algebra packages such as SCALAPACK are essential for large-

scale DFT calculations based on diagonalisation. The reason is memory ef-

ficiency: each core is in charge of storing only a certain fraction of each

dense matrix, the size of which is inversely proportional to the total number

of cores. Therefore, operations that involve very large matrices become fea-

sible since the information is stored using a collaborative approach between

all the cores. Should more memory be needed for a given calculation, re-

questing more cores will automatically increase the total memory available

for executing the diagonalisation and orthonormalisation steps.

The implications of memory distribution for practical calculations are clearly

visible in Table 5.4, which summarises which calculations were feasible with LA-

PACK and SCALAPACK on the two target machines. In the light of these perfor-

mance results, one can question the performance of diagonalisation-based methods

such as DIIS compared to other methods such as LNV where no explicit diagonal-
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Table 5.4: Successful calculations using LAPACK and ScaLAPACK eigensolvers on
HECToR and Iridis 3. In all cases, 4 cores per node have been used. The asterisk *
indicates that a smaller number of nodes has not been tested and it is possible for the
calculation to fit on less nodes than that. For saving computational time, the protein
systems have not been simulated using LAPACK on Iridis 3.

Test case LAPACK LAPACK SCALAPACK SCALAPACK

(HECToR) (Iridis 3) (HECToR) (Iridis 3)
Si29H36 Yes Yes Yes (1 node) Yes (1 node)

Si242H140 Yes Yes Yes (1 node) Yes (1 node)
Si532H224 Yes Yes Yes (1 node) Yes (1 node)
Si766H402 No Yes Yes (2 nodes) Yes (1 node)
Si1186H366 No No Yes (3 nodes) Yes (1 node)

p16_20 Yes - Yes (7 nodes) Yes (15 nodes)*
p32_20 No - Yes (9 nodes) Yes (20 nodes)*
p48_20 No - Yes (10 nodes) Yes (5 nodes)
p64_20 No - Yes (10 nodes) Yes (5 nodes)
p80_20 No - Yes (11 nodes) Yes (20 nodes)*
p96_20 No - Yes (13 nodes) Yes (20 nodes)*

p112_20 No - Yes (17 nodes) Yes (20 nodes)*
p128_20 No - Yes (19 nodes) Yes (20 nodes)*

isation takes place. Figure 5.3 shows the scaling of one DIIS iteration and one

LNV iteration with the system size. These results do not mark a definite cross-

over point were the cubic-scaling diagonalisation becomes more costly than the

linear-scaling approach. However, they clearly suggest that diagonalisation-based

calculations of some thousands of atoms can be achieved with a computational cost

that is comparable to LNV calculations. This is a very useful result that has en-

abled the implementation of a robust method for DFT calculations on metals with

the ONETEP program, presented in Chapter 6 of this dissertation.
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Figure 5.3: Comparison of the scaling of the LNV and DIIS algorithms with the system
size for the set of amyloid benchmarks. The systems have been simulated using 20 nodes
and 4 cores per node on HECToR and Iridis 3.

5.6 Validation tests

We have validated the implementation of DIIS in a number of test cases. Here,

we show the results for the silicon nanorods Si29H36 and Si242H140 with the setup

described in Table 5.2.

Figure 5.4 shows the convergence of the inner and outer loop in calculations on

Si29H36. All the calculations on this system, whether with DIIS or LNV methods,

converged successfully. Regarding the inner loop, it is obvious however that linear

mixing with λ = 0.1 and ODA are slower than the rest, as they require almost triple

number of iterations to converge to the same degree as the rest. In this relatively

small system, LiST methods perform better than Pulay mixing, requiring 5 itera-
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Figure 5.4: Calculations on Si29H36 silicon nanorod with DIIS. Pulay and LiST methods
use a history of size Nmix = 5, and perform 2 leading linear mixing iterations with
parameter λ = 0.1. (a) Convergence of the RMS of the commutator (2.122) during the
execution of the inner loop. In this plot, the series corresponding to linear mixing with
λ = 0.1 and ODA are overlapping. (b) Convergence of the RMS of the slope of the
NGWF gradient along the search direction (2.127), with 5 iterations in the inner loop.

tions to converge (25 % less). Regarding the outer loop, ODA does not perform

as good as the others and the calculation converges to a higher threshold in three

more iterations. The total charge dipole moment calculated with each method is

shown in Table 5.5. The value obtained with each method agrees with the others

within a 1% relative error, which suggests that the electronic structure of Si29H36
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is well describe with any DIIS scheme and LNV.

Table 5.5: Dipole moment of Si29H36.

Method Dipole moment (Debye)
Linear (λ = 0.1) -0.137

Linear (λ = 0.25) -0.132
ODA -0.137
Pulay -0.130
LiSTi -0.131
LiSTb -0.131
LNV -0.132

Figure 5.5 shows the convergence of the inner and outer loops in calculations on

Si242H140. This system has five times more atoms and ten times more NGWFs than

the Si29H36 nanorod, and therefore correct simulation of its electronic properties

is more complicated. Regarding the inner loop, the linear mixing parameter has to

be reduced to at least 0.05 to obtain any type of convergence. Such a small mix-

ing parameter produces a very small change in the density kernel and convergence

noticeably slower. This kind of situation is an example of charge sloshing [94],

where a small change in K produces a large, ill-conditioned change in the Hamil-

tonian H. Charge-sloshing also affects the ODA mixing method, which does not

perform very well and, although it eventually falls into the convergence regime, it

requires a very large number of “false” iterations where the commutator oscillates.

Pulay and LiST methods do converge faster, due to the large history of previous

solutions that they have available for elaborating the best density kernel matrix in

the following iterations. Perhaps surprisingly, convergence of the inner loop with

LNV is worst than with converging DIIS methods. The commutator (2.122) is no-

ticeably higher, which indicates that the current electronic density is not a solution

to the Kohn-Sham equations. The behaviour of the inner loop is reflected in the
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Figure 5.5: Calculations on Si242H140 silicon nanorod with DIIS. Pulay and LiST meth-
ods use a history of size Nmix = 5, and perform 5 leading linear mixing iterations with
parameter λ = 0.05. (a) Convergence of the RMS of the commutator (2.122) during
the execution of the inner loop. (b) Convergence of the RMS of the slope of the NGWF
gradient along the search direction (2.127), with 10 iterations in the inner loop.

outer loop. Linear mixing with λ = 0.1 and ODA mixing fail to converge. The

reason is that after ten inner loop iterations, the density kernel is not only far from

convergence, but also clearly unphysical. The optimisation of the NGWFs cannot

proceed without a reasonable estimate of the density kernel matrix. The outer loop

does converge for all the other methods (including linear mixing with λ = 0.05).
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The total energy converges to the same degree (10−6 eV/atom variation between

two consecutive iterations) faster with the DIIS methods than with LNV. The total

dipole moment of Si242H140 calculated with each method is shown in Table 5.6.

Leaving aside the broken λ = 0.1 and ODA linear mixing calculations, the values

obtained with the other methods match within a 10% relative error margin.

Table 5.6: Dipole moment of Si242H140.

Method Dipole moment (Debye)
Linear (λ = 0.05) 0.088
Linear (λ = 0.1) -25959.8

ODA -4963.9
Pulay 0.078
LiSTi 0.083
LiSTb 0.083
LNV 0.083

The results shown in Figure 5.5 are remarkably important for the following

reason. It can be seen that DIIS is able to converge the Hamiltonian-density kernel

commutator to a much lower level (at least during the first NGWF iterations). To

understand why the LNV loop is unable to obtain the same level of convergence,

one must look at how LNV works. As opposed to DIIS methods, LNV is a direct

energy minimisation method that relies on the energy gradient to construct a search

direction vector (see section 2.11.2). If a finite radial cut-off Rc is applied to the

elements of the density kernel, the search direction vector for LNV calculations,

resulting from an unconstrained minimisation search, must be truncated in order

to maintain the localisation constraints. The truncation step introduces an error in

the calculation which cannot be controlled or predicted. The higher Hamiltonian-

density kernel commutator in the LNV calculation is a consequence of this non-

variational truncation of the search direction vector. DIIS methods, on the other
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hand, perform a constrained minimisation process in which, at all stages and by

construction, the localisation constraints are kept exactly. No special truncation

is needed at any stage of DIIS minimisation. Instead, once the sparsity pattern

of
{
Kαβ

}
is decided (at the initialisation step), it is propagated throughout the

equations in a fully consistent manner. This capability of DIIS makes it an ideal

benchmarking code for testing the consequences of spatial truncation of the density

kernel matrix.

5.7 Summary

The implementation of DIIS methods in ONETEP has served as a benchmark for

testing Hamiltonian diagonalisation methods for self-consistent minimisation of

the energy. The formalism of localised NGWFs makes this approach attractive

despite of the inherent cubic-scaling cost since, as it has been shown in the perfor-

mance results, calculations with thousands of atoms are certainly possible. There

is one condition that must be met nevertheless: efficient, parallel, dense algebra

routines have to be used in order to distribute the memory requirements and the

computational effort between a large number of cores. In this project, the SCALA-

PACK package allowed us to successfully diagonalise matrices of tens of thousands

of eigenvalues using a relatively modest core count. A future development can be

to interface the ONETEP program to other parallel dense eigensolvers, such as the

one described in Ref. [235].

DIIS approaches are conceptually simple and can produce an accurate descrip-

tion of the electronic structure, as have been shown with the validation results on

the silicon nanorods. By definition, DIIS methods perform a constrained energy

minimisation where the localisation constraints are taken into account. Therefore,
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DIIS methods completely avoid errors arising from spatial truncation of the density

kernel, as opposed to direct minimisation methods using the LNV technique. This

property makes DIIS a perfect method for benchmarking the effects of localisation

constraints imposed upon the density kernel elements.

There is, however, a drawback with DIIS methods: their reliance on an error

vector that must be externally defined, rather than on the analysis of the energy

functional, in the decision-making process of selecting the most suitable mixing

parameters. Many times, especially in large systems, charge sloshing effects [94],

where a small update of the electronic density produces an uncontrolled change to

the electronic structure of the system, can cause the calculation to diverge. As a

future development, Kerker preconditioning techniques [225] can be implemented

with the aim of minimising charge sloshing effects and making the implementation

more robust. Another further development of the DIIS methods is to substitute

density kernel mixing and replace it with Hamiltonian mixing instead. Hamiltonian

mixing ensures that the occupancies always follow the aufbau principle. In density

kernel mixing, the aufbau principle is broken when a new input density kernel is

built from the sum of previous density kernels.

Finally, it must be acknowledged that DIIS methods are commonly used for

finite-temperature DFT calculations on metals [95, 219]. Also as a future devel-

opment, the DIIS implementation can be expanded to consider non-integer oc-

cupancies given by the Fermi-Dirac distribution (2.41) or the Methfessel-Paxton

distribution [236]. The resulting algorithm (which will need Kerker precondition-

ing or other similar technique to fight charge sloshing), should be able to perform

efficient calculations on large metallic particles.
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Chapter 6

Direct minimization method for metals

The energy levels in metallic systems form a continuum near the Fermi level that

results in a zero band-gap between occupied and non-occupied states. This char-

acteristic of metallic systems makes zero-temperature self-consistent approaches

impractical, mostly due to the phenomenon of level-crossing [94], i.e., the im-

possibility of assigning integer occupancies (according to the aufbau principle)

to states in the boundary of the Fermi level that are practically identical in en-

ergy. Mermin’s extension of DFT to finite-temperature statistical ensembles [55],

and the subsequent development of finite-temperature Kohn-Sham DFT [36], al-

lowed calculations on metals to be performed efficiently. Within this formalism,

the Kohn-Sham states have fractional occupancies determined by the Fermi-Dirac

distribution (2.41), regulated by a constant electronic temperature T . As described

in Section 2.3, the macroscopic state function in the canonical ensemble is the

Helmholtz free energy, AT , which obeys the variational principle of quantum me-

chanics. Many self-consistent processes to find the Kohn-Sham states that min-

imise the Helmholtz free energy have been envisaged, using either density mixing

[95, 217, 219] or direct free energy minimisation techniques [150, 212, 237–239].
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Most Kohn-Sham DFT methods are cubic-scaling because of the need for diag-

onalising the Hamiltonian matrix to obtain the energy eigenvalues, {εi}, which are

then used to construct the fractional occupancies of the Kohn-Sham orbitals. The

size of the systems that can be simulated with finite-temperature Kohn-Sham DFT

is currently limited by this scaling, and studies of large metallic systems with a po-

tential use in new technologies are not normally viable. Examples of new metallic

materials with applications in industrial processes include nanoparticles for oxygen

adsorption in catalytic reactions [240–242], interactions at metallic surfaces [243–

245], and characterisation of nanoalloys and amorphous materials [44, 246, 247].

Large calculations on metallic systems have nevertheless been performed success-

fully by the Nørskov group on gold and platinum nanoparticles [240, 241], at the

expense of using tens of thousands of cores in parallel clusters.

In this chapter, we discuss the main points of a new implementation of a direct

free-energy minimisation method in ONETEP. Localised orbitals have proven to

be both useful and accurate in calculations on insulators and semi-conductors, but

they have seldom been trialed on metallic systems in the past [168]. Our approach

requires a Hamiltonian diagonalisation step which makes the overall cost scale cu-

bically with the number of atoms in the system. However, the cost of Hamiltonian

diagonalisations is reduced to the minimum as a consequence of using strictly-

localised NGWFs, which are optimised in terms of the psinc basis set to achieve

a high degree of accuracy. In this way, the rank of the Hamiltonian matrix is re-

duced to the minimum possible, and the prefactor due to diagonalisation is largely

reduced. The remaining parts of the code can be computed at a linear-scaling cost

due to sparsity of the matrices in the NGWF representation. This approach follows

the ideas proposed by Fattebert and Bernholc [150].
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The study of DIIS methods based on Hamiltonian diagonalisation, described in

Chapter 5, showed that parallel dense algebra techniques are essential if calcula-

tions with thousands of atoms are to be performed. These methods serve a double

purpose: they distribute both the cost and the storage of dense algebraic operations

across a large number of processors. In the present implementation we used the

PDSYGVX parallel eigensolver included in the SCALAPACK package [228]. The

results show how our method is capable of achieving a high level of accuracy in

large-scale calculations on metallic systems with thousands of atoms. The compu-

tational cost is also considerably reduced, which makes our method a powerful tool

for studying very large systems which are inaccessible with conventional methods.

These include some of the largest metallic nanoclusters simulated to date with the

DFT level of theory, and which can have a potential application on industrial cata-

lysts.

6.1 Implementation in the ONETEP program

The process of minimising the Helmholtz free energy functional, AT [n], with re-

spect to the electronic density, n (r), is restated as a variational problem in terms

of the NGWF representation of the Hamiltonian matrix, {Hαβ}, and the NGWFs

expansion coefficients, {cpα}, as 1:

AT [n] = AT [{Hαβ} , {cpα}] = E [{Hαβ} , {cpα}]− T S [{Hαβ}] . (6.1)

1The entropy due to the Fermi-Dirac distribution only depends on the occupancies, {fi}. The energy
levels that give rise to the occupancies are obtained via diagonalisation of the Hamiltonian matrix in the cur-
rent NGWF representation. Therefore, {fi} depends on {Hαβ}, and so the entropic term can be considered
a functional of the Hamiltonian matrix elements.
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The functionalAT [{Hαβ} , {cpα}] is then minimised using two nested loops, based

on the following procedure:

AT [n0] = min
{Hαβ},{cpα}

AT [{Hαβ} , {cpα}] (6.2)

= min
{cpα}

min
{Hαβ}

AT [{Hαβ} , {cpα}]

= min
{cpα}

A′T [{cpα}] ,

subject to the constraints of spatial localisation of the NGWFs (2.123), orthonor-

mality of the Kohn-Sham states (〈ψi|ψj〉 = δij), and conservation of the number

of electrons (2.40). Each loop uses a direct free-energy minimisation technique

(steepest-descent or conjugate gradients), to achieve self-consistency.

The approach based on two nested loops was pioneered by the ensemble-DFT

method of Marzari et al. [212], although in their method, the free energy functional

was minimised in the inner loop with respect to the occupancies {fi} instead of

{Hαβ}. The idea of a self-consistent procedure in terms of the Hamiltonian ele-

ments corresponds to Freysoldt et al. [239]. We prefer this method for two reasons:

• It ensures that the aufbau principle, which prescribes that the occupancies

are determined by the energy levels, and not the other way around, holds at

all times. The occupancies are calculated with the Fermi-Dirac distribution

(2.41), which has an associated entropic term that is well known, given by

Eq. (2.42). If the aufbau principle did not hold, then neither the Fermi-Dirac

distribution or its entropic term would be valid.

• An approach based on the energy eigenvalues ensures that only the Hamil-

tonian matrix has to be diagonalised at every iteration. The eigenspectra of
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{Hαβ} (the set of energy eigenvalues {εi}) is not compressed within a par-

ticular range of real values, and degenerate states appear in few subgroups

which are orthonormal to each other. Reorthonormalising each subgroup in-

dependently does not require extensive computational resources and makes

the process suitable for large calculations with parallel eigensolvers. On the

other hand, an approach based on the occupancies requires the diagonalisa-

tion of the density kernel matrix, K. The eigenvalues of K are compressed to

be in the range [0, 1] and therefore degeneracy appears much more frequently

and in much larger groups. Reorthonormalising large groups requires an im-

mense effort from the parallel diagonaliser, which is very time and memory

consuming. In many cases, the memory requirements were found to be so

elevated that the calculations could not proceed.

6.2 Inner loop: energy eigenvalues optimisation

At iteration m of the inner loop, the Hamiltonian matrix is first diagonalised as:

H
(m)
αβ M

β (m)
i = SαβM

β (m)
i ε

(m)
i , (6.3)

after which the degenerate eigenstates are orthonormalised with the Löwdin sym-

metric orthonormalisation method [195]. The occupancies
{
f

(m)
i

}
are calculated

using the Fermi-Dirac distribution:

f
(m)
i

(
ε
(m)
i

)
=

(
1 + exp

[
ε
(m)
i − µ(m)

kBT

])−1

. (6.4)

The Fermi level, µ(m), is calculated at a negligible expense using the bisection

method based on the constraint
∑

i f
(m)
i = N . The entropy term S(m) is calculated
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from
{
f

(m)
i

}
as:

S(m)
[{
f

(m)
i

}]
= −kB

∑

i

[
f

(m)
i ln f

(m)
i + (1− f

(m)
i ) ln (1− f

(m)
i )

]
. (6.5)

The density kernel is now built from the occupancies as:

Kαβ(m) =
∑

i

M
α (m)
i f

(m)
i M

†β(m)
i . (6.6)

and the electronic density, n(m) (r), is updated as:

n(m) (r) = φα (r)Kαβ(m)φ∗β (r) . (6.7)

Then, the density-dependent components of the Hamiltonian operator V̂H

[
n(m)

]

and V̂XC

[
n(m)

]
are updated and the Helmholtz free energy functional A(m)

T , is

evaluated. A new Hamiltonian matrix of elements
{
H̃

(m)
αβ

}
is constructed as:

H̃
(m)
αβ = 〈φα|T̂ + V̂ext + V̂H

[
n(m)

]
+ V̂XC

[
n(m)

]
|φβ〉 . (6.8)

The values of
{
H̃

(m)
αβ

}
are used to define a search direction ∆(m) of elements

{
∆

(m)
αβ

}
in the multidimensional space of non-diagonal Hamiltonian matrix ele-

ments as:

∆
(m)
αβ = H̃

(m)
αβ −H

(m)
αβ . (6.9)

The Hamiltonian matrix H(m)
αβ is updated as:

H
(m+1)
αβ = H

(m)
αβ + λ∆

(m)
αβ . (6.10)

196



6.3. OUTER LOOP: NGWF OPTIMISATION

The choice of this search direction is similar to the choice of search directions

in the algorithms by Marzari et al. [212] and Freysoldt et al. [239]. The above

equation can be recast into H(m+1) = (1− λ)H(m) + λH̃(m), were λ acts as an

optimal damping parameter that has been chosen with the purpose of minimising

the free energy functional. The parameter λ is calculated using a second-order

polynomial fitting of the free energy functional after evaluating AT [{εi} , {cpα}]
along the search direction ∆(m) at λ = 0 and at two trial steps in the range [0, 1].

Occasionally, in the very first iterations, a third-order polynomial fitting may be re-

quired. Rarely, a fourth-order polynomial can be necessary. The algorithm quickly

falls into the parabolic regime. The minimum is reached when the commutator

[
H(m+1),K(m)

]
= H(m+1)K(m)S− SK(m)H(m+1) (6.11)

falls below the pre-selected tolerance threshold. Typically, 3 to 5 inner loop itera-

tions are required per outer loop iteration.

6.3 Outer loop: NGWF optimisation

The outer loop optimises {cpα}, with fixed {Hαβ} by minimising the projected

free energy functional A
′
T [{cpα}] [144, 146, 147, 150, 151]. The NGWF optimi-

sation in the metals method follows the principles of the truncated search direc-

tion method (TSD), explained in detail in Section 4.4. The gradient gp
β(l) of the

Helmholtz free-energy functional A(l)
T with respect to c(l)pβ returns :

gp
β(l) =

∂A
′(l)
T

∂c
(l)
pβ

=
[
Ĥφ(l)

γ (r)Kγβ
]
r=rp

. (6.12)

Orthonormality of the KS states {ψi} can be imposed to first order by projecting
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out the components of gp
β(l) that are parallel to c(l)pβ, as described in Ref. [211]. The

resulting gradient is:

g̃p
β(l) =

∂A
′(l)
T

∂c
(l)
pβ

=
[
Ĥφ(l)

γ (r)Kγβ − φ(l)
γ (r)Kγδ(l)HδνS

νβ(l)
]
r=rp

. (6.13)

which is contravariant with respect to the index β. To obtain covariant representa-

tion, g̃p
β(l) is right-multiplied with S(l)

βα [159]. Then, kinetic energy preconditioning

[176] and occupancy preconditioning [212] are applied, resulting in the steepest-

descent search direction coefficients:

d(l)
pα = −P̂

[
Ĥφ(l)

α (r)− φ
(l)
β (r)Sβγ(l)H(l)

γα

]
r=rp

. (6.14)

where P̂ is a generic kinetic energy preconditioning operator [40] and the leading

minus is a consequence of the “downhill” update of the steepest descent method.

To account for the localisation contraint of the NGWFs, those search direction

coefficients that correspond to points rp outside the spherical localisation regions

are set to zero. Using the psinc representation, a spherically-localised steepest-

descent search direction vector ∆
(l)
α is defined as:

∆(l)
α (r) =

Np∑
p=1

Dp (r) d(l)
pα. (6.15)

The conjugate gradients search direction |χ(l)
α 〉 is obtained by conjugating |∆(l)

α 〉 to

|χ(l−1)
α 〉 as:

|χ(l)
α 〉 = |∆(l)

α 〉+
〈Γ̃β(l)|∆(l)

β 〉
〈Γ̃γ(l−1)|χ(l−1)

γ 〉
|χ(l−1)

α 〉 , (6.16)

198



6.3. OUTER LOOP: NGWF OPTIMISATION

where

Γ̃β(l) =

Np∑
p=1

Dp (r) g̃p
β(l). (6.17)

The conjugate gradients search direction, χ(l)
α (r), is also spatially-localised (since

the localisation regions do not change), and can be expressed in the psinc basis set

as:

χ(l)
α (r) =

Np∑
p=1

Dp (r)x(l)
pα, (6.18)

where
{
x

(l)
pα

}
are its expansion coefficients. Convergence of the outer loop is

judged by monitoring the slope along this search direction:

slopeφ =

Np∑
p=1

g̃p
α(l)x(l)

pα. (6.19)

If self-consistency is not yet achieved, the NGWF coefficients on the grid are up-

dated as:

c(l+1)
pα = c(l)pα + ηx(l)

pα, (6.20)

where η is the optimal step-length obtained using a second-order polynomial fitting

of A′T [{cpα}] along the search direction |χ(l)
α 〉 (a third-order polynomial fitting is

rarely needed). The algorithm continues by updating the overlap and inverse over-

lap matrices
{
S

(l+1)
αβ

}
and

{
Sαβ(l+1)

}
, respectively. For consistency, the trans-

formation {Mα
i} must be represented in terms of the new NGWFs,

{
φ

(l+1)
α

}
.

Combining the closure relation:
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Î = |φ(l+1)
β 〉Sβγ(l+1) 〈φ(l+1)

γ | (6.21)

and the expansion of the KS states in terms of the previous NGWF representation

|ψ(l)
i 〉 = |φ(l)

α 〉Mα
i , (6.22)

the following expression is obtained:

|ψ(l)
i 〉 = |φ(l)

α 〉Mα
i

=⇒ |ψ(l)
i 〉 = |φ(l+1)

β 〉Sβγ(l+1) 〈φ(l+1)
γ |φ(l)

α 〉Mα
i

=⇒ 〈φµ(l+1)|ψ(l)
i 〉 = 〈φµ(l+1)|φ(l+1)

β 〉Sβγ(l+1) 〈φ(l+1)
γ |φ(l)

α 〉Mα
i

=⇒ M̃µ
i = δµ

βS
βγ(l+1) 〈φ(l+1)

γ |φ(l)
α 〉Mα

i

=⇒ M̃µ
i = Sµγ(l+1) 〈φ(l+1)

γ |φ(l)
α 〉Mα

i . (6.23)

The density kernel is rebuilt as:

K̃αβ =
∑

i

M̃α
ifiM̃

†β
i , (6.24)

followed by the update of the electronic density:

n(l+1) (r) = φ(l+1)
α (r) K̃αβφ

∗(l+1)
β (r) , (6.25)

and the density-dependent terms V̂H

[
n(l+1)

]
and V̂XC

[
n(l+1)

]
. The projected

functional A
′(l+1)
T is evaluated, followed by the update of the Hamiltonian be-

fore re-entering the inner loop. The two-nested-loop approach is repeated to self-

consistency until convergence to the desired tolerance threshold is achieved. We
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found that the change of representation of Eq. (6.23) is very important for the

stability and robustness of the algorithm. Calculations on metallic systems do not

normally converge unless this step is performed.

6.4 Scaling with the system size

A key feature of the approach presented in this work is the use of NGWFs. As a

consequence of the strict spherical localisation constraints imposed on {φα}, most

of the overlap {Sαβ} and Hamiltonian {Hαβ} matrix elements are zero. There-

fore, both matrices are sparse, allowing the custom-built, highly parallel, optimised

sparse algebra routines included in the ONETEP program [183] to be utilised. The

cost of algebraic operations with sparse matrices scales as O (N) with the number

of the atoms in the system, N . Additionally, the cost of fast Fourier transforms

also scales asO (N) with the use of the FFT-box technique [174, 175]. As a result,

many essential steps of the algorithm such as updating the electronic density on a

grid, updating the Hamiltonian elements or calculating the NGWF gradient can be

performed at O (N) cost (linear-scaling).

However, the computational cost and memory requirements to diagonalise the

Hamiltonian is O (
N3

)
. Therefore, the overall scaling of the algorithm is also

O (
N3

)
(cubic-scaling). The strategy followed in this work is not of avoiding the

diagonalisation step, but rather of reducing its impact on performance. The NG-

WFs are essential to this goal. The set of {φα} contains a minimal number of

functions which are used to represent the Hamiltonian operator. Hence, the Hamil-

tonian matrix to be diagonalised is reduced to have the smallest possible dimen-

sions, which reduces the prefactor associated to diagonalisation and its impact on

the total runtime of the algorithm. Chemical accuracy is achieved by means of op-
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timising the NGWFs in the psinc basis set during the outer loop atO (N) cost. The

memory requirements are often a stronger limiting factor than the computational

time. This is due to the fact that {Mα
i},

{
Kαβ

}
and other temporary matrices

are dense, amounting for (Nb ×N)
2 non-zero elements per matrix that must be

stored. In order to be able to simulate large systems with thousand of atoms, mem-

ory storage of matrix elements has to be shared over multiple cores. To address

this difficulty, the ScaLAPACK PDSYGVX parallel eigensolver [228] was used,

not only to accelerate the diagonalisation step with parallel algebra techniques, but

more importantly, to divide and distribute the matrix elements over the memory of

a large number of cores in an efficient way [150].

Figure 6.1: Time taken to complete one outer loop iteration with five inner loop iterations,
in calculations on Au nanoparticles of increasing size. The plot shows the time taken
by different parts of the algorithm. “Hamiltonian DD” and “Hamiltonian DI” must be
interpreted as the density-dependent and density-independent terms of the Hamiltonian,
respectively.
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To demonstrate the computational demands of some of the most relevant parts

of the algorithm, a set of benchmark calculations on Au cuboctahedral nanopar-

ticles of increasing size, ranging between 309 and 2057 atoms, was performed.

All the calculations were run on 120 cores distributed over 20 6-core 2.4 GHz In-

tel Westmere processors and 3.6 GB of memory per core. The calculations use

NGWF radii of Rα = 5.0 Å, a kinetic energy cut-off of 700 eV, an electronic

smearing of kBT = 0.1 eV, the PBE exchange-correlation functional [70] and a

norm-conserving pseudopotential with 11 valence electrons per atom. Figure 6.1

shows the time per one outer loop iteration with five inner loop iterations com-

pared to the system size, given by the number of atoms. The inset plot shows

the number of non-zero matrix elements {Sαβ} and {Hαβ} in each calculation.

The number of non-zero {Sαβ} and {Hαβ} matrix elements scales linearly with

the number of atoms, and both matrices remain sparse regardless of the size of

the system. The fact that the Hamiltonian matrix is less sparse compared to the

overlap matrix is due to the non-local part of the norm-conserving pseudopotential

[175]. Algebraic operations that involve these two matrices can be carried out at

a linear-scaling cost using parallel sparse algebra methods [183]. The time to ex-

ecute critical steps of the algorithm such as building the density-independent and

density-dependent terms of the Hamiltonian matrix (including updating the elec-

tronic density) and calculating the NGWF gradient scale linearly with the number

of atoms. For small systems, building the density-dependent terms of the Hamilto-

nian is the most computationally-demanding part of the calculation. As the number

of atoms increases, diagonalisation becomes more costly, and rapidly claims most

of the computational effort at every iteration. In calculations of 1500 atoms and

above, diagonalising the Hamiltonian is the most expensive part of the calculation.
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Eventually, the cost of diagonalisation will limit the size of systems that can be

simulated.

6.5 Results

A number of validation calculations were completed in order to test the accuracy

of the method. In all the calculations shown hereafter the RMS commutator (6.11)

was converged within a tolerance of at least 1×10−4 eV, while the RMS of the

slope of the NGWF gradient along the search direction (6.19) was converged to at

least 5×10−5 eV. With these settings, the free energy functional is converged below

10−6 eV/atom in all cases. First, BFGS geometry optimisation calculations [204]

on a Pt13 cuboctahedral nanoparticle were performed. The results were compared

to those obtained with the finite-temperature Kohn-Sham DFT direct minimisa-

tion method included in CASTEP [90], which uses fully delocalised orbitals and a

plane-waves basis set. The calculations with the two programs use the same set-

tings: a kinetic energy cut-off of 1000 eV, an electronic smearing of kBT = 0.1 eV,

the PBE exchange-correlation functional [70], the same set of norm-conserving

pseudopotentials with 10 valence electrons per atom, and a total of 117 energy

bands. In the calculations with ONETEP, 9 NGWFs are assigned per atom. The

optimised structures obtained with NGWF radii in the range 3.0 Å to 6.0 Å were

compared. Table 6.1 shows the final value of the distance to the nearest-neighbour

Pt atom. Convergence of the optimised geometry to a single structure is achieved

as Rα increases. The structures obtained with ONETEP match the result obtained

with CASTEP within 0.01 Å tolerance for Rα = 4.0 Å and above. The density

of states (DOS) of the optimised structures, calculated with a Gaussian smearing

of 0.1 eV, is shown in Fig. 6.2. The DOS obtained with ONETEP also match the
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CASTEP results for Rα = 4.0 Å and above, in the region of energies below and

in the vicinity of the Fermi level µ. The ONETEP DOS is known to be inaccurate

to describe the higher-energy, near-empty bands above the Fermi level, unless the

conduction bands are optimised further [187].

Table 6.1: BFGS geometry optimisation of Pt13 with ONETEP and CASTEP. The table
shows the optimised value of the distance to the nearest-neighbour Pt atom.

Distance (Å)
ONETEP (Rα = 3.0 Å) 2.64
ONETEP (Rα = 3.5 Å) 2.66
ONETEP (Rα = 4.0 Å) 2.69
ONETEP (Rα = 4.5 Å) 2.69
ONETEP (Rα = 5.0 Å) 2.69
ONETEP (Rα = 5.5 Å) 2.70
ONETEP (Rα = 6.0 Å) 2.70

CASTEP 2.70

Figure 6.2: Density of states of Pt13, obtained with ONETEP and CASTEP. Agreement is
achieved for NGWF radii of 4.0 Å and above.
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The next validation test involved calculations on face-centreed cubic (fcc) bulk

Cu. The free energy potential associated with variations in the lattice parame-

ter was obtained with ONETEP and compared against the potential obtained with

CASTEP. The ONETEP calculations include only the Γ-point. In order to imitate

the behaviour of the k-point grid, at least to some extent, the four-atom fcc cell

of bulk Cu was replicated five times in each lattice vector direction, resulting in a

5×5×5 supercell containing 500 atoms. The procedure described in Ref. [181] to

vary the lattice parameter while maintaining the kinetic energy cut-off constant in

the ONETEP calculations was used. The settings in both programs are the same:

a kinetic energy cut-off of 898.2 eV, an electronic smearing of kBT = 0.1 eV, the

RPBE exchange-correlation functional [71] and the same norm-conserving pseu-

dopotentials with 11 valence electrons per atom. In ONETEP, each Cu atom was

assigned 9 NGWFs of radii Rα = 4.0 Å, amounting for a total of 4500 energy

bands in the system. The CASTEP calculations include one four-atom fcc cell, a

Monkhorst-Pack k-point grid [102] of 5 points in each direction, and a total of 27

energy bands in the system. The results are shown in Fig. 6.3. The bulk modulus

B and the equilibrium lattice parameter L0 were calculated by fitting a curve de-

termined by the third-order Birch-Murnaghan equation [248] to the results. These

are shown in Table 6.2. The calculations with CASTEP and ONETEP agree very

well in their predictions of L0 (within 0.01 Å) and B (within 0.06 GPa). These

results on bulk Cu confirm that a similar level of accuracy in the description of

crystalline systems can be achieved compared to standard Kohn-Sham DFT meth-

ods. More importantly, these calculations exemplify how calculations on periodic

systems with hundreds of atoms in the simulation cell can be performed with the

algorithm presented in this work. This capability can be used to study complicated
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periodic structures formed by many atoms in one, two or three dimensions, or with

many lattice defects. Amorphous systems could also be studied in closer detail by

allowing more atoms in the simulation cell [246, 247].

Figure 6.3: Lattice parameter stretching of bulk Cu. There are 4 atoms in the CASTEP

simulation cell and 500 atoms in the ONETEP simulation cell, forming a 5×5×5 super-
cell.

Table 6.2: Bulk modulus, B, and equilibrium lattice parameter, L0, of bulk Cu, cal-
culated with CASTEP and ONETEP. The value of χ2 corresponding to the fitting of the
results to the third-order Birch-Murnaghan equation is also shown.

B (GPa) L0 (Å) χ2

CASTEP 93.57 3.79 6×10−5

ONETEP 93.51 3.79 6×10−4

The last set of tests aims to provide an insight into the capabilities of the al-

gorithm to successfully complete calculations on metallic systems that can be of

practical use on industrial processes. A series of calculations on isolated Au cuboc-
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tahedral nanoparticles of different sizes, from 0.4 to 3.4 nm wide, in the range of

13 to 2057 atoms, were performed. These kind of nanoparticles are of interest

for the development of novel catalysts, but their large sizes make computational

studies with Kohn-Sham DFT expensive. Recent studies have reported that 32768

cores were required to perform calculations on Au1415 using standard plane-waves

Kohn-Sham DFT methods [240].

The calculations with ONETEP use the same configuration as in the calculations

shown in Fig. 6.1. Convergence is achieved when the change in the free energy

per atom is less than 10−6 eV and the RMS gradient along the NGWF search

direction falls below 2×10−5 eV. All the calculations converged within these tol-

erance thresholds. Figure 6.4 shows the convergence rate with number of outer

loop iterations using ONETEP. To some extent, the number of iterations required is

system-dependent and increases with the number of atoms. The largest of the Au

nanoparticles, containing 2057 atoms, converged within 240 hours using 300 cores

distributed across 25 12-core 2.4 GHz Intel Westmere processors with 1.8 GB of

memory per core. Provided there are enough computational resources, the method

presented in this work could enable calculations to study even larger industrial

catalysts which typically consist of thousands of metallic atoms [242].

6.6 Summary

In this work, we successfully developed an approach for large-scale calculations on

metallic systems with thousands of atoms. The method is based on direct minimi-

sation of the Helmholtz free energy functional, which makes it robust and avoids

charge-sloshing and level-crossing instabilities. In its implementation within the

ONETEP program, the cost of most parts of the calculation is reduced to the linear-
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Figure 6.4: Convergence of the Helmholtz free energy functional, AT , with the number
of outer loop (NGWF optimisation) iterations, for a set of Au cuboctahedral nanoparticles
of increasing sizes. The structures of Au13 and Au2057 are also shown in the plot.

scaling regime, thanks to the localisation constraints imposed upon the NGWFs.

Accurate results are obtained after the optimisation of the NGWFs in the psinc ba-

sis set. The impact of Hamiltonian diagonalisation, which remains cubic-scaling,

is reduced to the minimum. The memory requirements are distributed over many

cores in an efficient manner using the SCALAPACK dense algebra package. Since

diagonalisation is an essential part of our method, the performance of the algorithm

can be improved by interfacing ONETEP to other parallel diagonalisers [235].

We validated the method with calculations on very large molecules, including

a set of Au nanoparticles with up to 2057 atoms. Our approach allows this kind

of calculations to take place using significantly less number of cores on modern

parallel clusters. Therefore, our method has the potential to expand the range of

metallic compounds that can be studied with finite-temperature Kohn-Sham DFT
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and to allow simulations of larger nanoparticles or alloys with direct industrial

relevance.

As a future development the code can be modified to exploit locality of the

one-particle density matrix. As explained in Section 2.9, ρ (r, r′) decays exponen-

tially (as a modulated wave) at finite temperature T [120, 121]. The method of

the Fermi operator expansion [139, 140] can be used to generate the Fermi-Dirac

distribution without diagonalising the Hamiltonian matrix. Such functionality can

be implemented in the ONETEP code to reduce the cost of metallic calculations to

the quadratic or even linear scaling regimes. This functionality could potentially

expand the size of metallic systems that can be simulated beyond tens of thousands

of atoms.
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Chapter 7

Conclusions and final remarks

Our investigations focused on new developments for computational simulations

of molecules and materials based on Kohn-Sham density functional theory. More

precisely, we use methods in which the single-electron molecular orbitals are ex-

panded as a linear combination of atom-centred, spatially-localised functions to

reduce the computational cost. This technique has been successfully applied to in-

sulators and semi-conductors by many authors to produce linear-scaling DFT algo-

rithms. We used the ONETEP program as the main platform for our development,

but nevertheless we are confident that our research can reach other methods and

codes that are used for electronic-structure theory calculations. Insulators show a

favourable trend of localisation, which manifests itself in the form of exponential

decay of the one-particle density matrix. The discrete energy levels and the broad

band-gap at the Fermi level can be used to set a clear distinction between con-

duction and valence states. The occupancies of the Kohn-Sham states can then be

assumed to be perfectly-defined integer numbers (0 for conduction bands and 1 for

valence bands). The computational effort can then be focused on the optimisation

of the molecular orbitals, subject to the constraints of localisation, orthonormality
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and conservation of the total number of electrons.

The constraints of spatial localisation are sometimes incompatible with or-

thonormality of the localised functions that are used to expand the Kohn-Sham

states. This is acceptable, so long as mathematical correctness is kept by using

formal tensorial algebra, typical of curved manifolds. Duality appears as a con-

sequence of non-orthogonality. Matrices and vectors acquire the tensorial char-

acter of the covariant and the contravariant spaces, and are mutually connected

by multiplication with the overlap and inverse overlap matrices. Assuming that

the localised functions are covariant, matrices in a covariant representation tend to

display optimal localisation properties. The covariant representation of the Hamil-

tonian and the overlap matrices is localised and becomes sparse for large systems.

Contravariant tensors, such as the density matrix (or density kernel) must be trun-

cated in order to gain any kind of localisation.

In many self-consistent field approaches, the localised functions are optimised

in situ using steepest-descent or conjugate-gradients approaches, which perform

a line-search step along the trajectory marked by a search direction vector. Tra-

ditionally, the optimisation of the localised functions is seen as an unconstrained

optimisation process, where the localisation constraints are not taken into account

to construct the search direction vectors. With this strategy, the resulting search di-

rection vectors, calculated from the derivative of the energy, are fully delocalised.

An ad hoc truncation step must take place in order to restore localisation of the

search direction vector and to make it suitable for updating the localised functions.

The study of spatial localisation constraints was one of our major topics of

research and proved to be quite fruitful. What allowed us to make progress in

this field was our realisation that the energy minimisation process was in fact a
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constrained optimisation problem, where the strict spatial localisation constraints

must be explicitly taken into account at every step. The true Kohn-Sham ground-

state (the one for which the energy gradient is exactly zero), cannot be found with

methods based on spatial localisation constraints, unless infinitely large locali-

sation regions are allowed. In a practical calculation with finite localisation re-

gions, the solution of minimum energy is an approximation to the true Kohn-Sham

ground-state. Nevertheless, it is reasonable to assume, based on locality of the

electronic structure of insulating systems, that the approximate ground-state and

the real ground-state are not too different. The energy gradient, however, cannot

normally be considered to be equal to zero.

After adopting the perspective of a constrained optimisation problem, we were

able to prove, theoretically and in practice, that if localisation constraints are re-

quired, the Pulay correction terms to the total atomic forces do not vanish. The

accuracy of calculations that rely on the atomic forces to progress was dramati-

cally improved after the addition of the Pulay forces. Weakly-bound systems with

hydrogen bonds, such as protein-ligand complexes, which are more susceptible to

numerical inconsistencies in the forces, are now correctly described. We demon-

strated this point in geometry optimisation calculations, but molecular dynamics

calculations, for example, will also benefit from our developments. From a wider

perspective, our research pointed out that any derivative of the energy functional

with respect to any external parameter must consider terms arising from the spatial

localisation of the density matrix.

The variationally-localised search direction (VLSD) method is one of the most

important outcomes of our research. The VLSD approach is, to the best of our

knowledge, a completely new point of view of the constrained optimisation prob-
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lem with non-orthogonal functions and strict localisation constraints. We imple-

mented a prototypical serial version of the VLSD algorithm in the ONETEP pro-

gram for the optimisation of non-orthogonal generalised Wannier functions (NG-

WFs). This method is based on two key observations. First, that the set of irre-

ducible degrees of freedom corresponds only to the subset of non-zero elements

inside the spherical localisation regions. And second, that the contravariant repre-

sentation (in the case of the NGWFs) is delocalised, but nevertheless constrained

by the strict localisation imposed upon the covariant representation. The values of

those contravariant elements that are not connected to the set of irreducible degrees

of freedom are uniquely determined after the localisation constraints are imposed.

The method is exact, as opposed to the standard method based on truncation of the

search direction vectors, which introduces an uncontrollable error that cannot be

treated variationally. As the results show, the VLSD method consistently leads to

rapid convergence of the calculations.

The computational implementation of the VLSD algorithm for NGWF opti-

misation is not particularly straightforward. The VLSD method emphasises the

connections between values at the same grid point originating from functions in

different centres. An efficient implementation of the VLSD method suitable for

parallel computers must take this fact into account, perhaps by promoting a do-

main decomposition approach to divide the computational grid. Whether the re-

sulting code will scale linearly with the number of atoms is yet to be seen. On the

positive side, the VLSD method can be extended to solve other challenging prob-

lems of constrained optimisation, such as in calculations with selective NGWF

optimisation or with localisation constraints upon the density kernel matrix. These

applications are discussed in Appendices B and C, respectively.
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Another branch of our research focused on taking advantage of localisation for

designing algorithms capable of large-scale calculations on insulators and metals.

We implemented two different algorithms for cubic-scaling Kohn-Sham DFT for

calculations on all kinds of systems, including metals. The pillars of these methods

are:

• The use of the SCALAPACK library for parallel dense algebra operations to

distribute the memory allocation and the computational effort due to opera-

tions with large dense matrices. We used a SCALAPACK parallel eigensolver

to diagonalise the Hamiltonian matrix and to obtain its eigenvalues and eigen-

vectors. This operation is cubic-scaling, and therefore, the performance of

the method is strongly linked to the performance of the eigensolver.

• The use of localised functions to expand the Kohn-Sham orbitals to bring

sparsity to the Hamiltonian and overlap matrices, which allows most of the

operations to be executed with linear-scaling cost. Chemical accuracy is ob-

tained via an in situ optimisation in terms of a high resolution basis set of

psinc functions. In this representation, the size of the Hamiltonian matrix

is reduced to the minimum, and as a consequence, the prefactor due to di-

agonalisation is also reduced to the minimum. This is a critical point that

ultimately enabled calculations scale up to larger systems with thousands of

atoms using relatively modest computational resources.

A self-consistent cycle based only on Hamiltonian diagonalisation is unlikely

to converge. Density mixing methods, also called DIIS methods (direct inversion

of the iterative subspace), can accelerate the process by gathering information from

a set of previous iterations to improve the next trial electronic density. We imple-
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mented two interpolation methods (linear mixing and the optimal damping algo-

rithm, ODA), and two extrapolation methods (Pulay mixing and linear-expansion

shooting techniques, LiST), as different approaches to density mixing. The vali-

dation tests on silicon nanorods show that density mixing methods can yield the

same level of accuracy as the Li-Nunes-Vanderbilt approach for calculations on in-

sulators. Typically, extrapolation methods are quicker than interpolation methods

as they use a larger history of previous results.

Numerical stability of the current DIIS algorithms must be improved. The phe-

nomenon of charge-sloshing seems to be the cause why some calculations fail to

converge adequately to the state of minimum energy. As a further improvement,

Kerker preconditioning must be implemented to stabilise density mixing calcula-

tions. DIIS methods can be an excellent tool for testing spatial localisation of the

density kernel matrix since, by definition, density mixing is a form of constrained

energy minimisation that takes into account localisation constraints. Finally, the

DIIS methods can be further improved and extended to finite-temperature calcu-

lations on metals by allowing the occupancies of the Kohn-Sham states to take

fractional values.

Simulations on metals are much more challenging than on insulators. This

is due to the continuum of energy bands and the lack of band-gap at the Fermi

level, as well as to the delocalised molecular orbitals that metals normally display.

Zero-temperature DFT calculations in metals often fail due to issues with level-

crossing, i.e., the impossibility of marking a clear boundary between occupied

and unoccupied states which are virtually identical in energy. Finite-temperature

DFT based on occupation smearing are more suitable for metallic systems. From a

macroscopical point of view, the energy functional must be dropped in favour to the
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Helmholtz free-energy functional, which contains the entropic term associated to

the fractional occupancies. Direct minimisation techniques are remarkably robust

and, in contrast to DIIS methods, do not suffer from charge sloshing.

We developed a direct Helmholtz free energy minimisation algorithm that has

been included within the ONETEP program. The formalism based on parallel al-

gebraic operations with the SCALAPACK library and in situ optimisation of the

NGWFs allowed us to perform accurate Γ-point calculations on metallic systems

with thousands of atoms. The computational cost is noticeably reduced: while

standard plane-wave approaches need tens of thousands of cores to complete cal-

culations on around one thousand atoms, we only need a few hundreds of cores.

Our results are a demonstration that large-scale calculations on metals can actually

be done. This new algorithm is now available to be used for practical investigation

on a new range of metallic systems and compounds with direct use in engineer-

ing and industrial processes. For example, it can be used in the characterisation

of metallic nanoparticles for catalytic reactions, the size of which often makes

their study with traditional DFT approaches prohibitively expensive. Regarding

future improvements in the code, a reformulation of the method in terms of the

Fermi operator expansion would eliminate the need for explicit diagonalisation of

the Hamiltonian. A Fermi-Dirac distribution could be generated by expanding the

one-particle density operator as a sum of powers of the Hamiltonian matrix. The

scaling with the system size could be reduced, first to quadratic-scaling, and ulti-

mately to linear-scaling.
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Appendix A

Spherical wave representation of the

NGWFs

A way to store the result of a calculation on the hard drive is by decomposing the

NGWFs as a linear combination of a given basis set and saving the coefficients of

this expansion in a file. Spherical waves have been tested as a method for storing

the NGWFs after a converged calculation. This method has two main advantages

over traditional storage. First off all, it saves computational resources as less co-

efficients are required. Second, and most importantly, the spherical waves can be

easily generated at any point of real space, which makes them a portable method

for restarting calculations such as geometry optimisation or molecular dynamics

without necessity of further extrapolation techniques.

A.1 Theory

Spherical waves (in what follows, referred to as SWs) are the solutions of the

Helmholtz equation subject to periodic boundary conditions and confined within

as spherical region of space. We refer the reader to Ref. [172] for a detailed study
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of SWs and their properties. The SWs form a basis set of the Hilbert space that

can be used for describing any other function in this space, such as the NGWFs.

The SWs must be continuous in space, and localised within the NGWF sphere

centred on each atom, which implies that the SWs are exactly zero in the border

and outside of the sphere. SWs centred on the same point and localised within

the same spherical region are mutually orthogonal. On the other hand, the overlap

between SWs in different centres can be calculated analytically. Mathematically,

the SWs, {χα,lmn} are defined in the real space as:

χα,lmn (r) =





jl(qnlr)Ȳlm(Ωr) r < Rα

0 r ≥ Rα

, (A.1)

where:

• jl are spherical Bessel functions of the first kind, which act as radial functions

that depend only on the modulus r of the coordinate vector r.

• qnl is a wave vector (modulus).

• Ȳlm are real spherical harmonics which depend upon the angular components,

θ and ϕ (encapsulated in the single variable Ωr).

• n indexes the Bessel zeros inside the sphere.

• l is the orbital momentum quantum number.

• m azimuthal component of the angular momentum (with values in the range

[−l,+l]).

As the radii of the NGWFs localisation regions are known, the wave vector modu-

lus qnl is calculated using the boundary condition:
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jl(qnlRα) = 0. (A.2)

The solutions of the above equation are the roots of the Bessel functions, which

can be found numerically using a polynomial recursion formula for jl(r).

The NGWFs are expanded as a linear combination of the SWs basis set as:

φα (r) =
l=∞∑

l=0

m=+l∑

m=−l

n=∞∑
n=1

χα,lmn(r)Cα,lmn, (A.3)

with the coefficients Cα,lmn calculated as:

Cα,lmn =
〈χα,lmn|φα〉

〈χα,lmn|χα,lmn〉 . (A.4)

A.2 Generation of the SWs

The SWs can be generated either from their representation in real space (A.1) or in

reciprocal space as:

χ̃α,lmn(G) = 4πilȲlm(ΩG)e[ıG·Rα]





qnlR
2
α

G2 − q2
nl

jl(GRα)jl−1(qnlRα), G 6= qnl

qnlR
3
α

G+ qnl
j2
l−1(qnlRα), G = qnl,

(A.5)

where G is the modulus of the wave vector G. The real-space SWs are determined

with an inverse fast Fourier transform (FFT) of χ̃α,lmn(G) as:

χα,lmn(r) =

∫ Gmax

0

χ̃lmn,α(G)e[−ıGr]dG. (A.6)
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In fact, what is behind this process is a decomposition of the SWs into a finite

plane-wave basis set corresponding to a given kinetic energy cut-off Ec. A higher

Ec will automatically enlarge the range of accessible G vectors, which allows us to

systematically improve the accuracy of the calculation. The grid spacing on each

direction is chosen according to this energy, so a wave of energy Gmax will be

correctly represented on the grid.

Initially, the SWs were generated in an FFT box [179], a box of size of 3 times

the diameter of the largest localisation sphere in the simulation cell. The number

of grid points that were taken into consideration was much higher than the points

within the sphere, and the time to complete a SW expansion of the NGWFs was

considerably long. To speed up the calculation the region to perform the inverse

FFT was reduced to the universal tightbox. This is a box that fits tightly the largest

localisation sphere in the simulation cell. This box is approximately a cube of side

equal to the diameter of the sphere. The number of points in this region is near

1/27 of the points in the FFT box, so the density of G vectors within the range

established by the plane-wave kinetic energy cut-off was noticeably reduced. The

results show that the time needed to generate one SW in the Universal Tightbox is

about 1/3 of the time required with the FFT box. On the other hand, the loss of

accuracy is minimal and can be regained with a more NGWF optimisation steps

when the SWs representation is used to restart a calculation. These extra iterations

are faster than having to generate the SWs using the FFT box. Nevertheless, the

option of creating the SWs in the FFT box was made available for the cases where

fine accuracy is required.
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A.3 Truncation rules for the expansion of the NGWFs in

terms of SWs

For a perfect, lossless description of the NGWFs in terms of the SWs, the sum in

equation (A.3) has to be infinite. The issue here is to select suitable values for lmax

and nmax in order to truncate this exact expansion while keeping enough accuracy

of the NGWFs. This has to be done to avoid aliasing problems: the impossibility

to represent a wave with smaller wave length than the Nyquist critical wave length

on a computational grid [194]. The Nyquist wave length, λc, is related to the grid

spacing, ∆, and to the plane-wave kinetic energy cut-off, Ec, as:

λc = 2∆. (A.7)

Ec =
1

2
|Gc|2 =

1

2

(
2π

λc

)2

=
1

2

( π
∆

)2

. (A.8)

Therefore, by increasing the plane-wave energy cut-off, both the the grid spacing

and the Nyquist critical wave length are reduced, thus allowing the SWs to be

represented with plane-waves of higher frequency.

The NGWFs are approximated by a linear combination of a finite set of SWs

as:

φα(r) ≈
l=lmax∑

l=0

m=l∑

m=−l

n=nmax∑
n=1

χα,lmn(r)Cα,lmn (A.9)

The SWs consist of the product of a radial function jl(qnlr) times an angular part

Ȳlm(Ωr). The angular part is very unlikely to present problems when is represented

on the grid unless the l number is extremely high. The radial part, on the other
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hand, is more complicated in this sense as the spherical Bessel function, jl shows an

oscillatory behaviour whose frequency increases with the l and n numbers (see Fig.

A.1). Then all truncation rules will be based on the radial part, more specifically

on its two following properties:

1. The spherical Bessel functions are non-periodic, and the distance between

two consecutive zeros decreases when n increases. This means that the dis-

tance between the zeros n and (n + 1) will be larger than between the zeros

(n + 1) and (n + 2), and so on. Furthermore, due to the localisation con-

straint, the addition of a new Bessel zero within the sphere will also affect

the distance between all the rest of zeros of smaller n.

2. The distance between the same two zeros decreases when l increases. This

means that for a fixed n number, the distance between the zeros labelled with

n and (n + 1) for a given l number is larger than the distance between the

zeros n and (n+ 1) for (l + 1).

With the current code it is possible to generate spherical Bessel functions of l

number up to 8. This is very high as the vast majority of the molecules in bio-

chemistry or nanoscience will hardly need more than l = 3 (f atomic orbitals).

The number of SW coefficients increases with lmax as:

Number of SWs coefficients =
lmax∑

l=0

(2l + 1)nmax(l). (A.10)

The maximum number of Bessel zeros, nmax(l), that are possible to fit within

a localisation sphere without aliasing problems depends on the l number, as the

distance between the same consecutive zeros is different for each of the angular

momentum channels. The maximum angular momentum, lmax is chosen manually
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Figure A.1: Constrained spherical Bessel function

from the input file. In our implementation, nmax(l) is calculated with the following

iterative method:

1. For each l between l = 0 and l = lmax, compare the distance between the

last two zeros of the spherical Bessel function, ntrial
max − 1 and ntrial

max, with the

real grid spacing, ∆, for a given value of ntrial
max.

2. If this distance is larger than ∆, then the wave length of jl(qnmaxlr) is larger

than the Nyquist wave length, and so there will be no aliasing problems.

The algorithm then adds one unit to ntrial
max and returns to point 1 for a new

iteration.

3. If that distance is shorter than ∆, then there will be aliasing problems. The
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loop terminates and the value of ntrial
max at the previous iteration is accepted.

There is another important result here: the SWs are created in reciprocal space

and then put in real space by doing an inverse FFT (equations (A.5) and (A.6)).

The integral of the inverse FFT is limited by the cut-off energy which is related

to the grid spacing. Strictly speaking, this will mean that any function that comes

out as the result of performing an inverse FFT from reciprocal to real space will

not suffer of aliasing problems at all. Therefore, in reciprocal space, it is possible

to use a spherical Bessel function with a frequency higher than the Nyquist fre-

quency. But it is not that easy. It is possible to show mathematically that a wave

of frequency ν cannot be represented as a linear combination of a set of waves of

maximum frequency smaller than ν [105]. As a result, all spherical Bessel func-

tions with frequency above the Nyquist frequency are not correctly represented in

real space after the inverse FFT. They will not have aliasing problems, but they

will not be spherical Bessel functions any more, and so the SWs above the Nyquist

frequency will not be exactly SWs and they will contain an error factor that will

affect their properties. Because of this, those SWs above Nyquist frequency will

not be orthonormal, and the expansion coefficients belonging to them will be badly

affected. A expansion of this kind for the NGWFs in terms of the SWs will be:

φα(r) ≈
l=lmax∑

l=0

m=+lmax∑

m=−lmax

n=nmax∑
n=1

χα,lmn(r)Cα,lmn

+
l=lmax∑

l=0

m=+lmax∑

m=−lmax

n=nextra∑
n=nmax+1

χα,lmn(r)Cα,lmn, (A.11)

where the first summation, that goes up to the nmax calculated with the iterative

procedure described before, contains the SWs below the Nyquist frequency, which
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will be proper orthonormal SWs. On the other hand, the SWs in the second sum-

mation will not be exact SWs, so they will not be orthonormal and will introduce

some error into the expansion. However, using SWs above the Nyquist frequency

in reciprocal space can be beneficial in some situations as the resulting basis set

will be closer to completeness.

A.4 Accuracy tests

Tests have been done for different values of lmax and nmax to check the accuracy of

the SWs expansion of NGWFs. The aim is to recover the fully optimised NGWFs

from the SWs representation using the minimum optimisation steps after restarting

the calculation. ONETEP calculations on an ethene molecule were performed with

Ec = 400 eV and four NGWFs per carbon atom and one hydrogen atom with

Rα = 6.0 a0. The number of iterations to converge after the initialisation of the

NGWFs from the SWs expansion is considered as a measure of how well the final,

converged NGWFs are represented in the SWs basis set. Table A.1 summarises

the number of iterations required to recover the fully optimised NGWFs using

each method.

We also plotted a radial section of the NGWFs in order to visualise the level of

agreement between the correct NGWFs and the SW representation. The method

followed in this case is to plot the values of the NGWFs at the points along the

z-axis of the Universal Tightbox.

Figure A.2 shows the quality of the SWs expansion of NGWFs corresponding

to an ethene molecule with different angular momenta (lmax =3, 4 and 5), gener-

ated in reciprocal space, as well as the corresponding lmax =3 representation in

real space. It can be seen that the reciprocal space representation is much better as
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Table A.1: Iterations needed to converge the NGWFs of the ethene molecule to the toler-
ance value.

Function Iterations
NGWF 17

Real, lmax = 3 10
Recip, lmax = 3 8
Recip, lmax = 4 9
Recip, lmax = 5 11

Recip, nextra = 2 10
Recip, nextra = 20 12
Recip, nextra = 50 45

it allows more basis set functions. Increasing lmax beyond 4 does not necessarily

improve the accuracy of the representation.

The effect of adding extra Bessel zeros above Nyquist frequency in reciprocal

space is shown in Figure A.3. Representations with nextra > 0 can achieve good

accuracy despite of the fact they contain some ’filtering’ error introduced by the

non-orthonormal extra basis functions. The reason for that is the larger number

of basis functions and the small error that they contain as their frequency is not

much higher than the frequency related to the plane-wave kinetic energy cut-off.

This is the case for nextra = 2 and nextra = 20. Nevertheless, when the number

of extra Bessel zeroes is very large, accuracy in the representation drops. This is

the case of the calculations with nextra = 50, which show deteriorating accuracy,

especially in the borders of the sphere. In this case the error introduced by the extra

functions exceeds the advantage of having a larger basis set, so this representation

is not good at all. It is important to say that an expansion with a large number of

nextra needs a long time to be done. Hence, in many cases, it is more efficient to

use a smaller basis set although it could result in a few more optimisation steps

after restarting the calculation.
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Figure A.2: NGWF for a atom of C in the ethene molecule with lmax =3, 4 and 5, re-
spectively and nextra = 0. The black line and square marks represents the fully optimised
NGWF before generating the SWs expansion.

According to these results, the best expansion in terms of performance is the

one with lmax = 3 and nextra = 0, generated in the reciprocal. space. This repre-

sentation needs the least number of iterations to converge to the optimised NGWFs

after restarting the calculation. Also, it has the advantage that the number of SWs

required is much smaller than for the rest of representations, so the calculation is

faster.
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Figure A.3: NGWF for a atom of C in the ethene molecule with lmax = 3 and nextra =2,
20 and 50, respectively. The black line and square marks represents the fully optimised
NGWF before generating the SWs expansion.
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Appendix B

A VLSD approach for QM/QM

calculations with selective NGWF

optimisation

In this appendix we want to lay the foundations for a new type of self-consistent

calculation based on the NGWF formalism of ONETEP, but that could also be ex-

trapolated to other approaches based on localised orbitals. We propose a method in

which a selected set of NGWFs is optimised in terms of their expansion in the psinc

basis set, while the rest of the NGWFs remain constant to the form they were ini-

tialised to. This approach can be seen as a “multiple-accuracy” QM/QM scheme,

where a certain part of an atomic system is described at a higher level of quantum

detail than the rest of the system. The scheme is fully quantum-mechanical, since

every electron present in the system is associated to a single-particle molecular

orbital (Kohn-Sham states in DFT approaches). The electronic interactions at the

QM/QM interface are naturally taken into account by the variational optimisation

of the electronic density in the entire system. This capability stands in contrast to
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QM/MM methods [249], where the interactions at the interface are approximate.

Large-scale calculations such as protein-ligand binding or molecules in a solva-

tion medium can be adequately described, since a deep quantum description of the

electronic structure is only necessary for a small fraction of the system.

Figure B.1: Multiscale QM/QM calculation example. The top left corner of the molecule
in this space representation is the high-accuracy region, where both the density kernel and
the NGWFs are optimised. The rest of the molecule is the lower-accuracy region, where
the NGWFs are fixed and only the density kernel is optimised

B.1 Unsuccessful attempts

A naïve attempt to the abovementioned QM/QM approach can be made simply by

setting to zero the covariant search direction vector associated to the fixed NGWFs.
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The search direction is previously calculated in the same way as in a standard cal-

culation, and therefore it does not account for the new constrained that establishes

that some NGWFs are fixed.

To account for this extra constraint, we can establish a VLSD approach. The set

of all the covariant NGWFs, {φ•}, can be split into two non-overlapping subsets

as:

{φ•} = {ϕ•} ∪ {ϑ•} , (B.1)

where {ϕ•} is the subset that contains all the NGWFs that can be optimised in

the psinc basis set, and {ϑ•} the subset that contains all the NGWFs that are con-

strained to be fixed. This subset separation is complete, in the sense that a given

NGWF always belongs to one and only one of these subsets, but never to both at

the same time. Therefore, Nφ = Nϕ +Nϑ.

We can now define three overlap matrices as:

Aαβ = 〈ϕα|ϕβ〉 , (B.2)

Bαβ = 〈ϕα|ϑβ〉 , (B.3)

Cαβ = 〈ϑα|ϑβ〉 , (B.4)

and prompt a VLSD optimisation where the search direction vectors of the opti-

mised, covariant NGWFs are calculated as:

∆α = ∆β

[
Aβα −Bβγ

(
C(−1)

)γδ

B†
δα

]
. (B.5)

Figure B.2 shows the convergence of a calculation on a benzene molecule sur-
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Figure B.2: QM/QM setup of benzene in solvation, with 200 water molecules in the box.
The NGWFs in the benzene molecule are optimised, and the rest are fixed.

rounded by 200 water molecules. The NGWFs in the benzene are optimised, while

the NGWFs in water are fixed to a SZ PAO basis set. Neither the method 1 (naïve)

or method 2 (VLSD) converge very well, and neither method can be used for an

efficient QM/QM approach. Most likely, the cause why these approaches failed

is that the localisation constraint of the NGWFs has not been treated variation-

ally. The two methods perform an unconstrained search, where localisation is not

imposed. The naïve method is more unconstrained, so to say, since it does not con-

sider the constraint imposed upon the fixed NGWFs either. A fully consistent and

variational approach should consider localisation constraints and fixed NGWFs si-

multaneously.
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B.2 Complete VLSD approach for QM/QM calculations

The VLSD method, originally designed for keeping strict localisation constraints

on the NGWFs during a steepest-descent iterative update, can be applied to de-

velop a multiple-accuracy QM/QM method. To understand why, one should think

that the NGWF expansion coefficients corresponding to grid points that are outside

the localisation spheres are effectively constant during a standard calculation with

localisation constraints. In fact they are constant and equal to zero, but constant

after all. On the other hand, a fixed NGWF expanded in the psinc basis set will

yield NGWF expansion coefficients that are also constant, although not zero. To

keep these psinc coefficients constant, all that is needed is a set of search direction

coefficients which are constrained to be exactly zero. A robust QM/QM implemen-

tation based on variational optimisation of localised functions (like NGWFs) must

take into account both the constraints of strict localisation and the new constraint

imposed upon a subset of coefficients of remaining constant during the calculation.

We have designed such an algorithm, but we have not yet implemented it.

The method presented in Chapter 4 only accounts for the localisation constraint.

In addition to it, we can include the constraint of some NGWFs being fixed by

slightly redefining the subset separation of Equations (4.47) and (4.48), which now

must become:

ξp = {α ∈ [1, . . . , Nφ] | rp ∈ LR (φα (r)) and φα ∈ {ϕ•}} (B.6)

χp = {α ∈ [1, . . . , Nφ] | rp /∈ LR (φα (r)) or φα ∈ {ϑ•}} . (B.7)

Based on this separation (point-wise, for each grid point), the subset ξp contains
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the indices of all the covariant NGWFs for which rp is inside their covariant local-

isation region and that belong to the subset {ϕ•} of optimisable functions. This is

a much more restricted subset than the one defined in (4.47). On the other hand,

the subset χp includes the indices of the NGWFs for which rp is outside their co-

variant localisation region or that belong to the subset {ϑ•} of fixed functions.

Figure B.3 illustrates the subset separation with an example. Once again, it can be

seen that the above separation is also complete and non-overlapping, and therefore,

Nφ = Nξ +Nχ, for each grid point with coordinate vector rp.

Figure B.3: Example of point-wise subset separation in a hypothetical calculation with a
two-dimensional real space simulation cell, containing three covariant functions localised
within circles. The covariant function φ3 (magenta border and white filling) is constrained
to be fixed during the calculation. The grid point ra is inside LR (φ2 (r)), and outside
LR (φ1 (r)) and LR (φ3 (r)). Therefore ξa = {2} and χa = {1, 3}. The grid point rb is
inside LR (φ2 (r)) and LR (φ3 (r)), and outside LR (φ1 (r)), but φ3 is fixed. Therefore
ξb = {2} and χb = {1, 3}. The grid point rc is inside all the localisation regions, but
φ3 is fixed. Therefore ξc = {1, 2} and χc = {3}. The grid point rd is outside all the
localisation regions. Therefore, ξd is an empty subset and χd = {1, 2, 3}.

The equations presented in Sec. 4.5 can now be applied, and should result in a

stable algorithm for multiple-accuracy QM/QM calculations based on selective op-

timisation of the NGWFs. It must be noted that the number of variational degrees

of freedom is reduced, since now, certain NGWFs are fixed. As a consequence,
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only the derivatives with respect to the expansion coefficients of the optimisable

NGWFs have to be calculated. Figure B.4 shows the QM/QM algorithm based on

VLSD with localisation constraints.

Figure B.4: Schematic representation of the VLSD method for the QM/QM scheme.
In this example, there are three overlapping covariant functions, {φα}, localised within
circles in a two-dimensional simulation cell. The covariant NGWF φ3 (magenta border
and white filling) is constrained to be fixed during the calculation. The algorithm begins
in (A), calculating the energy gradient with respect to the variational degrees of freedom.
The result are the values of {dp

α}, which correspond to the grid points confined within the
circles of the optimised NGWFs only. Then, a loop over all the grid points rp starts. Steps
(B) and (C) represent the progress of the algorithm at a certain intermediate stage, where
some, but not all, grid points have been scrutinised. The point-wise subset separation is
repeated at every grid point, as in Eq. (B.6) and Eq. (B.7). The path through (B) and (C)
is the most efficient one. The covariant search directions {dp1} and {dp2} are calculated,
while {dp3} becomes zero by construction. Alternatively, the path through (D) and (E)
calculates the remaining contravariant search direction coefficients using Eq. (4.65). The
VLSD algorithm is capable of calculating the covariant and contravariant search direction
coefficients simultaneously by running steps (B) and (D) as independent processes. At the
conclusion of the look over rp, the resulting search directions are directly localised within
the established localisation regions and duality between {dpα} and {dp

α} holds exactly,
even if {dp3} are zero.
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Appendix C

VLSD method for spatial localisation of

the density kernel

The density kernel matrix, K, of elements
{
Kαβ

}
, is, by definition, the contravari-

ant NGWF representation of the one-particle density operator, ρ̂:

Kαβ = 〈φα|ρ̂|φβ〉 . (C.1)

In a calculation of Nφ NGWFs, there are Nφ×Nφ density kernel matrix elements.

One can argue that K is a symmetric matrix (provided that {φα} are real, which

they are in a standard calculation), but for the sake of generality we will not as-

sume this condition. Therefore, there are Nφ × Nφ distinct pairs of NGWFs. The

matrix formed by the elements
{
Kαβ

}
is a second-order contravariant tensor. The

covariant density kernel matrix can be found by left- and right-multiplication with

the NGWF overlap matrix:

Kαβ =

Nφ∑
γ=1

Nφ∑

δ=1

SαγK
γδSδβ, (C.2)
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Kαβ =

Nφ∑
γ=1

Nφ∑

δ=1

SαγKγδS
δβ. (C.3)

Let us consider now the localisation constraint imposed upon
{
Kαβ

}
, defined

in (2.112) as:

Kαβ = 0, if |Rα −Rβ| ≥ Rc, (C.4)

where Rα and Rβ are the centres of the covariant NGWFs φα and φβ , respectively,

and Rc is a radial cut-off. It is worth noticing the pair-wise nature of the expres-

sions that relate to the density kernel elements, which is a consequence of K being

a second-order tensor. Let us now label the set of all possible pairs of NGWF

indices as:

Π = {(α, β) | ∀α, β ∈ [1, . . . , Nφ]} . (C.5)

One can now establish a subset separation of Π according to the localisation con-

straint (C.4). The subsets Λ ∈ Π and Ξ ∈ Π can be defined as:

Λ = {(α, β) | |Rα −Rβ| < Rc} , (C.6)

Ξ = {(α, β) | |Rα −Rβ| ≥ Rc} . (C.7)

Once again, the two subsets Λ and Ξ do not overlap, and the separation is complete,

since a given element Kαβ always belongs to one, and only one, of these subsets.

Therefore, Nφ × Nφ = NΛ + NΞ. This is the kind of situation that can prompt

a VLSD algorithm for imposing the localisation constraint on the density kernel
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matrix. Figure C.1 shows an example of this subset separation, where the set of all

the matrix elements is divided into two non-overlapping subsets, defined as:

Λ = {(1, 1), (1, 2), (2, 1), (2, 2), (3, 3), (4, 4)} , (C.8)

Ξ = {(1, 3), (1, 4), (2, 3), (2, 4), (3, 1), (3, 2), (3, 4), (4, 1), (4, 2), (4.3)} . (C.9)

Figure C.1: Example of pair-wise subset separation in a hypothetical calculation with
four NGWFs that give rise to a 4×4 density kernel matrix. The localisation constraints
with a finite radial cut-off Rc impose some off-diagonal elements being zero. The ele-
ments over the coloured background belong to the subset Λ, while the elements over the
white background belong to the subset Ξ.

Equation (C.3) can be separated into two terms, one containing covariant el-

ements with pairs of indices in the Λ subset, and another one with the pairs of

indices in the subset Ξ, as:

Kαβ =
∑
η,ι=1

(η,ι)∈Λ

SαηKηιS
ιβ +

∑
σ,τ=1

(σ,τ)∈Ξ

SασKστS
τβ, ∀(α, β) ∈ Λ (C.10)

Kαβ =
∑
η,ι=1

(η,ι)∈Λ

SαηKηιS
ιβ +

∑
σ,τ=1

(σ,τ)∈Ξ

SασKστS
τβ, ∀(α, β) ∈ Ξ. (C.11)
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Equations (C.10) and (C.11) are rather complicated and require a further expla-

nation. They rely on combinatorics, i.e., on the detailed study of all the possible

combinations of indices such as (η, ι) ∈ Λ and (σ, τ) ∈ Ξ, to establish the accessi-

ble values of η, ι, σ and τ that will determine the entries of the overlap and inverse

overlap matrices that must be used in the summations. This is not a straightforward

task, and it is obvious that the effort to complete it increases very rapidly with the

number of NGWFs in the system.

The localisation constraint (C.4) is imposed exactly by equating (C.11) to zero,

resulting in:

Kσ,τ = −
∑

µ,ν=1
(µ,ν)∈Ξ

∑
η,ι=1

(η,ι)∈Λ

SσµS
µηKηιS

ινSντ , ∀(σ, τ) ∈ Ξ. (C.12)

Introducing (C.12) into (C.10) we obtain:

Kαβ =
∑
η,ι=1

(η,ι)∈Λ


SαηKηιS

ιβ −
∑

σ,τ=1
(σ,τ)∈Ξ

∑
µ,ν=1

(µ,ν)∈Ξ

SασSσµS
µηKηιS

ινSντS
τβ


 , (C.13)

∀(αβ) ∈ Λ.

Therefore, the all the contravariant density kernel elements,
{
Kαβ

} ∈ Λ, which

are the variational degrees of freedom of the problem, are uniquely determined

by the covariant density kernel elements {Kηι} such as (η, ι) ∈ Λ. This result is

a consequence of imposing strict localisation constraints and consistent tensorial

formalism. Equations (C.12) and (C.13) are exact. Once the VLSD method has
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been established for the density kernel, the same logic can be applied to the search

direction vectors, since they are also required to be subject to the localisation con-

straint.

It is not obvious how a practical version of this algorithm could be imple-

mented. Subset separation of order-two tensors implies that the resulting equa-

tions are very complex. Nevertheless, what this algorithm is telling us is that the

elements corresponding to terms in Ξ do not have to be calculated, neither in the

covariant or contravariant representations, in order to proceed with the energy min-

imisation.
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