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Stochastic field-induced nonlocal resonances in four-wave mixing
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We explore theoretically the signal generated by a fluctuating radiation field via a four-wave mixing process
in an atomic vapor undergoing Markovian dephasing collisions. We consider specifically a broadband laser
field well detuned from the atomic resonance and calculate the signal generated using counterpropagating
pump fields as a function of the time delay of the incident probe field. We assume that the pulse duration is
long compared to the correlation time of the incident fields. By considering the various time-ordered pathways
and treating the incident-field amplitudes as random Gaussian variables, we find that the signal generated is
dominated by two specific pathways that depend only on the incident-field bandwidth and the decay rate of the
ground to excited state coherence. An interesting aspect of the far-impact-detuning case is that the signal is
dominated by resonances involving spatially separated atoms. Our formalism provides a basis for describing
the effects of mode correlations on four-wave-mixing signals generated by stochastic fields.
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[. INTRODUCTION the case in which the fluctuations of the incident field are
Markovian, the atomic system may retain some memory of
Coherent signals induced by fundamentally incoherenthe first field interaction when a second interaction occurs,
phenomena through a four-wave-mixing process are amongpaking the entire process non-Markovil0,11].
the most intriguing and subtle effects in nonlinear spectros- Initial work [7,12] was motivated by the possibility of
copy. Bloembergen and co-workers first introduced such efusing broadband stochastic fields to achieve femtosecond
fects by considering pressure-induced extra resonances stale time resolution in nonlinear spectroscopy experiments.
four-wave mixing (PIER4 [1] as arising from the partial The original theoretical treatments assumegifanction cor-
cancellation, by collisions, of the destructive interference berelation for the incident fields and proceeded to solve the
tween alternative time-ordered pathways contributing to thetiouville equations for the density matrix operator perturba-
third-order nonlinear susceptibility®). Alternative descrip- tively to obtain the material response of a two-level ai@m
tions of such “destruction of destructive interferences” havemoleculg to a(white-light) stochastic field. Related work by
been given in terms of energy conservation, by analogieg\garwal and co-worker§3,8] and by Kofman, Levine, and
with collisional redistribution, and in terms of dressed atomicPrior [5] considered the possibility of achieving stochastic-
states[2]. Early on Agarwal and KunasZ3] and Prior and fluctuation-induced resonances similar to the PIER reso-
co-workerg4,5] noted that phase fluctuations in a stochasticnances predicted and observed by Peorl. [1] A rather
radiation field could produce resonances in the nonlineacomplete exposition of the general problem from the view-
atomic susceptibility in a similar manner to the collision- point of a molecular spectroscopist was recently given by
induced resonances. The influence of these field-fluctuatiorAlbrecht and co-workergl3,14]. In all the above cited cases
induced resonances can be experimentally investigated ke authors limited themselves to considering the actions of
subjecting one of the incident radiation fields to a variablefields tuned close to an atomic or molecular resonance. They
time delay ranging up to several correlation times of thewere primarily concerned with developing techniques using
incident field[6]. stochastic fields to obtain spectroscopic information regard-
The general problem of adequately describing nonlineamg the active atoms or molecules. Working close to reso-
optical processes produced by the interaction of time-delayedance, the dominant terms are due to resonances involving
fluctuating laser fields with an atomic system connected to aingle-atom transitions, which generally allows one to ex-
thermal reservoir has stimulated a large body of recent worlpress the signal in terms of an effective nonlinear suscepti-
[6—11] From a theoretical point of view, the problem is par- bility [3].
ticularly interesting due to the multipleand often similar Very recently Bratfalean and Ewal5] considered the
time scales associated with the evolution of the incidentase of far-nonresonant interactions leading to the generation
fields, the isolated atomic system, and the Rabi frequenciesf a four-wave-mixing signal in the phase-conjugate geom-
of the driven atomic system. In addition, multiple interac-etry. In particular, they sought to describe a situation in
tions with the incident field make the atomic system sensitivavhich the frequency spectrum of the generated signal field
to the higher-order statistics of the light field. Indeed, even invas determined solely by the statistics of the incident field,
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FIG. 1. The four-wave-mixing phase-conjugate geometry. The <e| o el
incident fields consist of a forward-propagating pump beam with * b *
Rabi frequency();, a probe beam with Rabi frequen€y,, and a Q, Q, Q,
backward-going pump beam with Rabi frequeriey. The atomic
medium is taken to be a set of two-level, three-state atoms with the > 9| |o> 9|

forward pump and probe beams inducing transitions between the
ground statdg) and the excited state). The backward pump in-
teracts with the other degenerate excited state. (¢) Pathway III (d) Pathway IV

FIG. 2. The double-sided Feynman diagrams showing the four

for example, by using field detunings that are sufficiently N . )
large to ensure that the active atoms interact equally with thgfi*s 'E le time-ordered pathways for creating a third-order coherence

entire spectrum. Unfortunately, this involves an assumptiorfe’g
that is, in general, unjustified, namely, that the atomic re-
sponse can be considered separately from the correlatiof@e problem and write down the relevant equations. We then
present in the stochastic incident field. Strictly speaking, thig0 on to present a detailed calculation of the phase-conjugate
can be realized only in systems possessing a vanishingfpur-wave-mixing signal generated by a stochastic field de-
small atomic or molecular memory time. As we indicate be-tuned by many atomic linewidths from an atomic resonance.
low, in the limit of a thin medium, the four-wave-mixing Ve show that the signal in this case is dominated by a small
signal originates from a two-point correlation product be-subset of the available time-ordered pathways. After taking
tween atomic coherences at different spatial locations. Incdnto account the averages over the atomic motion, we con-
herent effects such as collisional dephasing and spontaneo@kide by analyzing the dependence of the generated phase-
emission act independently at each spatial location and cafPnjugate signal on the collisional dephasing rate and the
therefore alter the correlations that exist between the atomieandwidths of the incident radiation fields.
coherences induced by the incident fields at separate loca-
tions. Essentially th(_e inc.oherent atomic decay mechanisms Il. FORMULATION OF THE PROBLEM
determine the effective time scale over which an atom can
“remember” a past interaction with an incident field. The  To explore these concepts within a manageable theoretical
motivation of our work is to explore the interplay betweenframework, we consider the case of three broadband laser
the incident-field statistics and the incoherent processes théelds interacting with a two-level, three-state atomic system
influence the atomic or molecular memory by examining in(V system in the phase-conjugate geometsge Fig. 1 The
detail the case of far-off-resonance detunings. We considetopolarized forward pump and probe beams, with electric
explicitly the case for which all three incident fields are cor-field amplitudesE; andE,, couple the ground statg) with
related and show that in the “far-impact regioridefined the excited statée) while a perpendicularly polarized back-
below) the signal is dominated by terms containing “nonlo- ward (i.e., counterpropagatingpump beam, with electric
cal” resonances between two different atoms. As we discusield amplitudeE,, couples|g) to the degenerate excited
in detail below, such nonlocal resonances cannot be destate|e’). We monitor the phase-conjugate signal, polarized
scribed by an effective nonlinear susceptibility and the usuaparallel to the backward-going pump beam, as a function of
Maxwell-Bloch treatment of four-wave mixing becomes in- the time delayr between the probe field and the two pump
adequate in this limit. To our knowledge, such nonlocal resofields. Adopting a semiclassical approach, all incident fields
nances have not been described before in the context of timeére taken to be classical plane waves while the angle between
delayed four-wave-mixing experiments in atomic vapors. the incident forward-going pump and probe waves is taken to
In the following section we briefly present the context of be vanishingly small.
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Within the slowly varying envelope approximation the sample. It has been shown by several authbés8] that the
phase-matching condition implies that the signal field will signal (integrated over the pulges proportional to a two-
propagate antiparallel to the incident probe wave, i.e., with goint spatial correlation function of the form
wave vectoks= —k, and with a polarization parallel to that
of the packward-gomg pump beam. A$ .ment|oned in the In- Socf dtdrdr’ 2 <p:a,g(l’,V,t)[pz,g(l",V',t)]*).
troduction, the interplay between collisional dephasing and j.k=1TmHv
field fluctuations is best seen in what we call the far impact (1)
region of the atomic absorption spectrum. This region is de-
fined by detunings from line centek, large enough to en- The angular brackets denote averages over both the field
sure that all frequencies contained in the incident field interfluctuations and the velocitiesandv’. By writing the same
act equally strongly with the atomic resonance but smaltime t for both third-order atomic coherences in the above
enough to retain the Markovian aspects of the usual impaatxpression, we are making the usual approximation as
approximation for collisional dephasing. Thus, for incidentpointed out by Mukamel and HanamJt6]; the signal can-
fields with a bandwidthB and an atomic line with not, in general, be factored into an amplitude squared as is
homogeneous and inhomogeneous widts and vy, the case with an approach based on the Maxwell-Bloch equa-
respectively, the far-impact region is defined bytions. In our case, as we show in detail below, it is the sto-
(B,yh,'yinh<|A|<Tc_l), where 7, is the duration of a typi- chastic nature of the incident radiation fields that leads to
cal dephasing collision. For a typical atomic vapor, this con-nonfactorable correlations between the active atoms at points
dition will result in a detunindA| of the order of a few cm!.  r andr’.

Within this limit the induced atomic polarization that
gives ris<_a to the phgse—conjuggte signal may bg calcullated Ill. CALCULATION OF THE FOUR-WAVE MIXING
perturbatively[ 7], being proportional to the density matrix SIGNAL
elementpL’,pg*‘b, where the superscripts denote single inter- . )
actions with the forward and backward punpsndb) and As the*re are four possible pathways leading to the coher-
the probe fieldp. To lowest order the number of distinct enCGp;’,pg 'b(r,V,t), the angular brackets in E¢l) contain
time-ordered pathways that contribute to the signal is limitedhe sum of 16 different six-dimensional integrals, each one
by phase-matching considerations to the four paths displayetbntaining a sixth-order correlation function of the incident
in the double Feynman graphs of Fig. 2. fields. For example, the six-dimensional integral for the con-

The detected signa$ is proportional to the modulus tribution from the time-ordered pathways Il and 1V takes the
squared of the phase-conjugate field generated by thrm

t
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It is important to remark that the presence of a sixth-ordement, by focusing on the macroscopic polarization induced
field correlation product is a reflection of the fact that theat a general location within the sample, implies an indepen-
same fields act over an extended spatial region, enablindent average over the two factors in Ed) and therefore
them to induce long-range spatial correlations within thedoes not correctly take into account the higher-order corre-
sample. These long-range correlations between spatialliations[17].

separated atoms are then degraded by the independent therin order to make further progress we make the simplifying
malizing actions of dephasing collisions and spontaneouassumption that the incident-field amplitudes are jointly cir-
emission at each spatial location. In this sense the field staular complex random Gaussian variables. Expressing the
tistics act differently from the collisional dephasing andincident fields in terms of their associated Rabi frequencies
spontaneous emission terms. We note, that in contrast to tHe;= uedE; /#i, whereuq is the dipole matrix element of the
above development, the conventional Maxwell-Bloch treat{ransition(we assume thaf.4= uerg) andE; is the ampli-
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tude of theith incident field(i=f, b, or p), we further as-
sume for convenience a chaotic field model for the incident
fields having a Lorentzian spectrum of full width at half
maximum 2B. Hence the Rabi frequencies of the incident
fields are taken to possess a zero mean value and a second- ¢ *
order correlation function given by ’

(Qi(HQ] (1"))=Cjj exd — 2B [t—t'[]. 3

The power contained in the fieldis proportional toC;; .

This model is a reasonable representation of multimode la-
sers dominated by technical noi&g and allows us to obtain
analytical results. We can then invoke the Gaussian decon-
volution theoren 18] to express the sixth-order field corre-
lations as products of second-order field correlations:

(Q(t)Q(tp) - Q(t) Q* (th 1) - Q* (t20))
=2 (QQ* (N QLI Q* (t))++, (4

where the sum is over all possible different pairings. Each of
the sixth-order field correlations thereby generates six differ-
ent products of three second-order correlation functions lead-
ing to a total of 96 different integrals to evaluate. These
second-order correlation functions effectively limit the time
separations permissible between the field interactions re-

sponsible for the evolution of the coherenqegs%*’b and

[p;’,';*’b]* in Eg. (1). One can graphically represent the re-

sulting contributions through what we call double-sided

L.Iouvme d|agram§(essent"|ally equivalent to the *factored FIG. 3. Double-sided Liouville diagrams corresponding to the

time correlation diagrams” of Ref14]). L9*D Al O
PP and[ pfP

Figure 3 displays six such diagrams for the case in whiclFase for which both, erg 1" follow pathway I. The six
f.p% b different diagrams result from using the Gaussian decorrelation

*
the evolutions of the CoherenCﬁé,pg ° and[pg'q 1% both  theorem to write the sixth-order field correlation in terms of the six
follow pathway I. The six different diagrams correspond topossible permutations of triple products of second-order field cor-
the six different permutations of the Gaussian decompositiorelations.
of the sixth-order correlation product into products of
second-order cprrelgnons. The shadgd hubbles S.Chemfit'(?a.‘“?( contrast, the atomic coherence decay tesygsand yee
represent the time intervals over which there exists S'gn'f"act solely along a single branch of the double Liouville dia-
cant correlation between two incident fields as specified b

. : )érams (i.e., along the individual density matrix evolution
Eq. (3). Note that the “decoherence” introduced by the lim- :
. . . . ths. M the at t I
ited field correlations acts differently from that due to paths. Moreover, the atomic decay terms always commence

dephasi lisions i issionA at a specific time, given by the instant at which the appropri-
'ephasing ColliSionsor spontanéous emISSIDAAS MeN- 44 fiaq interaction occurs, and propagate along the direction
tioned above, the incident fields act over an extended spatia)|

. . . X ; increasing timgone-sided time symmetry
region, thereby. introducing corrglauons between spatially In order to simplify the resulting integrals we assume that
separated atpm|c cpherenpeg, wh|ch are thus able to gener tI'1aﬁeld amplitudes are slowly varying compared to atomic
a coherent signal field. T.h's IS manlffaste_d by the_fact the.lt a ecay rates and field correlation times allowing us to con-
least one second-order field correlation involves mteractlong

on both sides of the double-sided Liouville diagrams. as ider the field correlation coefficients;; to be essentially
| Sid ou ' Hlouvi lagrams, aS,,nstant over the time scales of interest. The 96 different
shown in Fig. 3. The finite correlation time of the fields

temporally “localizes” the respective field interactions in integrals can be reduced to 24 prototypical integrals by using

. : . a short hand notation in which the pump-field Rabi frequen-
that it restricts the allowed temporal separations between thceﬁes are denoted by the paif®{(,Q,) and @* ,Q*) for the
moments at which the field acts. However, this field coher- . - y fpp* b (ot f.o* b meens e

ence temporal localization effect is indifferent to the sense ofnteractions building up,/, = and[p.,; "1*, respectively.

time propagation, depending only on the separation in timd¢lere the subscripj(m) can stand for either the forward
between the respective field interactiofasquality that the pumpf or the backward-propagating purbpwith the index
authors of Ref[14] describe as a two-sided time symmetry k(n) taking on the other value. These 24 prototypical inte-
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© () (© @

FIG. 4. Some of the 24 prototypical double-sided Liouville dia- FIG. 5. Same as Fig. 4.
grams grouped according to the particular combination of second-
order correlations, shown schematically by the shaded bubbles. T
subscript pairgj, k) and(m, n can stand for eitheff, b) or (b, f);
thus each diagram actually represents four different cases.

']? to the third-order density matrix element. At the order
(1/A)* these two separate pathways interfere destructively
with one another. This same pairwise cancellation also oc-

grals can be further grouped into six sets of four different®Urs for the diagrams of Fig(é) and 4d), as well as for the

T : ; - irs of contributions represented by diagrams of Figa)l 5
six-dimensional integrals according to the type of secongPa!s o col . .
order correlation present. The double-sided Liouville dia—and 4b), Figs. %c) and %d), Figs. 8a) and §b), and Figs.

grams corresponding to these six sets are shown in
Figs. 4-9.

Given the above approximations, one can, with some pa-
tience, analytically carry out the resulting integrations for
these 24 prototypical integrals. In doing so it is helpful to use
the identity

B [~ exdiu(t—t’
EX[{—Bh_t,H:ﬂ_f_xdqulziBz)]

Expanding the resulting expressions in powerg1dd), the
lowest-order contribution varies as (/. This should be
contrasted with the (v)® dependence that would have re-
sulted if the incident fields were monochromatic. At this
level there are several different cancellations that dramati-
cally reduce the number of terms one must calculate.
Consider first any pair of double-sided Liouville diagrams
(with the second-order field correlations includédhat differ
simply by the exchange in the time order of the action of one
of the pump waves and the probe wave. As an example, the
integrals corresponding to the diagrams of Figa) 4nd 4c)
differ simply by the order in which the pump wayg; and
the probe wave), act on thep 4 side of the double Liou-
ville diagram. Apart from the inclusion of a bandwidth term,
the difference between these two diagrams is entirely equiva-
lent to the difference between the contributions of paths | and FIG. 6. Same as Fig. 4.

© @
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[C)]

FIG. 7. Same as Fig. 4.

8(c) and &d). This reduces by half the number of integrals

one must calculate.

With patience the other integrals can all be calculated. To

lowest order in(1/A), the dominant contributions come from
portions of the integrals represented in Fig&)@nd 7Ta).
The contribution from Fig. @) is given by

©

(O]

FIG. 8. Same as Fig. 4.

C)
FIG. 9. Same as Fig. 4.

10,07

a

A4 7iks-(va')tcjmckpcpn

1
iKj-V=iKm V' + 27,4

ZBjmef(Bmp+ Bpn)|7|

[iks'(va/)+27eg]

1
- - +
iKs V=K V' + 2744

1
X

iKm:V=iKg V' + 274
5

while that from Fig. Ta) is given by
1047112007 i ooy
a” Ap4 e sV TVIIC 1 CpCrn

1
iKj-V=iKpy V' +279eq

2Bjm
iKs- (V=V")+ 24

X

1
iKsV=iKm V' +27e¢t Brnt Bpp

1
iKm:V=iKs V' +2¥eqt Brnt Bpp

. (6)

Recall that the pair§, k) and(m, n can stand for either

(f, b) or (b, f) so that each of the above expressions repre-
sents four different possible terms. It remains to integrate

over the velocity distribution fov andv’.
Both of the expressions in Eq&s) and (6) are propor-
tional to the bandwidth of the incident radiation fiel8s
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allowing us to identify the signal as being “fluctuation” in- 1000 prrrer— . A A 3
—®—B=10y, |1

duced. Interestingly, all of the resonances involve field inter-
actions on both sides of the double Liouville diagram, i.e.,
they are resonances between field-induced dipoles at spa-
tially separated points as is evident from the presence of both
v andv’ in every denominator. None of these terms would
have appeared if the two-point spatial correlation of &9.
had been factorized. In contrast to the above contributions,
PIER4 terms arise from collisional destruction of interfer-
ences between pathways Il and 1V and involve a resonance
associated with the interactions along a single side of the
double Liouville diagram. These resonances appear only in 1 L 1 : il
order (1A)® and are negligible under our conditions. o o (ime delay ET/ ) ° e

We find that the choice of a far-impact detuning effec- ) ) o _
tively breaks the symmetry between the many possible co- FIG. 10. The phase-conjugate signal shown as a function of the
herent pathways. Essentially the time-order diagrams iffime delay of the incident probe field. Here the atomic decay pa-
which the counter-rotating probe wave acts second are fd2Meters areyinn=50yrag and Yeo=5rag. Three different band-
vored, since one can then form stimulated Rayleigh scattelwIdthS for the incident field are showB,=(10,1,0.1)yrag-

ing resonances between it and the pump beams involved in 'coherences enerated at the spatially separated moartd
either the first or third interaction. Thus, only the time- 9 p y Sep m

ordered pathways | and 1l contribute to lowest order\(T/ rcauses é?e genlt()mlnaitor/s _Ofo E.(qs) aﬂd (6t)hto co_nta;!n
Among the multitude(48) of double-sided Liouville dia- resonances) whenks- (v—v') =0, i.e., when the projection

grams generated by these two pathways, the diagrams gthe two atomic velocities along the signal wave vector is

N .. = . 4 I I 1
which there exists a correlation between the first interaction§'© same_(u) whe_n_kJ v=Kp V', i.e., when the projection of
on either side of the double Liouville diagram are favored. e atomic v_elocmes along the wave vector of the first inter-
cting field is the same for the two first-order coherences,

We believe this is a result of the rather large detuning in thé'S - , B e
far impact regime, which, according to an uncertainty prin-("')_ Wt;en ksf' \;E kmt~v gnd/(l)rk_T~kaS~\{[H l.e., when 'f{he ‘
ciple argument, creates an initial coherence that exists for rojection ot the atomic velocity along the wave vector o

time of order 1A. The field correlation between these inter- "' first Interacting _f|eld is the Same as the projection of the
action helps to “synchronize” the creation of the two coher- other atomic veloqty on the S|gnal wave vector. To deter-
ences at the spatially distinct pointsandr’ of Eq. (1). Of mine the overall signal strength it remains to integrate over

. B . the Maxwell-Boltzmann distribution of velocities andv’.
all the diagrams in Figs. 6, 7, and 9, only those of Figs) 6 - ) . ) .
and 7a) meet both these requirements. This is done in the Appendix for the case in which the angle

6 between the forward-going pump wave and the probe wave
IV. EFFECTS OF THE ATOMIC MOTION (see Fig. 1is small and for which all three incident fields

orlgmate from the same source. Assuming the same band-
The atomic motion greatly influences the magnitude of,

width B for all possible second-order field correlations, the

the phase-conjugate signal in the far impact regime, eﬁecresult can be schematically written as
tively determining the strength of the scattering resonances
in the denominators of Eqé5) and(6). This dependence was 2B[ Q|2 p|?| Q| 4 o8 i
neglected by Bratfalean and Ewait5], who assumed that S~ A4 Z (e FeatF7d |- (V)
the signal should be independent of the atomic motion if the
incident fields were detuned by many Doppler widths. This isSpecific expressions for the different contributidflg, and
actually true, however, only in the extreme limit where theFY, can be found in the Appendix.
homogeneous broadening dominates the linewidth. Since the We show in Fig. 10 the phase-conjugate signal normalized
signal is proportional to a two-point spatial correlation func-to the bandwidth as a function of the time delay between the
tion (in the limit of a thin nonlinear mediupmit is important ~ probe and pump fields for three different bandwidths. Note
that the atomic coherences created at spatially separated Ithat, apart for an overall multiplicative factor, the contribu-
cations continue to maintain the correlations impressed upotion of Sg, at zero delay is independent of the bandwidth
them by the action of the incident fields. These correlation®f the incident radiation. At long enough time delays
can be destroyed by phase-changing collisions, spontaneo(B|r|>1), the signal reduces to a constant background that
emission, or a Doppler dephasing of the two spatially sepais made up solely of the contributions 8f,. Apart from the
rated coherences. Interestingly, for the present case of detuoverall multiplicative factor of the bandwidth, the contribu-
ings in the far impact region, population gratings created bytions of this term tend to decrease with increasing band-
the spatial interference between one of the pump beams anddth.
the probe seem to play no role, at ordeA4/ as can be This is more evident in Fig. 11, where we have plotted the
readily seen by noting that Eg&) and(6) contain no refer-  signal “contrast,” i.e., the ratio of the zero-delay peak to the
ence to the population decay ratgs, or y4q but rather in-  long-time-delay background, as a function of the dipole
volve only the coherence decay ragg. dephasing ratey.,, for several different bandwidths. The

The dephasing induced by the relative motion between theommon overall multiplicative factor of the bandwidth can-

Phase conjugate signal (arb. units)
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4.0

addition, one might suspect that pathway Il has an extra ad-
vantage since, in building up the third-order dipplig‘;*'b,

this pathway passes through the intermediate s;iégé , a
state that does not suffer from either radiative decay or col-
lisional dephasing. In contrast, pathway IV passes through

the excited-state coherenpéfe’b, which suffers from both

of these decay rates. Naively, then, one might expect that the
contributions from case (j =m=f, k=n=b) which corre-
sponds to placing pathway Il on both sides of the double-
sided Liouville diagram, would dominate over the others.

w hed
o o
—TTTTr—r

peak to background ratio
&
T

»
=]
T

T R Surprisingly, we find that just the opposite occurs; for rela-
o 5 10 15 20 25 30 35 40 45 50 tively small dipole dephasing ratey{y=10y,,9, the signal
YeglTraa is dominated by contributions from case 4, i.e., whgn

FIG. 11. The contrast between the zero-time-delay peak and the m=b, k=n=f), corresponding to the time-ordered path-
long-time-delay constant background plotted as a function of thavay IV on both sides of the double-sided Liouville diagram.
dipole dephasing ratey.y, for several different bandwidths To understand why, recall that for our case of a far-impact
of the incident radiation fields. Here the inhomogeneous widthdetuning the resonant denominators all include field interac-
Yinh= 50¥1aq- tions creating induced dipole moments on opposite sides of

the double-sided Liouville diagram. The scattering reso-

cels upon forming this ratio, so that the contrast is a morg,gnces occur(i) between the two third-order dipoles
sensitive measure of the interplay between the atomicf,p*,b(rv) and [pf,p*,b(r, v))]* occurring whenk,- (v
1 1 S'

“memory time” limited by the ground to excited state coher- pe’g . e’g ) ]
ence dephasing timg.y, and the finite coherence time of —V )=m0, (,”) ,between the two flrst-orde/r d'pOIQ%(r’V)
the incident fields as determined by their bandwiBittone ~ @nd [pyy(r’,v')]* (x being eithere or e’ depending on
can qualitatively understand the trend shown in Fig. 11 byvhether the interaction is with the forward- or backward-
referring to the double-sided Liouville diagrams of Fige)6 ~90ing pump wavg occurring whenk;-v=Kkq,-v’, and (iii )
and 7a). The difference between these two figures is that thdetween the first-order dipole on one side of the double-sided
last two correlations of Fig. (@ are between the dipoles Liouville diagram and the third-order dipole on the other
pL,’Z*,b and[p;‘,';*'b]* on opposite sides of the double-sided side, i.e., Wherks~_v= Kn-v' andky,-v=Kks v-. Case 4 is the

eg . . o i only case for which all of the resonances occur for roughly
L'OUV'"e. diagram, whereas_ In F'g.'(s) the Ias_t tWO_f'E?ld the same velocity class provided the angldetween the
correlatlo_ns are between |nte_ract|0ns occurring within thﬁorward-going pump and probe waves is small. Hence case 4
same active atom. Remembering that the width of the COM€&3ominates in the limit of strong Doppler broadening. As the

Ia.tion bubbles :_;1Iong the tim@/erticab axis va_ries inversely dipole dephasing rate,, increases, homogeneous broaden-
with the bandwidth, one realizes that a relatively large band-rlg becomes more ir?ﬁ:)ortant ana the contribution of the

width forces the second and third field interactions on the lef -
and right sides of Fig. (8 to be nearly coincident. In con- ther cases becomes significant.
trast, this fie]d—induced simultaneity is not p.resgnt fpr the V. CONCLUSIONS
diagram of Fig. 6a), where the second and third field inter-
actions can effectively be translated relative to one another In summary, we have presented a concise analytical
along the time axis. This extra freedom leads to a largemodel for time-delayed four-wave mixing in the far impact
contribution from Fig. 63 when the bandwidth becomes regime that has allowed us to probe the interplay between the
large relative to the radiative decay rate. Of course the pemcorrelation time associated with the incident fields and
missible time separations between interactions along the timatomic memory time. For large detunings we found that the
line of a single dipole are still limited by its memory time. signal is dominated by correlations between dipole moments
Thus for a large dipole dephasing ratg.§>B), the extra induced at spatially separated points within the active me-
constraint imposed by the bandwidth on Figa)7matters  dium, correlations that are not treated properly by the usual
relatively little and the contrast varies only slightly as a func-Maxwell-Bloch equation formulation of four-wave mixing.
tion of the bandwidth. Indeed, our result in some sense maximally violates the
The conventional interpretation for the four-wave-mixing Maxwell-Bloch treatment since at lowest order no part of the
signal arising from our choice of pump polarizations wouldsignal is factorizable into the product of contributions from
be as follows. The forward-going pump interferes with thesingle atoms. Introducing double Liouville diagrams in order
incident probe wave to form a spatially modulated intensityto take into account these correlations, we were able to show,
pattern that in turn creates a spatial modulation of the comin the case of fields modeled adequately by a circular com-
plex susceptibility within the active medium. This suscepti-plex random Gaussian variable, that the signal arises mainly
bility grating then diffracts a portion of the backward-going due to a small subset of eight out of a total of 96 possible
pump wave, forming the phase-conjugate signal. Such afdliagrams. The contrast between the zero-delay peak and the
interpretation clearly favors the contribution from the time-long-time background signal in a time-delayed four-wave-
ordered pathway Il of Fig. 2 relative to that of pathway IV. In mixing experiment was found to depend sensitively on the
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bandwidth of the incident fields when the collisional dephas- T2 o ,
ing rate is much smaller than the inhomogeneous Doppler J_me s dt—27dks (v=v')]. (A1)
width of the active atoms. . . S

In order to arrive at these conclusions we have made sev- This simplification can be interpreted as requiring the pro-

eral simplifying assumptions. Transit time effects have beedSction of the velocity along the dlrectlo_n (_)f propagation .Of_
. . ) . “the signal wave to be equal for the third-order dipoles in
ignored, meaning that our results are valid only for a nonlm-duced at the spatially separated pointandr’. Otherwise
ear medium that is thin. More severe is our modeling of the : : : L ' L
incident field as a single broadband field: most pulsed-dy neglecting velocity-changing collisions, over the duration of

lasers typically oscillate in several longitudinal modes. It is(?he pulse there would be a Doppler dephasing between the
ypically 9 - " Sf01ds emitted by the two dipoles, leading to a destructive

clearly possil_)Ie to generalizg the above treatment to ac.cou%ncellation of the contribution of the pair. We now go on to
for several different longitudinal modes. In fact, we beI|eveConsider explicitly the four different time orderings of the

tbhelfvxfgezeloann i&ztgi;ejtﬁ%(ﬁgrfoaStﬂgﬁé?g grlcgsssefqlfg?or:éump-field interactions for the contributions of H). The
) ngitud . P y : decorresponding contributions for E¢5) can then be readily
cation of this basic formalism to the case of a two-mode fiel

i . o obtained by taking the limit oB—0 of the respective re-
will be presented in a subsequent publication. sults
In summary, we have shown that the effect of the finite '
bandwidth of the stochastic field has far richer role than that
of collisional dephasing. Field correlations are able to act
both locally at an individual dipole and at spatially separated For this case the velocity-dependent denominators of Eq.
points. Indeed, it is the correlations, induced by the field,(6) take the form

1. Case 1: j=m=f, k=n=b

between spatially separated atoms that are responsible for the 1

four-wave-mixing signal in the far impact regime. We have F%(v,v’)= _

shown that, most surprisingly, in the case of far-impact de- [—ik(vy—vy) +27eq]

tunings, the dominant terms responsible for the signal pos-

sess nonlocal resonances that involve field interactions be- 1

tween spatially separated atoms. On the other hand, PIER- ik(vx—v}) —1KO(vy =) +27eq

type resonances, which appear at ordex®1/involve only
resonances in single atoms that are excited coherently within 1

the interaction region. Thus, in contrast to the PIER-type - PN ;
resonances, these nonlocal resonances cannot be described k(vxtv,) Fikbvy+2(veqtB)
by an effective nonlinear susceptibility for the medium. 1

. (A2)

+
ik(vyt+uvy)— iKOyy+2(yeqtB)
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function of Eq.(A1) to integrate ovev, , one readily obtains
. . U 1 2 ”
In this Appendix we briefly indicate how to carry out the  (F7)=—5—-— d

Rl
averaging over the Maxwell-Boltzmann velocity profiles for T(2Yegku )=l Ul U] ) U
v andv’ in Egs.(5) and(6). We treat the case of a classic X exp—[(2v2+v2+v!2)/u?]
phase-conjugate geometry for the incident beéses Fig. 1 oy

and assume that the angldetween the probe and forward- ( 1 )

APPENDIX

going pump beam is small in the sense thatfsi®. There
exist four separate cases to consider for each of &jsnd
(6), depending on the choice of pump beams for the figlds
k, m, andn. It is convenient to use a coordinate system with
the x axis aligned along the incident probe beam, ilg,,
=kX. Then, using the fact tha# is small, ki=k(X— 69),

—ikO(vy—vy) +27eq
1
—2ikv,+ ikﬁv)',-i— 2(YeqtB)

while k= —k; andks= -k, . If we assume that the incident 1
. ) . + — - . (A3)
beams exist for a time long compared to the inverse of the 2ikv,— K00y +2(Yeq+ B)
inhomogeneous width then the signal integrated over the en- Y g
tire pulse width contains a factor The integral overv, can be written in terms of the error
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function of complex argumerjtL9]

= exp—t?)

1
W(Z):GJ’imdt t—

yielding

e LAREIRE
Fo <2yea<ku>2J;wd u J;wd u

with Im(z)>0,

1

PHYSICAL REVIEW A64 063806

(A9)
(A4)

The ratioa/B is thus a measure of the relative strength of the
dipole dephasing ratg.e., atomic memoryto the bandwidth

of the incident fields. The contribution for the term of EB)

for this case can be shown to be given by the same expres-
sion with B set to zero.

xexm[(u§+v;2)/u2]<

X| W

( —6v)  V2(YeqtB)
+1
vZKku ku

V2 +B
4 (7eg )
ku

( evy
v2ku

—ik8(vy—0))+27eq

) 2. Case 2: j=n=f, k=m=b

Using the same substitutions and transformations as
above and performing the integral oue} using thes func-
tion of Eq. (Al), the contribution for the velocity-dependent
denominators of Eq6) is

e

xexp—[(2vi+vs+v)?)/u?]

(A5)

Owing to the exponential terms the main contributions to the
remaining integrals will come from the region close up
=0 and v;:o. Using the fact that the error function is
slowly varying with respect to the real part of its argument
near the origin, coupled with the angkebeing small, we
expand the error functions as follows:

W(z)=W(x+ iy)wW(iy)+xiizv(z=iy) for |x|<1.
(A6)

Here the first derivative of the error function of complex
argument i§19]

1
>< . .
2ikvy—ikO(vy+vy)+27eq

1
—ikOvy+2(yeqtB)
1
+ . -
2ikvy—iKOvy+2(yeqt B)

. (A10)

JW iy =2
E(z-w)— i

1
J—;—yW(iy)

To carry out the remaining integrals it is helpful to transform

Using the algebraic identity AB=[1/(B—A)](1/A—1/B)
to rewrite the product of denominators containing and
integrating ovemw, gives

to new variables given by <|:§2>:
1 (vytuy)
V2 u
1 (vy—vy)
fp=———, A7
7= ST (A7)
leading to the final expression
3/2
(FI)=—————  W(i(a+ B))W(ial6)
" (2769 (kW)
6 oW W / A3
+ZE[Z—I(Q+B)]E(Z—IQ 0). (A8)

I
(27eg)(ku)2 J“’d(u J‘food u

xexp—[(vi+v,?)/u?]

1
>< .
—ikOvy+2(yegtB)

O(vy+uy)
Vv2u

|

1
+ -
|k¢9>’,+ZB

(Al1)

—W{@H( 1 B)
V2u “

Here we have defined the angles

Expanding the error function about the point where the real
part of the argument is zero and using the transformation of
Eq. (A7) leads one to the expression
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, 7302 . V2(a+pB) Vg Integrating ovew, and vy(v;) for the first(second term
(F9)= m (i)W 9 I 0 in parentheses one has
Yeg u
X[W(ia)=W(ia+ip)]+ ’ (NV( @)
ia)—W(ia+i — —(z=i
2v2 9z (F4)— i2m * 2
e —
IW (9W B V2B (Z'Yeg)ez(ku)g
X =z —|—(a+B) Z_IT .
(A12) W(x+iv2al8) — W(—x+iv2al6)
To obtain the contribution of Ed5) for this case we once X+i(v210)(a+B) x—i(v2I0)(a+p)|
again setB equal to zero. Using the valua¥(0)=1 and
(dW/dz)(0)=2i/+/7, one finds
(A15)
3/2
2y e — 1 | ———
(Fo)= (27eg) a(ku)s{W(m)W(l 0 ) Expanding the error functions about the pok#0 up to

terms linear inx and integrating ovex yields

0 (Z\Qa) ( V2a
b W
V2

—(Z—Ia)]

0 0
(A13) (FY (2)%? [w( V2 )w( \0( +8)
= i—a i—(a
" (27,9 P(kw3 [\ 6 0
3. Case 3: j=n=b, k=m=f
For this case the resulting expression is formally equiva- 1oW/[  v2 | dW

lent to the complex conjugate of E€A10). Since the result ts T ga | z=i _(0‘+IB)
is real one obtains exactly the same results as for case 2.

4, Case 4: j=m=b, k=n=f (Al6)

For this case, after integrating ove} using Eq.(Al), the
contribution for the velocity-dependent denominators of Eq.

(6)is To obtain the contribution of Ed5) for this case we once
2 % (v ® (v o [y’ again setB equal to zero, giving
e I R I
m(2yeg)kU ) N U/ )" U/ )"\ U
3/2 2
Xexp—[(Zv +v +vy2)/u2]< ) N (2m) : (\/7 ”
ikO(vy—0))+2yeq (Fé) 2yen Pk e
1 1
. —ik6v!+2 +B)++'k0 +2(yeqtB) | 1[owW v2 2
IKbov, (')’eg IKbvy Yeg +§—<Z=i—a> ] (A17)
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