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1. PREFACE

In 2002 | published a review paper in the International Statistical Review with a similar
title. At that year small area estimation (SAE) was flourishing both in research and
applications, but my own feeling in those days was that the topic has been more or less
exhausted in terms of research and that it will just turn into a routine application in sample
survey practice. As the past 7 years show, | was completely wrong and not only that research
in this area is accelerating, it now involves some of the best known statisticians, who
otherwise are not involved in survey sampling theory or applications. The diversity of new
problems investigated is overwhelming, and the solutions proposed are not only elegant and
innovative, but also very practical.

Rao (2003) published a comprehensive book on SAE that covers all the main
developments in this topic until that time. Since SAE is so broadly applied, I thought that the
time is ripe for a new critical review that focuses on some of the main developments in the
last 7 years or so that | became aware of. The style of the paper is similar to the style of my
previous review, explaining the new problems investigated and describing the proposed
solutions, but without dwelling on theoretical details, which can be found in the original
articles. For further clarity and to make this paper self contained, | provide a short
background and overview some of the ‘older’ developments. | am hoping that this paper will
be useful both to researchers who like to learn more on the research carried out in SAE and to
practitioners who might be interested in applying the new methods.

2. SOME BACKGROUND

The problem of SAE is how to produce reliable estimates of characteristics of interest
such as means, counts, quantiles, etc., for small areas or domains for which only small
samples or no samples are available. The latter case of no samples requires the use of
statistical models that define how to borrow information from neighboring areas or over time.
Although the point estimators are usually of first priority, a related problem is how to assess
the estimation (prediction) error. The great importance of SAE stems from the fact that many
new policies such as fund allocation for needed areas, new educational or health programmes
and environmental planning rely heavily on these estimates. Small area estimation techniques
are also used in many countries to test and adjust the counts obtained from censuses that use

administrative records.



The use of the term *SAE’ is a bit confusing, since it is the size of the sample in the area
that creates the problem and not the size of the area. Also, the term ‘areas’ does not
necessarily refer to geographical districts and may define another grouping, such as socio-
demographic groups or types of industry, in which case they are often referred to as domains.
Closely related terms in common use are ‘poverty mapping’ or ‘disease mapping’, which
amount to SAE of poverty measures or disease incidence and then presenting the results on a
map, with different colors defining different levels (categories) of the estimators. What is
common to most small area estimation problems is that the point estimators and their error
measures are required for every area separately, and not just as an average over all the areas
under consideration.

SAE methods can be divided broadly into ‘design-based” methods and ‘model- based’
methods. The latter methods use either the frequentist approach or a full Bayesian
methodology, and in some cases combine the two, which is known in the SAE literature as
‘empirical Bayes’. Design-based methods often use a model for the construction of the
estimators (known as ‘model assisted’), but the bias, variance and other properties of the
estimators are evaluated under the randomization (design-based) distribution. The
randomization distribution of an estimator is the distribution over all the samples that can
possibly be selected from the target population of interest under the sampling design used to
select the sample, with the population measurements considered as fixed values. Model-based
methods on the other hand usually condition on the selected sample and the inference is with
respect to the underlying model.

The common feature to design-based and model-based SAE is the use of covariate
(auxiliary) information, as obtained from surveys and/or administrative records, such as
censuses or registers. Some estimators only require knowledge of the covariates for the
sampled units, and the true area means of these covariates. Other estimators require
knowledge of the covariates for every unit in the population. The use of auxiliary information
for SAE is vital because with the small sample sizes often encountered in practice, even the
most elaborated model can be of little help if it does not involve a set of covariates that

provide ample information on the small area quantities of interest.
3. NOTATION

Consider a population U of size N, divided into M exclusive and exhaustive areas

U,v..uU,, with N, units in area i, i=1..,M, such that zlei =N . We assume the



availability of samples for m < M of the areas. Let s =s, U...us, define the sample, where

s, of size n, defines the sample observed for area i, Z:":ln,. =n. Notice that », is random
unless a planned sample of a fixed size is taken in that area. Let y define the characteristic of
interest and denote by y, the response value for unit j belonging to area i,
i=1..,M;j=1.N,, with sample means y, =Zj';1yU/ni' When information is available

for p covariates, we denote by x, =(x,,,...,x,;)" the covariates associated with unit (i, /)

)2

and by ii:Z':’:lxij/ni the sample means. The corresponding true means are
)_(i:Zj_Vilxﬁ/Ni. The small area target quantity is denoted by 6&; for example,

0=Y= Zjv;'ly[j I N, the true area mean. The common case of estimating a proportion is a

special case where y; is binary. In other applications &, may represent a count or a quantile.

4. DESIGN-BASED METHODS
4.1 Design-Based Estimators in Common Use

A recent comprehensive review of design-based methods in SAE is provided by Lehtonen
and Veijanen (2009). Here we only overview some of the basic ideas. Suppose that the

sample is selected by simple random sampling without replacement (SRSWOR) and that the

target quantities of interest are the area means, Y,. Estimation of a mean contains as special
cases the estimation of a proportion, in which case y, is binary, and the estimation of the
distribution F;(¢) :ZjeU,- v, I N;, in which case v, =1(y; <t), where I(A) is the indicator

function. Estimators of the percentiles of the distribution are commonly obtained from the
estimated distribution.
If no covariates are available, the direct design-unbiased estimator of the area mean and its

conditional design variance over the randomization distribution are given by,

(4.) V=2 v ln s Volm In]= (S n) - (n I N,

where S’ =ZL (v,-Y)?/(N,-1). The term ‘direct’ is used to signify an estimator that
only uses the data for the relevant area at the specific time of interest. The variance V[, | n,]

is O(L/n,) and for small #, it is large, unless S? is sufficiently small.



Next suppose that covariates x, are also observed with x,, =1. An estimator in common

use that utilizes the covariates is the synthetic regression estimator,

iv n VD 1 N; ' D

~ m n -1 m n; . - .
where B:[Zl_zlzj’= X1 Zi:lz];lxiiyii is the ordinary least square (OLS) estimator.

Notice that under SRSWOR, B is approximately design-unbiased for the vector B of
regression coefficients computed from all the population values, irrespective of whether a

linear relationship between y and x exists in the population. The term ““synthetic” refers to

the fact that an (approximately) design-unbiased estimator computed from all the areas (l§ in
the present case) is used for every area separately, assuming that the areas are ‘homogeneous’
with respect to the quantity that is estimated. Thus, synthetic estimators borrow information
from other “similar areas’ and they are therefore indirect estimators.

The obvious advantage of the synthetic estimator over the simple sample mean or any
other direct estimator such as the regression estimator Y =y +(X, —y?l.)’li., where ZA?I. is

reg i

computed only from the data observed for area i, is that VarD(Y " )=0(/n), and

reg,i
n= z:’;n[ is usually large. The use of the synthetic estimator is motivated (“assisted”) by a

linear regression model of y on x in the population with a common vector of coefficients.

However, for x,, =1, E, (ro - ~Y)=-X(B.- B), where B, is the OLS computed from all

reg,i
the population values in area i. Thus, if in fact different regression coefficients B, operate in
different areas, the synthetic estimator may have a large bias. When the sample is selected

with unequal probabilities, the OLS estimator B in (4.2) is commonly replaced by the

probability  weighted  estimator épwz[z Z w,x, %] Z w,x,»,, Where

=10 =L g
{w, =11Pr[(i, j) € s]} are the base sampling weights.

In order to deal with the possible large bias of the synthetic estimator, it is common to
estimate the bias and then subtract it from the synthetic estimator. The resulting generalized
regression estimator (GREG) takes the form,

A

(43) ZGREG 'B + a7 z =1 1] (y _xl/ Bpw ) ?1 + (X 1 H- T)



A

where (1%,»,114’)?,-,;14) are the Horvitz-Thompson estimators of (¥, X,). The GREG is
approximately design-unbiased and performs well when the covariates have good predictive

power, but the variance is back to order O(l/n). The variance is often reduced by

multiplying the bias correction, Z/lej v —x'B )IN.,by N.IN =N, /ij:lwij :

i pw
A compromise between the possibly large bias of the synthetic estimator and the possibly
large variance of the GREG is achieved by a linear combination of the two. The resulting

combined (composite) estimator is defined as,

(44) YiiCOM =5i)£/iGREG +(1_é‘i)§syn‘

reg,i’?

0<s <1.

Ideally, the coefficient &, should be chosen such that it minimizes the mean square error

(MSE) of I%,.COM , but assessing sufficiently accurately the bias of the synthetic estimator for
any given area is basically impossible. Consequently, it is common to let &, depend on the
achieved sample size, n,, in the area, such that the larger »,, the larger is J,. See Rao (2003)

for review of methods of specifying J,.

4.2 Some New Developments in Design-Based Small Area Estimation

A general class of estimators is obtained by calibrating the base sampling weights

w; =1/Pr[(i, j) € s]. Suppose that the population can be partitioned into C calibration
groups, U =U, U...0U,, with known totals 7, of auxiliary variables x in the groups, such
that each area U, belongs to one of the calibration groups. Let s=s, U...Us,, define the

corresponding partitioning of the sample. In a special case C=1 and U, =U. The

o=

calibrated estimator of the area mean Y, is computed as,
ical 7 ¢ . c
(4.5) Y :Z_,:1Wz‘/‘yzy‘ IN; Z,ES([,) WXy = Lo
The calibration weights {w;} are chosen in such a way that they minimize an appropriate

distance from the base weights {w,}, subject to satisfying the constraints Z WX, =

Jes(e) i T Tex

For example, when using the distance »° = z/es(c) (w; —w,)’ Iw, and x; =1, the calibrated
weights are,

¢ . z ' r -1
(46) Wij = Wijgij ’ gij :{1+ (tcx _th,H-T) [Zi,jes(() Wijxijxij] Xij}’



where 7, is the H-T estimator of the total and EA}C’ 1S the probability weighted estimator

w

of the regression coefficients in the group. When U, =U, (the calibration group is the

domain), I%’ is the direct GREG in the domain.
Calibration of the sampling weights is in broad use in sample survey practice not only for

SAE. See Kott (2009) for a recent comprehensive review and discussion. The basic idea

behind the use of calibrated estimators in SAE is that if y is approximately a linear

combination of x in the domains belonging to U, then Y = X/B, for domain ieU,, and
since Z}_% WOX, =1, Yo = zkes,. ws v, | N, will be a good estimator of Y, . Indeed, the

advantage of the use of (4.5) over (4.3) is that it is assisted by a model that only assumes

common regression coefficients within the groups U,, and not for all the domains, as
implicitly assumed by the use of (4.3). The estimator (4.5) is approximately design-unbiased
irrespective of any model, but Var, (fc‘” |n.) =O(/n,), which may still be large.

Another way of calibrating the weights is by use of instrumental variables (Estevao and

Sarndal, 2004, 2006). Denote the vector of instrument values for unit (i, j) by &;. The
calibrated weights are defined as,

(4.7) =y (i) 5 gl = (o —lonn) T, o Wil X1

Notice that the instrument values need only be known for the sampled units in s, and that

z ~ w"x. =t thus satisfying the same constraints on the auxiliary variables as before.
Jesey Y v X

The calibrated estimator of ¥; is now 5" =>" w;"y,/ N,. The instruments may include

C

some of the variables in x. When h=x, w;" = w; .

The synthetic estimator (4.2), the GREG (4.3) and the various calibration-based estimators

considered above are all assisted by models that assume a linear relationship between y and

X . These estimators only require knowledge of the covariates for the sampled units, and the
area (or group) totals of these covariates. Lehtonen et al. (2003, 2005) consider the use of
generalized linear models (GLM) and even generalized linear mixed models (GLMM) as the
assisting models, which requires knowledge of the covariates for every element in the

population. Suppose that £, (y,)= f(X,;w) for some nonlinear function f() with an

y

unknown vector parameter y . A simple important example is where f(x,;y) is the logistic



function. Estimating y by the pseudo-likelihood approach yields the estimator y}p, and the
predicted values {y, :f(x,.j;lﬁpl)}. The pseudo-likelihood approach consists of estimating

the likelihood equations that would be obtained in the case of a census by the corresponding
H-T estimators (or alternatively weighting each sample observation by its sampling weight),
and then maximizing the resulting estimated equations. The synthetic and the GREG

estimators are computed as,

A

syn 1 N; . . = stn 1 ; e
(4.8) s = 2 O30) s Yrd = Yo+ 2wyl = (537,01

l

A further extension consists of adding random area effects to the assisting model, that is,

assuming E, (v, |X;,u,) = f(X;,u;9*), with E, (u,)=0, Var,, (u,) = o’ . Estimation of the

l‘jl
model parameters y*,o’ is now under the model, ignoring the sampling weights. The
synthetic and GREG estimators are defined similarly to (4.8) but with f(x,;i ) replaced by
f(XU,ﬁ[;y;*). For a sufficiently large sample size within the area, the extended GREG is

approximately design unbiased for the true area mean but it is not clear how to estimate the
design (randomization) variance in this case in a way that accounts for the prediction of the
random effects (see Section 6). Torabi and Rao (2008) compare the MSE of model-based
predictors and a GREG assisted by a GLMM.

Jiang and Lahiri (2006a) propose the use of model-dependent estimators that are design

consistent under the randomization distribution as the area sample sizes increase. The basic

idea is to model the direct estimators ¥, =3 " w,y, /> " w, instead of the individual

=1 Y

observations y,, and then obtain the empirical best predictor of the true mean in each area

A

under the model. The authors consider the general two-level model EY, |u]=¢

=&(u,, X,,;w), where the u, s are independent random effects with zero mean and variance

oZ,and £(-) is some known function governed by the unknown vector parameter y . The

empirical best predictor is the best predictor under the model but with the unknown

parameters replaced by model consistent estimators; Y**" = E,, (& |7,

iw?

w). The estimator is
shown to be model-consistent under the correct model and design-consistent for large »,

even if the model is misspecified, thus robustifying the estimation. Note, however, that the
problem of SAE is the small sample sizes in some or all of the areas, such that design

consistency for large sample size within the area is not a very appealing property in this case.



The authors develop estimators of the prediction mean squared error (PMSE) for bounded

sample sizes, with bias of desired order o(1/m), where m is the number of sampled areas.

The PMSE is computed with respect to the model holding for the individual observations and
over the randomization distribution.

Chandra and Chambers (2009) propose the use of model-design based estimators, which
they call model-based direct estimators (MBDE). The idea here is to fit a model holding for
the population values, obtain the EBLUP weights for predicting the population total and then
apply the same weights in each small area using classical design-based direct estimators. The
model fitted in this study is the general linear model,

(4.9) Vo= Xyf+ 6y Bey) =0, Bleye)) =3 =E i}

where the index U signifies that this is a population level model, s signifies the sample of

size n and r signifies the sample complement of size (N —n). (N is the population size).
Notice that the small area models defined by (5.1) and (5.3) are special cases of (4.9). For

known model parameters, the BLUP of the population total ¢ = Zf:lyk under this model is,

(4.10) =1y, + 1 LK B + 2,200~ X s = 2y

ies 1

The EBLUP predictor is ffBLUP =>_wy  where the EBLUP weights are the same as

ies ’

in (4.10) but with estimated parameters. The MBDE of the true mean in area i is,

(4.11) )%iMBD _ ij:lw;wwpyi /Zji:leBLUP .

The authors derive estimators for the bias and variance of the small area estimators and
illustrate the robustness of the proposed estimators to certain model misspecifications.

All the estimators considered so far assume a given sampling design with random sample
sizes within the areas. When the areas of interest are known in advance, considerable gains in
efficiency can be achieved by changing the sampling design and in particular, by controlling
the sample sizes within the areas. ldeally, the preferred sampling scheme in such a case
would be stratified sampling with the strata defined by the areas. In practice, however, this
sampling scheme may not be feasible when estimates are required for different non-nested
partitions of the population into small areas since it requires the use of cross-classified strata
and there may be too many of them for a given overall sample size. In a recent article, Falrosi
and Righi (2008) propose a general sampling strategy for multivariate multi-domain
estimation that guarantees that the sampling errors of the domain estimators are lower than



pre-specified thresholds. The strategy combines the use of a balanced sampling technique and
GREG estimation, but extensions to the use of synthetic estimators and model-based
estimation are also considered. A successful application of this strategy requires good
predictions of weighted sums of residuals featuring in the variance expressions, and it may
happen that the resulting overall sample size is far too large, but this is a promising avenue
that should be studied further. The article contains several empirical illustrations.

4.3 Pros and Cons of Design-Based Small Area Estimation

The apparent advantage of design-based methods is that the estimation is less dependent
on an assumed model, although models are used (assisted) for the construction of the
estimators. The estimators are aimed to be approximately design unbiased and consistent
under the randomization distribution for large sample sizes within the areas, which are
desirable properties that add some protection against possible model misspecification.
However, as noted above, in practical applications the area sample sizes are often very small,
such that these properties should be judged with caution.

Against this advantage stand many disadvantages. Direct estimators generally have large
variance due to the small sample sizes. GREG type estimators are approximately unbiased
but may likewise be too variable with small sample sizes. Synthetic estimators are generally
biased, with limited possibilities to assess the bias. Composite estimators have a smaller bias
than the corresponding synthetic estimator but larger variance, and it is not obvious how to
best choose the weights attached to the synthetic estimator and the GREG (or other direct
estimators). Computation of randomization-based confidence intervals generally requires
large sample normality assumptions, but the sample sizes in at least some of the areas may be
very small.

Another limitation of design-based inference (not restricted to SAE) is that it does not lend
itself to conditional inference, for example, conditioning on the sampled values of the
covariates or the sampled clusters in a two-stage sampling design. This again inflates the
variance of the estimators. Conditional inference is in the heart of classical statistical
inference under both the frequentist and the Bayesian approaches. Last, but not the least
important limitation of design-based SAE is that there is no founded theory for estimation in
areas with no samples. The use of the randomization distribution does not extend to
prediction problems, such as the prediction of the dependent variable for given covariates
under a regression model, or the prediction of small area means for areas with no samples.

Design-based theory is restricted to estimation of population quantities from a sample taken

10



from this population. As stated in the introduction, it is often the case that samples are
available for only a minority of the areas but estimators and MSE estimators are required for

each of the areas, whether sampled or not.

5. MODEL-BASED METHODS
5.1 General Formulation

Model-based methods assume a model for the sample data and use the optimal, or
approximately optimal predictor of the area characteristic of interest under the model. The
MSE of the prediction error is likewise defined and estimated under the model. Note that |
now use the term ‘prediction’ rather than estimation because the target characteristics are
generally random under the model. The use of models overcomes the problems underlying
the use of design-based methods discussed in Section 4.3, but it is important to emphasize
again that even the most elaborate model cannot produce predictors with acceptable precision
when the area sample sizes are too small and no covariates with good predictive power are
available. The use of models raises the question of the robustness of the inference to possible
model misspecification, and | later review various studies that deal with this problem.

Denote by 6 the quantity of interest in area i (mean, proportion, quantile,...). Let y,
define the observed responses for area i (when the area is sampled) and X, define the
corresponding values of the covariates (when available). As becomes evident below, y, is
either a scalar, in which case x, is a vector, or y, is a vector, in which case x; is usually a

matrix. A typical small area model consists of two parts: The first part models the distribution

(moments) of y,[8;;y,. The second part models the distribution (moments) of &, |x; v,
linking the 6.’s to known covariates and to each other. This is achieved by including in the
model random effects that account for the variability of the &,’s not explained by the
covariates. The hyper-parameters y = (y,,,¥,) are typically unknown and are estimated

either under the frequentist approach or under the Bayesian approach, after setting

appropriate prior distributions. In some applications the index i may define time, in which

case the model for 6, | x.;y, is atime series model.

11



5.2 Models in Common Use

In this section | review briefly three models in common use, as most of the recent
developments in SAE relate to these models or extensions of them. For more details see
Pfeffermann (2002), Rao (2003) and Datta (2009), and the references therein.

5.2.1 Area level model
This model is in broad use when the covariate information is only at the area level, so that

X, is a vector of known area characteristics. The model, studied originally for SAE by Fay
and Herriot (1979) is defined as,

(5.1) F=0+e i 6=xp+u,

where y, denotes the direct sample estimator of &, (for example, the sample mean y,) and e,
represents the sampling error, assumed to have zero mean and known design (randomization)
variance, Var,(e,) = o, . The random effects u, are assumed to be independent with zero
mean and common variance &> . For known o, the best linear unbiased predictor (BLUP) of
6, under this model is,

(52) 0,= 7.3, + W=7 Bors = XiBras + 7,5 =X Boxs)

where ,[?GLS is the generalized least square (GLS) estimator of 4 under the model. The BLUP

~

6, is in the form of a composite estimate (Eq. 4.4) but with a tuning (shrinkage) coefficient
y, =0, 1 (o] +o;,), which depends optimally on the ratio o’ /o?, of the variances of the
prediction errors of x/4 and y. respectively. Under normality of the error terms and a diffuse
uniform prior for S, é is also the Bayesian predictor (posterior mean) of 6,. For a
nonsampled area £ (but known X, ), the BLUP is now obtained optimally as x;ﬁm. In

practice, the variance o is seldom known and it is replaced in y, and BGLS by a sample

estimate, yielding what is known as the empirical BLUP (EBLUP) under the frequentist

approach, or the empirical Bayes (EB) predictor. Alternatively, one may assume a prior
distribution for o and compute the posterior distribution of & given the available data,
which is then used for the computation of the point predictor and credibility intervals.

Remark 1. The synthetic estimator x;,ém in (5.2), and hence also the BLUP é are unbiased

under the joint distribution of y, and & , but are biased predictors of &, when conditioning on

12



u,, similarly to what we had under the randomization distribution. Conditioning on u,

amounts to assuming different fixed intercepts in different areas. The unbiasedness of é

under the model is achieved by viewing the intercepts as random. The same applies for the
BLUP (5.4) below.

5.2.2 Nested error unit level model

This model uses individual observations y, such that y, is now a vector and X, is
generally a matrix. As with design-based methods, the use of this model for SAE requires

that the area means, X = ZLX@/ [ N, are known. The model, first proposed for SAE by

1

Battese et al. (1988) has the form,
(5.3) y; =X Bru tey,

where the «,’s ( random effects) and the &, s (residual terms) are mutually independent with
zero means and variances o> and o’ respectively. Under the model, the true small area
means are ¥, = X/ +u, +Z,, but since g, = ZL%‘ I N, =0 for large N,, the target means are
often defined as 6, = X/B+u, = E(Y, |u,) . For known variances (o”,c?), the BLUP of 0, is,
(5.4) 6, = 73, + (X, = %,) s 1+ W= 7) X s

where S, is the GLS of g computed from all the observations, X, =Zj‘:lxlj/nl. and
y, =02 /(2 +c> /n). Forarea k with no sample (but known X, ), the BLUP is 6,=X’ 3.

See Rao (2003) for the BLUP of the means Y, in sampled areas.

As with the area level model, the BLUP (5.4) is also the Bayesian predictor (posterior

mean) under normality of the error terms and a diffuse uniform prior for £. Replacing the

unknown variances o’ and o7 in y, and ﬁ’GLS by sample estimates yields the corresponding
EBLUP or EB predictors. Hierarchical Bayes (HB) predictors are obtained by specifying
prior distributions for £ and the two variances and computing the posterior distribution of 6,
(or Y;) given all the observations in all the areas.

5.2.3 Mixed logistic model

The previous two models assume continuous response values. Suppose now that y, is

binary taking the values 1 and 0, in which case the small area quantities of interest are usually

proportions or counts (say, the proportion or total of unemployed persons in the area). The

13



following generalized linear mixed model (GLMM) considered originally by MacGibbon and
Tomberlin (1989) for SAE is in broad use for this kind of problems:

(5.5) Pr(y, =1| p,) = p; ; logit(p;)=X;B+u, ;u,~N(0,0;).
The responses y, are assumed to be conditionally independent given the random effects u,,
and likewise for the random effects. The purpose is to predict the true area proportions

p, = Zj,v;’]y[j IN,. Let w=(B,0) denote the model parameters. For this model there is no

explicit expression for the best predictor (BP), E(p, |y, X,;¥), but as shown in Jiang and
Lahiri (2006b), for known y the BP can be computed (approximated) numerically as the

ratio of two one-dimensional integrals. The authors review methods of estimating v,

~ EBP

yielding the empirical BP (EBP) p*" = E(p, | y.,X,;y) . Alternatively, the predictors p, can
be obtained by application of the EB approach (setting w =), as in MacGibbon and

Tomberlin (1989), or by application of the full HB approach, as in Malec et al. (1997). The
application of the HB approach consists of the following basic steps:

1. Specify prior distributions for o and 3;

2. Compute the posterior distributions of g and u,,...,u, by say, MCMC simulations and
draw a large number of realizations (,B‘”,{z}[(")}), r=1..,R,i=1..,m, and hence

) exp(x A7 +ul”)

realizations, y{” ~ p¥ ~
k © o Lvexp(x, BY +ul”)

for kes,;

3.Predict: p,=(Y _ y,+3 . J)IN: =0 w0 IR kes,.

kes;

. ~ 1 A 1 - . . .
Writing P:‘:Ez;(zjesi Vit y,.(,j’)/N,.:EZlepf”, the posterior variance is

] ~ “ 1 R ,~ “
approximated as, V. _(p.) = ) _5)?.
pp p()st(pl) R(R—l) Zr:l(pl pl)

6. NEW DEVELOPMENTS IN MODEL-BASED SAE
6.1 Estimation of Prediction MSE

As stated in the introduction, an important aspect of SAE is the assessment of the
prediction accuracy of the predictors. This problem is solved ‘automatically’ under the full
Bayesian paradigm, which produces realizations of the posterior distribution of the target

quantities around their predictors (the posterior means). However, estimation of the
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prediction MSE (PMSE) and the computation of confidence intervals (C.l.) under the
frequentist approach is complicated because of the added variability induced by the
estimation of the model hyper-parameters. Prasad and Rao (1990) develop PMSE estimators

with bias of order o(1/m), (m is the number of sampled areas), under the linear mixed
models 5.1.1 and 5.1.2 for the case where the random errors have a normal distribution and
the model variances are estimated by the ANOVA type method of moments estimators.
Lahiri and Rao (1995) show that the PMSE estimator in the case of the model 5.1.1 is robust
to departures from normality of the random area effects. Datta and Lahiri (2000) extend the
estimation of Prasad and Rao to general linear mixed models of the form,

(6.1) yv=Xp+Zu +e, i=1.m,

where Z, is a fixed matrix of order n xd , and u, and e, are independent normally
distributed random effects and residual terms of orders dx1 and n,x1 respectively;
u,~N,0,0), ¢~N,(OR). The authors develop MSE estimators with bias of order
o(1/m) for the EBLUP obtained when estimating O, and R, by MLE or REML. Datta ef al.

(2005) show that for the area level model (5.1), if o is estimated by the method proposed by

Fay and Herriot (1979), then it is required to add an extra term to the PMSE estimator to

achieve the desired order of bias of o(1/m). See Datta (2009) for review of methods for

estimating the PMSE of the EBLUP and EB under mixed linear models.

Estimation of the PMSE under GLMM is more involved and following we review
resampling procedures that can be used in such cases. For convenience, we consider the
mixed logistic model (5.5) but the procedures are applicable to other models belonging to this

class. The first procedure, proposed by Jiang et. al (2002) uses the Jackknife method. Let

A, =E(p* - p,)? denote the PMSE, where p, =Zf;]yl.j/N. is the true proportion and

2" =E(p, | y.,X,;w) is the empirical best predictor. The following decomposition holds,
(6.2) A =E(P® = p)2 + E(pE™" - piY2 = My, + M,

where M,, is the PMSE of the BP (assumes known parameter values) and A, is the
contribution to the PMSE from estimating the model parameters. Denote by /i.BP(:,&) the
‘naive’ estimator of M., obtained by setting w =y . Let /{iBP (w_,) denote the naive estimator

when estimating y from all the areas except for area /, and p*’(_) denote the

corresponding EBP. The Jackknife estimator is:
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o My, = 47( )——ZWP(W,) (%)
(63) ﬂiJK = Mlz +M21

Z[AEBP(V/ )= W

Under some regularity conditions E(1™)— A4 =o(1/m), as desired.

The jackknife estimator estimates the unconditional PMSE over the joint distribution of
the random effects and the responses. Lohr and Rao (2009) proposed a modification of the

jackknife estimator that is computationally simpler and estimates the conditional PMSE,
E[(p"* — p)?|».]. Denoting ¢q.(w,y.)=Var(6|y.;w), the modification consists of

m

replacing M, in (6.3) by M, =q,(7,y)-D [4.7,.»)-q7.»)]. The modified

1#i

jackknife estimator, ftiff =M11-,c +M2i , Is shown to have bias of order o,(1/m) in estimating

the conditional PMSE and a bias of order o(1/m) in estimating the unconditional PMSE.

Hall and Maiti (2006) propose estimating the PMSE based on double-bootstrap. For the
model (5.5) the procedure consists of the following steps:

1. Generate a new population from the model (5.5) with parameters 7 and compute the ‘true’

area proportions for this population. Compute the EBPs based on new sample data and newly
estimated parameters. The new population and sample use the same covariates as the original

population and sample. Repeat the same process independently B, times, with B, sufficiently
large. Denote by plbl(l//) and p(EBP)(l//bl) the “true’ proportions and corresponding EBPs for

population and sample b,, b, =1,..., B,. Compute the first-step bootstrap MSE estimator,

(6.4) ——Zbll Pl W)= Py W

2. For each sample drawn in Step 1, repeat the computations of Step 1 B, times with B,

~ (EBP)

sufficiently large, yielding new ‘true’ proportions plb(l//bl) and EBPs p;, (z//b)

b, =1,..., B,. Compute the second-step bootstrap MSE estimator,
| . .
(6.5) ﬂil,gzs = EZ Z z(ifp) (l//b2 ) - Pip, (V/bl )]2 :
1

The double-bootstrap MSE estimator is obtained by computing one of the classical bias

corrected estimators. For example,
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(6.6) APES =

1

ARG =A%) i AT =AY
{ A el = A5 1451 AT <A
The estimator has bias of order o(1/m) under some regularity conditions.
Remark 2. All the above procedures although being resampling methods are actually

parametric methods that rely on the underlying model.

6.2 Construction of Confidence Intervals

As in other statistical applications, very often analysts are interested in prediction intervals
for the unknown area characteristics, which can be used also for comparing between the areas
by appropriate hypothesis testing. Construction of prediction intervals under the full Bayesian
approach, known as credibility intervals is straightforward via the posterior distribution of the
predictor. A natural prediction interval under the EB and the frequentist approaches with

desired coverage rate (1-a) is 6 +z,,[Var(6" —6)]", where 8" is the EB, EBP or
EBLUP predictor and V&r(éf‘)—é’i) IS an appropriate estimate of the prediction error

variance. However, even under asymptotic normality of the prediction error, the use of this

prediction interval has coverage error of order O(1/n), which is not accurate enough for

many small area applications. Recent work on small area prediction intervals focuses,
therefore, on reducing the coverage error via parametric bootstrap.

Hall and Maiti (2006) consider the following general model: For a suitable smooth
function f;(B) of the covariates X, =(X,,..,X, ) in area i and a vector parameter 23,
random variables ®, = f/(f)+u,; E(u,) =0 are drawn from a distribution O{f,(5),&}. The
observations Y, are drawn independently from the distribution R{y/(®,),7,}, where y () isa
known link function and 7, is either known or is the same for every area i. For given
covariates X,, and sample size n, and known parameters, a « -level prediction interval for
the corresponding realization ®,, is,

(6.7) 1,(8.8) =[9002 (81 ) A2 (B )],
where ¢, (3, &) defines the o -level quantile of the distribution O{f;(£),&}. Notice that this
interval does not make use of the area-specific direct estimator. For the case of unknown

parameters a naive prediction interval is fa (ﬁ’,é), but this interval has coverage error of

O(1/m). To reduce the error, fa (,5’, f) is calibrated on « . This is implemented by generating
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parametric bootstrap samples and re-estimating £ and &, similarly to the first step of the
double-bootstrap procedure for PMSE estimation described above. Denote by f; =1, (ﬁ*,f*)
the bootstrap interval and let & denote the solution of the equation Pr(d, e f;) =« , Where
0 ~ Q{fi(ﬁ’),f}. The bootstrap-calibrated prediction interval is I P (ﬁ’,é) and it has coverage

error of O(m™). By applying a double-bootstrap procedure, the coverage error is O(m™).
Chatterjee et al. (2008) consider the general linear mixed model Y = X S+ Zu+ ¢, where
Y (of dimension n) signifies all the observations in all the areas, X, , and Z,  are known
matrices and « and e are independent normal variates of random effects and residual terms
with dispersion matrices D(y) and R(w) of dimensions ¢ and n respectively, which
depend on a vector parameter w of dimension k. Notice that this model and the model

considered by Hall and Maiti (2006) include as special cases the mixed linear models defined
by (5.1) and (5.3). The present model cannot handle nonlinear mixed effects (for example, the
GLMM 5.5), which the Hall and Maiti model can, but it does not require independence of the
observations as under the Hall and Maiti model. The (parametric bootstrap) prediction

interval of Chatterjee et al. (2008) for a univariate linear combination ¢ =c'(X £+ Zu) is
obtained by the following steps. (Prediction intervals for vectors 7' can be obtained following
similar steps). First compute the conditional mean, x, and variance o of ¢|Y;A, . Next
generate new observations Y = XA+ Zu +e , where u" ~ N(0,D@)), ¢ ~ N(O,R(y)).
From Y estimate 4" and " using the same method as for 3 and v, and compute Z and
& (the counterparts of x, and o, with estimated parameters 4 and "). Denote by L the
bootstrap distribution of & (¢ — ) and let d = (g +k) be the dimension of the parameter
space. Then, if d°/n—0 and under some regularity conditions, if g¢,q, satisfy
L(q,)-L(¢)=1-a,

(6.8) Pr(a, +q06, <t< i, +q,6,)=1-a+0(d’n

—3/2).

Notice that this theory allows the parameter dimension, d , to grow with the total sample size,
n, which is often the case in small area models, and that the coverage error is defined in
terms of »n, rather than m , the number of sampled areas, as under the Hall and Maiti (2006)
theory. The total sample size increases also as the sample sizes within the areas increase, and

not just by increasing m .
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6.3 Choice of Matching Priors for Bayesian Applications

For the area level model (5.1), Ganesh and Lahiri (2008) develop a class of priors p(c?),

which for a given set of weights {w,} satisfy,
(6.9) 3" wE{ar(6,]y) - PMSE[G,(6))]}=o(/m),
where Var(6.|y) is the posterior variance under the desired prior, é(&j) is the EBLUP of

0. obtained by substituting &> for &2 in (5.2) and the expectation and PMSE are computed

under the joint distribution of @ and y . The prior p(c?) satisfying (6.9) is shown to be,

(6.10) P(c)) o Z;U (o}, +0°)? /Z;a)i[af),. (o} +a2)).

The motivation for using the prior (6.10) is to warrant some “frequency validity” to the
Bayesian inference by guaranteeing that the weighted average of the expected difference
between the posterior variance and the PMSE of the EBLUP is sufficiently close. Having
satisfied (6.9), the analyst may then take advantage of the flexibility of Bayesian inference
resulting from the ability to draw observations from the posterior distribution. By appropriate

choice of the weights {w}, the prior (6.10) contains as special cases the flat prior
p(c?)=U(0,), the prior developed by Datta et al. (2005) for a given area, satisfying
E[Var(6, | y)] :PMSE[é(&j)]+o(1/m) (different prior for different areas), and the average

moment matching prior (obtained by setting o, =1).

6.4 Benchmarking

Model-based SAE depends on models that can be hard to validate and if the model is
misspecified, the resulting predictors may perform poorly. Benchmarking is another way of
trying to robustify the inference by forcing the model-based predictors to agree with the
design-based estimator for an aggregation of the areas for which it can be trusted. Assuming
for convenience that this aggregation contains all the areas, the benchmarking equation takes

the general form,

A

(611) Z:‘ilbiei,model = Z:-ilbiei,design '
The coefficients {5} are fixed weights, assumed without loss of generality to sum to 1 (e.g.,

relative area sizes). The modification (6.11) has the further advantage of guaranteeing
consistency of publication between the model-based small area predictors and the design-

based estimator for the aggregated area, which is often required by statistical bureaus. For
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example, the model-based predictors of total unemployment in counties should add up to the
design-based estimate of total unemployment in the country, which is deemed accurate.
A benchmarking procedure in common use, often referred to as ratio or pro-rata

adjustment is defined as,

(612) eibemh = (Z:ilbiei,design /z:ilbiei,model) X Hi,model '

The use of this procedure, however, applies the same ratio correction for all the areas,
irrespective of the relative precision of the model-based predictors before benchmarking. In
addition, estimation of the PMSE of the prorated predictors is not straightforward.

Consequently, other procedures have been proposed in the literature.
Wang et al. (2008) derive a benchmarked BLUP (BBLUP) under the area level model

(5.1) as the predictor minimizing Z:n:l¢iE(0i —éf”’"”)z subject to (6.11), where the ¢ s are
chosen positive weights. The BBLUP is,

(6.13) Ot = 00t 40,0 5,0, s -0 s 8,= (X" 00,'57) 0'b,

When the variance o’ is unknown, it is replaced by its estimator everywhere in (6.13),

yielding the empirical BBLUP. The PMSE of the latter predictor can be estimated by a
method developed by Isaki et al. (2000), or by one of the resampling procedures described in
Section 6.1. You & Rao (2002) achieve “automatic benchmarking” for the unit level model

(5.3) by changing the estimator of . Wang et al. (2008) consider a similar procedure for the

area level model. The approach is further extended by augmenting the covariates X, to

X! =[x,bo2,]. (The variances o, are considered known under the area level model.) The

use of the augmented model yields a BLUP that likewise satisfies the benchmark constraint
(6.11) and is more robust to model misspecification.

Pfeffermann & Tiller (2006) add monthly benchmark constraints of the form (6.11) to the
measurement (observation) equation of a time series state-space model fitted jointly to the
direct estimates in several areas. Adding benchmark constraints to time series models used
for the production of model-dependent small area predictors is particularly important since
time series models are slow to adapt to abrupt changes. By adding the constraints to the
model, the use of this approach permits estimating the variance of the benchmarked
estimators as part of the model fitting. The variance accounts for the variances of the model

error terms, the variances and autocovariances of the sampling errors of the direct estimators
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and of the benchmark, Z b.o. and the cross-covariances and autocovariances between

—1 i idirect !
the sampling errors of the direct estimators and the benchmark.

Datta er al. (2010) develop Bayesian benchmarking by minimizing,

m I~ 2 A m A m A
(6'14) Zi:l Q‘E [(01 - gibemh) | gdesign] s.t. z;:lbi eibenm = i:lbieivd“ig" !
where ... = (0, sins+Or o) - The solution of this minimization problem is the same as

~

(6.13), but with 67", replaced everywhere by the posterior mean O; ayes -

Denote the

resulting predictors by 67" The use of these predictors has the drawback of ‘over

i,Bayes

shrinkage’ in the sense that Zilbl.(é’”’”’“l—97”6”””’1)2 <" BE0,-6,)"0,.,], where

i,Bayes b, Bayes

N

grachl Z 5" p gl ang g =Y " b6,. To deal with this problem, Datta et al. (2010)

b,Bayes — j=1 i i,Bayes

m

propose to consider instead the predictors 6°7%? satisfying,

i,Bayes

m Nbench,2 _ m A . m Nbench,2 m N 2 _
(615) Zizlbigi,Bayes - zi:]_bigi,design ’ Zi:]_bi (gi,Bayes _zi:lbiei,design) - H’

where # =" bE(6,-8,)* |9,

esign

]. The desired predictors have now the form,

(616) é'benﬂh’z = ’ bé + ACB (éi,Bayes - éBayes) ’ ACZ’B = H / Zlm:lbz (éi,Bayes - éBayes)z )

i,Bayes j=1 i i,design

Notice that the development of the Bayesian benchmarked predictors by Datta et al. (2010) is

general and not restricted to any particular model.
6.5 Accounting for Measurement Errors in the Covariates

Ybarra and Lohr (2008) consider the case where some or all of the true covariates X, in
the area level model (5.1) are unknown and one uses instead an estimator X,, with
MSE(X,)=C,, in the expression for the BLUP é defined by (5.2). (For known covariates

X,, C,=0.) Estimates for the missing covariates may be obtained from another survey.
Denoting the resulting predictor by éE it follows that,

(6.17) PMSE(6"") = PMSE(9)+(1-7,)* B'C.,

where PMSE(é) is the PMSE when using the true x,. Thus, reporting PMSE(@) as the

PMSE in this case results in under-reporting of the true PMSE. Moreover, if

BCR>cl+02, MSEO"")>o?,, the variance of the direct estimator 7. The authors

propose therefore using instead the predictor,
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(6.18) 0" =75, +U=7)XB; 7. =(0 +BCP)I (oh +0,+BCP).

The predictor éM minimizes the MSE of linear combinations of 7 and X5.
E(éiMe -6)=0-7)IEX,)—x,] 8, implying that the bias vanishes when X, is unbiased for
x., and E(0"-0)?=7c% <o?,. The authors develop estimators for the unknown

parameters o> and £, which are then substituted in (6.18) to obtain the corresponding

empirical predictor. The PMSE of the empirical predictor is estimated using the jackknife
procedure of Jiang et al. (2002) described in Section 6.1.
Torabi et al. (2009) consider the unit level model (5.3) but where in truth X8 = g, + Bx; ,

a single covariate common to all the units in the same area. It is assumed that x, = x, +7,;

x, ~ N(u,c?), and that (u,, &

i

17;) are mutually independent normally distributed random
errors with zero means and variances ¢2,o and aj respectively. The sample observations

consist of {y;,x;;i=1...m, j=1,..,n}. An example giving rise to such a model is where x,

l‘j!
defines the true level of air pollution in the area and the x; s represent pollution measures at

different sites in the area, with the response values, y,, measuring a certain health indicator

at the same sites. The authors follow the EB approach and show that when all the model

parameters are known, the posterior distribution of the unobserved y-values in a given area i

is multivariate normal, which yields the following predictor for Y, :

(619) Z,Bayes = (1_f1‘A1).)_}1 +f;Az (ﬁO +ﬂllux) +f;Ai7/xiﬂl(yi _ILI\C) !
where f;=1—(n,/N,) is the finite population correction in the area, y,, =no:(o, +no0.)™
and 4 = [niﬂfo‘fo;f +(no’ +ol )] oy, with v, = (0'5 +nc’). For large N, and small

(n,/N,), the PMSE of 7, is E[(¥, 5. ~1)* {5, )] = A[B70% +07 —n o’V ']. The

Bayes
unknown model parameters, v =(8,, B, u,,0.,0.,0°) are estimated by a method of
moments. Replacing the unknown model parameters by their estimates vyields the
corresponding EB estimate, which is shown to be asymptotically optimal as the number of
sampled areas increases. The PMSE of the EB predictor is estimated by use of a weighted

jackknife procedure proposed by Chen and Lahiri (2002).
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Remark 3. In an earlier study, Ghosh er al. (2006) used the same model and inference

procedure as Torabi et al. (2009), but they only used the observed y -values (and not the

observed covariates) for estimating the area means under the model.
6.6 Treatment of Outliers

Bell and Huang (2006) consider the area level model (5.1) from a Bayesian perspective,

but assume that the random effect or the sampling error (but not both) have a Student’s ¢,

distribution. The ¢ distribution is often used in statistical modeling to account for possible

outliers because of its long tails. One of the models considered by the authors is,

(6.20) e.~N(,02), u,|5,0°~N(0,6072); 5 ~ Gammalk|2,(k—2)12],

which implies E(5,)=1 and u |0} ~1,,(0,0.(k—2)/k) with Var(u,|c))=0.. The
coefficient o, can thus be viewed as a multiplicative random effect distributed around 1,
which inflates or deflates the variance of u, =6 —x 4. A large value ¢, signals the existence
of an outlying area mean 6.. The degrees of freedom parameter, £, is taken as known. Setting

k= is equivalent to assuming the model (5.1). The authors consider several possible
(small) values for & in their application, but the choice of an appropriate value is largely the

result of data exploration. Alternatively, the authors assume the model (6.20) for the sampling
error e,, (with o replaced by o7,), in which case u, ~ N(0,07) . The effect of assuming the

model for the random effects is to push the small area predictor (the posterior mean) towards
the direct estimator, whereas the effect of assuming the model for the sampling errors is to
push the predictor towards the synthetic part. The use of either model is shown empirically to
perform well in identifying outlying areas but at present it is not clear how to choose between
the two models. Huang and Bell (2006) extend the approach to a bivariate area level model
where two direct estimates are available for every area, with uncorrelated sampling errors but
correlated random effects. This model handles a situation where estimates are obtained from
two different surveys.

Ghosh et al. (2008) likewise consider the model (5.1) and follow the EB approach. The
starting point in this study is that an outlying direct estimate may arise either from a large
sampling error or from an outlying random effect. The authors propose therefore to replace
the EB predictor (5.2) by the robust EB predictor,

(6.21) 0% = 5, — (=PI [, =X B WM VE=Var(5,—XBu),
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where ﬁGiS is the empirical GLS estimator of £ under the model with estimated variance
G2, and W, is the Huber influence function W (¢) = sign(t) min(G,|¢|), for some given
value G>0. Thus, for large positive standardized residuals (j;i—xgﬁcis)lﬁ’l, the EB

0, =5 — (-7 W.(5.-XB.,s)V* under the model is replaced by 6 =3 —(1—-7)VG, and
similarly for large negative standardized residuals, whereas in other cases the EB predictor is
unchanged. The value G may actually change from one area to the other and chosen
adaptively in such a way that the excess Bayes risk under the model from using the predictor
(6.21) is bounded by some percentage point. Alternatively, G may be set to some constant

1< G, <2 as often found in the robustness literature. The authors derive the PMSE of QR””
under the model with bias of order o(1/m) for the case where o is estimated by MLE, and
develop an estimator for the PMSE that is correct up to the order of O, (1/m).

Under the approach of Ghosh ez al. (2008), the EB small area predictor (5.2) is replaced
by the robust predictor (6.21) but the estimators of the unknown model parameters remain
intact. Sinha and Rao (2009) propose to robustify also the estimation of the model
parameters. The authors consider the general mixed linear model (6.1), which when written
compactly for all the observations y = (y;,..., . )" has the form,

(6.22) v=Xpf+Zu+e, E)=0, Euu')=Q; E(e)=0, E(ee)=R,

where X =[x,,...,X,, ], u is the vector of random effects and e is the vector of residuals (or

sampling errors). The matrices Q and R are block diagonal with elements that are functions

of a vector parameter ¢ =(¢,...¢;) of variance components, such that,

V(y)=V=ZQZ'+ R=V({). The model contains as special cases the models defined by

(5.1) and (5.3). The target is to predict the linear combination z=/"8+h'u by 7= Z',[§’+h’12.
The MLE of f and ¢ are obtained by solving the normal equations,

XV y-XB)=0; (y—Xﬂ)’V’la—VV’l(y—Xﬂ) —tr(V’la—V) =0, /=1,...,L. In order to
o¢, ¢,
deal with possible outliers, the authors propose solving instead,

(6.23) XV UV () = 0; W (H)UVY S—EVlU“Z‘PG ) —tr(V S—C?cln) ~0,1=1...L,

! i
where r=U"?(y—Xp), U = Diag[V], ¥,(r)=[¥,(r),¥,(r,),..] with ¥_.(r,) defining

the Huber influence function, I, is the identity matrix of order » (the total sample size) and
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c=E[WY.(r)] (r, ~N(0,1). Notice that since Q and R are block diagonal, the normal
equations and the robust estimating equations can be written as sums over the m areas.
Denote by ,[?Rab , chab the solutions of (6.21). The random effects are predicted by solving,
(6.24) ZRYPRRM (= X By, — Zu)] = 0¥ (0 ¥u) =0,

where ﬁ:R(fRob),Q:Q(fRob). Sinha and Rao (2009) estimate the PMSE of the robust

predictors by application of the first step of the double-bootstrap procedure of Hall and Maiti
(2006) described in Section 6.1 (Equation 6.4). All the parameter estimates and predictors of
the random effects needed for the application of this procedure are computed by the robust
estimating equations defined by (6.23) and (6.24).

6.7 M-quantile Estimation

Classical SAE methods under the frequentist approach model the expectations
E(y,|x,,u;) and E(u,). Tzavidis and Chambers (2005) and Chambers and Tzavidis (2006)
propose modelling instead the quantiles of the conditional distribution f(y,|X,), where for
now y, is ascalar and X; is a vector of covariates. Assuming a linear model for the quantiles,

this leads to a family of models indexed by the coefficient ¢ € (0,1); ¢=Pr[y, <x;8]. In

quantile regression the vector A is estimated by the vector /?q minimizing,

(6.25) 2 Ay =XB, -y, — X3, <0)+ql(y, - x5, > O)]},
where 1(:) is the indicator function. M-quantile regression uses influence functions for the

estimation of S, by solving the estimating equations,

(6'26) Z:l:lqu (r;q)xl = 0 ' riq = (yz - X:ﬂq) ’LIIq (’;q) = ZLII(S_]-?;q)[(l_q)I(;;q S O) + qI(rlq > 0)] 1
where s is a robust estimate of scale, and V¥ is an appropriate influence function. The

solution of (6.26) is obtained by an iterative reweighted least square algorithm (assuming a
continuous monotone influence function). Denote by ,@q the (unique) estimate solving (6.26).
Notice that each sample value (y,,x,)lies on one and only one of the M-quantiles
m,(X,)=x;B, (follows from the fact that the quantiles are continuous in ¢ ).

How is the M-quantile theory used for SAE? Suppose that the sample consists of unit level

observations {y,,X,;i=1...,m, j=1..,n}. Define for unit (i, /) the value ¢, such that
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x,’.jﬂql_/_ = y;- A small area predictor of the mean ¢, is obtained by averaging the quantiles

q; over the sampled units j € s;, and then computing,
M -1 rA N, — n;
(6.27) 0" =N, (Z_;es,. V¥ Qs X ) 4, = Z,:l% In;.

Alternatively, one can average the vector coefficients 3 _and replace the vector ﬁa,- in (6.27)

by the mean ,B =ZF ) ﬁq, I n, . The vectors ﬁa,- or ,5’ account for differences between the

areas, similarly to the random effects under the unit level model (5.3).
The use of this approach is not restricted to the estimation of means although it does

assume continuous y-values. Thus, the distribution function in Area i can be estimated as,

(6.28) E@=NIY,, 10, <0+, 10,5 <0].

The M-quantile approach does not assume a parametric model although in the current
applications it assumes that the quantiles are linear in the covariates. Clearly, if the unit level
model (5.3) holds the use of the model for SAE is more efficient, but the authors illustrate
that the use of the M-quantiles can be more robust to model misspecification. Notice in this
regard that the approach is not restricted to any specific definition of the small areas. It
accounts also for possible outliers by choosing an appropriate influence function in the
estimating equation (6.26). On the other hand, there seems to be no obvious way of how to
predict the means or other target quantities for nonsampled areas. A possible simple solution

would be to set ¢ =0.5 for such areas, or weight the g-values of neighboring sampled areas,

but it raises the question of how to estimate the corresponding PMSE, unless under a model.
6.8 SAE Using Penalized Spline Regression

Another way of robustifying the general mixed linear regression model defined by (6.22)
or other parametric models is by use of penalized spline (P-spline) regression. The idea is not
to assume apriori a functional form for the expectation of the response variable. Suppose that

there is a single covariate x. The simple P-spline model assumes that y=m,(x)+¢,
E(¢) =0, Var(g) = o>. The mean m,(x) is taken as unknown and is approximated by,
(6.29) m(x;B.7) =By + Bx+.t Bx"+ Dy (x=K); (x—K,)! =max[0, (x-K,)’],

where p is the degree of the spline and K, <...<K, are fixed knots. For large K and a good

spread of the knots over the range of x, the spline function approximates well most smooth
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functions. The spline (6.29) uses the basis [1, x,...,x",(x—K))”,...,(x— K,)”] to approximate
the mean m,(x), but other bases can be used, particularly when there are more covariates.
Opsomer et al. (2008) use P-spline regression for SAE by treating the y -coefficients in

(6.29) as additional random effects. Suppose as under the unit level model that the data

consist of the n observations {y,,x,;i=1...,m, j=1..,n}. For unit j in area i, the model

yroevye

considered is,

(6.30) =Byt Bxy et B+ Yy (6, =K Hu + e,

where the u,’s are the usual area random effects and the &;’s are the residuals. Let
u=(u,..,u,) and y=(y,...y,) . Defining d,=1(0) if unit j is (is not) in area i and
denoting d, =(d,;,....d,;)", D=I[d,,...d,]', the model for the vector y of all the sample
response values can be written compactly as,

(6.31) y=Xp+Zy+Du+¢e; y~(0,01), u~(00.1,), ¢~(0,021,),

where X =[x1(”),...,x2”)]' with x,(p) = x,..,x"), and Z=z,.,z,1 with
z, =[(x, = K)?,.... (x, = K )?)] . Written this way the model (6.29) looks similar to the model
(6.22), but notice that under (6.31) the responses y, are not independent between the areas
because of the common random effects . Nonetheless, the BLUP and EBLUP predictors of
(B,u,y) are obtained using standard results. See the paper for the appropriate expressions.
The small area predictors are then,

i,EBLUP i

(6.32) Ot =BXD +7Z +i; XO =3 xPIN,Z =Y, 2N,

The use of this approach requires that the covariates are known for every element in the
population. Opsomer et al. (2008) derive the PMSE of the EBLUP (6.32), correct to the
second order, when estimating the unknown variances by restricted MLE, and an estimator of
the PMSE with bias that is also correct to the second order. The authors propose also a
nonparametric bootstrap algorithm for estimating the PMSE and for testing the hypotheses
o’ =0, aj =0. Rao et al. (2009) use a similar model to (6.31), but rather than using the
EBLUP predictors under the model, the authors propose estimators that are robust to outliers,
similarly (but not the same) to the methodology developed by Sinha and Rao (2009) for the

mixed linear model (6.22) described in Section 6.5. Jiang et al. (2010) show how to select an

appropriate spline model by use of the fence method. See Section 6.9 below.
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6.9. Mixed Model Selection

Model selection is one of the major problems in SAE because the models usually involve
unobserved random effects with limited or no information on their distribution. Classical
model selection criteria such as the AIC and BIC don’t apply straightforwardly in the case of
mixed models because they require the use of the likelihood, which in turn requires
specification of the distribution of the random effects, and because of difficulties in
determining the effective sample size. Also, for generalized linear mixed models (GLMM),
the likelihood involves high dimensional integrals which makes the use of the AIC and BIC
criterions unattractive.

In order to deal with this problem, Jiang et al. (2008) propose a class of strategies for
mixed model selection called fence methods, which apply to linear and generalized linear
mixed models. The strategies involve a procedure to isolate a subgroup of correct models,
and then select the optimal model from this subgroup according to some specified criterion.
Let O, =0, (y,v,,) define a measure of ‘lack of fit’ of a candidate model A with
parameters y,, , such that £(Q,,) is minimized when M is the true model. Examples for Q,,
are the negative of the loglikelihood and the residual sum of squares. Define,

N

0, =0,0,v,)= inf, . O,(w,), where ¥, isthe parameter space under A , and let
M eM be such that Q, =min, QM, where M represents the set of candidate models.

The authors prove that under certain conditions M is a correct model with probability tending
to one.

In practice, there can be more than one correct model and a second step of the proposed
procedure is to select the optimal model among the models that are within a fence around

Q,, - Examples of optimality criteria are minimal dimension of the model or minimum

PMSE. The fence is defined as QM SQM+C 5

O\ o Where &, . is an estimate of the
standard deviation of QM —QM and ¢, is a tuning coefficient that increases with the total
sample size, n. Jiang et al. (2008) discuss alternative possibilities of computing 6M‘M and

propose an adaptive procedure for choosing the tuning coefficient ¢, . The procedure consists

of parametric bootstrapping new samples from the ‘full” model, computing for every

candidate model M the empirical proportion p’(M,c,) that it is selected by the fence
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method with a given ¢,, computing p (c,) =max,,.,, p (M,c,) and then choosing ¢, that
maximizes p’(c,).

Jiang et al. (2008) illustrate the application of the fence method for selecting the
covariates in the area level model (5.1), and in the unit level model (5.2) with correlated
observations. Jiang et al. (2010) apply the fence method for selecting nonparametric P-spline
models of the form (6.31). Selecting a correct model in this case requires selecting the degree

of the spline, p, the number of knots, K, and a smoothing parameter, A, used for the

estimation of the model parameters.
6.10 Prediction of Ordered Area Means

Malinovsky and Rinott (2010) consider the following (hard) problem: predict the ordered

area means (6, <6, <...<@,,,) under the area level model y, = uz+u, +¢, =0, +e¢, (special

iid iid
case of 5.1), with u, ~ H(0,07), ¢,~G(0,5°). H and G are general distributions with zero
means and variances o and o . In order to illustrate the difference between the prediction

of the unordered means and the ordered means, consider the prediction of ¢

E(0.16)=6,, then E(maxé,. 1{6,}) > G,,, so that the largest estimator among the estimators

of the area means overestimates the true largest mean. On the other hand, the Bayesian

predictors 8 = E[6, |{§j}] satisfy, max{¢, } < E(6,,), an underestimation in expectation.
Wright, Stern and Cressie (2003) considered the prediction of ordered means from a

Bayesian perspective but their approach requires heavy numerical calculations and is

sensitive to the choice of priors. Malinovsky and Rinott (2010) compare three simple

predictors of the ordered means under the frequentist approach, using the loss function

6,,6,)= le( i ,)) and the Bayes risk E[L(@ 1 0y)]. Let 67 define the direct

estimator of 6, (y, in the notation of Section 5.2) and é(i) the i-th ordered estimator
(statistic). The predictors compared are:

(6.33) 00 =0, 00(5) =00, +(1-8)0,0=3." 0/m; 62 =E@,,10), 0=(0,...0,) .

Oy
The mean 4 is taken as unknown and estimated by 6.
Denote by &% the predictor of the ordered true means when using the predictors

6% i=1...,m k=123, and let y=0’(c’ +0?)" be the optimal shrinkage coefficient
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under the model for predicting the unordered means (Eq. 5.2). The authors derive several

theoretical comparisons for the case of known variances o and o . For example,

(6.34) If y <(m-1)*/(m+1) then E[L(65(5),6,)]< E[L(E}

Noting that lim[(m—1)*/(m+1)*]=1, it follows that (6.34) holds asymptotically for all y,
and the inequality y <6 <1 implies less shrinkage of the direct estimators towards the mean.
In particular, the optimal choice 5" of & for 6%(5) satisfies, lim &% = "2,

The results so far assume general distributions / and G of the random effects and the

residual terms. When these distributions are normal, then for m=2, E[L(é([f’],ﬁo)]

< E[L(0}(5),6,)] for all 5. A conjecture supported by simulations is that this relationship

holds also for m >2 and the optimal choice 5”. However, the simulations suggest that for
sufficiently large m (e.g., m>25), 0™ is efficiently replaced by 8 (»"?). The last two
conclusions are shown empirically to hold also in the case where the variances o’ and o’

are unknown and replaced by method of moments variance estimators.

Remark 4. The problem of predicting the ordered means is different from ranking them, one
of the famous triple-goal estimation objectives in SAE put forward by Shen and Louis
(1998). The triple-goal estimation consists of producing ‘good’ area specific estimates,
‘good’ estimates of the histogram (distribution) and ‘good’ estimates of the ranks. See also
Rao (2003). Judkins and Liu (2000) considered another related problem of estimating the
range of the area means. The authors show theoretically and by simulations that the range of
the direct estimators overestimates the true range, whereas the range of the empirical Bayes
estimators underestimates the true range, in line with what is stated at the beginning of this
section. The bias is much reduced by the use of a constrained empirical Bayes estimator. For

the model considered by Malinovsky and Rinott (2010), the constrained estimator is obtained
by replacing the shrinkage factor y =c’(c>+c’)™" in (5.2) by 7=y»"?, which again

shrinkages less the direct estimator.

7. DEVELOPMENTS FOR SPECIFIC APPLICATIONS

Below I review briefly a few other important developments for specific applications.
1. Small area estimation with varying boundaries: Moura et al. (2005) investigate the use of
hierarchical models for SAE with varying area boundaries. The paper shows how area
estimates and corresponding PMSE estimates can be obtained at a variety of nested and
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intersecting boundary systems by fitting the model at the lowest possible level. See also
Section 6.7 on M-quantile estimation.

2. Accounting for Spatial correlations between the area means: The models considered in this
article assume that the area random effects are independent between the areas. Noting that the
random effects account for the unexplained variation by the existing covariates, it is often
reasonable to assume that the random effects in neighbouring areas are correlated. See Pratesi
and Salvati (2008) for the spatial EBLUP predictors and estimation of their PMSE when the
spatial relationships are modelled by a simultaneously autoregressive process with a known
weight matrix and an unknown autoregression parameter. Souza et al. (2009) account for
spatial relationships when fitting hierarchical exponential growth models, which are used for
small area population predictions by application of the Bayesian methodology.

3. SAE estimation under informative sampling. All the studies reviewed in this paper assume
implicitly that the selection of the sampled areas is noninformative, and similarly for the
sampling within the selected areas, implying that the population model applies to the
observed sample data with no selection bias. This, however, may not be the case and ignoring
the effects of informative sampling may bias the inference very severely. This problem is
considered by Malec et al. (1999) under the Bayesian approach and by Pfeffermann and
Sverchkov (2007) under the frequentist approach.

4. The use of a two-part model for SAE: 1t is sometimes the case that the outcome value is
either zero or an observation from a continuous distribution. A typical example is the
assessment of literacy with the possible response being either zero, indicating illiteracy, or a
positive score measuring the level of literacy. Another example is the consumption of illicit
drugs. Pfeffermann er al. (2008) consider the estimation of the average response and the
proportion of positive responses in small areas for this kind of problem by joint modelling the
probability of a positive response and the distribution of the positive responses and applying

the Bayesian methodology.
8. CONCLUDING REMARKS

In this article | reviewed some of the main important developments in SAE in recent
years. Looking at these developments gives a clear indication that analysts involved in SAE
problems have now much richer and versatile tools for their analysis, notably in terms of the
robustness of the inference to possible model misspecifications, measurement errors and

outliers. Research on SAE continues all over the world, both in terms of new theories and in
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applications to new intriguing problems, and it will not take long before another book or

review paper will come out discussing this new research, not covered in the present paper.
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