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A novel analytical method for the design of linear-cavity continuous-wave laser cavities 

that guarantees the ultimate efficiency is developed, theoretically studied and 

experimentally verified. Opposed to the earlier methods, which optimise the parameters 

of a priori defined cavity, the developed method derives the cavity analytically based on 

the active medium properties for the chosen pumping scheme. The method combines the 

general grating design equations, valid for both passive and active media, and the 

optimum signal power calculations. The idea that lies at the heart of the design method is 

to sustain the optimum signal power at every single point in the entire cavity by 

employing distributed-feedback for the maximum local, as a result, for the maximum 

overall conversion efficiency. 

 

Theoretical study starts with the critical investigation of the previous optimisation 

approaches. After addressing the limitations of these approaches, it is shown how to 

improve the efficiency further than the parametric optimisation using intuitive arguments 

based on the effective cavity length and optimum reflectivities in DFB lasers. The critical 

importance of the signal distribution is highlighted, and following this observation the 

grating design method for arbitrary signal distributions is developed. The concept of 

optimum signal power is introduced and the spatial unfolding of the optimum values is 

illustrated. Boundary conditions, grating production limitations and effects of modelling 

parameters are addressed. Modal stability of the new designs is investigated.  

 

A novel approach to the simulation of Er/Yb co-doped fibre lasers is presented with 

experimental justification. Accurate laser characteristics are predicted for different 

designs, including the ultimate efficiency designs. Theoretical studies are verified with 

experimental data in Er/Yb co-doped fibre and discussions are extended to Yb doped 

fibres, high pump powers and alternative pumping schemes. 
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1.1. Motivation 

Improving the efficiency of lasers is of great importance throughout the entire 

optoelectronics field. As well as being a fundamental research interest, better laser 

efficiency is a very strong commercial driver too.  Today, linear-cavity continuous-wave 

(CW) lasers are one of the most widely used types of lasers that come in categories such 

as semiconductor, solid-state, fibre and planar glass. Therefore maximizing the efficiency 

of this particular type of lasers is very desirable and will have a broad impact in the 

optoelectronics field.  

The performance of a laser is set by various characteristics of the device such as the 

active medium spectroscopy, temperature control mechanism and pumping scheme. One 

of the most critical features of a laser that has profound effect on the efficiency is the 

design of the resonator cavity. The structure of the cavity defines the circulating power, 

the amount of output coupling and the extracted output power. For a given pump power 

and active medium under the same operating conditions different laser cavities yield 

different efficiencies; therefore the cavity design lies at the heart of laser performance.  

The simplest form of a linear cavity laser is the classic Fabry-Perot (FP) type laser, which 

comprises two mirrors and an active medium in between, whereas the most complex 

linear cavity is the distributed feedback (DFB) laser, which incorporates a grating into 

the active medium. A distributed Bragg reflector (DBR) or a FP laser can be treated as a 

sub-set of DFB lasers: In the case of a DBR laser the coupling coefficient of the grating in 

the active medium is reduced to zero, but it is extended into the passive section. In the 

case of a FP laser the coupling is localised at the ends of the active medium by placing 

infinitesimal gratings; that is mirrors.  

Optimisation of the cavity design for FP lasers dates back to the well- known Rigrod 

analysis [1, 2]. This analytical optimisation, however, is based on very limiting 

assumptions and simplifications: First of all, the unsaturated gain is assumed to be 

constant throughout the entire cavity. This requires a constant pump power, which can, 
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for example, be valid for electrically side-pumped semiconductor lasers however this 

assumption excludes many other pumping schemes. Then the active medium is assumed 

to be a homogenously saturated 2-level system. Optimisation of a FP laser cavity 

constructed in this medium assumes very small output coupling from the end mirrors 

(very high reflectivity) and very small saturated gain. With these assumptions the 

circulating signal inside the cavity is almost constant and with an additional assumption 

of constant loss the optimum output coupling and the optimum circulating signal are 

found analytically (For example see [3]). 

Any deviation from any of these assumptions, which is almost always the case for any real 

system, causes the analytical Rigrod optimisation to break down. In the case of a multi-

level active medium with varying signal and pump powers or signal dependent loss a 

parametric optimisation is required; that is one of the cavity parameters is varied at a 

time while the others are kept constant and the laser is simulated for the output powers 

using numerical techniques. 

A FP laser cavity is defined by only three parameters: the two mirror reflectivites and the 

cavity length. Therefore, a parametric optimisation, although computationally intense, 

can consider all the possible combinations. But the FP cavity is not the only possible laser 

configuration, hence the efficiency maximised for a FP design is not guaranteed to be the 

maximum possible for the given medium and pump power. Other laser structures such as 

distributed Bragg reflector (DBR) or distributed feedback (DFB) configurations may 

provide better efficiencies under comparable conditions. However optimisation of these 

complex structures parametrically is even more challenging since there are literally an 

infinite number of combinations of parameters when apodisation profile, chirp profile, 

total length and phase shift positions and amounts are considered; therefore the 

parametric optimisation cannot guarantee the maximum efficiency possible for the given 

pump and active medium. A maximum may be a local peak in efficiency over an infinite 

number of different parameter combinations.  

To sum up, there is a lack of a general comprehensive design method for widely used 

linear cavity CW lasers which would assure the fundamental efficiency limit analytically. 

In this work we present a novel analytical method for the design of laser cavities. In our 

approach we do not optimise a certain laser cavity but we derive the cavity for a given 

pump and active medium that guarantees the ultimate efficiency possible. 
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1.2. Approach 

Being the most complex and general cavity, DFB lasers will provide the starting point for 

our study. We will critically investigate the classic DFB laser optimisation approach in 

order to improve our understanding of the effects of cavity design on the laser 

performance. Observing the importance of the signal distribution in the cavity and 

experimentally verifying its effect, we will introduce the concept of the optimum signal 

and continue with the method for achieving the optimum signal distribution in the entire 

cavity. Then imposing the boundary conditions and production limitations and employing 

the novel grating design method we will show how to find the coupling coefficient profile 

which provides this signal distribution.  

The method does not discriminate between the Fabry-Perot, DBR or DFB structures, 

however, in general, the maximum efficiency laser cavity requires a distributed feedback; 

consequently the method is applicable to any active medium in which a grating can be 

incorporated. Therefore we expect this design method to find immediate application over 

a wide device range from semiconductor, planar glass, solid-state bulk to fibre lasers 

since in these media the grating writing technologies have already matured.  

As a demonstration we applied the method experimentally in Er/Yb co-doped fibre lasers. 

We chose this particular medium because of the attractive feature of fibre DFB lasers 

that we will cover in Chapter 2. 

1.3. Modelling and Simulations 

To facilitate the theoretical and the experimental investigations we use numerical models 

extensively, both for the derivation of the laser designs and their simulation. Therefore, 

the model and the simulation tools we developed are an essential part of our study. 

Although several entirely theoretical works on modelling of erbium-ytterbium co-doped 

media have been reported [4-10] with only very few experimental verifications for 

amplifiers [11, 12]  there is no work on benchmarking the simulation results with 

experimental results for Er/Yb co-doped lasers, neither in FP, DBR or DFB configuration. 

The value of any simulation result should be judged according to its proximity to the 

behaviour of the real device or system. If the performance of a model is not checked 

against the experimental data then the simulation results will make sense only in terms of 

tendencies instead of actual numbers.  

Here, in addition to the novel design method, we present a model for Er/Yb co-doped 

fibre DFB lasers which takes into account the excited-state absorption and co-operative 
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up conversion in erbium ions as well as the life-time quenching of ytterbium ions. We 

describe simple techniques for the measurement of the model parameters. In this new 

modelling approach we treat the pump, the active medium and the feedback mechanism 

as a complete system, and we characterise and model each one of them. For the first 

time, we present simulations that predict the actual characteristics of the Er/Yb co-doped 

DFB fibre lasers within the range of experimental measurement errors.  

1.4. Overview of the Thesis 

Following this introduction chapter, an overview of fibre DFB lasers is presented in 

Chapter 2, followed by the brief description of numerical and computational methods 

used throughout the rest of the study in Chapter 3. The modelling of the active medium 

and DFB lasers are discussed in Chapter 4. The transitions and the rate equations are 

discussed in detail and the measurement of the required parameters as well as the 

characterisation of the pump source and the grating are presented. Results of the 

simulations are compared against the experimental data.  

Chapter 5 is devoted to the detailed investigation of the classic DFB laser optimisation 

method. It is shown that, the method is equivalent to the Rigrod analysis for the 

reflectivities, however in addition to the feedback the signal distribution inside the cavity 

is identified as a critical variable affecting the efficiency. The concept of effective cavity is 

introduced and the step-apodised profile is presented to increase the effective cavity 

length for better efficiency. The theoretical results are verified with the experimental 

data. 

Identification of the signal distribution as a critical factor for the laser efficiency leads to 

the general theoretical analysis for a design method in order to achieve any desired signal 

distribution inside passive and active cavities in Chapter 6. Here we discuss the optimum 

signal distribution for the maximum possible efficiency and we illustrate the new design 

method in a numerical study in a simple ytterbium doped fibre.  

Chapter 7 covers the theoretical and experimental application of the design method in 

erbium-ytterbium co-doped fibre. Initially, designs for alternative pumping schemes are 

derived and compared, longitudinal-mode stability is discussed, and the effects of the 

uncertainties in the model parameters on the design are investigated, then the method is 

experimentally verified. High power applications along with alternative pump and signal 

wavelengths in ytterbium doped fibres are discussed in Chapter 8. 
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Concluding remarks on the design method are presented in Chapter 9. References are 

given at the end of each chapter. 
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Chapter 2 Fibre DFB Lasers: A Brief Historical Perspective 
and Applications  
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2.1. Historical Perspective 

The discovery of lasing in periodic structures dates back to the early 70s. Kogelnik and 

Shank, then at the Bell Laboratories, reported lasing action in a dyed gelatine whose 

refractive index was periodically modulated [1]. Figure 2-1 illustrates the earliest DFB 

laser structure. The laser consists of a uniform refractive index grating, with constant 

amplitude and constant period, incorporated in an active medium. This classic design 

operates at two fundamental longitudinal modes at different wavelengths, corresponding 

to the edges of the grating band-gap, and gives symmetric output powers from both ends, 

Pleft and Pright, which are equally divided between these two modes. Therefore, such a 

cavity provides dual-wavelength bi-directional operation. 

 
Figure 2-1 Refractive index profile for classic DFB laser design with two-
wavelength bi-directional operation. 

The theory of lasing action in periodic structures was developed in the classic paper, 

again by Kogelnik and Shank, based on coupled-wave theory [2]. 

After this initial observation of lasing action in the periodic structures, the second mile-

stone leading to fibre DFB lasers came with the discovery of the formation of permanent 

gratings in photosensitive germania-doped fibres by Hill et al [3] of the Canadian 

Communications Research Centre in 1978. The grating was formed by the interference 

pattern of argon-ion laser radiation propagating in opposite directions in the fibre. This 

method required that in order to write a Bragg grating at a certain wavelength one would 

need to launch a field at the same wavelength longitudinally into the fibre, therefore the 

wavelength of the Bragg grating was limited with the available source wavelengths. 

The major breakthrough came from Meltz, Morey and Glenn, working at the United 

Technologies Research Centre, in 1989 [4]. In their holographic approach the grating was 

Pleft Pright 
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produced by exposing the photosensitive fibre transversely to the interference pattern 

produced by two intersecting UV beams. By doing so, the period of the grating became a 

function of the angle between the beams, hence gratings with any periodicities could be 

written. This holographic writing approach found application in erbium doped fibre. Ball 

and Morey from United Technologies Research Centre and Zyskind et al from AT&T Bell 

Laboratories reported Er doped DBR laser structures in 1992 [5, 6]. Further 

improvements in grating writing techniques followed in 1993 by the introduction of phase 

masks in order to produce the UV interference pattern demonstrated by Hill et al [7]  and 

Anderson et al of AT&T Bell Laboratories[8]. The phase-mask method reduced the 

mechanical sensitivity of the writing setup and allowed the introduction of apodisation 

and chirping profiles.  

The next breakthrough, again in 1993, was the sensitisation of the erbium ions by co-

doping with ytterbium. Kringlebotn et al, from the Optoelectronics Research Centre of 

Southampton University showed that the introduction of Yb ions dramatically increased 

the pump absorption [9]. This discovery made short fibre lasers feasible and efficient. 

However there was one problem: The highly absorbing Yb required the use of a 

phosphosilicate host which reduces the photosensitivity, as opposed to the 

germanosilicate host used for Er-only doped fibres. In 1994 the same research group 

from Southampton University solved this problem by loading the aluminophosphosilicate 

fibre with hydrogen to induce photosensitivity. They produced the first Er/Yb co-doped 

DFB fibre laser by combining the holographic grating writing method and the hydrogen 

loaded photosensitive active fibre technology [10]. Although the fibre suffered from 

hydrogen related losses they were able to obtain laser action. Contrary to the dual-

wavelength output from the classic DFB cavity, in practice, a single-wavelength operation 

is desired. This can be achieved by introducing a π-shift in the spatial phase of the grating 

as shown below. Such a cavity provides a single-wavelength, coinciding with the grating 

Bragg wavelength, and bi-directional operation. 

 
Figure 2-2 Symmetric, π-phase shifted DFB laser design for single-
wavelength operation with bi-directional outputs. 

Kringlebotn et al managed to introduce the necessary phase-shift by heating the grating 

locally with a thin resistance wire. Although this approach provided the single-mode 

operation desired, the induced phase shift was not a permanent feature of the grating.  

Pleft Pright 
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In 1995 Cole, Loh et al from Southampton University improved the phase-mask method 

further [11, 12]. In their approach the fibre was moved relative to the phase mask while 

the writing beam was scanning. This method allowed the use of simple short phase 

masks, as opposed to the earlier, stationary, custom designed phase mask, and the 

required grating periodicity, phase-shift, apodisation and chirping profiles were produced 

by precisely controlling the position of the successive exposures to the UV interference 

pattern. This method greatly reduced the errors in the grating and allowed flexibility for 

the production of complex grating structures. 1995 witnessed the announcement of Er 

doped DFB fibre lasers with a permanent phase-shift simultaneously from two research 

groups. The studies by Loh and Laming from Southampton University [13] and Sejka et al 

from Technical University of Denmark [14] defined the point where DFB fibre production 

technology reached maturity. Once the basics of the technology had been established the 

efforts were focused around the optimisation of the fibre and the cavity designs in the 

following years.  

Dong et al from Southampton University showed that a better fibre for DFB lasers would 

be one with a photosensitive cladding. Instead of loading the core with lossy hydrogen to 

get improved photosensitivity, they produced a boron and germanium-doped 

photosensitive cladding surrounding the active phosphosilicate core doped with Er and 

Yb [15], thus boosting the laser efficiency greatly in 1997.  

At the end of 90s, Lauridsen et al [16, 17] and Ibsen et al [18] showed that a better cavity 

design would be composed of an optimum combination of grating strength and an 

asymmetrically positioned phase-shift so that the uni-directional output power is the 

maximum. By placing the phase-shift asymmetrically with respect to the grating centre, 

as shown in Figure 2-3 larger output power is obtained from the closer end. 

 
Figure 2-3  Refractive index profile for asymmetric π-phase shifted DFB 
laser design for single-wavelength uni-directional operation. 

Today a typical state of art Er/Yb DFB laser is 5 cm long and produces around 20 mW 

output power at 1550 nm when pumped with 100 mW at 980 nm and is limited to 50 mW 

output power even when pump powers as large as 650 mW are used [19]. 

Pleft Pright 
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2.2. Applications 

The fibre DFB lasers possess certain unique properties that make them more attractive 

compared to the semiconductor lasers. First of all they are in-fibre lasers therefore they 

are inherently fibre compatible and their output can be connected to a transmission fibre 

using a standard splice. Similarly, the pump power can be delivered to the fibre DFB 

laser using simple low-loss transmission fibres.  In addition, very simple passive thermal 

stabilisation is sufficient to ensure the stability of a fibre DFB laser. A number of different 

active dopants, such as erbium, ytterbium, neodymium and thulium, can be used in order 

to cover different windows of the optical spectrum and offer extended coverage. 

These features, combined with the ability to define the emitted wavelength precisely, a 

narrow linewidth and a low relative intensity noise (RIN), make DFB fibre lasers very 

advantageous for telecommunication applications [20-22]. Typically an Er/Yb doped laser 

has a linewidth less than 50 kHz, much smaller compared to 1MHz of a conventional 

semiconductor laser. The RIN figure in such lasers is less than 100 dB/Hz above 50MHz, 

and the signal-to-noise ratio is larger than 65 dB. In addition to these advantages, a 

number of DFB fibre lasers can be configured in a parallel array to provide flexibility in 

pumping conditions and provide pump redundancy [23]. 

Various methods have been demonstrated to ensure robust single polarisation operation 

of fibre DFB lasers [24-26]. This robust single polarisation operation and stable 

wavelength with narrow linewidth are very desirable for sensor systems. Alternatively, 

DFB lasers can be made to operate in stable dual-polarisation so that simultaneous 

measurements can be carried out [27-29]. In addition to the sensing and telecom 

applications, we recently demonstrated the high power application of DFB fibre lasers 

[30] following the advances in the pump source technologies.  
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3.1. Introduction 

As in the case of any simulation, the accuracy and the computation time are the two 

issues that have to be balanced in the calculation of the DFB laser characteristics. In this 

Chapter we will discuss the algorithms that allowed us to simulate gratings, rare-earth 

doped fibres and fibre lasers, typically with computation times less then 1 minute for 

device lengths up to 10 cm, using a standard PC with Pentium® 4 1.2GHz processor  and 

128 Mb RAM. Matlab© Ver. 6.1. was used for the implementation of the algorithms 

because of its very high performance for matrix-based calculations and the readily 

available mathematical library. 

The simulation of a device requires the solution of two groups of equations, namely; the 

propagation equations for fields in the grating and the rate-equations of the active 

medium. When the grating apodisation profile is suitably defined, solution of these two 

sets of equations enables the simulation of fibre lasers with FP, DBR or DFB structures. 

In addition to the power characteristics, we can also simulate the laser threshold 

conditions and longitudinal signal and pump distributions.  

Passive gratings can also be simulated by setting the loss to a constant value. In this case 

the reflection, transmission and time-delay spectra can be calculated. Alternatively, the 

grating can be ignored by setting the coupling coefficient to zero and free propagation in 

the rare-earth doped medium can be simulated.  

3.2. Simulation of Propagation in Grating Structures  

The main requirement for the simulation algorithm for propagation is the ability to work 

on any kind of grating, with arbitrary apodisation and chirp profiles, as well as with an 

arbitrary number of discreet phase-shifts, so that it will be possible to compare very 

different laser designs in our quest for maximum efficiency. For this purpose we 

employed the transfer matrix (T-matrix) method which has been used as a very powerful 
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tool for the analysis of complex laser structures [1-5]. The essence of the method is to 

divide a complex structure into small segments so that each segment can be assumed to 

be uniform, as illustrated in Figure 3-1. 

 
Figure 3-1 Transfer matrix method. A complex grating with arbitrary 
apodisation and chirping profile and discrete phase shifts is divided into N 
small segments so that each segment is approximately uniform.  

If  Ψ+
(x,y) and  Ψ -

(x,y) are the transverse modal distributions, where (+) and (-) signs 

indicate the direction of propagation, then the total electric field E(x,y,z) at a position is  

( , , ) ( ) ( , ) ( ) ( , )E x y z E z x y E z x y+ + − −= Ψ + Ψ . The transfer matrix, T, of a uniform segment 

relates the electric fields on one side of the segment to the fields on the other side in the 

form: 
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 (3.1) 

We use the electric field amplitude envelopes, R(z), to separate the slowly varying part 

form the fast modulated term, eβz and re-write the total electric field as:   

 ( , , ) ( ) ( , ) ( ) ( , )i z i zE x y z R z x y e R z x y eβ β+ −+ + − − −= Ψ + Ψ  (3.2) 

where β+ and β – are the propagation constants of the forward and backward propagating 

fields, respectively. 
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z1 z2 

Ln 

    1              2          . . .           n             n+1                        N 

z = 0 z = z1 z = z2 z = LT 
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Starting from the coupled-wave equations, as given by Equations (6.2) and (6.3), the 

entries of the T-matrix for the uniform grating segment, n, in Figure 3-1 between z = z1 

and z = z2 of length Ln  are found as [2]: 

 ( )11
'cosh sinh( )

n
Bi Ln n niT L L e ββγ γ

γ
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= + 
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 (3.3) 
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where ∆β’ , γ and nφ  are defined  as:  
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Here initialφ  is the initial phase of the grating at z = 0 and Λ is the period of the segment. 

∆β is the deviation from the propagation constant, βB = 2πn0/λB , at the Bragg wavelength 

of the segment, given as λB = 2n0Λ where n0 is the effective refractive index of the 

medium. In the equations positive α is the gain experienced by the field. nφ  is a piece-

wise approximation of the grating phase defined in Equation (6.4) while the sinusoidal 

refractive index modulation given by Equations (6.6) results in the coupling coefficient κ 

as given in Equation (6.7).  In our analysis we assume the initial phase of the grating at 

the origin to be 0 for the sake of simplicity. 

The gain (loss) term, α, in these equations depends on the medium in which the fields 

propagate. If a constant gain (or loss) is assumed throughout the device then T-matrix 

entries for each segment are independent of the fields that are incident on the segments. 

However if the dynamics of the active medium is to be taken into account, which results 

in varying gain with field amplitudes, then for each segment the rate equations must be 
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solved as a function of the signal and pump power for the local α term and T-matrices 

become a function of distance and propagating fields. 

3.2.1. Grating Simulation 

A grating can be simulated for its reflection, transmission or time delay spectrum as a 

passive device.  When calculating the spectra of a grating we assume an incident field 

from one of the ends. For example let us assume that a field propagating with wavelength 

λ in the positive direction R+(0) is incident on the grating at  z = 0 and we want to 

calculate  the reflected  field R -(0). The T-matrix describing the entire grating of length 

LT seen from z = 0, TT, is found by multiplying the T-matrices of each segment in the 

positive direction:  

 1 2 1... ...T n n NT TT T T T+=  (3.8) 

so that: 
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Since there is no incident field at z = LT , R
-(LT) = 0 . The reflection, r, and transmission, 

t, coefficients seen from z = 0 are found to be [2]: 

  21

11

T

T

Tr
T

=  (3.10) 
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T

t
T

=  (3.11) 

The reflected field at z = 0 is: 

 (0) (0)R rR− +=  (3.12) 

Carrying out the same calculations at different wavelengths, the reflection and 

transmission spectra of the grating can be calculated.  

The time delay experienced by the reflected field , τr , before it re-emerges  and  the 

penetration depth it travels into the grating , D, are defined as [6]: 
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where θr is the phase of the reflected field and ω is the angular frequency of the field, c is 

the speed of light in vacuum and n0 is the effective refractive index of the medium. 

Therefore once the reflection spectrum, r(λ), is known, calculation of the θr and 

consequently calculation of τr and D is straightforward.  

The simulation of the spectral properties requires many wavelength iterations. We found 

a segment length around 0.5 mm (350 x Bragg wavelength) and a spectral resolution of 

0.5 pm to provide satisfactory results in less than one minute using Matlab’s array based 

calculations.  

In addition to the spectral calculations, the spatial distribution of the fields inside the 

grating can also be calculated by employing the T-matrix method. Once the incident and 

reflected fields at one end are known, calculating the fields at the end of each segment 

gives the required spatial distribution with a resolution of the segment length.[7]. A 

similar approach can be used to calculate the reflection and transmission coefficients as 

well as time delays and penetration depths, not only at the ends of the grating but also 

inside the cavity. By doing so one can calculate the grating reflectivities or penetration 

depths, seen from a particular position inside the cavity. We will use this type of 

calculation extensively when we investigate the effects of the classic optimisation 

approach in Chapter 5.  

For example, consider the location z = z2 in Figure 3-1. By multiplying the transfer 

matrices of the segments seen from right to left in the decreasing order; 

 1 1 1
1 1...L n nT T T T− − −

−=  (3.15) 

and multiplying the transfer matrices from left to right  

 1 2...R n n NT T T T+ +=  (3.16) 
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one can characterise the two grating sections to the left and to the right of the position z2 

respectively for their spectral behaviour. Note that with this formalisation, the reflection 

and transmission coefficients of the left-hand side grating seen from z2 are; 

 21

22 22

1   ;   L L
Lr t
L L

= =  and similarly; 21

11 11

1   ;   R R
Rr t
R R

= =  (3.17) 

where Lij and Rij are the elements of matrices TL and TR. By applying this procedure at all 

the points between two adjacent segments it is possible to calculate the left- and right-

hand reflection, transmission, time-delay and penetration depth spectra as a function of 

position in the cavity. 

3.2.2. Threshold Simulation 

Lasing of a device is the condition that occurs when finite signal outputs are observed 

without any input signals to the cavity. This is mathematically equivalent to an infinite 

transmission coefficient [2] i.e.: 

 
11

1

T

t
T

= → ∞  (3.18) 

that is at threshold: 

 11 0TT =  (3.19) 

At the threshold the intensity build up inside the cavity will be minimal; therefore we can 

assume that the gain will be constant and given by the unsaturated small signal value 

throughout the entire cavity if the pump power is sufficiently large. With this assumption, 

we can vary the gain constant, α, and the wavelength, λ, and calculate the overall transfer 

matrix TT in order to find (α,λ) pairs that make TT11 = 0. The pair with the smallest gain 

corresponds to the fundamental longitudinal mode and increasing threshold gain values 

satisfying the condition given by (3.18) correspond to the higher order modes of the 

cavity. 

The algorithm for determining (α,λ) pair is a successive application of the “golden search”  

approach, which is based on narrowing the search range  while increasing the resolution: 

Initially we define a range of wavelength, (λ1,λ2), with a certain resolution ∆λ. We vary α 

at ∆α steps and find the minimum |TT11| over this initial λ range (Figure 3-2). This 
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iteration gives a pair (αi,λj).  Then we reduce the wavelength range around λj with smaller 

∆λ steps, and repeat the golden search with smaller ∆α steps. We repeat the iteration 

until the minimum |TT11| calculated is less then the tolerance limit. The time required for 

the solution of threshold conditions strongly depends on the initial guess of the 

wavelength range. Investigation of the reflection and time-delay spectra of the total 

passive grating can improve this initial guess. In our simulations the typical time required 

for convergence is limited to a few minutes with a tolerance value of 10-4. 

 
Figure 3-2 Solution for threshold. |TT11| is calculated over a wavelength range 
(λ1, λ2) with varying gain values. The minimum  |TT11| is found for (αi,λj). In 
the next iteration gain and wavelength resolution is increased around (αi,λj) 
until |TT11| is smaller then the tolerance. 

3.2.3. Normalised Modal Distribution 

When the threshold condition (α,λ) is known the spatial distribution of the mode can be 

calculated easily. In contrast to the grating case, however, the fields at the ends are 

defined according to the laser boundary conditions, that is: There is no incident field at z 

= 0 and we assume a unit field output z = 0 so that the distribution will be normalised 

with the LHS output power: 

  (0) 0 (0) 1R R+ −= =      (3.20) 

By using the constant threshold gain α and corresponding wavelength λ and starting from 

the left-hand side we evaluate the fields at the end of each segment to find the 

normalised distribution throughout the cavity.  

   λ1                     λ                     λ2      

αi-1 

αi+1 

αi 

|TT11| 

tolerance 
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3.2.4. Power Distributions 

Simulation for the signal and pump distributions when the device is pumped above the 

threshold is a two-point boundary value problem. The two boundary conditions that must 

be met are zero incident fields at the left and right boundaries of the cavity. We use a 

shooting algorithm for the solution of this problem. The algorithm starts with an initial 

guess for the left output power with no left input as the first boundary condition.  For the 

first segment the pump absorption and signal gain are calculated assuming constant 

pump and signal powers in the segment. Then the transfer matrix of the segment is 

calculated to find the fields at the end of the segment. Also the pump power arriving to 

the consecutive segment is calculated since the pump absorption and segment length is 

known. The same calculations are carried out for each segment until the last one, where 

the right-end output and input powers are calculated. The second boundary condition 

requires the right-end input to be zero. If this condition is not met then the initial guess 

for the left output power is varied until the right input power is smaller than a tolerance 

value.  

When the simulation converges, it gives the forward and backward propagating signal 

power and pump power distributions as well as the gain and absorption distributions. The 

backward signal at the left-end corresponds to the left output power, and the forward 

signal at the right end corresponds to the right-end output. The pump power at the RHS 

end is the residual pump leaving the cavity. 

These distributions are calculated at the lasing wavelength only therefore shorter 

segments can be used without compromising the computation speed. Typically we used 

segment lengths around 250 μm and iterations for a single pump power were completed 

in less than one minute. 

3.3. Simulation of Active Medium 

The segments in the T-matrix method are short, therefore in each segment we assume 

the pump and signal to be constant, and we solve the rate equations for the gain 

(absorption) coefficient. In the case of a simple active medium such as only Yb doped 

fibres, gain can be calculated by solving linear rate equations analytically. However, in the 

case of a Er/Yb co-doped medium the rate equations are non-linear due to the up-

conversion terms, and a numerical solution method must be employed.  

The transitions we will consider in Chapter 4 require solution of 8 steady state equations 

with non-linear coefficients, including the rate equations for quenched Yb ions 
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(Equations (4.1) – (4.8)) where Ni is the concentration of ions at the energy state i.  In 

this set the most complex equations are for the N1 and N3 Er ions. For the solution 

algorithm we assume a range of values for N3 and solve rate equations for N2, N4, N5, N6 

and find N1 from total ion concentration (See Figure 4-1 for details of the energy levels) . 

Finally we substitute all these results in the rate equation for N1. If the results are correct 

then the N1 equation should give 0 at the steady state, if not the result will have an error 

value ∆ (Figure 3-3).  

 
Figure 3-3 Solution of rate equations numerically reduced to one-
dimensional minimisation problem by assuming values for N3 and solving for 
concentrations in other levels. When they are substituted in the rate 
equation for N1 the error |∆| is a function of assumed N3. The N3 value 
making the error less then tolerance is the numerically found solution. 

Therefore by scanning N3 values, effectively we reduce the problem to a one dimensional 

minimisation problem. After each iteration we increase the resolution around the dip of 

the error curve until the minimum |∆| is smaller than the tolerance value. In our 

implementation we used a tolerance level of 10-3 of total Er ion concentration.  

3.4. Conclusions 

We implemented simulation algorithms for the analysis of gratings, rare-earth doped 

fibres and lasers that provide solutions in practical times using a standard PC. The 

algorithms consist of two sets of equations, namely the propagation equations and the 

rate equations. The gain coefficient appearing in the transfer matrices for the 

propagation simulations is the link between these two sets of equations.  

The simulation tool is versatile; it allows simulation of passive gratings or lasers with any 

chirp and apodisation profiles or phase-shifts. Proper definition of the apodisation profile 

permits the simulation of FP, DBR or DFB lasers. The reflection, transmission, time-delay 

|∆| 

tolerance 

N3 
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spectra, threshold conditions, signal and power distributions and power characteristics of 

these devices can be calculated. 

The limit for practical computation time is set by the length of the device. Longer devices 

require larger number of segments to be used if the same spatial resolution is to be 

preserved. However, this would increase the computation time. Alternatively, if the 

device is long, longer segments can be used, which will lead to reduced spatial resolution 

and accuracy, while keeping the computation time short. Similarly, spectral analyses 

require multi-wavelength computations therefore a longer segment length is needed in 

order to keep the computation time practical.   
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Chapter 4  Modelling of Erbium Ytterbium Co-Doped DFB 
Fibre Lasers 
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4.1. Introduction 

An analytical model of a device or a system is a very powerful tool for the design and 

performance optimisation. Models can be used to calculate the behaviour of the 

device/system under different operating conditions to reduce the design and 

development time and cost significantly. In addition to being a design tool, a model can 

also help to improve the physical insight for the device or system under investigation by 

allowing one to carry out calculations and hypothetical experiments which in many cases 

can be extremely difficult in laboratory conditions. The value of any simulation result 

should be judged according to its closeness to the behaviour of the real device or system. 

Closer predictions to the reality over a broader range of conditions make a model 

superior to other models aiming to describe the same device or system. Therefore, in 

order to be able to judge the usefulness of a model and its relevance, it is essential to 

check the predicted results against the experimental data.  

Three main difficulties can be identified in optical device modelling. The first difficulty is 

the large number of equations required to describe a real system and often some 

phenomena may escape attention. The second difficulty is the solution of these 

equations; whether it is analytical or numerical, solution techniques usually require 

simplifications and approximations. And finally, the third difficulty is the measurement of 

the actual values of the parameters and coefficients that appear in these equations.  

The erbium-ytterbium co-doped fibre DFB laser is an important device finding 

applications in many areas ranging from telecom [1-3] to sensors [4-6]. Therefore, 

speeding up the design process and cutting the costs through the simulations is quite 

valuable. However, the required model is  subject  to the difficulties mentioned: When 

pumped around 980 nm and operating around 1550 nm, an Er/Yb co-doped medium 

allows multiple interactions between ions and propagating fields[7]. In addition to the 

basic absorption and emission transitions of a quasi-three level system, there is energy 

transfer between Er and Yb ions, in both directions, the excited state absorption (ESA) 
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of both pump and signal is possible, co-operative up conversion (CUP) for ions at various 

excited states is allowed which may be two-, three- or many- ion interactions, the 

relaxation of excited ions can be through phonon emission as well as spontaneous 

emission such as at green light wavelengths. Also life-time quenching of Yb ions has been 

reported [8]. Therefore, the full description of all possible transition routes requires a 

very large number of equations, which corresponds to the first difficulty in a modelling 

effort that we mentioned.  

Ignoring some of the less significant transitions, a set of equations was reported to 

successfully model the Er/Yb doped medium in the amplifier regime[9]. Even in this 

reduced model, calculation techniques may require further simplifications and 

approximations in order for the calculation to be completed in practical times, giving rise 

to the second of the challenges in the model-reality relation. Investigations on the 

implications of these simplifications on an already reduced model have been reported 

[10, 11]. In these studies a rather misleading terminology is used: the simplified 

solutions are compared to the exact solutions, which are the solutions to the more 

detailed equations, but as we just discussed even these are not the exact solutions since 

one would need to consider all of the possible transitions and interactions to find the 

exact solutions. Critically, one must also address the actual values of the ignored 

parameters since any simplification is acceptable only if its impact is small compared to 

other interactions.   

Finally the third obstacle we address is the determination of the parameters. The 

measurement of the active medium properties requires detailed spectroscopic 

investigation [12, 13] and data usually represent the combined effect of various 

parameters. Therefore, certain assumptions and fitting of some parameters cannot be 

avoided.  

If any of these three issues is not tackled adequately then the simulation results will 

make sense only in terms of tendencies, instead of the actual numbers and only general 

comments can be inferred. Although several entirely theoretical studies on modelling of 

erbium ytterbium co-doped media have been reported [7, 10, 11, 14-17] with only very 

few experimental verification for amplifiers [9, 18] there is no work benchmarking the 

simulation results with experimental results for an Er/Yb co-doped laser, whether in 

Fabry-Perot, DBR or DFB configuration.  

In this Chapter, we present a model for Er/Yb co-doped fibre DFB lasers with a minimum 

number of critical transitions and describe simple techniques to measure the required 
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parameters. We characterise the pump, the active medium and the grating individually. 

For the first time, we present simulations that predict actual characteristics of the Er/Yb 

co-doped DFB fibre lasers within the range of experimental measurement errors.  

4.2. Characterisation of Active Medium 

4.2.1. Analytical Model  

The Er/Yb co-doped medium is described by a set of rate equations derived from the 

transitions between energy levels due to ion – ion and ion – light interactions. The ion – 

ion interactions that we consider are co-operative up conversion (CUP) among Er ions 

and energy transfer between Er and Yb ions. In both cases we assume that a two-ion 

interaction takes place, although it is possible that more ions are exchanging energy at 

the same time. Ion – light interactions include absorption at the ground state, stimulated 

emission, and absorption at an excited state (ESA). In addition to these transitions we 

also consider spontaneous emission and non-radiative transitions. 

In principle any energy transfer between ions and propagating fields is possible as long as 

there is an energy band that can accommodate the ions. The ideal analytical model 

should consider all the possible routes. However, this would lead to extremely complex 

equations whose parameters are practically impossible to measure. Therefore we only 

focused on the transitions that are reported to have observable effects. Figure 4-1 shows 

these transitions and Table 4-1 details the mechanisms behind them. Also, in reality the 

cross-sections vary with temperature [19, 20] . In our model we neglect this effect for the 

sake of simplicity. Here N1 is the concentration of the Er ions at 4I15/2 level. An ion at this 

energy level is indicated by Er1 in Table 4-1 below. Similarly N2 stands for the 

concentration at 4I13/2, N3 4I11/2, N4 2H11/2 and 4S3/2 together. For Yb ions N5 is the 

concentration at 2F7/2 and N6 at 2I5/2. Again Er2, Er3, Er4, Yb5, Yb6 stand for a single ion at 

the corresponding level. In our model we neglect the time Er ions spend at 4I9/2 level 

indicated with the horizontal dashed-line, therefore it does not appear in the rate 

equations. 
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Figure 4-1 The energy scheme of Er and Yb ions.  Arrows with dash and dot 
indicate cooperative up-conversion, dotted lines are used for spontaneous 
emission.  

In Table 4-1 below, energy exchange due to a photon at the pump or signal wavelength 

are indicated with hνp and hνs, respectively, whereas hνgreen indicates a photon emitted 

between 514 – 532 nm in the green light range, which was observed during experiments 

with this particular fibre when 980 nm pumping was used. An unassigned hν indicates a 

spontaneous emission of photon at any possible wavelength. 

# Transition Type Transition Detail 

1 Absorption (Pump) Er1 + hνp  Er3  

2 Absorption (Signal) Er1 + hνs  Er2 

3 Stimulated Emission (Signal) Er2 + hνs  Er1 + 2 hνs 

4 Spontaneous Emission Er2  Er1 + hν 

5 Non-radiative  Decay Er3  Er2 + phonons 

6 ESA (Signal) and Fast Decay Er2 + hνs  Er3 + phonons 

7 CUC and Fast Decay Er2 + Er2  Er1 + Er3 + phonons 

8 ESA (Pump) Er3 + hνp  Er4 

9 Radiative and  Non-radiative Decay Er4  Er3 + hνgreen + Er1+ phonons 

10 CUC Er3 + Er3  Er1 + Er4 

11 Yb to Er Energy Transfer (Forward) Yb6 + Er1  Yb5 + Er3 

12 Er to Yb Energy Transfer (Backward) Er3 + Yb5  Yb6 + Er1 

13 Absorption (Pump) Yb5 + hνp  Yb6 

14 Stimulated Emission (Pump) Yb6 + hνp  Yb5 + 2 hνp 

15 Spontaneous Emission Yb6  Yb5 + hν 

16 Absorp. & Nonrad. Trans.  In Quenched Ions Yb5 + hνp  Yb5 + phonons 

17 Stimulated Emission (Pump) = 0 for 980 nm pump Er3 + hνp  Er1 + 2 hνp 

Table 4-1 Description of transitions in Figure 4-1 
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These transitions result in the following rate equations that should be equal to zero at 

steady-state: 

 
2 21

2 21 4 41 3 5 ,2 2 ,3 3

1 13 1 12 6 1 0

tr UP UP

tr

dN N R N R k N N C N C N
dt

N R N R k N N

= + + + +

− − − =
 (4.1) 

 22
3 32 1 12 2 21 ,2 2 ,2 22 0UP ESA

dN N R N R N R C N R N
dt

= + − − − =  (4.2) 

 
23

1 13 6 1 ,2 2 ,2 2 4 43

2
3 32 5 3 ,3 3 ,3 32 0

tr ESA UP

tr UP ESA

dN N R k N N R N C N N R
dt

N R k N N C N R N

= + + + +

− − − − =
 (4.3) 

 24
,3 3 ,3 3 4 41 4 43 0UP ESA

dN C N R N N R N R
dt

= + − − =  (4.4) 

 

5,
6, 65 6, 1 5, 56 3 5,

5,
6, 5, 56

0n
n tr n n tr n

q
q q q

dN
N R k N N N R k N N

dt
dN

N R N R
dt

= + − − =

= −
 (4.5) 

 6, 5, 6, 5,
Yb Yb

n n n q q qN N N N N N= − = −  (4.6) 

 1 2 3 4
ErN N N N N+ + + =  (4.7) 

 5, 6, 5, 6,
Yb

n n q qN N N N N+ + + =  (4.8) 

Here Rxy stands for the transition rate from level x to level y and individual definitions of 

these rates are given below.  
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In the rate equations for Yb ions subscript n stands for the normal ions and q denotes the 

life-time-quenched ions. The need to separate the Yb concentration in normal and 

quenched sub-groups will be justified after the full spectroscopy and absorption at the 

pump wavelength is considered later in Section 4.2.3. Above, h is Planck’s constant, I is 

the intensity, σ is the cross-section, ν is the frequency, τ is the life-time, sub-scripts a and 

e are absorption and emission, p and s denote pump and signal respectively, and 

numbers follow the numbering of levels in Figure 4-1. CESA,x and CUP,x are ESA cross-

section and up conversion rates from level x respectively and ktr is the energy transfer 

coefficient between Er and Yb ions in both directions. For radiative green light transition, 

R41, from level 4 and a non-radiative transition, R43, we use the average constant values 

103 s-1 and 14x105 s-1 respectively[21]. 

Equations (4.1) - (4.8) can be solved numerically to provide the steady-state values of 

the population concentrations for given signal and pump intensities. In our 

implementation, we assume a value for N3 and substitute this in (4.4) to solve for N4. 

Then Equations (4.2) and (4.7) are used to solve for N1 and N2. Finally, Equations (4.5), 

(4.6) and (4.8) are used to find N5,n, N6,n, N5,q and N6,q. We check the validity of our initial 

assumption for N3 by substituting N1, N2, N3, N5, N6 in (4.1); If the assumption is correct 

then the result should be zero. We vary the N3 value until Equation (4.1) is smaller than a 

tolerance value (See Section 3.3. for the solution algorithm). 

4.2.2. Fibre Composition and Geometry  

The fibre is produced using a Modified Chemical Vapour Deposition (MCVD) technique 

[22]. The core of the fibre is a phosphosilicate glass doped with Er, Yb and aluminium. 
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This active core is surrounded by a photosensitive germanosilicate ring doped with boron 

that matches the refractive index of the silica cladding. Figure 4-2 illustrates the 

geometrical properties of the fibre. 

 
 
                         (a)                                                                              (b) 

Figure 4-2 Structure of the Er/Yb doped photosensitive fibre (a) Cross 
section: Refractive index assumed to have a step profile. (b) Longitudinal 
view : Grating is in the photosensitive ring surrounding the core. 

The core radius of the fibre is 2.3 μm and the cut-off wavelength is 1150 nm, giving NA = 

0.1921. Refractive index of cladding (n2) is 1.4585 and we calculate the core index (n1) 

to be 1.4709.  In our simulations we assume the refractive index distribution to have a 

step profile across the cross-section of the fibre. We also assume the dopants to be 

uniformly distributed in the core and to be homogeneously broadened. The refractive 

index grating is written in the photosensitive ring by exposing the fibre to an ultraviolet 

(UV) interference pattern produced by a phase-mask [23]. 

4.2.3. Spectroscopy at Pump Wavelength 

In the absence of a grating if a signal with power PS and a pump with power PP propagate 

in an active medium in the + z direction then the propagation equations are of the form: 

 2 ( ) ( ) , 2 ( ) ( )S P
s S p P

dP dPz P z z P z
dz dz

α α= = −  (4.9) 

where αs and αp are the gain and the absorption coefficients for the signal and pump 

fields reflectively.  

The fibre DFB lasers we investigate are pumped at around 980 nm. Around this 

wavelength the Yb absorption is the largest, which leads to the maximum energy transfer 
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from pump to signal over the shortest length. The total pump absorption coefficient, 2αp, 

by both Yb and Er ions is given by: 

 ( )5 , 6 , 1 , 3 , 3 ,3 ,2 2Yb Yb Er Er
p p a p e p a p e ESA p p backgroundN N N N N Cα σ σ σ σ α= − + − + Γ +  (4.10) 

where Γp is the overlap coefficient between the pump power distribution and the active 

medium cross section. αP,background stands for any constant background loss at the pump 

wavelength. If the pump power is very small then at steady-state only a small fraction of 

the ions will be in their excited energy levels. In Equation (4.10) the number of excited 

Yb ions is denoted with N6 and the number of excited Er ions is N3. If we neglect these 

terms for small pump powers, when practically all the ions are in their ground state, then 

the absorption coefficient can be approximated with 

 ( ), ,2 Yb Yb Er Er
p p a p a pN Nα σ σ≈ + Γ   

assuming the background loss is small compared to the absorption by the ions. Around 

980 nm, the Yb absorption cross-section is significantly larger than the Er absorption 

cross-section. In addition to this, in the fibre we investigate a larger concentration of Yb 

was used compared to Er, in order to reduce quenching of Er ions [13] and to optimise 

the energy transfer. From the production of the fibre we know that the concentration of 

Yb will be more than 10 times larger compared to the Er concentration. Therefore we can 

further simplify the absorption coefficient to: 

 ,2 Yb Yb
p p a pNα σ≈ Γ  (4.11) 

We applied the cut-back method in order to measure the absorption coefficient, 2αp, of 

the fibre at low pump powers. We used a tunable semiconductor laser as the pump 

source and measured its output power as -55 dBm over the range of 950 – 1000 nm by 

directly connecting the laser to a photo-detector. Then we spliced a 15.5 mm-long Er-Yb 

co-doped fibre between the pump source and the detector and measured the transmitted 

power. We re-measured the transmitted power after removing 4, 8 and 10 mm long 

pieces of fibre. We calculated the pump absorption in each case by comparing the 

transmitted power when the fibre was present with the power measured without the 

fibre. Figure 4-3 shows the results of this experiment after an estimated 0.5 dB splice 

loss was subtracted.  
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Figure 4-3 Pump absorption in the Er/Yb co-doped fibres of different length. 

By comparing the absorption by different lengths of fibre segments with each other we 

obtained an average value of the absorption per unit length. Although the pump power is 

delivered to the fibre in single-mode, the Er/Yb co-doped fibre has a varying V value from 

2.89 to 2.74 for wavelengths 950 – 1000 nm; therefore the pump power is divided into 

two modes. Since the fibre lengths we used were short, we assumed that 90% of the 

pump power remained in the fundamental mode and 10% was in the higher mode. 

Calculating the wavelength dependent overlap coefficient Γp(λ) and substituting the 

measured absorption coefficient in Equation (4.11) we calculated the , ( )Yb Yb
p aN σ λ  term 

(see Figure 4-4). 
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Figure 4-4 Average pump absorption per unit length. 

The small-power absorption coefficient given in Figure 4-4 is a result of the combined 

effect of the total concentration and the absorption cross-section of Yb ions; therefore 

one needs to choose either one of them as the fitting parameter, and the other one will 
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be derived from Equation (4.11). We will use total Yb concentration, NYb
, as the fitting 

parameter and derive the absorption cross-section, so that we can justify our assumption 

by comparing the resulting spectra with the previously reported values. 

If the parameters are accurate enough then the model should also be able to predict high 

power absorption characteristics. Therefore, we also measured pump absorption of the 

fibre at high powers. We used a semiconductor laser of wavelength 979 nm whose output 

power could be varied from 0 to 240 mW. We again applied the cut-back method in order 

to calculate absorption per unit length of the fibre at high powers. By comparing the 

pump power before and after a segment we were able to calculate the pump power 

dependent absorption of the segment. Since the removed segment lengths were short, 

we assumed that the pump power was constant along the removed fibre segment. 
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Figure 4-5 Variation of absorption with pump power. The data were 
obtained by comparing the pump powers leaving different lengths of fibres 
(25-35mm, 25-40mm, 35-40mm). The figure indicates the existence of an 
unsaturable loss around 20 m-1. 

Figure 4-5 shows the variation of absorption per unit length with the increasing pump 

power. Each mark in the figure gives the absorption calculated by comparing the 

transmitted power by two different fibre lengths. (+) is obtained by comparing the 

transmitted powers at the end of 25 and 35mm long fibres, (x) compares 25 and 40 mm 

long fibres and (*) compares 35 and 40 mm long fibres. As the pump power increases 

absorption decreases due to saturation of the medium: with increasing pump power more 

of the Yb ions move to the excited state however there is only a finite number of ions 

therefore in the ground state fewer ions remain for further absorption, consequently the 

absorption drops.  
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However, the results of this experiment at the high power end show a non-typical 

saturation behaviour. Although saturation is clearly observed, absorption does not drop 

to very small values, which should be the case if only a small background loss is present 

in the system. In the present case the absorption, 2αp, becomes asymptotic to a 

significantly large value around 20 m-1 (87 dB/m). 

This value is too large to be a constant background loss due to fibre impurities or splicing 

losses. This loss may be a result of the intrinsic Er or Yb transition dynamics in the 

medium. If this is the case we expect it to be related to Yb ions since the concentration, 

as well as, the absorption cross-section of Yb ions at this particular wavelength are 

significantly larger than that of Er ions. In order to check this assumption, we measured 

the saturation characteristics of only Yb doped fibres produced by the same method 

using the same facilities and we observed similar significant unsaturable loss values at 

large powers as shown in Figure 4-6.  
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Figure 4-6 Absorption saturation characteristics of Yb-only doped fibres, 
produced in the way as the Er/Yb doped fibre. Both fibres exhibit an 
unsaturable loss. 

Figure 4-6 shows that the larger the Yb concentration, the larger the amount of 

unsaturable loss. The fibre with lower Yb concentration (8.5x1025 m-3) exhibited an 

unsaturable loss 2αunsaturable = 3 m-1 (13 dB/m), whereas for the fibre with large Yb 

concentration (38x1025 m-3) this value was as large as 30 m-1 (130 dB/m). The unsaturable 

loss phenomenon in Yb- only doped media has been reported previously [8, 24, 25]. 

Although the exact mechanism behind this absorption has not been explained yet, the 

overall effect appears to be due to life-time quenching of a portion of Yb ions. Extremely 

small life- time causes the excited state ions to return to ground state very quickly 

through some non-radiative relaxation. Since this cycle is completed very fast, absorption 
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due to the quenched ions appears to be an unsaturable loss in addition to normal Yb 

saturable absorption[8]. 

In modelling accurately the performance of Er/Yb codoped DFB lasers we tried to 

account for the observed unsaturable loss by considering the excited state absorption 

and the co-operative up conversion in Er ions. But in order to get reasonable agreement 

with the experimental data the required parameters describing these secondary 

transitions had to be well out of the range reported in the literature. Therefore, we 

conclude that the unsaturable loss in the Er/Yb doped fibre around 980 nm was related to 

the life-time quenching of Yb ions. If we assume that the life-time quenched Yb ions are 

practically always in the ground state then we can write: 

 ,2 Yb Yb
unsaturable quenched p a pNα σ≈ Γ  (4.12) 

When we set the total Yb concentration, then Equation (4.11) and experimental data, 

shown in Figure 4-4, give the absorption cross-section, σYb
p,a. Substituting this value in 

Equation (4.12) we can calculate the concentration of quenched ions, NYb
quenched. In doing 

so, we assume that normal and quenched Yb ions have the same emission and absorption 

cross-sections and only differ in their upper laser level life-times.  

For the Er/Yb co-doped fibre, we achieved the best agreement between simulation and 

experimental results when NYb
 = 34x1025 m-3. The low pump power experiment then gives 

σYb
p,a(979nm) = 5.89x10-25 m-2, and 22 m-1 unsaturable loss requires 11% of total Yb ions 

to be quenched. We again use Equation(4.11) and the data in Figure 4-4 in order to 

calculate the absorption cross-section spectrum of the Yb ions. The results are shown in 

Figure 4-7  with the solid curve. 
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Figure 4-7 Calculated absorption (solid line) and emission (dotted line) 
cross-sections of Yb ions. Absorption cross-section is calculated from the 
experimental absorption spectrum and the emission cross-section is derived 
using McCumber Theory. 
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Figure 4-7 also shows the emission cross-section of Yb ions calculated by using 

McCumber theory (for example see [26]), assuming that emission and absorption cross- 

sections are equal at 975 nm [27]. Both cross-sections spectra are within the range of 

values reported previously [27-29] 

4.2.4. Spectroscopy at Signal Wavelength 

In the Er/Yb co-doped media, the signal is generated by the Er ions in the excited state 

undergoing radiative transitions. Using a low power white light source we measured the 

absorption spectra of the fibres between 1400-1600 nm, a range over which Yb ions are 

transparent. At low powers we can assume that all the Er ions are in the ground state 

therefore we can neglect any emission or excited state absorption, or any up-conversion 

from excited states. In this case, absorption of signal 2αs can be used to determine the 

total ion concentration times the absorption cross-section: 

 ,
2Er Er s

s a
s

N ασ ≈
Γ

 (4.13) 

where Γs is the overlap between the active medium and the signal power distribution at 

the considered wavelength.  

First we measured the white light source’s output spectrum without any fibre attached, 

to obtain the calibration data.  Then by introducing the fibre between the source and the 

detector and by gradually removing small lengths we applied the cut-back method to find 

the absorption per unit length as shown in Figure 4-8(a). Calculating Γs(λ), and assuming 

NEr=3x1025 m-3 Equation (4.13) gives the absorption cross-section spectrum of Er ions  as 

shown in Figure 4-8(b) with the solid line.  

The absorption outside the absorption spectrum of both Er and Yb ions (between 1250 

and 1400 nm) is the constant background loss due to the fibre impurities and splicing 

losses. We measured this background loss as 0.15 m-1 (0.65 dB/m). Again we used 

McCumber theory in order to calculate the emission cross-section assuming emission and 

absorption cross-sections are equal at 1535 nm [30] . The emission cross-section is 

plotted in Figure 4-8(b) with a dotted curve. Resulting spectra are comparable to 

previously reported spectra [30-32]. 
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            (a)         (b) 

Figure 4-8 (a) Absorption spectrum of Er ions, measured using a white 
source and employing the cut-back method.  Absorption value at 
wavelengths lower than 1400 nm indicates a background loss of 0.15 m-1, 
since at these wavelengths both Er and Yb ions are transparent. (b) 
Absorption (solid line) and emission (dotted line) cross-section. Emission 
spectrum is calculated using McCumber Theory. 

4.3. Characterisation of the Grating 

The lasing action in a DFB laser is a result of two combined phenomena; signal 

generation by the active medium and feedback by the grating. Therefore in addition to 

the active medium parameters, realistic simulation of a DFB laser requires information 

about the grating. We acquire this information by analysing the reflection spectrum of 

the DFB laser under investigation. 

The grating writing procedure we consider is based on a moving translation stage and a 

stationary phase mask [23]. In this setup a fibre with a photosensitive ring surrounding 

the active medium is attached to the translation stage, and a section of grating is written 

by illuminating the fibre with the UV interference pattern generated by the mask for a 

fixed exposure time. Then the translation stage is moved in such a way that the next 

grating section can be written with the desired phase relation to the previous section. 

Any desired apodisation profile is achieved by precisely controlling constructive or 

destructive superpositioning of consecutive exposures. Changing the overall exposure 

time changes the refractive index modulation depth therefore scales the apodisation 

profile. The grating writing technique guarantees the shape of the apodisation, however, 

in addition to the exposure time, the absolute value of the scaling varies due to the 

variations in the alignment between the fibre and the UV interference pattern, and also 

due to variations in the photosensitivity of the fibre. 

Figure 4-9 (a) illustrates an apodisation profile with three different scales that can be 

written due to different UV powers delivered or variations in the photosensitivity. The 

sign change in the apodisation profile is equivalent to a π-shift in the phase of the grating. 
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This shift is introduced by intentionally washing out a Λ/4-long grating section where Λ is 

the period of the grating.  
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                (a)                 (b) 

Figure 4-9 (a) Normalised apodisation profile (solid line) and scaled profiles.  
Change of sign in the profile corresponds to the discreet π phase-shift  (b) 
Normalised reflection spectrum of corresponding apodisation profiles.   

Characterisation of the grating corresponds to the measurement of the absolute value of 

the apodisation profile which manifests itself in the reflection spectrum in a predictable 

manner: A larger coupling coefficient profile results in larger and wider side-lobes, and a 

weaker profile leads to smaller and narrower side-lobes in the spectrum of a π phase-

shifted grating. Figure 4-9(b) compares the reflection spectra of the scaled apodisation 

profiles of Figure 4-9(a). 

When characterising a DFB laser, since we know the normalised apodisation profile from 

the grating writing process, we can scale it up and down in our simulations until the 

results match the experimental reflection spectrum data, so that we can determine the 

absolute value of the profile. Although this idea is simple, in practice the birefringence of 

the fibre adds somewhat to the complexity of the measurement. Due to birefringence, 

fibre has slightly different effective refractive indices in two orthogonal polarisations. 

This difference results in two almost identical gratings in two polarisations with a slight 

offset, which in our case, is 10 – 20 pm.  If the measurement setup does not distinguish 

between these two, then the resultant spectrum will be a superimposition of two spectra. 

Initially we were not able to separate the two polarisations in our experiments therefore 

we assumed a 15 pm offset in our simulations and compared the resultant spectrum to 

the experimental data. At a later stage, we were able to improve the experimental setup 

by introducing polarisation resolving units and we compared the spectra for individual 

polarisations. 
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Figure 4-10 Power output spectrum of the tunable laser source used for 
grating characterisation. The variation in the power manifests itself as a 
slope in the reflection spectrum. 

We used a tunable laser source (TLS) in order to measure the reflection spectra of DFB 

lasers. Figure 4-10 shows the TLS output spectrum across the tuning range. Since the 

power delivered to the grating is not constant, we also incorporated this variation in the 

incident power with wavelength when calculating the reflection in our simulations.  

4.4. Characterisation of the Pump Source 

The semiconductor pump laser we used is electrically pumped with drive current– power 

characteristics as shown in Figure 4-11. These values are the actual powers delivered to 

the DFB laser after the WDM component. 

0 100 200 300 400 500
0

50

100

150

200

250

Drive Current [ mA ]

D
el

iv
er

ed
 P

um
p 

P
ow

er
 [ 

m
W

 ]

 
Figure 4-11 Drive current vs. pump power delivered to the DFB laser after 
the connectors and splices.   
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                                           (a)                                  (b) 

Figure 4-12 (a) Output spectrum of the pump diode for different drive 
currents. (b) Experimental data (+) of the peak pump power wavelength 
and linear approximation (solid line) used in the simulations.  

The wavelength of the pump source is also a defining factor in simulations since it affects 

the absorption by the active medium. It is especially critical if the pump operates 

between 970 – 980 nm where the Yb absorption cross-section dramatically changes with 

wavelength. As shown in Figure 4-12 (a), the output spectrum of the pump drifts to 

longer wavelengths with increasing drive current. Over the tuning range from 50 to 450 

mA, the spectrum peak shifts from 978 nm up to 980 nm. We included this drift in our 

simulations as a linear variation in the wavelength as shown in Figure 4-12 (b). 

4.5. Fitting Parameters 

Experimental measurement of all the parameters that appear in the rate equations of the 

Er/Yb doped medium is beyond the scope of this study. Therefore parameters that 

cannot be derived from the available data are chosen such that they remain in the range 

reported by earlier studies. We varied the unknown parameters within the known range 

until satisfactory fitting is achieved in output powers as well as in residual pump powers 

for input powers from 0 to 240 mW.  

Table 4-2 shows the fitted, experimentally measured and assumed parameters with the 

corresponding literature. The life-time of Yb ions can vary considerably depending on the 

host composition. For example in the glass hosts with various co-dopants including Al the 

life-time varies in the range 1.3 – 2.3 ms [29], even 0.7 ms is not an uncommon value. 

Although other literature quote values in the smaller end of this range for various various 

Er/Yb codoped fibres, they do not necessarily distinquish between the quenched and 

normal ions and present an effective observed life-time value. Here we distinguish 

between the normal (89%) and quenched ions (11%), and when we combine their life-

times to obtain an effective value we found it to be 1.78 ms. 
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Parameter 

 

Value Source Related Literature 

Pump Wavelength 978 – 980 nm  Measured  

Yb Concentration 34 x 1025 m-3  Fitted  

σYb
p,a , σYb

p,e Figure 4-7 Measured [27],[28], [29] 

Yb  2F5/2 life-time 2 ms  Assumed [29] 

Yb 2F5/2 quenched life time 1 μs  Assumed [8],[24] 

Quenched Yb / Total Yb 0.11 Measured  

Signal Wavelength 1551-1554 nm Measured  

Er Concentration 3 x 1025 m-3 Fitted  

σEr
s,a , σEr

s,e Figure 4-8 (b) Measured [30],[31],[32] 

σEr
p,a  3 x 10-25 m2 Assumed [33] 

Er 2I13/2 life-time 10 ms Assumed [33],[34] 

Er 2I11/2 life-time 0.6 μs Fitted [21],[35] 

Er 4F7/2, 2H11/2, 2S3/2 Non-radiative  
  / radiative transition rate 

14 x 105  s-1 , 
103 s-1 

Assumed [21] 

ktr 8 x 10-22 m3s-1 Fitted [36],[37],[38],[39],[17] 

Cup,2 , Cup,3 1 x 10-24 m3s-1 Assumed [36],[38] 

CESA,2 , CESA,3 1 x 10-27 m2 Fitted [40] 

Signal Background Loss 0.15 m-1 Measured  

Core radius 2.3 μm Measured  

n1  , n2 1.4709 , 1.4585 Measured  
Table 4-2 Active medium parameters and related literature. 

4.6. Results 

If the active medium parameters are accurate enough then the model should predict the 

absorption characteristics of the fibre without any grating present. Figure 4-13 (a) shows 

the simulation (solid curve) and experimental results (error bars) of the cut-back 

experiment at the pump wavelength. Figure 4-13 (b) compares the theoretical 

absorption saturation (solid line) with the experimental data (error bars) of the cut-back 

experiment. In the same plot, we also included the simulation results when a constant 

average pump wavelength (979 nm) is used (dotted curve) instead of taking into account 

the drift in the pump wavelength with increasing power shown in Figure 4-12(b). The 

deviation between two curves shows the significance of accurate modelling of the pump 

source, especially at the wavelengths where cross-sections change dramatically. 
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   (a)         (b) 

Figure 4-13 (a) Comparison of experimental and simulation result of 
cutback experiment for 40, 35 and 25mm-long fibres. (b) Variation of 
average of absorption with pump power. Experimental data (error bars) are 
compared against the simulation results with varying (solid line) and 
constant pump wavelength (dotted) 

Figure 4-14 (a) and (b) show two different normalised apodisation profiles used in DFB 

lasers on the absolute scale where the position of the phase shift is indicated with the 

dotted vertical lines. Figure 4-14 (a) is a standard DFB laser. The small apodisation 

towards the ends increases the side-mode suppression and improves the longitudinal 

mode stability. The asymmetrically located phase-shift provides unidirectional output 

power. The step apodised profile given in Figure 4-14 (b) is discussed in detail in the 

next chapter. It is designed to improve the efficiency and it still maintains the same uni-

directionality and longitudinal mode stability. 
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   (a)          (b) 

Figure 4-14 Two normalised apodisation profiles used in DFB lasers(a) 
Smooth Apodised Profle (b) Step Apodised Profile 

The normalised profiles are inherently known from the production method and we used 

the grating characterisation method to find the scaling factor, which is equivalent to the 

grating’s maximum coupling coefficient κ.  Figure 4-15 (a) and (b) show the matching 

simulation and experimental reflection spectra (Bragg wavelength = 1552 nm) for 
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apodisation profiles in Figure 4-14 (a) and (b) respectively. We found the scaling factor 

to be 210 m-1 and 350 m-1 in the respective cases.  
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   (a)     (b) 

Figure 4-15 Deduction of absolute scaling of the apodisation profiles by 
comparing the experimental (dotted line) and theoretical (solid line) 
reflection spectra. (a) Smooth apodised profile. Peak κ = 210 m-1   (b) Step 
apodised profile. Peak κ = 350 m-1 

Experimental and simulated results for reflection spectra are both composed of two 

slightly offset spectra due to birefringence and simulations take into account the 

wavelength dependent nature of the TLS output shown in Figure 4-10 . The difference 

between the experimental and simulated reflected powers is found to be less than -32 

dBm (0.6 μW) for input powers around -11 dBm. 

4.7. DFB Laser Simulations 

After characterising the pump source, deducing the absolute apodisation profile of the 

gratings and confirming the active medium model predictions at both high and low pump 

powers, we are now ready to simulate DFB lasers and compare with the experimental 

results.  

While simulating the lasers we ignore the gain grating due to the spatial-hole-burning 

since the gain and its modulation are very small compared to the refractive index grating. 

In addition to the gain grating, the periodic modulation of the gain can result in a slightly 

different saturated value than the one we calculate in a simplistic fashion using the 

average value of the standing wave pattern [41]. However, given the small value of the 

unsaturated gain and the large energy migration among the ions of highly doped fibre, 

the uncertainity due to this effect is not as significant as the uncertainities in the 

spectroscopic properties of the fibre.  
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Figure 4-16 shows the experimental setup used to characterise the DFB lasers. DFB 

lasers are pumped by the semiconductor laser in a co-directional manner: that is the 

pump power propagates in the same direction as the desired output end of the DFB 

laser. In this forward direction, a 980 /1550 nm WDM is used to separate the DFB output 

signal from the residual pump power. Residual pump power is measured by a power 

meter (PM). 
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Figure 4-16 Experimental setup used to characterise DFB lasers. 

A tap coupler is used to feed 1% of the signal to a wave-meter (WM) in order to measure 

the peak wavelength. The other arm of the coupler is connected to a power-meter to 

measure the output power in the forward direction. A similar setup is used on the other 

side of the DFB laser in order to measure the backward output power as well as the peak 

wavelength. On both sides, optical isolators prevent spurious back-reflections from 

entering and perturbing the DFB laser. The transmission of all components is measured, 

so that the output powers could be calculated from power-meter readings. 

The theoretical and experimental output power at 1552 nm and the residual pump power 

around 979 nm from the two DFB designs given in Figure 4-14 (a) and (b) are shown in 

Figure 4-17 (a) and (b) respectively. The results for both designs show very good 

agreement over the full range of the pump powers.  
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          (a)            (b) 

Figure 4-17 Design-end signal and residual pump power from DFB lasers. 
Experimental (error bars) and theoretical data (solid and dotted lines) are 
compared. (a) Smooth apodised DFB laser (b) Step apodised DFB laser 

We believe the deviation between the simulations and the experiments at low pump 

powers may be due to a number of factors: The wavelength of the pump source abruptly 

changes with the drive current, (see Figure 4-12(b)), which is included in the simulation 

only as a linear variation. Production of the devices requires splicing tolerances, which 

means there is a 4±1 mm long additional doped fibre before and after the grating. A 4 

mm long section is included in the model, but any error will impact the simulation 

especially at the low pump powers. Finally, heating and temperature distributions are 

known to affect the gratings in Er/Yb co-doped fibres [41] . The phase-shift could be 

approaching the ideal π value at the larger pump powers as a result of heating whereas at 

low pump powers deviation from this value could lead to an increased threshold value 

and lower efficiency. 

4.8. Conclusions 

We have modelled Er/Yb co-doped π-phase shifted fibre DFB lasers as complete systems 

comprised of the pump source, the active medium, and the grating. We characterised 

each of them and, for the first time, we simulated two different DFB laser designs with 

experimental verification over a pump power range from 0 to 240 mW. Unlike previous 

theoretical works which gave information as trends in the power characteristics, our 

results agreed well with the actual experimental data for different DFB laser designs. 

We presented a set of simple experiments for the characterisation of Er/Yb doped media 

and gratings that provide sufficient data for the modelling and simulation of short fibres 

and lasers. We measured a large amount of unsaturable loss at the pump wavelength that 

is attributed to Yb clustering and lifetime quenching. This effect has a significant impact 

on the performance and the efficiency of fibre DFB lasers. This proves to be the major 
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limiting factor in the design of highly efficient DFB lasers that will be discussed in 

Chapter 7.  

The developed model can be utilised in many different ways:  It can be used to compare 

laser designs with different apodisation profiles, lengths, and chirp rates, in terms of their 

efficiency at different pump wavelengths and pump powers. It can also be used to 

investigate the effects of the fibre geometry such as core radius, or NA, the active 

medium properties, such as quenching or ion concentration on the device performance at 

different signal wavelengths. This model will be the basis of all the following Er/Yb co-

doped device simulations and optimisations. 
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5.1. Introduction 

To date, efforts in improving DFB fibre laser efficiency have been based on parametric 

analysis. That is, certain parameters of the cavity such as grating length, grating strength 

and position of the phase shift were varied over a range to find an optimum combination 

[1-4].  In this Chapter, we critically investigate this classic optimisation approach and 

show that it is equivalent to optimisation of reflectivities in Fabry-Perot type lasers. We 

introduce the concept of effective cavity length and we present a new design that 

implements a simple apodisation profile to enhance the position and length of the 

effective cavity without impacting the cavity asymmetry, cavity Q-factor or the overall 

physical length.  With the increased effective cavity length and increased pump power 

delivered around the phase-shift area the optical efficiency increases.  We explain how 

the effective cavity, in which the optical signal predominantly circulates, can be 

increased while maintaining the optimum reflectivities, so that a longer section of the 

active medium contributes to the signal generation.  

We discuss in detail a DFB fibre laser based on an erbium and ytterbium co-doped fibre.  

This combination of material is a well-known laser host, designed for high pump 

absorption around 975-980 nm and laser emission in the region 1528-1560nm 

(telecommunication C-band). The design principles can be equally applied to other 

dopants and host materials as well as to semiconductor and planar DFB lasers. 

5.2. Uniform Design 

Figure 5-1 illustrates a generic asymmetric DFB laser with a uniform apodisation profile 

and the signal distribution inside the cavity. In this asymmetric design, the maximum 

output power from the desired end is obtained for a particular phase-shift position, zπ, 

and coupling coefficient value, κ. These optimum values, zπ,opt and κopt are found by 

varying the parameters over a defined range, either by simulation or by experiment [3, 5]. 
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Figure 5-1 Illustration of intensity distribution in a generic DFB laser with 
uniform κ(z) and corresponding refractive index modulation ∆n(z). Phase of 
the grating is shifted by π at zπ. Seen from this position there are two 
gratings in both direction of length L1 and L2. Fields propagating to the left 
and right, effectively, travel distances of D1 and D2 respectively. 

In such a cavity, as illustrated in the figure, a very large intensity builds up around the 

phase-shift.  We can think that the fields propagating to the left and to the right are 

trapped around the phase shift by the two grating segments and they are circulating 

within a short effective cavity. The peak signal intensity depends on the Q-factor of the 

effective cavity created by these two grating segments.  

Each grating segment on either side of the phase-shift can be considered as a separate 

reflector. The reflection coefficient, r, of a grating with constant gain at the Bragg 

wavelength is given by [6]: 

 
( )

( ) ( )
sinh

cosh sinh
L

r
L L

κ γ
γ γ α γ

−
=

−
 (5.1) 

where α is the field gain, κ is the coupling coefficient, L is the length of the grating 

and 2 2γ κ α= + . However, if α is small compared to κ, which is the case for most 

practical applications, then (5.1) can be simplified to: 

 tanh( ) ;r Lκ α κ≈ − <<  (5.2) 

In our study, the maximum value of gain is around 3 m-1 and the typical coupling 

coefficient is 150 m-1, so the approximation (5.2) holds. In this case the reflectivity, R, of 

the grating is: 

 ( )2 2| | tanhR r Lκ= ≈  (5.3) 

Pright Pleft 
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which is equal to the reflectivity of a passive grating with no gain. 

Due to the distributed nature of the reflection process in gratings, the incident wave 

penetrates into the grating before re-emerging at the front end. This effective distance is 

known as the penetration depth, D [7], which in the case of constant gain and at the 

Bragg wavelength is given by [8]: 

 

( )

( ) ( )

2
2

2

tanh( ) 1 tanh
cosh ( )1
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LL L
L L

D
L L

γα γ
γ γ
α γ γ γ
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+

 (5.4) 

However if α κ<< then D can be approximated by its passive cavity value:  

 
tanh( )

2 2
rLD κ

κ κ
≈ =  (5.5) 

In the case of a π-phase-shifted DFB laser, the total length of the effective cavity, Leff in 

which the fields are circulating is: 

 1 2
1 2

1 22 2eff

r r
L D D

κ κ
 

= + ≈ + 
 

 (5.6) 

where D1 and D2 are the penetration depths into the grating segments on the left-hand-

side (LHS) and on the right-hand-side (RHS) of the phase-shift, respectively. In the case 

of a uniform refractive index profile 1 2κ κ κ= = . 

With the above definitions of reflectivity and effective cavity length we can consider a 

closer look at the standard DFB output power optimisation method. In our theoretical 

investigation we use the transfer-matrix method for the simulation of DFB lasers [6]. We 

first apply the parametric approach for the optimisation of a 50 mm-long Er/Yb co-doped 

fibre DFB laser. We assume 200 mW of pump power at 978 nm is launched from LHS and 

we want to have maximum output power at 1552 nm coming out from the RHS end. For 

different coupling coefficients, κ, we vary the phase-shift position, zπ and compute the 

laser output power characteristics. Figure 5-2 (a) shows the variation of the RHS output 

power, Pright,, with zπ for three different κ values. It is first shown that for each κ there is a 

different optimum phase-shift position that results in maximum output power from the 

desired end. The output power from the opposite end is about two orders of magnitude 
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smaller resulting in almost perfect uni-directionality[5]. It is also evident that there is an 

optimum coupling constant, κ, that results in an overall maximum output power. 

We should point out that, for each coupling constant, output power optimisation in 

asymmetric DFB lasers is in essence similar to the Rigrod optimisation of standard Fabry-

Perot cavities [9, 10]. For each coupling constant, by moving the phase-shift we change 

the length of LHS grating, L1, and RHS grating, L2, which leads to a change in effective 

reflectivities R1 and R2, according to Equation (5.3), as shown in Figure 5-2(b). 

Therefore we can re-arrange the data of Figure 5-2(a) to show explicitly the variation of 

Prigth with the reflectivity of the RHS grating, R2 as in Figure 5-2(c). Here decreasing R2 

on the x-axis corresponds to increasing zπ. Figure 5-2(d) shows the variation in the 

round-trip reflectivity, R1 x R2, provided by the two gratings together, starting from the 

symmetrical cavity. The largest round-trip reflectivity, which is achieved when the phase 

shift is in the middle, for the weakest grating (κ = 120 m-1) is 0.98, indicating a rather 

weak cavity confinement. For the stronger gratings, however, this value can be very close 

to unity, showing a much stronger confinement. Figure 5-2(e) shows the variation of the 

corresponding effective cavity lengths as a function of R2. It is shown that increasing the 

grating coupling constant results in a decrease of the effective cavity length. On the other 

hand the effective cavity remains largely unaffected by the change of phase-shift 

position. The results of Figure 5-2(c) and (e) make the equivalence to the Rigrod 

analysis quite obvious. Varying the DFB phase-shift position affects primarily R2 and 

results in output power optimisation, while the effective cavity remains practically 

constant. The existence of an optimum coupling constant (in this case κ = 150 m-1) can 

be understood by considering Figure 5-2(d) and (e). Although smaller coupling 

constants (e.g. κ = 120 m-1) result in a longer effective cavity, (c.f. Figure 5-2(e)), they 

show weaker cavity confinement (c.f. Figure 5-2(d)). For coupling constants higher than 

the optimum (e.g. κ = 180 m-1), the stronger cavity confinement is compromised by the 

decrease of the effective cavity length. This dependence is accentuated by the presence 

of the fibre background loss.  

Now let us consider the case where zπ and κ have the optimum values. The largest output 

power is obtained when zπ ≈29 mm (58% of total length ) and κ ≈ 150 m-1 . The 

corresponding optimum reflectivities are R1,opt = 0.9993 and R2,opt = 0.9927. These values 

are in good agreement with the literature on experimental and theoretical work using 

similar fibres and setups [3, 5] .  
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Figure 5-2 (a) Variation of right-end output power (Pright) with position of 
phase shift, zπ in uniform DFB lasers (b) Variation of reflectivities of gratings 
on the left (R1) and right of the phase shift (R2) (c) Pright variation as a 
function R2 (d) Round trip reflectivity R1 x R2 as a function of R2 (e) 
Comparison  of effective cavity length for different κ as a function of R2. 

Figure 5-3 shows the average signal distribution (dashed line) at steady-state inside the 

optimised design as well as the corresponding gain distribution (solid line). The main 

feature of the distribution is the building up of intensity to very large values around the 

phase-shift. In this region, the active medium ions in the excited state undergo 

stimulated emission at a much higher rate due to the large signal intensity, causing the 

gain to drop substantially. In comparison, in the regions away from the phase-shift area, 
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where the signal intensity, and therefore, the stimulated emission is low, ions remain at 

the excited state and the gain remains close to the unsaturated value.  
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Figure 5-3 Field gain and signal power distributions inside a 50mm-long 
Er/Yb doped fibre at optimum (κ , zπ ) pair. The intensity build up around 
phase shift position zπ = 29 mm causes gain to drop, indicating power 
extraction from the medium, but this build up quickly drops away from the 
phase-shift leaving a large amount of gain outside the phase shift area. 

The Leff in this optimum case is around 6.6 mm whereas the total device length is 50 mm. 

Thus only a fraction of the available active medium interacts with the signal strongly. We 

propose that by increasing the effective cavity length, we can utilize more of the active 

medium for signal generation, and therefore we can improve the laser output power 

without changing the total length of fibre or the pump power used.  

5.3. Step-apodised Design 

One way of increasing the penetration depth, as Equation  (5.5) indicates, is to reduce 

the coupling coefficient. However by doing so, we also reduce the reflectivity of the 

grating and, therefore decrease the optical feedback, and deviate from the optimum 

confinement condition. Considering Equation (5.3) it is obvious that we can compensate 

the reduction in the reflectivity due to smaller κ by increasing the segment length L. 

When the length of one of the segments is increased, other segment’s length must be 

decreased so that the total device length is not changed. With the same argument in 

order to compensate for the reduced length of the other segment, its coupling coefficient 

must be increased so that the optimum reflectivity is restored. Such a DFB cavity is 

characterised by a step change in the coupling coefficient on either side of the phase-

shift. Figure 5-4 shows a schematic of such a step-apodised DFB cavity. 
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Figure 5-4 Illustration of the step apodised profile. As the phase shift is 
placed closer to the left-hand side the length of first segment gets shorter, 
and therefore a larger κ is required to keep the reflectivity the same. The 
length of the second segment however increases. Therefore the κ value in 
this segment is reduced. 

We can summarize the conditions that must be met as: 

 
1 1 1

2 2 2

1 2

L c
L c

L L L

κ
κ

=
=

+ =
 (5.7) 

where c1 and c2 are constants required to keep the reflectivities at the optimum values 

R1,opt and R2,opt respectively and L is the total device length, which is also kept constant. 

Using Equations (5.7) and setting zπ = L1 we can rewrite Equation (5.6) as: 

 2 1 2

2 1 2

( )
2 2 2eff

r L r r
L z z

c c cπ π

  
= + −  

   
 (5.8) 

which is a linearly decreasing function of the phase-shift position as Figure 5-5(a) 

shows(solid line). Compared with the effective cavity length variation in the optimum 

uniform-grating design (dotted line), the step-apodised profile increases Leff significantly 

when the phase-shift is moved towards the LHS.  
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Figure 5-5 (a) Variation of the effective cavity length, Leff, with the phase-
shift position. (b) Variation of the required coupling coefficients on both 
sides of the phase-shift in order to keep the corresponding reflectivities 
fixed to their optimum values. 

Figure 5-5(b) shows the variation of the coupling coefficients of the grating segments on 

both sides of the phase-shift. As the segment length gets smaller a larger coupling 

coefficient is required to keep the reflectivity the same.  

We again used the T-matrix method to simulate DFB lasers with a step apodisation for 

different zπ positions.  The total output power, PTotal, and PRight, show a linear variation 

with the position of the phase shift, similar to the variation of the effective cavity length. 

Figure 5-6 shows the variation of  effective cavity length as well as PTotal, and PRight of a 

step-apodised DFB laser as a function of the phase-shift position. By placing the phase-

shift closer to the LHS, while preserving the optimum reflectivites, the total output 

power and RHS output power can be increased up to 50% with respect to the optimum 

uniform profile values (indicated by the arrows). As the phase-shift is placed closer to  

the LHS, κ1 must be increased to keep R1 at the optimum level (see Figure 5-5(b)). In 

practice, the photosensitivity of the fibre will determine the maximum coupling 

coefficient that can be attained, which in turn will determine how short the LHS segment 

can be. Coupling coefficients up to 500 m-1 are found to be feasible in the fibres we used.  

Larger values couldn’t be induced accurately due to the saturation of photosensitivity 

and reduced repeatability in the production of gratings. This value allows us to put the 

phase shift around 12.5 mm away from the LHS end. Figure 5-6 indicates that for 

maximum Pright the phase-shift should be placed at zπ = 0. This is equivalent to a cavity 

comprised of a simple uniform grating butt-coupled to an external mirror or spliced to 

another passive grating of optimum reflectivity. In such a case, however, the non-trivial 

issue of introducing and maintaining the π phase-shift should be addressed satisfactorily. 
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Figure 5-6 Right end output power, PRight, and total output power (left and 
right), PTotal, variation with the position of phase shift in the step apodised 
profile.  

Figure 5-7 shows the gain and average signal power distributions in a step-apodised 

cavity with zπ=12.5 mm. The effective cavity length in this case is 7.4 mm, corresponding 

to ≈12% increase with respect to the optimised uniform profile.  
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Figure 5-7 Field gain and signal power distributions inside a 50 mm-long 
Er/Yb doped fibre with a step apodisation profile. The phase shift is placed 
at zπ = 12.5 mm.  

With the step apodisation profile the signal distribution is altered and spread out 

compared to the classic design.  

The step-apodised profile not only increases the effective cavity length but also increases 

the pump power delivered into the effective cavity around zπ since in this case the phase-

shift is placed closer to the pump source. As a result more pump power is available 

around the area where it is mostly needed, i.e. the area where the signal power increases 

considerably, and sustains the required gain (see Figure 5-7). 
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Figure 5-8 Pump power distributions in DFB lasers with uniform profile 
(solid line) and step apodised profile (dashed line). Effective cavities around 
the π-phase shift regions are indicated with vertical lines. 

Figure 5-8 compares the pump power distributions in the optimised uniform and step-

apodised profiles. The effective cavities of each profile are also indicated in the figure. In 

the step-apodised profile, the pump power delivered to the effective cavity is around 140 

mW. In the uniform profile this value drops to 90 mW due to absorption by the longer 

segment between the pump source and the phase-shift region. With the combined effect 

of longer effective cavity and larger pump power, the pump-to-signal conversion 

increases from 22% to 27%. 

5.4. Experimental Results 

We applied the step-apodised design approach experimentally in the Er/Yb co-doped 

fibre we modelled and characterised in Chapter 4. Using the uniform profile, first we 

experimentally determined the optimum coupling coefficient and phase-shift position for 

maximum Pright by producing a number of uniform DFB lasers with different strengths 

and different phase shift positions. We used the experimental setup presented in Section 

4.7 for laser characterisations.   

The optimum value of κ and zπ were experimentally found to be 153 m-1 and 29 mm 

respectively, for a 50 mm-long device. These experimental results are in very good 

agreement with the simulation results. Using these values we calculated the required 

step-apodised profile with the phase-shift placed at  zπ = 12.5 mm, as discussed in the 

previous section, and we fabricated 50 mm-long DFB laser with the calculated step-

apodised profile. Figure 5-9 compares the theoretical and experimental values of RHS 

output power of uniform and step-apodised DFB lasers when pump power is varied from 

0 to 240 mW. 
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Figure 5-9 Experimental and theoretical comparison of DFB lasers with 
uniform and step apodised coupling coefficients. The phase-shift position in 
the step apodised laser is placed at 12.5 mm due to practical limits in the 
maximum refractive index change that can be induced.  

We found that theoretical and experimental results were in very good agreement for both 

lasers. Experimentally, the introduction of the step-apodised profile increased the laser 

output power from 39 mW to 56 mW, corresponding to an increase in pump-to-signal 

conversion from 20% to 28%, which are very close to the values predicted by theory.  

We believe that the deviation between the simulations and the experiments at low pump 

powers may be due to a series of factors: The wavelength of the pump source abruptly 

changes with the drive current, (see Fig. Figure 4-12 (b)), which is included in the 

simulation as only as a linear variation. Production of the devices requires splicing 

tolerances, which means there is a 4±1 mm long additional doped fibre before and after 

the grating. A 4 mm long section is included in the model, but any error will impact the 

simulation especially at the low pump powers. Finally, heating and temperature 

distributions are known to affect the gratings in Er/Yb co-doped fibres [11]. The phase-

shift could be approaching the ideal π value at the larger pump powers as a result of 

heating whereas at low pump powers deviation from this value could lead to increased 

threshold values 

Because the step-apodised profile increases the pump power delivered to the effective 

cavity compared to the initial optimum uniform design, the optimum values for the 

reflectivities can be slightly different. Therefore, additional optimisation is possible by 

fine-tuning the position of phase-shift around the step position. By doing so, we were 

able to increase the output power, experimentally, up to 60 mW for 200 mW pump 

power, increasing the pump-to-signal conversion to 30%. 
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5.5. Conclusions 

Investigation of standard parametric optimisation of π phase-shifted DFB lasers has 

shown that the method is similar to the traditional Rigrod analysis of Fabry-Perot laser 

cavities. However, in the case of DFB lasers the efficiency is also influenced by the 

effective cavity length, which in turn is determined by the grating coupling coefficient. 

Based on the last observation, we have developed a new way of optimising DFB laser 

cavities: This method introduces a step-apodised profile that results in an increased 

effective cavity length without changing the reflectivities from their optimum values and 

without increasing the total grating length. The essential effect of the step apodised 

design is to alter the signal distribution inside the cavity to increase the efficiency. In 

addition to a longer effective cavity, this design increases the actual pump power 

delivered to the effective cavity since the phase-shift position is moved closer to the 

pump source.  

We showed, both theoretically and experimentally, that in an Er/Yb doped fibre DFB 

laser this approach increased the pump-to-signal conversion from 20% to 28% as 

compared to an optimised uniform profile counter part. With further optimisation of 

reflectivities for the larger pump power delivered, we increased this figure up to 30%. 

The key to this increase in the efficiency is the increased interaction between the signal 

distribution and the active medium.  

In implementing the step apodised design, the photosensitivity of the fibre sets the 

practical limit. This method is not limited only to the fibre DFB lasers and it can be 

equally well applied to DFB laser devices in other rare-earth doped fibres as well as in 

semiconductor and planar glass DFB lasers. 
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6.1.  Introduction 

 
The classic parametric optimisation method does not guarantee the maximum efficiency 

possible since there are practically an infinite number of design possibilities with 

different combinations of apodisation profiles, phase-shift positions and device length. 

The parametric optimisation method can be improved by applying a proper evolutionary 

strategy such as genetic algorithms. However such techniques are known to be quite 

computation-intensive and time-inefficient. Unless the optimisation algorithm converges 

to the fundamental physical efficiency limit known a priori there is always room for 

further optimisation. As a matter of fact, as we have shown in the previous chapter, by 

increasing the effective cavity length and keeping the optimum reflectivity values 

constant, it is possible to improve DFB laser efficiency substantially above the parametric 

optimisation design. This improvement, however, is based on purely intuitive arguments 

and does not answer the question of how close the efficiency is to the fundamental limit.  

In the previous chapter we pointed out the importance of the signal distribution and its 

interaction with the active medium. The step apodisation altered the signal distribution 

for better efficiency. In this chapter we introduce the concept of optimum intensity 

distribution for a given medium and present a novel analytical cavity design method for 

CW lasers that leads to this optimum intensity distribution, and consequently, provides 

the maximum possible conversion efficiency from pump to signal power.   

The method is applicable to any medium in which a grating can be incorporated and it is 

limited only by the available grating writing and active-medium characterisation 

techniques. In addition to the design of maximum efficiency lasers, the design method 

can be applied to passive devices to achieve any signal distribution required, this will also 

be presented in this chapter. 
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6.2. Fundamental Design Equations 

Similar approaches for grating design have been followed in the context of 

semiconductor DFB lasers to avoid the deleterious effects of spatial-hole-burning. G. 

Morthier and R. Baets [1] showed how to eliminate spatial hole burning in a DFB laser by 

attaining a uniform intensity distribution with proper grating designs. We have modified 

and extended their approach in order to derive more general equations that enable us to 

design complex grating structures that achieve any arbitrary internal intensity 

distribution.  

In a one-dimensional grating, the total field, E, is the sum of the forward and backward 

propagating fields: 

 ( , , ) ( ) ( , ) ( ) ( , )i z i zE x y z R z x y e R z x y eβ β+ −+ + − − −= Ψ + Ψ  (6.1) 

where R+(z) and R-(z)  are the amplitude envelopes of the forward and backward 

propagating fields, Ψ+(x,y) and Ψ-(x,y) are the transverse modal distributions, 

respectively. β+ and β- are the corresponding propagation constants of the fields.  

Assuming slowly varying envelopes and small periodic perturbations in the waveguide or 

fibre parameters, the well-known coupled mode equations for counter-directional 

coupling  can be written  as (see for example [2] ): 

 
( )( ) ( ) ( ) ( ) ( ) i zdR z z R z z R z e

dz
α κ

+
+ − Γ= +  (6.2) 

 
( )( ) ( ) ( ) ( ) ( ) i zdR z z R z z R z e

dz
α κ

−
− + − Γ= − +  (6.3) 

where α(z) is the field gain and κ(z) is the coupling coefficient which depends on the 

particular characteristics of the periodic perturbation. Г expresses the phase matching 

between the coupled modes and the grating in the form of: 

 
'

'
0

2( ) ( )
( )

z

z z dz
z
πβ β φ β β+ − + −Γ = + − = + −

Λ∫  (6.4) 

where '
'0

2( )
( )

z
z dz

z
πφ =

Λ∫  is the phase of the sinusoidal grating and Λ(z) is the spatial 

period of the perturbation. If the grating is not chirped then Λ(z) is constant. If the 
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counter-propagating fields correspond to the same guided mode then β+ = β- = β and Γ 

becomes: 

 
'

'
0

2( ) 2
( )

z

z dz
z
πβΓ = −

Λ∫  (6.5) 

In the case of a refractive index grating, n(z), in a medium with n0 effective refractive 

index and a sinusoidal modulation with an amplitude of ∆n, that is; 

 0( ) ( ) cos( ( ))n z n n z zφ= + ∆  (6.6) 

the coupling coefficient κ is related to this modulation by: 

 
( )( ) n zz πκ
λ

∆
=  (6.7) 

where λ is the wavelength of the propagating field.  

Now we introduce two new parameters, namely; the signal intensity, S, and the intensity 

difference between the counter propagating fields, D, defined as follows: 

 2 2( ) ( ) ( )S z R z R z+ −= +  (6.8) 

 2 2( ) ( ) ( )D z R z R z+ −= −  (6.9) 

In a linear cavity at steady state, the interference of two counter-propagating fields 

results in a standing wave pattern In this case the sum and difference given by Equations 

(6.8) and (6.9) are spatial averages of fast varying values modulated by eiβz.  

Multiplying Equation (6.2) with R+(z) and Equation (6.3)  with R-(z) and taking the 

difference and using the above definitions of S and D we find: 

 
1 ( ) ( ) ( )
2

dD z z S z
dz

α=  (6.10) 

Similarly multiplying Equation (6.2) with R+(z) and Equation (6.3)  with R-(z) and 

summing them and  again substituting S and D we find: 

 
( ) ( )1 ( ) ( ) ( ) 2 ( ) ( ) ( )

2
i z i zdS z z D z z R z R z e e

dz
α κ + − Γ − Γ = + +   (6.11) 
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Now we solve Equations (6.10) and (6.11) for D(z) and  for the coupling coefficient κ(z) 

namely; 

 
0

( ) (0) 2 ( ) ( )
z

D z D z S z dzα= + ∫  (6.12) 

 [ ]2 2

1 1 ( ) 1( ) ( ) ( )
2 cos ( )( ) ( )

dS zz D z z
dz zS z D z

κ α = −  Γ −
 (6.13) 

 

where D(0) is the initial value that is defined by considering the boundary conditions. 

Equations (6.12) and (6.13) constitute the basis of our design method. Equation (6.12) 

depends on the boundary conditions and sets the device length while Equation (6.13) 

enables us to calculate the required apodisation profile κ(z) for the given intensity S(z) 

and certain chirp profile Λ(z). The gain distribution α(z) can be defined as an 

independent parameter or it can be calculated as a function of S(z) and pump power 

through the rate equations of the medium. In these equations S(z) and D(z) are intensity 

sums and differences. The intensities (W/m2) are related to the actual power (W) simply 

by multiplication with the area and an overlap coefficient. Power values are more 

convenient than the intensities when realistic active media, such as rare-earth doped 

fibres, are investigated. Therefore, when dealing with a specific active medium we will 

refer to power and intensity values interchangeably.  

At this stage it will be instructive to investigate the implications of Equation (6.12). 

Consider a small volume of medium, of length ∆z, on which R+
1 and R-

2 are incident from 

opposite directions while R+
2 and R-

1 are leaving the volume again in opposite directions 

as illustrated in Figure 6-1.  
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Figure 6-1 Incident fields and signal generating over a infinitesimal distance ∆z 

The total incident signal power on this volume is: 

 ( ) ( )2 2

1 2incidentP R R+ −= +  (6.14) 

and the total power leaving the volume is: 

 ( ) ( )2 2

2 1leavingP R R+ −= +  (6.15) 

If there is a source or sink of signal inside the volume then the generated or absorbed 

power will be equal to the difference between the leaving and incident power. Using 

Equations (6.14) and (6.15) with a simple re-arrangement we find the generated (or 

absorbed) power, G, in this volume as: 

 2 1leaving incidentG P P D D D= − = − = ∆  (6.16) 

That is; the change in the D(z) over a length corresponds to the total generated or 

absorbed power over this length. From Equation (6.12) we find this change over a length 

L as: 

 
0

( ) (0) 2 ( ) ( )
L

G D D L D z S z dzα= ∆ = − = ∫  (6.17) 

6.3. Design of Single Reflectors 

Initially for the sake of simplicity let us apply Equations (6.12) and (6.13) to design 

simple reflectors for a chosen intensity distribution. Initially we will design reflectors for 

three intensity distributions, namely exponential, cosh(mz) and linear distributions, in a 

lossless medium. We will investigate the effect of loss or gain on the grating designs for 

R+
1 

R-
1 

R+
2 

R-
2 

∆z 
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these distributions later. Figure 6-2 shows a generic passive device and its boundary 

conditions.  

 
Figure 6-2 Schematic representation of a generic passive device 

In this medium the gain (loss) is: 

 ( ) 0zα =  (6.18) 

hence Equation (6.12) becomes: 

 0( ) (0)D z D D= =  (6.19) 

Now we will illustrate the design method for some simple intensity distributions: 

6.3.1. Exponential Signal Distribution  

A Special Case:  Complete Reflection 

Assume that we would like to design a perfect reflector such that the incident field R+(0) 

in Figure 6-2 is completely reflected back as R-(0) at the Bragg wavelength of the grating 

without any incident field at the RHS (i.e. R-(L)=0) and we want the signal, S(z),  to 

decrease exponentially in the reflector as illustrated in Figure 6-3 (a). 
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   (a)      (b) 
Figure 6-3(a) Exponentially decreasing signal distribution (b) The required 
apodisation profile 

If the reflection is complete then the first boundary condition at z = 0 is: 

 (0) (0) (0) 0R R D+ −= ⇒ =  (6.20) 

and since there is  no incident field at z = L: 

 2( ) 0 ( ) ( ) ( )R L S L R L D L− += ⇒ = =  (6.21) 

from Equation (6.19) and  (6.20) we find the second boundary condition at z = L: 

 ( ) 0 ( )D L S L= =  (6.22) 

Now, if the signal distribution is exponential in the form: 

 0( ) mzS z S e−=  (6.23) 

then 

 
( ) ( )dS z mS z

dz
= −  (6.24) 

substituting S(z), dS(z)/dz, D(z), α(z) in Equation (6.13) and assuming constant 

grating period (no chirp) at the Bragg wavelength we find the required apodisation 

profile κ(z) for the chosen signal distribution as: 

 
2

1 ( )( )
2 2( )

mS z mz
S z

κ − − = = 
 

 (6.25) 

That is the required grating has a constant coupling coefficient and it is equal to half the 

exponential variation rate as in Figure 6-3(b). The length of the device is determined 

from the second boundary condition. The boundary condition at z = L requires D(L) = 

S(L) = 0 and 

 0( ) 0 0mLS L S e L−= ⇒ = ⇒ → ∞  (6.26) 

That is; in order to reach complete reflection, i.e. |r|2 = 1, the uniform grating needs to be 

infinitely long. Therefore; the exponential distribution approximation, which is frequently 
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used in practice, for uniform gratings is valid only if the losses are very small and the 

grating is infinitely long.  

General Case 

Now, let’s consider a grating reflector in a lossless medium with a general reflectivity, |r|2 

< 1, again with exponential signal distribution 0( ) mzS z S e−=  inside. If the reflection is not 

complete then there is a non-zero backward propagating signal which makes the first 

boundary condition: 0(0) 0D D= ≠ . With no loss or gain (α = 0) Equation (6.12) gives: 

 0( ) (0) 0D z D D= = ≠  (6.27) 

If the defined reflection coefficient is r and the incident signal intensity is Iincident then the 

total signal intensity at the LHS boundary, S0, is: 

 
2

0 (1 )incident reflected incidentS I I r I= + = +  (6.28) 

similarly, the intensity difference at the LHS boundary D0 is: 

 
2

0 (1 )incident reflected incidentD I I r I= − = −  (6.29) 

and Equation (6.13) gives the general solution for the apodisation profile as: 

 02 2
0

( )
2 ( )

mzmz S e
S z D

κ −= −
−

 (6.30) 

6.3.2. cosh(mz) Signal Distribution  

Equation (6.30) shows that the exponential signal distribution in general requires a z 

dependent apodisation profile. But we can employ the same expressions in reverse order 

to find the signal distribution corresponding to a desired apodisation profile. For 

example, we can define the coupling coefficient to be constant, i.e. κ(z) = κ and set 

chirping to zero. In this case Equation (6.13) becomes: 

 
2 2

0

1 ( )
2 ( )

dS z
dzS z D

κ =
−

 (6.31) 

and the corresponding signal distribution S(z) will be found by solving the first order 

differential equation: 
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 2 2
0

( ) 2 ( )dS z S z D
dz

κ= −  (6.32) 

where the initial value S0 and the constant D0 are again given by the defined reflectivity 

and the incident signal as in Equations (6.28) and  (6.29). A simple variable substitution  

0( )y S z D=  transforms the Equation (6.32) into: 

 22 1dy y
dz

κ= −  (6.33) 

and observing the hyperbolic trigonometric equalities: 

 2 cosh( )cosh ( ) 1 sinh( )   and  sinh( )d xx x x
dx

− = =  (6.34) 

we solve the differential equation for y(z) as: 

 
0

( ) ( ) cosh(2 )S z y z z
D

κ= =  (6.35) 

Applying the initial value S(0) = S0 and defining m=2κ to follow the convention we 

adopted we find the signal distribution corresponding to a constant coupling coefficient 

in a lossless medium in the form of: 

 ( )1
0 0 0( ) cosh cosh ( / )S z D S D mz−= −  (6.36) 

This is equivalent to stating that if we define the signal distribution to be in the form of 

cosh(mz) the required grating will have a constant coupling coefficient. Figure 6-4(a) 

compares the exponential (solid line) and cosh (dashed line) signal distributions with the 

same m value and Figure 6-4(b) illustrates the required apodisation profile respectively. 
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Figure 6-4 (a) Exponential (solid line) and Hyperbolic (dashed line) signal 
distributions  (b) Corresponding required apodisation profiles. 

The comparison of the exponential and hyperbolic distributions show that although these 

two signal distributions are very close to each other, the apodisation profile for the 

exponential distribution requires a very large increase over a short distance close to the 

origin. In practice this may lead to production difficulties whereas the hyperbolic 

distribution gives a flat apodisation profile and it is much more practical and easier to 

implement.  

6.3.3. Linear Signal Distribution  

As a final illustration of the grating design method we define the signal distribution to be 

linearly decreasing in the form of  0( )S z S mz= −  in the lossless medium with the 

boundary conditions S(0) = S0 and D(0) = D0. The required apodisation profile is then 

found as: 

 
2 2

0

( )
2 ( )

mz
S z D

κ = −
−

 (6.37) 

Figure 6-5 below illustrates the defined signal distribution and the corresponding 

apodisation profile in an unchirped grating.  
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Figure 6-5 (a) Linearly decreasing signal distribution (b) Corresponding required 
apodisation profile 

6.3.4. Effect of Loss and Gain 

So far we derived the gratings in a lossless (α  = 0) medium. In this section we will 

investigate the effects of the loss or gain on the designs. We will do so by using numerical 

examples in which we define the reflectivity, |r|2, to be 0.9. Therefore, the initial values 

we have at z = 0 are S0=1.9Iincident and D0 = 0.1Iincident for a normalised incident signal 

Iincident on the left-hand-side. We define m = 100 m-1 for exponential, cosh(mz) and linear 

distributions, which are shown in Figure 6-6 (a). We will introduce constant loss and gain 

of values – 5dB/m and +5dB/m, respectively, in the design equations (6.12) and (6.13). 

Figure 6-6 (b) shows the apodisation profiles required for the defined exponential 

distribution in the lossless (solid line), lossy (dashed line) and gain (dotted line) 

medium. The introduction of loss results in a longer device. This follows from the 

conservation of energy principle: The defined reflectivity |r|2 = 0.9 in all cases means that 

0.9 of the incident field is reflected back.  Therefore in the lossless case 0.1 of the signal 

should be transmitted, and the exponential decrease should drop until S(L) = 0.1Iincident 

which is satisfied at z = L = 28 mm. However in the lossy medium the transmitted signal 

would be less than 0.1. Therefore, the exponential decrease extends further than the 

lossless case. 
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Figure 6-6 (a) 3 different signal distributions: Exponential (solid), 
hyperbolic (dashed) and linear (dotted).  Effect of constant loss and gain in 
apodisation profiles for (b) the exponential distribution (c) the hyperbolic 
distribution (d) the linear distribution. 

We find the RHS boundary condition is met at z= L = 32 mm and the transmitted signal is 

0.08Iincident. Similarly, the gain medium results in a transmitted signal greater than 0.1 

hence the exponential decrease and the device length is shorter compared to the lossless 

case.  

We repeat the same analysis for the cosh(mz) and linear distributions as shown in Figure 

6-6 (c) and (d), respectively. Although the presence of gain or loss causes a deviation 

from the constant coupling coefficient |κ| = m/2 for the cosh(mz) distribution, this 

deviation is still small compared to the linear and exponential distribution and it is only 

over a short length. Therefore, in practice, we can say that a constant coupling 

coefficient grating is associated with a signal distribution very close to a cosh function. In 

our numerical and experimental studies, therefore, we will use a cosh signal distribution 

whenever we want to have a constant profile grating. In analytical studies, where we 

want to highlight the mathematical derivations, we will resort to exponential distributions 

for the sake of simplicity.  
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These simple analytical studies conclude the basics of the grating design method for any 

given signal distribution in reflectors. Now we are ready to continue with the design of 

laser cavities.  

6.4. Design of Laser Cavities 

The difference between the passive, or amplifier, cavities and the laser cavities lies in the 

boundary conditions; in a resonator cavity there are no incident fields at the cavity 

boundaries but output fields are present as illustrated in Figure 6-7.  

 
Figure 6-7 Boundary conditions of a generic laser. R+ and R– are the 
amplitude envelopes of forward and backward propagating fields 
respectively. 

Therefore the boundary conditions in a laser cavity are: 

Left Boundary Condition at z = 0 

No incident field propagating in the forward direction: (0) 0R+ =   

 2(0) (0) (0)D R S−= − = −  (6.38) 

Right Boundary Condition at z = L 

No incident field propagating in the backward direction: ( ) 0R L− =  

 2( ) ( ) ( )D L R L S L+= =  (6.39) 

Substituting the boundary conditions in Equation  (6.17) we find: 

 
0

( ) (0) 2 ( ) ( )
L

S L S z S z dzα+ = ∫  (6.40) 

z = 0 z = L

R+(z) 

R -(0) 

R+(L) 

R -(z) 

 
 
 
 
 

LASER CAVITY 
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Observing S(0) and S(L) are the output powers, Equation (6.40) means that the total 

output power of the cavity is equal to the generated power inside the cavity. This is 

basically the analytical way of stating the principle of conservation of energy at the 

steady-state: If the steady state is reached in a laser cavity, then all the power generated 

inside the cavity must leave the cavity otherwise it will lead to more energy build up 

which will contradict with the steady state. Obviously, if we can maximise the efficiency 

at every point inside the cavity then we will maximise the efficiency of the entire device 

up to the fundamental limit of the active medium. 

Equation (6.40) also provides information on the directionality of the laser. If one of the 

output powers can be set to zero then all the generated power will leave the cavity from 

the opposite end making the device completely uni-directional. 

6.4.1. Laser with Uniform Distribution 

Let us start designing laser cavities with a very special case where we would like to 

obtain a constant intensity distribution and assume that the gain is also constant 

throughout the medium. That is; S(z) = S and α(z)= α, which when substituted in 

Equation (6.12) gives: 

 ( ) 2 (0)D z Sz Dα= +  (6.41) 

Using the left boundary condition given by Equation (6.38) we find D(0) = -S, then:  

 ( ) (2 1)D z S zα= −  (6.42) 

The right boundary condition imposes the length of the device, L. Since at the RHS 

boundary D(L) = S using Equation (6.42) we find: 

 
1L
α

=  (6.43) 

Substituting S, α, D and Λ(z) in Equation (6.13) we find the required coupling coefficient 

profile as: 

 [ ]
(1 2 ) 1( )

cos ( )2 (1 )
zz

zz z
α ακ

α α
−

=
Γ−  (6.44) 

If we wish to have a grating whose Bragg wavelength matches the signal wavelength 

without any chirp, then 
πβ =
Λ

 and the cosine term in Equation (6.44) is simply equal to 
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1 for all z. In that case we find that at z = 0, κ is infinitely large and drops to 0 at z = L/2 

whereas at larger z values κ becomes negative and it approaches to negative infinity at z 

= L, as shown in Figure 6-8 for two different gain values (α).  
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Figure 6-8 Apodisation profiles for constant signal distribution with two 
different gain values. 

The coupling coefficient κ defines the amount of the periodic perturbation required. If 

this perturbation is a sinusoidally varying refractive index modulation in the form of: 

 0 cos( ( ))n n n zφ= + ∆  (6.45) 

where ∆n is the amplitude of modulation and φ  is the phase of a sinusoidal grating, then  

the coupling coefficient is related to this perturbation by: 

 
( )( ) n zz πκ
λ

∆
=  (6.46) 

In such a grating the sign change in the coupling coefficient can be achieved by 

introducing a π-shift in the phase of grating. 

These results are identical to those of G. Morthier and R. Baets [1]  where their analysis is 

limited to this special case of constant intensity and gain employing simplified equations. 

6.4.2. Laser with Varying Distribution 

Now let us consider a varying signal distribution; In this case, we assume the distribution 

to have an exponential variation close to the ends of the cavity and to be constant in 

between as shown in Figure 6-9. We assume the gain to be constant throughout the 

entire structure for the sake of simplicity.  
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Figure 6-9 Constant signal distribution with exponential transitions at the 
ends of the cavity. 

Now for the given S(z) and α(z) we will solve Equations (6.12) and (6.13) to calculate 

the required coupling coefficient profile. Since there are three separate intensity 

distributions defined in the active medium, we divide our analysis into three segments. 

Segment I: 

Between 0 and z1, over a length of L1, the total intensity distribution and gain are given 

as: 

 0( ) ( )mz
IS z S e zα α= =  

  

We solve Equation (6.12) with the left boundary condition, D(0) = - S0  and find D(z) in 

Segment I as: 

 0 1
2 2( ) ( ) 1 ;0I ID z S z S z z
m m
α α = − + < < 

 
 (6.47) 

 

Initial condition for Segment II is then: 

 1
1 0

2 2( ) 1mLD z S e
m m
α α = − − 

 
 (6.48) 

 

S(z) 

z 

I 

S 

B 

0       z1                 z2     z3  

Constant gain α 

L1 L2 L3 

II III 
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Segment II: 

 1
0( ) ( )mL

II CS z S S e zα α= = =  

We find 

 1 1 1 2( ) 2 ( ) ( ) ;II cD z S z z D z z z zα= − + < <  (6.49) 

Segment III: 

Signal decreases exponentially therefore: 

 2( )( ) ( )n z z
III CS z S e zα α− −= =  (6.50) 

with initial condition: 

 2 2 1( ) 2 ( )cD z S L D zα= +  (6.51) 

and we find 

 2 2 3
2 2( ) ( ) ( ) ;III III cD z S z S D z z z z
m n
α α

= − + + < <  (6.52) 

Now we substitute S(z), α(z) and the calculated D(z) into Equation (6.13)  and assuming 

no chirping we find: 

  

 

12

1 22

2 32

1 ;0
2

1

;

1

1 ;
2

1

I

I
I

I

II

II

III

III
III

III

Sm z z
DS

D

z z z
S
D

Sn z z z
DS

D

α

ακ

α



   − < ≤     −   
 −

= < ≤
  

−  
  


  − − < ≤     − 
 

 (6.53) 
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Figure 6-10 shows the solution for κ(z) with the following parameters in a fibre with core 

radius of 2.3 μm. 

 

S(0) = 1 mW / core area 

Constant gain α = 10 m-1 

Exponential coefficient in the first section m = 500 m-1 

Length of first section L1 = 10 mm 

Length of second section L2 = 20 mm 

Exponential coefficient in the third section n = 500 m-1 

 
Figure 6-10 Apodisation profile derived for 3-segment intensity distribution 

Here we define the left output power to be 1 mW and the corresponding signal intensity 

S(0) is found by simply dividing the power by the core area assuming uniform 

distribution inside the core.  

Length of the final section is found as L3 = 2mm by imposing the right boundary 

condition, giving a total length of 32 mm 

This apodisation profile has a resemblance to a DBR laser cavity however a closer look at 

the middle section (see inset) shows that, although quite weak, there is a grating. The 

presence of this grating provides the wavelength selectivity. The sign change in the 

coupling coefficient at z = 10 mm corresponds to a π phase-shift, which in combination 

with the weak grating, assures that the cavity has a single longitudinal mode coincident 

with the Bragg wavelength, as opposed to a DBR structure with multiple longitudinal 

modes. The specific shape of the apodisation profile keeps the signal distribution 

constant as we desired. Therefore, strictly speaking; this structure is a complex DFB 

laser. 
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Figure 6-11 shows the signal distributions inside the grating calculated by using the 

simulation tool described in Chapter 3. This apodisation profile in the given active 

medium sustains the desired signal distribution and meets the boundary condition as the 

figure and the inset shows. 

 
Figure 6-11 Forward, backward and total signal power distributions in the 
cavity. Forward and backward distributions indicate that the boundary 
conditions are met. 

As required, S(0), which is the left-end output power, is 1 mW. Up to z = 10 mm the total 

signal power increases exponentially with m = 500 m-1 and for another 20 mm remains 

constant. Then it drops exponentially with n = 500 m-1. At z = 32 mm the right boundary 

condition is met, that is the backward input power is zero, and the forward power 

becomes the output from the right end. We find this output power to be 68 mW. 

6.5. Grating Design for Maximum Laser Efficiency 

Our aim is to design lasers with ultimate efficiency. Therefore, instead of an arbitrary 

signal distribution we will first calculate the optimum signal distribution that results in 

the maximum possible efficiency.  In this section we present the definition and 

calculation of the optimum signal powers before we continue with the cavity design 

algorithm. We also present an example of the design of a laser with maximum efficiency 

in a simple Yb doped fibre.  

6.5.1. Optimum Signal Intensity 

At a position z, where a signal photon is generated, the absorption of pump power also 

takes place. Although the same arguments apply to electrically pumped media here we 

will focus on the optical pumping, therefore, we will assume that power is delivered to 

the medium by pump photons.  
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If G is the net generated signal over a volume as given by Equation (6.17) then ∆G 

defined as: 

 ( ) 2 ( , ) ( )dGG z S P S z
dz

α∆ = =  (6.54) 

is the net signal generated per unit length. Here α is the net gain coefficient for a signal 

field resulting from the gain due to stimulated emission (αS) and loss due to constant 

background losses (εs): 

 ( , ) ( , )S SS P S Pα α ε= −  (6.55) 

And similarly ∆P: 

 2 ( , ) ( )PP S P P zα∆ = −  (6.56) 

is the absorbed pump per unit length, where αp is the absorption coefficient for the pump 

field, and P is the pump power. Since the absorption coefficient αp is negative, here we 

multiplied the RHS of the equation by -1 so that ∆P is a positive number. Then the local 

conversion efficiency, η, from pump to signal at position z is: 

 
( , )( , )
( , )

G S PS P
P S P

η ∆
=

∆
 (6.57) 

η is a function of both signal, S, and pump power, P, and it is governed by the rate 

equations and losses of the active medium.  

Equation (6.57) indicates that for a given pump P there exists a certain signal power Sopt 

such that the conversion efficiency, η, is maximum, locally. Using Equations (6.54) - 

(6.56) we can re-write Equation (6.57) as: 

 
( )
( )

( , )
( , )

( , )
S S

P P

S P S
S P

S P P
α ε

η
α ε

−
=

−
 (6.58) 

In general the pump absorption and the signal generation as well as the loss mechanisms, 

such as excited state absorption and co-operative up conversion, are functions of both 

signal and pump power. Therefore maximisation of Equation  (6.57) is, in general, only a 

numerically solvable problem. 
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This pump power dependent maximum conversion efficiency will be central to our 

discussion in the forthcoming sections, therefore it is useful to explore the implications 

of this concept at this stage. 

Assume that we are interested in a pump power range from 0 to Pinput For each pump 

power between 0 and Pinput we find the corresponding optimum signal Sopt as illustrated 

in  Figure 6-12 (a) and we calculate the maximum possible conversion efficiency for each 

pump power as illustrated in Figure 6-12(b). For the purpose of illustration here the 

maximum efficiency is decreasing with increasing pump power. 
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Figure 6-12 : Ullustration of pump power dependent (a) Optimum Signal 
Power (b) Maximum Conversion Efficiency 

Now, there is a very important question we need to ask: If we launch a pump power Pinput 

into the active medium, when it is totally absorbed, what is the maximum conversion 

efficiency that we can get. From the Figure 6-12(b), the immediate answer follows to be 

ηinput. This answer, unfortunately, is partially correct. The maximum conversion 

efficiency for Pinput would be ηinput
 if the pump power where absorbed at one step over an 

infinitesimal length. Now consider a realistic picture: When the pump power is launched 

into an active medium, it will propagate while it is being absorbed therefore its value will 

longitudinally vary. When it is completely absorbed the pump power will have a variation 

starting from Pinput at z = 0 down to 0 at position z = L. Therefore the maximum possible 

conversion will also vary from ηinput down to 0. In this realistic case, therefore the 

maximum overall conversion efficiency will be a weighted average of the efficiency values 

for pump powers between 0 and Pinput. This value can be easily calculated from the figure 

by taking the integral of the efficiency curve in Figure 6-12 (b) and dividing it by Pinput 

There can be certain cases, as we will encounter later, the pump absorption is not total 

and there is a residual pump power Presidual. In that case, the overall maximum efficiency 
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possible with respect to the absorbed pump power will be the mean value between 

Presidual and Pinput.  

We will investigate the longitudinal variation of the pump power and optimum signal in 

much more detail when we consider numerical examples. At this stage it is sufficient to 

say that for a given input pump power we can calculate the pump power and the gain 

distribution in conjunction with the corresponding optimum signal distribution. Once we 

calculate Sopt(z) and α(z) we can solve for the required coupling coefficient profile as 

explained in the previous section. 

6.5.2. Calculation of Optimum Signal in Yb Doped Fibre 

Now we will consider a Yb doped fibre and demonstrate the optimum signal distribution 

and the maximum efficiency laser design concepts with numerical values in this 

somewhat simple medium. We will tackle the more complex problem of an Er/Yb doped 

medium in the next chapter. 

 
Figure 6-13 Energy Level Diagram of Yb Ions 

Figure 6-13 illustrates the energy levels and transitions in Yb ions, which have 4 Stark 

split levels at the ground level 2F7/2 manifold and 3 levels in excited state 2F5/2 manifold. 

The 976 nm pump field excites ground level ions with density N1 to the excited state with 

denisty N2. When pumped with 915 nm, this medium operates as a 3 –level system if the 

signal wavelength is around 976 nm, since absorption and emission cross-sections are 

almost equal. For signal wavelengths longer than 1100 nm the medium is a 4-level system 

due to lack of any signal absorption. For signals between 976-1100 nm the Yb doped 

medium can be considered as a quasi-4 level system. We will design the laser to operate 

at 1060 nm in this quasi-4-level region. For more about the modelling of Yb doped media 

see for example [3,4]. 
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Ions at the higher sub-levels of the 2F5/2 manifold almost instantaneously decay to the 

lower sub-levels. Due to the rapid nature of this transition we assume that all the excited 

state ions are at the lower sub-level, with a concentration of N2. From this lower sub-level 

of the excited state, the ions undergo stimulated as well as spontaneous emission over a 

broad range of wavelengths. With these two concentrations we can write the steady-state 

rate equation for the medium as: 

 1
1 , , 2 , ,

1 0p a s a p e s e
p s p s

dN P S P SN N
dt h h h h

σ σ σ σ
ν ν ν ν τ

   
= − + + + + =      

   
 (6.59) 

and we observe 

 1 2TN N N= +  (6.60) 

where NT is the total ion concentration, h is Planck’s Constant, ν is the frequency, σ is 

the cross-section for which sub-scripts s and p stand for the signal and the pump 

frequencies, and a and e denote absorption and emission respectively. Finally τ is the 

life-time of the ions at the excited state.  If we assume the signal and pump have 

complete overlap with the active medium for simplicity then the propagation of signal 

and pump in this medium leads to the amplification and absorption, respectively, given 

by: 

 
( )

( )

2 ( , ) ( )

2 ( , ) ( )

S S

P P

dG S P S z
dz
dP S P P z
dz

α ε

α ε

= −

= − +
 (6.61) 

where εS and εP are again the constant background field losses for signal and pump. The 

field gain coefficients, αs and αp, are found from the rate-equations as: 

 
2 , 1 ,

2 , 1 ,

2
2

s s e s a

p p e p a

N N
N N

α σ σ

α σ σ

= −

= −
 (6.62) 

Solving Equations (6.59) and (6.60) for N1 and N2  and substituting into Equation (6.62)

we can re-write the conversion efficiency Equation (6.58) as (See Appendix A for 

derivation in detail):  
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( )

( )

,
, , , ,

,
, , , ,

s a
s e p a s a p e s

p T

p a
s e p a s a p e p

s T

P E A S
h N

S E A P
h N

σ
σ σ σ σ ε

ν τ
η

σ
σ σ σ σ ε

ν τ

  +
− − −  

   =
  +

− + +  
  

 (6.63) 

where emission, E, and absorption, A, terms are defined as: 

 

, ,

, ,
1

p a s a
p s

p e s e
p s

P SA
h h

P SE
h h

σ σ
ν ν

σ σ
ν ν τ

 
= +  

 
 

= + +  
 

 (6.64) 

If the background losses are zero (i.e. εs = εp = 0), and the life-time of the excited-state, 

τ, is very large compared to the absorption cross sections, the efficiency given by 

Equation (6.63) simplifies to: 

 S P
QL

P S

ν λη
ν λ

= =  (6.65) 

ηQL is the well known quantum limit for the conversion from the pump wavelength to the 

signal wavelength in a lossless medium without spontaneous emission.  

Although in this medium with a minimum number of transitions the efficiency term could 

analytically be solved for the optimum signal intensity for a given pump power, a 

numerical solution is more convenient, and in general, it is the only solution method in a 

more complex medium. Therefore let’s consider the numerical example whose details are 

given in Figure 6-14.  

In this fibre we assume that the ions are uniformly distributed across the cross-section 

and that the signal and the pump fields have a complete overlap with this doped region. 

We assume 1% of the ions have their lifetime quenched and act as an unsaturable loss. 

For the sake of simplicity, we assume that the combined effect of this unsaturable loss 

and any other background losses, is equal to 0.5 m-1 both at pump and signal wavelengths 

(ε s= εp = 0.5m-1). 
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Figure 6-14 Yb doped fibre geometry and spectroscopic parameters 

We can calculate the generated signal per unit length, ∆G(S,P), by calculating the 

Equation (6.54) numerically. Figure 6-15(a) shows the total signal generated by 

stimulated emission (dashed line), the absorbed signal by the background loss (dotted 

line) and the net generated signal ∆G (solid line) as a function of signal power for pump 

power = 200 mW.  
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Figure 6-15 For pump power = 200 mW (a) Generated signal per unit length 
as a function of signal power (b) Absorbed pump per unit length as a  
function of signal power  (c) Variation of the efficiency with signal power.  
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In the absence of loss the total generated signal increases monotonically and saturates 

with increasing signal power due to the limited number of Yb ions. However, the signal 

loss increases linearly with signal power in the form 2εsS due to the constant loss. 

Therefore the net generated signal begins to drop when the saturation of signal 

generation is overtaken by the increasing signal loss.  

Similarly Figure 6-15(b) shows the breakdown of the pump power absorption. Increasing 

signal power results in larger stimulated emission consequently more pump power is 

absorbed by the ions returning to the ground level; however, since the number of ions is 

finite, pump absorption gradually saturates with larger signal. Pump loss due to the 

background loss is constant regardless of the signal power since this loss term is a 

function of pump power only in the form 2εP. In Figure 6-15(c) we combine ∆G(S) and 

∆P(S) curves to calculate the conversion efficiency, η(S) = ∆G(S) / ∆P(S), as a function 

of signal power for the given pump power of 200 mW. In the ideal lossless case the 

generated signal and the absorbed pump power increases proportionally at the quantum 

limit as shown analytically by Equation (6.63). Therefore in the lossless case there is no 

optimum signal. Any signal value results in the quantum efficiency. In the real world, 

however, where losses are inevitable, the presence of loss mechanisms define an 

optimum signal power (Sopt), which, for the given pump power, results in maximum 

efficiency. In this example for the given pump power of 200 mW the maximum efficiency 

is obtained when the signal is at the optimum value, Sopt = 0.64 W, yielding a 0.76 

conversion coefficient.  
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   (a)      (b) 

Figure 6-16 (a) Net generated signal  G as a function of signal power at 
different pump powers (b) Total absorbed pump ∆P as a function of signal 
power at different pump powers 

We can carry out the identical analysis for different pump powers in order to calculate 

the net generated signal per unit length (∆G) and the total absorbed pump power per 
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unit length (∆P). Figure 6-16(a) and (b) show ∆G  and ∆P, respectively, for the pump 

powers 10, 20, 50 and 200 mW.  

We combine these two plots to find the conversion efficiency ( ) ( ) ( )S S S P Sη = ∆ ∆  for 

different pump powers as shown in Figure 6-17 below. 
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Figure 6-17 Efficiency vs. signal power at different pump powers 

From each peak in Figure 6-17 (marked with stars) we find the optimum signal power 

and the corresponding maximum efficiency for each pump power. In this manner we can 

calculate the optimum signal values and maximum efficiencies for all the pump powers of 

interest. Figure 6-18 shows the result of this analysis for pump powers between 0 and 

310 mW. 
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Figure 6-18 Optimum signal power and corresponding maximum efficiency 
for pump powers from 0 up to 310 mW. 

The solid curve shows the optimum signal values (left y-axis) and the dotted curve is the 

corresponding maximum efficiency possible in this particular medium at the given pump 
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power. Figure 6-19(a) shows the resultant optimum gain coefficients, α, and Figure 

6-19(b) shows the generated signal and absorbed pump powers at these optimum signal 

values.  
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   (a)      (b) 

Figure 6-19 (a) Optimum gain coefficient (b) Generated signal and 
corresponding absorbed pump powers at optimum signal powers for pump 
powers between 0 and 310 mW. 

6.5.3. Longitudinal Distribution of Optimum Signal in Yb doped fibre 

As mentioned earlier, if there were no losses present in the medium (ε = 0) then the 

maximum efficiency would be equal to the quantum efficiency, which is 0.92 for the 

pump wavelength 976 nm and the signal wavelength 1060 nm. However due to the loss 

mechanisms present in this medium the maximum conversion efficiency is pump power 

dependent and varies from a very small value at low pump powers and then tends 

asymptotically to 0.77 at very large pump powers. If, for example, 200 mW pump power 

is launched into the fibre then the ultimate conversion efficiency would be 0.76, however, 

this would require total absorption of the all power over an infinitely small distance. In 

reality the pump power will be absorbed gradually, due to the finite number of ions in the 

cross-section of the fibre, and with decreasing pump power the conversion efficiency will 

drop as Figure 6-18 illustrates. That is; the optimum signal will have a longitudinal 

distribution following the gradual absorption of the pump power down the fibre. If the 

pump power leaving the medium unabsorbed is, say, 11 mW then the maximum possible 

efficiency will be the weighted mean value of the efficiency curve between pump powers 

11 and 200 mW, which is 0.73.  Therefore for the total absorbed 189 mW pump power the 

maximum signal output power would be 138 mW. 

In order to design the cavity for this ultimate efficiency we need to calculate the spatial 

distribution of the pump power and the corresponding optimum signal power. The 

translation from the optimum signal curve in Figure 6-18 to the spatial distribution of the 
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optimum signal power can be best illustrated with an example: Let us assume that 200 

mW pump power is incident on the fibre laser at z = 0 as shown in Figure 6-20. 

 
Figure 6-20 Numerical method for the calculation of pump power, optimum 
intensity and gain distributions. 

From Figure 6-18 we read the optimum signal power corresponding to P(0)=200 mW is 

Sopt(0) = 0.63 W at z = 0. For these values of pump and signal, we use the rate equations 

to find the signal gain α(0) and pump absorbed per unit length ∆P(0) as we have done in 

Figure 6-19(a) and (b). If we assume that the pump and signal powers are constant over 

a very short segment of length δ then we can calculate the pump power arriving at z = δ  
as: 

 ( ) (0) (0)P P Pδ δ= − ∆  

For this new pump power value, again we find the corresponding optimum signal power 

from Figure 6-18 and use rate equations to calculate the new signal gain and pump power 

absorption at z = δ. As illustrated in Figure 6-20, we continue to obtain the optimum 

signal intensity distribution and the corresponding signal gain until the pump power 

drops to 0 and as a result we obtain the pump, optimum signal and gain distributions, as 

in Figure 6-21 (a)-(c). 

z 0 δ 2δ 
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α (2δ) 
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Figure 6-21 (a) Pump power (b) Optimum signal and (c) Gain distributions  

6.5.4. Ultimate Efficiency Laser Design in Yb doped fibre 

Figure 6-21 provides all the longitudinal distributions we need to calculate the coupling 

coefficient profile required for the ultimate conversion efficiency through Equations 

(6.12) and (6.13). In order to solve these equations, however, we need to define the 

initial value D(0) which will set the laser boundary condition at z = 0. The other 

boundary condition D(L) will follow from the total generated signal in the cavity and the 

defined boundary condition D(0) given by Equation (6.17) due to the conservation of 

energy principle, as discussed in Section 6.2.  For example, if we want the laser to be 

completely uni-directional in the (+)z direction then we define D(0) = 0, so that no 

power leaves the cavity from the left-hand side (i.e. R-(0) = 0). With this initial value at z 

= 0 and the calculated optimum spatial Sopt(z) and α(z) distributions we are ready to 

design the grating. 

First we calculate D(z), by substituting Sopt(z) and α(z) in Equation (6.12). The 

calculated D(z) (dotted line) is shown in Figure 6-22, along with S(z) (solid line). The 

second boundary condition on the RHS, given by Equation (6.39),  is satisfied at z = 74 

mm. This determines the device length, L, to be 74 mm. This example illustrates that the 

LHS boundary condition (Equation (6.38)) defines the degree of the laser uni-

directionality, while the RHS boundary condition (Equation (6.39)) defines the total 

laser length.  
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Figure 6-22 Optimum signal distribution S(z) and corresponding signal difference D(z) 
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Figure 6-23 Powers of forward and backward propagating fields 

Knowing S(z) and D(z) we can use Equations (6.8) and (6.9) in order to calculate the 

spatial distributions of individual fields, R+(z) and R-(z), propagating in opposite 

directions. Figure 6-23 shows the power distributions of these fields. At z = 0+, just inside 

the cavity, we find that the backward and forward propagating fields are equal as 

expected; since we defined no backward field to leave the cavity from the LHS, all of the 

backward field must be reflected into the forward direction. At z = 74 mm the backward 

propagating field drops to 0, which is the second boundary, and the forward propagating 

field leaves the cavity as the output power in (+)z direction. We find the residual pump 

power leaking out in the forward direction, P(L), to be 11 mW and the signal output 

power to be 138 mW. The pump power cannot be converted into signal power at the 

maximum efficiency any further since the optimum signal values, corresponding to pump 

powers less than 11 mW, are smaller than 138 mW (see Figure 6-18). Therefore any 

attempt to convert the residual pump power will compromise the conversion efficiency in 
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this co-directional pumping scheme. We will show how to reduce the residual pump 

power by using alternative pumping schemes in the next Chapter.   

Now we substitute S(z), α(z) and D(z) in Equation (6.13) to calculate the required 

apodisation profile κ(z) between 0 and 74 mm, assuming no chirping and that the signal 

wavelength matches the Bragg wavelength. The result is shown in Figure 6-24. This 

derived cavity has a conversion efficiency of 0.73 with respect to the absorbed pump 

power, which is the ultimate limit as we calculated from the maximum efficiency curve 

earlier for pump powers between 11 and 200 mW in Section 6.5.3.  
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Figure 6-24 Apodisation profile providing the maximum efficiency 

This example illustrates the application of the design method. For the given pumping 

scheme (i.e. co-directional pumping from one end), given active medium (Yb doped 

fibre) and for the chosen sharp LHS transition in the power from optimum value Sopt(0+) 

to 0 at z = 0 (See Figure 6-22) for complete uni-directionality we found that the RHS 

boundary condition is met in a self-consistent way within the distributed feedback 

structure. This combination of the LHS and RHS transitions in power at the boundaries is 

one of the three possibilities that may occur. Appendix B details and discusses each case 

individually. For example the infinitely large coupling coefficient required at z = 0 due to 

the zero left output condition can be achieved by using either a very long and strong 

grating written in a very low loss fibre, to prevent unnecessary pump absorption, or by a 

mirror. However, in either case the reflector needs to be spliced to the grating in the 

active medium in precise phase-relation so that the lasing signal wavelength matches the 

grating Bragg wavelength. This, however, is rather impractical with the technology 

currently available. An alternative solution to this problem, as illustrated in Appendix B 

as one of the possible transitions, is to reduce the defined uni-directionality: By allowing 

a very small output power in the backward direction, and defining a smooth increase in 
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the signal power to the optimum value over a short length, a feasible apodisation profile 

entirely in the active medium can be obtained without compromising the efficiency 

significantly. 

6.6. Conclusions 

We have developed the theoretical basis for designing gratings that would give any 

desired signal distribution both in passive and active media. In addition to the signal 

distribution, the design algorithm requires a certain chirp profile and gain distribution. So 

far in all our designs we assumed no chirping, for the sake of simplicity, and showed that 

the gain distribution can be set to a constant value or can be calculated from the rate 

equations of the medium in conjunction with the corresponding signal and pump 

distributions. We discussed the boundary conditions and showed how the second 

boundary condition in these 1-dimensional structures dictates the device length.  We 

illustrated these concepts by designing reflectors and lasers with various internal signal 

distributions. 

We introduced the concept of optimum signal power for the maximum conversion 

efficiency from pump to signal. The optimum signal power, the corresponding gain and 

the maximum efficiency are found by solving the rate equations of the active media 

numerically. These optimum values are then mapped spatially following the pump power 

distribution. Combining the spatial distributions with the grating design method, we 

developed a novel analytical laser design method that makes no a priori assumption 

about the cavity structure and sustains the optimum signal distribution for a given active 

medium and waveguide geometry. Therefore at every point along the cavity the pump is 

absorbed in the best possible way, and the result is the maximum possible conversion 

efficiency from the absorbed pump power to the generated signal power. According to 

the steady-state condition the generated power cannot be stored in the cavity. Therefore, 

if the background loss is small then the out-coupled power is practically equal to the total 

generated power, resulting in the ultimate output signal – absorbed pump power ratio for 

the device. These concepts are illustrated with numerical studies in a simplifed model of 

Yb-doped fibres. In the numerical example we calculated the maximum possible 

efficiency as 0.73 and the laser we designed matched this figure with complete uni-

directionality.  

The flow chart below summarises the laser design algorithm. 
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Figure 6-25 Flow chart of the laser design method 

As a numerical example we studied the laser design in a Yb doped fibre. We calculated 

the maximum possible efficiency as 0.73 and the laser we designed matched this figure 

with complete uni-directionality.  

The method is based on the steady-state operation of CW linear cavities, and it is 

applicable to any pumping scheme and active medium, in which a grating can be 

incorporated. The input to the design method is the model of the active medium hence 

its accuracy is critical for achieving the fundamental efficiency limits. We address the 

various issues related to the active medium parameters in the next chapter. The practical 

limits in implementing the new method are set by the accuracy of the active medium 

model and the particulars of the grating writing technique. 
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Chapter 7 Ultimate Efficiency Design in Er/Yb Co-Doped 
Fibre 
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7.1. Theoretical Preparation 

7.1.1. Investigation of the Active Medium  

In this chapter we will apply the new design method to the Er/Yb co-doped fibre we 

characterised and modelled in Chapter 4.  The detailed model of the medium allows us to 

calculate the optimum signal and gain values for the maximum efficiency. We will design 

the laser for a pumping wavelength of 976 nm and an operating wavelength of 1552 nm. 

Figure 7-1(a) and (b) show the variation of the generated signal and absorbed pump 

power as a function of signal power for a fixed pump power of 200 mW. In this 3-level 

system, the signal is generated by the erbium ions and the pump is mainly absorbed by 

the ytterbium ions.  For a fixed pump power the limited number of erbium ions leads to 

the saturation of the signal generation with increasing signal power, as can clearly be 

seen from Figure 7-1(a) (dashed line). However, the signal loss due to a constant 

background loss term is a linearly increasing function of signal power (dotted line), 

hence the net generated signal (solid curve) begins to drop once a certain signal power is 

exceeded. Similarly the pump absorption saturates with increasing signal power due to 

the finite number of ions. Here however since the pump power is fixed at 200 mW, the 

contribution of the constant loss term due to lifetime quenching of ytterbium ions is not 

affected by the signal power (dotted line). Now if we divide the net generated signal 

curve by the total absorbed pump power curve then we obtain the pump-to-signal 

conversion efficiency curve, as a function of signal power,  as shown in Figure 7-1(c) and 

observe that for this given pump power of 200 mW, the signal power of 2.8 W is the 

optimum value yielding the largest possible efficiency of 0.31. 
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Figure 7-1 (a) Signal generation and absorption  (b)  Breakdown of  pump 
power absorption (c) Pump-to-signal conversion efficiency. All curves are 
calculated for pump power = 200 mW as functions of signal power. Fibre 
parameters are given in Table 4-2. 

In the same fashion we can calculate the optimum signal power and corresponding 

maximum possible conversion efficiency for other pump powers. Figure 7-2(a) shows the 

results of this analysis for pump powers between 0 and 200 mW. Figure 7-2(b) shows the 

generated signal and absorbed pump powers at the optimum signal power values. We see 

that the signal generation (solid line) saturates much faster than the pump absorption 

(dotted line). This is due to the fact that the signal generators, that is erbium ions, have a 

concentration of only ~1/10 of the main pump absorbers, that is ytterbium ions. The 

signal generation in erbium ions saturates quickly whereas the pump absorption, and 

hence the related pump loss in ytterbium ions increases without significant saturation 

with increasing pump power. The result appears as a drop in the maximum possible 

conversion efficiency with increasing pump power (c.f. dashed line Figure 7-2(a)). 
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Figure 7-2 (a) Optimum signal power (solid line) corresponding to pump 
power up to 200 mW and resultant maximum possible conversion efficiency 
(dashed line) (b) Generated signal (solid line) and absorbed pump powers 
(dashed line) when optimum signal power is used (c) Field gain coefficient 
corresponding to optimum signal powers. 

The optimum signal power and the resultant signal generation give the corresponding 

optimum field gain coefficient at different pump powers as shown in Figure 7-2(c). 

7.1.2. Effects of Active Medium Properties 

Figure 7-2(a) provides the extremely valuable information about the fundamental 

efficiency limit that one can achieve from the given medium. For example, if we take a 

single point of the maximum efficiency-pump power curve (dashed line), say for 200 mW 

pump power, we see that the maximum conversion from pump-to-signal would be 0.31, if 

the pump power is absorbed totally by a very large number of ions. However, in a real 

case pump absorption will be gradual along the fibre hence, the pump power will 

decrease and therefore the maximum possible efficiency rate will increase. For example 

if the launched pump power from one end is 200 mW and it is gradually absorbed 

completely, then the maximum conversion efficiency will be the average of the dashed 

curve between 0 and 200 mW, which is 0.38 and the maximum possible signal would be 

76 mW.  
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The fundamental limit of the laser efficiency is set by the active medium and the 

pumping scheme used. If the medium were a lossless ideal medium then the fundamental 

limit would be the quantum limit set by the signal and pump wavelengths, which in this 

particular case is 0.63, independent of pump power. However in this realistic  Er/Yb co-

doped medium certain loss mechanisms are present. Figure 7-3(a) shows the effects of 

various loss mechanisms on the maximum possible efficiency.  
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Figure 7-3 (a) Maximum efficiency curves with the introduction of 
additional loss mechanisms. Refer to the main text for the details (b) 
Maximum efficiency curves with and without co-operative up-conversion 
(CUP). 

The dashed flat line shows the quantum limit for the given pump and signal wavelengths. 

Curve (1) shows the maximum possible conversion efficiency in a fibre with NEr = 3 x 

1025 m3 and NYb = 34 x 1025 m3 without any loss mechanisms present. The deviation 

between curve (1) and the quantum limit is due to the finite excited-state life-time of Er 

and Yb ions and conversion of energy to other wavelengths due to spontaneous emission. 

Curve (2) shows the result of adding constant background loss of 0.65 dB/m at the signal 

wavelength. Then we introduce lifetime quenching for 1% of the total Yb ions and obtain 

Curve (3). The unsaturable pump loss causes the efficiency to drop after a maximum 

value at small pump powers. Then we increase the percentage of the quenched Yb ions 

from 1 to 11 and obtain Curve (4). Finally we introduce excited-state-absorption (ESA) 

and cooperative up-conversion (CUP) terms with magnitudes 10-27 m2 and 10-24 m3/s 

respectively to obtain the original active medium parameters used in Chapter 4 and 

obtain Curve (5). In this particular Er/Yb co-doped fibre the defining factor for the 

ultimate efficiency is therefore found to be the life-time quenching of the Yb ions. It can 

be proposed that by increasing the Er concentration to levels comparable to the Yb 

concentration one can prevent early saturation of signal generation and prevent the 

maximum possible efficiency curve from falling. 
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Indeed when we increased the Er concentration by 10-fold to 30x1025 m-3 we obtained 

Curve (6) in Figure 7-3(b) which exhibits almost flat behaviour as expected. However, 

increasing Er concentration, in reality, is accompanied by the increasing cooperative up-

conversion (CUP). This phenomenon is inversely proportional to the cube of the distance 

between the Er ions, therefore it increases rapidly with concentration. The function that 

decribes the CUP dependence on the ion separation varies from host to host, and ideally 

it should be investigated experimentally. However, in order to illustrate the effect of 

increasing CUP on the efficiency we will use the following linear approximation for large 

concentrations ( > 5x1025 m3) [1]:  

 24 49 253.5 10 2.41 10 ( 4.4 10 )ErCUP x x N x− −= + −  (7.1) 

When we increase the Er concentration by 10 fold therefore CUP conversion should 

increase from 10-24 m3/s to 65x10-24 m3/s and the resultant maximum efficiency possible is 

given by Curve (7) in Figure 7-3(b). We can see that although the larger Er 

concentration prevents the decrease of maximum efficiency with increasing pump power, 

the increased up-conversion term leads to a significantly smaller maximum efficiency. 

Hence, there is a trade-off between the saturation of signal generation and losses due to 

the up-conversion. 

7.1.3. Spatial Distributions for Co-Pumping Scheme 

Following the investigation of the given active medium and the calculation of the 

optimum signal and gain curves over the pump powers of interest we can proceed to the 

design of the maximum efficiency cavity. As the starting point for the design we assume 

that 200 mW of pump power is launched into the fibre from the left-hand side co-

directionally as illustrated in Figure 7-4  below.  

 
Figure 7-4 Illustration of co-pumping scheme. 

In our design procedure we will also take production practicalities into account. For 

example, in practice an average of 4 mm-long doped fibre should be left before and after 

the laser cavity as a cleaving and splicing tolerance. This additional section of doped fibre  

has not inscribed grating and causes the actual pump power delivered to the laser cavity 

Laser Cavity  

Doped Fibre  Doped Fibre  

Main Signal Output 

PUMP  
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to drop from 200 mW to 185 mW.  Therefore at z = 0 (the entry point to the cavity), we 

take the pump power to be 185 mW and design the cavity accordingly.  

The pump power will be absorbed as it propagates through the fibre hence the maximum 

conversion efficiency will be the average value between 0 and 185 mW of the dashed 

curve in Figure 7-2(a). We calculate this value to be 0.39. At this maximum efficiency 185 

mW pump power should provide 72 mW total output power at the signal wavelength of 

1552 nm if complete pump absorption takes place. 

For the second step in the design method we need to find the spatial distribution of the 

signal intensity with the proper laser boundary conditions. As we discussed previously 

we can set the left-hand side signal output power to be zero so that all the generated 

power leaves the cavity from the right-hand end, making the device completely 

unidirectional However, as shown before, this condition will require a perfect mirror to 

be butted with a grating maintaining a precise phase shift. Since splicing a mirror with a 

grating would be very difficult in practice, we allow a smoother change between the 

optimum signal value and a small left-hand output resulting in a condition that can be 

met by a grating (see Appendix B). In this particular case, we define this transition to be 

hyperbolic, i.e. of the form S(z)=D0cosh(mz). As we discussed in Section 6.3.2. this 

particular type of signal distribution requires a constant apodisation profile with 

amplitude κ = m/2. The gain in the current fibre will not cause a significant deviation 

from the constant coupling coefficient. The maximum coupling coefficient that can be 

achieved in the fibre is limited by the photosensitivity of the fibre. We found that m = 735 

m-1 can easily be achieved with the current fibre properties and the grating writing 

technology.  This corresponds to an effective refractive index modulation ∆n = 1.8x10-4 

for the Bragg wavelength = 1552 nm. We define the left-hand side output to be 1 mW and 

the hyperbolic increase rate as m = 735 m-1. That is: 

 735(0) 1 and ( ) (0) z
transitionS mW S z S e= =  (7.2) 

The dashed curve in Figure 7-5 shows the defined hyperbolic transition. With this 

smoother increase we calculate the pump absorption and resultant pump distribution 

(shown with dotted curve) starting from 185 mW. Since we already know the optimum 

signal power for each pump power (see Figure 7-5 solid line) we can derive the optimum 

signal distribution corresponding to this pump distribution (shown with the solid curve). 

At the position z ≈ 11 mm, the hyperbolically increasing signal meets the optimum value 

for the pump power ≈ 125 mW and from this point on we define the signal distribution to 

follow the optimum value. 
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Figure 7-5 Defined signal distribution and pump power distribution (dotted) 
in the case of this distribution. Hyperbolic transition signal (dashed) in the 
shaded area reaches the optimum signal (solid) value at z = 11 mm. 

Obviously, between z = 0 and 11 mm the signal power is not at the optimum value (c.f. 

the solid and the dashed line for 0 < z < 11mm). Therefore, in this segment conversion 

efficiency will not be maximum. However, as stated before, this is not due to the design 

method but it is merely a limiting factor set by the production technique which favours a 

grating segment over splicing an external mirror. If the writing technique allows a very 

strong grating to be written then this exponentially (or any other fast varying) section 

can be shortened, and at the limit can be replaced by a mirror and then the entire cavity 

will be operating at the maximum efficiency. 
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Figure 7-6 (a) Gain distribution corresponding to the defined signal 
distribution with a hyperbolic increase up to z = 11 and optimum until z=56 
mm (b) S(z) and D(z) between the two boundaries z=0 and z=L=56 mm 

Now we know the pump and signal distributions and therefore we can easily calculate the 

gain distribution α(z) from the rate-equation of the active medium model as shown in 

Figure 7-6 (a). With known S(z) and α(z) we use Equation (5.12) to calculate D(z) and 
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find the position z=L=56 mm where the boundary condition D(L) = S(L) is met as shown 

in Figure 7-6 (b). 

We choose the grating period to be constant Λ(z) =1552nm / 2n0 for matching the Bragg 

wavelength and signal wavelength, where n0 is the effective refractive index of the fibre. 

Substituting S(z), D(z), α(z) and Λ(z) in Equation (6.13) we calculate the coupling 

coefficient profile κ(z) required for the signal distribution we defined.  

Figure 7-7 (a) shows the derived coupling coefficient κ(z) and Figure 7-7 (b) is the 

corresponding refractive index modulation ∆n(z) in the form of: 

 0 cos( ( ))n n n zφ= + ∆  (7.3) 

where ∆n is the amplitude of modulation and φ  is the phase of the sinusoidal grating. In 

this case ∆n is related to κ by: 

 
( )( ) n zz πκ
λ

∆
=  (7.4) 

and the sign change in κ is achieved by introducing a π shift inφ . 
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Figure 7-7 (a) Coupling coefficient profile required for the defined signal 
distribution assuming no chirping. (b) Refractive index modulation 
amplitude profile corresponding to the calculated coupling coefficient profile 
in the case of a sinusoidal refractive index grating. 

The flat section in Figure 7-7 (a) between z = 0 and 11 mm is the grating segment 

required for the hyperbolic increase in the signal power while the rest of the grating 

maintains the signal distribution at its optimum value until the right-end boundary 

condition is met at z = 56 mm. At this position, the signal power is equal to the forward 
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signal, which is the output power from this end and it is calculated to be 61 mW. 

Therefore, the total output power from this cavity including the defined 1 mW backward 

output power is 62 mW. The unabsorbed residual pump power is around 1 mW, therefore 

the total conversion from pump-to-signal is 0.33. Compared to the ultimate limit of 0.39, 

the 6% difference is due to the non-optimised hyperbolic transition segment of 11 mm.  

Using the DFB laser simulation software based on the T-matrix method (see Section 3.2), 

we calculated the new design’s power characteristics for pump powers up to 250 mW and 

compared it with the simulation of the standard optimised design, in Figure 7-8. In these 

simulations we included 4 mm-long segments before and after the laser cavity in order to 

be able to compare the experimental and theoretical results at a later stage. 
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Figure 7-8 Theoretical comparison of output characteristics of the new 
design and the best uniform DFB laser. At the design pump power 200 mW, 
output power is increased by 64%. 

The new design has dramatically larger output powers compared to the traditional design 

over the entire pump power range. For the optimisation pump power 200 mW (drops to 

185 mW after the doped section) the simulation of the new design gives 61 mW output 

power, which, compared to the 37 mW output power of the traditional design, is a 64% 

larger. The simulation results confirm the validity of the design method. In addition to 

the increased efficiency, the new design also shows a very linear power characteristic up 

to the design power. However, for pump powers greater than the design power the 

structure becomes less efficient, as expected.  

7.1.4. Longitudinal-Mode Stability 

In addition to the better efficiency, the stable longitudinal-mode operation is essential for 

the overall performance of the lasers; therefore it is important to assess the modal 

stability of this new type of cavities. 
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The single longitudinal mode stability is a combined effect of the cavity design and the 

active medium: For instance, if the medium is not capable of providing high enough gain 

for the threshold of higher order modes then the laser will operate at the fundamental 

mode alone. Alternatively, if the cavity design results in spatial overlap of fundamental 

and higher order modes, then the fundamental mode will dominate over the other by 

extracting power, and again single mode operation will be sustained. Now we will 

examine and compare the modal stability of the new design to the standard design by 

considering a generic active medium with a constant gain distribution. We simulate the 

new and classic designs for the threshold gains, as discussed in Section 3.2.2 and 

calculate the signal distributions at the threshold of the fundamental and the 2nd order 

mode. 
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            ( a )           ( b ) 

Figure 7-9 Spatial overlap of fundamental and 2nd longitudinal modes (a) In 
the new design (b) In the standard design. Increased overlap in the new 
design contributes to the modal stability. 

The threshold gain of the fundamental mode in the new design is found to be 0.5 m-1, 

slightly larger then the threshold gain, 0.3 m-1, of the standard design. The gain margin 

between the fundamental mode and the higher order mode is found to be 3 m-1 in the 

new design and 10.5 m-1 in the standard design. From the gain margin point of view the 

new design has a poorer separation between the two modes, however the threshold gain 

required for the higher order mode is still larger than the maximum available gain (~2.5 

m-1) in this particular medium. In addition to this sufficiently large gain required for the 

2nd order mode the comparison of the signal distributions inside the two cavities (Figure 

7-9 (a) and (b)) shows a greater overlap between longitudinal modes in the case of the 

new design. 

In the new design, the fundamental mode spreads out more and fills the cavity better 

compared to the standard design. This causes the gain to be saturated by the 

fundamental mode, not leaving enough gain for the higher order mode to start lasing. 
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Therefore this much better overlap between two longitudinal modes assures the single 

mode stability in the new design.  

7.1.5. Chirped Design 

So far in designing maximum efficiency DFB cavities we have considered unchirped 

gratings (i.e. Λ(z) = Λ 0 = λB / (2n0) ) which makes the cosine term in Equation (6.13) 

equal to 1. However, this is rather arbitrary choice which was made without much 

justification. In the remaining of this section, we consider an optimum efficiency design 

based on a linearly chirped grating, i.e. Λ (z) = Λ 0 + Λ 1( z – L/2), where Λ 1 / Λ 0=1.4x10-4. 

Starting from the same optimum signal distribution (Sopt (z)) and gain distribution 

(α(z)), shown in Figure 7-5 we have calculated the new required refractive index 

modulation corresponding to the chirped grating. The result is shown in Figure 7-10(a) 

and it is compared to the apodization profile of the previous unchirped case. 
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   (a)             (b) 

 
Figure 7-10 (a) Comparison of apodisation profiles with (solid line) and 
without (dashed line) the chirp profile. (b) Threshold gains for the 
fundamental and higher order longitudinal modes of standard optimised 
(star), non-chirped maximum efficiency (diamond) and chirped maximum 
efficiency (circle) cavities. 

It is quite straight forward to show from Equation (6.13)  that for the same Sopt(z) and 

 (z) the two profiles are related by 

 [ ]{ } 1
2 1( ) ( ) cos ( )z z zκ κ

−
= Γ  (7.5) 

where Γ(z) defined as in Equation (6.4). Therefore, any additional chirp results in an 

increased coupling coefficient. Physically, this due to the fact that chirping gradually 

detunes the grating, which in order to provide the same optical feedback has to be 

stronger.  
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Cavities with and without chirp have the same total length and they produce the same 

output power at the designed pump power which are set by the boundary conditions and 

the signal distribution. Although their efficiencies are identical the two cavities are 

dramatically different in terms of the longitudinal mode stability. Figure 7-10(b) 

compares the threshold gains required for the various longitudinal modes in the standard 

π-shifted DFB laser (star) and maximum efficiency cavities with (circled) and without 

(diamond) chirping. The standard optimized DFB laser and non-chirped maximum 

efficiency laser have symmetric higher order longitudinal modes with respect to the 

Bragg wavelength (1552 nm) at which the fundamental mode has a very small threshold 

gain. Both cavities show significantly large gain margins between the fundamental and 

higher order modes. The unchirped cavities lase at the Bragg wavelength, i.e. λs = λB = 

2n0 Λ 0, which is well controlled by the fixed grating period Λ0. In the chirped optimised 

cavity, on the other hand, the lasing wavelength is a complex function of the grating 

strength, chirp rate and the position of the π phase-shift. As a result, the lasing 

wavelength of the fundamental mode is different to the central Bragg wavelength λB = 

2n0 Λ 0. In addition the gain margins with the higher order modes reduce significantly. All 

first three modes of the chirped cavity have threshold gains that are well in the range of 

the available gain in this medium. This shows that the chirped design is very susceptible 

to mode-hoping, therefore it should be avoided. 

7.1.6. Alternative Pumping Schemes 

We discussed the effects of the active medium properties on the fundamental limits of 

efficiency. Now we will consider the implications of the choice of pumping scheme on the 

efficiency. 

Different Pump Powers 

The cavity is derived for the optimum signal value which follows the pump power 

distribution, therefore different input pump powers lead to different cavities. Figure 7-11 

(a) below compares designs for launched pump powers of 50, 100 and 200 mW, which 

result in 45, 90 and 185 mW delivered pump powers respectively.  The smaller pump 

powers lead to shorter cavities, as one would expect to prevent re-absorption of the 

signal. Figure 7-11 (b) and (c) compares the RHS output powers and residual pump 

powers from each design respectively.  
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Figure 7-11 (a) Cavities designed for pump power of 50, 100 and 200 mW     
(b) Output characteristics and (c) Residual pump powers of the designs. 

At the design powers the efficiencies are 0.38, 0.37 and 0.33 in the order of increasing 

pump power. This decreasing efficiency with larger pump power is also expected from 

the maximum efficiency curve in Figure 7-2(a) (dashed line) since larger pump powers 

result in smaller maximum efficiencies due to the increased pump loss because of the 

life-time quenched Yb ions. Each design provides linear output characteristics up to the 

design pump power and saturation is observed at pump powers exceeding the design 

value. Saturation also leads to the increased unabsorbed pump power beyond the design 

power.  

Figure 7-12(a) shows the output power from the derived cavities for various pump 

powers (solid) line. The deviation from the fundamental limit (dotted line) is due to the 

presence of the front un-optimized transition region. If the grating writing limits can be 

increased then this un-optimized region can be shortened and the ultimate efficiency 

limit can be achieved practically by the presented design method. Figure 7-12 (b) shows 

the required DFB length as a function of pump power.  
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Figure 7-12 (a) Output powers from the derived cavities for various pump 
powers including the grating production limits (b) Length of the derived 
cavity as a function of pump power. 

Counter Pumping 

 
Figure 7-13 Illustration of the counter-pumping scheme. 

Until now, we have assumed that the pump power was delivered in a co-directional 

manner. An alternative to this type of pumping is the counter-pumping scheme 

illustrated in Figure 7-13. In this scheme the main signal exits the cavity in the opposite 

direction to the delivered pump power.  

In theory the co- and counter pumped designs should have identical efficiencies since 

both will have the same pump power delivered at z = 0 and both will exhibit the same 

optimum signal distribution. The only difference will be at the boundaries: At the LHS 

the counter-directional output power should be allowed to leave the cavity and at the 

RHS the co-directional power should drop to zero. However, if, for practical reasons, we 

allow a short transition region over which the signal increases from the counter 

directional output power to the optimum value, then the co- and counter pumped 

designs will have different efficiencies due to the different length of this transition 

segments, as will be explained below.  

From Figure 7-2(a) we know that the average value of the maximum conversion 

efficiency for pump powers between 0 and 185 mW is 0.39 and the maximum generated 

power can be about 72 mW.  Therefore, LHS output power can be 72 mW maximum if 
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there were no production restrictions for the grating. However, we will need to use a 

transition segment over which the signal will be sub-optimal hence the overall generated 

signal will be less then maximum. For this reason we need to define the LHS output 

power less then 72 mW. If we keep the same m parameter (735 m-1) for the cosh(mz) 

transition (solid line in the shaded area of Figure 7-14 (a)) as in the case of co-

directional design we found 67 mW LHS output power to be the upper limit. 
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   (a)            (b) 

Figure 7-14 (a) The signal (solid line) and the gain (dashed line) 
distributions for counter-pumping. Shaded area indicates the transition 
region from the output power to the optimum value. (b) Required refractive 
index modulation profile.  

The design procedure is identical to the case of the co-pumped design. However in the 

co-pumped design we defined the left output power to be 1 mW and an 11 mm-long 

segment was needed to increase the signal from 1 mW to the optimum value ~ 2.5 W (c.f. 

Figure 7-5). In the counter-pumped design we define the LHS output power to be 67 mW 

and the length of the transition region needed is only 5 mm. The non-optimised transition 

region is halved in the counter pumped design and therefore more of the cavity is 

operating at the maximum efficiency limit and as a result, the overall efficiency is larger. 

As a matter of fact, the co-pumped design has a total conversion efficiency of 0.33 and 

the counter-pumped design has 0.36, while the fundamental limit is 0.39. Following the 

design steps described in Chapter 6 we calculate the required refractive index 

modulation as shown in Figure 7-14 (b). The cavity is longer than the co-pumped design 

by about 10 mm, and this extended grating on the RHS of the phase-shift causes the 

main output power to leave the cavity from the LHS as desired.  

Bi-directional Pumping 

Another alternative pumping scheme is the bi-directional configuration (bi-pumping) 

illustrated below. In this scheme the cavity is pumped from both ends with equal pump 

powers. Following the convention so far, if the total pump power is 200 mW then it is 
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divided into 100 mW for each end and the after 4 mm-long doped fibres, which are left as 

splicing tolerances, 90 mW of pump power is delivered to the cavity from each end. 

 

Figure 7-15 Illustration of bi-pumping scheme 

Before starting the design procedure we can again use the maximum efficiency curve in 

Figure 7-2(a) in order to assess the expected efficiency of the cavity. If the pump powers 

propagating in both directions are almost completely absorbed then the total pump 

power inside the cavity be will be up to ~90 mW.  The mean value of the maximum 

efficiency curve between 0 and 90 mW is 0.42 and, therefore, for a total of 180 mW pump 

power delivered bi-directionally, the maximum possible total output power, is 75 mW, 

which is larger than both the co- and counter-pumping schemes. But again when we 

introduce the required smooth transition regions we will deviate from this ultimate value. 

In the case of bi-directional pumping we will need two transition segments at both ends 

since the output powers will be different from the optimum signal powers (See Appendix 

B, Figure B-4) corresponding to the input pump powers.  

Figure 7-16 (a) shows the distribution of the two pump powers and the total pump power 

when the transitional signal powers are present towards the ends of the cavity and the 

optimum signal distribution is sustained in between. Figure 7-16 (b) shows this signal 

distribution and the corresponding gain distribution.   

With this information we employ the developed grating design method to find the 

required cavity. The result is shown in Figure 7-16 (c).  One striking difference between 

this design and the two previous ones is the presence of 3 π phase-shifts. These phase 

shifts are associated with the change of the signal slope at the corresponding positions as 

shown in Figure 7-16 (b). The RHS output power of this cavity, when 180 mW pump 

power is delivered, is found to be 70 mW. 

Laser Cavity  

Doped Fibre  Doped Fibre  

Main Signal Output 

PUMP 1 PUMP 2 
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Figure 7-16 (a) Pump power distribution in the bi-directional pumping 
scheme. (b) The signal (solid line) and the gain (dashed line) distributions 
defined for the maximum efficiency including the transition stages. (c) The 
required apodisation profile. 

Finally we compare all designs we presented so far in terms of their input-output power 

characteristics. We use the same pump source with a wavelength drift with increasing 

power (see Figure 4-12 (b)) and we include 4 mm-long doped fibre segments before and 

after the grating.  These features are included for a realistic simulation of the practical 

setup (see Chapter 4).  

The main cavity parameters of the designs we investigated in the Er/Yb co-doped fibre 

are summarised below in Table 7-1. In all cases the signal wavelength is 1552 nm. In the 

case of bi-pumping we divide the total power equally between the two ends.  
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 Total Length 
[mm] 

Transition Region 
[mm] 

Number of π 
phase-shifts 

Launched / 
Delivered Pump 
Power [mW} 

Unwanted output 
signal    [ mW ] 

Co-pumped 56 11 1 200 / 185 1 

Counter-
pumped 

66 5 1 200 / 185 1 

Bi-pumped 64 10 (LHS) 
5   (RHS) 

3 200 / 180 1 

Step Apodised  50 Not applicable 1 200 / 185 4 

Standard 
Optimised 

50 Not applicable 1 200 / 185 4 

Table 7-1 Summary of cavity features in the Er/Yb co-doped fibre. 

 
Figure 7-17 shows the simulation results for pump powers up to 250 mW. All cavities are 

optimised for 200 mW total launched pump power. The lowest efficiency is observed 

when the DFB laser cavity is optimised by using the standard parametric approach. The 

step apodised design based on effective cavity length (Chapter 5) results in around 50% 

increase in the efficiency over this standard best design. The ultimate efficiency design 

method clearly shows its superiority over the other optimisation methods by providing 87 

– 100% increase in the efficiency depending on the choice of the pumping scheme. In 

addition, all the new derived designs show more linear and more uni-directional power 

characteristics. For pump powers larger than the design value, as expected, the 

efficiency drops as the cavities become sub-optimal.  
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Figure 7-17 Theoretical comparison of output power characteristics of all 
the designs covered in the same Er/Yb co-doped fibre. 

With the co-, counter- and bi-pumping schemes we covered all possible optical end-

pumping configuration. A final comment can be made about uniform pumping, such as 

side-pumping or electrical pumping in semiconductor lasers, which, as opposed to the 

optical end-pumping schemes, can provide a constant pump power across the entire 
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cavity: If the pump power is constant then the corresponding optimum signal distribution 

will also be constant. In the case of a constant signal distribution the cavity will be similar 

to the one we discussed in Section 6.3.2 including the smooth transition regions. Again, 

although this cavity has a resemblance to DBR structures, strictly speaking, it would be a 

DFB laser due to the presence of the weak grating between the transition gratings in 

order to keep the signal constant at the optimum value. 

7.2. Experimental Investigation 

We experimentally investigated the maximum efficiency design in the Er/Yb co-doped 

fibre for co-pumping. We chose this pumping scheme because it allowed us to use the 

identical setup and calibrations we used for the experimental investigation of standard 

optimised and step apodised DFB lasers. By doing so, the experimental results are one-

to-one comparable with the experimental results of these earlier optimisation 

approaches.  

The optimum signal distribution is calculated by solving the rate equations defining the 

active medium, therefore the derivation of the cavity is critically affected by the active 

medium parameters. Discrepancies between the parameters of the model and exact 

values of the actual media can lead to derivation of an inaccurate cavity for the real 

medium. The complete and exact characterisation of an active medium, especially in the 

case of very complex transitions such as those present in the Er/Yb co-doped fibre, is an 

extremely challenging task and beyond the scope of this work. In any practical 

characterisation approach assumptions and fittings for certain parameters are inevitable. 

Even though the simulation results of Chapter 4 are in very good agreement with the 

experimental data, this does not guarantee the exactness of the assumed and fitted 

parameters, but it shows that the model matches the overall behaviour of a very complex 

system. However, it is possible to match the same characteristics with a similar but 

different set of parameters which may result in variations in the design for the maximum 

efficiency in practice. In this section we will investigate the effects of uncertainties in the 

active medium parameters on the cavity design before we proceed with the experimental 

application. 

7.2.1. Effects of the Uncertainties in the Active Medium Model 

All the parameters of the model, whether measured, fitted or assumed, have some degree 

of uncertainty; however not all of them have dramatic effects on the final design. By 

varying the parameters within the reported range in literature, we identified three of 

them to have critical effect on the cavity design. These are, namely, the total Yb 
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concentration, total Er concentrations and the energy transfer coefficient between Yb 

and Er ions. We can show the extent of their effects by deriving a series of cavities.  

First, we double the assumed Yb ion concentration. The cavity derived for this new 

concentration results in the coupling coefficient profile shown with a dashed curve in the 

Figure 7-18 (a). Compared to the initial optimum design (solid curve), the new design is 

shorter with a very similar shape. Approximately, the profile appears to be scaled down 

in length and scaled up in amplitude after the transition segment. We then reduce the 

original Yb concentration by half, and find the optimum design to be as shown with the 

dotted curve on the same plot. Again the effect appears to be scaling of the length and 

the amplitude of the profile after the initial segment. But this time the length is scaled 

up, due to lower absorption, and the amplitude of the coupling coefficient is scaled down. 

We follow the same procedure for the Er concentration. Doubling and halving the initial 

concentration result in the designs shown in Figure 7-18 (b) with dashed and dotted 

curves respectively.  
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Figure 7-18 Effects of critical parameters on the optimum design (a) 
Assumed Yb concentration is doubled and halved (b) Assumed Er 
concentration is doubled and halved (c) Energy transfer coefficient between 
Er and Yb ions is changed to the lowest and largest values. 
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Finally we change the energy transfer coefficient to the maximum and minimum values 

that are most common in the literature. Figure 7-18 (c) compares the coupling 

coefficient profiles, with the maximum (dashed) and the minimum (dotted) transfer 

coefficient, to the original design (solid curve). In all of the cases above, the apodisation 

profiles have a strong resemblance to the original one, but they are scaled in length and 

amplitude. 

From this investigation of the critical parameters we conclude that, although the 

modelling parameters may not be exact, if they are accurate enough, then the theoretical 

design can be scaled up or down in order to compensate for the uncertainty in these 

parameters. This deviation from the initial design will depend on the difference between 

the parameters’ actual values and the values used in the model. 

7.2.2. Results 

We produced a number of lasers in which the theoretical length and the apodisation 

profile were scaled up and down. We achieved the best performance when the device 

was 45 mm long. We measured the absolute scaling of the apodisation profile of this 

device by using the grating characterisation method, as explained in Section 4.3. 

Compared to the initial theoretical design, the experimental apodisation profile was 

scaled up by 30% and length was scaled down by %20 (c.f. Figure 7-19 ). 
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Figure 7-19 Theoretical design and the best operating experimental design. 
Experimental design is scaled in length and amplitude due to the 
inaccuracies of modelling parameters. 

As the solid curve in Figure 7-19 shows, the design requires the refractive index 

modulation to increase steeply towards z = L = 56 mm. However, this is a very large 

modulation in the vicinity of z = L. When writing the gratings we limited the modulation 

to the constant value of the transition section. This causes a deviation from the initial 

design for a length of less than 1mm therefore we do not expect it to have a significant 

effect. 
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Figure 7-20(a) and (b) compares the theoretical (curves) and the experimental (error 

bars) output powers and residual pump powers of the 45mm-long new design and the 

parametrically optimised 50mm-long standard design. 
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   ( a )           ( b )  

Figure 7-20 Experimental (error bars) and simulation  (curves) laser 
characteristics. (a) RHS output powers in co-pumping mode. (b) Residual 
pump powers from both design.  

The new design has dramatically improved the efficiency and provided more linear power 

characteristics with a larger saturation value, as expected. At the design pump power of 

200 mW, the output power is increased from 37 mW in the standard design to 58 mW in 

the new design, corresponding to a 57% increase. As a result of increased conversion 

efficiency from pump to signal the 10% shorter new design showed smaller residual 

pump powers compared to the standard design. The backward output power was less 

than 1 mW even for the largest pump power used and the new design is highly 

unidirectional (18 dB at 200 mW pump), as expected. The output spectrum of the laser 

when pumped with 200 mW pump power is measured as shown in Figure 7-21 
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Figure 7-21 Normalised output spectrum of the new design. Observed peaks 
are two polarisation modes slightly offset due to birefringence of the fibre. 
Longitudinally new design is single mode and the side mode suppression is > 
80 dB. 
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As the inset depicts, two peaks were observed in the spectrum. These peaks correspond 

to two polarisation modes due to the birefringence of the fibre, and the separation 

between the two polarisation modes was measured to be 16 pm. Simulation results 

showed that the 2nd order spatial mode would be 32 pm away from the fundamental 

mode.  With the spectral resolution of 2 pm we could not see signs of the 2nd-order spatial 

mode. Therefore, the new design had stable single longitudinal mode operation at all the 

pump powers again as predicted. 

7.3. Conclusions 

Using the parameters of the characterisation and modelling study of Chapter 4, we 

determined the optimum signal powers for pump powers of interest. For a given initial 

pump power the maximum efficiency curve allowed us to define the ultimate efficiency 

limit that we can achieve in this particular fibre. We also investigated the effects of the 

various loss mechanisms on the ultimate efficiency limit.  The lifetime quenching of 

ytterbium ions is found to be the main limiting parameter. This phenomenon results in 

the waste of the pump power almost without any saturation with increasing power, 

whereas the signal generation quickly saturates due to the smaller concentration of 

erbium ions. Increasing the Er concentration seemed to be a solution to this problem. 

However, increasing the Er concentration is accompanied with increasing co-operative 

up-conversion which causes the maximum possible efficiency to drop significantly. From 

the active medium spectroscopy point of view, the reduction of Yb life-time quenching 

and the optimum choice of Er concentration can increase the ultimate efficiency limit of 

the medium. 

We also investigated the choice of pumping scheme on the efficiency. Bi-directional 

pumping is shown to be the best choice for this particular active medium since it leads to 

a smaller total pump power distribution throughout the cavity and results in a larger 

possible efficiency. In our design method we have also taken the production 

requirements into account. The upper limit for the grating coupling strength required us 

to allow a smooth but non-optimised signal power transition between the output powers 

and internal standing-wave power at the optimum value. This requirement made the 

counter-pumping scheme more efficient than the co-pumping scheme since a shorter 

transition segment would be sufficient.  

Recognising the importance of the longitudinal-mode stability for the overall 

performance of lasers, we investigated the modal stability of the derived cavity for the co-

pumping scheme without any chirp. The sufficiently large 2nd order threshold gain and 

much better spatial overlap between the fundamental and 2nd order mode compared to 
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the standard co-pumped design ensured stable single-mode operation in the new design. 

However when the cavity was designed with chirp the gain margins dropped significantly 

and the first three order modes had threshold gains that can be provided by the medium. 

Therefore, we concluded that chirp profiles should be avoided to prevent poor 

longitudinal mode stability.  

The derived designs are critically based on the model parameters therefore uncertainties 

in the model values due to the measurement and characterisation limitations can result 

in divergence from the actual design. Therefore, before proceeding with the 

experimental study we investigated the effects of the uncertainties of the model 

parameters on the design and concluded that the variations in the critical parameters 

would result in the scaling of the cavity length and the apodisation profile. We confirmed 

the theoretical results experimentally in Er/Yb co-doped fibre. The 10% shorter new 

design provided a nearly 60% increase in the output power compared to the 

parametrically optimised standard design. The efficiency of the new design was 

measured to be 33%, and the deviation from the ultimate limit of 39% was a result of the 

fibre photosensitivity and the grating writing limitations. In addition to the larger output 

power, the new design showed lower threshold, more linear power characteristics, and 

was highly unidirectional, all agreeing very well with the simulation results.  

The flow chart below gives an overview of the design method with its inputs and outputs. 

The inputs to the design algorithm are the parameters of the active medium and the 

pump source. For a given parameter set the method guarantees the ultimate efficiency. 

However errors and uncertainties in the active medium characterisation can lead to 

deviations between the theory and experiment and impose practical limits. Therefore, 

accurate characterisation and modelling are critical to achieve the fundamental efficiency 

limits.  
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Figure 7-22 Flow chart of the production steps for the ultimate efficiency laser 

The cavity obtained as the output of the design method requires a distributed feedback 

in order to tailor the signal distribution. Therefore, the grating writing technology also 

imposes practical limits; the maximum limit of the refractive index modulation that can 

be induced can be taken into account during the design process as we illustrated in the 

case of the photosensitive fibre. In addition to this limitation, the errors occurring during 

the grating writing process can also cause deviation from the ultimate limit. 

To sum up; within the practical limits imposed by the active medium characteristics  and  

fibre photosensitivity, the novel DFB laser design method guarantees the ultimate 

efficiency by deriving the required optimum cavity. 
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Chapter 8  High Power Yb-Doped Fibre DFB Lasers with 
Ultimate Efficiency 
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8.1. Introduction 

So far, we have considered ultimate efficiency designs using primarily 976 nm single-

mode pumps of relatively low powers. These types of sources are widely used in telecom 

applications operating in the 1550 nm window. In this chapter we extend our 

investigation to alternative pumping configurations, including jacketed air-clad (JAC) 

source and cladding pumping, with high powers and alternative operating wavelengths, 

namely 976 nm and 1060 nm. These wavelengths are important for medical, industrial 

and aerospace applications.  

8.2. High Power Standard Optimised Yb-Doped Fibre DFB Lasers 

There has been a lack of high power, fibre-coupled, efficient pump sources operating in 

the wavelength range of 970-980 nm to pump Er and Yb doped fibres. However the 

recent developments in the jacketed air-clad (JAC) fibre technology opened the way for 

single-moded high power pump sources, both in laser and in ASE source configuration 

[1]. We recently reported the application of 1.5 W 976 nm JAC fibre ASE source for 

pumping a 5 cm-long standard asymmetric cavity Yb doped DFB fibre laser [2] to obtain 

output powers exceeding 400 mW at 1060 nm.  

Figure 8-1 shows the setup we used for pumping the Yb doped DFB laser using the 

ytterbium doped JAC fibre as a high power ASE source. The 1.2 m long JAC fibre is 

pumped by a broadband multimode laser diode at 915nm. The JAC fibre, whose cross-

section is shown in the inset, has a 10 μm diameter, 0.1 NA core at the centre of a 28 μm 

diameter inner cladding (NA ~0.5). The core was single mode with cut-off of 950 nm. 

The inner cladding is surrounded by an air-hole structure, raising the NA and therefore 

allowing a tighter 915 nm confinement. The end of the JAC fibre facing the pump diode 

was angle-cleaved in order to avoid any feedback which would have created instability in 

the JAC fiber source.  An additional 1030nm filter was used to suppress unwanted 1030-

1060nm emission of Yb ions in the JAC fibre. The output end of the JAC fiber is spliced to 
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a standard 980nm single mode fiber.  The absence of feedback ensures that the JAC fiber 

operates in ASE mode.   

 
Figure 8-1 Experimental setup for application of JAC fibre as an ASE source 
for pumping Yb doped DFB lasers. 
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Figure 8-2 (a) JAC fibre ASE Pump Spectrum (b) 976 nm pump power 
delivered to the DFB laser (c) Experimental (dashed line) and simulation 
(solid lined) reflection spectrum of the DFB laser grating.  

The characteristics of the JAC fibre are shown in Figure 8-2 (a) and (b). The ASE power 

is then launched through a 980 / 1060 nm coupler into the 5 cm-long standard 
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asymmetric cavity DFB fiber laser (see Figure 2-3) in the counter-pumping scheme. 

Figure 8-2 (c) shows the experimental reflection spectrum of the DFB laser grating 

obtained with 20 pm resolution and the best fit by simulation when a peak refractive 

index modulation of 1.5x10-4 is used. The birefringence of the fibre is estimated to be 

about 20 pm and the individual polarisation modes cannot be distinguished on an optical 

spectrum analyser (with a limiting resolution of 20 pm). This birefringence value is 

included in the theoretical reflection spectrum. 

The core radius of the photosensitive aluminosilicate Yb doped fibre was 2.8 μm, NA was 

0.14 and the cut-off wavelength was 1020 nm.  Although 976 nm pump power was 

delivered in single mode by the JAC fibre the DFB laser was multi-moded at this 

wavelength with V = 2.47. We assume that 90% of the pump power remains in the LP01 

mode and 10% in LP11 over the 5 cm-long device. This modal distribution gave us an 

effective overlap coefficient of 0.7 between the pump power and the active core. Using 

these values and the cross-section spectra provided by the manufacturer we estimated 

the Yb concentration to be 5.8x1025 m-3. The best fit between the simulations and 

experimental data for the power characteristics is obtained when the background loss at 

both pump and signal wavelength was 0.009 dB/m, without any quenching, as Figure 8-3 

shows below. 

0 500 1000 1500
0

50

100

150

200

250

300

350

400

450

500

Pump Power [ mW ]

P
ow

er
 [ 

m
W

 ]

Simulation
Experimental Total Signal

Output 

Residual 
Pump Power 

 
Figure 8-3 Experimental (circles) and simulation data for total output and 
residual pump power. 

We used the Yb ion model and transitions described in Section 0with the parameters 

summarised in Table 8-1 below. 
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Parameter Value 

Total Yb Concentration 5.8 x 1025 m-3 

Pump Wavelength 976 nm 

Absorption Cross-section at Pump Wavelength 18.2 x 10-25 m2 

Emission Cross-section at Pump wavelength 18.2 x 10-25 m2 

Signal Wavelength 1060 nm 

Absorption Cross-section at Signal Wavelength 8.23 x 10-27 m2 

Emission Cross-section at Signal wavelength 4.45 x 10-25 m2 

Excited-state Life-time 2 ms 

Background Loss 0.009 dB/m 

Percent of Life-time Quenched Ions 0 

Doping Radius 2.8 μm 
Table 8-1 Parameters of the Yb doped fibre 

The theory and the experimental data match well for the total output power and residual 

pump power. The small deviation from linearity is believed to be due to internally 

generated thermal effects, as will be discussed below.  

Figure 8-4 shows (a) the variation of signal power coming out of the desired and 

undesired end and (b) their ratio (uni-directionality) as a function of pump power. The 

latter figure indicates a significant change in the uni-directionality. 
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(a)                                                                (b) 

Figure 8-4 (a) Output powers from individual ends of the DFB lasers (b) 
Variation of the uni-directionality with pump power. 

Low power DFB fibre lasers have a typical uni-directionality figure around 20 dB[3]    We 

believe the observed variation in the uni-directionality is due to the heating of the 

grating, especially near the phase-shift region, by conversion of absorbed pump power to 

heat through the quantum defect and background losses. 
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Figure 8-5 Signal generation, pump absorption and heat generation in the 
non-optimised standard DFB laser.  

Figure 8-5 shows the locally generated signal, generated heat and absorbed pump power 

as functions of position in the non-optimised standard DFB laser design we used in the 

experiment. We calculate the generated heat easily by comparing the locally absorbed 

pump and locally generated signal by stimulated emission as well as by spontaneous 

emission using the rate equations. The negative value of the generated signal around 

phase-shift indicates the absorption of the signal due to the background loss. This is 

because the grating is too strong and causes an excessive signal build-up around the 

phase-shift. As a result the loss becomes larger then the stimulated emission, and the net 

effect is signal absorption. The combined effect of the signal loss, pump loss and the 

quantum defect is the large heat generation (up to 0.3 W / mm) around the phase-shift. 

The local heating can have two effects; (i) The non-uniform temperature distribution can 

lead to the expansion of the fibre, causing chirping in the grating period, which in turn 

results in the variation of the reflectivity of the gratings on each side of the phase-shift 

(ii) The expansion around a non-perfect π phase-shift can improve or further deteriorate 

the phase-shift. Both effects can change the laser output uni-directionality and can 

account for the observed behaviour.   

8.3. Ultimate Efficiency Designs 

We now apply the new method to design lasers with ultimate efficiency, using the same 

active medium parameters given in Table 8-1. We will consider core- and cladding- 

pumped geometries.  

8.3.1. Design for core-pumped fibre 

The JAC fibre source delivers the large pump power single-moded into the core of the Yb 

doped fibre in which we write the gratings. After determining the main parameters of the 
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model through the experiment and successful fitting, we can define the related optimum 

signal power and maximum possible efficiency. The solid line in Figure 8-6(a) shows the 

optimum signal powers corresponding to pump powers up to 1.5 W and the solid line in 

Figure 8-6(b) compares the maximum possible efficiency with the quantum limit for this 

pump and signal wavelength pair. Without the presence of any additional loss 

mechanisms other than the quantum defect and a small background loss, the maximum 

possible efficiency approaches the quantum limit in this particular fibre.  
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(c) 

Figure 8-6 (a) Optimum signal powers for the original (solid line) medium, 
with doubled background loss (dashed line) and with 5% quenched ions (b) 
Corresponding maximum possible efficiencies (c) Corresponding optimum 
field gain values. 

Doubling the background loss results in a lower optimum signal value (c.f. Figure 8-6 (a) 

dashed line). However its effect on the maximum efficiency is minimal (dashed line) in 

Figure 8-6, since it still has a very small value. (~ 0.01 dB/m). 

Background loss affects both the pump and the signal powers. We also consider another 

type of loss originating from the Yb ion life-time quenching. This mechanism was shown 

experimentally in Chapter 4 to affect primarily the pump power in the form of an 

unsaturable loss. If we increase the ratio of the life-time quenched ions to 5% the 

optimum signal power drastically increases (dotted line in Figure 8-6(a)) while the 
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maximum possible efficiency limits drops significantly (dotted line in Figure 8-6(b).  The 

optimum signal power is larger because in this case there are two absorption paths for 

the pump power: One through quenched ions by phonon emission and the other through 

ions with normal lifetimes by stimulated emission. The optimisation of conversion 

efficiency, therefore, requires the stimulated emission to be dominant over the phonon 

emission. The required large amount of stimulated emission requires the presence of 

larger signal powers. However, the signal power cannot be arbitrarily large because in 

that case the constant background loss will cause the efficiency to drop.  

Finally Figure 8-6(c) shows the resultant optimum gain values for these three cases. The 

lower optimum signal value required in the case of increased background loss results in 

smaller stimulated emission for the same pump power. Hence a larger number of ions 

remain at the excited state. This causes the optimum gain value to be larger (dashed 

line) compared to the original fibre gain (solid line). Conversely, the larger optimum 

signal value required in the case of quenched ions manifests itself as a lower optimum 

gain value (dotted line) due to the increased stimulated emission. At low pump powers 

however, the loss due to the quenched ions become small and the optimum 

characteristics approach the case without any quenching. 

 Using the optimum signal and gain values we design the co-pumped all-grating cavities 

incorporating non-optimised smooth transition regions at LHS end as shown below. 
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Figure 8-7 Designs in Yb doped fibre with different loss mechanisms 

The original fibre requires a 98mm-long grating (solid line). The fibre with larger 

background loss requires a similar grating (dashed line) with a slightly reduced coupling 

coefficient (see inset) and a slightly smaller total length. This weaker grating provides 

the lower optimum signal value required in the medium with larger background loss. 

However the introduction of lifetime quenching significantly changes the cavity design 
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(dotted line). The device is now only 65 mm since a shorter device is needed in order to 

prevent the excessive pump loss. At the same time a stronger grating is needed to 

sustain the larger optimum signal. Figure 8-8 compares the power characteristics of 

these three designs.  
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Figure 8-8 Power characteristics of designs in Yb doped fibre with and 
without additional losses. 

The characteristics follow the same behaviour expected from the comparison of the 

maximum possible efficiencies shown in Figure 8-6(b). Table 8-2 compares and 

summarises the maximum efficiency limits and output powers possible and the ones 

achieved with the derived cavities in each case. Despite the difference of the loss 

mechanisms, lasers showed comparable efficiencies. This clearly demonstrates the 

strength of the new design method showing that quite different loss mechanisms can be 

accommodated with proper cavity design and their effects can be minimised.  

 Ideal 

Medium 

Original Medium 

Limit / Derived Cavity 

x2 Background Loss 

Limit / Derived Cavity 

5% Quenching 

Limit/Derived Cavity 

Efficiency 0.920 0.915  /  0.912 0.910 / 0.893 0.870 / 0.860 

Power(mW) 1380 1373   /   1368 1365  / 1340 1305  /  1290 

Table 8-2 Efficiency and power summary in Yb doped fibre 

The optimum value of the signal power maximises the conversion from pump to signal 

wavelength and therefore minimises the power loss through heat generation. As a result, 

the derived cavity, in addition to superior efficiency, will show linear power 

characteristics and longitudinal mode stability, and lower requirements on temperature 

control and packaging. Comparison of the heat generation in the derived cavity with 

original parameters (Figure 8-9) with the heat generation in the standard design with the 

same parameters (Figure 8-5) shows the difference, clearly.  
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Figure 8-9 Signal generation, pump absorption and heat generation in the 
derived cavity.  

In the derived optimum cavity the peak value of the generated heat has dropped from 0.3 

W /mm to less than 0.008 W / mm. This will reduce temperature gradient considerably 

along the cavity and minimise the effects of thermally-induced chirping. Such cavity is 

expected to be much more stable and robust. 

8.3.2. Design for cladding-pumped fibre 

High power pump sources are usually available as highly multi-moded laser diodes. In 

order to utilise these sources fibres with double claddings have been used [4]. The outer 

cladding confines the pump power in the inner cladding region, which encapsulates the 

single-mode signal core (Figure 8-10). Therefore this type of structure allows coupling of 

multi-moded pump powers and produces single-moded signal outputs. This pumping 

scheme is referred to as cladding-pumping. 

 

Figure 8-10 Cross-section of a double-clad fibre 

Although such a structure allows coupling of large amounts of pump power, the actual 

overlap between the pump power and the active core is very small. The typical ratio of 

the inner cladding to core areas is in the range of 100 – 1000. In our simulations we 

Outer cladding 

Core 

Inner cladding 
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consider a core radius of 4 μm and an inner cladding radius of 50 μm, which gives an 

overlap coefficient for pump power and active core of 1/150. We define  a core NA = 0.1 

and cut-off of 980 nm so that it is single-moded at the signal wavelength of 1060 nm. This 

gives the same overlap coefficient of 0.8 for the signal as in the previous case of core-

pumped fibre. If we keep the same Yb concentration of 5.8 x 1025 m-3 as well as the same 

model parameters, given in Table 8-1, we find the optimum signal powers and 

corresponding pump absorption and signal generation as shown in Figure 8-11. 
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Figure 8-11 Optimum signal power, corresponding pump absorption and 
signal generation in double-clad fibre. Yb concentration 5.8x1025 m-3. 

From this figure we observe that over the pump power range we consider, the average 

pump absorption is about be 0.5 W/m. This means that 1.5 W of input pump power would 

be absorbed over a length of about 3 m. Production and packaging of such a long DFB 

laser would be totally impractical. Pump absorption can be increased by either increasing 

the core radius or by increasing the ion concentration. But in order to keep the core 

single-moded for the signal, the radius is kept, typically, below 5 μm. Therefore, we 

increase the Yb concentration to 50 x 1025 m-3 which is still considered to be practical. 

The life-time quenching associated with high dopant concentrations can be avoided by 

proper fibre drawing. The optimum signal and corresponding absorbed pump and 

generated signal are shown in Figure 8-12.  
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Figure 8-12 Optimum signal power, corresponding pump absorption and 
signal generation in double-clad fibre with increased Yb concentration (50 x 
1025 m-3 ) . 

Now with almost 8 times larger absorption we can expect the design to be only several 

tens of cm instead of few meters. Indeed when we apply the design method we find that 

the RHS boundary condition is met at ~ 60 cm for the co-pumped scheme. The signal 

distribution and the corresponding apodisation profile are shown in  Figure 8-13 (a) and 

(b), respectively. 
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                       (a)            (b) 

Figure 8-13 (a) Signal distribution (b) Derived cavity in the cladding-
pumped fibre with Yb concentration = 50 x 1025 m-3 

The smaller pump absorption in the cladding-pumped fibre results in a smaller maximum 

conversion efficiency compared to the core pumped fibre (Figure 8-14 (a)) and as a 

result the output power of the cladding pumped laser is smaller (Figure 8-14 (b)). 
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            (a)             (b) 

Figure 8-14 (a) Maximum possible efficiency in cladding (solid) and core (dashed) 
pumped fibres. (b) Comparison of power characteristics of derived cavities in cladding 
and core pumped fibres.  

8.4. Alternative Wavelengths 

8.4.1. 915 nm pumping for 976 nm signal 

So far we designed cavities for a pump at 976 nm. Application of the design method to 

other signal and pump wavelengths is quite straightforward, especially if the active 

medium dynamics do not change due to the choice of the pump and signal wavelength. 

As an illustration we can design a Yb doped laser pumped at 915 nm and operating at 976 

nm again in the original core-pumped fibre. In order to do this, we change the pump 

absorption and emission cross-sections at 915 nm to 6.36x10-25 m2 and 1.33 x10-26 m2, 

respectively and use the same 976 nm cross-section values, as given in Table 8-1, for the 

signal. We also keep the same overlap coefficients and background losses for the pump 

and signal.  With this pump and signal wavelength pair, namely 915 nm and 976 nm, the 

quantum limit is 0.94.  
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   (a)      (b) 

Figure 8-15 (a) Optimum signal and gain values (b) Maximum possible 
efficiency for 915 nm pumping 
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Now we re-calculate the optimum signal and gain values and the maximum efficiencies as 

shown in Figure 8-15 (a) and (b), respectively for this new pair of pump and signal 

wavelengths. 

We consider a total of 1.5 W pump power launched co-directionally. Such high-power, 

single-mode pump diode lasers, suitable for core-pumping, are not available today. 

However, it is interesting to investigate such a system and study its ultimate conversion 

efficiency. We calculate the signal and gain distributions as shown in Figure 8-16 (a) and 

calculate the required refractive index modulation profile as in Figure 8-16 (b). Due to 

the smaller pump absorption cross-section at 915 nm the device length is 20.5 cm. The 

large signal emission and absorption cross-sections, on the other hand, cause the gain to 

be as large as 40 m-1 in the non-optimised regions (c.f. dotted line in Figure 8-16 (a) right 

y-axis). The output power characteristics are shown in Figure 8-16 (c). 
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(c) 

Figure 8-16 (a) Spatial distribution of the optimum signal and gain values for 
1.5W co-directional pumping (b) Required refractive index modulation 
profile. (c) Output power and residual pump characteristics of the design. 

In contrast to the case of 976 nm pumping, a large amount of pump power (~130 mW) 

leaves the cavity unabsorbed and the forward output power is 1250 mW. Although the 

conversion efficiency is 0.91, significant amount of pump power is not utilised. This is 
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due to the fact that the optimum signal that corresponds to the pump powers less than 

130 mW is smaller than the output power generated by absorbing  pump power of an 

amount = 1500 – 130 = 1370 mW. Increasing the length to absorb this residual pump 

power compromises the overall conversion efficiency. If the residual pump power is 

significant, as in this case, the problem can be easily solved by employing the counter-

pumping scheme. The advantage of this scheme is that in the forward direction the 

optimum signal curve can be followed until very small pump powers (ideally no signal is 

desired in the forward direction) so that larger pump power is absorbed to produce 

larger output power from the backward end. As an illustration we now define the LHS 

output power to be 1350 mW and obtain the cavity as in Figure 8-17 (a). 
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   (a)      (b) 

Figure 8-17 (a) Counter-pumped design for 915 nm pumping and 976 nm 
signal (b) Comparison of output characteristics of counter- (dashed) and 
co- (solid) pumped designs. 

This ~ 10 cm longer design results in larger pump absorption at optimum values and the 

residual pump is as small as 15 mW (c.f. 130mW of co-pumping case). As expected the 

the output power in this case is larger (Figure 8-17 (b)) than the co-pumped design 

output. The overall absorbed pump to generated signal conversion efficiency, however, 

remains the same at 0.91, since we follow the optimum curve in both cases. 

From the point of view of pump and signal wavelengths these designs are comparable to 

the actual JAC fibre ASE source we used in our experiment described in the previous 

section. This high power JAC fibre was 1.2 m long and was capable of generating 400 mW 

power as an ASE source and 600 mW power in a laser configuration at 976 nm when 

pumped by 1500 mW at 915 nm[1]. Therefore; compared to these values the derived 

design, theoretically, can improve the efficiency by 100% and reduce the length to 1/4 of 

the JAC fibre, provided that high power pump lasers are suitable for core pumping.  
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8.4.2. 915 nm pumping for 1060 nm signal 

As the final application we derive the cavity for 915 nm pumping and 1060 nm signal. We 

use the cross-sections quoted earlier and the core-pumped fibre with parameters given in 

Table 8-1. As always we start with the calculation of the optimum signal and optimum 

gain values as in Figure 8-18 (a) and this gives the maximum possible efficiency curve as 

in Figure 8-18 (b).  
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(a)                                                                 (b) 

Figure 8-18 (a) Optimum signal and gain values for 915 – 1060 operation (b) 
Resultant maximum efficiency for pump powers up to 1.5 W. 

Then we spatially unfold these optimum values in relation to the pump absorption while 

taking the production limits into account and assuming co-pumping. We find the signal 

and gain distributions as in Figure 8-19 (a). 
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   (a)              (b) 

Figure 8-19 (a) Signal and gain distribution for 915 – 1060 nm co-pumped 
design. (b) Derived apodisation profile.  

The 19 cm long-design of Figure 8-19 (b) gives an output power of 1270 mW for the 

design pump power of 1500 mW. The residual pump power in the co-pumped scheme is 

around 20 mW, therefore the conversion efficiency is ~0.85 and the power characteristics 

are very linear as shown in Figure 8-20. 
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Figure 8-20 Power characteristics of co-pumped 915 – 1060 nm design. 

The DFB lasers studied in Section 8.4. can be potentially quite useful in the future, if 

single-mode 915 nm pumps become available, for converting efficiently into other 

wavelengths which are more suitable for frequency doubling and other bio-medical and 

industrial applications. 

8.5. Conclusions 

Developments in the single-moded high power pump sources open the way for the high 

power regime for rare-earth doped fibre lasers. In accordance with these developments 

we applied the new design method for core-pumped fibres. We deduced the model 

parameters of the Yb doped fibre from the experimental data of JAC fibre ASE source 

application. Using this active model we investigated the effects of possible loss 

mechanisms on the efficiency and optimum values of signal and gain.  The life-time 

quenching of Yb ions was found to be more severe limiting factor for the efficiency than 

the background loss. The presence of lifetime quenching requires a shorter cavity in 

order to prevent pump loss and a larger coupling coefficient to sustain the larger value of 

the optimum signal. The theoretical power characteristics of the designed cavities are 

found to be very linear with very small residual pump powers. As a result of larger 

conversion the generated heat in the derived cavity is significantly smaller and we expect 

this feature to allow simpler and better heat removal and packaging.  

Although JAC fibres provide single-moded pump powers, high pump power sources are 

usually in the form of multi-moded laser diodes, which can be coupled to double-clad 

fibres efficiently. We applied the design method in a typical double-clad fibre for 

cladding-pumping and showed the feasibility of the application with sufficiently large ion 

concentrations.  
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We extended the theoretical investigation to alternative pump and signal wavelength 

pairs.  We designed lasers for 915 nm core-pumping operating at 976 and 1060 nm. The 

reduced pump absorption resulted in longer designs compared to 976 nm pumping and in 

the case of 915-976 nm co-pumping a significant amount residual pump power remained 

unabsorbed although the efficiency with respect to the absorbed pump was at the limit. 

We showed that this shortcoming can be avoided by using the counter-pumping scheme.   

The analysis in this chapter showed the usefulness of the new design method in an active 

medium alternative to Er/Yb co-doped fibre and for different pump power regimes as well 

as for different pump and signal wavelengths.  
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Despite the intensive research on linear-cavity continuous-wave lasers there has been a 

lack of a comprehensive analytical laser design method to achieve the ultimate efficiency 

for a given pump scheme and active medium. Previous efforts have been focused on 

optimising a chosen cavity, such a FP, DBR or DFB structure. The optimisation of the 

cavities had to be parametric, and due to infinitely many different combinations of 

parameters these designs cannot guarantee to give the ultimate efficiency possible. In the 

case of DFB lasers we showed that it is possible to improve efficiency further than the 

parametric optimisation using intuitive arguments based on the effective cavity length. 

Identifying the critical importance of the signal distribution in the cavity we introduced 

the concept of optimum signal power for a given pump power. 

We developed a novel analytical method for the design of laser cavities which guarantees 

the ultimate efficiency. In this approach a cavity is not optimised based on an a priori 

defined geometry but it is derived for the given pump and active medium. The method 

combines the general grating design equations, valid for both passive and active media, 

and the optimum signal power calculations. The idea that lies at the heart of the design 

method is to sustain the optimum signal power at every single point in the entire cavity 

for the local maximum conversion efficiency.  The cavity derived by this method allows 

the absorbed pump power to be converted into the signal power in the best possible way 

every where in the cavity.  Therefore this method guarantees the ultimate conversion 

from absorbed pump power to the generated signal. 

In certain cases the residual pump power can be large and the efficiency with respect to 

the launched pump power can be notably smaller than the effiency with respect to the 

absorbed pump power. We investigated such a situation in Section 8.4.1 and showed that 

this practical problem can be solved by using a counter-pumping scheme instead of of a 

co-pumping scheme. The signal distritbution for counter-pumping scheme allows the 

complete conversion of the launched power using longer gratings. 
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When applying the new method there are three main points to be addressed, namely; 

(i) Proper definition of boundary conditions that result in physically realisable 

cavity. 

(ii) Practical grating limits imposed by the grating writing techniques.  

(iii) Effects of model parameters on the derived cavity. 

We illustrated how to approach these issues with various examples. The fundamentals of 

the theory are developed in a general fashion while we demonstrated and experimentally 

verified the method in rare-earth doped fibres. We used this particular set of examples 

due to the attractive features of rare-earth doped fibres for a broad range of applications. 

Table 9-1 summarises the efficiencies, η, that are achievable in the Er/Yb co-doped fibre 

when a total of 200 mW pump power at 976 nm is launched for generating 1552 nm signal 

and taking the production requirements into account.  

 Parametrically 

optimised  

Best 

DFB Laser 

Step 

Apodised 

DFB 

Laser 

Derived 

Cavity  

Co-

Pumping 

Derived 

Cavity  

Counter-

Pumping 

Derived 

Cavity  

Bi-

Pumping 

Derived 

Cavity  

No 

production  

restriction 

Er/Yb  

co-doped 

medium 

ultimate 

limit 

Ideal 

Medium 

Quantum 

limit 

 

η 0.20 0.27 0.31 0.34 0.35 0.38 0.38 0.63 

Table 9-1 Pump-to-signal conversion efficiency comparisons in Er/Yb doped fibre  

Improving the Er/Yb co-doped medium’s ultimate efficiency limit of 0.38 to the ideal 

medium’s quantum limit of 0.63 is not a cavity design problem only; it also requires 

spectroscopic improvements in the active medium properties to avoid any loss 

mechanisms.  

Similarly Table 9-2 compares the efficiency limits and efficiencies achievable in Yb doped 

fibres using 976 nm core-pumping and operating at 1060 nm for two different losses. 

Parametrically optimised DFB laser and the derived cavity have the same length in each 

case.  
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Parametrically 
optimised 
DFB Laser 

Derived 
Cavity  Co-
Pumping 

Derived Cavity  

No production  

restriction 

Yb doped 
medium 
ultimate 
limit 

Ideal 
Medium 

Quantum 
limit 

 

η ( low loss) 0.88 0.90 0.915 0.915 0.92 

η(5% quenching) 0.81 0.86 0.88 0.88 0.92 

Table 9-2 Pump-to-signal conversion efficiency comparisons in Yb doped fibre 

When the losses are very small the medium is close to an ideal medium therefore the 

signal power does not have a significant effect and the conversion is close to the quantum 

limit. In this case the parametrically optimised and the derived cavities provide 

comparable efficiencies. However when losses increase using the optimum value of the 

signal becomes critical and the design method’s superiority becomes apparent. 

In addition to the fundamental investigations we refined previously known modelling and 

characterisation techniques for the simulation of lasers in rare-earth doped fibres. In our 

approach we treated the pump source, the active medium, and the grating as a complete 

system. Unlike the previous studies which gave information as trends, our results are 

benchmarked against experimental data and actual values are obtained for different laser 

designs.  

We investigated the effects of the various loss mechanisms on the ultimate efficiency 

limit.  The life-time quenching of ytterbium ions is found to be the main deteriorating 

parameter both in Yb and Er/Yb co-doped fibres. In the latter case increasing the Er 

concentration can improve the fundamental efficiency, however; there is a trade-off 

between compensating the life-time quenching of Yb ions and increasing the co-operative 

up-conversion among Er ions. We also investigated the choice of pumping scheme on the 

efficiency. Bi-directional pumping is shown to be the best choice for this particular active 

medium. 

Since the derived designs are critically based on the model parameters we investigated 

the effects of the uncertainties of the model parameters and concluded that the 

variations in the critical parameters would result in the scaling of the cavity length and 

the apodisation profile. We confirmed the theoretical results for co-pumping 

experimentally in Er/Yb co-doped fibre. The 10% shorter new design provided a nearly 

60% increase in the output power compared to the parametrically optimised standard 

design. This is the shortest and highest efficiency laser operating at 1552 nm pumped 

around 976 nm reported to date.  
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We addressed the longitudinal-mode stability of the new designs. The sufficiently large 

2nd order threshold gain and much better spatial overlap between the fundamental and 

2nd order mode compared to the standard design ensured the stable single-mode 

operation in the new design without any chirp. Investigation of the effects of chirping on 

the stability justified the choice of non-chirped designs.  

We also extended the application of the method to alternative pump and signal 

wavelengths and to alternative pump power regimes. Namely; we derived cavities for 

core and cladding-pumping and for pump and signal pairs (976 nm, 1060 nm), (915 nm, 

976 nm) and (915 nm , 1060 nm) in Yb doped fibres with efficiency close to the ultimate 

limit when production limitations are imposed.  

The method is applicable to any active medium whose properties do not significantly 

change over the length of intereset and in which a grating can be incorporated. Therefore 

we expect this design method to find immediate application over a wide range area from 

semiconductor, planar glass, solid-state to fibre lasers since in these media the grating 

writing technologies have already matured.  

Beyond the ultimate effiency design method: 

The method derives the laser design for a medium with pre-defined properties pumped 

with a pre-defined source. There is always room for improvements in the active medium 

properties, such as reducing the loss mechanisms, and improving the pump source such 

as tailoring the pump wavelength or its overlap with the active medium. The ultimate 

effiency from various active media and pumping options can be conveniently calculated 

and compared using the concepts and methods developed in this study. 

The practical limitations in the application of the method arise from the restrictions 

imposed by the grating writing technology and the uncertainities in the active medium 

characterisation. 
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APPENDIX – A : Derivation of conversion efficiency in Yb Ions 

The total ion concentration, NT, gives: 

 1 2 TN N N+ =  (A.1) 

The field gain coefficients at signal and pump wavelengths are: 

 2 , 1 ,S s e s aN Nα σ σ= −  (A.2a) 

 2 , 1 ,P p e p aN Nα σ σ= −  (A.2b) 

The generated signal ∆G and the absorbed pump ∆P are: 

 2( )s sG Sα ε∆ = −  (A.3a) 

 2( )s PP Sα ε∆ = − +  (A.3b) 

and the rate equation at steady state gives: 

 1
1 , , 2 , ,

1 0p a s a p e s e
p s p s

dN P S P SN N
dt h h h h

σ σ σ σ
ν ν ν ν τ

   
= − + + + + =      

   
 (A.4) 

from (A.4) we find 

 1 , , 2 , ,
1

p a s a p e s e
p s p s

P S P SN N
h h h h

σ σ σ σ
ν ν ν ν τ

   
+ = + +      

   
 (A.5) 

and we define absorption, A, and emission, E, terms as 

 

, ,

, ,
1

p a s a
p s

p e s e
p s

P SA
h h

P SE
h h

σ σ
ν ν

σ σ
ν ν τ

 
= +  

 
 

= + +  
 

 (A.6) 

and substituting the definitions into (A.5) 

 1 2
EN N
A

=  (A.7) 

(A.7) and (A.1) are solved for N1 and N2 as: 

 
1

2

T

T

EN N
E A

AN N
E A

=
+

=
+

 (A.8) 

Now substituting N1 and N2 values in gain coefficient equations (A.2a) and (A.2b) we 

find: 
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T
S s e s a

T
P p e p a

N A E
E A

N A E
E A

α σ σ

α σ σ

= −
+

= −
+

 (A.9) 

and gain coefficient are substitution in equations for generated signal and absorbed 

pump (A.3a) and (A.3b) transforms the equations as: 

 , ,2 T
s e s a s

T

N E AG A E S
E A N

σ σ ε
  +

∆ = − −  +   
 (A.10a) 

 , ,2 T
p e p a p

T

N E AP A E P
E A N

σ σ ε
  +

∆ = − + +  +   
 (A.10b) 

The pump-to-signal conversion efficiency  

 
G
P

η ∆
=

∆
 (A.11) 

with the substitution of (A.10a) and (A.10b) becomes: 

 

, ,

, ,
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T
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T

E AA E S
N

E AA E P
N
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η
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 (A.12) 

using definitions of A and E as given in (A.6) we transform (A.12) as: 
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p T
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APPENDIX – B : Alternative Boundary Transitions 

Consider the illustration in Figure B-1 

 
Figure B-1 Illustration of optimum signal distribution and corresponding 
|D(z)| function variation in an active medium. 

Since there are no incident fields from the outside of the laser cavities as Equations  

(6.38) and (6.39) show |D| is equal to the output powers at the boundaries and it must  

be equal to the signal power S at z = 0 and z = L. In general the optimum signal 

distribution Sopt may not match |D(z)|, as illustrated above.  

 
Figure B-2 Matching boundary conditions by step changes using mirrors 

In this case a step change from Sopt to output powers is required which can be achieved 

by placing mirrors with two external mirrors with reflectivities: 

 1 2
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 at LHS and RHS boundaries respectively as illustrated in Figure B-2. 

In this case the final cavity will consist of two external mirrors –satisfying the boundary 

conditions – and a grating in between, with a specific apodisation profile that sustains 

the optimum signal value throughout the cavity. But in certain cases, depending on the 

pumping scheme and active medium properties, Sopt and |D| can become equal at a 

position L so that the boundary condition at L is matched without the need for an 

external mirror. This was the case we encountered in Figure 6-22, with the Yb doped 

fibre example, and it is illustrated below schematically. 

 
Figure B-3 Coincident optimum signal distribution and |D(z)| function at 
RHS boundary 

This type of signal distribution will then require only a LHS mirror to be connected to 

the grating. 

The mirrors required for the step changes in the signal distribution can lead to very 

challenging production problems. Splicing or butt-coupling a grating to mirrors with 

perfect phase relations is anticipated to be impractical. This problem, however, can be 

overcome by sacrificing a small amount of efficiency: Instead of step changes right at 

the boundaries, smoother transitions can be defined over a short length which can be 

achieved by a grating so that the need for an external mirror is avoided.  

In Figure B-4 the dashed curves illustrate these smooth transitions between the 

optimum signal value and the output powers. Of course in the shaded region the 

efficiency will not be the maximum, since the signal power is not optimum. However 

these smooth transitions can be sustained by gratings and in this case the cavity will be 

an all-grating device therefore it can be produced in a single manufacturing step 

without any splicing or additional connection. In our experimental investigations we 

will employ this technique. 
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Figure B-4 Matching the boundary conditions with smooth transitions and gratings. 
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