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Regular embeddings of complete bipartite graphs: classification
and enumeration

Gareth A. Jones

ABSTRACT

The regular embeddings of complete bipartite graphs K, , in orientable surfaces are classified
and enumerated, and their automorphism groups and combinatorial properties are determined.
The method depends on earlier classifications in the cases where n is a prime power, obtained in
collaboration with Du, Kwak, Nedela and Skoviera, together with results of 1t6, Hall, Huppert
and Wielandt on factorisable groups and on finite solvable groups.

1. Introduction

A major problem in topological graph theory is that of classifying the regular embeddings,
in orientable or non-orientable surfaces, of particular classes of arc-transitive graphs. Extra
motivation has been provided by Grothendieck’s theory of dessins d’enfants [12], in which
bipartite maps on orientable surfaces correspond to algebraic curves defined over the field Q of
algebraic numbers. In recent years there has been particular interest in the regular embeddings
of the complete bipartite graphs K, ,,. The non-orientable regular embeddings of these graphs
have recently been classified by Kwak and Kwon [26], and our aim here is to present a similar
result for the orientably regular embeddings. By these we mean the embeddings M of K, ,
in orientable surfaces such that the orientation-preserving automorphism group Aut™ M acts
transitively on the arcs (directed edges) of M; for conciseness, we refer to these simply as
regular embeddings.

There is at least one such embedding of K, ,, for each positive integer n, namely the standard
embedding S(n), introduced by Biggs and White [2, §5.6.7] as a Cayley map for the group
Z,,, with respect to the generators 1,3,...,2n — 1 in that cyclic order. (By contrast, Biggs [1]
showed that the complete graph K,, has regular embeddings, subsequently classified by James
and the present author in [18], if and only if n is a prime power.) This embedding S(n),
illustrated for n =3 in Figure 1(a), has 2n-gonal faces and has genus (n —1)(n —2)/2; it
also appears in the theory of dessins d’enfants as a map on the nth degree Fermat curve
z" 4+ y™ = 2", with the black and white vertices and the edges represented by the inverse
images of the points 0, 1 and the interval [0, 1] under the function [z,y, z] — (z/2)"; see [19,
23] for details and [5, 22] for some generalisations.

The classification process was begun by Nedela, Skoviera and Zlatos [27], who showed that if
n is prime, then the standard embedding is the only regular embedding of K, ,,; more generally,
it was shown in [21], using group theory, that n has this uniqueness property if and only if
n is coprime to ¢(n), where ¢ is Euler’s function. (It follows from the results of Burnside [3]
and Holder [15] that these are also the integers n for which the cyclic group is the only group
of order n (see [29, Exercise 575]); Erdds [10] has shown that the proportion of the natural
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(a) (b)

FIGURE 1. Embeddings 8(3) and N (4;0,0); opposite sides of the outer hexagon and square are
identified to form a torus.

numbers n < N with this property behaves asymptotically like
e~
logloglog N

as N — oo, where v is Euler’s constant.) Using combinatorial methods based on permutations,
Kwak and Kwon [24] have classified the regular embeddings in the case where n is a product of
two primes, and also the reflexible embeddings (those regular embeddings with an orientation-
reversing automorphism) for all n (see [25]). The classification problem has also been solved for
prime powers n = p°®: the regular embeddings for p > 2 are classified in [20] using properties
of certain metacyclic p-groups; their direct analogues for p = 2, associated with metacyclic
2-groups, are dealt with in [8], and [9] describes the small number of exceptional embeddings
N(n;k,1), defined in §3, which arise for each n = 2° > 4 (see Figure 1(b) for A/ (4;0,0)).
These prime power classifications, which form an important ingredient in the present paper, are
summarised in § 3, and they have been used by Coste, Streit, Wolfart and the present author
in [5, 23] to study the action of the absolute Galois group GalQ/Q on the corresponding
algebraic curves.

Our aim here is to show that, for each n, the regular embeddings of K, ,, can be constructed
from regular embeddings of K. p for various prime powers p®, using two simple constructions
described in § 4. The first of these, introduced in [21], is the cartesian product, which produces
a regular embedding S of K ; from regular embeddings S; of K, 5, (i =1,..., k) for mutually
coprime integers s; with s = s1... ;. The second construction produces a regular embedding
M of K, ,, as a t*>-sheeted regular abelian covering of a regular embedding S of Kj s, where
n = st with s and ¢ coprime. Our main result, formulated more precisely as Corollary 4.6 in §4,
states that every regular embedding of K, ,, can be formed in this way as an abelian covering,
where S is the cartesian product of regular embeddings of K, s, for various prime powers
s; appearing in the factorisation of n, and ¢ is the product of the remaining prime powers.
Since the prime power regular embeddings are all known, this completes the classification of
regular embeddings of K, ,, for all n. The proof is given in §8, after some preliminary results
in §§5-7. We consider the type and genus of these maps in §9, and their mirror images and
Petrie duals in § 10, while formulas for enumerating them are developed in §§11 and 12. There
are comments on connections with directed graphs and the Erdés—Rényi random graph in §§ 13
and 14.

Our method is almost entirely group-theoretic, based on a study of the group Auta'/\/l of
automorphisms of a regular embedding M of K, ,,, preserving surface orientation and vertex
colours. We use the fact, proved in [21] and briefly explained in § 2, that a group G is isomorphic
to Autd M for some regular embedding M of K, , if and only if G is isobicyclic, that is, a
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product of two disjoint cyclic groups of order n, with an automorphism of G transposing their
generators. A result of Wielandt [30] on products of nilpotent groups shows that such a group
G has a series

1=Nog<Ni<...<N_1 <N =G

of characteristic subgroups NV; in which the quotients N;/N;_; are isomorphic to the Sylow
p-subgroups P of G for the distinct primes p dividing n. It follows that M can be formed
from a sequence of regular coverings, with the Sylow subgroups as the covering groups. These
Sylow subgroups P are also isobicyclic, and hence they correspond to regular embeddings P
of Kpe pe, where p® ranges over the prime powers in the factorisation of n. The classification
problem for prime powers having been solved, it is sufficient to consider how the groups P and
maps P corresponding to the prime powers dividing n may be combined to form G and M. In
particular, we need to determine how each Sylow g-subgroup @ of G can act by conjugation on
the subgroups N; to induce automorphisms of a Sylow p-subgroup P = N;/N,_;. Each possible
pattern of actions can be represented as a directed graph I', in which the vertices are the primes
p dividing n, and an arc from ¢ to p represents a non-trivial action of ¢ on P. By determining
the possible structures of such graphs I', and the ways in which regular embeddings P and
actions Q — Aut P can be associated with their vertices and arcs, we obtain a classification of
isobicyclic groups Gj this is stated as Theorem 4.5 in §4, and proved in §8. In particular, we
find that the Sylow subgroups P corresponding to primes p which are terminal vertices of arcs
of ' generate a normal subgroup 7' = C; x Cy of G, while for the remaining primes dividing n
one can choose Sylow subgroups S; to generate their direct product S, which is a complement
for T in G the action of S by conjugation on T can also be described explicitly, so that the
structure of G is completely known. Corollary 4.6, which classifies the regular embeddings of
K, n, is an immediate consequence of Theorem 4.5, using the correspondence between groups
and maps explained in §2: the complement S = S7 X ... x Sk corresponds to the cartesian
product § = &1 X ... X S in the classification theorem, with the normal subgroup T yielding
the abelian covering.

This method allows us to classify the reflexible embeddings of K, ,,, and those which are self-
Petrie (isomorphic to their Petrie duals), thus confirming the enumerations of these two classes
of maps recently obtained by Kwak and Kwon [25]. More generally, the method also yields
an enumeration of all the regular embeddings of K, ,. The general formula, which involves
summation over all directed graphs I' which may occur for a given n, is rather complicated,
and this is particularly so when n is even because of the exceptional embeddings of Kae oe;
however, in special cases, such as when n is divisible by at most two primes, the formula
simplifies to something relatively straightforward. In particular, the formula agrees with the
enumerations obtained earlier in the special cases mentioned above.

2. Regular embeddings and isobicyclic groups

There is a detailed treatment in [21] of the group-theoretic approach to regular embeddings
of complete bipartite graphs, and hence we will simply outline it here. Throughout this paper,
M denotes a regular embedding of K, , in an orientable surface, and Aut™ M denotes its
orientation-preserving automorphism group. The vertices can be coloured black or white so that
each edge connects vertices of different colours; then Autj M denotes the subgroup of index
2 in Aut™ M preserving the vertex colours. It is shown in [21] that a group G is isomorphic
to Autg' M for some such M if and only if G is n-isobicyclic, or simply isobicyclic; this means
that G has cyclic subgroups X = (z) and Y = (y) of order n such that G = XY and X N
Y =1 (hence |G| = n?), and there is an automorphism « of G transposing = and y. We call
(G, z,y) an n-isobicyclic triple, and we call z and y the canonical generators of G: these are
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the orientation-preserving automorphisms of M fixing a black vertex v and a white vertex w,
and sending each neighbouring vertex to the next vertex by following the orientation around
v or w; the automorphism « of G is induced by conjugation by the element of Aut* M which
reverses the edge vw, so that Aut™ M is a semidirect product G () of G by Cs. Conversely,
given an n-isobicyclic triple (G, x,y), we can take the black and white vertices to be the cosets
g9X and gY of X = (x) and Y = (y) in G, and the edges to be the elements of G, with incidence
given by inclusion; the successive powers of x and y give the rotation of edges around each
vertex, thus defining the faces of a regular embedding M of K, .

We define two isobicyclic triples (G,z,y) and (G’,z’,y’) to be isomorphic if there is an
isomorphism G — G’ sending z to z’ and y to y'. Two regular embeddings of K, , are
isomorphic if and only if their corresponding isobicyclic triples are isomorphic, and thus we
have the following result.

THEOREM 2.1. The mapping M — (G, x,y) induces a bijection between the set R(n) of
isomorphism classes of regular embeddings of K,, ,, and the set Z(n) of isomorphism classes of
n-isobicyclic triples. Here Aut{ M = G and Aut™ M = G : (a).

We denote the standard embedding of K, ,, by S(n); this corresponds to the standard triple
(G,z,y) € Z(n), with G = (z,y | 2" = y" = [z,y] = 1) 2 C,, x C,,. For any property of groups
(such as being abelian), we say that a map M € R(n) and its corresponding triple (G, z,y) €
Z(n) have this property if and only if G has this property. For instance, it is easily seen that
S(n) is the only abelian map in R(n).

3. The prime power embeddings

Here we briefly summarise the classifications in [8, 9] and [20] of what we call the prime power
embeddings and triples, by which we mean the regular embeddings M of K, ,, for prime powers
n and the associated isobicyclic triples (G, x,y). For our purposes, it is sufficient to describe
the groups G = Autf)|r M and to give representatives of the orbits of Aut G on pairs of canonical
generators x, y.

As shown in [20], if n = p® for an odd prime p, then G is a metacyclic group

Gr={g,h|g"=h"=1, h9 =h"), (3.1)

where f =1,...,e. This is a semidirect product C,,:C, of a normal subgroup (h) = C,, by
a complement (g) = C,,, and the action of (g) by conjugation on (h) is determined by the
parameter f, which we sometimes denote by f&. The canonical generators of G can be chosen to
be x = g" and y = g"h for some u coprime to p; we denote the corresponding regular embedding
and isobicyclic triple by M(n, f,u) and Z(n, f,u), respectively. Then M(n, f,u) = M(n, f',u’),
or equivalently Z(n, f,u) = Z(n, f,u’), if and only if f = f’ and v = v/ mod (p°~f), and hence
there are ¢(p°~7) isomorphism classes of regular embeddings M (n, f,u) for each f, represented
by taking v = 1,...,p°f coprime to p, and these give a total of POy #(p°*~1) = p*~! maps in
R(n) for each odd prime power n = p°. They all have type {2n,n} and genus (n — 1)(n — 2)/2.
Note that G, = C), x C},, and the unique map corresponding to G is the standard embedding
S(n) = M(n,e, 1).

It is shown in [8] that if n = 2¢, then the metacyclic maps M € R(n) and triples (G, z,y) €
Z(n) are the direct analogues for p =2 of those defined in (3.1), but with the case f =1
excluded if e > 2; this gives > 5_, #(2°=F) = 272 metacyclic maps and triples if n = 2¢ > 4,
and one if n = 2. In addition, it is shown in [9] that there is one non-metacyclic triple in Z(4),
and there are four in Z(n) for each n = 2° > 8. To construct these, let G(n;k,[) be the group
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defined by the presentation

G =Gk 1) = (z,yla" =y" =1, c:=[y,a] = 22TH2" "y 27k

e—2 e—2
@ _ 1420 4 —1-12°72 4y

c , ¥ =c ,

where k,I € {0,1}. This is an extension of a normal subgroup ®(G) = (22, 3?) = Crj2 X Cp2
(the Frattini subgroup of G) by G/®(G) = Cy x Cy; the conjugation action is given by (y?)* =
y~2z! and (22)¥ = 722!, where z is the central involution x™/2y"/2_ For each n = 2¢ > 8 the
four choices for k and [ give the four non-metacyclic triples (G, z,y) in Z(n), and for n =4
the single non-metacyclic triple corresponds to the group G(4;0,0). Let N'(n;k,) denote the
map in R(n) corresponding to G(n;k,l); if k=1 it has type {4,n} and genus (n — 2)2/4,
and if k #1 it has type {8,n} and genus 1+ n(3n — 8)/8. For instance, Figure 1(b) shows
N (4;0,0), isomorphic to the torus map {4,4}52 of Coxeter and Moser [6, Chapter 8]. The
maps N (n;0,0) are special cases for ¢ = n/2 = 271 of the maps {4, 2q}4, the duals of the maps
{2¢,4}4 in [6, Table 8]; they are also isomorphic to the maps O, in [8, Example 3], obtained
by applying Wilson’s ‘opposite’ operation [31] to the torus maps {4,4}, = {4,4},, described
in [6, Chapter 8]. All four maps N (n;k,l) are 4-sheeted regular coverings of N(n/2;0,0),
with the covering obtained by factoring out the central subgroup (z™/2,y™/?) = Cy x Cy of
G(n;k,l). Tt will be useful in §7 for us to define fg =1 for each of these non-metacyclic
2-groups G = G(n; k,1).

4. Basic constructions

Here we describe two basic constructions of regular embeddings of complete bipartite graphs.
Our eventual aim is to show that all such embeddings can be found by applying these
constructions to the prime power embeddings described in § 3.

CONSTRUCTION 4.1. Let M; € R(s;) for i =1,...,k, where the integers sq,...,s; are
mutually coprime. Each M; corresponds to a triple (G;, x;,y;) € Z(s;), and it is easy to check
that if G =Gy x ... x G, x = (x1,...,2x) and y = (y1,...,Yk), then (G, z,y) € Z(s), where
s=81...5;. We call (G,z,y) the cartesian product of the triples (G;,z;,y;), and we call
the corresponding regular embedding of K, , the cartesian product My x ... x My of the
embeddings M. For example, if s has prime power factorisation s = p{*...p;*, then

S(s) = S(p§) % ... x S,

The above construction was introduced in [21]; the following construction is a generalisation
of some simple examples also considered there.

CONSTRUCTION 4.2. Let S € R(s) and let 7 = S(t), respectively, corresponding to a triple
(S,zs,ys) € Z(s) and the standard triple (T, z7, yr) € Z(t). Since T = Cy x Cy, we can use the
basis zr, yr of the free Z;-module T to identify AutT with the general linear group GLa(Z;).
Suppose that s and ¢ are coprime, and that there is a homomorphism 1 : S — GL2(Z;) such

that
— 10 d — A0
s 0 A) ¢ s 0 1

for some A in the group Z; of units in Z;; we call this a diagonal action of S on T, with
eigenvalue A\. Now let G be the semidirect product T':y, S of T by S, with 1 giving the action

165

170

175

180

185

190

195

200



205

210

215

220

225

230

235

Page 6 of 27 GARETH A. JONES

of the complement S by conjugation on the normal subgroup 7', so that

ah =ap, Yy =yp, 2% =z3 and Y =yr.

If we define x = zgzp and y = ysyr, then these relations imply that (G, z, y) is an n-isobicyclic
triple, where n = st. We call this triple a semidirect product of (T, x, yr) by (S, xs,ys), and we
call the corresponding map M € R(n) a semidirect product T :S of T by S, writing M =T :) S
if we need to specify the value of A\. The parameters ¢t and A, together with the isomorphism
class of (S, zg,ys), uniquely determine the isomorphism class of (G, x,y) and hence also that
of M. Any such map M = 7 :S§ is a regular covering of S, with T" as the covering group, such
that M /T = S; we will therefore also refer to M as an abelian covering of S, and similarly for
the triple (G, z,y).

EXAMPLE 4.3. Construction 4.2 yields the cartesian product 7 x § if and only if A = 1.

EXAMPLE 4.4. Instances of non-trivial actions of S on T can be found by taking S to
be the standard embedding, so that S = Cy x C§, and choosing A € Z; such that A\* = 1; for
example, see [21] for the case where ¢ is prime, with s dividing ¢ — 1.

The main results of this paper are that each m-isobicyclic triple, and hence each regular
embedding of K, ,, is an abelian covering of a cartesian product of prime power triples (or
embeddings), as described in § 3. More specifically, we will prove the following.

THEOREM 4.5. Each n-isobicyclic triple (G, x,y) is isomorphic to a semidirect product of
a t-isobicyclic triple (T, zr,yr) by an s-isobicyclic triple (S, zs,ys), where n = st with s and
t coprime, (S,zs,ys) is a cartesian product of p;*-isobicyclic triples for i =1,...,k, where
s =pi'...py" for distinct primes p;, and (T, zr,yr) is the standard t-isobicyclic triple.

We will prove this result in §8. As an immediate consequence of Theorem 4.5, using the
correspondence between maps and isobicyclic triples outlined in §2, we have the following
corollary.

COROLLARY 4.6. FEach regular orientable embedding of K, , has the form M =T :S,
where n = st with s and t coprime, S =& X ... x Sy with each S, € R(p;’), where s =
pit...pyF for distinct primes p;, and T is the standard embedding of Ky ;.

In general, the decompositions in Theorem 4.5 and Corollary 4.6 are not unique: a Sylow
subgroup which is an abelian direct factor of G could appear as a direct factor of either S or
T, and there is a corresponding result for the decomposition of M. However, this is the only
way in which uniqueness can fail, and in each case there is a unique decomposition for which ¢
is minimal; this is characterised by the property that T N Z(G) = 1, where Z(G) denotes the
centre of G. We call this the canonical decomposition of (G,x,y) or of M.

5. Hall subgroups and Sylow subgroups

If M is a regular embedding of K, ,,, then the corresponding group G = Autar./\/l is a product
XY of abelian subgroups X and Y, and thus it follows from a theorem of It6 [17] that G is
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metabelian, that is, an extension of one abelian group by another. Being solvable, G satisfies
Hall’s theorems, or the extended Sylow theorems, which we shall now explain.

If 7 is any set of prime numbers, then a w-number is a positive integer divisible only by
primes in 7, and a w-group is a group the order of which is a m-number. A Hall m-subgroup of
a group G is a m-group H < G the index of which, |G : H|, is a n’-number, where 7’ denotes
the set of primes not in 7. A fundamental theorem of Hall [13] (see also [16, VI.1.8] or [29,
11.18]) states that, for each set 7 of primes, a finite solvable group has a single conjugacy class
of Hall m-subgroups, and every m-subgroup is contained in a Hall w-subgroup. For instance, if
m = {p} or {p}’, then the Hall m-subgroups of G are simply its Sylow p-subgroups or Sylow
p-complements.

A finite nilpotent group has a unique Hall 7-subgroup for each set 7 of primes, namely the
direct product of its Sylow p-subgroups for the primes p € 7. In [16, Satz VI.4.8], Huppert
has shown that if a solvable group G has the form G = XY for nilpotent subgroups X and
Y, and X, and Y, are the Hall m-subgroups of X and Y, then X, Y, is a Hall m-subgroup of
G. (In fact, one can omit the hypothesis that G is solvable, since this is true for any product
of two nilpotent groups, by a theorem of Kegel and Wielandt [16, Satz V1.4.3].) This is a
generalisation of results of Wielandt [30], who proved these properties for Sylow p-subgroups
and their complements.

If G is n-isobicyclic, so that G = XY with X 2 Y = C,,, then these results apply to G. We
call XY, the canonical Hall m-subgroup G, of G. We have X = X x X v and Y =Y, x Y/,
and hence the canonical generators x and y of G have unique factorisations x = z,x, and
Y = YnYp With ., 1, yr and y, elements of X, X/, Y and Y/, respectively. In fact, these
four elements generate these subgroups, and hence we call them their canonical generators. In
the particular case where m = {p} for some prime p dividing n, we write simply z,, z,» and so
on.

Since X NY =1 we have X, NY, = 1. Moreover, the canonical automorphism « of G,
transposing = and y, must also transpose their powers z,, and y,. Thus « leaves G invariant
and induces an automorphism «,; of G transposing its canonical generators, and hence G is
isobicyclic. We summarise this result as follows.

ProposITION 5.1. If G = XY is n-isobicyclic, then, for each set 7w of primes dividing n,
the group G, = X, Y, Is an isobicyclic Hall w-subgroup of G.

COROLLARY 5.2. If G is n-isobicyclic, then, for each prime p dividing n, the Sylow p-
subgroups of G are isomorphic to one of the isobicyclic p-groups described in § 3.

Proof. This follows from Proposition 5.1, the conjugacy of Sylow p-subgroups for a given
p, and the prime-power classifications summarised in § 3. |

The next result gives us an important link between the Sylow subgroups and certain normal
subgroups of G.

ProPOSITION 5.3. If G is n-isobicyclic, p1,...,p; are the distinct primes dividing n, with
p1 > ...>p;, and P; is a Sylow p;-subgroup of G for each i, then N; := Py ... P; is a normal
subgroup of G for eachi=1,...,1.

Proof. This is a special case of a result of Wielandt [30, Satz 3], which states that any
finite group G which is a product of two cyclic groups has this property, where pq,...,p; are
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the primes dividing |G|. In our case we have |G| = n?, and hence these are also the primes
dividing n. 0

This result implies that G has an ascending series
1=Nog< N1 <...<N_1<N =G (51)

of normal (in fact, characteristic) subgroups N; of G with NV;/N;_1 & P, foreachi =1,...,1. We
can (and will) without loss of generality take each P; to be the canonical Sylow p;-subgroup of G,
so each N; is the canonical Hall m-subgroup G of G for m = {p1, ..., p;}. By Corollary 5.2, each
of the quotients N;/N;_; in (5.1) is isomorphic to one of the isobicyclic p-groups described in
§3, where p = p;. More generally, if 1 < ¢ < j <, then the natural epimorphism G — G/N;_
induces an isomorphism G = N;/N;_1, where m = {p;,...,p;}, so Proposition 5.1 implies that
N;/N,_; is isobicyclic.

In order to determine the structure of GG, and hence of M, we need to know the canonical
Sylow subgroups P; of G, together with the action by conjugation of G/N;_; on its normal
subgroup N;/N;_1 = P, for each i. (Since the quotients N;/N;_; in (5.1) have mutually coprime
orders, the Schur—Zassenhaus Theorem (see [16, 1.18.1] or [29, 10.30]) ensures that all the
relevant extensions split, so we do not have to consider cohomological problems associated with
possibly non-split extensions.) In considering this action, by factoring out N;_; if necessary, we
can assume that i = 1, so that N;/N;_; = N; is a normal Sylow p-subgroup P = P; of G for
the largest prime p = p; dividing n. In this case, since G = P ... P, it is sufficient to determine
how each canonical Sylow g-subgroup @) = P; acts by conjugation on P, where ¢ = p; for some
j > 1. We therefore assume for the next two sections that P is a normal Sylow p-subgroup of
G for the largest prime p = p; dividing n, and that @ is the canonical Sylow g-subgroup of G
for a prime ¢ = p;, where j > 1. Even in the general case, when ¢ > 1 and P is not necessarily
normalised by @, we refer to the action of Q on P, meaning the action induced by the natural
isomorphism of P with the corresponding quotient N;/N;_; = P.

An important aid to understanding this action is given by Hall’s corollary to the Burnside
Basis Theorem. Let P be any finite p-group, and let ®(P) denote its Frattini subgroup, the
intersection of its maximal subgroups, or equivalently the smallest normal subgroup of P with
an elementary abelian quotient P = P/®(P). Since ®(P) is a characteristic subgroup of P,
every automorphism of P induces an automorphism of P, giving a homomorphism ¢ : Aut P —
Aut P. Hall [14] (see also [16, IT1.3.18] or [29, 11.13(i)]) showed that ker ¢ is a p-group, or
equivalently the following proposition holds.

PROPOSITION 5.4. If P is a finite p-group, then any p'-group A of automorphisms of P is
represented faithfully on P := P/®(P).

Indeed, one can regard P as a d-dimensional vector space over the field Z,, where d is the
rank (minimum number of generators) of P, so that A acts linearly on P as a subgroup of
GL4(p). In our situation, where P is a normal Sylow p-subgroup of an isobicyclic group G,
we have d = 2; any Sylow p-complement K in G, acting by conjugation, induces a p’-group
K = K/Ck(P) of automorphisms of P, where C(P) denotes the centraliser of P in K. We
therefore have the following proposition.

PROPOSITION 5.5. The group K is represented faithfully on P 2 Cp x Cp, as a subgroup
of GLa(p).
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In particular, if Q is a Sylow g-subgroup of G for any prime ¢ # p, then Q := Q/Cq(P) is
represented faithfully on P as a subgroup of GLa(p).

6. Non-abelian Sylow subgroups

In Construction 4.2, we chose 7 to be a standard embedding. The next result explains why
this is necessary if S is to act non-trivially on T'.

ProroSITION 6.1. If G is isobicyclic, and P is a non-abelian normal Sylow p-subgroup of
G, then P is a direct factor of G.

Note that by Construction 4.2, an abelian normal Sylow p-subgroup need not be a direct
factor. Returning to the series (5.1) for an isobicyclic group G, we can immediately deduce the
following proposition.

PRrROPOSITION 6.2. If P and @ are Sylow p- and g-subgroups of an isobicyclic group G for
primes p # q, and P is non-abelian, then Q) acts trivially on P.

In order to prove Proposition 6.1, we first need the following technical result.

LEMMA 6.3. Let P be a non-abelian isobicyclic p-group with canonical generators x and vy,
and canonical automorphism «. If A = (3, %) < Aut P, where (8 is an automorphism fixing
x, and A has order coprime to p, then A = 1.

Proof. Since A has order coprime to p, it is represented faithfully on P := P/®(P) = C, x
C)p by Proposition 5.4, and thus it is sufficient to show that A acts trivially on P. If we use the
basis of P formed by the images # and § of the canonical generators z and y of P, then A is
identified with the subgroup of Aut P = GLy(p) generated by two matrices of the form

1 0 A K
M@:(K A) and M7:<0 1)

with K, A € Z,, and A # 0. Here Mg represents the action of 3, which fixes &, and M, represents
that of v := 3%, which fixes g. If A = 1, then such matrices have order p (against our hypotheses)
or 1 (as required); thus we may assume that A # 1, and hence p > 2.

In the proof of [20, Proposition 16] it is shown that if P is a non-abelian isobicyclic p-group,
where p > 2, then every automorphism of P acts on P as a matrix in GLz(p) of the form

6 2)

with respect to the basis g, h for P, where g and h are as in (3.1). The group of all such matrices,
isomorphic to the affine general linear group AGL;(p), acts faithfully on the projective line
PG (p) formed by the 1-dimensional subspaces of P, fixing one element of PG1(p) and acting
sharply 2-transitively on the remaining p elements. Any subgroup of AGL;(p) of order coprime
to p is cyclic of order dividing p — 1, fixing two elements and acting semi-regularly on the other
p — 1. In particular, this must apply to A; however, Mg and M., between them, have at least
three fixed points on PGy (p), and thus A = 1, as required. O
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Proof of Proposition 6.1. Being normal, P is the unique Sylow p-subgroup of GG, and hence
P is the canonical Sylow p-subgroup G, = X,Y,. Let K be the canonical Sylow p-complement
Gp = XYy in G thus G is a semidirect product of P by K. Acting on P by conjugation, K
induces a group K = K/Ck(P) of automorphisms of P. This is generated by automorphisms
B and v = 3% of P, induced by the canonical generators x,s and y,s of K. Since X, and X, are
contained in the abelian group X, it follows that 3 acts trivially on X, and similarly v acts
trivially on Y},. Since P is a non-abelian isobicyclic p-group, and since K has order coprime to
p, Lemma 6.2 (with A = K) implies that K = 1, and hence G = P x K, as required. O

7. Abelian Sylow subgroups

We now assume that the normal Sylow p-subgroup P of G is abelian. Since P is isobicyclic, it
follows that P = Cp,a x Cpa for some d > 1. In order to determine how G can act by conjugation
on P we need the following lemma, an analogue of Lemma 6.3.

LEMMA 7.1. Let P = Cpa x Cpa and let A < Aut P = GL3(Z,a) be a p’-group generated

by the matrices
1 0 A K
M, = </¢ /\> and M, = (O 1) .

Then the following are equivalent:
(a) A is abelian;
A consists of diagonal matrices;

(b)
()K—O
(d)

Proof. 1t is clear that (b) and (c) are equivalent, that (b) implies (a), and that (c) implies
(d). To show that (a) implies (c), we have

A K K24+ X kA
Mng:(m)\ nz—l—)\) and Mng:( K A)’

and hence M, and M, commute if and only if x> =0 and k(A —1) = 0. If k # 0 then this
implies that A = 1 mod (p). Since A is a p/-group, it is represented faithfully on P := P/®(P) =
C, x Cp as a subgroup of GL2(p); however, since A = 1 mod (p) the images of M, and M, in
GLy(p) have order dividing p, and hence A = 1, contradicting x # 0. To show that (d) implies
(a), if K = 0 mod (p) then the images of M, and M, in GL2(p) are diagonal matrices, and thus
they commute; since A is represented faithfully in GLy(p) it follows that M, and M, commute,
and hence A is abelian. O

If A satisfies the equivalent conditions in Lemma 7.1, and hence

1 0 A0
Mw—(o >\> and My—(o 1)

for some A € Za, then we say that A acts diagonally on P with respect to the canonical basis
of P, with eigenvalue \. By Proposition 5.4 we must have \P~1 = 1.

ProPOSITION 7.2. If P is an abelian normal Sylow p-subgroup of an isobicyclic group G,
then G acts diagonally on P with respect to its canonical basis.
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Proof. Since P is abelian, the action of G by conjugation on P is equivalent to that of
G/P, and this in turn is equivalent to that of the Sylow p’-complement G, of G. Since G,/ is
the product of the canonical Sylow g-subgroups @ = G, of G for the primes g # p dividing n,
it is sufficient to show that each such group @ acts diagonally on P.

Since |Q| is coprime to p, the subgroup @ = Q/Cq(P) of Aut P induced by @ on P is
isomorphic to the subgroup Q of GLy(p) induced by Q on P := P/®(P). Now Q is contained
in a Sylow g-subgroup S of GLs(p). If ¢ is odd, then S is abelian, conjugate to a subgroup
of the diagonal group GL;(p) x GL1(p) if ¢ divides p — 1, or to a subgroup of a Singer group
GF(p?)* = C2_; if not. In either case, Q is abelian and hence so is Q, so Lemma 7.1 implies
that @ acts diagonally on P.

We may therefore assume that ¢ = 2. The above argument does not apply in this case, since
a Sylow 2-subgroup S of GLz(p) is non-abelian for each prime p > 2. If p = 1mod (4), then
S is a wreath product Cor?Cy, where 2" || p — 1: one can take the base group Car x Cor to
consist of diagonal matrices, with the complement Cy generated by (9¢). If p = —1mod (4),
then S is a semidihedral group

2r+1

SDyrt1 = {¢,d | ¢ =d®>=1,c%= c_1+2r>,
where 27 || p + 1: the normal subgroup (c) = Cy,+1 is contained in a Singer group GF(p?)*, and
the complement (d) = Cy is induced by the Galois group of GF(p?). In either case, S has an
abelian subgroup of index 2, and thus all squares in (Q commute.

The canonical generators of ), acting by conjugation on P, are represented by matrices of
the form M,, M, € GL3(Z,a) in Lemma 7.1. Now

2 1 0 Y A2 k(A+1)
. = an = 5
KA+1) A2 Y 0 1

and hence
A2 k(A+1)
2
M””Mg = 2 2 2 2
<I<&)\ A+1) &EA+1D)2+ A

and

M2 (;-e?(/\ +1)2 422 kA2 + 1))
y e = :

K(A+1) A2

This shows that M7 and M7 commute if and only if £*(A41)* = 0 and k(A +1)(A\*> —=1) =0
in Z,q. Since they generate a p’-group, the matrices M2 and M} commute if and only if their
images in GLy(p) commute, that is, k2(A + 1)? = k(A + 1)(A%2 — 1) = 0 mod (p), or equivalently
k=0or A= —1mod (p). If Kk = 0mod (p), then Lemma 7.1 implies that @) acts diagonally, and
thus we may assume that A = —1mod (p). Then M2 and My2 induce the identity on P, and
hence they also induce the identity on P. Thus the images X, = (M,) and Y, = (M,) of X,
and Yy, in Aut P each have order at most 2, and hence Q= XqY, has order at most 4. It

follows that @ is abelian, and thus Lemma 7.1 implies that @ acts diagonally on P. |

We can now deduce the analogue of Corollary 6.2 for abelian Sylow p-subgroups.

COROLLARY 7.3. If P and @ are Sylow p- and g-subgroups, respectively, of an isobicyclic
group G for primes p # q, and P is abelian, then @) acts diagonally on P. If q¢ does not divide
p — 1, then this action is trivial.
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Proof.  The first statement follows immediately from Proposition 7.2. Proposition 5.5 then
implies that @) is represented faithfully on P as a subgroup of GL1(p) x GL1(p) = Cp—1 x Cp_1,
and thus if ¢ does not divide p — 1, then @) = 1, that is, Q acts trivially on P. |

It remains for us to determine how ) can act diagonally on P when ¢ divides p — 1.

LEMMA 7.4. Let p and q be primes, with g dividing p — 1. An isobicyclic g-group @ can
act diagonally on P = Cpa x Cpa with eigenvalue \ € Z,q if and only if X" =1, where m =
min{ fg,r} and q" || p — 1; there are ¢™ such elements \ € Z,a.

Proof. Since diagonal matrices commute, there is a diagonal action of @ on P with
eigenvalue \ if and only if the mapping

1 0 A0
:1:»—>Mz(0 /\> and y»—>M(O 1)

of the canonical generators x and y of @ induces a homomorphism Q*" := Q/Q’ — GL2(Zya).
First suppose that @ is metacyclic. The results in [8, 20] (see §3) show that

Q=g h|g" =h" =1, h9 = p!*7"),
where |Q| = ¢%¢, with f = f taking a value 1,...,eif ¢ > 2, or 2,...,e if ¢ = 2, and hence
a € !
Q™ = (g,h| 9" =h" =[g,h] =1).

The canonical generators of Q are x = ¢g* and y = g“h, where u = 1,...,¢°f is coprime to g,
and thus we have an equivalent presentation as follows:

. e f f
Q™ = (v,y |27 =,y =1, 27 =y7).

Since f < e, we see that M, and M, satisfy these relations, giving a diagonal action of @
with eigenvalue A, if and only if A" = 1. Since q divides p — 1, we have p > 2, and hence
the multiplicative group Z. is cyclic, of order #(p?) = (p — 1)p?~!. The number of solutions
of A =1 in this group is therefore ged(qf, #(p?)) = ged(qf,p — 1) = ged(q”, ¢") = ¢, where
q" || p—1and m = min{f,r}.
Now suppose that @ is not metacyclic; thus ¢ = 2. As shown in [9] and explained in § 3, we
have
Q=(ry | 2 =y =Lei=[ya] =2 Ty
T _ c’1+12e_2x4,

7

C

where e > 2 and k,l € {0,1}, with k =1 =0 if e = 2. Thus

e—1 e—1
Qab — <x,y | 3’54 — y4 _ [x,y] — 1, $2+k2 _ y2+k2 >

9

and hence we obtain a diagonal action of @ if and only if A% = 1. Since p is odd, it follows
that @ has two diagonal actions on P, given by A = +1. Since we defined fg =1 for the non-
metacyclic groups @, giving m = 1 and hence ¢ = 2, this is consistent with the statement of
the lemma. |

ProrosiTiON 7.5. Let P,Q and R be Sylow p-, q- and r-subgroups of an n-isobicyclic
group G, for primes p,q and r, respectively, with p > q > r. If R acts non-trivially on @, then
Q acts trivially on P.
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Proof. Without loss of generality we can take P,Q and R to be the canonical Sylow
subgroups G, G4 and G, of G. Since R acts non-trivially on @, it follows from Proposition 6.1
(applied to the action by conjugation on @, rather than P) that () must be abelian, and
hence @ = Cye X Cye, where ¢° || n. It then follows from Proposition 7.2 (again applied to
@ rather than P) that R acts diagonally on @), with an eigenvalue A # 1 in Zg. If z,
and y, are the canonical generators of @, and x, and y, are those of R, then z¥" = xﬁ,
and thus [zg,y,] = x{?_l, and similarly [yq, z,] = y{l\_l. Now A # 1mod (g), since the ¢’-group
(A) < Zy., acting by multiplication on the additive g-group Zg, is represented faithfully on
Zge |®(Zge) = Lge [qZge = Zg. 1t follows that 3! and y) ' are generators of the groups
(zq) = X4 and (yq) =Yg, and hence the subgroup @ = X,Y;, generated by two commutators,
is contained in the derived group G’ of G. If P is abelian or non-abelian, then G acts diagonally
or trivially on P, by Propositions 7.2 and 6.1, respectively. In either case, G induces an abelian

group of automorphisms of P, and since QQ < G’ it follows that @ acts trivially on P. O

8. Isobicyclic groups and directed graphs

Using Corollary 7.3 and Lemma 7.5, we can describe the structure of an isobicyclic triple
(G,z,y) € Z(n) by means of a labelled directed graph. We will use this idea to give a proof of
Theorem 4.5.

Let IT denote the set of all prime numbers, and let — denote the binary relation on IT defined
by ¢ — p if and only if ¢ divides p — 1; we can regard II as a directed graph, with an arc from
q to p whenever ¢ — p. For each integer n > 2, let II,, denote the induced subgraph of II the
vertices of which are the prime factors p1,...,p; of n, formed by restricting the relation — to
these primes. We say that — is a short subrelation of — on II,, if — is a subrelation of —
on I, (that is, ¢ — p implies that ¢ — p) and there is no triple p, ¢, r in II,, with r — ¢ — p;
equivalently, — defines a directed subgraph I" of II,, which spans II,, (that is, contains all the
vertices of II,,), and contains no directed paths of length greater than 1. In these circumstances
we call I a short spanning subgraph of II,,, written as I < II,,.

The motivation for these definitions is that each short subrelation — (equivalently each short
spanning subgraph I') represents a choice of which Sylow subgroups of an n-isobicyclic group
G act non-trivially by conjugation on each other, with ¢ — p meaning that a Sylow g-subgroup
@ acts non-trivially on a Sylow p-subgroup P. By Corollary 7.3, if ¢ — p, then ¢ divides p — 1,
and thus — must be a subrelation of —. Proposition 7.5 implies that there can be no directed
paths r — ¢ — p in I', and hence this subrelation must be short.

In order to specify an n-isobicyclic triple (G, z,y) completely, we need to describe the triples
(P, xp,Yyp) corresponding to the Sylow subgroups P = G,, of G, together with the actions @ —
Aut P of these subgroups by conjugation on each other. We do this by attaching labels to the
vertices and arcs of I', describing these triples and actions. First we define

T(T)={pell, | q— pfor some q € II,, },
the set of terminal vertices of I', and
NT)={pell, |q—pfornoqell,},

the set of non-terminal vertices. An isobicyclic labelling A of T' has two ingredients. First,
each vertex p of T is labelled with a triple A(p) = (P, x,,y,) € Z(p?), where p? || n, with the
restriction that if p € T(T'), then A(p) is the standard triple in Z(p?). Second, each arc ¢ — p in
I is labelled with an element A = A(q — p) € Z,q satisfying X" =1 # X, where g is labelled
with A(q) = (Q,2q,Yq), ¢" || p— 1 and m = min{ fg, r} (see §3 for the definition of fq).

Each n-isobicyclic triple (G, z, y) determines an isobicyclic labelling A = A(G, x, y) of a short
spanning subgraph I' = I'(G, z, y) = II,,: the triple A(p) = (P, zp, yp) labelling a vertex p of I,
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represents the canonical Sylow p-subgroup of G and its canonical generators, with Corollary 5.2
implying that this triple is isobicyclic; an arc ¢ — p in I' corresponds to a non-trivial action
@ — Aut P between Sylow subgroups of G, with Corollary 6.2 implying that P must then
be abelian, so that A(p) is the standard triple; these arcs define a short subgraph I" < II,, by
Proposition 7.5 and Corollary 7.3; if A(q) = (Q,z4,¥,), then the arc ¢ — p is labelled with
the common non-identity eigenvalue A of z, and y, in the diagonal action of Q) on P (see
Corollary 7.3), and this satisfies X" =1 # X by Lemma 7.4.

Let £(n) denote the set of all pairs (I', A), where A is an isobicyclic labelling of a short
spanning subgraph I of II,. We often refer to these simply as isobicyclic labellings. Let
J(n) denote the subset of Z(n) consisting of the triples (G, x,y) satisfying the conclusions
of Theorem 4.5. Proving Theorem 4.5 then amounts to showing that J(n) = Z(n).

PROPOSITION 8.1. Each isobicyclic labelling (I'y,A) € L(n) is induced by a unique triple
(G,z,y) € Z(n); this triple is in J(n).

Proof. We first prove the existence of a suitable triple (G, z,y) € J(n) by induction on the
number [ = |II,,| of primes dividing n. The case [ =1 is trivial, with (G, z,y) = A(p) € J(n)
for the unique prime p dividing n, and hence we may assume that [ > 1 and that existence has
been proved for all integers divisible by [ — 1 primes.

Let p be the largest prime dividing n, so that there are no arcs p — ¢ in I', and let A(p) =
(P,xzp,yp). Let T* be the directed graph formed from T' by deleting the vertex p and any
incident arcs ¢ — p, and let A* be the restriction of the labelling A to I'*. Then (I'*, A*) € L(n*),
where n* = n/p? with p? || n, and thus by the induction hypothesis this labelling corresponds
to a triple (G*,z*,y*) = (T, 21+, yr+) : (S*, 25+,ys~) € J(n*). Without loss of generality, we
can assume that this is the canonical decomposition of this triple, and thus S* and T™* are
the direct products of the Sylow g-subgroups @ of G* corresponding to the non-terminal and
terminal vertices g of I'*.

If P is non-abelian, then there are no arcs ¢ —p in I, and thus the triple
(G,z,y) = (P,xp,yp) X (G*,2*,y*) € Z(n) induces the labelling (I', A). This triple has the
form (T, xr,yr) : (S,zs,ys) with (T, zp,yr) = (T*, xp+,yr~) and (S, zs,ys) = (P,zp,yp) X
(8*, xs+,ys+), and hence it is in J(n).

If P is abelian, then P = Cja X Cpa. We need to show that there is a diagonal action of G*
on P which is consistent with the labelling in A of the arcs ¢ — p of I'. No terminal vertex g of
I'* can be the source of an arc ¢ — p, since I is short, and thus 7™ must be in the kernel of such
an action. We therefore define the action G* — Aut P by composing the natural epimorphism
G* — G*/T* = S* with the unique extension to S* of the actions @ — Aut P for the Sylow
g-subgroups @ of G* corresponding to the non-terminal vertices g of I'*. This extension exists
since the direct factors @ of S* commute with each other and are represented by diagonal
(and hence commuting) matrices on P; it is unique since these subgroups @) generate S*.
(Indeed, the eigenvalue A for this action of G* is the product of the labels A(g — p) on the arcs
g — p in T'.) We now form the extension (G,z,y) = (P,zp,yp) :x (G*,2*,y*) corresponding
to this action. By its construction, this triple is in Z(n) and it induces the labelling (I, A). To
see that (G, z,y) € J(n), note that the abelian normal groups P and T commute and have
coprime orders, and thus they generate an abelian normal subgroup T'= P x T™ in G; this is
complemented by S*, which acts diagonally on 7', and hence (G, z,y) = (T, zp,yr) : (S, zs,ys)
with (T, zp,yr) = (P,zp,yp) X (T*, zp,y7~) and (S, xs,ys) = (S*, x5+, ys+ ).

The uniqueness of (G, z,y) is similarly proved by induction on [: any triple in Z(n) with
labelling (T, A) must have the form (P,zp,yp) x (G*,z*,y*) or (P,zp,yp) :x (G*,2*,y*) as
above; such a product is determined up to isomorphism by the two factors (and, in the latter
case, the eigenvalue \), and these in turn are uniquely determined by (I", A). O
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Proof of Theorem 4.5. Any (G,z,y) € Z(n) induces an isobicyclic labelling (I', A) € L(n).
By Proposition 8.1 this is induced by a unique isobicyclic triple, which is in J(n). Thus (G, z, y)
is in J(n), and hence it satisfies the conclusions of Theorem 4.5. U

Corollary 4.6, which gives a similar decomposition for the maps M € R(n), is an immediate
consequence of Theorem 4.5.

As observed at the end of §4, these decompositions of triples and maps are not in general
unique. We shall now discuss this lack of uniqueness in terms of isobicyclic labellings; we do so
mainly for triples, but the analogous comments apply in the obvious way to maps. Each triple
(G,z,y) € I(n) corresponds to a labelling (I', A) € £(n). This triple can be decomposed as a
cartesian product of triples in Z(n') for various divisors n’ of n, with the indecomposable direct
factors corresponding to the connected components of I', each with its labelling induced by A.
In particular, any isolated vertex p of I represents a Sylow p-subgroup P which is a direct factor
of G, and if A(p) is a standard triple, then the abelian group P can be regarded as a subgroup
of S or T'. This shows that the decomposition in Theorem 4.5 is not generally unique. However,
any terminal vertex p must correspond to a Sylow p-subgroup P < T, and hence if we use the
canonical decomposition, with ¢ minimal, then 7' is the Hall subgroup G, for = = T'(T"), the
direct product of these Sylow subgroups P as in the proof of Proposition 8.1. We assume from
now on that the canonical decomposition is always used, unless stated otherwise. Then M, or
equivalently (G, x,y), uniquely determines ¢ and the direct factors S; of S in Corollary 4.6, up
to a permutation of these factors. It also uniquely determines the eigenvalue A for the diagonal
action of S on T’ this is shown by the following result, which also establishes some properties
of A needed in the next section.

LEMMA 8.2. In the canonical decompositions for M and (G, z,y) we have the following.

(i) The eigenvalue A\ for S on T is the unique solution in Z; of the congruences \ =
M\pmod (p?) for each p € m = T(T'), where p® || n and A, is the product in Z,. of the labels
A(q — p) attached to the arcs ¢ — p in T

(ii) The multiplicative order |A| of A in Zj is lem{|\,| | p € 7}, where the order |A,| of A,
in Z7, is the product of the orders of the labels A(q¢ — p) € Z. on the arcs ¢ = p in T

(iii) Ift > 1, then A — 1 is a unit in Z.

Proof. (i) The subgroup S acts diagonally on the Sylow p-subgroup P of T for each prime
p € m. Since x5 = T = quw/ 24, and similarly for yg, the eigenvalue A, for this action of S
on P is the product of the eigenvalues for its Sylow g-subgroups, and this is the product of the
labels A(¢ — p) on the arcs ¢ — p in T'. By the Chinese Remainder Theorem, there is a unique
A € Z} such that A = A, mod (p?) for each p € 7, and since T is the direct sum of its Sylow
p-subgroups, this is the eigenvalue for S on T

(ii) For a given p, the eigenvalues A(¢ — p) have mutually coprime orders (since each is a
power of ¢ by Lemma 7.4), and hence the multiplicative order |A,| of A, in Z;d is the product
of the orders of these eigenvalues. Since A is identified with (A,) under the natural isomorphism
Z; =[],y Zpa, it has multiplicative order [A| = lem{[),| | p € 7} in Z;.

(iii) By the minimality of ¢, each p € 7 is a terminal vertex of I, and hence A, # 1. Then
Proposition 5.4 implies that A, — 1 is a unit in Z,« for each p, and since A = A, mod (p?) for
each p it follows that A — 1 is a unit in Z;. |

Note that the exceptional case ¢t = 1 in (iii) corresponds to the situation where M =8 =
Sy X ... x 8 in Corollary 4.6, with A = 1.
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9. Type and genus

In the notation of [6], a regular map has type {p, ¢} if its faces are p-gons and its vertices have
valency ¢. If M is a regular embedding of K, ,,, corresponding to a triple (G, z,y) € Z(n), then
the faces of M are all 2m-gons, and thus M has type {2m,n}, where m = mg is the order
|zy| of 2y in G. Tt follows that there are n?/m faces, and thus M has Euler characteristic
2
X =2n — n? + n
m

and genus
X n n
—1-Z=1+2(n-2-2).
g p T,
For instance, it is shown in [8, 20] that if M is a metacyclic prime power embedding, then
m = n and thus M has type {2n,n} and genus (n — 1)(n — 2)/2. However, [9, Equation (2.1)]
states that, for n = 2¢, the non-metacyclic 2-groups G(n; k, ) described in § 3 satisfy

Yot = gy )2

for all odd 4 and j, where z is the central involution z/2y"/2, and thus (vy)? = 2P+ it follows
that the non-metacyclic embeddings A (rn;0,0) and A (n;1,1) have m = 2, and hence they
have type {4,n} and genus (n — 2)?/4, while N'(n;0,1) and A(n;1,0) have m = 4, and thus
they have type {8,n} and genus 1+ n(3n — 8)/8.

LEMMA 9.1. If S is as in the canonical decomposition of M, then mg = mg.

Proof. By Corollary 4.6 we have z = xgzr and y = ysyr, and thus

TY = TSTTYSYT = TSYS-Yg TTYsyr = ab,
where
a=xg5ys €S and b= ygleysyT eT.

We can identify 7' with Z? so that z7 and yr correspond to the basis elements (1,0) and
(0,1). Since ys acts by conjugation as the matrix (9 ¢) with respect to this basis, we have
ys'zrys = (A,0) and hence b= (\, 1). Since zg acts as (} {), the element a = z5ys acts as

M. For any ¢ > 1 we have

2

(ab) =a' - b b* .. b%
with a’ € S and each b’ € T; since SNT =1, it follows that

1 i—2

(zy)i=1 < a'=1 and b* " ...b%=1.
We have a* = 1 if and only if  is divisible by the order mg of zsys in S. Each be’ is identified
with A(\, 1) = (M1 \) in Z7, and hence
i—1
b T b = Y (VML) = (A A AL TR AL AT,
3=0
Thus b¢ b2 °.. . b% =1 if and only if 1 + A+ ... + Xi"! = 0 in Z,, and since A — 1 is a unit
by Lemma 8.2(iii), this is equivalent to A’ = 1, that is, to ¢ being divisible by the multiplicative
order |A| of A in Z;. Since X is an eigenvalue of zgys on T, it follows that |A| divides mg, and
hence (zy)’ = 1 if and only if i is divisible by mg. Thus zy has order mg. O

Since S is the direct product of its Sylow g-subgroups @), we have mg = quw/ mq, where
mg is the order of 24y, in @ and 7 = T'(I'). For example, if @ is metacyclic (as must happen
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if ¢ > 2), then my = ¢°, where ¢° || n; it follows that mg = s = n,/, the maximal 7’-number
dividing n, unless S has a non-metacyclic Sylow 2-subgroup, in which case mg = 2n,+ or 4n,«,
where 7* = 7" \ {2}. We therefore have the following proposition.

PROPOSITION 9.2. Let M € R(n), corresponding to a pair (I'; A) € L(n), and let w be the
set of primes which are terminal vertices of I'.
(i) If n is odd, or if n is even and the Sylow 2-subgroup A(2) is metacyclic, then M has
type {2n,.,n} and genus

1—&—%(71—71”—2).

(ii) Ifn is even and A(2) is G(n;0,0) or G(n;1,1), then M has type {4n,~,n} and genus

n N+
1 f( _In —2)
T\

where 7+ = 7 U {2}.
(i) If n is even and A(2) is G(n;1,0) or G(n;0,1), then M has type {8n,~,n} and genus

n N+
1 f( _ Dn ,2>
T\

10. Operations on maps

Wilson’s operations Hj, introduced in [31], act on maps M by raising the rotation of edges
around each vertex to its jth power, where j is coprime to the valencies; they preserve the
embedded graph, the orientability and the automorphism group of M. For instance, H_; (M)
is the mirror image M of M. If a map M € R(n) corresponds to an isobicyclic triple (G, z,y) €
Z(n), and j is coprime to n, then H;(M) is the map in R(n) corresponding to the triple
H;(G,z,y) = (G,27,y’) € Z(n). Similarly, if M corresponds to a labelling (I', A) € £(n), then
H (M) corresponds to the labelling (I, A7) € £(n) defined by A7 (p) = H;(A(p)) for each vertex
p of I' and A%(q — p) = A(g — p)’ for each arc ¢ — p. This gives isomorphic actions of the
multiplicative group Z) on the sets R(n), Z(n) and L(n). For instance, if A(p) is a metacyclic
triple (P, xp,yp), corresponding to a map M(p, f,u) € R(p°®) in the notation of §3, then
A (p) corresponds to the map H;(M(p%, f,u)) = M(p°, f,ju) € R(p®); for a given pair p® and
f (equivalently, for a given p®-isobicyclic group P = G), these maps form a single orbit of Z;;,
as shown in [8, 20]. The non-metacyclic maps M = N(2%k,[) in R(2¢) have mutually non-
isomorphic orientation-preserving automorphism groups Aut™ M, and thus they are invariant
under H; for each odd j.

The operation H_; is of particular interest. An orientably regular map M is said to be
reflexible if it has an automorphism reversing the orientation, or equivalently M is isomorphic
(as an oriented map) to its mirror image M = H_;(M); otherwise M and M form a chiral pair.
If a map M € R(n) corresponds to an isobicyclic triple (G,z,y) € Z(n), then M corresponds
to the triple (G,271,y~!), and hence M is reflexible if and only if G' has an automorphism
inverting x and y; we then say that (G, z,y) is reflexible. Similarly, if M corresponds to an
isobicyclic labelling (T, A) € £(n), then M corresponds to the labelling (I', A), where A(p) =
(P,xyt,y, ") if a vertex p has label A(p) = (P, xp,y,), and A(g — p) = A(qg — p)~' for each
arc ¢ — p. It follows that M is reflexible if and only if A(p) is reflexible for each vertex p of T’
and A(q — p)? = 1 for each arc ¢ — p of I'. This allows us to classify and to count the reflexible
embeddings by considering their corresponding labellings.

First we consider vertex labels A(p). It is shown in [20] that, for an odd prime p, the only
reflexible map in R(p¢) is the standard embedding, corresponding to an abelian Sylow p-
subgroup P =2 Cpe x Cpe of G, and hence the only reflexible label A(p) € Z(p®) is the standard
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triple (P, xp,yp). In the case p = 2, however, there are extra possibilities. First, as shown in
[8], the reflexible metacyclic maps in R(2¢) are the standard embedding S(2¢) = M(2°,e, 1),
with P 2 (e X Cae, and also (provided e > 3) the map M(2¢ e —1,1), corresponding to a
non-abelian group P with f = e — 1. In addition, the non-metacyclic maps A/ (2¢; k, ) in R(2¢)
are all reflexible: there is one such map if e = 2, and there are four for each e > 3. Thus when
n is even, the number of possibilities for a reflexible label A(2) is 1,2 or 6 as 2° | n with e = 1,
e =2 or e > 3, respectively.

We now consider which arc labels A = A(q — p) can satisfy A> = 1. By Lemma 7.4 we have
X" =1 for some m, and hence if ¢ is odd, then the only solution is A = 1; this corresponds
to the trivial action of a Sylow g-subgroup @ on a Sylow p-subgroup P, and thus it cannot
be the label of an arc in I'. It follows that if M is reflexible, then any arc in I must have the
form 2 — p. In particular, if n is odd, then I' must be the null graph; each vertex label A(p)
is a standard triple, since p is odd, and hence in this case the standard embedding is the only
reflexible map in R(n). If n is even, then any arc 2 — p in I" must be labelled with A = —1,
since this is the only solution of A2 = 1 # A when p is odd, and conversely Lemma 7.4 shows
that each of the reflexible 2-subgroups @ listed above can act diagonally on P with eigenvalue
A = —1. It follows that if n is divisible by r odd primes p, then each of the 2" possible subgraphs
I’ < II,, (one for each choice of a set of arcs 2 — p) has a unique isobicyclic arc-labelling. Taking
account of the number of possible vertex-labellings, considered above, we see that the number
p(n) of reflexible embeddings of K, , is given by

1 ife=0,
w17 ife—1,
n)=

P o+l ife =2,

3.2+ ife > 3,
where
n=2°p{'...pfr

for distinct odd primes p; and integers e; > 1. This agrees with the enumeration recently
obtained by Kwak and Kwon [25], using a different method. The remaining maps in R(n)
occur in chiral pairs, and the number y(n) of such pairs can now be obtained from the formula

x(n) = 5 (v(n) = p(n)),

where v(n) is the number |R(n)| of regular embeddings of K, ., to be determined in the next
two sections.

The above argument also gives an explicit description of the reflexible embeddings M of
K, . As we have seen, if n is odd, then M is the standard embedding, and hence we may
assume that n is even. In the notation of Corollary 4.6, some direct factor of S, which we can
take to be Sy, is one of the reflexible maps in R(2¢) described above, while Sy, ..., Sk, which
are direct factors of M, are all standard embeddings. In the canonical decomposition, S acts
diagonally on T with eigenvalue —1 (so that Sa, ..., Sk, having odd orders, act trivially), and

ME(T:8) xS X ...x8=(T:81) xS(n/2%). (10.1)

The Petrie dual P(M) of a map M, also discussed in [31], has the same embedded graph
as M, and has new faces, bounded by the Petrie polygons (closed zig-zag paths) of M; thus
Aut M = AutP(M). If M € R(n), then P(M) is an embedding of K, ,, and is orientable
since this graph is bipartite, but it need not be regular; if it is, then M must be reflexible,
since a half-turn reversing an edge of P(M) acts as a reflection reversing the same edge of M.
We will therefore consider the effect of the Petrie duality operation P on the reflexible maps

M € R(n).
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If such a map M corresponds to a triple (G, xz,y) € Z(n), then P(M) corresponds to the
triple (G, x,y~1): this is in Z(n) since the automorphism of G transposing x and y, composed
with the automorphism inverting them, gives an automorphism transposing = and y~'. The
Petrie polygons of M are 2m/-gons, and hence P(M) has type {2m’, n}, where m/' is the order
of zy~!. By arguments similar to those used in the case of the operation H_, if M corresponds
to a pair (I', A) € L(n), then P(M) corresponds to the pair (I', P(A)), where the labelling P(A)
is obtained from A by replacing each vertex label A(p) = (P, zp,yp) with (P, xp, y;l); all the
arc labels A = A(g — p) satisfy A~! = ), and thus they are unchanged.

We say that a map M is self-Petrie if M = P(M). A map M € R(n) is self-Petrie if and
only if G has an automorphism fixing « and inverting y, or equivalently the vertex labels A(p)
are all self-Petrie. Since every standard embedding is self-Petrie, it follows that if M is as in
(10.1), then

PM) = (T :P(S1)) x Sa X ... xS = (T : P(51)) x S(n/2¢).

Thus M is self-Petrie if and only if S; is self-Petrie. Of the reflexible maps in R(2¢) described
above, all are self-Petrie with the exception of N (2¢;0,1) and N(2¢;1,1), which are Petrie
duals of each other for each e > 3. (Note that Aut N'(2¢;0,1) = Aut A (2¢;1,1), even though
AutTANV(2¢:0,1) 2 Aut™A(2¢;1,1).) Tt follows that a reflexible map M € R(n) is self-Petrie
if and only if S is not one of these two maps, and hence the number o(n) of self-Petrie maps
in Z(n) is given by

1 if e=0,
(n) 2" ife=1,
o(n) =

2+l if e =2,

27+2 ife >3,

where 2° || n and n is divisible by r distinct odd primes. As in the case of reflexibility, this
agrees with the enumeration obtained by Kwak and Kwon [25].

11. Enumeration: n odd

Having used the bijections between R(n), Z(n) and L£(n) to count the reflexible and self-
Petrie embeddings of K, ,, we can use the same method to count all its regular embeddings.
By Theorem 2.1, the mapping M — (G, z,y) induces a bijection R(n) — Z(n), and thus the
number

v(n) = [R(n)|

of regular embeddings of K, , is equal to the number |Z(n)| of n-isobicyclic triples (up to
isomorphism in each case). By Proposition 8.1 the mapping (G, z,y) — (T, A) is a bijection
Z(n) = J(n) — L(n), and thus v(n) is also equal to the number |£(n)| of isobicyclic labellings
of short spanning subgraphs I' < II,. We can therefore enumerate maps by enumerating
labellings. We do this first in the simplest case, when n is odd.

Given T, if ¢ € N(T') and ¢ > 2, then by [20] there are ¢(q®~f) possible labels A(q) =
(Q,xq,yq) for g for each f=1,...,e,, where ¢° || n; given any p € II,, such that ¢ — p,
Lemma 7.4 implies that there are ¢/+» possible diagonal actions of Q on the abelian group P,
where f,, = min{f,r(¢,p)} and we define r = r(q,p) by ¢" || p— 1. One of these is a trivial
action, and hence there are gfe» — 1 non-trivial actions of @ on P. If follows that there are

Zq <¢>(qe‘*‘f) 1T - 1))

f=1 q—p
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possible labels for ¢ and its incident arcs ¢ — p in I'. If ¢ € T(T'), then Lemma 7.5 implies that
there is only one possibility for Q and its actions, namely that () is abelian and that it acts
trivially on all P. It follows that if n is odd, then there are

IT (Do (e ) I (7> = 1))
geN(T) \ f=1 q—p

isobicyclic labellings A of each short spanning subgraph I' < IT,,. Using the bijection R(n) —
L(n) described above we therefore have the following.

THEOREM 11.1. Ifn is odd, then

v = | II (i(¢<q%‘f>H<qf”—1>))

I=<Il,, \qeN(I) f=1 a—p

For each I" < II,,, the corresponding summand in this formula is non-negative, and thus it
provides a lower bound for v(n). Taking T to be the null graph, for which N(T') =1I,, and
Hqép(qf“’ — 1) is the empty product, equal to 1 for all primes ¢ dividing n, we see that

v(in) =[] i:qb(qe"_f) =qu"‘1=n/Hq-

qln \f=1 qln q|n

This lower bound, first obtained in [20], represents the number of embeddings in R(n) for
which G is nilpotent. It is attained if and only if I, is itself a null graph, that is, no primes p
and ¢ dividing n satisfy p = 1mod (¢q). In particular, an odd integer n satisfies v(n) = 1 if and
only if IT,, is null and e, =1 for each prime ¢ dividing n, or equivalently ged(n, ¢(n)) =1, a
result first obtained in [21].

The formula in Theorem 11.1 simplifies considerably when n is divisible by a small number
of primes. In [20] it was shown that v(p¢) = p®~! for each odd prime p (see also [24, 27] for
the cases e = 1 and e = 2), and hence here we deal with the case where n is divisible by two
odd primes. We considered the type and genus of the corresponding maps in Example 9.2.

COROLLARY 11.2. Letn = p{p$, where p; and ps are odd primes, withd,e > 1 and p; > ps.
Then

v(n) =pi~'ps~" +minfe,r}(ps —p5 "),
where pj || p1 — 1.

Proof. In this case II,, has two vertices p; and po, with an arc ps — p; if and only if r > 1,
and thus each I' < IT,, is either the null graph or equal to II,, the latter possible only if r > 1.
If T is the null graph, then g € N(I') for both ¢ =p; and ¢ = ps, and in each case
11 q_\p(qf 2r — 1) is the empty product, equal to 1; thus the number of embeddings corresponding
to I' is given by
€
S o> ey =pitps (11.1)
f=1 f=1
If » =0, so that py does not divide p; — 1, these are the only embeddings, but if r > 1,
then there are additional embeddings corresponding to I' = IL,. In this case N(T") consists of
a single prime ¢ = po, with ¢ — p if and only if p = p;, and hence the number of embeddings



REGULAR EMBEDDINGS Page 21 of 27

corresponding to I is given by

€

$(ps ) (=" — 1), (11.2)
f=1

where f,, p, = min{f,r} and p5 || p1 — 1. If r > e (equivalently p$ | p1 — 1) then f,, ,, = f for
each f =1,...,e, and hence the number of embeddings obtained in (11.2) is given by

> o5 L —1) = o pd > es )
f=1 f=1 f=1

e—1
=> w5 " =05 el 4+ p5 - ps
F=1

=(e—1)(p5 —p5 ") +p5 —p5 "
= e(ps —p5 ) (11.3)
If r <e, then f,, ,, = f for each f=1,...,r, and f,, ,, =7 for each f=1r,...,¢e; for each
f=r+1,...,e we must therefore replace the summand qb(p;_f)(pg —1) in the calculation
(11.3) with ¢(p5 ™) (p5 — 1), thus subtracting
e e—1
e— r e— e—f—1 r e r
> ows Wl —ps) = > w5 =050 —pb) + 95 —
f=r+1 f=r+1
e—1
=(e—1-m)5—-ps ) — > 57 —p5 T o5 —ph
f=r+1

=(e—1-7)(ps —p5") — (B3~ —Ph) +p5 — P}

=(e—7)(ps —p5")
from the final total, and hence in this case the number of embeddings obtained in (11.2) is
given by

e e—1 e—1 e e—1

e(ps —py ) —(e—r)(ps —p5 ) =7(p5—p3 ). (11.4)

Combining the two possibilities » > e and r < e covered by (11.3) and (11.4), we see that the
number of embeddings corresponding to I' = II,, in (11.2) is given by

min{e, r}(p§ — p5 ).

Adding this to (11.1) we find that the total number of embeddings is given by
v(n) = p{~'ps~" + minfe,r}(ps — p5~). O

The embeddings enumerated by the first summand 10‘11_1 pg_l, corresponding to the null graph
I, are simply the cartesian products of the maps in R(p¢) and R(p$). These embeddings have

7 = ) in Proposition 9.2, and thus they have type {2n,n} and genus given by
_(n=1)(n—-2)

D e—

If » > 1, then the embeddings enumerated by the second summand have 7 = {p;}, and thus
by Proposition 9.2 they have type {2p$,n} and genus given by

n
g:1+§(n—p§l—2>.
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TABLE 1. Values of v(n) = |R(n)| for 1 < n < 120.

n v(n) n v(n) n v(n) n v(n) n v(n) n v(n)
1 1 21 3 41 1 61 1 81 27 101 1
2 1 22 2 42 8 62 2 82 2 102 4
3 1 23 1 43 1 63 9 83 1 103 1
4 2 24 12 44 4 64 20 84 16 104 16
5 1 25 5 45 3 65 1 85 1 105 3
6 2 26 2 46 2 66 4 86 2 106 2
7 1 27 9 47 1 67 1 87 1 107 1
8 6 28 4 48 16 68 6 88 12 108 20
9 3 29 1 49 7 69 1 89 1 109 1
10 2 30 4 50 6 70 4 90 8 110 12
11 1 31 1 51 1 71 1 91 1 111 3
12 4 32 12 52 6 72 24 92 4 112 16
13 1 33 1 53 1 73 1 93 3 113 1
14 2 34 2 54 10 74 2 94 2 114 8
15 1 35 1 55 5 75 5 95 1 115 1
16 8 36 8 56 12 76 4 96 24 116 6
17 1 37 1 57 3 7 1 97 1 117 9
18 4 38 2 58 2 78 8 98 8 118 2
19 1 39 3 59 1 79 1 99 3 119 1
20 6 40 16 60 12 80 24 100 14 120 32

Corollary 11.2, together with the results for odd prime powers obtained in [20] (see §3),
covers all odd n < 120 with the exception of n = 105 = 3 - 5 - 7, where Theorem 11.1 is required;
the corresponding values of v(n) are given in Table 1, together with those for even n to be
considered in §12.

Kwak and Kwon [24] have developed a different method for studying the regular embeddings
of K,, , based on describing them in terms of permutations in the symmetric group S,,. For
instance, they deal with the case where n is a product of two primes, obtaining the enumeration
in Corollary 11.2 in the case d = e = 1. They have used this method to carry out a computer
analysis of the maps in R(n) for all n < 20, and Fujisaki (private communication, via R. Nedela,
April 2006) has extended their enumeration to n < 100. The values for v(n) given here agree
with those of Fujisaki for all odd n in this range.

12. Enumeration: n even

The method of enumeration used in § 11 can also be used when n is even, so that 2 € N(T') for
all T' < TI,,. Suppose that 22 || n, with e; > 1. The following result shows that the formula in
Theorem 11.1 for n odd is in fact valid for all n not divisible by 8.

THEOREM 12.1. If1 < ey <2, and thus 2 || n or 22 || n, then

vy = > | IT [ Do(et@ ) [T -1)
=1, \geN(D) \f=1 a—p

Proof. 1If e; = 1, then the label A(2) attached to the vertex ¢ = 2 of II,, must be the standard
triple in Z(2), and the Sylow 2-subgroup @ = Cy x Cs of G has two possible actions on an
abelian Sylow p-subgroup P for p > 2, with eigenvalues £1. This is consistent with the formula
in Theorem 11.1, with f = 1 and the number of actions given by 2/2».
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If e; = 2, then there is one metacyclic Sylow 2-subgroup ) which can occur, namely Cy x Cy,
corresponding to f = 2; unlike in the odd prime power case, there is no metacyclic group for
f =1, but instead there is one non-metacyclic group @ = G(4;0,0) which can occur. The
number of possible actions of Cy x Cy on P is 227 and for G(4;0,0) it is 2, which is the value
of 2f2» when f = 1. Thus the formula in Theorem 11.1 remains valid when e, = 2. O

Similar arguments show that Corollary 11.2 also applies when ps =2 ande=1or 2. Ife =1,
and thus n = 2p¢ for an odd prime py, it gives v(n) = p‘li_1 +1, and if e = 2, and thus n = 4p¢,
it gives v(n) = 2p¢~' +4 or 2p¢7' + 2 as p; =1 or —1 mod (4).

The situation is more complicated when n is divisible by a higher power of 2.

THEOREM 12.2. Ifn is divisible by 8, then

ez

v = Y (S [T -+ T (e ) [Tuh-)

I'<Il, f:2 2—p 2¢QEN(F) f:1 q—p

An equivalent version of this formula is as follows:

v(n) =Y ( 11 (i(d)(qe“_f) 1@ - U)))

=T, \¢eN(T) f=1 q—p
-2 Y ( 11 (Z(¢>(qe‘f‘f) I (% - 1))))-
T=TI, \2#£¢eN(T) f=1 q—p

Proof. If e; >3, then there are 2°272 metacyclic 2-groups @ which can occur, namely
#(22=f) for each f =2,...,es (again, f = 1 is excluded), and in addition there are four non-
metacyclic groups. In the metacyclic case, the number of possible actions of @) on an abelian
Sylow p-subgroup P is again 2/2». In the non-metacyclic case, there are two actions for each
Q, with eigenvalues A = £1. It follows that, for a given I' < II,,, the number of possibilities for
Q@ and its (non-trivial) actions on the Sylow p-subgroups such that 2 — p is given by

i <¢>(2@2f) []@> - 1)) + 4.

=2 2—p

When f =1 we have f3, =1 for all odd primes p, and thus the ‘missing’ summand for f =1
is given by

¢(262—f) H (2f2,p -1)= ¢(2€2—1) — 9e2—2

2—p

and hence we can write the number of possibilities for () and its actions as follows:

f=1 2—=p
The main sum here is given by putting ¢ = 2 in the corresponding formula for odd primes gq,
and we can regard —2°272 4 4 as a ‘correction term’ for ey > 3. O

This correction term is 0 if e; = 4, and hence the formulas in Theorem 11.1 and Corollary 11.2
are also valid in this case. Thus if n = 16p{ for an odd prime p;, then Corollary 11.2 implies that
v(n) = 8})‘11_1 + 8min{4, r}, where 2" || p1 — 1. More generally, the analogue of Corollary 11.2
for even n is as follows.
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EXAMPLE 12.3. Let n = 2°p¢, where p; is an odd prime, let e >3 and let d > 1. As in
Corollary 11.2, the first term takes the value

271 pd =1 4 minfe, r}(2° — 271) = 27 (i~ + minfe, 7)),

where 2" || p; — 1. In the second summation, if I' = II,,, then there is no odd ¢ in N(T"), and thus
the product is the empty product, with value 1. If T' is the null subgraph, then N(T") = {p1 },
and there is no p such that p; — p, and hence we have

v(n) = 2¢71(pd~! + minfe,r}) 4+ (4 — 273 (1 + pi~1)
= (272 + 4)pf~' + (2min{e,r} — 1)2°72 + 4.
For instance, if ¢ = 3, and thus n = 8p‘f, then
6pd~' +14 if p; = 1 mod (8),
v(n) =< 6p¢~t 410 if p; = 5mod (8),
6pi~ +6  if p; =3 or Tmod (8).
Similarly, if e = 4, and thus n = 16p¢, then
8pd=! +32 if p; = 1 mod (16),

) 8p¢~1 424 if p; = 9mod (16),
rvin) =
8p?t 416 if p; =5 or 13mod (16),

8pIt +8 if pr =3,7,11 or 15mod (16).

These results, together with those for n = 2¢ in [8, 9], account for most of the entries for even
n < 120 in Table 1; the remaining entries can be obtained from Theorem 12.1. For n < 20 the
resulting values of v(n) all agree with those in [24], and for n < 100 as found by Fujisaki (private
communication), except that the latter gives ©(90) = 6. This may simply be a transcription
error, as there are seven rather obvious embeddings for n = 90 which decompose as cartesian
products, together with one indecomposable embedding. This is the only integer n < 100 for
which our value for v(n) differs from that in Fujisaki.

13. The directed graphs II,,

The vertices of the directed graph II,, are the primes p dividing n, with an arc ¢ — p whenever
g divides p — 1. We can label each such arc with the positive integer r = r(g,p) such that
q" || p — 1. In view of the preceding enumerative results, it is interesting to know which labelled
directed graphs can occur in this context. A directed graph is said to be acyclic if it contains
no directed cycles. An isomorphism of labelled directed graphs is an isomorphism of directed
graphs such that each arc has the same label as its image.

ProrosITION 13.1. Let A be a finite directed graph the arcs of which are labelled with
positive integers. Then A is isomorphic as a labelled directed graph to II, for some n if and
only if A is acyclic.

Proof. Each II, is acyclic, since if it has an arc ¢ — p, then ¢ < p; hence any directed graph
isomorphic to II, is also acyclic.

For the converse, we use induction on the number [ of vertices of A. For technical reasons, we
will prove that if A is acyclic, then A = II,, for some odd n. This result is trivial if [ = 1, and
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hence we may suppose that [ > 1 and the result has been proved for all labelled directed graphs
with { — 1 vertices. Being finite and acyclic, A has a vertex v which is not the source of any
arc (for instance, the last vertex in a maximal directed path). Let A’ be the labelled directed
graph formed from A by removing v and any incident arcs u — v. Then A’ is acyclic, and
hence the induction hypothesis implies that there is an isomorphism of labelled directed graphs
6 : A" — 11, for some odd integer n’. Each vertex w of A’ corresponds to a prime 6(w) = g > 2
dividing n’. We extend 6 to an isomorphism A — II,, by taking n = n’p, where p is a suitably
chosen odd prime, and defining 6(v) = p. Such an extension is an isomorphism if and only if
g™ || p— 1 for each prime ¢ dividing n’, where r, = r if there is an arc w — v in A labelled 7,
and r, = 0 if there is no arc w — v. These conditions are all satisfied if p = ¢"« + 1 mod (¢« 1)
for each gq. The Chinese Remainder Theorem implies that this set of congruences is equivalent
to a single congruence of the form p = a mod (b), where b is the product of the prime powers
q a1, Since ¢"* + 1 is coprime to ¢"at! for each ¢, it follows that a and b are coprime, and thus
Dirichlet’s Theorem on primes in arithmetic progressions implies that there is at least one odd
prime p satisfying this congruence (in fact, there are infinitely many). U

A similar argument shows that the directed graphs corresponding to even integers n are
those that are acyclic and have a vertex u (corresponding to the prime 2) with an arc from u
to every other vertex.

COROLLARY 13.2. Every finite graph is isomorphic to the underlying graph of some
directed graph II,,.

Proof. If we number the vertices of a finite graph vy, vs, ..., and regard any edge v;v; as an
arc v; — vj where ¢ < j, then we obtain an acyclic directed graph, and hence the result follows
from Proposition 13.1. |

14. Connections with the random graph

The arguments used in the preceding section can be adapted to establish a link between the
directed graph II and the random graph or universal graph R studied by Erdés and Rényi
[11] and constructed by Rado [28]. This graph has many remarkable properties, described in
some detail in [4, §5.1; 7, §9.6]. For instance, given a countably infinite vertex set, if pairs of
vertices are chosen randomly to be edges, each with probability % , then the resulting graph is
isomorphic to R with probability 1.

In IT there is an arc from the vertex 2 to every other vertex. If we delete this vertex and
all such incident arcs, and ignore the direction of each remaining arc, we obtain an undirected
graph II' the vertices of which are the odd primes, with an edge between p and ¢ if and only
if ¢ divides p — 1 or vice versa.

PROPOSITION 14.1. The undirected graph Il' is isomorphic to R.

Proof. The graph R is characterised (up to isomorphism) among countable graphs by the
property that, for each disjoint pair U and V of finite sets of vertices, there is a vertex
adjacent to every vertex in U and to no vertex in V. The fact that II' has this property
follows immediately from the Chinese Remainder Theorem and Dirichlet’s Theorem on primes
in arithmetic progressions: the simultaneous congruences p =1 mod (u) for all w € U and
p = —1mod (v) for all v € V are equivalent to a single congruence modulo [[u.[]v, and this
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is satisfied by at least one odd prime p (by infinitely many, in fact). Then p — 1 is divisible by
each v € U and by no v € V, and p cannot divide any v — 1 (for otherwise v = p + 1 would be
even). Hence IT' = R. O

Since every countable graph is isomorphic to an induced subgraph of R, this result gives an
alternative proof of Corollary 13.2.
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