HJNIVERSITY OF

Southampton

University of Southampton Research Repository

ePrints Soton

Copyright © and Moral Rights for this thesis are retained by the author and/or other
copyright owners. A copy can be downloaded for personal non-commercial
research or study, without prior permission or charge. This thesis cannot be
reproduced or quoted extensively from without first obtaining permission in writing
from the copyright holder/s. The content must not be changed in any way or sold
commercially in any format or medium without the formal permission of the
copyright holders.

When referring to this work, full bibliographic details including the author, title,
awarding institution and date of the thesis must be given e.g.

AUTHOR (year of submission) "Full thesis title", University of Southampton, name
of the University School or Department, PhD Thesis, pagination

http://eprints.soton.ac.uk



http://eprints.soton.ac.uk/

UNIVERSITY OF SOUTHAMPTON

Explicit Brauer Induction and the

Glauberman Correspondence

Adam Martin Case

Submitted for the degree of

Doctor of Philosophy

Faculty of Mathematical Studies
March 2002
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ABSTRACT
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Doctor of Philosophy

EXPLICIT BRAUER INDUCTION AND THE
GLAUBERMAN CORRESPONDENCE

by Adam Martin Case

Let S and G be finite groups of coprime order such that S acts on G. If S
is solvable, Glauberman [11] proves the existence of a bijection between the
S—fixed irreducible representations of G and the irreducible representations
of G°.

In the case of G solvable, Isaacs [13] uses a totally different method to
prove the existence of a bijection between the same two sets of representa-
tions.

Assuming the existence of the Glauberman correspondence, Boltje [5] uses
the method of Explicit Brauer Induction (EBI) to give an explicit version of
this correspondence for the case in which S is a p—group.

After presenting the above results, we outline a strategy for investigat-
ing these correspondences using Explicit Brauer Induction, and we use these
ideas to give a new proof for the theorems of Glauberman and Boltje. We
move on to suggest some ideas of how this work may extend to Isaacs’ corre-
spondence. We also mention a link to Shintani’s correspondence [25]. In the
final chapter, we look at cryptography, and mention a potential application

of some of our techniques (Adams Operations) in this field.
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Chapter 1

Introduction

Let S and G be finite groups of coprime order such that S acts on G. If S
is solvable, Glauberman [11] proves the existence of a bijection between the
S—fixed irreducible representations of G and the irreducible representations
of G¥.

In the case of G solvable, Isaacs [13] uses a totally different method to
prove the existence of a bijection between the same two sets of representa-
tions.

Assuming the existence of the Glauberman correspondence, Boltje [5] uses
the method of Explicit Brauer Induction (EBI) to give an explicit version of
this correspondence for the case in which S is a p-group.

Here, we give a brief introduction to representation theory (together with
induced representations and the representation ring), followed by an overview
of Explicit Brauer Induction. We then move on to give a description of the
Glauberman correspondence, and of Boltje’s explicit characterisation.

Chapter 4 outlines a cohomological strategy for dealing with these cor-
respondences, we use these ideas to give a new proof for the theorems of

Glauberman and Boltje in Chapter 5, and move on to suggest some ideas



about how the work may extend to Isaacs’ correspondence. We also mention
a link to Shintani’s correspondence. In the final chapter, we look at cryptog-
raphy, and mention a potential application of some of our techniques (Adams

Operations) in this field.



Chapter 2

Representation Theory

We give a brief introduction to representation theorv, and the theory of

Explicit Brauer Induction.

2.1 Basic Results and Definitions

This section presents the basic results (omitting proofs, etc) on group repre-
sentation theory needed to work with the Explicit Brauer Induction formula.
We only introduce necessary concepts (for example, all representations are

taken over the complex numbers, rather than an arbitrary vector space over

a field).

Definition 2.1.1 Let G be a finite group. A (complex) representation of
G is a group homomorphism p : G — GL(V') where V' us an n-dimensional
vector space over C. Two representations p, p' are equivalent if there exists
T € GL(V) such that p(g) = T o' (g)T for all ¢ € G. The dimension of

such a representation, dim(p) = n.



Note that we can choose an isomorphism (by choice of basis) between
Vand C" so p : G — GL(C") =GL,(C) where GL,(C) is the group of
invertible n x n matrices over C. We can define an action of G on V as
follows: if ¢ € G and v € V then the action induced from a representation p

is gov = p(g)(v).

Definition 2.1.2 If p : G — GL(V) is a representation and W is an m-
dimensional C-subspace of V' which is preserved by the G-action, then the
induced homomorphism p' ©+ G — GL(W) is a subrepresentation of G of

dimension m. We say W is a subrepresentation of V"

Definition 2.1.3 If p; and py are two representations of G with dimensions
ny and ny respectively, p; : G — G L, (C) (i = 1,2) then we define the direct

sum.

P1 S P2 : G — GL71,1+712 ((C)

p1(9) 0

0 m(g)

(M ®p2)(g) =

This is clearly an (ny + ny)-dimensional representation of G.  The tensor
product, py ® pa 1s wnduced from the vector operations in the same way: it

has dimension n, - ny and is given by the Kronecker product of p1 and ps.

Theorem 2.1.4 (Maschke’s Theorem) Let p: G — GL(V') be a representa-
tion of G and W1 a subrepresentation. Then there exists a subrepesentation

Wy such that V =W, ©& Ws.



Definition 2.1.5 If a representation p : G — GL(V') has no subrepresenta-
tions except p and the zero homomorphism, we say p is irreducible. Maschke’s
theorem tells us that given V.= W, @ Wy for subrepresentations Wy and Ws,
p s irreducible of Wi = 0 or V.  We write p = p; & po where py and ps

correspond to the subrepresentations for W, and W, respectively.

Note that a one-dimensional representation

A:G — GL(C) =C* = C — {0} (2.2)

is clearly irreducible.

Given a representation p, we can apply these results to obtain a decom-

position of p into a direct sum of its irreducible constituents

s

p= @ni/\i (2.3)

i=1

where n;, s € N and A; are irreducible representations. We now give some
further results concerning group characters and irreducible representations,

before moving on to look at induced representations.

Definition 2.1.6 Given a representation p, the character of p is defined to

be the complex-valued function, x,, given by:

n

Xo(9) = Trace(p(g)) = > _(p(9))n (2.4)

Definition 2.1.7 The Schur Inner Product of two representations p, p' with

characters x, and x, is defined by:

(Xo» Xp) = \1l

a1 2= X)X (9) (2.5)

geG



Lemma 2.1.8 The following results hold for representations p and p':

1. If p,p" are equivalent, then x,(g) = x,(g) for all g € G.
2. x,(1) = n, the dimension of p.

3. x,(¢7Y) = x,(g) (complex conjugation)

4. Xp+ Xp s the character of p&@ pf

5. (Xp) - (xp) is the character of p® o

6. Xp = Xp if and only if p=p'

Theorem 2.1.9 The following results hold for representations p and p' and

wrreducible representation \ :

1. {Xp, X,) 18 equal to the multiplicity of X in p (the number of times X
appears in the decomposition of p as a direct sum of irreducibles, as in

9.1.5).
2. (Xp» Xp) = 1 if and only if p is irreducible

3 (Xp, Xpr) = (Xp's Xo)

Corollary 2.1.10 If py, ..., p; are the distinct irreducible representations of
G then:

Gl = dim(py)’ (2.6)



2.2 The representation ring, R(G)

Definition 2.2.1 The complez representation ring of G, denoted by R(G), is

defined to be the free abelian group on the complex irreducible representations

of G.

The ring structure on R(G) is defined using the tensor product as follows:
in the free abelian group of irreducible representations {IRR;}, we identify a

formal sum
=Y kR (2.7)
with a formal difference of represezntations
r=S8,—5_ (2.8)
S =P ik S_ =P (—aw)R; (2.9)

a;>0 ;<0

Similarly, if y =T, —T_ € R(G) we may define the product:

ay =[S+ @Ty) & (S- T )] - [(5, @T-) © (5. @ T4)] (2.10)

This is well-defined and makes R(G) into a commutative ring.

2.3 Representations as CG-modules

Lemma 2.3.1 Representations of a finite group G over C are equivalent to

CG-modules.



Proof Given a representation p: G — GL(V), where V' is an n-dimensional
vector space over C, we can define an n-dimensional CG-module by letting
G act on V by g.v = p(g).v. The product extends to elements of CG in the

obvious way:

(Z Cﬂ) v = ch (plg)v) (2.11)

geG geG
Conversely, given a CG-module M, for ecach ¢ € G we define

p(g) + M — M by p(g)(m) = g-m. Then p(gy) € GL(V) and p is a ho-
momorphism because of the multiplication rules imposed by the CG-module

structure. W

Lemma 2.3.2 If M, M, are both CG-modules, then M, = M, as CG-
modules if and only if the corresponding representations py and py are equiv-

alent.

Proof Assume M; = A, as CG-modules, and let 7 : M; — M, be the
isomorphism. Let M; have basis {mj, ..., m, } and A, have basis {si, ..., s, }.

For any g € G we have:

g-m(mi) = 7(g-s)

pa(g)m(ms) = w(pi(g)si) (2.12)

7 is invertible so 7! pa(g)7 = p1(g), and the result follows by taking the
matrix T of 7 in the basis given, so T 'p2(¢)T = pi(g) with T € GL,(C)
as required. The converse is obtained by applying the same argument in

reverse. m

We see from these results that we can consider all representations of G
as CG-modules. We can show that the irreducible representations of G

correspond to the simple CG-modules (modules with no proper submodules)

8



and study representations in this new way (the approach followed in Leary
[17]).  We have introduced this in order to give the definition of induced

representations.

2.4 Induced Representations

Definition 2.4.1 Suppose H is a subgroup of G. A representation p of H
15 equivalent to a left CH-module M from the results above. CG 1is both a
left CG-module and a right CH-module, so the tensor product

CG®&cyM (2.13)

is another (left) CG-module, and is therefore equivalent to a representa-
tion of G. We call this the representation of G induced from p, and denote
by Indg(p).

Definition 2.4.2 If H is a subgroup of G and p : G — GL(V) is a repre-
sentation, then p |g: H — GL(V) is a representation of H. We call this the
restriction of p to H, denoted by Res%(p).

There are several useful results (including Frobenius reciprocity) which
can be obtained by combining the Ind and Res maps, which are stated and

proved in Snaith [28] and Leary [17] which we will not repeat here.



2.5 Explicit Brauer Induction

We present a summary of results from Snaith [28] and Boltje [5] to introduce

the method of Explicit Brauer Induction.

Definition 2.5.1 For a finite group G, let R.(G) denote the free abelian

group on G-conjugacy classes of one-dimensional representations

A H — Cf, where H < @G. We denote this element by (H,\) and

its conjugacy class by (H,\)% € R,(G), where the action of G is given
def def

by go (H,\) = (gHg ', g7"' * \), with g7' = A\(h) = Ag 'hg), for all
geG,he H.

More specifically, for any finite group G, we define G to be the multi-
plicative group of one dimensional representations of G, Hom(G,C*). Let
R(G) be the Z -span of G, and M(G) = {(H.\) | H < G,\ € H}.

We see M(G) is a Z-basis for @y, R(H) on which G acts by conju-
gation, and this basis is invariant with respect to this action, as gHg ! is

another subgroup of G, and ¢! A maps an element ghg™* € gHg™" to A(h).
We write (H, \)“ for the G-orbit of (H,\) € M(G).

We can now define R, (G) as the free abelian group on the elements
(H,\)Y € G\M(G) as in definition 2.5.1. Snaith [28] demonstrates how a
product can be defined on R, (G) to give it a ring structure, and we give

several properties of R, (G) from Snaith [28]:

Definition 2.5.2 For J < G, we can define an induction map:
Ind§ : Ry(J) = R.(G), given by Indj((H,\)") = (H,\) (2.14)

10



We also define the following map:

be : R+ (G) — R(G), (H, )9 — Ind$()\) (2.15)

Using the ring structure on R, (G) mentioned above, we can show that bg
is a ring homomorphism on R, (G). The Brauer Induction Theorem (2.1.20

of [28]) gives that it is surjective.
Definition 2.5.3 For J < K < @, define a restriction map:
Res® - R.(K) — R.(J) (2.16)
by the double-coset formula:

(H, MK — Z (JO zHz"" Res?H2 (271« \))/ (2.17)

z€J\K/H

We can show that the maps {bg} commute with these restriction maps (see

for example [5].

The next theorem effectively gives an inverse map ac : R(G) — R (G)
such that bgag = 1, this is the canonical form for Brauer Induction. We
also give properties of the map as which we will use in order to calculate
this map explicitly for given groups. The version of this theorem we state is
taken from Boltje [5], however it was first discovered in Snaith [31] (see also
[30]), improved upon in [4] and [3] and developed and applied in [6],[27],[32],
and [28].

11




Theorem 2.5.4 If G is a finite group, there is o unique family of maps
ag : R(G) = R.(G) such that for H < G, the following diagram commutes:

R(G) . R(@)
Res$; Rest (2.18)
aH
R(H) R.(H)

Moreover, if (H,\) € M(G) and p € R(G), and the coefficient of ac(p)
at the basis element (H, )¢ of Ry (G) is denoted by cu . (p) € Z, so:

ac(p) = Z amn (p)(H, N € Ry (G) (2.19)
(HA)eG\M(G)

then:

1. bgag = 1g@)

2. For all A € G we have ag(\) = (G, \)¢

3. If p is a representation of G and (H,\) € M(G) then (X, Res$(p)) =0
implies gy (p) =0

4. If p € R(G) and (H,\) € M(G) then au(p) # 0 implies Z(G) < H
(where Z(G) denotes the centre of G)

5. For any automorphism o : G — G and any p € R(G) we have

ag(ocop) =oc toag(p) where:

o 0plg) ™ p(o(9)), and po (H NS (p(H).p o N)  (2.20)

6. For any p € R(G) we have

> aqm(p) = p(1) (2.21)

(HN)CeG\M(G)

We also give one further result from Snaith [28]:

12



Corollary 2.5.5 If p € R(G) and (H,\) € Mg is an element which is
mazimal among those satisfying (X, Res%(p)) # 0 then:

Q‘(H,A)G(p) = <)\aR€Sg(P)> ([INa(H,A) HDA (2.22)
(we use the term ‘mazimal’ in the sense that (H', N') < (H, \) if and only

if H < H and Resl,(\) = X) where Ng(H,\) is the set
{g € G| Xghg™") = \h) for all h € H}.

13



Chapter 3

Glauberman’s Correspondence

Let G and S be finite groups of coprime order, and assume S is a solvable
group acting on G. After some preliminary results concerning the existence
of extensions, we give a characterisation of the Glauberman correspondence
(first described in [11]), a bijective correspondence between [rr(G)° and
Irr(GS) for special cases of S. We then show how Boltje [5] used the meth-
ods of Explicit Brauer Induction along with Glauberman’s proofs to create
an explicit form of this correspondence for the case in which the most explicit
characterisation exists, when S is a p—group, and we briefly give some ex-
amples to illustrate this (later we will present a new proof of Glauberman’s
results for the special cases mentioned above, and show how this extends to

all solvable groups S).

3.1 Extensions of representations

For an irreducible representation p of G, the existence of a unique (canonical)
extension to the semi-direct product S x G (for an appropriate S acting on

() is well-known. We will give a version of the proof from Glauberman [11].

14



Definition 3.1.1 Let S x G be the semi-direct product with respect to the
action of S on G, the cartesian product of S and G with multiplication defined

as

(51,91)(82, 92) = (5152, g151(g2)) for all 51,0 € S and g1, g2 € G (3.1)

Consider the Z[S]—module given by R, (G). If s € S. s(H,$)" is the
G —conjugacy class of s (¢) : s(H) — C* given by s(¢) (s (h)) = ¢ (h), for
he H.

If we have a commutative diagram with G acting by conjugation as above:

¢

(3.2)

then:

(3.3)

This shows that S acts on R, (G).



Theorem 3.1.2 (Glauberman) Let S act on G with (|G|,[S]) = 1. If
p € Irr(G) such that for all s € S, p is equivalent to py given by:

ps(9) = pls(g)) (3.5)
then there erists a unique representation p € R(S x G) such that

p(g) = plg) for all g € G and det(p(s)) =1 for all s € S.

Proof
For s € S, there exists a matrix M; € GL,(C) (where 7 is the degree of

p) such that:

ps(g9) = p(s(9)) = M p(g) AL (3.6)

for all g € GG. Take s,t € S and g € G. Then:

Mg p(g)M = p(st(g)) = p(s(t(9))) = M7 p(t(9) My = MM, p(g) M M
(3.7)
thus M, MM, centralizes p(g) for all g € G. As p € Irr(G), MMMy

is a scalar multiple of the identity, by Schur’s Lemma.

Take ¢,; € C such that:

j\.[t:\[g = Cs,f,j\ﬁ[st (38)

Now let d(s) = det(M,) for all s € S. From 3.8 we see:

d(t)d(s) = cy,d(st) (3.9)

16



and:

CsiCust = MMM MM, M,

ust
= M,M,M,M_,
= M M,M,M M, A, (3.10)
= Mcy MM,
= Cus,tCus
Hence we see:
Cs,tCy st = CystCu,s (3-11)

Let e(t) = [],eq ¢ for all t € S. Multiplying each side of 3.11 over all

u € S gives, where |S| = n:

cy e(st) = e(t)e(s) (3.12)
n and r are coprime, so there exists integers i. j such that in + jr = 1.

Let f(s) = d(s)’e(s)’ for s € S. Equations 3.11 and 3.12 give:

)T = (es,0) ™ (es)”

(e = (e(t)e(s)e(st) ™) (d(t)d(s)d(s. 1)~ 1)
= d(s)e(s)d(t)e(t)d(st) Te(st) ™

= fls)f(B)f(st)™!

Define M! = f(s) ' M, for s € S. From 3.8 and 3.13, M/, = MM for all
s,t € S. For each s € S, let d'(s) = det(M]) and M! = d'(s)"7 M.,

(o
= (c

1
S,

(3.13)

For ¢ € G and s,t € S we see:
M ()M = M, p(g) M, = p(slg)) (3.14)

17



and

MM = M/ (3.15)

so that

det(M?) = (d'(s)7)d'(s) = d'(s)" = d'(s") = d'(1) =1 (3.16)
We define p by p(s,g) = M!/p(g) for all s € S and g € G.

We show p is unique: let 7 be another representation such that
7(g) = plg) = p(g) for all ¢ € G and det(7(s)) = 1 for all s € S. For
s € S and each g € G we see:

p(s(g)) = p(s) ' p(g)pls) = 7(s)" ' p(g)7(s) (3.17)

So p(s)7(s)~! centralizes p(g) for every g € . p is ireducible hence there

(
exists i(s) € C such that 7(s) = h(s)p(s). By comparing determinants, we
see h(s)" = 1. p(1) = 7(s)" = h(s)"p(s)" = h(s)"p(1) hence h(s)" = 1. We
see h(s) = h(s)™Him = 117 =1,

Take s € S and g € G then 7(s,g) = 7(s)p(g) = p(s)plg) = p(s,g). =

Definition 3.1.3 Let m be an integer, and p an irreducible character of G.
Denote by Q,,, the field obtained by adjoining the complex m-~th roots of unity
to Q, and let Q(p) be the field obtained by adjoining the values of p to Q.

Theorem 3.1.4 Let p € [rr(G)°:

a. There exists a unique p € Irr(S x G) such that Res2“(p) = p and

det(p(s)) =1 forall s € S.

18



b. If p satisfies (a) then Q(p) = Q(p) and p(s) € Q for all s € S.

c. Assume p satisfies (a). If ¢ € Irr(S x G) and p is a constituent of
Rese (@), then there exists a unique 8 € Irr(S x G/G) such that B ® p is

an irreducible character of S x G and p is a constituent of Resy % (3 ® p).

Proof

a. The degree of p divides |G| and is coprime to |S| = n. Take p as in

Theorem 3.1.2.

b. Res*(p) = p, so Q(p) € Q(p). Conversely for every automorphism
o of Qg1 that fixes elements of Q(p), o(p) is an irreducible character of SxG
such that Resg“(0(p)) = o(p) = p, so we see det(o(p))(s) = o(1) = 1 for
all s € S. Hence o(p) = p and Q(p) C Q(p).

Take s € S then p(s) € Q(p) N Q, =Q(p) NQ, CQu:NQ, =Q.

¢. S x (G fixes p by the hypothesis, and by Frobenius Reciprocity, b is a
constituent of IndgKG(p), and the result follows immediately from Theorem

2 of [10]. m
Definition 3.1.5 For p € Irr(G)°, the unique extension described above,
p € Irr(S x G) is called the canonical extension of p.

We give one further property of the canonical extension.

Lemma 3.1.6 Let S be cyclic and p € Irr(G)Y. If s € S is a generator,

and a an integer prime to |S| = n, then:

p(s,t) = p(s*. 1) (3.18)
for all t € G*.

19



Proof Choose integers o and § such that o|G| + 3
b =a+ B|S|(1—-a), soweseeb=1 (mod |G|), b = a (modn) and b is

S| = 1, and let

prime to the order of S x G.
Consider the action of the element o of Gal(Q(&,)/Q) which sends &, (a
primitive n—th root of unity) to (£,)® and fixes all roots of unity prime to n.
Thus o fixes every element of Qg and as Q(p) € Q1. o(p) = p-
For g € G, o(p(s,9)) = p(s,g), and for t € G* we see:

ps.t) = o(p(s.1) = pl(s, 1)) = p(s". 1) = p".0) = p(s"ot)  (3.19)

3.2 Characterisation of Glauberman’s

Correspondence

With G and S as above, the necessary facts about Glauberman’s correspon-

dence can be summarised in the following results from Glauberman [11]:

Lemma 3.2.1 Let S be cyclic, and p an irreducible representation of G such
that sop = p for alls € S (ie p € Irr(G)°). Then (using the notation above)

there erists a unique sign € = =1 and a unique \ € Irr(G®) such that

pls,1) = eA(t), (3.20)

for all s which generate S, and all t € G°.  Morcover, for every
A € Irr(G®), there exists a unique p € Irr(G)” which corresponds to A

as i Fquation 3.20.
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Lemma 3.2.2 Let S be a p-group, and p € Irr(G)°. If

ResSs(p) = miA + ..+ Ay, (3.21)

where \; are distinct irreducible representations of G°, there exists a

unique i such that ptn;. Moreover, n; = £1 (mod p).

Theorem 3.2.3 If S is solvable, then there is a unique bijection

3G Irr(G) — Irr(GY), (3.22)

called the Glauberman correspondence, satisfying the following conditions:
1. If T 45, then 7€ (]7“7' (G)S) = Irr(G1)S and 75C¢ = 7S/T.GT o zTG,

2. If Sis a p-group and p € Irr(G)®, then 75 (p) is the unique irreducible
constituent \; of Res&s(p) with ptn; (using the notation from Lemma

3.2.2).

3.3 Boltje’s Explicit Characterisation

This section contains a summary of the work done by Boltje [5] to obtain an
explicit formula for the Glanberman correspondence, when S is a p-group.
We give Boltje’s results here, later we will return to this correspondence and
use our results from Section 4 to give our own proof of Boltje’s main result.
Boltje’s treatment assumes the existence of the Glauberman correspondence,
but our treatment does not: we give a new proof using Explicit Brauer

Induction.
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For p € Irr(G) we define Trg(p) to be the S-orbit sum of p, ie

Trs(p)(g)= > soplg)= > plsly)) (3.23)

oS S5
Y Stab S€TTah - (p)
sie S

We note that Trg(p) € R(G)S. If p runs through a set of orbit represen-
tatives of the S-orbits S\Irr(G) of Irr(G), then the clements Trg(p) form
a Z-basis of R(G)%, and we write R(G)3¢ for the Z-span of the elements

Trs(p) with p € Irr(G) with Stabs(p) < S. Then we have:

R(G)® = Z.Irr(G)° + R(G)2 (3.24)

Boltje [5] goes on to derive some consequences of Lemma 3.2.1.  We
give his proofs in detail because they illustrate how the existence of the

Glauberman map is fundamental to Boltje’s work:
Proposition 3.3.1 Let S be a p-group.
1. For p € Irr(G)® with Stabs(p) < S we have:

ResSs(Trs(p)) =0  (mod pR(G™)) (3.25)

2. For A € Irr(GS) we have IndZs(\) € R(G)”. and there is a unique
p € Irr(G)S such that pt {p,IndCs(N)),..

Moreover, <,0, ]ndgs(p)>G = +1 (mod p).
3. For A € R(G°) we have
ResSs(IndSs (M) = A (mod pR(G?)) (3.26)
4. For p e R(G)* we have

IndSs(ResSs(p)) = p  (mod pR(G)” + R(G)%,) (3.27)
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Proof

1. Let T' = Stabs(p). We see:

Res¢s(Trs(p)) = Z Resés (s 0 p)

s€S/T

= Z 50 Rests (p)

SES/T
= |S/T} - ResSs(p) (3.28)
and |S/T| =0 (mod p), since S is a p—group.
2. For s € S, we see

soIndSs(\) = IndSs(so ) = Ind%s(\) 3.29
G G €

hence IndZs(\) € R(G)°. Now, as the Glauberman map
795 Irr(G)S — Irr(G®) is bijective, Lemma 3.2.1 gives that \ is
the irreducible constituent of Res&s(p) for a unique p € Irr(G)¥ such

that p does not divide its multiplicity, ie

pt{A Resgs(p)>cs = (Indgis(N). /)>(7 (3.30)

The final part also follows from Lemma 3.2.2.

3. It is sufficient to prove for A € Irr(G®). If A = 7%9(p) for some
p € Irr(G)”, then by part 2:

IndSs(\) = +p  (mod pR(G)” + R(G)2y) (3.31)

Hence ResCs(IndZs())) = A (mod pR(G)”) by part 1.
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4. It is sufficient to prove for Trg(p) for p € Irr(G), as these elements

form a Z-basis for R(G)®. If Stabs(p) < S. then:
IndSa(ResGs (Trs(p)) € pR(G) C pR(G)" + R(G)Ss.  (332)
by part 1, and we also have Trs(p) € pR(G)* + R(G)%s.
If Stabs(p) = S and A € Irr(G®) is the Glauberman correspondent of
)

p = Trs(p), then ResCs(p) = £\ (mod pR(GY)) and IndSs(£X) = p
(mod pR(G)® + R(G)2 ) from part 2.

Putting these two parts together gives the result for Trg(p) and hence

for p.
We now have enough background material to deduce the canonical map.
Firstly we give some useful results concerning coprime action:

Theorem 3.3.2 (Schur-Zassenhaus) Let N QG and G be finite, with either
G or G/N solvable. Assume |[N| =n and |G : N

= m are coprime. Then

G contains subgroups of order m and any two such are conjugate in G.
Proof See for example [22] =

Lemma 3.3.3 (Glauberman [11]) Let S act on G with (|S|,|G]) = 1. As-
sume one of G or S 1s solvable. Let S and G both act on a set 0 such

that:
a. s(g(a)) =s(g)(s(a)) forallacQ, gec G. s €S and
b. G is transitive on €1,

then S fizes a point of €.
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Proof (Proof taken from [13], Lemma 13.8)
Define an action of S x G on Q by:

(5,9)() = s(g(a)) for o € (3.33)

This is an action by condition (a) above. For o € €2, let

H = {stabiliser of & in S x G}

= {(5,9) € S x Gl(s.9)(a) = s(y(n)) = 0} (3.:34)

G is transitive on €2, hence || = |G : GN H| = |S x G : H| and hence
|H:GNH|=]S].

Now, application of Theorem 3.3.2 gives that there exists a subgroup T
of order |G N H|, a complement for GN H in H. Then |T|=|S| and T is a
complement for G in S x G.

The conjugacy part of Theorem 3.3.2 gives that S = 27 'Ta for z € Sx G,

hence S C x7'Hz and S fixes z(a) € Q, completing the proof. m

Corollary 3.3.4 In the situation of Lemma 3.3.3, the set of S—fixed points

of Q0 is an orbit under the action of G°.

Proof (this proof taken from [13], 13.9)

If @ € Qs fixed by S and t € G° then s(t(«)) = s(¢)(s(@)) = t(a) so
t{«) is S—fixed also.

If o, B € Q are both S—fixed, then let X = {gy € Glg(«) = 5)}. Because
the action of G on € is transitive, X is a left coset of the set Gy = {stabiliser
of 3in G} = {g € G|g(8) = 3} and is S—fixed.

Let G act on X by left multiplication. (/g is S—fixed and transitive on X.

For z € X,g € Gs,s € S we have s(g(z)) = s(gv) = s(g)s(x) = s(g)(s(x))
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so Lemma 3.3.3 applies to the action of S on G4 and of S and Gz on X. So

S fixes some element z € X. Hence 2 € G° and 2(c) = (5. =

Definition 3.3.5 Using the notation from Section 2.5, we define the map

bol>C as the following composition:

b

% R(GY) (3.35)

5,G
bol+

bol%Y . R(G)® 2% R.(G)® =5 R.(GY)

We still have to determine the map bol7” : R, (G)° — R (G). If
p € R(G) is S-fixed (ie p(s o g) = p(g) for all s € S, g € G), then from

part 5 of Theorem 2.5.4 we have

—1

soag(p) =ag(s™ ' op) = aa(p) (3.36)

so each S-fixed point of R(G) is mapped under a. to an S-fixed point of
R, (G) (recall that the action of S on R.(G) is given by so (H,\)% =
(soH,s7 o)), where so A(g) = A(sog), and we see that the basis elements

(H, \)¢ of R, (G) corresponding to G\ M (G) are permuted by this S—action).
The G-orbit of (H,\) € M(G)is {(gHg ' g '« A\) | ge G} If

T = Stabs((H,\)°)

— {seS.(soH.s 0N = (gHg'.g7" x N) for some g € G}
(3.37)

then the S-orbit sums
> so(H N9, (H,)\) € Sx G\M(G) (3.38)
seS/T
form a Z-basis of R, (G)°. By considering the action of 7" and G on

(H, )\), the G—action is transitive so we can apply Lemma 3.3.3, hence there

exists a T-fixed point (H', \') in the G-orbit of (H. A).
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ie t(H',X) = (H',X) for all t € T, and (H.\C = (H',\)S with T =
Stabgs((H, A\)¥) = Stabs((H', M)¥). We can now define the map:

' SAH Bt (V)E T =S
bOZi’G Z s0 (H7 )\)G — { (G a H’Res(r—m{ ( e if
s€S/T 0, l/}( T<S
(3.39)

If T =S, we can write H'® instead of G° N H’. By Corollary 3.3.4, the
definition of boli’G does not depend on the choice of the S—stable represen-

tative (H', \') we choose from within (H, \)¢.

The following results of Boltje [5] show that the map bol™“ can indeed be
taken as a definition for the Glauberman correspondence for the case when

S is a p—group.

Proposition 3.3.6 Let S be a p-group. For p € G we have:

, ResGs(p) = 799 (p), if Stabs(p) = S
bOlS,G(TrS(/))) _ { esgs(p) =7 (p), if Stabs(p) (3.40)
0, if Stabs(p) < S
Proof
Trs(p) = Z sopc€ R(G)” (3.41)

. S
s€ Stabg(p)

applying the map ag to this gives (from part 2 of Theorem 2.5.4):

> s0(G.p)" (3.42)

S
“Stabg(p)
If Stabs(p) < S, applying boli’c gives 0 (direct from definition of boli’G

given in 3.39). If Stabs(p) = S, we get:
(G NG, ResGs (p) = (G, ResGs (p) € R(GY) (3.43)

S

Finally, we apply the map bgs to see bol™“(Trs(p)) = IndSs ResSq(p) =

ResCs(p) as required. m
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Theorem 3.3.7 Let S be a p-group.
1. For p € R(G)® we have
bol*%(p) = ResCs(p) (mod pR(G”)) (3.44)
2. For p € R(G)24 we have

bol®%(p) =0 (mod pR(GY)) (3.45)

Proof Boltje gives full details in [5], we will give a new proof later in

Chapter 5. =

This theorem together with Theorem 2.5.4 shows that the map bol¥% can -
indeed be used as a definition for the Glauberman correspondence in the case
where S is a p-group. However, the Glauberman map is defined for any GG

and solvable S of coprime order, as we will also see in Chapter 5.

3.4 Examples of the explicit correspondence

We give two examples considered by Boltje.

3.4.1 Example: Quaternion group of order 8
Definition 3.4.1 Let G =< a,b|a* =b' = 1,02 =V, aba™' =b7! > be the

quaternion group of order 8 and S =< 5| 8> =1 > act on G by soa = b,

sob=uab.
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There are four proper subgroups of G. Let H) =< a >, Hy =< b >,
Hj3 =< ab >, the three subgroups of order four and Z = Z(G) =< a® >, the
centre of G. Keown [16] gives a detailed exposition for finding the character
table of this group (there are five conjugacy classes and hence five irreducible
representations: the trivial representation and three further one-dimensional
alternating representations, and one irreducible representation p of degree 2
with character 2 on the conjugacy class {1}, ~2 on {a*} and 0 on the other

conjugacy classes).

We see G5 = Z and Irr(G)S = {1,p}. It A, € H, and 7 € Z are irre-
ducible representations of the subgroups then we can calculate the Explicit
Brauer Induction formula of G on p € I'rr(G)®, (one way is to build a table -
of Res%(p) for all subgroups H < G and apply the various parts of Theorem
2.5.4 as outlined in Snaith [28]) which is given by:

3

ac(p) = > (Hi \)¢ = (Z.7)° (3.46)

i=1
Now, observing that Stabs(p) = S, so T'rs(p) = p and we can apply the

map bol>% to p to obtain:

p s i (Hy, p)© — (2, 7)¢ £y —(Z, ResSs (r)“ =7
- (3.47)

We also see ResCs(p) = Res%(p) = 27. We have p = 3 and indeed,
p1 <T, Resgs(p)> as expected. Applying part 2 of Theorem 3.2.3, we see that

795(p) = 2r = —7 (mod p) so we do indeed have the correct correspondent.
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3.4.2 Example: Extraspecial p-group of order p*"'!

Let G be the extraspecial group of order p?"*! and exponent p for p an odd

prime.

Let S be a finite group acting on G such that (|S],|G|) = 1 and such
that G° = Z, the centre of G. Dornhoff [8] demonstrates that G has
p— 1 irreducible representations of degree greater than 1 (theyv all have degree
p") and that these are all fixed by S. Let p € Irr(G) be one such represen-
tation, and we find Resgs (p) = p"A, where \ is a one-dimensional represen-
tation of Z. Applying part 2 of Theorem 3.2.3. we see that 7% (p) = . We

state a result from Boltje [5]:

Proposition 3.4.2 With the notation above, the Explicit Brauer Induction

formula for p is given by:

ag(p) = i Z (= 1)dptd=D(H \)¢ (3.48)

d=0 Z<H abelian
11/ 21=p"

where \ is a one-dimensional representation of H, an arbitrary extension

of N € Irr(Z).

Proof Covered in detail by Boltje [5], using the property that G/Z is
a symplectic vector space over Z when it is identified with the field of p

elements. m

The action of S on a representation A as above gives another extension

of A\, which is therefore a G —conjugate to h (using the results of Clifford
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theory) hence an element (H, \)¢ is fixed by S if and only if H is fixed by S.

Hence, applying boli’G to the equation above gives:

S UG A H Rest (D) (349

d=0 Z<H abelian
H S—invariant
|H/Z|=p"~¢

However, G° = Z and Z < H for each summand so this reduces to:

o> (=12, ResF (V) (3.50)

d=0 Z<H abelian
H S—invariant
|H/Z|=p"~4

Finally, observing that ResZ(\) = X, we apply by to obtain the map
bol >

bol¥p) =" Y (=1 (3.51)

d=0 Z<H abelian
H S—invartant
|H/zZ|=p"¢

We can reduce this by making further assumptions about the action of
S, for example if we assume that Z is the only S-stable abelian subgroup
containing Z, then bol>%(p) = (=1)"p"™~ Y\, If all abelian subgroups of G

containing Z are S-invariant, we can show bol”:¢(p) = p"\.
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Chapter 4

Cohomological Ideas

Throughout this chapter, we let .S be a group of order n acting on a finite
group G of order prime to n.

Consider the Z[S]—module given by R, (G) where the action of s € S
given by s o (H,$)¢ is the G—conjugacy class of s(¢) : s(H) — C* given

by s(¢)(s(h)) = ¢(h), for h € H.

Recall that ([29] Definition 1.1.2 p.3), if

Ns=)_ s€Z[S] (4.1)

s€S

is the norm element and for a Z[S]—module 1,

MY ={meM|s(m)=m foralseS} (4.2)

is the S—fixed points, the 0—th Tate cohomology group is defined by:

HO(S; M) = M /(NgM) (4.3)
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For any Z[S]—permutation module of the form M = €, Ind2 (Z) we set

My= @ Indi(z)

1, S;=5

and we have Z[S]—maps:

My s M 25 M,

with 7 the inclusion map and 77 = 1. Also,

H(S: M) = 7./\S; H(S, M)
( ) GB /| \(_ 0)

Jx

Specifically, we will apply this to:

R(G)= & mdiz)

(H,0)¢,
J=Stabg(H,)“

Hence (the sums are taken over the same elements as above)

= @ 28

8=

H'(S;RAQ)) = H(S: @ Ind3(Z)

He

1%

Pz

From this we see:

HYS:RA(G)o) = €D

(J$)ER(C),

S=Stabs(J,)“
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Similarly,

H(S;R(G) = P z/ls]. (4.10)
(J.9)ER4(GS)

4.1 Non-Abelian Cohomology

Lemma 4.1.1 IfG s solvable, and J C G is an S—invariant subgroup, then
H'(S; J) = {*}, the set with one element.

Proof J is solvable and by induction on |.J|, we can find a normal sub-
group A <.J such that A is abelian, non-trivial and S—invariant. The follow-
ing sequence in non-abelian cohomology is then exact (see [27]

Chapter 2):
C— HY(S; A) — H'(S;J) — H'(S:J/A) (4.11)

The groups S and A have coprime order, hence we see H'(S; A4) is triv-
ial (a well-known fact from abelian cohomology), and the result follows by

induction on |.J|. =

Lemma 4.1.2 Let p be a prime not dividing |G| and let S be a p-group acting
on G. Then H'(S;G) = {x}, the set with one element.

Proof Let f : S — G be a 1—cocycle so that f(s1.50) =
—1

for all 51,5, € S. We must find g € G such that f(s) = ¢gs(g
([27] p.37).

fs1)s1(f(s2))
)

foralls € S
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Consider the injective homomorphism
d:5 —ISxG (4.12)

given by ®(s) = (s,f(s)). By Sylow’s Theorem, Im(®) is conjugate to
S={(s,1) € SxG|s€eS}inSx G Thercfore there exist so € S,g € G
such that

(55" 55 (075, () (s0.9) = (5550 (g™ D) (550, F()5(9)
= (55550, 55 (9757 (F()s(9)))  (4.13)

= (salsso, 1)

for all s € S. This implies that 1 = g~ f(s)s(g) for all s € S, as required. m

Lemma 4.1.3 Let S be a solvable group acting on G, with (|S],|G|) = 1.
Then H'(S;G) = {x}.

Proof Let T be a proper abelian normal subgroup of S. Then by
Lemma 4.1.2, H(T: G) = {*}. We see from page 73 of [24]. that the following

sequence in non-abelian cohomology is exact:
HY(S/T;GT) — HYS:G) — HYT:G)>'T (4.14)

and the map H'(S/T;G") — H(S;G) is injective. By induction,
H'(S/T;G) is trivial, hence H'(S; G) = {*} as required. =



4.1.4 The Feit-Thompson Theorem [9] states that every group of odd order
is solvable, so that the condition (|S],|G|) = 1 implies that at least one of
S or G' must be solvable and by applying Lemmas 4.1.1 and 4.1.3, we see
H'(S;G) = {*}. We now continue working towards Glauberman’s result

with results using a solvable S.

4.2 Isomorphism in Tate H°

Theorem 4.2.1 Let S be a p—group acting on G of coprime order, and
adopting the notation above, the restriction and induction homomorphisms

induce inverse modulo p 1somorphisms

. ResC
Jx _C; )

H(S; Ry (G)o) e H°(S: R (@) H°(S: R (GT)) (4.15)
Tix Ind%

Corollary 4.2.2 With S and G as above, the restriction homomorphism

induces a modulo p isomorphism

ResSs - H(S; R(G)o) — H(S: R(G")) (4.16)

Proof G
Res/s

I°(S; R (G)) H(S: R.(GF))

l)(; ac [)(1'5' s (417)

Ress

H°(S; R(G)) HY(S: R(G™))
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By naturality each of the homomorphisms ag, b, ags and bgs is a Z[S]-
module homomorphism. By Theorem 2.5.4 and functoriality of b¢ all these
homomorphisms commute with the restriction homomorphisms. Since
boag = 1 and bgsags = 1, the restriction homomorphism on H(S; R(G),)
is a natural summand of the restriction homomorphism on H°(S; R (G)o),

and is therefore an isomorphism. m

Theorem 4.2.1 will be proved in 4.2.6 below after a series of preliminary

results.

Lemma 4.2.3 Assuming the situation given in 4.1.3, if S fizes
(H,9) € R.(G) then there erists J C G and o : J — C* such that
(1,6)C = (H,4)C and 5(J.¢) = (J.¢) all s € 5.

Proof The proof is by direct application of the fixed point Lemma 3.3.3.
G and S both act on (H, ¢); the conjugation GG—action is transitive and we
can easily see that condition (a) is met, hence therc is an S—fixed point (J, ¢)

as required. m

We note that G does not act on the double-cosets in the next lemma, so
we cannot apply Glauberman’s Lemma 3.3.3. Instead. we use the non-abelian

cohomology results from above.

Proposition 4.2.4 Assuming the situation given in 4.1.5, suppose that

J C G is a subgroup such that s(J) =J for all s € S. Then
(GG =G%-1-] (4.18)

the identity double coset.
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Proof Assume S is cyclic of order m, gencrated by an element s. If S
fixes a double coset G° - z - .J then there exists @ € G°. 3 € J such that

s(z) = azf. Therefore we see that

s*(z) = s(azB) = aazfs(f) = a*23s(3),

$*(2) = s(a?28s(B)) = a323s(3)s*(3),
(4.19)

z=s"(z) = a™2Bs(B)s*(B)...s" ()

and so z7'a™™z € J. Since |S| = m is prime to the order of «, we find that
2 laz = z71s(z)87 € J and so z7ts(z) € J. This holds for all elements of
S which means we may define a 1-cocycle, f : S — J, by f(s) = 27 s(2)
for all s € S. By Lemma 4.1.3, there exists j € J such that j7's(j) = f(s) =
27 1s(z) for all s € S and so 257! € G°. Hence az3 = a(zj 1) (j3) and this
implies that G¥ -z -J = G -1-J as required.

Assume S is non-cyclic, and take S’ < .S such that S/S" is cyclic. Let
Xo={G%-2-Jz e G} (4.20)

we see S/S" acts on Xg. We will proceed by induction on |S|. Choose S”
such that S”/S’ is cyclic. By considering the action of S”/S" on X/, from
the argument above if @ € G*, 3 € J such that az3 € Xg is fixed by S"/5,
there exists j € J such that zj=' € G¥', then azj3 = a(zj7H(j5) and we

see (X)) = Xgn. The result then follows by induction. m
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Lemma 4.2.5 Assuming the situation giwen in 4.1.3, if J'.J C G and
(L, )% = (J',¢")“ € R.(G) then

(J,0)" = (J, ¢ € R.(GY). (4.21)

Proof By definition, there exists ¢ € G such that ¢Jg ' = J and
#(j) = ¢'(gjg ") for all j € J. Now consider the function, f : S — G,
given by f(s) = g~ 's(g). Define the normaliser of (J,¢) in G, Ng(J, ¢), to

be the subgroup given by
Ne(J.8) = {z € NoJ | ¢(zj="") = 6(j) for all j € J}. (4.22)
For j € J we have

o(f()if(s)71) = olg " s(9)i(s(9)) 'g)
= ¢(g7"s(9jg™")g)
= ¢'(s(gig™") (4.23)
= ¢'(9797")

= o(j)

so that f is a l-cocycle with values in Ng(J,¢). By Lemma 4.1.3, there
exists g; € Ng(J,¢) such that g7ls(g) = f(s) = g 's(g)) for all s € S.

Hence ¢19~' = s(¢g197") and therefore g;g7! € G°. Hence. for all j € J,

o(3) = é(g7 i) = ¢' (997 Jng ). (4.24)

which implies that (J,¢)¢" = (J',¢)¢" € R.(G). as required. m
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4.2.6 Proof of Theorem 4.2.1
We have only to show that Indgs induces a modulo p inverse to Resgs

on Tate cohomology in dimension zero.

Given (H, )¢ € R (@)%, Lemma 4.2.3 gives that we can find an element
(J.¢) such that (H,¢)% = (J,¢)¢ and Stabs(J, ¢) = S. Proposition 4.2.4
gives that (G*\G/J)? is the identity double coset. The following composition

1905, R (G)o) 25 B(S; Ra(G)) 8 110 R.(6%)) 5 10(5 R ()
(4.25)

on (H.v¢)% gives

IndSs(Resés (H,0)¢) = IndSs(Resbs(J,0)9)

= IndSs | D0 (GFnase (Y ()

ZEGS\G/J

= > Gzt (=) (9)° (4.26)

2€GI\G/J
The action of S permutes the terms in this sum, so we can separate the
fixed and non-fixed terms, and apply Proposition 4.2.4 to see that there is

exactly one fixed double coset:

IndSs(ResGs(J,9)%) = (S, )+ s (Z(GS nzJz" <z‘1>*(¢>>)6>

sES

z

(4.27)
where the final sum is taken over appropriate non-fixed double cosets. We
see that all the terms in this sum are fixed by the action of S, and because

S is a p—group, all the S—orbits have orbit size a multiple of p. Hence:
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IndSs(ResSs(J,0)%) = (J,6)¢  (mod p) (4.28)

Similarly, if (J,¢)¢" € R, (GS) then

ResGs (IndSs(1,¢)¢°) = ResGs(J, )
= Y (@) O)

2€GS\G/J

S

(4.29)

Applying Proposition 4.2.4, there is exactly one S-—fixed double-coset;
the remaining non-fixed terms appear with order a multiple of p. Combining
this with the discussion at the beginning of the chapter, we see ]ndgs induces
a surjection on H°. By Lemma 4.2.5, we see that Indg is one-to-one, which

completes the proof.

Corollary 4.2.7 Let S be a cyclic group acting on G with (|S],|G|) = 1.
Then |Irr(G)®| = |Irr(G®)|.

Proof Let S beap—group, let A, ..., \; denote the irreducible represen-
tations of the fixed group G* and let py,. ... py denote the S-fixed irreducible
representations of G. ¢ counts the irreducible elements of R(G) with stabiliser
S, which is the rank of H%(S; R(G)p). t' is the number of irreducible elements
of R(GY) which is the rank of H°(S; R(G¥)). By Corollary 4.2.2, these num-
bers are equal. If S is cyclic, let S = .5; x Sy where (S]], ]Ss|) = 1. Then we

see:
|[Irr(G)S) = [(Irr(G) ™) | = [Trr (G ] = [T (G2 (4.30)

hence the result follows by induction on |S|. =
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Chapter 5

New proofs of Glauberman and

Boltje

5.1 Glauberman’s Correspondence

Let S be cyclic, let Aj, ..., A\; denote the irreducible representations of the
fixed group G*° and let p,..., py denote the S-fixed irreducible representa-
tions of G. By Corollary 4.2.7, t =t'.

Let p; be an extension of p; to the semi-direct product, S x G. We shall
assume that p; is the canonical extension of p;, as given in Section 3.1.

Let Cg(g) denote the centraliser of g in G so that the order of the
G —conjugacy class of ¢ is equal to |G|/|Cq(g)|. The following lemma is
from Glauberman ([11], Lemma 2), and we will use this at various stages to

switch between Schur inner product calculations over S x G, S x G°, G and

G*.

Lemma 5.1.1 Let T =< s > be a cyclic subgroup of S of order n, not

dividing |G|.
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a. For any g € G the T x G-conjugacy class of (s, g) contains an element

of the form (s,g') with ¢' € GT.

b. Let z,2' € GT. Then (s,2) and (s,2') are conjugate in T x G iff z and

z' are conjugate in GT.

c. If H us a group and z € H, let Clg(z) denote the H-conjugacy class
of z. Suppose that z € GT. Then

G
|GT]

‘CZTD(G(S,Z)‘ = ‘CZ(;T(Z)

(5.1)
Proof

a. Let @ be the conjugacy class of (s,¢g) in T x G. T acts on 2 by
conjugating elements by (s,1) and G acts on §2 by conjugation by (1, z) for
z € G. Tt is easy to show that these actions satistv s(g(«)) = s(g)(s(a)) for
all o € ), and by application of Lemma 3.3.3 there exists a fixed point (s, ¢')

of Q with ¢’ € GT, as required.

b. If 2,27 € G' are conjugate in G then (s.z).(s,2') are clearly
T x GT —conjugate and so are T X GG—conjugate.

Conversely, suppose that (s,z) and (s,z') are T x G-conjugate. Since
(st 9)(s,2)(s%,9) " = (Lg)(s,2)(1,g) L forall g€ Gand 1 <i<n-—1, we

may assume there exists g € GG such that

(5,2) = (L,9)(s,2)(L,9) " = (5,92)(1,g7") = (s.925(9 ")) (5:2)
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Let k,l be integers such that k|G| + In = 1, hence k|G| = 1 (mod n).
Since z € GT, (s,2)™ = (5™, z™) for any integer m and we have

(s, )M = (5, 2/)*I6l = (5,1). Hence

(s,1) = (.s*,z’)k]Gl

— (1, 9)(s, 2)(1, g)~1)HC!

= (1,9)(s, 2)"(1, 9) ™ (5.3)

= (Lg)(s, 1)(1.g7")

= (s,95(97"))

which implies that 1 = gs(g™') or, equivalently, ¢ € G7. Therefore

1

2" = gzs(g™') = gzg~1, as required.

c. Setting z = 2’ in the argument of part (b) shows that

Crucg(s,z) =T x Cgy<s>(z) and therefore

nG nG G'
Clywels. 2)| = —MEL Gl 1]

— = = - Cl w2
Crea(s,2) ~ niCer( — j6a] Cler )]

(5.4)

as required. m
We will now work towards a proof of Glauberman’s characterisation, Lem-
mas 3.2.1 and 3.2.2. For simplicity, we first present the working for the sit-

uation with S a cyclic group order p? before moving on to the general cyclic

case, although the method for both cases is the same.
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5.1.1 Cyeclic groups order p’

We start, to get the idea, with the case of a cyclic group S = C)2 for a prime
p. Let s be a generator of S. The irreducible representations of S are given
by powers of the representation y given by y : s — ™/ .

We first consider the Galois orbits of elements of the set
{9710 < j < p? — 1} under the action of elements of the Galois group
Gal(Q(&2)/Q) (where &, is a primitive root of unity). We see there are

three orbits, namely:

o — 1
1 k,'___ sz _ ('7"]72
Yy = Z y" = Ind," (1) — Ind;" (1)
(k,ph)=1
1<k<p?—1
. C .
yr = Z yk7’:lnd022(1)~1
(k,p):l
1<k<p—1

Recalling the properties of the canonical extension (Lemma 3.1.6), we see
pi(s* g) = ﬁj(sb,g) for any a, b such that s* and s’ are in the same Galois
orbit, and ¢ € G°. This implies that:
Res™9. () = an(1®@ Un) + i ((Ind, 7 (1) — Indg:f (1) ® Up)
+ aiB((]nngQ (1) - 1) ® Us) € R(S) ® R(G”)
= 0 (1© (Ui ~ Us)) + aa(Ind, ™ (1) © Us) + ai(Indg (1) ® (U — Uss))
= 0 (1 A)) + ap(Ind;” (1) ® B,) + aw(Inde” (1) @ C,)
(5.5)
with U;;, A;, B;, C; virtual representations of G® and a;j, vy € Z for

1<j<3.
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Considering the values of induced characters, we sce that s and s
vanish on the character of this representation on clements (s, g) € S x G¥

with a coprime to p, so for such a choice of a we sec:

\GS Z Res %o (pi)(s 5%, 9)Res S5 () (s, g) Z anAi(g)anAj(g)

geGs eGs
= anaji (Ai(g). 4;(9) s
(5.6)
We now evaluate this sum differently, to show it is equal to ¢,;, by writing

the elements of S x GG in a similar way to the Galois orbits above.

51',]' - <p~i7/~)j>5><G
1 A —
- 9 G Z pz(s 79)[)].(5(1,79)
PGl . e
s¢,g),a=0,....,p2—1,9€G
1 1 ~ /@ = a N
= mzpi(g)m@) +W Z pi(s®.9)n;(s*, g)
geG (5%,9),a=1,...p°>—1,96G
= Bt > pi(s®, 9)p; (s, g)
PGl L T e
s%,9),a=1,..,p?~1,9€
J;

—  ZtJ 1 —_(1_ 1 5:(s® )\ pa(sP q)
- + Q‘Gl Z :Ol( 79)[)](‘5 )+])2|G‘ Z pl(S 7g)p](8 pag)

(a.p?)=1 , {a,p)=1
a=1,...,p* 71’51EG a=1,...p—1 9€G

From the properties of the canonical extension, each p;(s%, g) is indepen-
dent of the choice of a over which the sum is taken. In particular, if we
choose a such that (a,p?) =1,1 < a < p* -1, then by applying lemma 5.1.1

we see:
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€ Zm s*,9)p;(s%, 9)

geG

,G|Z|f5'| G G RS GID) (5.8)

geEGS

= G 2 ResSE () ) e () (7 )

geGS

Also, if we choose a such that (a,p) = 1,1 < a < p — 1 then we see

< s >= (), hence (considering the properties of the canonical extension):

al sz s, 9)p; (s, g)

gEG
ch, D7 Res e, ()(s%, ) Res3 G () (5. 9)
9EG (5.9)
Cpx G 0 ey
GCp| Z Rcsc DX(G(I, (pi) (s )Res X(( (pi)(se®, g)
geGHP
= §;;

Let T;; be the common value of Equation 5.8 for appropriate choice of a,
and putting back into 5.7, we see:
6 2 0]
)y, o)

where ¢ is the Euler phi-function. Hence we sece T}; = J;; as required.

5ij —

Choosing a coprime to p and substituting in Equation 5.6 gives:

0ij = anayr (Ai(g), A5(9)) s (5.11)

Since the g are integers, we must have (4;,4;).s = d; and

aj = of = 1. By Corollary 4.2.7, the distinct irreducible representations,
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{AL, ... A}, of G¥ must be precisely {)\;,...)\;} which implies that there

exists a permutation, o, and a sign ¢; € {£1} such that

A; = fi)\a(i) (5-12)

for 1 <i < p — 1. Therefore

Resgs(pi) = €\ () + p*apB; + paiCi = €A,y (mod p) (5.13)

which is the required Glauberman correspondence.

5.1.2 General cyclic groups

We now repeat the ideas covered above, but more generally, to give the
Glauberman correspondence for all cyclic groups. Let S =< s > be cyclic
of order n where n = p{"p5?...por for distinct primes p;. The irreducible
representations of S are given by powers of the representation y given by
y s — X,

We first consider the Galois orbits of elements of the set {¢7]0 < j < n}
under the action of elements of the Galois group Gal(Q(&,)/Q) (where &, is
a primitive n—th root of unity). There are (a; + 1)(ay + 1) ... (e, + 1) such
orbits.

For |n, the Galois orbit of y®, G is given by

Go= Y, y™ (5.14)

(k,%)=1

'8

1<k< B
For Bin, we can use the Artin induction formula (see [28], Theorem 2.1.3)

to rewrite each G4 as a sum of induced representations:

48



Gs = Indg;(l) - Z /Lq/]’lbdgi:'(l) (5.15)
Cy>Cq

where for cach v, p, is an integer (these can calculated using Mobius
coefficients but this is not necessary here) with yi5 = 1, and the C,, are cyclic
groups. We recall a property of the canonical extension, Lemma 3.1.6: if
s € S, g € G° and a an integer coprime to the order of s then the character
value, p;(s% g), is independent of a. Using this and by summing Gg over all

Bln and gathering together terms, we see:

Res g cis (i Zazﬂ Iﬂd(" (1) ® Ais) (5.16)
Bln

for integers s and virtual representations A5 € R(G?) (vet to be de-
termined).
Choose a such that (a,n) = 1, and we see all the terms in the sum of

Equation 5.16 vanish on s* except the term 3 = n. so:

Res$ G (p)(" 9) = aindinlg) (5.17)

Hence:

GS‘ Z Resgzgs [32)( )Resgigs(ﬁj)( 7J m ajn‘Ajn<g)

9GS (16( =

= jpQjy <A4in(.g)7 ‘4]71 (g)>G5
(5.18)

We now evaluate the left-hand side of this equation in another way:

Proposition 5.1.2 If S =< s > is a cyclic group order n and a an integer

satisfying 1 <a <n—1 and (a,n) =1, and let T;; be defined:
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ot O Res$ G (3) (s g) Resl 0 (7)) (5" 9) (5.19)

gcGS

Proof For fin, let ks be an integer satisfying 1 < ky < 5 — 1. (ks, 5) = L.
Let S5 =< s% > (note Sy is independent of the choice of kg) and by

application of Lemma 5.1.1 we see:

0ij = {PiPj)sxc

B tG[Z¢( )sz‘”q pi(s7%5, g)

9eG

— n ‘G{ SKG ~ 8k SxG A
a an‘ Z ( ) ‘Gsﬁt Z Resb-}XC /))(( )R(sgfo (p])(S k‘Bag)

:_Z¢(>mﬂ233ﬁkﬁw“mkfxmx%m

geG 58

(5.20)

By induction on |S|, we can assume the result truc for all cases above

except the case 8 = 1, hence we see:

L o(n) 3 dij (n _
61] —_ TE] -+ n %C) 3 (021)
B#1
We recall 34, ¢(8) =34, ¢ (%) = n, hence:
n,él-j = qﬁ(n)Tm + 61’_;[ (9 <%>
Bin ‘
B#1
= o(n)1i; +ndy; — o(n)o;; (5.22)
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Hence Tj; = §;; as required. m

Proposition 5.1.2 and Equation 5.18 give:

517' = QinQjn <Ain<g)7 Ajn(g)>(;5‘ (5'23)
Since a;, and «j, are integers, we must have <A,;,L,A]',1>GS = 0;; and
«? = 1. By the discussion at the start of the chapter, the distinct irre-

ducible representations {A;,,... A;,}, of G° must be precisely {A1,...\}
which implies that there exists a permutation, o, and a sign ¢; € {£1} such

that for

Ain = €A0() (5.24)

for 1 <11 < t. If we choose a coprime to n and put into Equation 5.16, we

see for t € G¥:

Resgzgs (ﬁi)(satt) = ﬁi<5a7t) = flm(t) - 6z'/\(,r(i) (525)
This proves the following lemma (this is exactly Glauberman’s Lemma

3.2.1 above):

Lemma 5.1.3 Let S be a cyclic group and p € Irr(G)°. Then there exists

o unique sign € = *1 and a unique \ € Irr(G®) such that

pls.) = eA(t), (5.26)

for all s which generate S, and all t € G°. Morcover, for every
A € Irr(G%), there exists a unique p € Irr(G)” which corresponds to A

as i 5.26.
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From the above equations, we also see:

ReS('S (pi) = €Xaiy + Z <”> wigAig (5.27)

Bln
B#n

If S is a p—group we note that all terms except the first term disappear

modulo p, hence we immediately get the following:

Lemma 5.1.4 Let S be a cyclic p-group, and p € Irr(G)”. If

RESgS (p) = nlAl + ...+ 77fAt.y (528)
where \; are distinct irreducible representations, there exists a unique @

such that p{fn;. Moreover, n; = £1 (mod p).

In the next section, we will strengthen this result by dropping the condi-
tion that S is cyclic (we consider the lemma above applied to the final term

of a composition series for S). This will achieve Glauberman’s Lemma 3.2.2.

Definition 5.1.5 For a cyclic group S, let

75 Irr(G)S — Irr(G?) (5.29)
be the bijective correspondence described in Lemma 5.1.3 above: if

p € Irr(G)® then w5 (p) = A, and for X\ € Irr(G®), then (75%)~1(\) = p.

This gives a characterisation for the correspondence for cyclic groups.
We will follow Glauberman’s method and demounstrate how to give the cor-

respondence for all solvable groups S.

An alternative proof of Glauberman’s Theorem was given in Alperin [1],

using Brauer’s work in block theory. When G is a p—group, it is possible to
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describe the characters and p—blocks of the semi-direct product S x G'in a
canonical way, in particular those with defect group S. These can then be
related to the characters of S x G and modulo p congruences established to

give the correspondence.

Finally, we note the following alternative proof. If the result of 5.1.3 is
established for the case of cyclic p—groups (slightly simpler than the working

for general cyclics given above), we can use the following lemma:

Lemma 5.1.6 Let T be a cyclic p—group (for a prime p), acting on a group
G of coprime order. Assume that for all p € Irr(G)T, there exists a unique

€ € 1 and ) € Irr(GT) such that for all g € GT and t a generator of T,

pt,g) = €X(g) (5.30)
where p 1s the canonical extension of p. Then this also holds true for all

cyclic groups S.

Proof Let S;, S5 be as above with (]5], [S2]) = 1 then we would like to
show that for § = S; x Sy and p € Irr(G)°, there exists a unique € = +1
and A € Irr(G?) as above.

Let p € Irr(S x G) be the canonical extension of p. Hence for i = 1,2

SxG

we have, by uniqueness, Resg’, ¢(p) € Ir7(S; x G) is equal to the canonical

extension of p to S; X G. Also if 5y € 5 then

51 0 (ResSE () = ResSel(7) (531)
so that Resi*C.(p) € Irr(Sy x G)* and there exists a unique
SgD(G q

A1 € Irr(Sy x Gt) and € = %1 such that

A (s2,91) = e1p(s1, 52, 01) (5.32)
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for all < §1 >= S1,82 € Sg,gl e G,
Also Resge(p) € Irr(S; x G) yields, from the Sy-correspondence for p,

a unique Ay € Irr(G*1) such that

A1) = eaRes3 S (p) (s1. 91) = pls1, 1, g1) (5.33)

for all < s; >=S;, ¢, € G** and for ¢, = £1.

The character values of Resgzs"fGSl (A1) satisfy
N S .
ReséstG A)(g1) =ML g) = ap(s, 1, 01) = ereaha(gn) (5.34)
for all g; € G*1. Since \, is irreducible we must have ¢; = ¢, and

A; is the canonical extension of Ay € Irr(GS1)°2. Hence there exists \ €

Irr((G51)%2) = Irr(G?) such that

/\(9) = 6)‘1(8279) = Gﬁ(slv 82, (]) (535)

for all < §; >= 57, < s >= Sy, ¢ € G°. Corollary 4.2.7 gives that this is

unique. o

5.2 Extension to solvable groups

We now use our results from the previous section and follow Glauberman’s
approach to demonstrate how the correspondence extends to a solvable group

S. We start by recalling Lemma 4 of [11}:

Lemma 5.2.1 Let S be a cyclic group acting on G, with coprime order.
Suppose S is a normal subgroup of S which also acts on G. Let T = G°.
Suppose A € Irr(T) and x € S’ and let p = 759(N). Then x()\) € Irr(T)
and z(p) = 75%(x(N)).
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Proof z normalises S so z fixes G° = T, hence x:(\) € Irr(T). Let p be the
canonical extension of p to S x G. S x G a8 x G so
z(p) € Irr(SxG). Let s generate S and take e = 41 such that p(s,t) = e\(t)
for all t € T. Let s = wsaz~! and we see s’ also generates S, so for
all t € T, p(s',t) = p(s,t). Now Res*“(x(p)) = x(p) € Irr(G). Also,
det(x(p))(s,1) = det(z(p))(zsz™,1) = 1 so z(p) is the canonical extension
of z(p) to Sx G. Forallt € T,

2(p)(s,t) = plwsz ™, 27 ') = eA(a't) = ex(N\)(t) (5.36)

Hence z(p) = Resg % (x(p)) = 3% (x(\)) as required. m

Definition 5.2.2 Let S be solvable, and C be a composition series for S of

the form:

S=5%>5>...>5,=1 (5.37)

Let T, = G% so T =Ty, = G°. We note that T normalises S;, so S;_;
fizes T; and we can consider S;_1/5; as acting on T;, with fized point subgroup

Si_1. We follow Glauberman and define two character sequences:

1. For X\ € Irr(G®) = Irr(T) define \; for i = 0,...,n by Ay = X and

fori >0,

N = /ST ) (5.38)

We see \; € Irr(T;)%-1/5 so X\; is an irreducible character of T;. Let
Te(A) = A, s0 mc(N) € Irr(G)°.

2. For p € Irr(G)® define p; fori =n,n—1...., 0 by pn = p, and for

i< n, p;is an irreducible character of T; which is fived by S; given by:
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pi = (71-51/571+17Ti+1)‘1 (pic1) (5.39)
We see p; € Irr((Tiy)%/51) = Irr((GF+1)5/ 51y = [rr(GY) = Irr(T;).
Define (xc) ™ (p) = po, hence (rc) " Y(p) € Irr(T).

Lemma 5.2.3 7¢(A) and (7¢) " (p) are well-defined. For every A € Irr(T),
7c(A) is S—fized and X = (7o) Hre(N))

Proof (nc)'(p) is well-defined if p; is fixed by S;/S;; for i = n,...,0.
S fixes p,, so suppose i < n and S fixes p;.1. We can regard S;/S;y; as
a normal subgroup of S/S;;; so by Lemma 5.2.1, S fixes p;. Similarly, S
fixes mc(A) for every A € Irr(T). Let y = mc()\): by induction y; = A; for
i=mn,...,0. Hence (m¢) '(mc(A)) = A\. Likewise, 7c((7¢) " 'p)) = p. =

We now use these definitions to strengthen Lemma 5.1.4:

Lemma 5.2.4 Let S be a p-group, and p € Irr(G)°. If

Resls(p) = nihy + .. + i, (5.40)

where A; are distinct irreducible representations, there exists a unique 1

such that p1n;. Moreover, n; = £1 (mod p).

Proof We use induction on |S|. Assume |S| > 1. By induction,
Res?*1 (An_1) = €A (mod p) for some ¢ = £1. Since |S,_;| = p, by Lemma
5.1.4, there exists ¢’ = %1 such that Res? (p) = "\, (mod p). Since

T <T,_1, ResG(p) = e”Resg”‘l(/\n,l) (mod p), and since

Resg(p) — e"Resg"'l (A1) — 6”(R68§""1 (A1) —€N) = Resg'f(/)) + €'\
(5.41)
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we see Res$(p) = €'¢”\ (mod p) and the result follows. m

The following theorem completes the characterisation of Glauberman’s
correspondence for solvable groups. We firstly show that for cyclic groups
S, mc(A) agrees with the characterisation given in Lemma 5.1.3, then we
move on to show that when we take S to be solvable, the value of 7o ()
is independent of the choice of composition series. This is Glauberman’s

Theorem 4 [11].
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Theorem 5.2.5 Let S be a solvable group acting on G with coprime order.
Assuming the notation above, let C be a composition series for S and let

A€ Irr(GS) with p = 7c()). Then:

a. If S is cyclic then p = 759 ()).

b. If D is any other composition series for S, then mp(A) = p.
Proof

a. We use induction on |S]. Assume |S| > 1. By Lemma 5.2.3, S fixes
p. Let Ag = (75%)71(p) and let p be the canonical extension of p to S x G.
Take €y = =£1 such that eg\o(t) = p(s,t) for all t € T and all s € S satisfying

< s >= 5. We have two cases to consider:

1. |S| = p" for some prime p. By Lemma 5.1.4. ResSi(p) = el
(mod p) so p t (ResSs(p), Ao) and hence by part (a). A = Xg. We see

p =139 (Ng) = T5Y(N).

2. Suppose |S| is not a prime power. Let p = |S/S;|, then S = A x B
for a group A with order prime to p such that 4 < S5; and a p—group B.
Let Ay = 7%/5071(),) and let C* be the series obtained by removing S; from
C. Then p = wc-(M\1). By induction, p = 79%(\}) so p doesn’t depend on
C*. Since 1 < A < 51, we can assume that A is one of the terms in C*. Let
N = 75/4.6%(\) and similarly, we can show that p = 75¢(\).

Let a and b be generators for A and B respectively. Consider A acting
on B x G (these groups have coprime order) and note (B x G)* = B x G4,
Let p be the canonical extension of p to S x G, and by the properties of the

SxG

canonical extension, we see that Resy. . (p) is the canonical extension of p

to B x G and hence irreducible.
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By Lemma 5.1.3 there exists ¢ = %1 such that:

pla,z) = € X(x) (5.42)

for all z € B x G*, and by applying part (¢) of Theorem 3.1.4, we see:

€X(x)=€e0(a)p (z) (5.43)
where 6 € Irr(A) and §/ € Irr(B x G*). Consider this formula for

z € GA As p=7129(N), we see ResCB;ﬁGA (p') = N. Now,

N = 7SAGN(\) = 7BCN()) (5.44)

so there exists € = +1 and 6 € Irr(B x G*/G*) such that:

7(b,1) = eB(B)A(1) (5.45)

Putting 5.43 and 5.45 together, we see:

plab, t) = €€'8(b)0' (a) (1) (5.46)
Since < ab >= S, we have p = 75Y()) as required.

b. Let D have the form S = By > By > ... > B,, = 1. We use induction

on m. If m <1 then clearly 7p(A\) = p. Suppose m > 2. If S| = By then

+5/51,651 (\) = 5/ B1,G51 () (5.47)

so mp(A) = me(A) by induction.
Assume now that S; # By. Let J =5, N By. Then J < S. By induction,
me(A) and 7p(A) are unchanged if we let Sy = B, = J. Consider S/.J acting

on G and J acting on G. By induction, we have mp(\) = 7 ().
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Finally, we consider the case m = 2, we must have S = S; x By; 51 and
B; both have prime order and either |S;| = |By| or S is cyclic. In the first
case, the result follows from application of Lemmas 5.2.4, 5.2.3 and 5.1.3. In

the second case, part (a) gives that m7¢(A\) = 759(\) = 7o ()). =

5.3 The Glauberman correspondence a la

Shintani

The Shintani correspondence [25] (see also [7]) is a similar correspondence
between irreducible representations but in the case when S = G(Fp/Fy)
for a prime ¢, the Galois group of the finite field extension, F/F, and
G = GL,(Fp) with the entry-by-entry Galois action. The most important
fact to notice about this correspondence is that p = |S| may divide the order
of G.

Given an irreducible representation, p, of GL,(F,») whose character is
fixed by the action of G(F,»/F,) we may choose an irreducible representa-
tion, p, of the semi-direct product G(F,»/F,) x GL,(F,»). All choices of p
are obtained by tensoring any such p with one-dimensional representations
of G(Fp/F,). If s = Frob, € S is the generator given by the Frobenius auto-
morphism of Fe, z — 2%, then the Shintani normof g € GL,, (F) is denoted
by N(g) and is a conjugacy class in GL,(F,) = G*. which is defined in the
following manner. The p-th power of (Froby, g) € G(Fp/F,) x GL,(F,») has
the form (1, Ny) where N, = gFrob,(g)Frobl(g) ... Frob ' (g) € GL,(Fp)
whose conjugacy class is fixed by G(Fy/F,). In fact. the conjugacy class of

N, intersects GL,(F,) in the conjugacy class of the Shintani norm, N(g).
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If Sh(p) is the irreducible representation of GL,(F,) corresponding to p

then the character functions are related by the equation

F(Fraby, g) = eSh(p)(N(9)) (5.48)

for all g € GL,(F,), where ¢ € {#1}. Note that, if g € G* then N(g) is
the conjugacy class of ¢P.

The following result recasts the Glauberman correspondence, p; $— Ay
in a form analogous to that of the Shintani correspondence. First we intro-

duce the Adams operation:

Definition 5.3.1 Let p be a complex representation of G, with character
value x,, and p > 0 be an integer. The Adams operation, v* is defined by

the character formula:

Xur(p)(9) = Xo(g") (5.49)

forall g € G.

Chapter 4 of [28] gives further properties of Adams operations. In par-

ticular, we note the following property:

Lemma 5.3.2 If p is coprime to the order of G, ¢’ : R(G) — R(G) 1is an

tsomorphism which permutes the 1rreducible representations of G.

Proof The isomorphism assertion follows from the fact that, if tp = 1
(modulo |G]), then ¢' - ¢ = " = 1. To see that representations (rather
than virtual representations) are permuted, realise cach d-dimensional rep-
resentation by a homomorphism, p, into G'L,;(K) where K is a cyclotomic

field containing primitive |G'|-th roots of unity. If 0 € G(K/Q) is a Galois
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automorphism which raises to the p-th power all primitive |G|—th roots of

unity then o(p) is a representation whose character satisfies

trace(o(p)(g)) = trace(p(g”)) = v’ (p)(9) (5.50)

Finally, if ¢y,...,¢; are the irreducible representations of G the Schur

inner product satisfies

(W), 07(di)) e = 17 Lgec V(o) (9)e?(5)(9)

= ﬁ > gec 9ilg")o;(g7)
(5.51)

- ﬁ Snea Gi(h)os(h)

= <¢ia (’Z/)7>G
so that {?(¢;) |1 < i < t} constitutes a full set of irredncible representations

of GG, as claimed. m

Proposition 5.3.3 Let S be a cyclic group acting on o group G of coprime

order. Then, in the notation of 5.1, there is a bijection
pi <— Sh{p;) (5.52)

between the S-fized irreducible representations of G and the iwrreducible rep-

resentations of G° which is characterised by the relation
pi(s,9) = €.Sh(p;)(g") (5.53)

for all g € G°. Here ¢; € {£1}.
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Proof Define Sh to be the correspondence given by composing the

Glauberman correspondence with

W) A — DA (5.54)

where the A;’s are the irreducible representations of GY. Hence, if
PP(N;) = Ars) for some permutation, 7, the Glanberman correspondence
canonically extends p; to p; on S x G, sending p; to Ay where, for all

g € G° and s a generator of S,

pi(s,9) = €ho(i) (9). (5.55)

If P (X;) = Aoy then Agiiy(g) = Aj(gP) for all g € G and 7(j) = o(i).

Hence, for all g € G° and s a generator of S,

f)i(&g) = 61’/\7*1(0(1‘))(9) = fz:Sh(ﬂ/)(!]p)a (5-56)

as required. m

5.4 Boltje’s Explicit Map

We recall the map bol>¢ from 3.3.5 is defined as the following composition:

bes

bol™“ 2 R(G)® =% Ry (G)® == R.(G") =5 R(G®)  (5.57)

Let S be a p-group, and p € Irr(G)°. From the results of Chapter 4
(specifically lemma 5.2.4), we have established Glauberman’s characterisa-

tion for p—groups, that ResZs(p) = eX (mod p) for a unique irreducible
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representation A € Irr(G®). Applying the EBI homomorphism ag to this,

we see:

Ress(ac(p)) = ags (Resgs(p))

= ags(eA) (mod p)

(5.58)

Also, we can apply Frobenius reciprocity (for some H; < G and
¢i € Irr(H,;)),
Res¢s(ac(p)) = ReSgS(Z ni(Hy, 6:)°)

- Zni Z (GkS 7/4,(2‘1)*(@7-’))05

i 2€EGS\G/H;

~
ot
Ut
Ne)

A

By Theorem 2.5.4, we can split ag(p):

aclp) = ZH“@/) Z(J ;) +ZZ (Kp, ¥k) (5.60)

s€S

where the (J;, ;)¢ terms are S-fixed, and the (K}, vy) terms are not.
Further from Lemma 4.2.3, we can assume that s(.J;) = J; and s(¢;) = ¢;

for all 5. We have:

Resgs(ac(p) =) D (G Nzt (7)) (9,)

J zeGS\G/J;

+ Z Z S(GS N 2Kz (27 (1)

k,s€S 2eGS\G /Ky,
From Proposition 4.2.4, the first sum gives a single term for each j, as
there is only one double coset to sum over (z = 1). The terms in the second

sum all restrict to subgroups and representations of G, so the action of s
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leaves the element unchanged in its G® orbit, and cach term will therefore

appear a multiple of p times. Hence:

ResSs(aa(p)) = Z(Gs nJj, Resgsﬂ(]j(qu))(’d (mod p) (5.62)

7
Combining this with Equation 5.58, we see we have obtained the EBI
formula for the Glauberman correspondent modulo p, and to filter out the
appropriate terms, we have removed the (H;, ;)¢ from ag(p) which are not
S-fixed. This immediately gives us a proof that Boltje’s map bol>¢ (given in
3.3.5), is equivalent to Glauberman’s correspondence modulo p, when S is a

p-group, this is Theorem 3.3.7 above.



Chapter 6

Isaacs’ Correspondence

If we drop the Glauberman assumption that S is solvable, we see from the
Feit-Thompson theorem that the order of S is even. hence the order of G is
odd, and therefore G must be solvable.

Starting with the assumption of a solvable G (in which case S may or
may not be solvable), Isaacs [14] showed how to construct a bijection be-
tween Irr(GS) and Irr(G)S by a group-theoretic method entirely different
to Glauberman’s correspondence. We start by giving the characterisation of
Isaacs’ correspondence and we briefly give the results relating to the ‘over-
lapping’ case, in which both G and S are solvable. We give some properties
of this correspondence, relating to its behaviour with respect to induction
and restriction. Finally, we consider how it may be possible to use the re-
sults from the earlier chapters, in particular the arguments from Chapter 4

to prove results about the Isaacs situation from the Glauberman case.

66



6.1 Definition and Properties

The main step to Isaacs’ correspondence is the following theorem, first proved

in [14]:

Theorem 6.1.1 Assume S acts on G with (|S],|G|) = 1, and G solvable of
odd order. Let H be a group such that G° C H C G, and suppose there exists

S-invariant normal subgroups K and L of G such that:
a. L € K and the quotient K/L is abelian
b. G =G x K
c. H=G°x L

Then for each p € Irr(G)?, there exists a unique \ € Irr(H)” such that
(res$i(p),\) is odd. The map p <+ X is a bijection between Irr(G)° and

Irr(H).

Proof This is effectively Corollary 10.7 of [14], the proof of this is the main

aim of Isaacs’ paper. =

To construct Isaacs’ correspondence we construct a chain of subgroups:

G=0Cy>C,>..>C.=G" (6.1)

To define the maps, let H be an S-invariant subgroup of G with
G5 C H C G. Let II" = G° x [H,S] (where [4, B] is the commu-
tator subgroup of A and B, and [A, B]' refers to [[4, B],[4, B]]). Since
[H,S]<Sx H, it follows that [H, S]'<1S x H and hence H* is S-invariant. If
H > G¥ then [H,S] > 1 and [H,S] > [H,S]" (by the solvability of H). Fur-
thermore, since [H*,S] C [H, S|, it follows that H* < H. Now, let Cy = G

and C;, = (C;)* for 1 <1 < k, and we have the desired chain of subgroups.

67



Let K = [G,S] and L = [G,S]. We check the conditions of Theorem
6.1.1: For the first part, the argument above gives that ' and L are normal
S-invariant subgroups of G and K/L is abelian. The second part follows from

Glauberman’s Lemma 3.3.3, and the third part comes from the definition of

G* above.

We can therefore apply Theorem 6.1.1 to each C; to obtain a series of maps
Irr(Cy)% = Irr(Cyyy)* for each 4. Isaacs’ correspondence is the composition

of these maps, we will refer to this map as is*¢.

Example 6.1.2 Wolf [33] gives an example to show that the composition of

maps 18 necessary in the definition of Isaacs’ correspondence:

Let G = B x E where |E| = 23° and |B| = 11° (diagonal subgroups
of GL5(23) and GL5(11) respectively). Let S be the cyclic group of order

5

acting on G by permuting the subgroup generators transitively. We can
then choose p € Irr(G)S such that there is a unique N € Irr(G®) with
<Resgs(p), )\’> odd. However, is>%(p) # N. To find the Isaacs Correspon-

dent, we have to go through a series with G° = Cs above.

Let both S and G be solvable groups. We see that the conditions for both
the Glauberman and Isaacs correspondence are met. and quote the following

theorem from Wolf [33]:

Theorem 6.1.3 Assume S and G are solvable groups such that S acts on
G, with (|S|,|G|) = 1. Then the Glauberman correspondence and Isaacs’

correspondence for S and G coincide.

As a consequence of this theorem, we can define 7€ to be the correspon-

dence between Irr(G)® and Irr(G°) regardless of the solvability of S and G.
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We give a property of 7%¢ from Isaacs [15], some special cases of which are

also mentioned in Wolf [34].

Theorem 6.1.4 Suppose H is an S-invariant subgroup of G. Let p € Irr(G)®
and 0 € Irr(H)S. Then:

5,6 ]

p € Irr(G)° T Irr(G®)

Ind| | Res Ind| |Res (6.2)
S,H ‘

6 ¢ Irr(HS — = Irr(H®)

1. If Ind$§(0) = p then IndSs (757 (0)) = 75C(p) and

2. If Res(p) = 0 then Reng(WS’G(p) = 751(0).

6.2 Isaacs’ Correspondence via Glauberman

We would like to be able to use the ideas of Chapter 5 to derive Isaacs’
correspondence from that of Glauberman, and we propose a strategy for

approaching this work, based on the following result from Snaith [28]:

Definition 6.2.1 A complex representation p of G' is called a monomial rep-
resentation if p = Ind$%(¢) for some ¢ : H — C*. An M—group is a group
all of whose irreducible complex representations are monomial. In particular,

it 1s possible to show that an M —group is solvable.
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Proposition 6.2.2 ([28], Proposition 2.1.17) Let S be any finite group.
Then there exist M—groups, S, < S, such that

= Znafndgq(l) € R(S) (6.3)

[

for suitable integers, {n,}.

We want to construct a map similar to Isaacs’ correspondence by finding
such a relation and applying the Glauberman correspondence to the solvable
components S,. We give some preliminary notation first.

Given a correspondence (a bijective map of sets) a : Irr(G®) — Irr(G)?®,
we can obtain a homomorphism ¢ : R(G®) — R(G) by writing 2 € R(G®)

as:

r= > wmV (6.4)

Velrr(GS)

and defining

o(x) = nva(V) € R(G)* (6.5)
Velrr(G%)

Conversely, given such a ¢ we may obtain a map:

$:RGH— P zZ<V> (6.6)

Velrr(G)S
by observing that R(G)® is the free abelian group on a basis of elements

of the form given by L(V) for V' &€ Irr(G) where:

LV)y= > s(V) (6.7)



So we have

, R(G)*
7 ~ 6.8
6?> VR I et sains s> OV

Given ¢, we may form

6:RG%) S RG-S P z<v> (6.9)

Velrr(G)?
and then we obtain a correspondence if we can show that the matrix of
o$ with respect to the two Z—bases, Irr(G®) and Irr(G)?, is diagonal: then
we may define A(V) = W when o(¢(V)) = mW for each V7 € Irr(G¥), for

some non-zero integer m and some W € Irr(G)”. Usually m € {£1}.

Example 6.2.3 When S is a p—group and given ¢, we can get the corre-

spondence back from the homomorphism by the following composition:

R(GS) 5 RG-S P z<V> P Z/p<V> (610)

velrr(G)S Velrr(()S
Now, let S be solvable and assume that we have a Glauberman homo-

morphism:

g7 RGS) — R(G)* (6.11)

such that the composition

R(G?) N RG5> P z<v> (6.12)

Velrr(G)®
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gives a Glauberman correspondence

gl5¢  Irr(GS) — Irr(G)° (6.13)

satistying

o (g17(1)) = SCV)gsay) (6.14)

with €59 (V) € {£1} for each V € Irr(G¥). Note that we are using the
map gl to be the inverse of the correspondence 7 as previously defined for

ease of notation.

We will now propose a correspondence for general groups S and G of co-

prime order, and demonstrate that the definition works when S is a p—group.

Definition 6.2.4 If V' is an irreducible representation of G fized by S we
have a canonical extension, Ve Irr(S x G), in order to define an extension,
we call this e3¢ (V).

If V is an irreducible representation of G and H = Stabs (V') we have a

canonical extension eC(V) € Irr(H x G) and we extend:

SHV) = IndiG (O (V) € R(S % G) (6.15)

This defines a homomorphism:

e R(G)* — R(S x &) (6.16)

extending the canonical extension on S— fized irreducibles.
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Definition 6.2.5 Define a homomorphism

P*RSxG) — P Z<V>
Velrr(@)S

by setting:

0 if Res2 (W) is reducible,
Res2CG(W)  if this is irreducible

dG(W) = {
and extending linearly.
Now consider a relation of the form given in Proposition 6.2.2:

1=> nuIndg (1) € R(S5)
and the inflation of this toaS x G-
1= naIndd (1) € R(S x G)
where the S, < § mayabe allowed to equal S.
For W, € Irr(G%), let
~150,G

gl " (Wy) = =0 (W, ) gl™ O (1T,

and extend linearly.
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Consider the composition:

R(S, % G) (6.22)

@ 7 <V >

Velrr(G)S

Proposition 6.2.6 If S is a p—group, then the above composition of maps

is congruent to the Glauberman correspondence gl>¢ modulo p.

Proof We shall evaluate this composition (mod p) on V' € Irr(G?).
We have shown already in Theorem 4.2.1 (via the modulo p isomorphism)
that:

e :
gl = IndSs, (mod p) (6.23)

and that ResZ, (mod p) gives the inverse isomorphism (mod p), up to

3

a sign. That is,

Indgs, = O(V)gl (V) (mod p)
(6.24)

= SoG(V)gl%9 (1) (mod p)
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This means that

gl " mage vy = g7 S mats
3,
Wyelrr(GSa)
= Indgsfndgi” (V)  (mod p) (6.25)

~1Sa,G 3 )
gl (Ind& (V)) = IndSs(V)

(6.26)

= &9(V)glPY(V)  (mod p)

Now, W = 5% (gl5¢(V)) is an irreducible representation of S x ¢ which
restricts to the canonical extension e« “(gl®¢“(17)) on S, x G. Hence (by
Frobenius reciprocity):

. ~1S4,G +Sex v NYe .
[ndgij(eS“’G(gl ([ndgi V) = Indéff(;(l%fisg ¢ (W)) (mod p)

o X G
= W IndJ*S.(1)  (mod p)

(6.27)

We can substitute the relation from Equation 6.20:

Z ’n,alndgjfc(esﬂﬁ(g~llsmg(Indgia vy = Z W ngIndi Cn(1)  (mod p)

«

il

W (mod p)

(J.S',(}'(.(//H,G(‘f')) (Inod p) (628)



If we finally apply d*“ to the above chain of maps, we see the result is

congruent to gl%“(17) (mod p) as required. m

Unfortunately we have been unable to obtain any further results about
the composition for a general S, but it seems likely that a composition of

this form is a possible candidate for Isaacs’ correspondence for non-solvable

S.



Chapter 7
Cryptographic Applications

In 5.3, we saw a connection between the Glauberman correspondence and
Adams operations on representations. In the context of cryptography, we

make some further remarks about Adams operations.

The first section gives a brief overview of the three main asymmetric
cryptographic systems. We move on to describe how we can recast the Dis-
crete Logarithm Problem (DLP) within complex representations of a finite
group using Adams operations. We consider pairings to demonstrate the
isomorphism between abelian groups and their irreducible representations.

We can then define the Representation Discrete Logarithm Problem (RDLP)
on a group (G, extending the definition to include non-abelian groups.

Finally, we consider an example of RDLP on the representations of G Ly F,
the group of invertible 2x2 matrices over a finite field. We look in detail at
these representations and how to apply Adams operations. We consider a
specific example for GLyF3, and finally give a brief outline of how this ap-

proach may lead indirectly to an attack on ECDLP.
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7.1 Existing Cryptographic Ideas

7.1.1 The Integer Factorization Problem

The Integer Factorization Problem (IFP) forms the basis of the RSA encryp-
tion system. The IFP is stated as follows: given an integer n that is known
to be the product of two primes n = pg, find p and ¢. Further details of the
RSA algorithm can be found in Chapter 19 of [23].

7.1.2 The Discrete Logarithm Problem

Let GG be a finite abelian group. The Discrete Logarithm Problem (DLP) is
the problem of finding the smallest integer x > 0 (if it exists) which satisfies
h = g*, given the two elements g and h in G.

In practice, the difficulty of solving the DLP is exploited by cryptographic
algorithms such as the Diffie-Hellman key exchange (D-H), and the Digital
Signature Algorithm (DSA) among others. Full details of all the commonly
used algorithms can be found in Chapter 1 of Blake, Seroussi & Smart [2].

To give the idea, we describe the D-H algorithm here:

Diffie-Hellman key exchange

Using the standard cryptographic language, we assume that Alice wishes to
send a message to Bob without an eavesdropper, Eve, being able to interpret
the message. Here, they just wish to agree on a randomly chosen element
of the group G (which in practice is then used as a kev for a high-speed
cryptographic algorithm). An element ¢ € G is chosen, and is publicly

communicated along with the group G.
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Alice and Bob follow this process:

1. Alice generates a random integer 1 < x4 < n — 1, where n is the order

of g. She calculates ¢g*4 and sends this to Bob.

2. Bob generates a random integer 1 < 25 < n — 1. He calculates ¢*2

and sends to Alice.
3. Alice can now compute the key k € G, using k = ¢g"4"# = (g®8)"4.
4. Bob can also compute k € G, using k = g*4"8 = (¢g™1)"5.

The only information available to Eve is G, g, g%+, g*8. It is easy to see
that if Eve can solve the DLP in G, then she can recover & and compromise
the system. It is widely believed that the converse is also true (polynomial-

time algorithms exist to reduce D-H to DLP and vice-versa).

7.1.3 Elliptic Curve Discrete Logarithm Problem

The Elliptic Curve Discrete Logarithm Problem (ECDLP) is formed from
taking the DLP over the additive group of points on an elliptic curve (further
details of the definitions of elliptic curves can be found in [26] and [2]).

Let Fj, be the finite field of order ¢, where g = p" for some prime p. Let
E(F,) be an elliptic curve defined over F,. The ECDLP is the following:
given a point P € E(F,) of order n and a point @ € E(F,), determine the
integer m, 1 < m < n — 1 satisfying @ = mP (if it exists). We note that
Elliptic Curve groups are generally written using additive notation.

Pohlig and Hellman gave an algorithm (detailed in Chapter 5 of [2]),
based on the Chinese Remainder Theorem to solve ECDLP by determining

m modulo s, where s ranges over each of the prime divisors of n, so in
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practice, n is taken to be prime to provide the strongest possible security

level.

7.1.4 Best Known Attacks

The measure of the security of the above cryptosystems is given in terms
of the best known attacks. Details of the full list of best known attacks
together with their running times is given in [19]. The current best known
general-purpose attacks, those not relying on specially chosen situations (for
example the super-singular elliptic curves, which are assumed to be avoided)
are: for IFP, the Number Field Sieve algorithm [18]; for DLP, a variant of
this algorithm [12]; for ECDLP, the Pollard rho-method ([21] and Chapter
5 of [2]). The running time of this method takes the order of \/7n/2 steps
(a ‘step’ is considered to be an elliptic curve addition) which is significantly
slower than the best methods for IFP and DLP, as the Number Field Sieve
algorithm is sub-exponential in both cases, for comparable sized systems (see
[19] for a full discussion of this). For this reason. ECDLP is believed to be
much harder than IFP and DLP.

7.2 Representation Theory and Pairings

Definition 7.2.1 Let G be an abelian group. A pairing <.> is a non-

singular bilinear form:

<,>:GExG—Q/Z (7.1)

We see such a pairing gives rise to an isomorphism between G and Ir7r(G),
the set of complex irreducible representations of G (these are all one-dimensional

as G is abelian):
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For cach ¢ € G, define ¢, : G — C* by ¢4(h) = (g, h), then the corre-

spondence is given by:

G <«— Irr(G) = Hom(G.Q/Z)

g > ¢, G—=>C (7.2)

Example 7.2.2 Let E be an elliptic curve defined over F,. Let n > 2 be
an integer coprime to the characteristic p of F,, and E[n] be the n—torsion
points of the curve. Let p, be the group of n—th roots of unity. The Weil
Pairing €, 18 a pairing:

en s Eln] x E[n] — u, (7.3)

The ezplicit definition of the Weil pairing is given in Chapter 3 of [2]
(including an algorithm to compute this function for given points). This

gives a bijection:
Eln] «— Irr(E[n])
Q +— ¢ (7.4)
where ¢g(P) = en (P, Q) for all n—torsion points P € E(F,).

We recall the definition of the Adam operations (from 5.3.1)

Definition 7.2.3 Let p be a complex representation of G, with character
value x,, and m > 0 be an integer. The Adams operation. w™ is defined by

the character formula:

Xom(0)(9) = X, (9™) (7.5)

for all g € G.
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Section 5.3 along with Chapter 4 of [28] gives further properties and appli-

cations of Adams operations. In particular, we note the following properties

for p € Irr(G):
L dim(p) = dim (4™ (p))
2. If m is coprime to |G| then ¥™(p) € Irr(p) (lemma 5.3.2)

Returning to example 7.2.2, we see that if () and P are two points as
above, with @ = mP, then this gives ¢ = ¢""(¢p) in the corresponding

representations.

7.3 The Representation Discrete Logarithm
Problem (RDLP)

For the abelian group E(F}), the Weil-pairing above shows that if two points
P, Q on the elliptic curve are related as in ECDLP. ic Q = mP for some

integer m, then ¢¢g = ¥™(¢p), and conversely.

Let G be any finite group (not necessarily abelian). We can define RDLP
on Irr(G) as follows: let p; and ps be elements of Irr(G). What is the

smallest integer m (if it exists) such that p; = v (p2)?

For abelian elliptic curve groups, Section 7.2 demonstrates that RDLP
corresponds to ECDLP. We would like to know more about the difficulty of
RDLP in the case of non-abelian G.
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7.4 Representations of G L,y F,

We give a summary of the results from Chapter 2 of Snaith [28] in which
the representations of GL,F, (the group of invertible 2 x 2-matrices with

elements in the finite field F,) are calculated.

7.4.1 The Weil Representations

Let F,> denote the field of order ¢*, so the Galois group G(F2/F,) is cyclic

of order two, generated by the Frobenius automorphism, £:

F:F., — Fq2

q

z = 2 (7.6)

Let © : F, — € be a non-trivial character satisfying © # F*(©) (where
F*(©)(z) = O(F(z)) for all z € F%).
We note that the elements of GL,F, can be divided into four types of

conjugacy class:
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Type Minimal Conjugacy class  Number

polynomial representative in class
t— a)(t — a 0
1 (t-a)t—p) .
a# e Fy 0 3
t— a)? vl ,
1 ( ) o o1
o€ Fy 0 «
t~a« v 0
m (t— ) & |
ae Fy 0 «

t? —(z + F(z))t + 2F(x) 0 —aF(x)

F(z)#z¢€ Fr 1 o4 F(x)

v (12 —q

Theorem 7.4.1 For each choice of ©, we can define a unique irreducible
representation 7(©) : GLF, — GL,_1(C), called the Weil-representation
assoctated to ©. The character values of this representation on the elements

of GLyF, is summarised in the following table:
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Type Conjugacy class Character
representative value
a 0
I 0
0 8
a 1
I -0(a)
0 o
a 0
111 (¢ —1)O(a)
0 «
0 —zF(x)
v —{O(x) +O(F(x))}
1 o+ F(x)

Proof Contained in Section 3.1 of [28]. m

7.4.2 A full list of irreducible representations

We can now give a complete list of the irreducible representations of G Ly Fy:

Definition 7.4.2 The Borel subgroup, B < GL,F, is defined:

o 8
B = {X € GLyF | X = } (7.7)

0 ¢

Suppose we are given characters of the form:

pp1, P2 B —C (7.8)
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then we have a one-dimensional representation, L(p), given by composing
p with the determinant map:
det

L(p) = p-det : GL,F, =% F; -5 C (7.9)

It p; and py are distinct, define:

Inff(p®p2): B—C (7.10)

by inflating p; ® py from the diagonal torus T to the Borel subgroup B.
That is,

5 a -
Infr{pi ® pa) 0 s = pi{a)pa(0) (7.11)

Define a (¢ + 1)—dimensional representation R(p;, p2), by:

R(p1, p2) = Indng" (InfF (1 @ p2)) (7.12)

When p = p; = py, we have:

InfP(p® p) = Resy*" " (L(p)) : B — C* (7.13)

so there is a canonical surjection:

Indg > "(InfF (p® p)) — Indgy 1 (L(p)) = L(p) (7.14)

Therefore, we may define a g—dimensional representation, S(p), by means

of the following short exact sequence of representations:
0= S(p) = IndS"* " (InfE(p @ p)) — L(p) > 0 (7.15)
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Theorem 7.4.3 A complete list of the representations of GLyF)y is given by:
1. L(p) of 7.9 for p: F; — C,
2. S(p) of 7.15 for p - Fy — Cr,
3. R(p1, p2) = R(ps, p1) of 7.12 for any two distinct py, po : Fyf —> C*,

4. m(0) = r(F*(©)) of 7.4.1 for any character © : I, — C* which is

distinct from its Frobenius conjugate, F*(©).

Proof Theorem 3.2.4 of [28] has full details. We note that the number
of each type of representation is ¢ — 1,¢ — 1, (¢ — 1)(¢ — 2)/2 and (¢* —
q)/2 respectively. These representations have degrec 1,¢%, (¢ + 1)%, (¢ — 1)?
respectively. Calculating Schur inner products of each type of representation
with itself and with the others demonstrates that thev are all distinct and
irreducible, and summing the number of each tvpe multiplied by the square
of the dimension gives the size of the group, hence all the irreducibles are

included. m

We can calculate the character values of these representations, and sum-
marise in the following table (taken from Theorem 3.2.5 of [28]),

where N = Np ,/r, denotes the norm:

Type  L(p) R(pi. p2) S(p) r(©)
I plaB)  pila)p(B) + pa(a)pi(B) pla) 0
I pla) pr(a)pa(a) 0 ~O(a)
I pla)? (g+1)pi(a)pa(c) qp(a)? (¢ —1)0(c)
IV p(N(2)) 0 —p(N(z)) —{O(x) +O(F(z))}
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7.4.3 Application of Adams Operations

We want to investigate RDLP for GLyF,. Firstly, we consider the behaviour
of the representations listed above on applying the Adams operation 9™,
where m is a positive integer coprime to q(¢ —1)(¢* — 1), the order of GLo F,.

From the remarks following 5.3.1 we note that if ¢ is an irreducible resen-
tation of GLyF,, ¥"™(¢) is irreducible of the same dimension. This immedi-
ately gives us that ™ preserves the representation type in

Theorem 7.4.3.

We can calculate the m-th powers of the types of conjugacy class G Lo F,

and summarise in the following table:

Type X = Conjugacy class Representative
representative of X7
a 0 a0
I
0 g 0o sm
o 1 a™ 1
I
o 0 o™
a 0 a™ 0
I
« 0 o™
0 —zF(zx 0 —amF(z™
. (@) (@)
1 z+ F(x) oo™+ F(a™)

In all cases, we note that the conjugacy class representative for X™ lies

in the same type of class as that for X (note in tvpe—IV that we have
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x # F(z), hence 2™ # F(z™) as m is prime to the order of the group). We
can immediately see from the two tables above how the application of ™
permutes the irreducible representations of G'LyF, within their types, and

use this to calculate the new character values.

7.4.4 This observation gives the motivation for an algorithm to tackle ECDLP
for Weil-representations. Given two distinct representations ©; : Fq’; — C*
as above, for ¢« = 1,2, if "™(0;) = ©, for some integer m coprime to the
order of GLoF,, we know the corresponding Weil-representations r(0;) and
r(©2) are such that ¢™(r(0,)) = r(O,). If we choose v € F}, such that
F(x) # x, then the type—IV matrix R given by:

0 —gmF(g™
R= " F(n) (7.16)
1 ™+ F(z™)

satisfies the character formula:

Xr(0)(R) = =(01(2) + ©1(F(2))) = (7.17)
and
Xr©@)(R) = —(0(x) + Ox(F(1)))
— (O (z)" + O (Fla))™) = A (7.18)

o and S are complex numbers lying on the unit circle, hence by calculating
the angles between them (provided this is not a rational multiple of 7) we
are able to recover the integer m.

Combining this with the Weil-pairing, or a similar computable function

allowing a mapping between Elliptic Curve points and representations, we
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may be able to use this method as part of an algorithm to tackle ECDLP. If
we can use points on a curve in place of matrices, we can calculate equivalents
of a and # above without having to know the choice of .

There are several problems. In order to compute the Weil-pairing for
example, we need to determine the smallest integer & such that Fln] C E(F)
(where n is the order of P, the curve point corresponding to ©,). Algorithms
to determine this value k£ are only known for the class of supersingular curves,
which are the target of the MOV attack (this attack and the class of curves

is described in detail in Menezes, Okamoto and Vanstone [20]).

We finish with an example of the Weil-representations for the group

GLyFs.

7.4.4 Example: G = GLyF;

We calculate first the Weil-representations of G. which has order 48. The

conjugacy classes are as follows:
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Type Number of Size Conjugacy Class

Classes Representatives
1 0
I 1 12 A=
0 —1
1 1 -1 1
II 2 8 B, = ; B, =
0 1 0 -1
1 0 -1 0
111 9 1 C, = Oy =
0 1 0 -1
v 0 -1 0 1 0 -1
IV 3 6 Dl = , DQ = \ Dy =
1 0 \1 1 -1 -1

There are three Weil-representations. Let j be a root of 22 + 1, an irre-
ducible quadratic polynomial over F3, and consider Fy = Fy[j]. The Weil-

representations are given by 7(f,,) for 1 < m < 3 where 0, : (1—j) — e™7/2,

The character values on eight conjugacy classes are calculated as follows:

Type A By, B, C, Cy, D, D, Dy

r@) 0 -1 1 2 2 0 V2i 2%

r@) 0 -1 -1 2 2 2 0 0

r@@) 0 -1 1 2 2 0 V2 V2
Consider the image of 01 _11 under 7(6,) and r(f;3). We note
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Xr(61) . =-V2 (7.19)

and

oo | =2 (7.20)

Unfortunately, for this example, we see the angle between these points
is 7, which hits the indeterminate situation: we are not able to recover the
power r(f3) = ¥°(r(6)) in this particular case, and in fact with any other
pairs of Weil-representations for G Lo F5. However, with a large group order,
a random choice from the available type—IV representations should eliminate

the ambiguity.
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