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Abstract

A simultaneous confidence band provides useful information on the plausible range of an
unknown regression model. For a simple linear regression model, the most frequently
quoted bands in the statistical literature include the two-segment band, the three-segment
band and the hyperbolic band, and for a multiple linear regression model, the most com-
mon bands in the statistical literature include the hyperbolic band and the constant width
band. The optimality criteria for confidence bands include the Average Width criterion
considered by Gafarian (1964) and Naiman (1984) among others, and the Minimum Area
Confidence Set (MACS) criterion of Liu and Hayter (2007). A concise review of the
construction of two-sided simultaneous confidence bands in simple and multiple linear re-
gressions and their comparison under the two mentioned optimality criteria is provided in
the thesis. Two families of confidence bands, the inner-hyperbolic bands and the outer-
hyperbolic bands, which include the hyperbolic and three-segment bands as special cases,
are introduced for a simple linear regression. Under the MACS criterion, the best con-
fidence band within each family is found by numerical search and compared with the
hyperbolic band, the best three-segment band and with each other. The inner-hyperbolic
family of confidence bands, which include the hyperbolic and constant-width bands as
special cases, is also constructed for a multiple linear regression model over an ellipsoidal
covariate region and the best band within the family is found by numerical search. For
a multiple linear regression model over a rectangular covariate region (i.e. the predictor
variables are constrained in intervals), no method of constructing exact simultaneous con-
fidence bands has been published so far. A method to construct exact two-sided hyperbolic
and constant width bands over a rectangular covariate region and compare between them
is provided in this thesis when there are up to three predictor variables. A simulation
method similar to the ones used by Liu et al. (2005a) and Liu et al. (2005b) is also
provided for the calculation of the average width and the minimum volume of confidence
set when there are more than three predictor variables. The methods used in this thesis
are illustrated with numerical examples and the Matlab programs used are available upon

request.
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Chapter 1

Introduction to linear regression
analysis and simultaneous

confidence bands

The term “regression” originates from the 14" century, where it had a biological meaning
as “the act of going back”. It was first adapted to a more general statistical context by the
well-known statisticians Udny Yule and Karl Pearson. However, its first statistical form
was published by Legendre (1805) and by Gauss (1809) in the field of astronomy, where
they applied the method of least squares to the problem of determining orbits of bodies
about the Sun. Since then, regression analysis has been widely applied to the study of
biology, behavioral and social sciences and more recently in finance, industry and many
other practical aspects of real life.

The first widely studied form of regression analysis has been linear regression, due
to the simplicity of the model and the statistical properties of the estimators. Linear
regression is usually used for the purpose of hypothesis testing or for the purpose of
prediction and forecasting. Many statistical methods and techniques have emerged from
its study and one of them is the simultaneous confidence band. This chapter provides a
general review of linear regression and presents some preliminary results necessary for the

construction and comparison of simultaneous confidence bands throughout the thesis.

1.1 Linear regression models

Linear regression analysis is a statistical technique used to model data consisting of a
dependent random variable and one or more independent variables, so as to evaluate the

relationship between the dependent variable and the independent variables. Specifically,

the dependent variable y is expressed as a function of the independent variables z1, ..., zg,
the corresponding parameters by, b1, ..., b, and an error term e as in
y=0bg+bixy + boxo + ...+ brxp + €. (1.1)



The error term e is a random variable that represents the unexplained variation in the
dependent variable y. If a sample of n observations are available with the i** observation
given by (v;, i1, Ti2, ..., x) for i = 1,...,n, the it" observation is assumed to satisfy the
relationship

Yy = bo + bixi1 + boxio + ... + brxip + €

where bg, b1, . .., b; are the same for all observations. The linear regression model can also

be represented in the matrix form

Y =Xb+e (1.2)
(7 1z w2 - x bo €1
where Y = y‘2 X = 1 3:‘21 $?2 ' ZE% b= él e= ©
Yn L zp1 ZTp2 -0 Tpg bi €n

The matrix X is called the design matrix as its components can be suitably chosen via

design. Moreover, the linear regression model is subject to the following assumptions:

e The errors follow a normal distribution with the mean zero and constant variance

o2 > 0 and they are independent.

e The independent variables x1, ...,z are error-free and the design matrix X has full

column rank k + 1.

1.2 Parameter estimation

1.2.1 Least squares estimates

From the sample of n observations, the linear regression model can be used to evaluate the
relationship between the dependent variable y and the independent variables x1, ...,z by
estimating the parameters of the model. These include the k + 1 coefficients bg, b1, . .., by
and the variance o2 of the error term e. In order that all the k + 2 parameters can be
estimated from the sample data, there should be at least n > k + 2 observations. A
common method of estimating the parameters is the method of least squares.

Let b= (130, bi,..., l;k)T estimate b = (bg, by,...,bx)" and let 62 estimate o2. Then, b
estimates b by minimizing the sum of squares >, (y;—b” ;) where x; = (1, 1, Ti2, . . ., vi1,) " -
Note that

n

> (i — b i)’

=1
= (Y - Xxb)T (Y — Xb) =||Y — Xb|?

= Yy —YTxXb-b"XTy + bTXT X0
= YTy — 26" XTy + b XTXb



since YT Xb is a scalar and its transpose b? XTY is the same scalar. Now

%(YT Y — 27 XTY + b X7 Xb)
= —2XxTy +2xTXb

= 0 at b=b.
Hence, XTX b= XTY and if X has full column rank, then X7 X is non-singular and so
b= (X"X)"'xTy. (1.3)

Since e, ea,. .., e, are identically and independently distributed as N(0,0?), b is also the
maximum likelihood estimator of b. The fitted values for Y are Y = X 13, the residuals

are given by

et

e = (é17é27
= Y-Y
Y — Xb,

and

= (residual sum of squares) / (n —k — 1)

= Y@/ (k1)

=1

= eéele/(n—k-1)

= (Y -Xb)"(Y -Xb)/ (n—k—1)
|Y — Xb|?

T (1.4)

1.2.2 Distributions of b, & and 42

Note that b = (XTX)"1XTY, that is b is a linear transformation of Y, and Y ~

N(Xb,0?). Therefore, b follows a normal distribution with mean
Eb) = E[XTX)'XxTY]
= (XTX)"'XTE(Y)
= (XTX)"'xTXb
= b

and variance

S

Var(b) = Cov[(XTX)'XTY, (XTX)'xTY]
= (XTX)"'XTCou(Y, Y)X(XTXx)™!
= o3(xTx)™h

Therefore,

A~

b~ N(b,o*(XTX)™h).



Since 6 =Y — Xb = (I, — X(XTX)"'XT)Y, that is & is a linear transformation of

Y, e also follows a normal distribution with mean

E(e) = E(Y —Xb)
= BY -XXTXx)"'xTy)
= E[(I,-XX'X)"'x")Y]
= (I, - X(XTX)"'XTE(Y)
= (I, - X(XTX)"'xT)Xb
= Xb—X(XTX)"'xTXb
=0

and variance

Var(e) = Cov[(I, - X(XTX)"'xTY, (I, - X(XTX)"'XT)Y]
= (I, - XXTX)"'XT)Cou(Y, Y)(I, - X(XTX)71XT)
= oI, - X(XTx)'xT)

since (I, — X(XTX)~'XT) is an idempotent matrix. Therefore,

e~ N (0,06, - X(XTX)"'xT)).

For the distribution of 62, note that

o _ |[Y — Xb|?
(n—Fk—1)
where
IY — Xb|
= (Y - Xb)T(Y — Xb)
= ele
= [, - XX"X)'XT)Y]" [, - X(XTX)"' xT)Y]
= YT, - x(xXTx)"'xTy (since (I, — X (XTX)71XT) is idempotent)
= (Xb+e) (I, - X(XTX)"'XT)(Xb +e)
= el'(I, - X(XTx)'xTe.
Note that

trace(I, — X(XTX)71xT)
= trace(I,) — trace(X (XTX)71xT)
= n—trace (XTX) ' XTX) (since trace(AB) = trace(BA))
= n—(k+1).



Furthermore, I,, — X (X7 X)71 X7 is an idempotent matrix and so its rank is given by its

trace. Therefore, there exists an n x n orthogonal matrix G such that

Li-(ky1y 0 0 -+ 0
0 00 - 0

L - X(XTx)7'xT =G" , A el
0 00 - 0

Let D = (D1, Ds,...,D,)T = Ge/o so that Ge = oD. Since e/o ~ N(0,1,,) and G is
orthogonal, D ~ N(0, I,,). Hence,

Y —Xb|> = e'(I, - X(X"X)"'xTe

L4ty 0 0 -+ 0
0 00 --- 0

= eI'GT ) L | Ge
0 0 0 0

= o?’D'D
= o*(Di+D5+...+D2 ;)
2.2
~ 0 Xn—k-1-
Therefore, the distribution of 62 is given by

52 — HY—X6”2 N U2Xi—k—1
n—k—1 n—k—1

1.2.3 Independence of b and é and independence of b and 52
Since b and é are normal random vectors and
Cou(b,e) = Cov[(XTX)'XTY (I, - X(XTX)"'XT)Y]
= A(XTX)'XT(IL, - X(XTX)7'XT)
= 0,

b and é are independent. Since 62 = &Te / (n—Fk—1), b and 42 are also independent.

1.3 Uses of linear regression analysis

1.3.1 Hypothesis testing

Given a linear regression model, one can test whether some regression coefficients b satisfy
certain constraints Hb = h, where H is a given r x (k 4+ 1) matrix with full row rank

r <k-+1and h is a given vector in R". For this, one tests

HO :Hb=h
against Hj: Hb # h.



A size « test takes the form:
(Y = Xbul? ~ Y — Xb|2) /r
Y — Xb2/(n—k—1)

«a
rmn—k—1

Reject Hj if and only if

where by is the least squares estimate of b, under the constraints Hb = h and fﬁn_k_l
is the upper a point of an F' distribution with degrees of freedom r and n — k — 1. This
test can also be derived as the likelihood ratio test.

One common hypothesis test is to assess whether a predictor variable of interest z;
add significantly to the prediction of the response y. In this case, the regression coefficient
by is set to zero, H is set as a 1 X (k + 1) matrix with the (1,7 + 1) entry equal to 1 and

all the other entries equal to zero, and h is set to 0.

1.3.2 Confidence and prediction intervals

Confidence and prediction intervals provide useful ways of assessing the quality of predic-
tion at a single point. When considering the mean response &’ b of a model at a chosen
x = (1,z1,29,... ,xk)T, a confidence interval can be constructed to provide useful infor-
mation on where the mean response lies. Since 7 (b — b) ~ N(0,0%z” (X7 X)1a) and

since b is independent of &2,

~tp k-1

where t,,_j_1 is a t distribution with n—k—1 degrees of freedom. Hence, a 1 —« confidence

level for £7b has the form:

P {me cx’b+ tz?k_lm/mT(XTX)—lm} =1l-o

where tz/_ 2k_1 is the upper a//2 point of a t distribution with n — k — 1 degrees of freedom.

Moreover, when considering the value of future observation y; at a chosen x =
(1,1, 29, ... ,xk)T, a prediction interval can be constructed to provide useful informa-
tion on where y; lies. In that case, y; = x'b+e + where ey is the random error associated

with y;. Note that

yf—ach = ach+ef—acT13
= ey — zT(b—b)
~ N(0,0% + 22T (XTX) ).
since ey ~ N(0,0?) and is independent of b and

Yr — wTI;
61 +20(XTX) 1z

~ tp—k—1-

Hence, a 1 — o prediction interval for y; can be derived from

P {yf cx’b+ tg/_2k_16\/1 + wT(XTX)—la:} =1-a.



1.4 Simultaneous confidence bands

When the entire range of values of the predictor variables is of interest, a simultaneous
confidence band is used to make simultaneous confidence statements about the mean
response ! b for all the possible values of 2 within the range of interest. A simultaneous
confidence band provides useful information on where the true but unknown regression
lies. A linear regression model 7 by is a plausible candidate for the unknown regression
2T if and only if ”by is contained completely inside the confidence band

Simultaneous confidence bands can take various forms depending on the preferences
and requirements of the user. For instance, if one wishes to have a confidence band which
has simultaneous coverage probability of 1 — o and whose width is proportional to the
standard error of the estimated regression function, then the Scheffé band can be used
(see Scheffé, 1953). It has the form:

2"be bt o\ [(k+ 1)fE /2T (XTX) e Vo e BRIV

where fl?—i—l,n— s_1 is the upper a point of the F' distribution with degrees of freedom k + 1
and n — k — 1.

Simultaneous confidence bands have now become a standard form of graphical illus-
tration of results from statistical analysis. Although they are widely used nowadays, their
construction is still a difficult problem for various regression models. Hence, the con-
struction and comparison of exact two-sided confidence bands for various linear regression

models are the main problems addressed in this thesis.

1.5 Outline of the thesis

The thesis consists of two main parts. The first part, which includes Chapter 2 and
Chapter 3, covers the exact construction and optimality for two-sided simultaneous con-
fidence bands in simple linear regression. The second part, which includes Chapter 4 and
Chapter 5, covers the exact construction and optimality for two-sided simultaneous con-
fidence bands in multiple linear regression. Specifically, in Chapter 2, the construction
and comparison of some exact simultaneous confidence bands for simple linear regression
are reviewed. Analytical and numerical methods are also carried out to show that D-
optimal designs lead to the best confidence bands under a certain optimality criterion.
In Chapter 3, two new families of simultaneous confidence bands are introduced and the
best band within each family is identified numerically and compared to frequently quoted
bands in the statistical literature. In Chapter 4, the construction and comparison of exact
simultaneous two-sided confidence bands in multiple linear regression when the predictor
variables are constrained in an ellipsoidal region are reviewed and a new family of simul-
taneous confidence bands is also introduced. A method to construct and compare of exact
simultaneous two-sided confidence bands in multiple linear regression when the predic-
tor variables are constrained in a rectangular region is proposed in Chapter 5. Finally,

concluding remarks and possible future work are presented in Chapter 6.



Chapter 2

Exact simultaneous confidence

bands in simple linear regression

2.1 The simple linear regression model

In simple linear regression, there is only one predictor variable in the regression model.
The general model (1.1) is reduced to the response variable y being expressed as a function

of the independent variable x and corresponding parameters by, b; and the error term e:
y="by+biz+e. (2.1)

For a sample of n observations where the j* observation is given by (yj,xj)forj=1,...,n,

the jt" observation is assumed to satisfy the relationship:

y; = bo + biz; +ej.

The model in matrix form is the same as (1.2), that is Y = Xb + e. However, in
simple linear regression, X denotes the design matrix whose i row is given by (1,x;)
fori=1,...,n. So,
1 1
1 )
X = )
1 =z,
and
1 ?21 x? 7
==
X'X) ' s s n
2 (@) — )2 -z 1
where z = %E?:l zj. The least squares estimates of b = (b,b1)T and o are de-
noted by b = (60781)T and & respectively. In the simple linear regression case, b ~

Na(b,0?(XTX)~1) and % ~ 4/ X—V?’ where v=n—k—-1=n—-2.
A 1—a level confidence band (I(x),u(z)) for the regression line by+bix over an interval
z € (a,A) has the form

inf P{l(x) <by+bix <u(x) Vre(a,A)}=1—-« (2.2)
—00<bg,b1 <00,0>0



where [(x) and u(z) are given functions representing the lower and upper parts respectively
of the band, and —oo <a < A < oo and a € (0,1) are given constants. The construction
of simultaneous confidence bands for simple linear regression dates back to Working and
Hotelling (1929) who obtained confidence bands for linear models when the variance is
known. Since then, a considerable literature and work in the field has been made. For
the case of unknown variance, Scheffé (1953) constructed hyperbolic confidence bands
and Bowden and Graybill (1966) constructed straight line confidence bands. Wynn and
Bloomfield (1971) and Uusipaikka (1983) provided exact confidence bands with width
proportional to the standard error when the only predictor variable is restricted to an
interval or union of intervals. Recent papers include Liu and Hayter(2007) who compare
between confidence bands in simple linear regression and Liu, Lin and Piegorsch (2008)
who provide methods for the construction of exact simultaneous confidence bands in simple
linear regression.

In this chapter, we review the construction of the three most frequently quoted exact
simultaneous confidence bands in the statistical literature, namely the two-segment band,
the three-segment band and the hyperbolic band. More specifically, the two-sided confi-
dence bands are considered, where the bands are symmetric about the estimated regression

line by + b1z and I(z) and u(z) are given by
I(z) = by + bz — 6H(x), u(z) = by + bra + 6 H(x)
where 6 H(z) > 0 is the half width of the band at x and H(z) determines the shape of the
band.
2.2 Preliminaries

Before focusing on the construction of each of the three bands, some preliminary results
used in the construction of the bands are presented. Let U be the unique square root
matrix of (X7 X)™! so that (X7 X)~! = U2. Using the results from Section 1.2.2 and

applying them to simple linear regression, it is clear that

b~ Na(b,o? (X" X)),

Qe
>
3
S

and b and & are independent. Hence, N = U~(b — b)/o ~ Ny(0,I5) and T = N/(&) =
U~1(b—b)/6 follows a bivariate ¢ distribution (see Tong, 1990) whose probability density
function is given by

_ (w42
2

1 1
fr(ty,ty) = o [1 + ;(t% + t%)] . (t1,tg) € R2.

Moreover, denote the polar coordinates of N = (Ni,No)T and T = (t1,t2)” by
(RN, 0n) and (R, 01) respectively. For Ry > 0 and O € [0, 27),

Nl = RNCOSQN,



Ny = Ry sin .
Then, Ry = \/N12 + N22 ~ v/X%, N has a uniform distribution on the interval [0, 27),
and Ry and 0 are independent random variables. Therefore,

2

) ~ X3 = /2F5 -2

X%—2/(n —-2)

SURSH

Ry = Rn/(

where Fj, 1, denotes an F' random variable with degrees of freedom ki and k. Further-
more, O has a uniform distribution on the interval [0, 27) and R and O are independent

random variables. The cumulative distribution function of Rt is given by
FRT(:E) = P{RT<ZE}
= P{\/2F27n_2 < l’}

22
= P{F,2< 7}

z2 9 _vt2
2 2
= / <1+—u> du
0 14
_v+2

since the pdf of the random variable Fy,_ is given by fa,(u) = (1 + 27“) "2 where

v = n — 2. Therefore,

Frp(z)=1- <1 + ””72>_ . (2.3)

For a given vector v € R? and constant r > 0, the set
{T: vI'T/|v|| < c} C R?

is made up of all the points that are on the same side as the origin of the straight line
vI'T/||v|| = ¢, where vTT'/||v|| = c is perpendicular to the vector v and ¢ distance away, in
the direction of v, from the origin. Hence, the set {T": [v"T| /||v| < ¢} C R?, which can
be expressed as {T : v'T/|v|| < c} N {T : (—v)TT/||(—v)|| < c}, is the stripe bounded
by the parallel lines v"T/||v|| = ¢ and vT/||v|| = —c. Finally, define a function v(c, d)

as

v(c,d) = Var{(c,al)i)}/cr2

- (e d><XTX>—1<;>
O C))
(i)

which will be used in deriving the form and confidence level of the bands.

10



Figure 2.1: Two-sided two-segment band
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2.3 Some exact simultaneous confidence bands

2.3.1 Two-sided two-segment bands

A two-sided two-segment band has

Hos(z) =221V v(1,Z) + c222| — Z]\/v(0,1), z € (—00,00) (2.4)

where the critical constants ¢z 21 and cp 22 are chosen so that the confidence level of the
band is equal to 1 — a. The form of the two-sided two-segment band is illustrated in

Figure 2.1. The band satisfies the following probability:
P{bo +bix € bAo + bAllL' + 5H272(:L') Vo € (—OO, OO)} =1-—oq.

The probability can also be expressed as

P{ sup (1, 2)(6 — b)/5] <1}:1—a.

€ (—00,00) H272(‘T)

0 | |(La)b-b)/s
81‘ HQQ((/U)

has a fixed sign, either positive or negative, over ¢ < T and = > Z. The supreme is

Note that

therefore attained at either x = Z or limits * — —o0 or  — 0. So, the confidence level

can be further expressed as

P{ sup (1, z)(b ~b)/5] < 1} = P{T € Ry}

T=—00 Or T Oor oo H2,2(3:)

11



Figure 2.2: The region R»

Ra(7)

<221

s
. {T; {U<1>}ZT / eaan/ilLE) < 1
{ {U )} T | U<i>

and

el (O s (0] <

Using the results from Section 2.2, Rs is hence found to be the region given by a paral-

lelogram whose sides are given by the lines which are ¢z 22 and cp1 distance away from
the origin and perpendicular to the vectors U(0,1)” and U(1,Z)” respectively. Ry is illus-
trated in Figure 2.2. The angle formed by the vectors U(0,1)" and U(1,z)7 is /2 since

TR ()
(OIFC FCIRC)

Therefore, Ry is given by a rectangular region. The confidence level of the two-sided

= 0.

two-segment band is given by the probability of T' in Ry. Let R5 be the region that

12



Figure 2.3: The region R;

is resulted from rotating Ry around the origin to the position so that U(1,#)7 is in the
direction of the ¢;-axis and U(0, 1) is in the direction of the ¢o-axis, as shown in Figure 2.3.
Due to the rotational invariance of the probability distribution of T', the probability of T
in R is equal to the probability of T' in R. Furthermore, the probability of T in Rj is

equal to twice the probability of T" in the top-right half of R3, which can be expressed as

{T : 01 € [—(m—m2),&2] , Rrcosbr < cpo1} U{T : 01 € [&2,m2] , Rrcos (O —7/2) <222}

where the angles & and 7 are depicted in Figure 2.3 and given by

. €222
&9 = sin —
2 2
\/ €222 21
and
1 —C2,2,1
Ny = cos

2 2
\/ €222 T 21

Hence, the probability of T in Ry is given by

P{T S Rg}
= 2P{T:0rc[—(m—mn2),&], Rrcosfr <221}
+ 2P {T : HT S [62,?’]2] s RT COS (HT — 7T/2) < 627272}

&2 1
= 2 / —ﬂ_P{RT cos 0 S 6272,1} df

—(m—m2)
2
+ 2/ iP{RT CcOoSs (9 — E) < 6272,2}d9 (2.5)
& 2 2
1 [é 2,21 1 (Mm% €222
N ;/_(W_W)FRT (cos@) 0+ T /52_2 Fhy <0089> d0 (26)

13



Figure 2.4: Two-sided three-segment band

B0 -
55
50}
451

401

30F
25+

20F

1D 1 1 1 1 1 ]
1050 1100 1150 1200 1250 1300 1350
it

where the function Fg, (z) is defined by expression (2.3), equality (2.5) follows directly
from the uniform distribution of # and equality (2.6) follows directly from the cumulative

distribution function of Ry.

2.3.2 Two-sided three-segment bands

A two-sided three-segment band has
1
Hzp(z) = 7——{(z —a)ezzavo(l, 4) + (A —2)ez22v/0(La)}, w € (a,4)  (27)
where the critical constants c321 and c3 22 are chosen so that the confidence level of the
band is equal to 1 — a. The form of the two-sided three-segment band is illustrated in
Figure 2.4. For x outside of (a, A), the band is formed of straight lines corresponding to
the diagonal extensions of the band within (a, A) and thus, the upper and lower parts of

the band each consists of three line segments. The band satisfies
P{bo + b1z € by + biz &+ 6 Hz o(x) Yz € (a, A)} =1 — a.

The probability on the left side of the equality can be expressed as

As in section 2.3.1,

has a fixed sign, either positive or negative, over z € (a, A). The supreme is therefore

attained at either x = a or x = A. So, the confidence level can be further expressed as

P{ sup (1,2)(b ~ )/5] < 1} = P{T € Rs3}

r=a or A H3,2($)

14



Figure 2.5: The region Rs

where R3 = R3(a) N R3(A) with

Rs3(a) =

Similarly,

The region Rj is given

u(z)
u(,)
. 11,a)(b—-b)/5]|
{T' Hj 5(a) <1}
T
{TZ {U(i)} T /0372,2\/v(1,a)<1}
T
1 1
{TZ {U( >} T / U< ) <637272}.
T
{T: {U(;)} T /6372,1\/U(1,A)<1}
T
v Ju(? T o ) <e
. A A 3,2,1 .

by a parallelogram whose sides are given by the lines which are

c3,2,1 and c32 2 distance away from the origin and perpendicular to the vectors U(l,a)”

and U(1,A)T respectively. The region Rj is illustrated in Figure 2.5. The angle ¢ is
formed by the vectors U(1,a)” and U(1, A)” and can be calculated from

0S @

(.

e

)

1
U<
a

)

()]

(1 a)<XTX>—1(A>‘

(2.8)

v(1,a)v(1, A)
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Figure 2.6: The region R}

Note that cos ¢ is also the correlation coefficient between 50 + bAla and bAo + 61A. The
confidence level of the two-sided three-segment band is given by the probability of T in
Rs.

Let R; be the region that is resulted from rotating R3 around the origin to the position
so that U(1,A)” is in the direction of the ti-axis, as shown in Figure 2.6. Due to the
rotational invariance of the probability distribution of T', the probability of T in Rjg is
equal to the probability of T' in R3, which is further equal to twice the probability of T’
in the top-right half of R3, which can be expressed as

{T : 01 € [—(m—n3),&3] , Rrcosbr <cz01} U{T : 01 € [&3,m3] , Rrcos (O — ¢) < c322}

where angles &3 and 73 can be derived using trigonometric calculations to be:

in—! C3,2,2 — €321 COS ¢
&3 = sin
2 2
\/03,272 + €321~ 2¢3,2,2€3,2,1 COS @
and
-1 —C3218In¢
13 = COS

2 2
\/63,2,2 + €391 + 203,2,2¢32,1 COS ¢

16



Figure 2.7: Two-sided hyperbolic band
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Hence, the probability of T in Rj3 is equal to

P{T € Rg}
= 2P{T:0rc|[—(m—n3),&], Rrcosfr < c321}
+ 2P{T :0r € [&,n3] , Rrcos (1 —¢) < c322}

&3 1
= 2/ —P{RT cos 6 < 637271} do

—(m—n3) “T
o1
+ 2/ —P{Rrcos (0 —¢) < c322}dd
& 27T
1 [ 321 1 [ C3,2
- ™ /—(7r—?73) Fhr <COSH) v m /63—¢ Fhr <C089> v 2

where the function Fr, (x) is defined by expression (2.3). Thus, the confidence level of a

two-sided three-segment band is given by expression (2.9).

2.3.3 Two-sided hyperbolic bands

A two-sided hyperbolic band has

Hpo(x) = cpov/v(l,2), z € (a,A) (2.10)

where the critical constant ¢y, o is chosen so that the confidence level of the band is equal
to 1 — . The form of the two-sided hyperbolic band is illustrated in Figure 2.7. The band

satisfies

P{by+ bz € by + bz + cho0y/v(l,z) Vo € (a,A)} =1 -«

17



Figure 2.8: The region Ry,

£

(1 ) G-v)ye]

= P sup < cp2
z€(a,A) U(l,x)
T
1 1
= P<{ sup {U( } T / U( ) < Ch2
z€(a,A) x x
= P{T S Rh}
where Ry, = Nye(q,4) B (x) with
T
1 1
Rh(x): T: {U( )} T / U( > < Cp2
x T

The region Ry, (x) is given by a strip bounded by the 2 lines that are ¢, o distance away
from the origin and perpendicular to the vector U(1,z)T. Therefore, Ry, is the region
given by a spindle region whose angle at the vertices is ¢, as depicted in Figure 2.8, where
¢ is also the angle between U(1,a)” and U(1, A)” and is calculated as in Section 2.3.2 for
the two-sided three-segment band. The confidence level of the two-sided hyperbolic band
is given by the probability of T" in Rj,. Let R; be the region that is resulted from rotating
Ry, around the origin to the position so that the angle ¢ between U(1,a)” and U(1, A)T is
divided into two equal halves by the t9-axis, as shown in Figure 2.9. Due to the rotational
invariance of the probability distribution of T', the probability of T in R}, is equal to the
probability of T' in R;. The region R; is divided by the axes into four equal quarters. The
top-right quarter of Rj, for instance, can be partitioned into two parts, the fan given by

{T  0p € [% g] T < cm}
and the right-angle triangle given by

{T:HTG [0,%(25] , 0 <cos <F;¢>,sin (ﬂ;¢>>T§ch72}.
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Figure 2.9: The region R},
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Therefore, the probability of T in Rp is equal to four times the sum of the probabilities

of T' in the two regions mentioned above and given by

P{T S Rh}

— 4P {HT c [0, %ﬂ L 0< <cos (%(b),sin <%¢>> T < ch,g}

L o4p {eTe [”—;qbg} Tl gch,g}

T—¢

| Ch2 (%)
/ PO Rp<—"2 b df + -2 P{Rr < c2}df
0 2 Wg 9) 2

7T cos (552 — 7T

-, c %)
= 4 [/0 o {FRT <m> —FRT(O)} dg + éFRT(Chﬁ)]

where the function Fg,. () is defined by expression (2.3), so that the confidence level of a

= 4

two-sided hyperbolic band is given by

2 -5 —¢ 2
) Ch2 2 2 Ch2
T v T Jo vsin®(6 + 5)

There are more than one way to derive the confidence level of each of the types of confidence

(SN

do. (2.11)

bands discussed in this chapter. Derivation of confidence level for one-sided confidence
bands can be achieved using similar methods. Moreover, the expressions (2.6), (2.9) and
(2.11) for the confidence levels of two-sided confidence bands for simple linear regression
in this chapter involve computation no harder than one-dimensional integration. Next, we

discuss the optimality criteria for the two-segment, three-segment and hyperbolic bands.

2.4 Optimality criteria for simultaneous confidence bands

An optimality criterion is a single expression that summarizes how good the entity being

assessed is. The entity under a criterion is said to be optimal when it is maximized or
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minimized depending on the requirements of the user. Literature on optimality criteria
for experimental design is widely available and Atkinson, Donev and Tobias (2007) have
provided a useful account of some of the most important ones. However, for simultaneous
confidence bands, there exist fewer optimality criteria and two of them are outlined in this
section. Then, the design leading to the best confidence bands under one of these criteria
is derived analytically or numerically, for the two-sided two-segment, three-segment and

hyperbolic bands.

2.4.1 Average width criterion

The idea of average width of a band as criterion was introduced by Gafarian (1964). It was
then formalized by Naiman (1984), who defines simultaneous confidence bands for linear
regression functions as p-optimal among a family of confidence bands, if they minimize
the average width of the bands with respect to the probability measure u over the range
of interest, among all the confidence bands in the family with equal coverage probability.
For a two-sided simultaneous confidence band for an unknown regression function f(x)
over the region of interest with coverage probability 1 — «, the points z1,...,x, where the
band will be used are random vectors which are identically and independently distributed
according to the probability measure u. Therefore, the accuracy of the resulting confidence

band is proportional to Y ., Hy(f), which converges almost surely to fx H(z)pdx by the

strong law of large numbers, provided the integral is finite. Thus, a y-optimal simultaneous
confidence band is the one with optimal average width accuracy. Intuitively, an optimal
simultaneous confidence band under the average width criterion bounds the regression
function over the range of interest as tightly as possible. This optimality criterion is used
in Chapter 5 to compare between two types of confidence bands for a particular dataset.

Most work on confidence bands use the average width as optimality criterion. However,
Liu and Hayter (2007) pointed out two flaws in the criterion. When comparing between
confidence bands, they found that whichever band with the smaller critical constant will
be deemed as the better band under the average width criterion. Moreover, the range of
interest is a crucial factor when comparing bands under the criterion. For three-segment
bands for instance, a three-segment band can be deemed better than another three-segment
band depending on the ranges of interest that are used, although the pairs of simultaneous

confidence intervals underlying the two three-segment bands are fixed.

2.4.2 Minimum area confidence set criterion

The Minimum Area Confidence Set (MACS) criterion for simultaneous confidence bands
was introduced by Liu and Hayter (2007), who have defined a simultaneous confidence
band for simple linear regression as optimal if the corresponding set for the linear parame-
ters of regression model has the smallest area, among all confidence sets corresponding to
simultaneous confidence bands with equal coverage probability 1 — «. For multiple linear
regression, they use the analogous Minimum Volume Confidence Set (MVCS) criterion.

Each 1 — « level confidence band correspond to a 1 — a level confidence set for b (see e.g.,
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Khorasani and Milliken, 1979 and Piegorsch, 1987). Intuitively, in simple linear regression
for instance, each point (by,b;) within a 1 — « level confidence set correspond to a line
by + b1z lying completely within the 1 — « level confidence band. The smaller the area of
the confidence set the fewer the candidates for the true and unknown regression line there
are in the corresponding confidence band, and thus, the better the band is.

The MACS criterion is related to D-optimality in experimental design in the sense that
D-optimal designs minimize the area of the F' distribution confidence ellipsoid for b (see
Atkinson, Donev and Tobias, 2007). This relation is outlined in Section 2.4.3. Confidence
sets Cy, C3 and C}, for the two-sided two-segment, three-segment and hyperbolic bands
respectively can be generated from the respective confidence regions Ro, R3 and Ry via
the same linear transformation U_l(B— b)/é. Subsequently, comparisons among the three
types of confidence bands reduce to comparisons among the areas of Ry, R3 and Rj,. Using
MACS criterion for simple linear regression, Liu and Hayter (2007) have shown that if the
whole range of covariate is of interest, then the hyperbolic band is the recommended band
among the three types of confidence bands. Furthermore, if the range of interest is finite,
then a restricted hyperbolic band might be recommended, although the three-segment

band can be preferable in certain cases.

2.4.3 Relation of MACS to D-optimality

D-optimality is the most intensively studied of all design criteria. It is based on the deter-
minant of the information matrix for the design, | X Tx |, which is equal to the reciprocal
of the determinant of the variance-covariance matrix for the least squares estimates of the

linear parameters of the model, Designs which maximize | X7 X| are called D-

1
|XTX|=t
optimum designs. They minimize the content of the confidence region for the parameters
b of the model. This is shown below for the model (2.1).

Since, b ~ N(b,o2(XTX)™1), we have L(XTX)2 (b —b) ~ N(0, ) so that

T
{%(XTX)é(B—b)} {%(XTX)é(B—b)}fvx%
%(i) —b)"(XTX)(b - b) ~ X3
b-b)T(XTX)(b—b) >
202 )

b-vrxtxb-b (¥)
o NG

So, P {(13 —b)T(XTX)(b—b) < 26’2F20fu} =1 — o and the region

Ry = {b (b — )T (XTX)(b—b) < 2&2F27V}
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is therefore a confidence region for b and it takes the form of an ellipse (ellipsoid for

multiple linear regression). The area of Ry is given by

Area(Rp) = // 1db
Ry
_ / / 1db
)T (XTX)(b—b) < 262F,,

_ / / (XTX) o (where w = (XTX)} (b~ b))
wTw < 262F,

L / / 1 dw

v !XTX\ wlw < 262F,,

2162 Fy,

VIXTX|
since wlw = 202F27,, defines a circle with radius \/202F27,,. Therefore, maximizing
V/|XT X| will minimize the area of the confidence region for b. Optimality under MACS

criterion is also achieved by finding the smallest area of confidence set for b.

2.4.4 Optimal design for simultaneous confidence bands under MACS

criterion

Liu and Hayter (2007) carried out comparisons among confidence bands in simple linear
regression when the design and the range were given. With a chosen 1 — « confidence
level, they concluded that the best band over the whole line is Scheffé’s band. When
the range of interest is finite, they found that whether the hyperbolic band or the three-
segment band is better depends on the value of . When ¢ is large, the hyperbolic band
is better, whereas when ¢ is small, the three-segment band is preferable. Moreover, they
also showed that the best two-segment and three-segment bands are given by ca21 = 222
and c3 21 = c3,22 respectively, that is when they have equal critical constants.

Besides using MACS criterion to compare confidence bands, the criterion can also be
used to find the experimental design that leads to the minimum area of the corresponding
confidence sets. This was shown by Atkinson, Donev and Tobias (2007) in their example
for Scheffé’s band which is based on a regression model that holds for the whole real line.
However, in most problems, a regression model holds only over a finite interval of the
covariate and thus, a confidence band over a finite interval is of interest. The optimization
problem for a simultaneous confidence band over a finite range of interest is therefore to

find the design that minimizes the area of the corresponding confidence set.

Two-sided two-segment bands

The confidence set corresponding to the two-sided two-segment band, Cs, is given by

ng{b U_ (i) b) ERQ}

o

which satisfies
P{bGCQ}:P{TERQ}:l—a
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and can also be expressed as a linear transformation of Ry:
Cy=1{b: beb+6UR,}.

From Section 2.3.1, Re was found to be given by a rectangular region. The area of that

region can be readily calculated to be 4cz 2 1¢222. Hence, the area of Cy is given by

Area(Cy) = // 1db
Co
_ / / | db
becb+ UGR2)

= // |U| dw <wherew:U_1(13—b)>
w € GR2
1
= // &2\U|dp (Where p= 7w>
pE R g
= 52|U| // 1dp (Where // 1dp is the area of R2>
p € Ry p € R

= 45’2627272027271 ’U‘ .

Furthermore, Liu and Hayter (2007) have shown that among all two-sided two-segment
bands of the form (2.4) satisfying the confidence level requirement (2.2), the best one

under MACS criterion is given uniquely by c221 = 222 and Ry is a square. In that case,
Area(Cy) = 45‘26372|U| (2.12)

where co2 = 221 = 222.

The critical constant ¢ 2 does not depend on the design X, as shown by expression (2.5)
for the confidence level of a two-sided two-segment band. Consequently, Area(C2) mono-
tonically increases as |U| increases, i.e. Area(Cy) monotonically decreases as 1/|XTX|
increases. The best two-sided two-segment band, under MACS criterion, is given by the
smallest area of corresponding confidence set and is therefore obtained by maximizing
\/m . It can be concluded that, under MACS criterion, a D-optimal design leads to

the best two-sided two-segment band.

Two-sided three-segment bands

The confidence set corresponding to the two-sided three-segment band, (s, is given by

C3 = {b: U_l(i)jb) ERg}

g

which satisfies
P{bECg}:P{TER3}:1—a.

From Section 2.3.2, R3 was found to be given by a region given by a parallelogram.
The area of R3 can be easily calculated to be 4cz22¢321/sin¢. Using a similar linear

transformation as above, the area of C3 is given by

462 U
Area(Cg): g 03,2,263,2,1‘ ’

sin ¢
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In this case, the angle ¢ depends on the range of interest (a, A) and the design X. Fur-
thermore, the critical constants depend on the angle ¢ and thus on the design X as well
through expression (2.9). Analytical minimization of Area(Cs) is more complicated than
that of Area(C2) and thus, numerical methods are used instead. Liu and Hayter (2007)
have shown that among all two-sided three-segment bands of the form (2.7), satisfying the
confidence level requirement (2.2), the best one under MACS criterion is given uniquely

by €321 = €322 and R3 is a thombus. In this case,

45’263’72|U |
sin ¢
where ¢392 = 32,1 = c322. In Section 2.5.4, some numerical exploration is carried out
to show that Area(C3) monotonically decreases as /|X T X| increases, so that it can be
deduced that, under MACS criterion, a D-optimal design leads to the best two-sided

Area(Cs) = (2.13)

three-segment band.

Two-sided hyperbolic bands

The confidence set corresponding to the two-sided hyperbolic band, C}, is given by

Ch:{b: U_l(i)jb) GRh}

g

which satisfies
PbeCyy=P{T €Rp}=1—q.

From section 2.3.3, Ry, was found to be given by a spindle region. The area of the region
within the spindle can be calculated to be 0%72 [qb + 2cot (%)] . Consequently,

Area(Ch) = (5’26%72’[]‘ [qﬁ + 2cot (%)} . (2.14)
In this case as well, the angle ¢ depends on the range of interest (a, A) and the design
X. Then, the critical constants depend on the angle ¢ and thus on the design X through
expression (2.11). Minimization of Area(C},) is explored using numerical methods in
Section 2.5.4 to show that Area(C}) monotonically decreases as 1/|XT X| increases so

that it can be deduced that, under MACS criterion, a D-optimal design also leads to the
best two-sided hyperbolic band.

2.5 Numerical examples and exploration

Atkinson, Donev and Tobias (2007) used the Desorption of Carbon Monoxide dataset as
their first example of simple linear regression analysis. In the experiment, graphitized
carbon was impregnated with potassium carbonate and then heated in a stream of 15%
carbon dioxide in nitrogen. The yield was the total amount of carbon monoxide des-
orbed and it was measured against the initial potassium/carbon ratio. The results of 22

observations are shown in Table 2.1.
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Table 2.1: The Desorption of Carbon Monoxide, Atkinson, Donev and Tobias (2007)

Observation Initial K/C atomic ratio (%) CO absorbed (mole/mole C) (%)

1 0.05 0.05
2 0.05 0.1
3 0.25 0.25
4 0.25 0.35
5) 0.5 0.75
6 0.5 0.85
7 0.5 0.95
8 1.25 1.42
9 1.25 1.75
10 1.25 1.82
11 1.25 1.95
12 1.25 2.45
13 2.1 3.05
14 2.1 3.19
15 2.1 3.25
16 2.1 3.43
17 2.1 3.5
18 2.1 3.93
19 2.5 3.75
20 2.5 3.93
21 2.5 3.99
22 2.5 4.07
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Figure 2.10: A 0.95 level two-sided two-segment band for desorption CO dataset

4.8

CO desorbed

KIC ratio

The mean of the amount of carbon monoxide desorbed, Z, is equal to 1.4068 mole/mole
C %. Modelling the dataset in the form of equation (2.2), b = (by, b1)” = (—0.0380,1.6031)
and 6 = 0.0612
T o1 0.1646  —0.0847 0.3779  —0.1476
(X' X)) = and U = .
—0.0847  0.0602 —0.1476  0.1960

The confidence level is fixed at 1 — o = 0.95 and the range of interest is set as (a, A) =
(0,2.5), so that v(1,a) = 0.1646, v(1,A) = 0.1174, v(1,z) = 0.0455, v(0,1) = 0.0602
and ¢ = 1.9167 rad. Hence, the simultaneous two-sided two-segment, three-segment and

hyperbolic band and their corresponding confidence sets can be constructed for the dataset.

2.5.1 Two-sided two-segment band for the desorption of carbon monox-
ide dataset

From expression (2.6) and confidence level of 1 —a = 0.95, ¢z 2 can be evaluated for the
dataset to be 2.4109. Hence, expression (2.4) is used to construct the 0.95 level two-
sided two-segment band for the desorption of carbon monoxide dataset, as depicted in
Figure 2.10, together with the least squares regression line and the 22 observations. The
corresponding region Ry and the confidence set Cy for b are illustrated in Figure 2.11 and
Figure 2.12 respectively. Hence, from equation (2.12), the area of the confidence set, Cs,
corresponding to the two-sided two-segment band for the desorption of carbon monoxide

dataset is calculated to be 0.0744 units?.

2.5.2 Two-sided three-segment band for the desorption of carbon monox-
ide dataset

From expression (2.9) and confidence level of 1 —a = 0.95, c32 can be evaluated for the

dataset to be 2.3970. Hence, expression (2.7) is used to construct the 0.95 level two-
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Figure 2.11: The region Ry for desorption CO dataset

Figure 2.12: The confidence set Cy for desorption CO dataset
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Figure 2.13: A 0.95 level two-sided three-segment band for desorption CO dataset

4.8

CO desorbed

KIC ratio

sided three-segment band for the desorption of carbon monoxide dataset, as shown in
Figure 2.13. The corresponding region R3 and the confidence set C5 for b are illustrated
in Figure 2.14 and Figure 2.15 respectively. Hence, from equation (2.13), the area of
the confidence set C3 for the desorption of carbon monoxide dataset is calculated to be
0.0782 units®. Since this value is larger than that of the two-sided two-segment band,
the two-sided two-segment band seems preferable to the two-sided three-segment band
for the dataset under the MACS criterion. However, note that the two-segment band is
intrinsically defined on the whole range = € (—o00, 00) and cannot be directly compared to

the three-segment and hyperbolic bands which are defined on z € (a, A) = (0,2.5).

2.5.3 Two-sided hyperbolic band for the desorption of carbon monoxide

dataset

From expression (2.11) and confidence level of 1 — a = 0.95, ¢}, 2 can be evaluated for the
dataset to be 2.5875. Hence, expression (2.10) is used to construct the 0.95 level two-sided
hyperbolic band for the desorption of carbon monoxide dataset, as shown in Figure 2.16.
The corresponding region Ry, and the confidence set C}, for b are illustrated in Figure 2.17
and Figure 2.18 respectively. Hence, from equation (2.14), the area of the confidence set,
C}, corresponding to the two-sided hyperbolic band for the desorption of carbon monoxide
dataset is calculated to be 0.0712 units?. Therefore, under MACS criterion, the 0.95 level
two-sided hyperbolic band is the best band for the desorption of carbon monoxide dataset

among the three types of 0.95 level simultaneous two-sided confidence bands.

2.5.4 Numerical exploration

In section 2.4.4, an analytical derivation that D-optimal designs lead to the best two-

sided three-segment and hyperbolic bands under MACS criterion was not available so far.
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Figure 2.14: The region R3 for desorption CO dataset
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Figure 2.15: The confidence set C5 for desorption CO dataset
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Figure 2.16: A 0.95 level two-sided hyperbolic band for desorption CO dataset
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Figure 2.17: The region Ry, for desorption CO dataset
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Figure 2.18: The confidence set C}, for desorption CO dataset
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Subsequently, numerical methods have been used for the Desorption of Carbon Monoxide
dataset, with a range of interest of (a, A) = (0,2.5) and a confidence level of 1 —a = 0.95.
First of all, a translation in the model (2.1) is necessary to simplify the calculation of U

and ¢ independently. The new model is given as

y; = Bo + Pi(z; — %) + e

where By = bp + b1 and 5 = by. The range of interest after translation is (a — z, A — T).

Hence,
1 1
= 0 = 0
(XTX)—I — n _ < n ) )
0 s Gar 0 o
so that
. L 0
U=(XTX)"z= {)ﬁ .
and

1 1
CVIXTX| /S

Hence, U( ! ) = (ﬁ, (j;T:z))T and U( Al ~ ) = (%, (As_jc))T.

a—

Ul

Moreover,

(2.15)

YO ) (e )

For Desorption of Carbon Monoxide dataset, the value of Z is fixed. Thus, the input
for numerical computation is sz, = > (2 — 7)2. From s.., the values of ¢ can be
calculated using expression (2.15). The critical constants for the two-sided three-segment

band and hyperbolic band can be calculated using expressions (2.9) and (2.11) respectively.
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Figure 2.19: Plot of confidence set area against 1/|U| = /| X T X]| for best 3-segment band
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Hence, the areas of the corresponding confidence sets for the two-sided three-segment and
hyperbolic bands can be calculated from expressions (2.13) and (2.14) respectively. Plots
of these areas against 1/|U| = v/|XTX| are shown in Figure 2.19 and Figure 2.20 for the
two-sided three-segment band and hyperbolic band respectively. As \/W increases,
the areas of the corresponding confidence sets are monotonically decreasing in both cases.
This supports the deduction made in Section 2.4.4 that a D-optimal design leads to the
the best simultaneous two-sided confidence band under MACS criterion for the desorption
of carbon monoxide dataset.

In the case where the value of T is not fixed, a numerical search for the area of confidence
set when both z and 1/|U| = \/m vary can be carried out. For instance, a surface of
the values of the area of the confidence set corresponding to the best three-segment band
when Z varies within (a, A) = (0,2.5) and the value of 1/|U| = /|XTX| varies within
(0,15) is depicted in Figure 2.21. It can be observed that the area of confidence set is
monotonically decreasing along the direction of the 1/|Ul-axis for a given value of Z.

A similar numerical search is carried out for the hyperbolic band, leading to the plot
in Figure 2.22 where the area of confidence set is also monotonically decreasing along
the direction of the 1/|U|-axis for a given value of . However, this numerical result can
be misleading as & and 1/|U| cannot be assumed to be restricted within intervals. Thus,
although it can be proved analytically that D-optimal designs lead to the best two-segment
bands under the MACS criterion, further research is required to show analytically that
D-optimal designs lead to the best three-segment and hyperbolic bands under the MACS
criterion.

In the next chapter, two new families of simultaneous confidence bands are constructed
and compared in simple linear regression, within which optimal confidence bands are

identified numerically.
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Figure 2.20: Plot of confidence set area against 1/|U| = /|XTX]| for hyperbolic band
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Figure 2.21: Plot of confidence set area against Z and 1/|U| = /| XT X]| for best 3-segment band
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Chapter 3

Searching for the best
simultaneous confidence band in a
particular family of confidence

bands in simple linear regression

In this chapter, two families of 1 — « level confidence bands, which include the hyperbolic
band and the best three-segment band as special cases, are defined for by + b1z. In each
family, we search the optimal confidence band under the MACS criterion. The definition
of each family is based on a family of confidence sets for b which is in turn defined in

terms of a family of sets for T' via the transformation T' = U~'(b — b)/5.

3.1 Family of inner-hyperbolic bands

This family of confidence bands is defined in terms of a family of sets R, for T'. A set R,
for T is defined for each given angle v; € [0, ¢/2], as depicted in Figure 3.1, in the following
way. For the given 71, the directions U(1,a;)? and U(1, A1)" marked in Figure 3.1 can
be determined uniquely so that a < a; < A; < A and the angle between U(1,a)” and
U(1,a1)” and the angle between U(1, A;)" and U(1,A)” are equal to 7;. Specifically,

RO ECEC)
I FCIRC)

The set R,, is bounded by a segment of a circle of radius c,, /cosy; centered at the
origin between U(1,a;)? and U(1, A;)T and between —U(1,a;)? and —U(1, A;)T. The

remaining boundary of R, is formed by the four line segments which are perpendicular

08y = (3.1)

to U(1,a)T and U(1, A)T and ¢, distance in both directions from the origin. By the way

of construction, R, is uniquely determined by c,, for a given v;. We choose c,, such that
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Figure 3.1: The region R,

P{T € R,,} = 1—a. Note that, for v; =0, R, is simply R}, depicted in Figure 2.17 and,
for v1 = ¢/2, R,, is simply R3 depicted in Figure 2.14.

The confidence set for b that corresponds to R, is given by

,(b-b
Cw:{b: 1! p )eRﬁ}.

The confidence band for by + b1z that correspond to this confidence set C,, can be shown

to be given by by + b1z & 6 H.,, (x) with

(al—l_a) [(x —a)=2—/v(1,a1) + (a1 — z)cyy /0(1, a)] for Vx € (a,a4]

cos Y1

Hy (z) = ¢ -1 /o(1, x) for Vz € (a1, A1)

ﬁ [(JE —A)ey /(1 A) + (A —2) ‘1 v(1, Al)] for Vo € [A1, A).

cos Y1

It is clear that when ; changes within [0, ¢/2] we have a family of 1 — « level confidence
bands. We call this the family of inner-hyperbolic bands. It is easy to check that, for
~1 = 0, this band is just the hyperbolic band and, for v; = ¢/2, this band is just the best

three-segment band.

3.1.1 Confidence level of the inner-hyperbolic band

The critical constant c,, of the inner-hyperbolic band is determined from P{T € R,,} =
1 —a. Let R} be the region that is resulted from rotating R,, around the origin to the
position so that the angle ¢ is divided into two equal halves by the ¢s-axis, as depicted
in Figure 3.2. Due to the rotational invariance of the probability distribution of T, the

probability of T in R, is equal to the probability of T" in R’ . Theregion R’ is partitioned
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Figure 3.2: The region R}

Y1

into four triangles of size equal to R,, ar and two fans of size equal to R, n, as illustrated
in Figure 3.2. The probability of T' in R, is therefore equal to the sum of twice the
probability of T in R,, ny and four times the probability of T in R, .

Furthermore, the region R,, )/ can be expressed as

Ry v = {T:9€ [O,TTW+W1] , 0< <cos <7T;¢>,Sin (T;¢>>T§c%}

and so

P{T € R»ﬂ M}

= P{QE{O Tqb—l—’n] ,O§<COS<7T;¢>,SH]<7T;¢>>T§C%}
¢
_ / +m 1 R<# &
- cos (5 d’ )
—¢+’Yl 1
B / Sln0—|—
1 [n—¢ 1 T"’m
w2 T _%/0

The region R,, y can be expressed as

R’YLN:{T:OG |:7T;¢+71,7T+

(NN

2
C’h

vsin?(0 + 9)

de.

C
DL
cos 1
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and so

T™— T+ c
= Plfc —¢+71, ¢—71 T < —=
2 2 COS Y1
_ O Mprpe ny
27 COS Y1

¢ —2m c
_ 5 g FR( Y1 )
T cos Y1

_ 9 2 —3
= u 1— <1+¢>
27 V COS Y1

Therefore, we have

P{T e R,}=4P{T € R, m}+2P{T € R, n}

—2 c2 3 2 [m—
- ¢ 1—<1+¢> +§[ ¢+71]

T v CoS Y1 2

T—p -z
2) —— 7 2 2
- —/ i I —— | . (3.2)
7™ Jo vsin®(0 + %)

Expression (3.2) gives the confidence level of a two-sided inner-hyperbolic band for a given

¢y, , which can be used to calculate the critical constant c,, for a given . When v = 0, it
matches the confidence level of the two-sided hyperbolic band given by expression (2.11),
whereas when 7 = ¢/2, it matches the confidence level of the best two-sided three-segment

band given by expression (2.9) when 321 = c322 (see Liu and Hayter, 2007).

3.1.2 Area of confidence set corresponding to the inner-hyperbolic band

From the relationship between C,, and R, similar derivation as in Section 2.4.4 can be
used to show that Area(C,,) = 6%|U|Area(R,,). Hence, from Figure 3.1, it is also clear

that the region R, can be partitioned into

e two fans formed by the lines U(1,a1)", U(1, A;)T and the boundary of the region
R,.

e four small right-angled triangles such as the one formed by U(1,a)?, U(1,a;)" and
the boundary of the region R, .

e four big right-angled triangles such as the one formed by U(1,a)”, the boundary of

the region R,, and the line joining the vertices of the region R, .

Therefore, the area of the region R,, can be calculated as the sum of twice the area of one
of the fans, four times the area of one of the small right-angled triangles and four times

the area of one of the big right-angled triangles.
2

The area of one of the fans is 1 —21 (¢ —271).

2 cos? 1

The area of one of the small right-angled triangles is %c?ﬂ tan 1.
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Figure 3.3: Plot of ¢,, against 1,
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The area of one of the big right-angled triangles is %C2 cot(%).

71
Therefore, the area of the confidence region R, is given by
A R =2 031 2 2 2 t 9 2 t ¢
rea(Ry,) = cos? 1 (¢ —271) + 23, tany1 + 25, co (5).

When v, =0, Area(R,,) = Cng [gb + 2 cot (%)], which is just the area of the region Ry, for
the hyperbolic band and when v; = %, Area(R,,) = 4031 / sin ¢, which is just the area of
the region Rj3 for the best three-segment band (see Liu and Hayter, 2007). Hence,

2
) Cy 2 2 ¢
Area(Cy,) = 6°|U| 270052171 (¢ — 271) + 2¢3, tanyy + 2¢5, cot(g) : (3.3)

3.1.3 Searching for the best inner-hyperbolic band

For given ¢, v and «, we can numerically search for the best band in the family of 1 — «
level inner-hyperbolic bands by finding the angle v; € [0, ¢/2] that minimizes Area(C,,)
under the constraint P{T" € R, } = 1 — a. The dataset on the desorption of carbon
monoxide from Atkinson, Donev and Tobias (2007) given in Table 3.1 is used to illustrate
the numerical search. As in Section 2.5, the regression line by + b1x is to be bounded
over the range of interest z € (a, A) = (0,2.5) by using a 1 — a = 0.95 level simultaneous
confidence band. The value of ¢ can be calculated using equation (2.8) to be 1.9167
rad. For each value of v, € [0, ¢/2], the corresponding critical constant c,, of the inner-
hyperbolic band is computed using expression (3.2). A plot of ¢,, against 7; is provided
in Figure 3.3. Then, the corresponding area of confidence set is calculated from expression
(3.3). The area of the confidence set against 7 is plotted in Figure 3.4 from which the
v1 € [0,¢/2] that gives the MACS, i.e. the best inner-hyperbolic band, can be identified.
Specifically, the area of the confidence set corresponding to the best inner-hyperbolic band

is 0.07094 units?, whereas those corresponding to the hyperbolic and best three-segment
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Figure 3.4: Plot of Area(C,,) against vy,

0.08

0.079 b

0.078

0.077

0.076

0.075

0.074

Area of confidence set

0.073f

0.072

0.071f

0.07 s s s s
0 0.2 0.4 06 0.8 1
yl

bands are 0.07120 and 0.07820 units? respectively. Furthermore, the optimal 7; € [0, ¢/2]
is given by 0.3076 rad and the critical value c,, = 2.5259. Using equation (3.1) and this
optimal value of 1, the range (a1, A;) is found to be (0.6601,1.9906). The best inner-
hyperbolic band is shown in Figure 3.5 together with the least squares regression line, the

22 observations and the “inner-range” (aj, A1) as vertical dashed lines.

3.1.4 Comparisons

The best inner-hyperbolic band can be compared with the best three-segment band and
with the hyperbolic band by looking at

Area(CY)

6y = ArealCy) Area(CY)
3= Area(C3)

and - egp = Area(Ch)

where C7 denotes the confidence set of the best inner-hyperbolic band. As a function of
¢ € (0,7), eg3 is equal to one for ¢ € (0,¢*) where ¢* is a value depending on v and o
Then, ey 3 strictly decreases to zero for ¢ € (¢*, 7). Table 3.1 provides the value of ¢* for
some combinations of v and «, while Figure 3.6 presents a typical picture of e 3.

From this, it can be concluded that the best inner-hyperbolic band is actually given
by the best three-segment band for ¢ € (0,¢*), but a more efficient band than the best
three-segment band can be found for ¢ € (¢*, 7). The best three-segment band is very
in-efficient under the MACS criterion relative to the best inner-hyperbolic band when ¢
is close to 7 since ey 3 — 0 as ¢ — .

The function ey, first strictly decreases from one and then strictly increases and ap-
proaches one over ¢ € (0,7). The minimum value of ey j is only marginally smaller than
one. A typical picture of ey} is given in Figure 3.7. From this, it can be concluded that

the best inner-hyperbolic band is always more efficient than the hyperbolic band under
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Figure 3.5:

Table 3.1: Values of ¢* in rad for combinations of e = 0.01, 0.05, 0.10 and v = 10, 30, oo

The best 0.95 level inner-hyperbolic band for the desorption CO dataset

CO desorbed

4.8

KIC ratio

15

25

a =010 | o = 005 | a = 0.01
v =10 0.5240 0.9692 1.0128
v =230 0.6261 1.0515 0.99997
v =00 1.0904 1.0483 0.96635
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Figure 3.8: The region R,
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the MACS criterion, but the gain in efficiency of the best inner-hyperbolic band over the

hyperbolic band is never large.

3.2 Family of outer-hyperbolic bands

This family of confidence bands is defined in terms of a family of sets R,, for T'. For each
given angle vo € [0,¢/2], a set R,, for T is defined in the following way and depicted
in Figure 3.8. For the given o, the directions U(1,a1)” and U(1, A;)" in Figure 3.8
are determined uniquely so that a < a; < A; < A and the angles between U(1,a)”
and U(1,a1)T and between U(1, A;)T and U(1,A4)T are equal to 7o. The set R,, is
bounded by a segment of a circle of radius c,, centered at the origin between U (1,a)T
and U(1,a1)7, between —U(1,a)” and —U(1,a1)7, between U(1, A1)T and U(1, A)T and
between —U (1, 4;)" and —U(1,4)T. The remaining boundary of R,, is formed by the
eight line segments that are perpendicular to directions U(1,a)”, U(1,a1)”, U(1, A)T
and U(1,4)T and c,, distance in both directions from the origin. It is clear from this
construction that R,, is uniquely determined by c,, for a given angle v2. We choose c,,
such that P{T € R,,} = 1 — a. Note that, for y» = ¢/2, R,, is simply R}, depicted in
Figure 2.17 and, for 72 = 0, R,, is simply R3 depicted in Figure 2.14.

The confidence set for b that corresponds to R, is given by

_,(b—b)
Cw:{b:Ul = € Ry
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Figure 3.9: The region R},

The confidence band for by + by that correspond to this confidence set C,, can be shown

to be given by by + b1z & 6 H., (=) with

)
ey /v(1, ) for Vz € (a,a4]

H.,,(x) = (A11—a1) [(;p — 1)y, /U(1, A1) 4+ (A1 — 2) ey /o(1, al)} for Vx € (a1, A1)
cyoy/v(1, ) for Va € [A1, A).

The confidence level of the band is 1 — « since P{T € R,,} =1 —a. It is clear that when
~2 changes within [0, ¢/2] we have a family of 1 — « level confidence bands which is called
the family of outer-hyperbolic bands. It is easy to check that, for v = 0, the band is just
the best three-segment band and, for v9 = ¢/2, the band is just the hyperbolic band.

3.2.1 Confidence level of the outer-hyperbolic band

To calculate c,, from P{T € R,,} =1 — «, we derive an expression for P{T € R,,}. Let
RZ, be the region that is resulted from rotating R,, around the origin to the position so
that the angle ¢ is divided into two equal halves by the ts-axis, as depicted in Figure 3.9.
Due to the rotational invariance of the probability distribution of T', the probability of
T in R,, is equal to the probability of T" in R, . The region R, is partitioned into four
triangles of equal size to R, ys, four fans of size equal to R, y and four triangles of size

equal to R, o, which are illustrated in Figure 3.9. The probability of T" in R, is therefore
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equal to the sum of four times the probability of T' in R, o, four times the probability of
T in R, y and four times the probability of T in R, n.

Furthermore, the region R,, )/ can be expressed as

R, v = {T:GE [O,T—;(ﬁ] , 0L (cos <7T;¢>,sin <%5>>T§C~/z}

and so

P{T € RW,M}

_ P{Ge [O,W—;ﬂ ,og<cos<ﬂg¢>,sin<”%b>>1“gcw}
_ /qub%p{Rg—COS(%_ )}d@
N / R<sm(?+ )) “

1 |:7T—¢:| 1/#2(15 - 2,
2m 2 21 Jo Vsin2(9+%)

The region R,, y can be expressed as

e /.

and so
P{TGRW,N}
T—¢ T—¢
- ploe[T 2 ] i <en )
V2
= %P{Réc“fz}

V2
= %FR(CW)

Y2 2 K
= Zl1-(1+2
2 v

The region R,, o can be expressed as

Ry, 0= {T:HG [qu +72,72T} , 0< (Sin <¢_2272>,cos <¢_2272>>T§672}

and so
P{TGR’Y%O}
—¢ ¢ — 27, ¢ —2%

= _ — < <
Ploc[Tteng| os (on (252) o (252) ) 70}
2 1 c

= —P{R< 2 do
/"¢’+Vz 2 cos [9 — (WT_(z) —i—’yz)]

o
[SIN

= - 1+ 2 de.
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Therefore, we have

P{T € R,,}
= AP{T € Ry, m} +4P{T € R\, n} +4P{T € R+, 0}

B 2|:7T—¢:| Q/WTd) 14 c%z 2
T 2 ™ Jo VSin2(9+%)

2 2\ —2
+ ﬂl—(Hﬁ) A

m v T
x —3
9 (% 2
- / i 1+ % do. (3.4)
TSIl VC082(|:9 - <WT_¢ —1-72)})

Expression (3.4) gives the confidence level of a two-sided outer-hyperbolic band for a given
C+,, Which can be used to calculate the critical constant ¢, for a given o . When vo = ¢/2,
it matches the confidence level of the two-sided hyperbolic band given by expression (2.11),
whereas when 9 = 0, it matches the confidence level of the best two-sided three-segment

band given by expression (2.9) when c321 = c322 (see Liu and Hayter, 2007).

3.2.2 Area of confidence set corresponding to the outer-hyperbolic band

From the relationship between C,, and R,,, similar derivation as in Section 2.4.4 can be
used to show that Area(C,,) = 6%|U|Area(R,,). Hence, from Figure 3.8, it is also clear

that the region R,, can be partitioned into

e four fans such as the one formed by the lines U(1, A1)7, U(1, A)” and the boundary
of the region R,,.

e four small right-angled triangles such as the one formed by U(1,a;)”, the boundary

of the region R,, and the bisector of the angle ¢.

e four big right-angled triangles such as the one formed by U(1,a)”, the boundary of
the region R,, and the line joining the two vertices that do not lie on the bisector
of the angle ¢.

Therefore, the area of the region R,, can be calculated as the sum of four times the area
of one of the sectors, four times the area of one of the small right-angled triangles and
four times the area of one of the big right-angled triangles.

1.2
The area of one fan is ¢35, 7.

The area of one small right-angled triangle is %c?m tan (% —Y2).

The area of one big right-angled triangle is %6'272 cot(%).
Therefore, the area of the confidence region R, is given by

¢ ¢
Area(R,,) = 2032 Y2 + 2032 tan (5 —72) + 2c,2Y2 cot(g).

When v, = 0, Area(R,,) = 46,%2/ sin ¢, which is the area of the region Rj3 for the best
three-segment band. When vo = ¢/2, Area(R,,) = c,zy2 [qb + 2cot (%) , which is the area
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Figure 3.10: Plot of c,, against v,

26

h

=

fin]
1

critical value ¢

2.4 4

0.1 0.2 03 0.4 0.5 0B 0 0.8 0g 1
Y2

of the region Ry, for the hyperbolic band. Hence,

. ¢ ¢
Area(Cs,) = 6*|U]| 263272 + 2032 tan (5 —Y2) + 2c,2Y2 cot(E) . (3.5)

3.2.3 Searching for the best outer-hyperbolic band

As in Section 3.1.3, the dataset on the desorption of carbon monoxide from Atkinson,
Donev and Tobias (2007) given in Table 3.1 is used to illustrate the numerical search. The
regression line by+ by x is bounded over the range of interest « € (a, A) = (0,2.5) by using a
1—a = 0.95 level simultaneous confidence band and the value of ¢ can be calculated using
equation (2.8) to be 1.9167 rad. For each value of v, € [0, ¢/2], the corresponding critical
constant c,, of the outer-hyperbolic band is computed using expression (3.4). The plot of
v, against 7 is plotted in Figure 3.10. Then, the corresponding area of confidence set is
calculated from expression (3.5) and depicted in Figure 3.11 from which the 7, € [0, ¢/2]
that gives the MACS, i.e. the best outer-hyperbolic band, can be identified. Specifically,
the area of the confidence set corresponding to the best outer-hyperbolic band is 0.07117
units?, the optimal o € [0,¢/2] is given by 0.6200 rad and the critical value c,, =
2.5765. Using equation (3.1) and this optimal value of 7, the range (a1, A1) is found to
be (1.0421,1.6559). The best outer-hyperbolic band is shown in Figure 3.12.

3.2.4 Comparisons

For given ¢, v and «, we can search numerically the best band in the family of 1 — « level
outer-hyperbolic bands by finding the angle v, € [0, $/2] that minimizes Area(C,,) under
the constraint P{T € R,,} = 1 —a. We can also compare this best outer-hyperbolic
band with the best three-segment band, with the hyperbolic band and with the best
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Figure 3.11: Plot of Area(C,,) against o
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Figure 3.12: The best 0.95 level outer-hyperbolic band for the desorption CO dataset
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Figure 3.13: Plot of Ey4 3 against ¢
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inner-hyperbolic band by looking at

Area(Cp)
Eyy = c%0) g
é:3 Area(C3) :h

_ Area(CP)
~ Area(Ch)

Area(CY)

and ELO = W(C’é)

where Cfy denotes the confidence set of the best outer-hyperbolic band. For Ey 3 and Ey 5,
similar observations as in Section 3.1.4 are made from the numerical investigation. As a
function of ¢ € (0,7), Ey4 3 is equal to one for ¢ € (0, $*) where ¢* is a value depending on
v and . Then, Ey 3 strictly decreases to zero for ¢ € (¢*,7) as depicted in Figure 3.13.
Table 3.2 provides the value of ¢* for some combinations of ¥ and «. From this, it can be
concluded that the best outer-hyperbolic band is actually given by the best three-segment
band for ¢ € (0,¢*), but a more efficient band than the best three-segment band can be
found for ¢ € (¢*, 7).

The function Eyj first strictly decreases from one and then strictly increases and
approaches one over ¢ € (0,7). The minimum value of Fy ) is again only marginally
smaller than one as shown in Figure 3.14. From this, it can be concluded that the best
outer-hyperbolic band is always more efficient than the hyperbolic band under the MACS
criterion, but the gain in efficiency of the best outer-hyperbolic band over the hyperbolic
band is small.

Finally, the function Er o is always no larger than one for ¢ € (0,7) and is only very
slightly less than one for ¢ near 1.5 as depicted in Figure 3.15. This implies that the best
inner-hyperbolic band is at least as good as the best outer-hyperbolic band but is better

by only a very small amount.
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Table 3.2: Values of ¢* in rad for combinations of & = 0.01, 0.05, 0.10 and v = 10, 30, oo

Ratio E; p

1.002

0.993
0.996

0.994 -

0983
0.986
0.984 -

0.982
0

a =010 | o = 005 | a = 0.01
v =10 1.3383 1.3207 1.2893
v =230 1.3405 1.31821 1.2733
V=00 1.3418 1.3173 1.2632

Figure 3.14: Plot of Ey ;, against ¢
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Figure 3.15: Plot of E o against ¢
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3.3 Concluding remarks on the inner-hyperbolic and outer-

hyperbolic bands

Two new families of simultaneous confidence bands have been introduced and it is shown
how the best confidence band in each family can be identified numerically. It is ob-
served that the best inner-hyperbolic band is always no less efficient than the best outer-
hyperbolic band and so the best inner-hyperbolic band is recommended.

The best inner-hyperbolic band is in fact given by the best three-segment band when
0 < ¢ < ¢* for some ¢* € (0,7) depending on v and a. But for ¢* < ¢ < 7, the best
inner-hyperbolic band can be much more efficient than the best three-segment band.

The best inner-hyperbolic band is always more efficient than the hyperbolic band, but
only by a small amount. If one wants to avoid the burden of numerical search to find the
best inner-hyperbolic band, then the hyperbolic band can be recommended with only a
small loss of efficiency.

This concludes the work done on the construction and comparison of confidence bands
in simple linear regression. In the next chapters, we turn our attention to the construction

and comparison of confidence bands in multiple linear regression.
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Chapter 4

Exact simultaneous confidence
bands in multiple linear regression
with predictor variables

constrained in an ellipsoidal region

4.1 The ellipsoidal covariate region

Chapter 2 reviewed the construction of simultaneous confidence bands for simple linear
regression, when kK = 1. When k > 1, there are at least two predictor variables in the
model (1.1) and the region of interest y may assume various forms. The first part of
this chapter reviews the construction of simultaneous confidence bands for the regression
function

x'b = bo + bixy +boxs + ... + bray,

on an ellipsoidal region of interest xg. The linear regression model (1.2) is used, with the
same assumptions and distributional results as in Chapter 1. Denote X(;) as the n x k
matrix produced from the design matrix X by deleting the first column of 1’s from X.
Let ;=Y , y be the mean of the observed values of the I*" predictor variable, where

1 <l <kandlet Z4) = (1,...2%)T. Then, let S be a k x k matrix given by

s = 2 (%0 1) (X - 1ah) = 5 (XF X0y - neqal,)

where 1 is an n-vector of 1’s. Note that .S is the sample variance-covariance matrix of the

k predictor variables. Hence, the region xp is defined by

e = {0 (@0 -2w) 57" (@0 - 20) <1} (4.1)
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where () = (71, .. ,2;)7 and 7 > 0 is a constant that determines the size of xz. The

region is centered at (1) and its volume is given by

‘/ 1dma)
XE

/(mu)—m(l))TS1(%)—“’(1))9‘2
1 1 _
= /“)Tw . 1S2 | dwp, (Where wm =57 (1) — ac(l)))

= |57 1dw,y,

wl Wy, <r2

1 dm(l)

where fw 2 ldw, is a (k — 1)-sphere with radius r. Therefore, xg is a (k —1)-sphere

Z;meg
transformed linearly by S 3 to result into an ellipsoid.
Given that
1 5 Q=177 +Q—1
= 4+xS57'® x5
(XTX)—I —[n

and that

1
2" (XTX) e = - [1 + (za) —2)" 7 () - i(l))] :

xE can also be expressed as

_ 1+ 72

Since )
Var(a"b) = |1+ (@) ~2())" 57 (z) ~ 2)|

Var(zTb) = U—:(l + 72) for all the points x (1) on the surface of the ellipsoidal region .
Hence, all the points x ;) on the surface of xg can be regarded as of equal “distance” in
terms of Var(z”b) from the center Z(1). Therefore, the value of r? can be considered as
the “range” for the region of interest xp.

Construction of confidence bands over regions like x g has been considered by Halperin
and Guirian (1968), Bohrer (1973), Casella and Strawderman (1980) and Seppanen and
Uusipaikka (1992) among others. Recently, Liu and Lin (2008) provided detailed con-
struction of exact hyperbolic confidence bands over x g, while Liu et al. (2009) contained
details on the construction of exact constant width bands over xp. In this chapter, the
construction of two-sided hyperbolic and constant-width bands over x g are reviewed and
a family of confidence bands, called the inner-hyperbolic bands, which include the hyper-
bolic and constant-width bands as special cases is introduced. The optimal confidence
band within the family under the Minimum Volume Confidence Set (MVCS) criterion of
Liu and Hayter (2007) and Liu et al. (2009) is found numerically and compared with the
hyperbolic and constant width bands.

4.2 Preliminaries

As in Liu and Lin (2008), let z = \/n(1,&(1))" and let the (k 4+ 1) x k matrix Z satisfy
(z,2)T(XTX)Y(2,Z) = I41. Then, it follows that T = (z,2)"Y(XTX)(b—b)/6 is a
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standard t random vector of k + 1 dimensions with v = n — k — 1 degrees of freedom,
denoted as T ~ tx11,. Moreover, let w = (2,2)T(XTX) lz = (wl,w(l))T, where
w(y = (w2, ws, .. . ,wpi1)T, so that w; = 27 (XTX) e = %, w() = ZT(XTX) 'z and
wlw = x(XTX)™'z = ||w||?>. Then, from equation (4.2), all the possible values of w(yy,

determined from w = (2, 2)T (X7 X))~z when x (1) varies over the region yp, form the

1 1472
WE:{’UJZ wl:%’ H'w||2§ n }

The hyperbolic band over g has the form

zTb e 2o+ cpo\/aT(XTX) 12 Vo = (21,. .. o)t e xe,

and its confidence level can be expressed as
Tb-b
l-a« = P sup [z ( ) < cp,
zqyexe 0/ 2l (XTX) lx

{2, 2)T(XTX) "2} {(2, 2)"{(XTX)(b - b)/}

set

= P sup <cp
emexe V(2 2)T(XTX) 12} {(z, 2)T(XTX) 1z}
. (2, 2) (X7 X) 2}
= sup — <ep
T(1)EXE [(z, 2)T(XTX) e
= P{T eV}
where
V= {T: sup ‘wTT‘ / |lw| < ch}.
weWg
The region V}, is depicted in Figure 4.1, where the angle ¢ is given by
1 s
-1
= cos e (0,=). 4.3
o=t (=) € 0.3) (43)

The constant width band over x g has the form

z'be 27b+ c.6 o/ (L+72)/n Vaq) = (z1,...,21)7 € xE,

and its confidence level can be expressed as

l—a = P{ sup |z”(b—b)|/6 < ce (1+7‘2)/n}

T(1)EXE

T(1)EXE

— p{ sup H@JQUXTXY%QTHAZY%XTXXB—b)& gcc(r+ﬂyn}

T(1)EXE

= P{T eV}

= P{ sup |{(z, 2)"(XTX) 2} T| < e, (1—}-7’2)/71}

where

VC:{T: sup ‘wTT‘<cC (1—1—7’2)/71}.

weWg
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Figure 4.1: Cross-section of V} in the direction of ;
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Figure 4.2: Cross-section of V. in the direction of #;
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The region V. is depicted in Figure 4.2.

Polar (hyperspherical) coordinates are used for the construction of the confidence bands
in this paper, as in Liu and Lin (2008) and Liu et al. (2009), as well as the calculation
of the volumes of the confidence sets. The polar coordinates (Rr,0r1,...,0r;)T of the
(k + 1)-dimensional vector T' = (t1,...,t,41)7 are defined by

t1 = RgcosOr
ta = RpsinbOry cosbOry
t3 = Rgsinfpq sin o cos O3
tr, = Rrpsinfp;sinfrs...sinO7._q1 cos Oy
tk+1 = RT sin 9T1 sin 9T2 ...sin 9Tk—1 sin HTk
where
0 < O <

0 < Opp<m

0 < O <m
0 < O <27
Rr > 0

When T ~ t;41,, the Jacobian of the transformation is
|J| = R]r} sin® 1 Oy sin* "2 0o . . . sin Opp_1. (4.4)

Its polar coordinates are independent random variables. In particular, the marginal density
of 61 is given by
f0) = gsink_lﬁ 0<0<nm

where g is the normalizing constant given by g = T and the marginal distribution

1
Jo sin*=16.do
of R is given by

Ry~ \/(k+ 1) Fpin)
where F{; 1), denotes an F' random variable that has (k + 1) and v degrees of freedom.
Let v(R) denote the volume of a set R ¢ R**1 and let Byy1(p) denote the ball of

radius p in RE+D . Using the Jacobian of the transformation from cartesian to polar

coordinates in (4.4), the volume of the ball, v (Bk11(p)), can be expressed as
W%pkﬂ

D T T T 2w
v (Bra1(p :/ / / / / J|dRdO1dOs ... dOy = —————.

The expression for the volume of a ball of radius p is used in the following sections of this
chapter to derive expressions for volumes of confidence sets corresponding to simultaneous

confidence bands.
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4.3 Two-sided hyperbolic band over yp

4.3.1 Confidence level

The confidence level of the band is given by P{T € V},} and the region V}, can be parti-

tioned into the regions Vj, 1, V3 2, Vi, 3 and Vj, 4 as depicted in Figure 4.1, where

Vi = {T: 0<0r <¢, Rr<cp},

)

Vo = {Ti ¢ <011 < =, Rycos(Ori — ¢) < Ch}7

il

2
T

Vh73 = {T: §<9T1§7T—¢, RTCOS(T—9T1—¢)§Ch},

Vh,4 = {T: 7T—(Z§<9T1<7T, RTSCh}'

Due to the rotational invariance of the probability distribution of T', the probability
of T'in V}, 1 is given by

P{T S Vh71} = P{T S Vh74}

]
= / gsink_19d9 . P{RT < ¢}
0

¢
— / gsin®10do . P{(k+1)Fpi1), < i}
0

¢ i,
= /Ogsm 9d0.F(k+1),,,<k+1>.

Similarly,

P{T c Vh72} = P{T c Vh73}

= /2 gsin* =10 . P{Rrcos(0 — ¢) < ¢} db
¢

™

C

279 b
= / gsin* 10 + ¢) . P{Rr < 9}d9
0

COS
2

50 c
B . k—1 _____~"h
= /0 gsin® (0 + ¢) . F(k+1),v ((k‘ T 1) cos? 9) df.

The confidence level of the two-sided hyperbolic band over xg is therefore given by

¢ k-1 i,
1-— = 2gsin”“" " 0df . F s | ——
«a /0 g sim (k+1), <k+1>
2

5¢ ‘
o0 sinh-1(0 F —_h ) s, 4.
+ /0 gsin® (0 + ) . Fqnyw ((k; + 1) cos? 9> 9
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4.3.2 Volume of confidence set

Using the partitioning Vi, = Vi, 1 + Vi o + Vi3 + Vi 4, we have v(V),) = v(Vy, 1) +v(Vi2) +
v(Vi,3) + v(Vh,a), with

v(Vh1) = v(Vha)

)

/ / / / / \J|dRd01 dBydy
=0 J6:=0 JO2=0 Or_1=0 JOp=
7r ¢
{ Bk+1 Ch / Sink_l 91 d91} . / Sink_l 91 d91
0 0

= g/ sin®*~1 6, do; . v (Bgt1(cn))
0

and
v(Vi2) = v(Vh3)
T T 21
_ // / / / |7|dRd6, d6>d6),
Rrcos(01 — @) <cp  Jo,—0 0p_1=0 J0,=0
p<bh <3

Ch ™
— {U (Biy1(cn))/ / / RFsinf~1 6, deel}
R=0J6:=0

/ / R¥sin*~1 0, dRd6,
Rrcos(01 — @) < ¢p

s
$<0 <3
sin*~1 6,

= 9/61:9 _COSk+1(91 — )

Therefore, the volume of the confidence region V}, is given by

[SIE]

d91 .U (Bk-i-l(ch)) .

¢ 2 sinf—19
k=1 1
/0 sin® " 01 doy + /91=0 —cosk+1(91 ~ 9 do| .

The confidence set corresponding to the two-sided hyperbolic band over xg, Cj, has

v(Vi) = 29

k

h
r [ L R 1]
the form

Oy = {b: (2, 2)"Y(XTX)(b—b)/5 € Vh}

which satisfies
P{bGCh}:P{TEVh}:l—a

and can be expressed as a linear transformation of Vj,:
Cp = {b: beb+ &(XTX)_l(z,Z)Vh} .

Since
v(Ch) = 16(XTX) (=, 2)|o(Vi) = 65 TH(XTX) 73 [u(Vh),

the volume of C}, is given by

LES Ny NS é 3 inf—1¢
2Ak+1 XTX _% w / k-1 0+ do / Sll’l—l do . 4.6
it ) |gF [% + 1] 0 . LT 0,0 cosFt1(61 — ¢) ' 0
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4.4 'Two-sided constant width band over yg

4.4.1 Confidence level

The confidence level of the band is given by P{T € V,}, where

Ve = {T: sup "wTT‘ < /(1 +r2)/n} .
weWg

Note that

sup ‘wTT‘
weWpg

tl T
= su —w\ T
wEVI;E \/ﬁ (1) (1)
1] r?
= %JF EHT(l)H

where T = (tl, T(l))T = (tl, tg, v ,tk+1)T. Then,

V. = { T V21T ) < e T 1+r2>/}

In polar coordinates,

2] 2
V. = {T; M—i-\/%mqwcost%ﬂgcc\/(l—l—r?)/n}

Jn
= Vei+Veo

as depicted in Figure 4.2. The regions V. ; and V.2 can be expressed as

Vel = {T : 0< O < 27 R cos(f11 — ¢) < Cc} ;

Ve = {T: g<9T1<7T, RTCOS(W—9T1—¢)§CC}.

Since P{T € V.1} = P{T € V_2},

P{T € V,}
= 2P{T € V.1}
= 2/2 gsin* =10 . P{Rypcos(0 — ¢) < c.}db
0

s
C2

_ F : |
/0 gsin" 1o . (k+1),v <(k; + 1) cos?(6 — ¢)> v

The confidence level of the two-sided constant-width band over yg is therefore given by

C2

1—(1—2/0 gsin*~14 . Flt1yw <(]€+1)COCS2(9—¢)> de. (4.7)
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4.4.2 Volume of confidence set

Using the partitioning V, = V.1 + V¢ 2, we have v(Ve) = v(Ve1) + v(Ve2), with

v(Ver) = v(Veo)
T T 27
_ // / / / |J|dRd6, d6>d0,
Rycos(01 — @) <c. Jo,—0 0,_1=0 J6,=0
0< 91 < %

_ {U(Bk+1(cc))/ / C / Rksink_leldeel}
R=0J60:=0

X / / R¥sin®*~16, dRd6,
Ry cos(0) — @) < c.

0<91§%

3 sinflg,
= 9/0 m dbh . v(By+i(ee)) -

Therefore, the volume of the confidence region V. is given by

v(Ve) = 2g

Lo s | T k=1
T 2 C, 2 sin" 6
] / L6y . v (Brsi(c)).
0

P 1] Jo cos (6, — 9)

The confidence set corresponding to the two-sided constant-width band over xg, C., has

the form
Co={b: (2,2) (XTX)(b—b)/5 € V.}

which satisfies
PbeC}=PTeV.}=1-a

and can be expressed as a linear transformation of V,:
C. = {b cbeb+ &(XTX)_l(z,Z)VC} .

Since

v(Ce) = [6(XTX) (=, Z) (Vo) = 6" |(XTX) "3 [u(Ve),

the expression for the volume of C, is given by

26"+ |(XT X)"3|g

AL k1 z s k—1
U ] / TSmO g (4.8)
0

I +1
4.5 Numerical example

The two-sided hyperbolic and constant-width bands constructed in this chapter can be
used for linear regression models where £ = 1,2 or more than 2. When £ = 1 or k£ =
2, graphical representation of the bands is possible. However, when k > 2, the only
illustrations possible are cross-sections along certain planes. A portion of the Snee (1977)
acetylene dataset, shown in Table 4.1, is used to illustrate the case when k = 2. The first
two predictor variables are used, namely the reactor temperature x1 and the ratio of Hs

to n-Heptane xo and the response variable is the conversion of n-Heptane to Acetylene .
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Table 4.1: Snee (1977) Acetylene dataset

Conversion of n-Heptane Reactor temperature ratio of Hy to Contact time

to Acetylene y 1 n-Heptane x4 T3
(%) (°C) (mole ratio) (seconds)
49.0 1300 7.5 0.0120
50.2 1300 9.0 0.0120
50.5 1300 11.0 0.0115
48.5 1300 13.5 0.0130
47.5 1300 17.0 0.0135
44.5 1300 23.0 0.0120
28.0 1200 5.3 0.0400
31.5 1200 7.5 0.0380
34.5 1200 11.0 0.0320
35.0 1200 13.5 0.0260
38.0 1200 17.0 0.0340
38.5 1200 23.0 0.0410
15.0 1100 5.3 0.0840
17.0 1100 7.5 0.0980
20.5 1100 11.0 0.0920
29.5 1100 17.0 0.0860

There are sixteen observations in the dataset, n = 16, and the fitted regression model is

given by
y = —130.69 + 0.134z; + 0.351x5, with & = 3.624 and R? = 0.92

where R? is a popular exploratory measure of how well the model fits the observed data
and can be interpreted as the proportion of the total variation in the response values that
is explained by the systematic component b of the model. The ellipsoidal region g is
centered around the mean Z(;) = (1212.5, 12.4)T and its size increases as r is increased.
We assume that we wish to bound the regression function &b using a 1 — o = 0.90 level
simultaneous confidence band over the ellipsoidal region xg with r = 1.9, so that the

region of interest y g is given by
xe ={zu) : ' (XTX) 'z <0.283125}

as depicted in Figure 4.3 by the ellipse in the (x1,x2)-plane with ¢ = 1.0863. Using
expression (4.5), the critical constant ¢y, is found to be 2.7229. Hence, using expression
(4.6), the volume of the confidence set corresponding to the hyperbolic band over g is
calculated to be 0.6419 units3. The two-sided hyperbolic band over gz is illustrated in
Figure 4.3. The hyperbolic shape of the band cannot be easily distinguished from the shape
of a constant width band. Therefore, cross-sections of the band along the z-direction at

ro = x.o and along the xo-direction at x1 = x.1 are used to show the shape of the band.
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Figure 4.3: Two-sided hyperbolic band over y g, Snee (1977) acetylene dataset
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Figure 4.4 and Figure 4.5 show these respective cross-sections, where the hyperbolic form
is clearer.

Similarly, using expression (4.7), the critical constant c. is found to be 2.5981. Hence,
using expression (4.8), the volume of the confidence set corresponding to the constant-
width band over yg is found to be 0.7182 units®. The band, when illustrated, appears
fairly similar to the band shown in Figure 4.3, but the cross-sections of the the band along
the zi-direction at xo = x.9 and along the xo-direction at x1 = x.1, depicted in Figure 4.6
and Figure 4.7, clearly show the distinction from the hyperbolic shape.

Therefore, it can be deduced that for this example, the hyperbolic band is better than
the constant width band under the MVCS criterion. In the next section, we introduce the
family of inner-hyperbolic bands, first discussed in Chapter 3, in multiple linear regression

over the region .

4.6 Family of inner-hyperbolic bands over yg

This family of confidence bands is defined in terms of regions V for T' ~ t;1 ,, which are
in turn used to construct confidence sets for b. Each region V, is defined in terms of an

angle v € [0, ¢ in the following way. The region V; is given by

Vi=Vi1i+Via+ Vs + V4
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Figure 4.4: Cross-section of the hyperbolic band along the xi-direction at zo = x.o
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Figure 4.5: Cross-section of the hyperbolic band along the xs-direction at x1 = .1
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Figure 4.6: Cross-section of the constant width band along the z;-direction at x5 = x.o
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Figure 4.7: Cross-section of the constant width band along the zo-direction at 7 = x.1
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Figure 4.8: Cross-section of V, in the direction of ¢;

v
.
o
Vs
V‘f,4
where
Vii = {T: 0<f0r1 <7, Rrcos(¢p —7) <},
T
V%2 = {T: v < 0 < 5, RTCOS(9T1 — (25) < C.y},
V%?, = {T : g <O <m—1, RTCOS(T(—HTl —(]5) < C’Y}a
Via = {T: 71—y <l <m, Rrcos(p—7) <c,}.

The region V, is depicted in Figure 4.8. The value of the critical constant c, is chosen
so that P{T € V,} = 1 — o and hence ¢, depends on 7, a, k and v and denoted by
¢y = cy(7, o, k,v). It is clear that when v = ¢, the region V, is simply the V}, depicted in
Figure 4.1 corresponding to the hyperbolic band and when v = 0, the region V, is simply
the V. depicted in Figure 4.2 corresponding to the constant width band. The confidence

set for b corresponding to V, is given by
Cy={b: (2,2 (XTX)(b-b)/5 €V, },

which has an exact confidence level 1 — a.
Now we give the confidence band that corresponds to the confidence set C,. For given

v €10, ¢], a value r, (0 < r, <r) can be solved uniquely from the relation

1 1

\J1+72

¥ =cos~
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By comparing this with the equation in (4.3), it is clear that r, < r. Now, denote x, g as

a covariate region given by

_ T ~— _
v = {en: (20 -2w) 57 (@0 - 20) <2 (4.10)
1+72
= {az(l): acT(XTX)_lacg T’y}.
n

The region X, g is of similar shape as but smaller in size than the region xg. Thus, x4 g
can be regarded as the “inner-region” of the region of interest xg. Define x,g as the

region within x g and outside of x- g, given by

1472 1472

XoE = {:1:(1) . " i < acT(XTX)_lac < —;T . (411)
Now, the confidence band that corresponds to the confidence set C, can be shown to be
given by

z'bex’b+ GH(z) V(1) = (71,... o)t e xe,
where

p
mséﬁ zT(XTX) 1z for V(1) € X,
H,Y(LI:) = 2

+ —(T_lm) (%an(XTX)_lm —-1- 7"7) Cyy/ % for V(1) € Xor

So for each v € [0, ¢], we are able to define an exact 1 — « level confidence band over xpg.

When ~ varies over the interval [0, ¢], we have a family of exact confidence bands over
xEe- In particular, v = 0 corresponds to the constant width band and v = ¢ corresponds
to the hyperbolic band.

4.6.1 Confidence level

Now we discuss the computation of the critical constant ¢, = ¢ (v, ,k,v). From the
construction above, ¢, is determined from P{T € V,} =1 — o. Hence we need to express
P{TeV,} =P{TeV,1} +P{T € V,2} + P{T € V, 3} + P{T € V, 4} as a function of

cy. From the definitions of V, 1, V, 2, V, 3 and V/ 4, it is clear that
P{T € Vy1} = P{T € Vy4}

gl
= / gsin®*~10 . P{Rrcos(¢p —7) < c,}db
0

st . F 4 a9
N /ogsm DY T Do (@) )

and
P{T € V, 2} = P{T € V, 3}

= /2 gsin® ™10 . P{Rrcos(d — ¢) < c,}df
g

= /%gsink_le F C% do
., DY e D eos2(0—9) )
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Therefore, P{T € V,} is given by

gl g g 6’27 df
20sin”— . v
/0 g sin (k+1), (k+ 1) cos2(¢ — )
. s
) - de. 4.12
+ /y gsin®~ (k+1),v ((k; + 1) cos?(0 — ¢)> e

Expression (4.12) gives the confidence level of the inner-hyperbolic band for a given ¢,
which can be used to calculate the critical constant ¢, for a given a. It is noteworthy
that when v = ¢, it matches the expression for the confidence level of the hyperbolic band
given in (4.5), whereas when v = 0, it matches the expression for the confidence level of

the constant width band given in (4.7).

4.6.2 Volume of confidence set

To compute the volume of the confidence set C, corresponding to the inner-hyperbolic
band, we use the partitioning v(V5) = v(V4.1) + v(V4,2) + v(V4,3) + v(V5.4).

Hence, the volume of the regions V, 1 and V, 4 are given by

) (V'y 4)
_ // / / / \J|dRd6dbs . .. db
Rrcos(p—v) <cy  Jo=0 0r_1=0 JO,=
0<6 <~
= {v (Br+1(cy)) / RFsin*~1 6, deel}
R=0J6:=0
/ / RFsin*~16, dRd#,
Rrcos(¢p —7) < ¢
0<6; <~

K sinf—1 6,
g /91:() cosk 1 (¢ — ) dfy . v (Bgyi(cy))

Similarly, the volume of the regions V. o and V, 3 are given by

(Vw 3)

T T 21
_ // / / / \7|dRd61d0s . .. dO,
Rrcos(01 —¢) < ¢y Jo,=0 0r_1=0 J6,=0

v < 91 é 9

2 sinf—1 6,
- ————F——db; . v (B .
9/91:7 cosk+1 (6 — ¢) 1-v(Bryi(cy))

Therefore, the volume of V, is given by

07 sk—1 z sk—1
w(Vy) =29 [/9 S0 )d01 +/92 L DS

,=0 cosFH( — 1=~ COsFTL(0; — @) V (Bira(ey))

Note that
c, = { 24 (xTX) (b — b)/aeV}
{

(2,
b: beb+ &(XTX)—l(z,Z)VW}
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and so
0(Cy) = [6(XTX) (=, 2)lo(V5) = 651 (XTX) 72 |o(V5).

Hence, the volume of (., is given by

T sinfley sin"~1 6,
de ———df
/0 cos (g —7) 1T A cost (0 — ) !
(4.13)
When v = ¢, expression (4.13) gives the volume of confidence set for the two-sided hyper-

[SIE]

265+ |(XT X)"3|g

bolic band in (4.6) and when v = 0, it gives the volume of confidence set for the two-sided

constant-width band in (4.8).

4.7 Searching for the best inner-hyperbolic band over xg

For given ¢ (or r), k, v and «, we can numerically search over the family of exact 1—a level
inner-hyperbolic bands for the optimal inner-hyperbolic band that minimizes v(C,) in a
similar way as in Section 3.1.3. For each v € [0, ¢], we determine the critical constant c,
of the inner-hyperbolic band using (4.12) and then calculate the volume of its confidence
set by using (4.13). We search over 7 € [0, ¢| to find the v* € [0, @] that gives the smallest
volume of confidence set. This method is illustrated below using the Snee acetylene dataset
given in Table 4.1. The first two predictor variables, namely the reactor temperature xq
and the ratio of Hy to n-Heptane xs, are used to illustrate the case when k = 2. As
in Section 4.5, we assume that we wish to bound the regression function b using a
1—a = 0.90 level simultaneous confidence band over the ellipsoidal region xg with r = 1.9,

so that the region of interest y g is given by
xe ={zu : ' (XTX) 'z <0.283125}

as depicted in Figure 4.10 by the bigger ellipse in the (x1, z2)-plane with ¢ = 1.0863. For
each value of v € [0, ¢], the corresponding critical constant ¢, of the inner-hyperbolic band
is computed using expression (4.12). Then, the corresponding volume of confidence set is
calculated from expression (4.13). The volume of the confidence set against v is plotted in
Figure 4.9 from which the v € [0, ¢] that gives the MVCS, i.e. the best inner-hyperbolic
band, can be identified. Specifically, the volume of the confidence set corresponding to the
best inner-hyperbolic band is 0.6403 units3, whereas those corresponding to the hyperbolic
and constant width bands are 0.6419 and 0.7182 wunits? respectively. Furthermore, the
optimal v* € [0, ¢] is given by 0.8332 rad with the corresponding r* = 1.1005 from (4.9)
and the critical value ¢, = 2.6874. The best inner-hyperbolic band is shown in Figure 4.10.
The band has a hyperbolic shape within the region x, g depicted in Figure 4.10 by the
smaller ellipse in the (x1, x2)-plane, whereas the band spans linearly in the region y,g that
is inside x g but outside x~ g. Unfortunately, these features cannot be easily distinguished
in Figure 4.10. Therefore, cross-sectional plots, Figure 4.11 and Figure 4.12, are used

to show the cross-section of the band along the xi-direction at z9 = z.o and along the
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Figure 4.9: Volume of confidence set C., against
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Figure 4.11: Cross-section of the best inner-hyperbolic band along the z;-direction at x5 = x.o
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Figure 4.12: Cross-section of the best inner-hyperbolic band along the zo-direction at 7 = x.1
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Figure 4.13: Volume of confidence set C, against v when k = 3

volume of confidence set

To-direction at x; = x.; respectively, together with the respective cross-sections of the

“inner-range” formed by x, g. Note that if S ~1 is the block matrix given by

-1 _ < S11 Si2 )
So1 Sz
then the inner-range along the x;-direction at zo = x.2 is calculated to be (x.1+, /7’%/511) =
(1128.7681,1296.2319). Similarly, the inner-range along the xo-direction at x1 = z.1 is cal-
culated to be (z.9 & /72/S22) = (6.5634,18.3242).

The third predictor variable of the Snee (1977) acetylene dataset, the contact time x3,
is included to the model to illustrate the numerical search when k = 3. The method used
to bound the regression function 2”b using a 1 — a = 0.90 level simultaneous confidence
band over the ellipsoidal region xg with r = 1.9 is the same as for £ = 2. In this case,
the volume of confidence set varies with v as shown in Figure 4.13. The volume of the
confidence set corresponding to the best inner-hyperbolic band is 262.6202 units*, whereas
those corresponding to the hyperbolic and constant width bands are 263.6401 and 281.4209
units* respectively. The optimal v* € [0, ¢] is given by 0.8245 rad with the corresponding
r* = 1.10050 from (4.9) and the critical value ¢, = 3.0500. The best inner-hyperbolic band
cannot be pictured for k = 3, but cross-sections of the band along predictor variables can
be plotted. For instance, a cross-section of the band along the x{-direction at x5 = x.5 and
x3 = x.3 is depicted in Figure 4.14, from which it can be observed that the band bounds

the regression function 2Tb in [33.1325,39.0800] when x1 = z.1, 3 = .9 and x3 = x.3.
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Figure 4.14: Cross-section of the best inner-hyperbolic band along the xi-direction at zo = x.9

and x3 = x.3
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4.8 Concluding remarks on the inner-hyperbolic band over
XE

A new family of simultaneous confidence bands over an ellipsoidal covariate region has been
introduced and it is shown how the best confidence band in the family can be identified
numerically. It is noteworthy that the expressions for the confidence level and volume of
confidence set provided in this chapter are valid for any number k of predictor variables.
Given the confidence level and a design matrix X, the methods described in this chapter
can be used to calculate the critical constant for the best inner-hyperbolic band and the
corresponding volume of confidence set. For k = 1 and k£ = 2, detailed images of the band
can be plotted whereas for k > 2, cross-sectional views of the band along the means of
certain predictor variables can be generated.

The best inner-hyperbolic band can be considerably more efficient than the constant
width band, as shown in the example in Section 4.7. However, the gain in efficiency in
using the best inner-hyperbolic band over the hyperbolic band may be small (at least for
the examples in Section 4.7). Therefore, the hyperbolic band may be recommended if one
wants to avoid the numerical search to find the best inner-hyperbolic band.

In the next chapter, we consider the construction and comparison of exact confidence

bands in multiple linear regression over a rectangular covariate region.
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Chapter 5

Exact simultaneous confidence
bands in multiple linear regression
with predictor variables

constrained in a rectangular region

5.1 The rectangular region

In common practice, each predictor variable in a multiple linear regression model is usually
bounded and the covariate region over which a simultaneous confidence band is required is
rectangular. Several authors (see e.g., Casella and Strawderman, 1980 and Naiman, 1987)

have agreed that the rectangular region given by
Xr={®q): ai<xz;i <b;, i=1,...,k}, (5.1)

where —oo < a; < b; < 0o are given constants, is one of the most useful covariate region.
Construction of conservative two-sided hyperbolic confidence bands over xr when k is
small has been considered by Knafl, Sacks and Ylvisaker (1985), Naiman (1987, 1990) and
Sun and Loader (1994) among others. More recently, a simulation-based method has been
used to compute critical constants for hyperbolic bands (Liu et al., 2005a) and constant
width bands (Liu et al., 2005b) for any given k > 1 over xg. They expressed a critical
constant as the 1 — a population percentile of a distribution and used the 1 — o sample
percentile of an 7.i.d. sample from this distribution as an approximation to the critical
constant. Apart from simulation methods, there has been no published methods for the
construction of exact simultaneous confidence bands over xg.

In this chapter, exact 1 — « level simultaneous hyperbolic and constant width bands
over Y g are constructed by expressing the confidence level of the bands as k-dimensional
integrals. The hyperbolic and constant width bands are then compared using the average
width (see e.g., Naiman, 1984) and minimum volume confidence set (see e.g., Liu and

Hayter, 2007 and Liu et al., 2009) optimality criteria. As in previous chapters, the key is
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a transformation from cartesian to polar coordinates but a further numerical quadrature

is required to implement the method.

5.2 Preliminaries

Recall from previous chapters that U is the unique square root matrix of (XTX )=t so
that (X7X)~! = U2 It immediately follows that N = U~'(b — b)/o ~ Ny41(0,I) and
T=N/Z2)= U~'(b—b)/6 is a standard multivariate t random vector of k+1 dimensions
with v = n — k — 1 degrees of freedom (see e.g., Tong, 1990).

The transformation from cartesian to polar (hyperspherical) coordinates is similar to
the transformation in Section 4.2 where the polar coordinates of the (k + 1)-dimensional

vector T = (t1,...,tsp1)”, (R, 011, ..,011)", are defined by

tl = RT COS 9T1
ta = RgsinbOry cosbry
t3 = Rpsinfpq sin 0o cos O3
tr, = Rrpsinfp;sinfrs...sinO7._1 cos Oy
tk+1 = RT sin 9T1 sin 9T2 ...sin 9Tk—1 sin HTk
where
0 < O <

0 < Opp <

0 < O <m
0 < O <2rm
Rr > 0.

The joint density function of (R, 6041,...,0)" can be found using the Jacobian of

the transformation
|J| = R{% Sink_1 HTI Sink_2 9T2 ...sin HTk_l.
However, in this case, the marginal density of 6, (1 < j <k — 1) is given by
fi(0) =g;sin*1o . 0<o<n (5.2)

where g; = 1/( fow sin®=7 @ df) is the normalizing constant, the marginal density of Oy, is

uniform on the interval [0, 27, and the marginal distribution of Ry is given by
Ry~ \/(k+ 1) Fry1)
where F;1 1), denotes an F' random variable that has (k + 1) and v degrees of freedom.
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5.3 Two-sided hyperbolic band over xz

5.3.1 Confidence level
The hyperbolic simultaneous confidence band over the region x g has the form

2'b e xTb+ cpo\/xT(XTX) 1 Ve = (21, .. cz)t € xg (5.3)

where the critical constant ¢;, is chosen so that the confidence level of the band is 1 — a.

The confidence level of the band can be expressed as

sup -
zi€laibili=1,..k 0/ 2T (XTX)~

(Uz)"T|
2 L g

{

{ T
ol )

|

zi€lai,bi],i=1,....k ”Uw”

(Uz)"T]\
|IT|| < cn sup
eiclasbiiet,. .k 10| [T]]

= P{Rr <cn/Qn} (5.4)

since Rt = ||T||, where

(Uz)"'T|
Qn=Qn(Or1,...,01%) = sup T ==
zi€lai,b;],i=1,....k ”UwH”TH

The function Q;, = Qu(0r1,...,01) depends on (071, ...,074)T only and can be quickly
and accurately computed for a given (61, ... ,HTk)T by using a simple quadratic pro-
gramming method given in Liu et al. (2005a) (see Appendix A). The expression (5.4) can

further be expressed as

/ / P{RT<Ch/Qh!9T1 =01,...,00; =04}
1= 05 1=0 Jo,=0

Xf{@Tl :917'--79Tk :ek}deldek
™ T 2 1
- / - / 11 00) - fia (O 1)P (R < c/Qu} dOy ... db)
91 Gk 1= =0 9

2w
g 1
= /91 /6k ~ 0/9 %fl(el)---fk—l(ek—l)
X Fk—l—lu (Ch/(k} +1 Qh) dfy ...doy. (55)

Expression (5.5) gives the confidence level of the hyperbolic band and it involves only a
k-dimensional numerical quadrature since both Qp, and Fj,11,(-) can be computed quickly
and accurately. For an indication of typical values and time taken under different types of
numerical quadrature methods, see Appendix B. In particular, for £ = 2, the confidence

level of the band is given by

T 2 1 C%L
— sin 64 F: v s dfddo-.
/@1 o Jopo dm 1 <3<Qh<91,92>>2> e
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For k = 3, the confidence level is given by

2
—sm@sm@F,, h ) df1df>dbs.
/91 /92 0/93 0 22 ! 2 <4(Qh(01702793))2 R

The confidence level of the band for ¥ = 2 and &k = 3 can be readily and accurately

calculated using numerical quadrature (e.g. the in-built functions dblquad and triplequad
in Matlab). For k£ > 3, until evaluation of higher dimensional quadrature is made possible

by computer software, the simulation method used in Liu et al. (2005a) is recommended.

5.3.2 Average width

The width of the hyperbolic band in (5.3) is equal to 2¢,6+/xT (XTX)~1a at 2y € Xr.
Hence, the average width of the band is given by

b1 b IS T T -1
AWh:/ / 20’”2"” XX e (5.6)
x Tp=ay Hj:l(bj — aj)

Expression (5.6) can be easily calculated for & < 3 by numerical quadrature, using for

1=ai

example the in-built functions dblquad and triplequad in Matlab. For k > 3, a simulation

method can be used. Note that (5.6) can also be expressed as
26}15/ \/a:T(XTX)_laz dm(l) / 1 dm(l)
T(1)EXR T(1)EXR

= 2c,6E(/zT(XTX) lx)

where E(y/xzT(XTX)~lz) is the expectation of \/xT(XTX) 1z taken with respect to
Ty = (z1,...,25)". Bach z; ~ Ula;,b;], i = 1,...,k and x1,...,x; are independent.

Therefore, F(\/xT(XTX)~1x) can be approximated by simulation as follows.

e Step 1: independent zf, ...z} are simulated each with Ula;,b;] for i = 1,... k.

e Step 2: the value of E* = \/(1, x5, x)(XTX)71(1, 25, ... 25)T can be computed.

e Step 3: Steps 1 and 2 can be repeated K times to get EY,...,E} and E =
+ Z]K:l E? can be calculated to approximate E(y/z? (X1 X) 1z).

The accuracy of this approximation to the average width AW}, can be gauged by the

standard error given by

K
s.e(AWy) = 2,6, | > (E; (K —1)K.
7=1

5.3.3 Volume of confidence set

It
Vi, =T : sup |(Uz)" T <ep b
zi€lai,b;],i=1,....k HUmH

Let
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Then, the confidence set for b corresponding to the hyperbolic band in (5.3) is given by

=7 (b — b)|
C, = b: su < c
" { zi€laib Z}IZ) Lok oyl (XTX)-1 4

It is clear from Section 5.3.1 that
PlbeCp}=P{T eV} =1—a.
From expression (5.7), C}, can also be expressed as
Ch={b: beb+5UV,}.
Therefore, the volume of C}, is given by
v(Ch) = [6Uo(Va) = 65 |(XTX) 2 [u(V) (5.8)

where v(V},) denotes the volume of V}, which is given by

T ™ cn/Qn
(V) = / / / / \J|dRd6:d0, . .. db),
91 0 Gk 1= =0 9

k—1 s k=2 :
= sin®" " 01 8in”" 0y ...s8in0,_1dRdO1dbs . . . dOy,
/9\1 =0 /ek 1=0 /ek O kz’ + 1 Qk—‘rl

which can be computed for £ < 3 using numerical quadrature. For k > 3, a simulation

method can be used as in Section 5.3.2. Note that v(V},) can also be expressed as

sl
/(910 /leo/@ k‘—l-leHH

sin®~16; sin®2 6 sinf,_q 1

X —dRdO1db5 . . . db,
51 52 5k—1 5 12
where Smk(;l 191, Smké; : b2 ..., Sigfff and i are each a density function. Hence,
k—l—l
v(Vp) = FE
(Vi) (k + 1 Qk-i-l H
k+1 k .
§;E(1/Qrtt
o e
where E(1/QFT1) is the expectation with respect to (01, ..., 0r)T and ]?: 4, is given
h Jj=1%J
by

T T 21
/ . / / sin®* 1 6y sin® 26, . ..sin O _1dRdO1dOs . . . dby.
6,=0 0r_1=0 0,=0

The expectation E(1/ QkH) can be approximated by simulation as follows.
e Step 1: a vector N ~ Nj1(0,I) is simulated and a vector T' = N /(£) is simulated.
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e Step 2: the polar coordinates (fr1,...,07%)" of T are obtained and the value of
= (1/Qn(01,...,01)* ") can be computed.

° Step 3: Steps 1 and 2 can be repeated K times to get Ef,...,FEj} and E =
Z] 1 Ej can be calculated to approximate E(l/QkH).

The accuracy of this approximation to the volume of confidence set v(C}) can be

gauged by the standard error given by

k+1 k

K
H ZE-—E)?/(K—l)K.

s.e(v(Ch)) = (X1 X) "\

5.4 Two-sided constant width band over yp

5.4.1 Confidence level

The constant width simultaneous confidence band over the region xg has the form
z'b e xTb+ c.o Ve = (21, .. o6)T € xR (5.9)

where the critical constant ¢, is chosen so that the confidence level of the band is 1 — «a.

The confidence level of the band can be expressed as

xT b
P{ sup M < cc}
€laq,bi)i=1,...k o
= P{ sup ](Uw)TT] <cc}
€las,bi)i=1,...k
(Uz)TT|)
= T| <ce sup —_—
{ ” me[aub P T
= {RT < CC/QC} (510)
where V)T
x)''T
QC = QC(9T17 LI JHT]C) = sup w

wie[ai,bi],izl,...,k HTH
It is clear that Q. depends on T only through (61, ...,01y)T. Note that (Uz)TT/|T| is
a linear function of @) = (71, ... ,zx)7 and therefore attains its maximum or minimum

over (1) € xr at one of the vertices of xg. In particular, xr has 2F vertices given by
L= {(ll,...,lk)T : each [; is either a; or bj,1 < j < k:}

The function (). can therefore be expressed as

Uz)'T
0 ap lTDTT]
m(l)GL ||T||

which can be easily computed since L has only 2* points. By using similar derivation as

in Section 5.3.1, the confidence level expression in (5.10) can further be written as

/ / / —f1 (01) -+ fee1(Ok—1) Flaey 1y (c2/(k +1)Q2) dby ... dby. (5.11)
01= 0 0,_1=0J6,=
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Expression (5.11) gives the confidence level of the constant width band and involves only

a k-dimensional quadrature. For k = 2, the confidence level of the band is given by

62
sm@FV ———l———>d9w.
/91 /e H <3<Qc<el,92>>2 e

For k = 3, the confidence level is given by

27 02
-——sn19 sinyFy h ) dB1dB>d05.
/9\1 0/9\2 0/93 ! 2 (4(626(91702793))2 1eEs

The confidence level of the band for ¥ = 2 and & = 3 can be readily and accurately

calculated using numerical quadrature such as the in-built functions dblquad and triplequad

in Matlab. For k£ > 3, the simulation method used in Liu et al. (2005b) is recommended.

5.4.2 Average width

The width of the constant width band in (5.9) is given by 2¢.6 and so the average width
of the band is simply given by
AW, = 2¢.6. (5.12)

5.4.3 Volume of confidence set

Let

Ve=<T: sup (Ux)'T| < cep.
i€laqi,bil,i=1,....k

Then the confidence set for b corresponding to the constant width band in (5.9) is given
by

Tb-b
C. = (b: sup 7@ (A ) < e
€lai,bil,i=1,...k o

b—b
= {b;(f*ﬁ—g—)eta}. (5.13)
It is clear from Section 5.4.1 that
PbeC.}=P{TeV,}=1—qu
From expression (5.13), C. can also be expressed as
C.={b: beb+sUV.}.
Therefore the volume of C. is given by
A skl vT v\ -1
v(Ce) = [6Uv(Ve) = 6" (X7 X) " 2[u(Ve) (5.14)

where

k+1
c = /0 /g /g k n 1 k+1 k_l 91 sink_Q 92 ...sin Hk_ldeé?lng N d@k
1=0 k—1=0
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For k = 3, v(V,) can be quickly and accurately computed using numerical quadrature. For

k > 3, a similar simulation method as in Section 5.3.3 can be used. Note that v(V.) can

k+1
/910 /eklo/e k+1 kHH

sin®~16; sin®2 6, sinf,_q 1

also be expressed as

X 51 (52 . (5k ) 6—de916£92 d9
where Sinkgll o1 Sink; b2 .., Sigfff and i are each a density function. Hence,
k+1 k
c
o(Ve) = E(—571]19)
(k+1)Qe" ]1;[1
ck+1 k

_ H 1/Qk+l

where F(1/QF1) is the expectation with respect to (1, ...,07%)7. The expectation

E(1/Q1) can be approximated by simulation as follows.

e Step 1: avector N ~ Ny 1(0,I) is simulated and a vector T = N /(£) is simulated.

e Step 2: the polar coordinates (fr1,...,07%)" of T are obtained and the value of
E* = (1/Q.(0r1, . ..,011)F ') can be computed.

e Step 3: Steps 1 and 2 can be repeated K times to get EY,...,E% and E =
+ ZJKZI B can be calculated to approximate B(1/QFM).

The accuracy of this approximation to the volume of confidence set v(C.) can be

gauged by the standard error given by

k K
H (Ej —E)? / (K -1)K.
: j:l

s.e(v(Ce)) = 6" |(XTX)™2

5.5 Numerical examples

A portion of the Snee (1977) acetylene dataset in Table 4.1 is used to illustrate the results
derived above when k£ = 2. The first two predictor variables, the reactor temperature
x1 and the ratio of Hy to n-Heptane x5 are considered in this example and the third
predictor variable, the contact time x3, is excluded. For the resulting design matrix X,
the observed range [a1,b1] X [ag,bs] = [1100,1300] x [5.3,23] and a confidence level of
1 — a = 0.95, the critical constant for the hyperbolic band is calculated using expression
(5.5) to be ¢, = 3.1153 and the 0.95 confidence level hyperbolic band over [a1,b;] X
[ag, ba] = [1100,1300] x [5.3,23] is depicted in Figure 5.1. In addition, the regions V}, is
also depicted in Figure 5.2. The average width for the hyperbolic band is found to be
AW}, = 8.9338 from expression (5.6) and the volume of confidence set corresponding to

the hyperbolic band is found to be v(C}) = 0.2507 units® from expression (5.8). The
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The 0.95 level hyperbolic band, Snee (1977) acetylene dataset, k=2
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Figure 5.3: The 0.95 level constant width band, Snee (1977) acetylene dataset, k=2

1300

X 5 1100

simulation method has also been used to provide a means of comparison to the method
of numerical quadrature. With 1 x 10° simulations, the average width for the hyperbolic
band is found to be AW}, = 8.9356 with a standard error s.e(AW},) = 6.6366 x 1073
and the volume of confidence set corresponding to the hyperbolic band is found to be
v(C},) = 0.2508 units® with a standard error s.e(v(Cy,)) = 1.3334 x 1074,

Similarly, the critical constant for the constant width band is calculated using expres-
sion (5.11) to be ¢, = 1.6984 and the 0.95 confidence level constant width band over the
same covariate region is depicted in Figure 5.3. The region V. is also depicted in Fig-
ure 5.4. The average width for the constant width band is found to be AW, = 12.3099
from expression (5.12) and the volume of confidence set corresponding to the constant
width band is found to be v(C.) = 0.3513 units® from expression (5.14). With 1 x 103
simulations, the volume of confidence set corresponding to the constant width band is
found to be v(C,) = 0.3527 units® with a standard error s.e(v(C,)) = 7.1608 x 10~* using
the simulation method. Therefore, the hyperbolic band is better than the constant width
band over the the observed range [a1, b1] X [az, b2] = [1100, 1300] x [5.3, 23] under both the
average width criterion and the minimum volume confidence set criterion for this example.
Note that the volumes of confidence sets in (5.8) and (5.14) are both of the same form and
therefore the comparison between v(V},) and v(V,) can be used to compare between v(C},)
and v(C.). For the reader’s interest, a superposition of the regions V}, and V., is depicted
in Figure 5.5, where it is clear that the region V} is smaller than V.

The third predictor variable of the Snee (1977) acetylene dataset, the contact time x3,
is included to illustrate the results when & = 3. For the resulting design matrix X, the
observed range [a1,b1] X [a2,be] X [as,bs] = [1100,1300] x [5.3,23] x [0.0115,0.098] and a
confidence level of 1 — a = 0.95, the critical constants for the hyperbolic and constant

width bands are found to be ¢, = 3.5286 and ¢, = 6.1614 respectively. Their respective
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Figure 5.4: The region V.
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Figure 5.5: A superposition of regions V}, and V,
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average widths are calculated to be AW), = 25.116 and AW, = 46.421. Finally, their
respective volumes of confidence sets are found to be v(C},) = 187.203 units* and v(C,) =
5055.053 units®*. When the simulation method is used, with 1 x 10° simulations, the
average width for the hyperbolic band is found to be AW}, = 25.0614 with a standard error
s.e(AWy) = 0.0419 and the volumes of confidence sets corresponding to the hyperbolic
and constant width bands are found to be v(Cj,) = 187.121 units* with a standard error
s.e(v(Ch)) = 0.1240 and v(C,) = 4963.546 units* with a standard error s.e(v(C,)) =
38.2770 respectively. Therefore, it is clear that the hyperbolic band is more efficient than
the constant width band for this example under both the average width and minimum

volume confidence set optimality criteria.

5.6 Concluding remarks on exact confidence bands over yp

For linear regression with k(> 1) over a rectangular covariate region, only conservative or
approximate methods are available in the statistical literature. A general formula for the
construction of exact hyperbolic and constant width bands for k& covariates restricted in
intervals is provided in this chapter. The key is a transformation from cartesian to polar
coordinates as in the previous chapters. To implement the method, a numerical quadrature
is also necessary. For k = 2 and k = 3, the confidence levels, the required critical constants,
average widths and volumes of confidence sets can be quickly and exactly computed using
numerical quadrature such as the built-in functions dblquad and triplequad in Matlab. For
the computation of confidence levels when k& > 3, simulations methods are provided by
Liu et al. (2005a) and Liu et al. (2005b). For the computation of average widths and
volumes of confidence sets when k > 3, similar simulation methods have been proposed
here.

The computations for the hyperbolic band are typically more time-consuming than
for the constant width band due to the quadratic programming method pointed out in
Section 5.3.1. However, for a rectangular covariate region y g, the hyperbolic band can be
considerably more efficient than the constant width band under both the average width and
minimum volume confidence set optimality criteria (at least for the examples in Section

5.5) and is therefore the recommended band.
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Chapter 6

Conclusions and Future work

Simultaneous confidence bands in linear regression analysis are useful tools that can be
applied to many aspects of real life. This thesis is a concise account of the construction
of exact two-sided confidence bands in linear regression. The key method used involves
a transformation from cartesian to polar coordinates and expressing the confidence level
of a band as a k-dimensional integration. In simple linear regression, it has been shown
analytically that a D-optimal design leads to the the best two-segment band under the
MACS criterion. Attempts by numerical search to show that D-optimal designs also lead
to the best three-segment and hyperbolic bands have been made. Two new families of
confidence bands, called the inner-hyperbolic bands and the outer-hyperbolic bands, have
been introduced and it has been shown that the best confidence band in each family can
be more efficient than the best three-segment and hyperbolic bands. It is also shown
numerically that the best inner-hyperbolic band is always as good as or better than the
best outer-hyperbolic band. Thus, the inner-hyperbolic family of confidence bands has also
been constructed in multiple linear regression over an ellipsoidal covariate region where
comparisons to the hyperbolic and constant width bands have led to similar results as in
simple linear regression. In the case where the predictor variables are constrained in a
rectangular covariate region, a method to construct and compare between exact two-sided
hyperbolic and constant width bands has been proposed for the first time.

Moreover, this thesis also points out some problems that might be of interest for future
research. Although only exact two-sided confidence bands have been considered, exact
one-sided bands can also be constructed using similar methods. However, the confidence
sets for one-sided bands require a different interpretation as they have infinite volumes
and recently, Liu et al. (2009) have provided a method to overcome this issue. Hence, the
analytical deduction that D-optimal designs lead to the best three-segment and hyperbolic
bands under under the MACS criterion is yet to be considered. Although the numerical
exploration in Section 2.5 gives some insight into how the area of confidence set varies
with the mean of the predictor variable T and \/m , it is not a complete answer. The
relationship between Z and \/m is more complicated and thus the region over which
Figure 2.21 and Figure 2.22 are plotted is not appropriate. In addition, due to its desirable

properties, the outer-hyperbolic family of confidence bands can also be constructed in
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multiple linear regression over an ellipsoidal covariate region, although the best band in
the family is not as efficient as the best inner-hyperbolic band under the MACS criterion.
When the covariate region is rectangular, although expressions for the construction of
exact confidence bands have been provided, their computation is possible for up to three
predictor variables so far. For k& > 3, simulation methods are recommended until further
improvement in software or future research make exact construction of confidence bands
over a rectangular covariate region possible. Matlab scripts and functions have been used
for all the numerical computation and illustrative plots throughout the thesis and are
available upon request for the reader to explore the methods and results of the thesis.
Making the computer codes available in other statistical software could also be useful
future work.

The most important contribution of this thesis is the method to construct and compare
exact two-sided confidence bands over a rectangular covariate region. Before this, only
methods to construct conservative confidence bands or simulation methods were available
in linear regression.

The hyperbolic band is a safe recommendation with only a small loss of efficiency and
being generally easy to construct. However, a small increase in efficiency can have a big
importance in real life situations and thus another important contribution of the thesis is
the introduction of the family of inner-hyperbolic bands for simple linear regression and
multiple linear regression over ellipsoidal regions and the method to construct the best

band within the family.
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Appendix A

Computation of

Qn=Qplory,...,011)

We need to compute the function
(Uz)"T
R N[22 [l
B loT'T|
" weLtim IVTTT
where L(U, xr) forms a cone spanned by the vectors given by Uz = ug+1liui +. ..+ lpug,
where each [; is either a; or bj, 1 < j < k. Let 9(t,U, xr) denote the projection of

t € R*+1 to the cone L(U, xg). Then, it follows from Naiman (1987, Theorem 2.1) that

Qn = max {|[Y(T/|IT|, U, xp)Il, [V (=T /1T, U, xr)I} -
Note that (¢, U, xr) solves the problem

- 2
MINye L(U,xR) ||’U - tH
= minveL(uXR)(vTv —2tTv +tTt)
= minveL(uXR)('vT'v —2tTv).

T

Thus, the function (¢, U, xg) is the vector v € R*¥*! that minimizes the function vTv —

2tTv, which is equivalent to minimizing the function

—vTy —tTw
2 )

subject to v € L(U,xg). From the definition of L(U,xg), v € L(U,xgr) implies that
v = AUz or equivalently

U™lv =Xx = (\ Az, ... ,)\xk)T for (1) € xg and A > 0.
Let the vector g; € RF+1 have the j% element equal to 1 with all the remaining elements
equal to 0. Then, q{U‘l'v =A>0anda; < qﬁrlU—lv/q?U_lv <bjforj=1,....kor

equivalently

—qiU v

IA
o

(@l —big U w < Oforj=1,....k
(ajq] — gL )U v < Oforj=1,... k.



These constraints can be expressed as Av < 0 where the (2k + 1) x (k 4+ 1) matrix A is

given by
(g3 —bigl)U™*

(a1q] — qf) U™

(qhyy — beq] U™

—qU™!

Ty — Ty under the constraints Av < 0 is a

The problem of minimizing the function %v
standard quadratic programming problem that can be solved numerically (e.g. by Matlab
using the in-built function quadprog(H,f,A,b)). Therefore, given Or1,..., 01k, the unit
vector T'/||T'|| can be calculated and the value of ¥(T'/||T||,U, xr) can be computed using,

for example, quadprog(H,f,A,b) in Matlab to obtain Q.
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Appendix B

Matlab computation values and

times for confidence bands over yp

The computation of critical constants, average widths and volume of confidence sets for
a given dataset (or design matrix X) and confidence level 1 — « in the thesis have been
performed on Matlab. The scripts and functions produced for the contents of this thesis
are all available upon request.

The computations involved in Chapter 5 are typically time consuming. Computations
for the previous chapters are very quick and accurate, taking usually less than a minute.
However, the implementation of the quadratic programming problem in the numerical
quadratures in Chapter 5 is more computer intensive. Tables B.1 - B.6 show the compu-
tation values and time taken for various methods of numerical quadrature and tolerance
levels for kK = 2 and k£ = 3 on a dual core PC, 3.0GHz, 3.0GHz, 1.99 GB RAM. Two
levels of tolerances are used, tol = 1076 and tol = 1073. The parameter tol refers to
the absolute error tolerance used in Matlab for numerical quadratures and the default
value is tol = 107%. Larger values of tol result in fewer function evaluations and faster
computation, but less accurate results. Two methods of numerical quadratures are used,
quad and quadl. The function quad refers to a recursive adaptive Simpson quadrature
used in Matlab. It is most efficient for low accuracies with non-smooth integrands. The
function quadl refers to a recursive adaptive Lobatto quadrature used in Matlab. It is
more efficient than quad for high accuracies with smooth integrands.

The time taken for the computation of confidence levels given the values of critical
constants and « are typically one tenth of the time taken for computation of critical
constants given confidence levels and «. Furthermore, simulation methods are typically
more computer intensive than the k-dimensional quadrature methods used in Chapter 5.
Specifically, for £ = 2, 100000 simulations took a total time taken of 470 seconds to attain
a value of v(Cj) = 0.2508. 100000 simulations took a total time taken of 13 seconds to
attain a value of v(C,.) = 0.3527. For k = 3, 100000 simulations took a total time taken
of 600 seconds to attain a value of v(C}p,) = 187.121. 100000 simulations took a total time
taken of 15 seconds to attain a value of v(C,) = 4963.546.
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Table B.1: Computation values and times, Snee dataset, k = 2, a = 0.05, tol = 107,

quad

Table B.2: Computation values and times, Snee dataset, k = 2, a = 0.05, tol = 1073,

quad

Table B.3: Computation values and times, Snee dataset, k = 2, a = 0.05, tol = 1073,

quadl

Computation value

Time taken (s)

3.1153
1.6984
0.2507
0.3513
8.9338
12.3099

80
12
122
7
0.5

instant

Computation value

Time taken (s)

3.1166
1.6941
0.2510
0.3487
8.9374
12.2786

8
0.8
8
0.5
instant

instant

Computation value

Time taken (s)

3.1154
1.6980
0.2507
0.3510
8.9340
12.3067

51
3
95
3
instant

instant
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Table B.4: Computation values and times, Snee dataset, k = 3, a = 0.05, tol = 107,

quad

Table B.5: Computation values and times, Snee dataset, k = 3, a = 0.05, tol = 1073,

quad

Table B.6: Computation values and times, Snee dataset, k = 3, a = 0.05, tol = 1073,

quadl

Computation value

Time taken (s)

3.5286
6.1614
187.203
5055.053
25.116
46.421

2600
1950
23510
22710
90

instant

Computation value

Time taken (s)

3.5375
6.1602
187.207
5055.064
25.116
46.421

125
45
350
350
1.5

instant

Computation value

Time taken (s)

3.5295
6.1573
187.203
5055.046
25.116

46.421

1600
219
7744
3950
2

instant
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