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Abstract

The concept of an adequate transversal of an abundant semigroup was introduced
by El-Qallali in [8] whilst in [7], he and Fountain initiated the study of quasi-adequate
semigroups as natural generalisations of orthodox semigroups. In this work we provide a
structure theorem for adequate transversals of certain types of quasi-adequate semigroup
and from this deduce Saito’s classic result on the structure of inverse transversals of
orthodox semigroups. We also apply it to left ample adequate transversals of left
adequate semigroups and provide a structure for these based on semidirect products of
adequate semigroups by left regular bands.
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1 Introduction and preliminaries

The concept of an inverse transversal was essentially introduced in 1978 by Blyth and
McAlister [13] in response to investigations into the structure of split orthodox semigroups
and then later by Blyth and McFadden to natural questions concerning the greatest idempotent
in a naturally ordered regular semigroup. Let S® be an inverse subsemigroup of a regular
semigroup S and suppose that for all € 9,]|S° NV (x)| = 1. Then S° is called an inverse
transversal of S and we denote the unique inverse of z in S° by z°. Over the years a
great deal of work has been done to examine the structure of regular semigroups containing
inverse transversals and to consider a number of useful and important properties that these
transversals may possess. The reader is referred to the excellent survey article in [4] for more
details. As one might expect a number of generalisations of this concept have emerged and
connections and similarlities with inverse transversals studied. For example, we may replace
the inverse subsemigroup with a different type of regular subsemigroup such as an orthodox
semigroup and, with a suitable adjustment of the definitions, refer to orthodox transversals
of regular semigroups (see for example [6]). Or we may replace the unique inverse z° of
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the regular element x with another related element such as an associate - recall that an
associate of an element x is an element y such that rzyz = x - and study the structure
of these associate inverse subsemigroups (see for example [3]). In this work we are more
concerned with what was probably the first of these generalisations, initiated by El-Qallali,
to adequate transversals of abundant semigroups and in particular to a structure theorem
for quasi-adequate semigroups with an adequate transversal.

The focus of attention of this paper is on structure theorems for adequate transversals mainly
following the standard “Rees Theorem” type approach. We do however also consider a
structure based on spined products which has already been shown to be useful in the inverse
transversal case. A number of authors, such as Chen ([5]), have studied the structure of
certain types of adequate transversal but a general structure theorem seem to be rather too
difficult to contemplate. Consequently we shall consider only the structure of certain types
of quasi-adequate semigroup and in some cases restrict our attention to certain types of
transversal, such as quasi-ideal transversals.

After some preliminary results and concepts in section 1 we concentrate on quasi-adequate
semigroups in section 2 and in particular on those quasi-adequate semigroups S with a
splitting morphism S — S/v where v is the least admissible adequate congruence on S.
Quasi-adequate semigroups are analoguous to orthodox semigroups in the regular case. We
culminate in this section with a rather technical structure theorem for adequate transversals
of such semigroups which is of a similar nature to one given by Saito for orthodox semigroups.
From this we deduce a number of very interesting corollaries concerning adequate transversals
which are quasi-ideals one of which involves a spined product of two important subsemigroups
of the quasi-adequate semigroup first introduced in [1]. In section 3 we focus our attention
on the structure of left ample adequate transversals of quasi-adequate semigroups which
are also left adequate and describe such semigroups in terms of a rather elegant semidirect-
product construction. Finally in section 4 we consider what happens when our abundant
semigroups are in fact regular and deduce a number of new as well as known structure
theorems for inverse transversals.

Unless otherwise stated the terminology and notation will be that of [12]. Let S be a
semigroup and define a left congruence R* on S by

R* ={(a,b) € S x S | za = ya if and only if xb = yb for all 2,y € S'}.

The right congruence L£* is defined dually and we shall let H* = L*N'R*. It is easy to show
that if a and b are regular elements of S then a R* b if and only if a R b. We say that
a semigroup is abundant if each R*—class and each L£*—class contains an idempotent. An
abundant semigroup in which the idempotents commute is called adequate. It is clear that
regular semigroups are abundant and that inverse semigroups are adequate.

Lemma 1.1 ([10, Corollary 1.2]) Let e € E(S) and a € S. Then e R* a if and only if
ea = a and for all x,y € S, ra = ya implies e = ye.

Lemma 1.2 (]9, Proposition 1.3]) A semigroup S is adequate if and only if each L*—class
and each R*—class contain a unique idempotent and the subsemigroup generated by E(S) is
regular.

If S is an adequate semigroup and a € S then we shall denote by a* the unique idempotent
in L} and by a’ the unique idempotent in RZ. It is easy to show that if S is adequate and
a,b € S then a R* b if and only if a™ = b+ and a £* b if and only if a* = b*.

Lemma 1.3 ([9, Proposition 1.6]) If S is an adequate semigroup then for alla,b € S, (ab)* =
(a*b)* and (ab)t = (ab™)T.



Notice that we can then immediately deduce that for all a,b € S,a™(ab)* = (ab)™ and that
(ab)*b* = (ab)*.

If S is an abundant semigroup and U is an abundant subsemigroup of S then we say that U
is a x—subsemigroup of S if L*(U) = L*(S)N(U xU),R*(U) = R*(S)N(U x U). It can be
shown that U is a x—subsemigroup of S if and only if for all a € U there exist e, f € E(U)
such that e € L:(S), f € R:(S) (see [8]).

Now suppose that SO is an adequate *—subsemigroup of the abundant semigroup S. We
say that SO is an adequate transversal of S if for each x € S there is a unique Z € S° and
e, f € E such that

x = eZf and such that e £LZ1 and f R T*.

It is straightforward to show, [8], that such an e and f are uniquely determined by z. Hence
we normally denote e by e, f by f, and the semilattice of idempotents of S° by E°.

Lemma 1.4 ([1, Lemma 1.4]) Let S be an abundant semigroup with an adequate transversal
SO, Then for allz € S

1. e, R* x and f, L* z,

2. ifxe S thene, =2t € BT =2, f, = a* € EC,
3. ifr e EO thene, =7 = f, =,

4. ez L e, and hence eze, = ez and ezez = €,

5

. fTR fm and hence fffz = fx and fmff = ff

Lemma 1.5 [5, Proposition 2.3] Let S° be an adequate transversal of an abundant semigroup
S and let x,y € S. Then

1. x R* y if and only if ex = ey,
2. x L* y if and only if fr = fy.

We define
I={e,:2€eS}, A={f,:2€S}

and note from the previous results that there are bijections I — S/R* and A — S/L*. Tt is
also straightforward to see that if x € I,y € A then

ex:xvf:fm:efandey:g:fﬂvfy:y'

Also, it is well-known that |R: NI| =1 and that |L% N A| = 1, results that will prove useful
later.

Suppose now that z € Reg(.S), the set of regular elements of S. Using the fact that z R e,
and x £ f, then from [12, Theorem 2.3.4] there exists a unique 2° € V(z) with z2° = e,

and 2%z = f,. In what follows we shall write 20 for (mo)o.

Theorem 1.6 [1, Theorems 2.3 & 2.4] Let S° be an adequate transversal of an abundant
semigroup. If x € Reg(S) then |V (z) N S°| = 1. Moreover 2° € S, 7 = 2% and 20 = 2°°.
Also,

I ={x € Reg(S): v = 22"} = {x2" : © € Reg(9)}

and

A= {x € Reg(S): x =22} = {2 : € Reg(5)}.



In addition, from Lemma 1.5 we can easily deduce

Lemma 1.7 Let S° be an adequate transversal of an abundant semigroup. For allxz € I,a €
Reg(S), x = aa® if and only if a € R} N Reg(9).

Consequently we see that

Lemma 1.8 Let S° be an adequate transversal of an abundant semigroup and let x € S,a €
Reg(S). Then e, = aa® and f, = a%a if and only ifa € HX = REN L.

Notice that REfNReg(S) # 0 and LENReg(S) # @ as e, € RENReg(S) and f, € LEiNReg(S).

Let T = Reg(S), let U = T'N S° and suppose that T is a subsemigroup of S. It is clear
that U is then a regular subsemigroup of T. It is also relatively straightforward to see
that U = {2 : 2 € T} = {x € T : 2 =7 = 2%°}. Given that S° is adequate then we
can easily deduce that U is an inverse transversal of the regular semigroup 7. Moreover,
it is reasonably clear that, with the obvious notation, E(T) = E(S), E(U) = E(S°) and
I(T) = I(S),A(T) = A(S) and so from [4, Theorem 1.3] we see that

Proposition 1.9 [1, Proposition 2.5 & Proposition 2.6] Let S° be an adequate transversal
of an abundant semigroup. If T is a subsemigroup of S then I (resp. A) is a left (resp.
right) reqular subband of S and for all x,y € T

0

(2y)” = (a%2y) 2" = o (wyy?)® = y°(a%2yy") 2°,

and
(zyO)O _ yOOIO, (xoy)o — yO:ZZOO.

2 Quasi-Adequate Semigroups

A semigroup is said to be quasi-adequate if it is abundant and its idempotents form a
subsemigroup. It was shown in [7, Proposition 1.3] that in this case the set T of regular
elements is an orthodox subsemigroup of S. From section 1 we see that U = T'N S is an
inverse transversal of T. The following is now immediate from [4, Theorem 1.12].

Proposition 2.1 ([1, Proposition 6.2]) Let S° be an adequate transversal of an abundant
semigroup S. Then the following are equivalent:

1. S is quasi-adequate;

2. Vo,y €T), (xy)° = y°2°;

3. (VieI)(Vl e A), (1i)° =40
4. IN = E(95).

Corollary 2.2 Let S° be an adequate transversal of a quasi-adequate semigroup S. If x €
E(S) then 2° € E°. In particular if v € I UA then 2° € EV.

Lemma 2.3 Let S° be an adequate transversal of a quasi-adequate semigroup S. Then I
(resp. M) is a left (resp. right) regular subband of S and E° is a semilattice transversal of
both I and A with 2° € V(x) N E° for all x € I UA. Moreover if z € E° then 2° = x.



Proof. That I is a left regular subband of S follows from Proposition 1.9. We prove
that EY is a transversal of I, the result for A being similar. For z € I we know that

2% € V(x) N E°. Suppose that 2’ € V(z) N EY. Then x2’ € I since I is a band. Hence

rx’ R* z and so z2’ = e, = za® since |R: N I| = 1. Similarly, 2’2 = 2%z and so by the

definition of z° it follows that =’ = 2 as required. ]

The following two subsets of S are defined in [1] and the diagram below summaries the
various connections between these sets.

R={zeS:e,=ez}, L={xz€S: f.=fz}

\JQE

E(S5)
From [1, Theorem 3.1] we see that R={z € S:2=Tf,},L={zx € S: 2 =e,T}.

Proposition 2.4 ([1, Theorem 3.11 & Corollary 3.13]) Let S be an abundant semigroup
with an adequate transversal S° and suppose that x,y € S. Then Ty = T § in each of the
following situations:

1. xeNyel;
2. x€ L,y € R;
3. x,ye€SY.
From Theorem 1.6 and Proposition 2.1 we can also deduce

Proposition 2.5 Let S be a quasi-adequate semigroup with an adequate transversal S° and
suppose that x,y € T = Reg(S). ThenTYy =T 7.

Corollary 2.6 Let S be an orthodox semigroup with an adequate (and hence inverse) transversal
SO, Then for allz,y € S, Ty =7 7.

We say that SY is a quasi-ideal of S if SYSS% C SY or equivalently [5, Proposition 2.2] if
AT C SY or [2, Lemma 1.4] if RL C S°. These transversals have been the subject of a great
deal of study in both the inverse and adequate cases.

Proposition 2.7 Let S be an abundant semigroup with a quasi-ideal adequate transversal
S0. S is quasi-adequate if and only if for all x,y € S,TY =T 7.

Proof.  First note that if S° is a quasi-ideal then from [1, Theorem 3.12] we see that for
all z,y € S
Ty = Tf:ceyya Cxy = €xCxy, f:cy facyfa:

Suppose that S is quasi-adequate. From Proposition 2.1 we deduce that f,e, = fzey and
since S° is a quasi-ideal of S then fye, = fye,. Hence Ty = Tf e,y = Tfzezy = T ¥.



Conversely suppose that Ty = T 3 for all z,y € S. Let =,y € E so that Z,7 € E° and hence
Ty € EY. Since S° is a quasi-ideal of S then § T = yT = yfye,Z. Similarly Ty = Tf,e,7.
Hence

TYTY = xeyyfyexffzy = xeyy Tfzy = emffmeyg ff:ceyyfy =€eTYT yfy

= e;T ?fy = eo;ffozeyyfy =Y.

So S is quasi-adequate as required. ]

Let S be a quasi-adequate semigroup with band of idempotents E and for e € E let E(e)
denote the J—class of e in E. For a € S, let a™ denote a typical element of R}(S)N E and
let a* denote a typical element of L%(S) N E. Define a relation § on S by

§={(a,b) € Sx S:b=eaf, for some e € E(a™’), f € E(a*)}.

From [7] we see that § is an equivalence relation and is contained in any adequate congruence
p on S. Recall [7] that a morphism ¢ : S — T is called good if for all a,b € S, a R*(S) b
implies a¢p R*(T) b¢ and a L£*(S) b implies a¢ L*(T) bp. So for example we see that if U is
an abundant subsemigroup of an abundant semigroup S then U is a x—subsemigroup of S
if and only if the inclusion U — S is good. Recently the term admissible has been used in
place of good and we shall henceforth use that term. A congruence p is called admissible if
the natural homomorphism p? : S — S/p is admissible. It was shown in [7, Proposition 2.1]
that if S is quasi-adequate then there exists a minimum adequate admissible congruence y
on S.

Lemma 2.8 ([7, Proposition 2.6]) If 6 is a congruence then ¢ is the minimum adequate
admissible congruence on S.

An idempotent-connected (IC) abundant semigroup S, is an abundant semigroup in which
for each a € S and some a™ € R*NE,a* € L:NE, there is a bijection a : (™) — (a*) such
that za = a(ac) for all @ € (a™). A bountiful semigroup is an IC quasi-adequate semigroup.

Theorem 2.9 ([11, Theorem 2.6]) Let S be a bountiful semigroup. Then § is an admissible
congruence.

Theorem 2.10 ([7, Corollary 2.8]) Let S be a quasi-adequate semigroup with band of
idempotents E. If E is normal then ¢ is an admissible congruence.

The following characterisation of the property that 7y = T 3 for all z,y € S essentially
appears in [8].

Proposition 2.11 ([8, Proposition 4.3 & Proposition 4.4]) If S is a quasi-adequate semigroup
with an adequate transversal SO then the following are equivalent

1. § is a congruence on S,

2. 6 ={(a,b) € S xS :a=>b},

3. forallz,ye S, Ty=T7.
Moreover in this case S/6 = S°.
Consequently, we shall say that an adequate transversal S° of a quasi-adequate semigroup S
is admissible if Ty =T 7y for all x,y € S. Notice that for such a transversal the natural map

8% S — SO splits in the sense that ¢6% = 1g0, where ¢ : S° — S is the inclusion morphism.
Hence S is a split quasi-adequate semigroup.



Lemma 2.12 Let S be a quasi-adequate semigroup with an admissible adequate transversal
SO Ifx,y € S then TY = Tfre,y.

Proof. Since Ty = T § then we see that

Theorem 2.13 Let S be a quasi-adequate semigroup with an admissible adequate transversal
SO, Then Cry = €xzfre,y WA foy = fzfie,ufy-
Proof. Notice first that using Lemma 2.12
(exezsoe,7) @) (fas.e,5fy) = €xCrtoe, g ey fatme, 5y
= exffw eyyfy
= xy
Moreover e, £LZTT and €zfre,g LT fgcenyr = (;?y)Jr from Lemma 2.12 and so we have
)+ =€z (effxeyﬂ(@>+)

= €z effzeyﬂ

(eweffw eyy) (@

and from Lemmas 1.1, 1.3 and 1.4

f—i_xiy> + (ex eifweyﬂ)
(@) ") (exlrsie,y)
+f+ (63; 6ffz€y§)

+

(eifmcyy)

(Ty)+ (em €z f, eyﬂ) =

So exezf,e,y £ (TY)T. In a similar way fzr, e, 5fy R (ZTy)* and the result follows. m

We therefore see that if S is a quasi-adequate semigroup with an admissible adequate
transversal S° then we have the factorisation

(exffx)(eyyfy) = (exe?fmey?) (ffﬂceyy) (fffmeyﬂfy>-

Let I be a left regular band with semilattice transversal E° and let € I. Denote the
L—class of z by L, and notice that L, = {y € I : y° = 2°} = L,0. To see this notice that
if x £y then 22 = 4%y and so 2° = 2%22° = 292 = 4y = yOyy® = 9y°. Also 20 = 20 since

EY is a semilattice and so 2% £ .
Lemma 2.14 Forallx € E°, L, is a left zero semigroup and if x,y € EY then LyL, C Ly,.
Proof. Let z € E°. Then L, is left zero since if a,b € L, then a £ b and since a, b are

idempotents then ab = a. If z,y € E® and if ¢ € L,,d € L, then (cd)? = d°° = 2%° =
(yz)? = 2° and so LyL, C Ly,. ]



Hence I = UgcpoL, and in this case we see that I is a semilattice E° of the left zero
semigroups L,. In a similar way, for each x € A, R, is a right zero semigroup and if x <y
then R,R, C R,. Hence A = U,cpoR, and we see that A is a semilattice E° of the right
zero semigroups R,. Notice that the above result is not true in general as can be seen
from [5, Example 2.7].

It is worth noting that by Lemma 1.3, for all z,y € S° we have (zy)* < z* and so
R(zy)- Ry C R(yy)- and (zy)T < 27T so that Lo+ Ligyy+ S Lgy)+-

Lemma 2.15 Let S be an abundant semigroup with an adequate transversal S°. Then for
all x E:S’O,a e A,b e I, it follows that a € Ry if and only if @ = x* whilst b € L+ if and
only if b=x7.

Proof.  First notice that if a € A,z € SY and if a € R,- then 2* R a R @ € E° and so
x* =@ as EY is sub-semilattice of S. Conversely if z* = @ then ¢ R @ = 2* and so a € R,~.
The result for b € [ is similar. ]

We now come to the main result of the paper.

Theorem 2.16 Let SU be an adequate semigroup with semilattice E° and let I = Uycpo Ly,
be a left regular band and A = Uycpo R, a right regular band with a common semilattice
transversal E°. Suppose that for each z,y € S° there exist mappings cu , @ Ry« X Ly —
Lzyy+ and By y : Rex X Lyt — Ry~ satisfying:

1. if f € Rev,g € Lyr,h € Ry, k € L+ then
(f:9)wy ((f,9)Beyhs k) Qay = = (f, 9(h, k) =) Qa2
(f,9(h, k) 2) Buy=(h k) By, = ((f,9)Bayhs k) Bay,z,
2. (a",y )y = (xy), (@ y)Bey = (z1)”,
3. ifx,xq1, 20 € 5%, €1 € Lmir,fl S Rmf,eg € LZ;7f2 € Rm;,e € L.+ and if
e1(f1,e)az, » = e2(f2, €)0u, 2, 17 = 227 and (f1,€)Bz, 27" = (f2,€)Br, 27"
then
e1(f1,€)a, o+ = ea(fo,€)t, o+, T12t = 222™ and (f1,€)Be, 2+ = (f2,€)Brpu+-
4. ifx, 1,00 € 5% €1 € Lz;r,fl € Ryr,en € LI;,fg € Ryy, f € Ry and if

2T (f,e1)0n . =21 (f, €2)p 2y, 221 = 272 and (f,e1)Be.2,f1 = (f,€2)Be.us fo

then
(fie1)aw o, = (f,€2)Qs oy, 2°21 =2 22 and (f,€1)Bor 2, f1 = (f, €2)Bu s f2
Define a multiplication on the set
W={(e,r,f) €I xS"xAN:e€L,r,f€ Ry}

by

(e;z, f)(9,y,h) = (e(f, 9)wy, 2y, (f, 9)Buyh).
Then W is a quasi-adequate semigroup with an admissible adequate transversal isomorphic
to SO . Moreover, if in addition a and B satisfy:



5. forall feAecl,
(foa 6)O‘fo,e0 = foea (fa 60)6f0,eo = feoa

then I(W) =2 I,A(W) = A.
Moreover every quasi-adequate semigroup S, with an admissible adequate transversal can be
constructed in this way.

Proof. @ We establish the result in stages. First we prove that W is a quasi-adequate
semigroup. Next we show that W has an adequate transversal isomorphic to S°. Then we
demonstrate that this transversal is admissible and finally we consider what happens when
property (5) holds.

That W is a semigroup follows easily from property 1. Notice now that (e, z, f) € E(W) if
and only if 2 € E°. To see this, suppose that (e, z, f) € E(W). Then

(6, z, f) = (6,33, f)(evxv f) = (e(f7 6)04967;5,5827 (f7 6)/Bac,acf)7

and so x = z2. Conversely, if z = 22 then

(e, f)(e.x, ) = (e(f, €)anz, 2%, (f,€)Baaf) = (6,2, f)

since (f, e)ag , € L,2y+ = Ly+ and so since L,+ is a left zero semigroup then e(f,e)ag , =e.

Similarly (f,e)Bsof = f.
Now we show that (e,z,z") R* (e,z, f). First notice that

(e,xt,a%)(e,x, ) = (e(z™, €)aps o, a7, (a7, €) ot o f) = (e, , ).
Suppose then that (e1, z1, f1)(e, z, f) = (e2, 22, f2)(e, z, f). Then

(el(flv e)al’l,ﬂﬁ?xl‘r? (f17 e)ﬁthf) = (eQ(va e)a$2,17$2x7 (f27 e)Bmz,mf)'

Since f R z* then fz* = 2* and so (f1,€)fz, 2% = (f2, €)Ps, »x*. Hence from (3) we see
that el(flve)ax17w+ = 62(f2,e)aw2,w+a (Ell'+ = QOJr and (flae)ﬁa:l,w‘*' = (f276)5z27w+ which

gives
(617 X1, fl)(ev $+7 er) = (el(fly e)az17z+ax1x+v (fh e)ﬁxl,;ﬂ‘*"rJr)
(62(f2a )aacz x+,fL‘21‘ (f27 e)ﬁ$27ﬂf+m+)

= (e, 2, fo)(e,x™,z™)

as required. In a similar way and using (4), (e, x, ) L£* (x*,z*, f). Consequently we see
that W is an abundant semigroup. In addition, if (e z, f),(g,y,h) € E(W) then z,y € E°
x,

and (e, z, f)(g,y,h) = (e(f,9)eay, 2y, (f,9)Bz,yh). Hence (e,z, f)(g,y,h) € E(W) and W
is quasi-adequate.

Now we show that W has an adequate transversal isomorphic to S°.
To this end let WO = {(z,z,2*) : x € S°}. First notice that W is a subsemigroup of W
since by (3) we have

(% 2,2 (y"0,y%) = (@ (2% y )y, 2y, (@7 y)Beyy™) = ((2y) T, 2y, (2y)).

This also clearly demonstrates that WP is isomorphic to S° and therefore is adequate. Now
it is clear that E(W°) = {(z,z,2) : # € E°} and so from the above arguments, we see that
(zt,z,2*)t = (27,27, 2T) and that (z7,z,2%)* = (2%, 2%,2%). It also follows from the



arguments above that (z, 2%, 2 7)R}, (7, x, 2*) and that (2%, 2*, 2*) L}, (21, 2, 2*) and so
W70 is a x—subsemigroup of W. To see that W9 is an adequate transversal of W notice that

(e, f) = (e, a")(a", z,27) (2", 2", f)

and from above we have that (e,z",z%) £ (z*,z,2*)", (z*, 2%, f) R (zF,z,2*)*. We need
only demonstrate that these terms are unique with respect to these properties. So suppose
that

(e.z, f) = (9,2, W) (y",y,y") (G, w, k)
with (g, 2, h), (j,w, k) € E(W) and (9,2, h) £ (y*,y,9")" = (y",y",y%), Gw, k) R (y*,9,y")* =
(v*,y",y"). Then (9,2 h)(y",y",y") = (9,2 h) and (y*,y",y")(g,2,h) = (y",y",y")
and so z £ yT. In a similar manner w R y* and so since S° is adequate we see that z = yT
and w = y*. Hence x = zyw = y as required. In fact it is not too hard to deduce that
g=ek=fh=2a" and j = x*.
To see that W9 is an admissible transversal of W notice that if (e, x, f), (g,y,h) € W then
it is straightforward to check, using (2), that

(e,z,f)(g,y,h) = ((zy)+vxy’ (xy)*) = (6’z7f) (gvy’ h)

Suppose now that for all f € Ae € I, (f° e)ap 0 = fOe, and (f,e°)Bjo 0 = fel. It is
worth noting that if (e,z, f) € W then from Corollary 2.2 and Lemma 2.15 we see that

eV = % =& = 2T and so with the obvious notation

I(W) = {(e,e’,e”) s e € I}.

In a similar way
AW) ={(f% 1% ) : f € A}
So fore,g € 1

(e, €%, €”)(g,9°,9°) = (e(e, g)aeo 4o, €°g°, (€%, g) Beo 40g°)

Since we know that W9 is an adequate transversal of W and that W is quasi-adequate then
it follows that I(W) is a band. Hence (€°, g)B.0 409° = €’¢" and so we see

(e,€%,€9)(g,9%,9°) = (e(e g)aen go,€%9°, (€2, g)Beo gog°)
= (ee’g, ", €¢")
= (eg, (eg)°, (eg)").
Hence I(W) = I. Similarly A(W) = A.

Conversely, let S be a quasi-adequate semigroup with an admissible adequate transversal S°.
Let I and A be as in the adequate transversal decomposition and note that by Lemma 2.3,
1 is a left regular subband and A is a right regular subband of S with a common semilattice
transversal E°. Define W = {(e,, T, f) : € S} and let S — W be given by = (e, T, f).
Then since e, £Z T and f, £ T* it follows that W is of the required form. For z,y € S° and
a € Ry«,b € Ly+ define (a,b)ony = €zapy and (a,b)Bey = fraby so that by Theorem 2.13
the multiplication in W is given by

(62757 fz)(eyag; fy) = (exeffzeygafyv fifzeyﬂfy) = (Q/L’ya@v fzy)

which is clearly associative and so W is a semigroup and the map S — W is a morphism.
It is also clearly a bijection and so an isomorphism. We show that « and g satisfy the
properties given in the statement of the theorem.

. . ——+ T _ T
First notice that (a,b)ag,y = €gapy £ (zaby) = (Ta by)+ = (aa by)+ = (zz*yty)t =
(zy)™ as required. Similarly, (a,b)B,, R (zy)*.
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1. Let a € Ry=,b€ Lyy,c€ Ry=,d € L,+. Then

(a7 b)aLy ((G,, b)ﬂw,yca d)) Qgy,z = €xaby (fazabyca d) Azy,z = CrabyCayfrapycdz

and
(a,b(c,d)ay,z) Az yz = (@, beyedz) Qayz = €xabe,canyz-

Now if we put u = zaby, v = cdz then we see that T = zaby =T a by = zx*yTy = zy.
In a similar way, ycdz = yz. From Theorem 2.13 it follows that

Cuv = E(uv)f,
= euyemfuvefv fo
= Culhf, e, VeV frfy cpvlves, fr
= Cu eﬂf”el’ﬁeﬂfueuﬁfifuevﬁefv f?)
= Cub(afue,v)fy
= Euluf,v
= erabyezyfwabycdz-

On the other hand we notice that €,ca-yz = Y2z = yz and €(c,.,.y2) = €(yedz)€yz- Lhen

Cl@ableqyeazyyz) = C2abC(zabfanece, .y, v T7)
= ewabe(%)f(wab)e(ycdz)e(yz)yCdZ

- ezabe(mab)fuab)6(ycdz)8(w)y6dz

= eIabe(%)f(:cab)e(ycdz)e(ycdz)yCdZ

ezabe(ﬂiab)fuab) €(yedz)ycdz
= €(zab)(ycdz)

= Eyv-

In a similar manner we can establish that
(f> g(ha k)ay,z) 6m,yz(h7 k)ﬂy,z = ((f> g)Bz,yh, k) Bmy,z-

2. (x*»er)am,y = Cgrgryty — €y = (‘ry)+v (x*aer)ﬁm,y = fwas*y+y = fzy = ($y)*,

3. First, since x12 = zox and since x R* 27 then z12™ = zox™. Also, (f1,€)q, o =

€xifrez R* x1fiex R* zifex™ R* ey fiear = (f1,€)0y o+ and so (f1,e)aq, o
(f1,€)aq, o+ (since |R} ¢ ., NI[=1) and so

el(fh e)al’1,$+ = el(fh e)aﬂﬁhx = eQ(an e)aﬂcz,x = eQ(an e)axg,x+-

Finally, since (fla e)ﬂzl,mx* = (f27 6)512@1‘* then fx1f1emx* = mefgemz*- Now fmlflem L* x1 frex
and 5o [, fea®” L* x1 frexa™ = 1 frex L7 [z, fex. Consequently fu,fea™ = foifien
since z* € E® C A (JAN Ly texl = 1). It follows that fu,fiex = frofea- Hence
we see that e1ey, f,eaT1T fo, frec = €2€ay foeaT2T fu, frew and so from Theorem 2.13 we
see that ejxifiex = eswafoex. Since v R* T then ejzy fiext = exwofor™. Now
let y = eyz1 f1 and z = eztat and note from Theorem 2.13 that f,. = fyr c.zf: =
Jorfrea+®™. In a similar way, if w = esxafo then fu. = fopie.zfe = fospreat@™
Hence we deduce that f,, feco+®™ = fo,ppex+at. Finally fo g eor £ z1frex™ and
SO fuy prea+xt L* wifrex™ L fo pex+r. Therefore fo peur L% fo,prex+ and so

(fh e)ﬁzl,er = leflez+ = fathgezJr = (f?a e)ﬁmg,x* as required.
4. Similar to (3).

11



5. By definition (f%,e)a o 0 = €gojoce0 = epo, = fe since fOe € E°I C I. In a similar
way (f,€°)Bgo o = feP.

As an example of Theorem 2.16, suppose that SY is an adequate semigroup with semilattice
of idempotents E° and let I = UycpoL, be a left normal band and A = Uycpo R, a right
normal band with a common quasi-ideal semilattice transversal E°. For each z,y € S° define

?w’y) : Ry« X Lyt — Lgyy+ and Bey : Ryw X Lyt — R(gy)- by (f,9)aey = (xy)*, (f,9)Be,y =
xy)*. Then

1. if f€ Ryx,9 € Ly+,h € Ry, k € L+ then

(f,9) .y ((f,9)Bryh k) uy . = (zy) T ((xy)2)T = (2(y2))" = (f, 9(h, k) y.2) Q-

and
(f7 g(hv k)a%z) /Bw,yz(hv k)ﬁy,z = (x(yz))*(yz)* = (x(yz))* = ((f7 g)ﬂw,yha k) 6Iy,za

2. (%Y )owy = (xy)™, (2%, 47) Bey = (zy)*,

3. ifx,x1,29 € 50,61 S Lm;r,fl € inﬂ,eg S L£2+,f2 S Rz;,e € L+ and if

e1(f1,€)p, o = ea(fo,€)am, », 12 = xox and (f1,€)Bz, 22" = (f2,€)fz,,02"

then

+ +

* ok

e1(x1z)" = eg(xox)™, T = xox and (z12) 2™ = (z2x)*x

* )k

and so since & R* xt, (z121)" = (z12)" and since (z12)*z* = (z12)* then

er(rx™)T = ex(wox™) T, 212" = 202 and (z12)*

and hence
el(fla e)aml,x+ = 62(f2a 6)0[12@4—, 1’1.’E+ = 1'2.’E+ and (fl»e)ﬁwl,z‘*' = (f27e)5$2,1+‘

4. in a similar way, if =, 21,22 € S°,e; € Lmjﬂfl € Ryz,e0 € Lw2+, f2 € Ryz, f € Ry« and
if

et (fe1) 0w, =27 (f,e2) 00 0y, w21 = 225 and (f, €1)Be.0, f1 = (f; €2)Bo.as f2
then
(f,e1)az oy = (f, €2)00 2y, a7x1 = "2 and (f,€1)Bo a1 f1 = (f; €2)Bax 0, f2
5. if f € A,e € I then since E° is a quasi-ideal of I we have
(10, €)atgn e = (f0)* = JO60 = [0 = () = Foe = f
and in a similar way

(f7 60)5f0780 _ (fOeO)* — fOeO _ fOOeOOO _ (feO)OO :F — feO.

12



Consequently we see from Theorem 2.16 that the set
W={(e,r,f) €I xS"xA:e€L,,f€ Ry}
together with multiplication defined by
(e.z, f)(g,y,h) = (e(xy) ™, y, (zy)*h).

is a quasi-adequate semigroup with an admissible adequate transversal W% = {(z %+, x, 2*) :
r € S°} isomorphic to S°. In addition, since property (5) holds, we see that I(W)
{(e,zt,at):x e S%ec Lyr} =T and AW) = {(z*,2%,f) : 2 € S°, f € Rp»} =2 A and so

(@*,2%, f)le,yT,y™) = (@ (@ y") 2"y T, (a"y ") yT) = (@y T 2ty ey ) e WP
which means that W9 is a quasi-ideal of W.

On the other hand, if S is a quasi-adequate semigroup with an admissible adequate transversal
59 such that S° is a quasi-ideal of S then we see from Theorem 2.16 that for all z,y € S°
there exists maps o, and ;. with the properties (1)-(5) and such that

S=W ={(e,z,f) €I xS"xA:e€Ly,f€ Ry} and SO WO = {(zF,2,2%) : x € SO}

with multiplication given by

(e,x, f)(g,y,h) = (e(f, g)O‘x,yv zy, (f, g)ﬁx,yh)'

Moreover from the proof we see that (f, g)az,y = €xrgy = ez75y = (xfgy)t = (Tfgy)T =
(ZYy)" = (zy)T. In a similar way (f, g)Bs,y = (zy)*. Also, if f € E° e € I then by property
(5), fe = fPe = (f° e)ap o = (f2°)" € E° and so E is a quasi-ideal of I. In a similar
way E° is a quasi-ideal of A. Finally, we know from [14, Proposition 1.7] together with the
remarks before Proposition 1.9 that I is a left normal band and A is a right normal band
and so we have established

Corollary 2.17 Let S° be an adequate semigroup with semilattice of idempotents E° and
let I = UgzepoLy be a left normal band and A = UycgoR, be a right normal band with a
common semilattice transversal E°. Let

W={(e,r,f) €I xS"xA:e€L,r,f€ Ry}
and define a multiplication on W by

(67 €T, f)(97 Y, h) = (6(1?y)+, Yy, (xy)*h)

Then W is a quasi-adequate semigroup with a quasi-ideal, admissible adequate transversal
isomorphic to S°. Conversely every such transversal can be constructed in this way.

An adequate transversal S° of an abundant semigroup S is said to be multiplicative if
AI C E(SY). Tt is worth noting that by [1, Theorem 5.3 & Corollary 6.3] that if S is quasi-
adequate then S is multiplicative if and only if S° is a quasi-ideal. Notice also that since I
is left normal then by [1, Lemma 1.7 (3) & Theorem 4.2] E? is a quasi-ideal of both I and
A.

An interesting consequence of this corollary is the following alternative characterisation

involving spined products. An abundant semigroup is said to be left (resp. right) adequate
if every R*—class (resp. L£*—class) contains a unique idempotent. From [1, Theorem 3.14]
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we see that is S is a left adequate semigroup with an adequate transversal S° then A =
E° R=S%L =S and I = E(S). 1t also follows from [2, Theorem 2.3] that if S° is a quasi-
ideal adequate transversal of an abundant semigroup S then L and R are subsemigroups
of S, L is left adequate and R is right adequate with S° a common quasi-ideal adequate
transversal of both L and R.

Suppose now that S° is a quasi-ideal adequate transversal of an abundant semigroup S.
Notice that by [1, Corollary 3.13], if a € L,b € R,x € S° then

AT =0T, eap = €(AT)T, for = (@7T)* fp and b =T b, €4 = €,(T b)T, fup, = (T b)* fi.
In particular, if a € L,+,b € R,- then by Lemma 2.15, @ = 7,b = 2* and so
AT = T, €qp = G, faz = fo and xb = 2, e4p = €4, fop, = b.

Since SY is a quasi-ideal of S then RL C S° and so we can define a multiplication on the
spined product
LI x|R={(z,a) e LXR:T=7a}

by B
(z,a)(y,b) = (xy,ab) = (xb, Tb)

and it is an easy matter to demonstrate that under this multiplication L| x | R is a semigroup.

Corollary 2.18 Let L be a left adequate semigroup and R a right adequate semigroup with
a common quasi-ideal adequate transversal S°. Construct the spined product

LI x|R={(x,a) e LxR:T =a}
and define a multiplication on L| X |R by
(z,a)(y,b) = (27, ab) = (xb,7b)

Then L|x|R is a quasi-adequate semigroup with an admissible, quasi-ideal adequate transversal
isomorphic to S°. Moreover every such transversal can be constructed in this way.

Proof. Let L, R and S be as in the statement of the theorem, let E° be the semilattice
of idempotents of S° and let I = E(L) = I(L) and A = E(R) = A(R). To show that I
is left normal suppose that e € E°,i € I(L) = E(L). Then ei € E°T = A(L)I C S° since
SY is a quasi-ideal of L and so ei = ei = € i = e i by Proposition 2.4 (1). Hence by [1,
Theorem 4.2] we see that I is left normal. In a similar way A is right normal. Since S°
is a common adequate transversal of L and R then it follows easily that E° is a common
semilattice transversal of I and A. Now from Corollary 2.17

W={(g,x,0) eI xS°xA:ge Lys,l€ R}
is a quasi-adequate semigroup with multiplication given by

(9,2, 0)(h,y, k) = (g(xy) ™, 2y, (xy) k)

and WO = {(zF,2,2*)x € S°} = SO is a quasi-ideal, admissible adequate transversal of W.
Consider then the map ¢ : W — L| x |R given by (g,z,l) — (gz,zl). Then

(9,2, 0)(h,y, k)p = (g(xy) ", 2y, (xy) K)o = (9(xy), (zy)k)

= (g(zhy), (zly)k) = (g, 1) (hy, yk)
= (gv €z, l)(b(ha Y, k)¢
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and so ¢ is a morphism. If z € L,a € R then (z,a) = (e,T,af,) = (e, T, fo)¢ and hence ¢
is onto while if (g, z,1)¢ = (h,y, k)¢ then (gx, xl) = (hy,yk) and so from above we see that
x =97 = hy = y. In addition, g = e, = epy = h and | = fuy = fyr = k and so ¢ is an
isomorphism. Clearly W° = {(z ", z,2*)x € S°} = S°.

Conversely suppose that S is a quasi-adequate semigroup with a quasi-ideal, admissible
adequate transversal S° of S and suppose that E is the semilattice of idempotents of S°.
Then by Corollary 2.17 there exists a left normal band I and a right normal band A with a
common semilattice transversal E° such that

W ={(g,2,1) €I xS xA:g€L,t,l € Ry}
is a quasi-adequate semigroup with multiplication given by
(9,2, D) (h,y. k) = (g9(zy) ", 2y, (vy)"k)
and in addition I(W) = T = I(S),A(W) =2 A = A(S). Infact we see from the proof that
W ={(es,Z, fo) €I xS x A:x €S}

Let L = L(S),R = R(S) and consider the map 6 : L| x [R — W given by (z,a)0 =
(€x,T, fo). Then (z,a)(y,b)0 = (zy,ab)d = (esy,2Y, fav) = (ex(T Y)T, T 7, (a b)*fp) =
(2,7, fa)(ey, T, fo) = (z,a)0(y,b)8 and so 6 is a morphism which is clearly onto. If (z,a)8 =
(yvb)e then (ezaja fa) = (eyvya fb) and so €x = eyaj =Yy and fr = ff = fE = fﬂ = fﬂ = fy
and so x = y. In a similar way ¢ = b and so 6 is an isomorphism. That L is left adequate
and R is right adequate follow from the statements above. ]

The interested reader may like to consult [2] for results of a similar nature involving spined
product decompositions of abundant semigroups.

In view of [1, Section 7] it would be of interest to know what effect S being a monoid has
on the details of Theorem 2.16.

3 Left Adequate Semigroups

As another application of Theorem 2.16 we consider the case of left adequate semigroups.
Let S be a left adequate semigroup with an adequate transversal S° and as usual let E° be
the semilattice of idempotents of SY. Since A = E° then if S is also quasi-adequate and S°
is admissible then we must have R+ = {z*} and so (f,e)B;, = (zy)*. In addition we can
also deduce from [1, Theorem 3.14] that for all z € S, x = e,T and we shall make use of this
fact in what follows without further reference.

Let S° be an adequate semigroup with semilattice of idempotents E° and suppose that I
is a left regular band with a semilattice transversal (isomorphic to) EY. Suppose also that
there is defined on I a left S%—action S° x I — I given by (x,e) — z * e and which is
distributive over the multiplication on I. In other words, for all 2,y € S%, e, f € I we have

(zy)xe=xx* (yxe) and x x (ef) = (zxe)(x * f).
We can construct the semidirect product of S° by I as
I%8%={(e,z) €T x 8}
with multiplication given by
(e,2)(g,y) = (e(x * g), zy)

and it is an easy matter to check that I* S is a semigroup. Now consider the subsemigroup
W ={(e,z) e IS5 :e€ L,+}.
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Lemma 3.1 Let I,5° and W be as above and suppose that for all x,y € S°, zxy* = (xy)*.
Then

1. forallz,y € SO f € Ly+, % f € Ligy)+;
2. EW)={(e,x) e W:z € E°};
3. E(W) is a band.

Proof. Letxz,yc S®andecI.

1. Let f € L,+ and notice that

exf = xx(fyt)=(xxflexy?) = (z*f)(zy)T,
()t f) = (exyN)(@xf)=xx@tf)=zxy" = (ay)",

and so = x f € L,,)+ as required.

2. If (e,x) € E(W) then (e,z) = (e,x)(e,z) = (e(z * e),2?) and so x € E°. Conversely,
if 2 € E° then from the first part, z xe € L(z2y+ = Ly+ and so elz e and e = e(x x e).
Consequently (e, z) € E(W).

3. That E(W) is a band is reasonably clear.

Lemma 3.2 Let I,5° and W be as above and suppose that for all x,y € S°, zxy* = (xy)*.
Then W is a left abundant semigroup and for allw € W, |R: N E(W)| = 1.

Proof. Let (e,z) € W and notice that (e,z")(e,z) = (e(z™ * e),zTx) = (e, x) since
zt xe € Ly+ by the previous Lemma. In addition, if (e1,z1)(e,z) = (e2,22)(e,z) then
(e1(x1 *€),x12) = (ea(x2 * €), x2x) and since x R* 2+ then (e1,z1)(e,z7) = (e2, z2)(e,z™)
and so (e,z7) R* (e,z) and W is left abundant.

Suppose now that (f,y) € E(W)N R{, ). Then (f,y)(e,x) = (e,x) and so (f(y =€), yx) =
(e,x). Hence yr = z and f(y *xe) = e. It follows since z R* T that yz© = 7. Now it
is easy to check, using Lemma 3.1(1), that (e,z7)(e,z) = (f,y)(e,z) and so it follows that
(e,z™)(f,y) = (f,y)(f,y) and hence 27y = y. Consequently we deduce that 2= = y. But
from the Lemma 3.1(1) y x € € Lyz)+ = Ly+ = Ly+ and so e = f(y * e) = f as required. ®

Let WO = {(2T,2) : € S°} and notice that WY is a subsemigroup of W. From the proof
of the previous Lemma we see that (z7,27) R* (T, z) and so by [8, Proposition 1.3], W°
is a right *—subsemigroup of W and hence is also left abundant.

We say that a left adequate semigroup S is left ample (formerly called left type-A) if for all
a€S,e€ E(S),(ae) = (ae)ta.

Lemma 3.3 Let I,S° and W be as above and suppose that for all x,y € S°,xxyt = (xy)*
and that S° is left ample. Then for allw € W° e € E(W9), we = (we)tw.

Proof. Letw = (z¥,2)andlete = (y*,y") for some z,y € S°. Then we = (z,2)(y*,y") =
((zy)*,zyt) and (we)* = ((xy)*, (zy)T). Hence (we)tw = ((zy)*,(zy)*)(zT,z) =
((zy)™, (zy)Tx) = we as required. -

Theorem 3.4 Let SO be a left ample, adequate semigroup with semilattice E° and let T =
Ugero Ly be a left reqular band with a semilattice transversal E°. Suppose also that there is
defined on I a left S°—action S° x I — I given by (x,e) — x * e and which is distributive
over the multiplication on I satisfying:
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1. for all x,y € S°, xxyT = (zy)*,
2. ifx,xq1, 20 € 5%, €1 € Lz;r,eg € LI; and if
(

vt (rxe)) =at (v *es), z01 = T2

then
¥ xe; =x" xeq, x¥11 = 220

Define a multiplication on the set

W={(e,x) €I xS:ec L}

by
(e,x)(g,y) = (e(a: * g),xy).

Then W is a left adequate, quasi-adequate semigroup with an admissible, left ample, adequate
transversal isomorphic to S°.
If in addition we have

3. a2t xe=2aTe forallec I,z € S°

then I(W) = I.
Moreover every left adequate, quasi-adequate semigroup S with a left ample, admissible
adequate transversal can be constructed in this way.

Proof. = We show that the conditions for Theorem 2.16 are satisfied. Let I = |J,po Lz, E°
and S be as in the statement of the theorem and let A = E° = |J, o Re- Let 2,y € S? and
define ag y : Ryx X Lyt — Ligyy+ by (2%, e)agy = xxe and define B,y @ Rpx X Lyt — Rz
by (z*,€)B:y = (zy)*.

1.if f€ Ryg=,9 € Ly+,h € Ry, k € L+ then

(fa g)Oéa:,y ((f7 g)ﬁw,yhv k) Apy,z = El‘ *
X *

and

(f9(h, k)oy,2) Bay=(h, k)By,. = (2(y2))"(y2)"

2. (z*,yN)agy =zxyT = (zy)*.

3. ifx, 21,20 € 8% e € L$;r7f1 € RI;762 € Lw;—,fg IS Rzg,e € L,+ and if

e1(f1,€)az, o = ea(f2,€)Quy 0, 212 = zox and (f1,€)Bs, 22" = (f2,€) By,
then (f1,e)aq, o = z1 % e = (f1,€)a,, ,+ and z127 = o2t as @ R* «T. Hence

el(fla e)azl,x+ = 62(.](‘23 e)azg,z+7 581'1j+ = 5L‘2$+ and (fl;e)ﬂzl,:ﬁr = (f27e)ﬁ12,:c+~
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4. ifl‘,(El,JJQ S 50,61 S inhfl € Rm9{762 S Lw;—,fg S Rx;,f € R,+ and if

et (f,e1)um =27 (f,2)00 2y, 221 = 29 and (f,e1)Be.e, f1 = (f,€2)Be.es fo

then z+(z % e1) = 27 (x % e3) and so x* x e = a* * ex and x*x1 = z*x5 by property
(2). Hence

(f,e1)apx oy = (f, €2)0x 2,y ©"21 = 222 and (f, e1)Bex 21 f1 = (f, €2)Brx 2, fo-

We can consequently deduce from Theorem 2.16 that W = {(e,z,f) € I x S x A : e €
L+, f € Ry+} is a quasi-adequate semigroup with an admissible adequate transversal W° =
{(zF,2,2%) 1 2 € SO} =2 SO Tt is also clear that W = {(e,z) € I x S° : e € L,+}. Hence
from Lemma 3.2 we see that W is left adequate and from Lemma 3.3 that W0 is left ample
as required.

Suppose that z+ xe = zte for all e € I,z € S° and consider the map I — W given by
a + (a,a®), where a° is the unique inverse of a in the semilattice transversal E°. Tt is
not too difficult to see that in fact @ = aa® and a° = a’a and so (a°)* = a’lz. Now
ab +— (ab, (ab)?) = (a(a’b), (ab)®) = (a(a® * b),a’d°) = (a,a’)(b,b°) and so I(W) = 1.

Conversely, let S be a left adequate, quasi-adequate semigroup with a left ample, admissible,
adequate transversal S°.

From Theorem 2.16 we see that S = W where
W={(e,z,f) €I xS"xA:e€Lys,f€E Ry}
and multiplication is given by

(67 Zz, f)(97 Y, h) = (e(f, g)aa:,ya zyY, (fa g)ﬁx,yh) = (eea:fgya zy, fxfgyh)'

Since S is left adequate we in fact have

W= {(e,r) eI xS:ec L}
and multiplication is given by

(6, JT)(Q7 y) = (eezw*gya l“y) = (eeacgy7 J?y)

Let x € S° and define a left action of S° on I by zxe = €zey Where e € Ly +. To check that *
is indeed an action notice first that e, R* zey R* zey™ = ze R* ey and s0 €gey = €40 and
x * e is independent of y. Hence * is well defined. Now let z,y € S°, e € I. Then eye R* ye
and so zeye R* wye and hence from Lemma 1.5 we see that z * (y x ) = 2 * (eye) = €ge,. =
ezye = (2y) * e. Consequently * is a left action.

Suppose e € Ly+, f € L+ so that ef € Lyt Lo+ = Lyt .+ = Lzty+y+ = L(z+y)+. Hence o
(ef) = eges- Now (zxe)(x*f) = epeaf = €ec,oe,, and since ey R* o f then egeerr R* epex f
and so from Lemma 1.5 we see that ezce,r = €epoen; = Cegorf- BUb

TE = €peX€ = €€zl = Eypelialefze
= €peTC =€y TE =64 (TE) T
=  €peCzel = €zcl.
Hence egef = €c, af = €ze€ay and so x satisfies the appropriate distributive property.

Notice that if € SO then e, R* z R* 2T and so e, = 1 since S is left adequate. Let
z,y € S°. Then z xy™ = e, + = (zy™) " = (2y)* and so property (1) holds.
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Suppose that x, 21,22 € S%,e; € Lﬂmeg € Lw2+ and that

vt (rxe)) =at (v *es), 21 = TT0.

Then 2 ege, = 2 €ge,, 1 = 22 and since © L* z* then z*z1 = z* 2.
Now ege, R* we; and so xVeze, R* vtxe; = ey R* ege,. Hence z7eze, = €ge, since

|IﬂRJ*C€1| = 1. Consequently we deduce that e;e, = €4e,. Now using Theorem 2.13 we deduce

that eze o, = Cxer€Teres, m1 = CaerCopty, = CueiCozi = CxerCozy = Cxerus- Hence zejx1 =
€re1z, TCIT1 = €ge iz, TT1 = TegTo. Since x L* x* then z*ejx1 = x*esxe. Consequently
€xreym; = Exreqsz, ald from above we see that T * €1 = €yxe; = €pveray = €axresmy = Carey =
x % eg and so property (2) holds.

Finally if z € S°,e € I then 2% xe = e,+, = 21e and so property (3) holds. n

4 Inverse Transversals

We now consider the situation when S is in fact regular. We make use of Theorem 1.6
together with the associated remarks.

Proposition 4.1 Let S be a quasi-adequate semigroup with an adequate transversal S°.
Then S is orthodoz if and only if S° is inverse.

Proof. If S is orthodox then clearly S° is regular and so inverse. Conversely if S is
inverse then for all z € S we have x = e,Tf, € (Reg(S)) and so from [7, Proposition 1.3
x € Reg(S). n

Let S°, I, A and W be as in the statement of Theorem 2.16 together with the given multiplication
and suppose that properties (1) and (2) hold so that W is a semigroup. Let (e,z, f) € W
and notice that e € L+, f € Ry~ and so €0 =& = 2, f90 = f = 2*. Now suppose in what
follows that S° is an inverse semigroup so that on SY, R* = R. Notice that 2+ = z2~! and
¥ =z 'x. Also it is easy to see that

1 (x_l
(@)
(™)
(

o) =2

. )+:x_1(33_1)_1:x T = T*,
2. *
3. !
4.

From above and from Lemma 2.3 we see that ¢ = €% = 27 = (z7!)* and similarly
fO = %0 = 2* = (x71)* and consequently (f°, 271, e%) € W. It is then easy to check that

(e,x, £)(f° 27, e%) = (e,xT,2T) = (e, €%, €")

and that
(@,60760)(€,$,f) = (e,x, f)

Hence it follows that (e,e’,e’) R (e, x, f) and that W is regular. It is also easy to verify
that (0,271, e%) € V(e,x, f).
Now suppose that the condition in property (3) of Theorem 2.16 holds, namely

el(f17 e)agcl,x = 62(f27 e)axg,:m r12 = zox and (f17 e)ﬂml,xx* = (f27 6)/8962,;217*-
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Then we have
(elaxlafl>(€ax7$*> = (62,1‘2,f2)(€,$,$*)

and so multiplying on the right by ((Jc*)o ;21 e%) we see that

(6171'1» fl)(6,$+,$+) = (62,552, f2)(ea SU+,.’E+).

Consequently we see that the conclusion of property (3) holds. In a similar way property
(4) holds as well. Hence we have proved

Corollary 4.2 ([15, Theorem 3.6]) Let S° be an inverse semigroup with semilattice of
idempotents E° and let I = UycpoL, be a left reqular band and A = U,cpoR, a right
reqular band with a common semilattice transversal E°. Suppose that for each x,y € S°
there exist ag, € PT(A % I,I) and By, € PT(A x I,A) satisfying:

1. dom(ay,y) = dom(By) € Ry-1, X Lyy—1,(f,€)omy € Lzy)(zy)-1 and (f.e)Bzy €
Riay) -1 (ay),

2. if f€ Ry—15,9€ Lyy—1,h € Ry—1 k€ L,,—1 then
(f:9)ay ((F,9)Bayhs k) Qay,= = (f, 9(hs K)evy,2) @ ye
(f,9(h, K)oy 2) By (h, k) By, = ((f,9)Bayh, k) Bey.2,
8. (a7 m,yy Nawy = (zy)(xy) ™ (@7 2, yy ™) Bey = (2) 7 (2y),
Define a multiplication on the set
W=A{(e,z,f) €I xS xA:e€Lyy1,fERy1,}

by
(e,x, f)(g,y,h) = (e(f,9) 0wy, xy, (f,9)Bzyh)-

Then W is an orthodox semigroup with an inverse transversal isomorphic to S°. Moreover,
if in addition o and B satisfy

4. forall feANeel,
(fO, 6)0&f0760 = foe, (f, eo)ﬂfoﬁeo = feo,

then I(W) =2 I,A(W) = A.
Conversely every orthodox semigroup S, with an inverse transversal can be constructed in
this way.

From Theorem 3.4 we can also deduce the following

Corollary 4.3 (Cf. [16, Theorem 1]) Let S° be an inverse semigroup with semilattice of
idempotents E° and let I be a left reqular band with a semilattice transversal isomorphic to
E°. Suppose that on I we have a left action of SO given by (x,e) — x * e and which is
distributive over the multiplication on I satisfying

1. for all v,y € SO o+ (yy= 1) = (zy)(xy)~L;

2. forallz € S%eel,(zat)xe= (zazt)e.
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Define a multiplication on the set
W={(e,x)eIxS8:ec Ly, 1}

by
(e,z)(g,y) = (e(x * 9), zy).

Then W is a left inverse semigroup with an inverse transversal isomorphic to S° and I(W) =
I. Moreover every left inverse semigroup S with an inverse transversal can be constructed
mn this way.

Proof. Let I,S% E° and * be as given and suppose that =, z1,z2 € S°,e; € Lw1w1—1762 €
L 23! and that

T2
zrH(zxe)) =z (z * e), 2y = TI0.

Then (zz~ !, 2)(e1,21) = (v2~1, 1) (e2, 22) and so multiplying on the left by ((z*)°, 2~1) we

see that (z* x e;,x*x1) = (x* * eg, £*x2). The result now follows now by Theorem 3.4. =
From Corollary 2.17 we can deduce

Corollary 4.4 Let S° be an inverse semigroup with semilattice E° and let I = U,cpoL,
be a left normal band and A = U,cpo R, a right normal band with a common semilattice
transversal E°. Let

W={(e,z,f) €I xS"xA:e€Ly1,fERy1,}
and define a multiplication by
(€2, f)(g,y. h) = (e(zy)(zy) ™", 2y, (xy) " (zy)h).

Then W is an orthodox semigroup with a quasi-ideal inverse transversal TO = S°. Conversely
every such transversal can be constructed in this way.

Finally from Corollary 2.18 we deduce

Corollary 4.5 Let L be a left inverse semigroup and R a right inverse semigroup with a
common quasi-ideal inverse transversal S°. Construct the spined product

LI x |[R={(v,a) € L x R:2°=a"}
and define a multiplication on L| x |R by
(xa a) (y, b) = (xyOO’ aOOb)

Then L| X |R is an orthodox semigroup with a quasi-ideal inverse transversal isomorphic to
SO, Moreover every such transversal can be constructed in this way.

The authors would like to thank V. Gould and J. Fountain for useful discussions relating to
this work.
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