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PARTIAL TRANSLATION ALGEBRAS FOR CERTAIN DISCRETE
METRIC SPACES

by Rosemary Johanna Putwain

The notion of a partial translation algebra was introduced by Brodzki, Niblo
and Wright in [11] to provide an analogue of the reduced group C*-algebra
for metric spaces. Such an algebra is constructed from a partial translation
structure, a structure which any bounded geometry uniformly discrete met-
ric space admits; we prove that these structures restrict to subspaces and are
preserved by uniform bijections, leading to a new proof of an existing theo-
rem. We examine a number of examples of partial translation structures and
the algebras they give rise to in detail, in particular studying cases where
two different algebras may be associated with the same metric space. We
introduce the notion of a map between partial translation structures and use
this to describe when a map of metric spaces gives rise to a homomorphism
of related partial translation algebras. Using this homomorphism, we con-
struct a C*-algebra extension for subspaces of groups, which we employ to
compute K-theory for the algebra arising from a particular subspace of the
integers. We also examine a way to form a groupoid from a partial transla-
tion structure, and prove that in the case of a discrete group the associated
C*-algebra is the same as the reduced group C*-algebra. In addition to
this we present several subsidiary results relating to partial translations and

cotranslations and the operators these give rise to.
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1 Introduction

It has long been recognised that certain C*-algebras which may be associ-
ated with a group G can be used to characterise properties of the group
itself. This is especially true of the reduced C*-algebra of a discrete group;
for example, Lance proved that a discrete group G is amenable if and only
if its reduced C*-algebra C(G) is nuclear [23]. In the discrete case, the
(right) reduced group C*-algebra is contained within the uniform Roe al-
gebra C(G), but whilst such an algebra may be associated with any given
metric space, the reduced C*-algebra is only defined for groups. Hence it
is useful for general metric spaces to consider an analogue of the reduced
C*-algebra; in [11], Brodzki, Niblo and Wright introduced an algebra to fill
this role. Their construction works by mimicking the right action of a group
on itself to abstract the notion of a translation structure for a space, then
using the partial translations which contribute to this structure to generate
a subalgebra of the uniform Roe algebra of the space. The main subject
of this thesis is an exploration of various properties and examples of these
partial translation structures and the algebras which arise from them.

The first chapter consists of motivational material and some results
within the wider area of group C*-algebras, before we restrict our focus
to partial translation algebras. We begin with the general definition of a
C*-algebra, along with that of the reduced group C*-algebra, the uniform
Roe algebra and other related notions. A key example of a C*-algebra is
given by the space of complex-valued functions on a metric space X which
vanish at infinity; an original proof of the known fact that the state space
of this algebra is equivalent to the space of probability measures on X can
be found in subsection 2.1.2.

In the second section of chapter 2 we include the definition of property
A. This interesting metric property, reminiscent of the Fglner condition for
amenable groups, was introduced by Yu in [38]. Property A guarantees uni-
form embeddability into Hilbert space, which in turn gives the coarse Baum-
Connes conjecture and therefore the Novikov conjecture. By the results of
[3], [20], [18] and [25], for a discrete group G the property is equivalent to
both the nuclearity of C}(G) and to the exactness of C}(G). In [11], the
authors proved that the equivalence of property A and nuclearity of the

uniform Roe algebra also holds for metric spaces which are sufficiently ho-



mogeneous in the sense that they admit a partial translation structure which
satisfies certain properties (namely freeness and global control; see chapter
3 for definitions). They additionally proved that in this case property A is
also equivalent to the exactness of the uniform Roe algebra, and thus prop-
erty A provides a way to show that exactness and nuclearity of C(X) are
equivalent for a space X which has been deemed sufficiently group-like via
the presence of a certain type of partial translation structure.

There are many different ways to define property A, so as well as stating
Yu’s original definition we consider two other accepted versions and prove
their equivalence. Onme of these alternate definitions involves probability
measures, so we are able to recast this in the language of states by way of
our results from subsection 2.1.2.

The third section of chapter 2 takes a brief look at Hilbert space com-
pression, a numerical invariant for a group, which is particularly interesting
because of a result by Guentner and Kaminker which states that any finitely
generated discrete group with Hilbert space compression greater than one
half is exact. In other words, the reduced C*-algebra of such a group is
exact. It is known that exactness of a countable discrete group implies its
uniform embeddability in a Hilbert space, but whether or not the converse
is true is an open question; as Guentner and Kaminker also showed that any
space with non-zero Hilbert space compression is uniformly embeddable in
a Hilbert space, they in fact proved the converse for discrete groups with
Hilbert space compression greater than one half. This section concludes
with an alternative definition for compression which appears in [4].

One method for proving exactness of a discrete group, and hence showing
that it has property A, is to show that the group acts amenably on a compact
space [2]. It is well known that every free group acts on itself and has a tree
for its Cayley graph; thus, in the final section of chapter 2 we provide a
new proof of the known result that finitely generated free groups are exact
by showing amenability of the action on the boundary of this tree. We
describe two different methods for achieving this, the first using a variation
of a construction by Brodzki, Campbell, Guentner, Niblo and Wright which
was originally used to prove property A for finite dimensional CAT(0) cube
complexes, and the second based on a construction of Germain related to
discrete word hyperbolic groups.

The definition of a partial translation structure can be found in chapter



3, where we also prove a number of new results related to restricting partial
translation structures to subspaces and mapping them via uniform bijec-
tions. Combining these results yields a new proof of a theorem by Brodzki,
Niblo and Wright which states that any space admitting an injective uni-
form embedding into a discrete group admits a free and globally controlled
partial translation structure.

Partial translation structures are made up of translations and cotransla-
tions, which interact with each other in a way which mimics the interaction
between left and right multiplication in a group. For the most part we
focus on partial translations, as these define the generators for the partial
translation algebra, however in the final section of chapter 3 we turn our
attention to orbits of cotranslations. We show that any partial translation
can be expressed as the orbit of a pair of elements under cotranslations, and
that under certain conditions the cotranslation orbits alone form a partial
translation structure. We also include a couple of useful remarks relating to
group actions.

The following chapter defines the partial translation algebra arising from
a partial translation structure, a subalgebra of the uniform Roe algebra,
which in the canonical group case coincides with the reduced group C*-
algebra. Here we also prove a couple of results about the operators which
arise from partial translations, as these are used to generate the algebra, in
particular specifying when these will be unitary and explaining why they
have finite propagation.

Next we consider some concrete examples of partial translation struc-
tures and algebras. In section 5.1, we take subspaces of certain groups
and apply the theorems from chapter 3 to obtain two partial translation
structures for each subspace, one via restricting the canonical partial trans-
lation structure of the group and one via the use of a uniform bijection, so
that we may examine how these two methods can produce different results.
These ideas are taken one step further for some of the examples in section
5.2, where we look at the partial translation algebras which arise, and thus
prove that there are spaces for which these are not unique.

Maps of partial translation structures are an important theme for this
thesis, and chapter 6 consists of the first stage in a project to ascertain
when such maps give rise to C*-homomorphisms between the associated

partial translation algebras. Here we focus specifically on inclusion maps



for subspaces of groups, and with the help of some examples decide this
question first for the case where the group we consider is the integers and
secondly for the more general case.

To identify homomorphisms between partial translation algebras in gen-
eral it becomes necessary to formally define what it means for a map of
metric spaces to be a morphism of partial translation structures (or P.T.S.
map), hence we do so in section 7.1. We relate this definition to examples
we have already considered in section 7.2, and then use it to evaluate some
new examples involving maps from other groups to Z. Finally, in section 7.5,
we are able to expand upon the results of chapter 6 by proving that P.T.S.
maps always give rise to homomorphisms of partial translation algebras, so
long as there is a uniform bound on the number of partial translations being
mapped to any single translation.

In chapter 8 we demonstrate the usefulness of such a homomorphism, by
constructing an algebra extension where the middle term is the C*-algebra
arising from the restriction of a canonical group partial translation struc-
ture to a subspace. The surjective map in the sequence is the C*-algebra
homomorphism which features in the previous two chapters.

The algebra extension yields a six-term exact sequence in K-theory,
which can be employed to compute K-theory for specific examples; generally
speaking, this is no easy task! We show explicitly how one accomplishes such
a computation with the help of our sequence in chapter 9, where an in-depth
evaluation of a partial translation algebra is provided, culminating with the
determination of the K-theory of that algebra. The algebra considered in
this chapter arises from a restricted canonical partial translation structure
defined over a set of integers, illustrating how a great deal of structure can
be extrapolated even from the simplest of examples.

The final chapter of the thesis studies a link between partial translation
structures and groupoids. After providing two equivalent definitions of a
groupoid in section 10.1, in section 10.2 we introduce the “partial translation
groupoid” which arises from any given partial translation structure. This
groupoid is reminiscent of the beautiful construction of Skandalis, Tu and
Yu appearing in [36], which allows one to encode the large scale structure of
a (bounded geometry) space by means of a groupoid of partial translations,
and has greatly clarified many foundational questions in coarse geometry.

However, there are significant differences between the way in which the two



groupoids are defined.

We show in section 10.2 that in cases where the translations and cotrans-
lations satisfy certain conditions, which in particular hold for the canonical
partial translation structure for a discrete group, our partial translation
groupoid is itself a partial translation structure. It is also shown in this sec-
tion that one can expand a free partial translation structure into a family of
groupoids which is again a free partial translation structure, so long as every
partial cotranslation is globally defined. Section 10.3 offers a definition of
the reduced groupoid C*-algebra (due to Roe), and goes on to prove that
in the case of the groupoid associated to the canonical partial translation
structure of a discrete group G, this object coincides with the reduced group
C*-algebra of G. In doing this we also employ an original proof of a lemma
which gives an alternative description of the group ring of any countable

discrete group.

2 (*-algebras, Property A and Amenability

2.1 (*-algebras and States
2.1.1 Definitions

A Banach algebra is a complex normed algebra A which is topologically

complete and satisfies
|lab|| < |la|| ||b]| for all a,b € A.

A Banach *-algebra is a complex Banach algebra A with a conjugate linear

involution *, the adjoint, which satisfies

(a+b)* = a"+0b",
(Aa)* = Ma¥,
o = a,
(ab)* = b*a™,

for all a,b € A, A € C [13].
A C*- algebra A is a Banach *-algebra which also satisfies the C*-identity

la*al| = ||a||?, for all a € A [13].



A unital C*- (or Banach) algebra is one that contains the identity element
1 such that la = al = a for all a € A [12].

If A is a unital algebra we may define the spectrum of any element a € A
by Speca(a) = {\ € C | A1 — a is not invertible} [13]. Say then that a € A
is positive if a* = a (i.e. a is self-adjoint or hermitian) and if Spec(a) is
contained in the non-negative half-line Ry = [0, 00) [12].

Many interesting geometric properties of spaces and groups are captured
by the structure of the C*-algebras we may associate with them, particularly
when we consider the full and reduced C*-algebras of a discrete group G.
The definitions of these are given below.

For any discrete group G, a regular representation of G is a linear rep-
resentation afforded by the group action of G on itself. We may distinguish
between the left regular representation A, which is induced by the left mul-
tiplication action, and the right regular representation p, which comes from
the multiplication on the right. The left and right multiplication actions of
G on itself are implemented as closely as possible to obtain representations,

so that for every g € G we define operators Ay, p, : 12(G) — (*(G) by

(Ag(N)(R) = f(g~"h) and (py())(h) = f(hg) for all g, h € G, f € I*(G).

In particular, we have

(Ag(02))(h) = 82(g™"h) = dga(h)

and
(pg(02))(h) = 05 (hg) = dz4-1(h),

for all g,h,x € G, where 0, is the characteristic function of the element
x € G. For G countable, the functions d, form a basis for the Hilbert space
I2(G) of square summable functions (in fact, sequences) on G.

Finally, for any element f of the group ring CG, we may express f as
a linear combination f = )_ e [0y with finitely many non-zero complex

coefficients f;, and then define

M) =Y forg and p(f) = fopg-

geG geqG

It can be seen that every A, is a unitary operator and hence that ||[A(f)| <



>gec | fgl = |Iflly (see [6], for example), and similarly for p, so that for
G countable the regular representations extend to representations of the
Banach algebra ['(G) on the Hilbert space [2(G).

DEFINITION 2.1 [Reduced Group C*-algebral

For a discrete group G, the left reduced group C*-algebra C3(G) is the
closure of \(CG) in the operator norm induced from B(I*(G)) [8]. This
coincides with the closure of A(I'(G)) in the same norm [6]. The closure
of p(CG), or indeed p(I'(G)), in this norm is called the right reduced group
C*-algebra, and is denoted by C;(G).

We have C5(G) = C}(G), for any discrete group G. The isomorphism is
given by conjugating by the unitary operator 7' : d, + J,-1 on 12(G) [11].

Indeed, we have
T)\gT_l((Sh) = T>\g(5h71) = T((Sghfl) = (Shg—l = pg(5h),

for all g, h € G. When the distinction between the left and right regular rep-
resentations is not relevant we shall use the notation C(G) for the reduced
group C*-algebra.

This algebra is of particular significance because, in the discrete case,
we say that the group G is ezxact if C¥(G) is exact; that is, if taking the
minimal tensor product with C}(G) on each of the terms in a short exact
sequence of C*-algebras preserves the exactness of the sequence [19].

For a discrete group G equipped with a left invariant metric, the right
reduced group C*-algebra C';(G) is a subalgebra of the uniform Roe algebra
C(Q) (if we equip G with a right invariant metric then the uniform Roe
algebra contains C3(G)). We may in fact associate a uniform Roe algebra
with any discrete metric space, and such an algebra can be used to encode
analytically the coarse geometry of the space [29]; the algebra is defined as
follows.

Recall that, for a metric space X, a kernel v : X x X — C has finite
propagation if there exists R > 0 such that u(x,y) = 0 whenever d(x,y) > R.
Recall also that a discrete metric space X is said to have bounded geometry
if for all R > 0 there exists N such that the cardinality of Br(z) is at most
N for all z € X.

If X is a proper discrete metric space and u : X x X — C is a finite

propagation kernel, then for each x € X there exist only finitely many



y € X satisfying u(x,y) # 0; this implies that u defines a linear operator
from 12(X) to itself, given by ux&(x) = > yex u(z,y)&(y). We call operators
defined using finite propagation kernels finite propagation operators. Note
that if additionally X has bounded geometry then every finite propagation

operator arising from a bounded kernel will be bounded itself.

DEFINITION 2.2 [The Uniform Roe Algebra]

Let X be a bounded geometry discrete metric space. The uniform Roe
algebra C}(X) is the C*-algebra completion of the algebra of bounded finite
propagation operators on [2(X) [11].

In the case of a discrete group G, C(G) is typically far larger than
C}(@); in fact, it is non-separable unless G is finite [10]. For this reason
it is useful to consider an analogue of the reduced group C*-algebra for
general metric spaces, and this is the role partial translation algebras were
introduced to fill. These will be defined in chapter 4.

DEFINITION 2.3 [Full Group C*-algebra

The full group C*-algebra C*(G) of a discrete group G is defined to be
the C*-enveloping algebra of L'(G), that is the completion of C.(G) with
respect to the largest C*-norm: || f|| = sup,{||=(f)||}, where = ranges over

all non-degenerate *-representations of C.(G) on Hilbert spaces [34].

Note that it follows from the triangle inequality that ||x(f)|| < ||f]l,
for any such 7, so the above norm is well-defined. It also follows from the
definition that C*(G) has the universal property that any *-homomorphism
from the group ring CG to some B(H) (the C*-algebra of bounded operators
on some Hilbert space H) factors through the inclusion CG — C*(G) [34].

In general, a C*-algebra A is said to be nuclear if for any C*-algebra
B there is a unique C*-norm on A ® B [23]. One useful property of the
C*-algebra C*(G) for a discrete group G is that it is isomorphic to C}(G)
if and only if G is amenable, meaning that there exists a left translation
invariant mean for G [13]. Amenability of G is also equivalent to nuclearity
of C¥(G) [23], and thus to nuclearity of C*(G).

2.1.2 Prob(X) is the State Space of Cy(X)

To define another interesting C*-algebra we consider the algebra Cy(X) of

continuous functions on a locally compact Hausdorff space X which vanish



at infinity. By the famous Gelfand-Naimark theorem [16], this example in
fact covers all commutative C*-algebras. It is also a known fact that the
state space of this algebra is equivalent to the space of probability measures
on X (for example, this is mentioned in [30]); we present a proof of this
statement below.

Recall that for any given metric space X, a measure  on X is a function
mapping subsets of X to real values, such that if Fy, Fo,...,F, C X are
mutually disjoint subsets, i.e. E; N E; = 0 for ¢ # j, then u(U, En) =
Y (Ern). A measure p on a space X is called a probability measure if
1 is a positive measure, i.e. it only maps to non-negative values, and if
u(X) = 1. Denote the space of all probability measures on X by Prob(X).
A measure p is called Borel reqular if every Borel set B C X is measurable,
ie. u(A) = p(AN B)+ p(A\B) for all sets A C X, and if for all A C X
there exists a Borel set B such that A C B and pu(A) = p(B).

The algebra Cp(X) consists of continuous complex-valued functions on
X which vanish at infinity. By definition, a continuous function f € Cy(X)
if and only if for all ¢ > 0 there exists a compact set K C X such that
|f(x)| < e for all x € X\K. For any locally compact Hausdorff space X,
Co(X) is a C*-algebra. The significance of this example is illustrated by the

situation where X is an abelian group, since in this case we have
Co(X) = C*(X) = CF(X),

where X denotes the group of characters of X, that is the group homomor-
phisms from X to S* [13].

A state on a C*-algebra A is a linear map ¢ : A — C which has unit
norm and which is positive in the sense that if f is a positive element of A
then ¢(f) > 0 [13].

Note that a space X is called Hausdorff if any two distinct points of
X can be separated by neighbourhoods, and that a Hausdorff space X is

locally compact if every element of X has a compact neighbourhood.

THEOREM 2.4 (Riesz Representation Theorem) If X is a locally
compact Hausdorff space, then every bounded linear functional ¢ on Cy(X)
1s represented by a unique regular compler Borel measure p, in the sense
that

Mﬁzéﬂm

9



for every f € Cy(X) [32].

The following theorem considers a particular case of the Riesz Represen-

tation Theorem.

DEFINITION 2.5 A locally compact space X is said to be o-compact if

it is a countable union of finite subsets [5].

THEOREM 2.6 Let X be a locally compact o-compact Hausdorff space.
There is a one-to-one correspondence between probability measures on X

and real-valued states on the algebra Co(X).

Proof.

Let X be a locally compact o-compact Hausdorff space and suppose
firstly that we have a measure u € Prob(X). Define a functional ¢, :
Co(X) — R by ¢u(f) :== [y fdu. A function f € Co(X) is positive in the
C*-sense if and only if f(z) > 0 for all x € X (and so in particular f(z) is
real for all x € X)), so it is clear that the integral of such an element is a
positive real number and hence ¢, is a real-valued positive functional. We

have:

[6ull == sup {[¢u(f)]}

IflI<1

= d
aup {| [ i
d
< o { [ uin

< sup {supr @l [ du}
<1 LeeX X
= sup {[[f[| n(X)}

Ifll<1
= sup {||f]|} (since we assume p is a probability measure)

IflI<1
1.

IN

To show that ||¢,| > 1, firstly select an exhaustive family of compact sets
KiCKyC...CK,C...CX suchthat K, C K°

n

possible to do this for X locally compact and o-compact, by Proposition 15

41 for all n; it is always

10



on page 94 of [5]. Now choose a family of functions on X satisfying

1 ifzxe K,
fa(z) = . o e
0 ifxe (K,

n

in such a way that for each n we have f,, continuous and 0 < f,(z) <1 on

nt1\Kn. Note that it is possible to find such a family by the Tietze exten-
sion theorem [24]. Indeed, this theorem states that a continuous function
from a closed subset of a topological space X to the interval [—1, 1] may be
extended to a continuous function on the whole of X, so long as the space
X is normal. Every compact Hausdorff space is normal, and hence the set
K, is normal for all m € N, so the theorem tells us that each f, can be
defined so that it is continuous on, for example, the set K, 2, and hence
it is continuous on X, since it extends to the rest of the space by the zero
function.

We have X = J,, K, and thus

1 = u(X)=p (UKn>

= lim p(K,)

n——aoo

IN

lim frn dp (which exists since it is the limit of a bounded
n—so0 Kni1

sequence of monotonically increasing real numbers)

lim fn du
n—-aoo X
i 9,1l

160l

IN

Hence ||¢,]| = 1 and so ¢, is a state.

Conversely, let us now suppose that we have a real-valued state ¢ on
Co(X). By the Riesz representation theorem, there is a unique regular
Borel measure 115 on X such that ¢(f) = [ fdue for all f € Co(X). The
functional ¢ is positive, so fX fdpg > 0 for all f € Co(X) with f > 0, and

g is a real positive measure.

11



Also, as ¢ is a state, we have

L=lloll = sup {le(Al} < sup LA 1e(X)},

If11<1 I711<

by the same argument as above. Thus there must be some f € Cyp(X) with
|l fll <1 and [[f||pe(X) > 1. Hence py(X) > ”%” for some || f|| < 1, i.e.
pg(X) = 1.

We can also apply the same previous argument involving the family of
compact subsets to conclude that pg(X) < ||¢[; in other words, (X)) <1
when ¢ is a state. Thus pg(X) =1 and so p is a probability measure.

U

REMARK 2.7 Some statements of the Riesz representation theorem also
assert that when ¢ is a bounded linear functional on Cp(X) and p the
unique regular complex Borel measure on X such that ¢(f) = [y fdu for
every f € Cy(X), then ||¢|| is equal to the total variation of u, |u| (X).
This concurs with our theorem, since |u|(X) = u(X) when p is a positive

measure.

2.2 Property A

In [38], Yu introduces a geometric property on discrete metric spaces, which
he calls property A, that guarantees the existence of a uniform embedding
into Hilbert space. It has not yet been determined exactly which classes of
metric spaces or groups satisfy the property, although it is known that word
hyperbolic groups, amenable groups and discrete subgroups of connected
Lie groups are among those that do, and it has not even been established
whether or not the existence of a uniform embedding into Hilbert space is
actually equivalent to property A. We shall see more about this in the next
section, as it has been shown by Guentner and Kaminker that equivalence
certainly is the case when one imposes a condition on the space’s Hilbert
space compression.

Property A is also particularly interesting when related to C*-algebras,
as for a discrete group G it is equivalent both to the nuclearity of the uniform
Roe algebra C(G) and to the exactness of the reduced C*-algebra C(G),
which means that we may say it is equivalent to the exactness of the group.

The original definition is as follows.

12



DEFINITION 2.8 [Property A]

A discrete metric space (X,d) has property A if for all R,e > 0 there
exists a family of finite non-empty subsets A, of X x N, indexed by xz € X,
such that

» fnal < cforall 2,y € X with d(z,y) < B, and

e there exists S such that d(z,y) < S for all x € X and (y,n) € A, [11].

Many alternative characterisations of this definition have been formu-
lated; for example, eight equivalent conditions are given in Theorem 3 of
[11]. Another distinct statement of it is given by Roe in [30], which has
particular relevance for us because it involves maps into Prob(X), which
we have shown to be equivalent to the state space of Cy(X). The following
terminology and remark will be useful in investigating how this connects

with the characterisations given in [11].

DEFINITION 2.9 [Bounded Geometry]
A space X is said to have bounded geometry if for all R > 0 there exists
N such that the cardinality of Br(z) is at most N for all x € X.

DEFINITION 2.10 [(R,¢)-Variation]
A function from a metric space X to a Banach space, = +— &, has
(R, €)-variation if d(z,y) < R implies ||{; — &|| < e [11].

REMARK 2.11 As is noted in Definition 2.1 of [20], for X a discrete
metric space, Prob(X) may be regarded as the set of functions f : X — [0, 1]
such that > .y f(x) = 1. Thus, if f € Prob(X) then f: X — [0,1] C C,

and
Y@ =Y fla)=1< .

zeX zeX

Hence f € 'N(X) ={f: X - C| Y ,cx|f(z)] < oo}, and so Prob(X) is a
subset of I'(X) when X is a discrete metric space. This could also be seen
from Theorem 2.6, since ' (X) is known to be the dual space of Co(X), that

is the space of all linear functionals on Cy(X).

THEOREM 2.12 Let X be a bounded geometry discrete metric space.

Then the following are equivalent:

(1) X has property A;

13



(2) For all R,e there erist vectors & € 11(X) such that, for all z € X,
1€2ll; = 1, (&) has (R, €)-variation, and there exists S such that & is
supported in the S-ball about x;

(8) There exists a sequence of weak-+ continuous maps fn, : X — Prob(X)
such that

(i) for each n there is an r such that, for each x, the measure f,(x)
is supported within B(x;r), and
(ii)
Jim (sup {[|fu(2) = fu(w)[I}) =0

© d(m,y)<s

for all s > 0.

Proof.

The equivalence of (1) and (2) is given in [11]. Also, (3) is stated as the
definition of property A in [30]. We shall check this by showing equivalence
of (2) and (3).

(3)=(2): Suppose we have a sequence of weak-* continuous maps f,, :
X — Prob(X) which satisfy conditions (i) and (ii). So for each x € X we
have a family of probability measures (f,(x)). Now, by Remark 2.11, each
fn(7) may be considered as a vector 7 in ['(X), and since each f,(x) is a
probability measure, we know that the sum of the entries of this vector will
be 1, ie. ||€7], = 1.

By (i), for every n we have an r so that f,(x) is supported in B(x;r),
for all x € X, so we may rename this » by S to obtain the third condition
required for the vectors.

It remains to show (R, €)-variation. By (ii), for all s > 0 we have

sup {an(x) - fn(y)H} = 0,
d(z,y)<s

so clearly, for any s > 0,
d(z,y) <s=|fulz) = ful)ll <€

for some ¢, regardless of which n we choose. As the supremum is tending to
0 as n tends to infinity, this will be true no matter how small an € we select,

if we simply choose a large enough value of n. So we may say that for each
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n, (£2) has (s, €)-variation; thus for every z € X we may select for our &,
some (&) with n large enough so that the vector has (R, €)-variation.

(2)=(3): Conversely, suppose we have vectors &, € I'(X) which satisfy
the conditions of (2). As these vectors have unit norm, we could consider
each {; as a function f; : X — R with >° v [f2(y)| = 1. Hence every |[fs|
is a function taking elements of X to non-negative real values, where the
sum of all such values it may assume is 1; thus each of these real values
must be less than or equal to 1. We therefore have |f;| : X — [0,1] and
5 ex [fo(®)] = 1, and so |f,] € Prob(X).

Rename each |f;| by f(z). These functions exist for all values of R
and e as well as for all x € X, so we actually have a sequence of maps
fn : X — Prob(X), as required.

Clearly, condition (i) is satisfied, as this is stated as a condition in (2)
(if & is supported in B(z;S) then so must |£;| be). Also, (R,€)-variation
for all possible R and e gives (ii); simply arrange the sequence (f,) in such
a way that n — oo as € — 0.

Hence (2) and (3) are equivalent characterisations of property A.

|

As Roe’s definition of property A involves probability measures defined
on a metric space X, we may reformulate it using Theorem 2.6 to obtain an
alternative statement phrased in the language of states on a C*-algebra of
functions on X. The only difficulty in doing this is finding an appropriate
method for defining the support of a state ¢ on Cy(X) as a subset of the
space X itself, which coincides with the support of the probability measure
corresponding to ¢. To achieve this we first need to recall the following

definitions.

DEFINITION 2.13 A topological space X is said to be separable iff there

exists a countable subset which is dense in X [22].

DEFINITION 2.14 [Support of a Measure]

Let X be a separable metric space and let u be a measure on X. Then
we may define the support of pu to be the set of all points x € X having the
property that u(N,) > 0 for every open neighbourhood N, of = [27]. Denote
this set by supp(u).

15



DEFINITION 2.15 Let X be a topological space. The collection of all
neighbourhoods of a point € X is called the neighbourhood system at
x and is denoted by U,. An arbitrary subcollection B, C U, is called a
fundamental system of neighbourhoods of x if every neighbourhood U € U,
is a superset to at least one B € B, [14].

REMARK 2.16 Note that within a metric space, to say a set X is sepa-
rable is equivalent to saying that it is Lindeldf [35]; that is, that each open
cover of X has a countable subcover [22]. Every o-compact space is Lindel6f
[22], and thus we may omit the condition of separability from the follow-
ing lemma. Additionally, if X is both Lindel6f and locally compact then
it is o-compact [33], so we could alternatively replace “o-compact” with
“Lindelof”.

Note also that all metric spaces are Hausdorff topological spaces.

LEMMA 2.17 Let X be a locally compact o-compact metric space, let
be a probability measure on X and let ¢, be the unique state on Cy(X)
defined by ¢,(f) = [x fdp for all f € Co(X). If we let supp*(¢,) denote
the set of all points x € X with the property that whenever N, is an open
neighbourhood of = there exists some f € Cy(X) such that supp(f) € N,
and ¢, (f) # 0, then supp*(¢.) = supp(p).

Similarly, if ¢ is a state on Co(X) and pg is the unique probability mea-
sure on X defined by ¢(f) = [y fdug for all f € Co(X), then supp*(¢) =
supp(pg)-

Proof.

Suppose firstly that we have a state ¢ on Cy(X), and let = € supp* (o),
where this set is defined as above. Then for every open neighbourhood N,
of x there exists some f € Cy(X) such that supp(f) € N, and ¢(f) =
Jx fdpe # 0. Thus clearly pug(N,) # 0. Since ¢ is a state, jug must be a
probability measure by Theorem 2.6 and so takes only non-negative values;
we therefore have pg(N,) > 0 for every open neighbourhood N, and so
x € supp(pe). Hence supp*(¢) C supp(iey). One can identically show that
supp*(¢,) C supp(p), when beginning with a probability measure p on X
and using it to define a state ¢, on Cy(X).

To show the converse, suppose that p is a probability measure on X.

As we assume X to be locally compact, we know that every point x €
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X has a fundamental system of compact neighbourhoods, by the corollary
appearing on page 90 of [5]. This means that, for any « € X, for every open
neighbourhood N, of z there exists a compact set K, containing x such
that K, C N, by Definition 2.15. Consider such N, and K, for an element
x € supp(p). By definition of a compact neighbourhood, K, contains an
open set U containing x, and so u(K,) > 0, by application of Definition 2.14
to the set U.

As K, is a compact subset of a locally compact o-compact space, it is also
locally compact and o-compact, and thus we may select an exhaustive family
of compact sets K1 € Ko € ... € K;, C ... C K, such that K;, C K4
for all n, as in the proof of Theorem 2.6. As we know that there exists a
subset U C K, with p(U) > 0, we must be able to find some m for which
w(Kp,) > 0. Now, in a similar way as we did in the proof of Theorem 2.6,
we may define a function f : X — C by

1 ifze K,
flz) = . .
0 ifze (K5,

m

in such a way that f is continuous and 0 < f(z) < 1 on K \Kpn. As
f vanishes outside a compact set it is clear that f € Cy(X). We have
supp(f) C Ny and ¢, (f) = [y fdp # 0, and so we see that © € supp*(d,).
This tells us that supp(u) € supp®(¢,), which means that these sets are
equal. We could similarly show supp(ue) C supp*(¢) for any state ¢ on
Co(X) to obtain supp(pg) = supp*(¢).

O

This result allows us to combine Roe’s definition with Theorem 2.6 to
obtain a new definition of property A for bounded geometry discrete metric

spaces.

THEOREM 2.18 Let X be a bounded geometry discrete metric space.
Then X has property A if and only if there exists a sequence of weak-
continuous maps fp, from X to the state space of Co(X) such that

(i) for each n there is an r such that, for each x, we have supp*(fn(z)) C
B(x;r), and
(i)
lim sup |[fu(z) = fu(y)] =0,



for all s > 0.

Proof.

Any discrete metric space is locally compact, and any bounded geometry
metric space is o-compact [30]; hence the result follows immediately by
combining Theorem 2.6 and Lemma 2.17 with Theorem 2.12.

U

2.3 Hilbert Space Compression

The Hilbert space compression of a finitely generated discrete group G is a
numerical invariant of the group introduced by Guentner and Kaminker in
[19] to parameterise the difference between G being uniformly embeddable in
a Hilbert space and C}(G) being exact. It can be viewed as an approximate
way to describe the geometry of a group by measuring the distortion up to
which the group fails to embed into Hilbert space. Hilbert space compression
is defined in the following manner, which is in fact formulated so as to make

sense in the context of general metric spaces.

DEFINITION 2.19 [Large-scale Lipschitz]
A function f : X — Y between two metric spaces X and Y is called
large-scale Lipschitz if there exist constants C' > 0 and D > 0 such that

dY(f(x)vf(y)) < CdX($7y) + Dv

for all z,y € X [19].
Let Lip'*(X,Y) denote the set of large-scale Lipschitz maps from X to
Y.

DEFINITION 2.20 [Compression]
The compression py of a map f € Lip"*(X,Y) is defined by

ps(r) = inf {dy(f(z), f(y))} [19].

dX (v’lfvy)ZT

DEFINITION 2.21 [Hilbert Space Compression)]

Let X be a metric space with unbounded metric.
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1. The asymptotic compression Ry of a map f € Liph*(X,Y) is

Ry :liminf{ln(p}(r))},

r—00 In(r)

where p}(r) = max{py(r),1}.

2. The compression of X in Y is

R(X,Y) =sup{Ry | f € Lip"(X,Y)}.

3. If Y is a Hilbert space then the Hilbert space compression of X is
R(X)=R(X,Y)
[19].

Hilbert space compression is particularly interesting because of its links
with exactness and property A; exactness of a countable discrete group
implies its uniform embeddability in a Hilbert space, and Guentner and
Kaminker proved that the converse is true when the Hilbert space compres-
sion of the group is strictly greater than 0.5, in other words they proved
that these groups have property A. The proof of this appears in [19], and
unfortunately it seems as though a similar proof could not be applied for
other values of R(X), even if we only relax the condition enough to allow
the value of 0.5 itself.

The question of whether Guentner and Kaminker’s result could be im-
proved by imposing some sort of growth condition on the group has been
investigated by Tessera [37]. Tessera proves that every bounded geometry
proper metric measure space with subexponential growth has property A.

In [4], Arzhantseva, Drutu and Sapir employ a slightly different definition
of compression. They begin with a 1-Lipschitz map ¢ : X — Y and declare

its compression to be

sup{a > 0 | dy (¢(u), p(v)) > dx (u,v)* V u,v with large enough dx (u,v)}.
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If € is a class of metric spaces closed under re-scaling of the metric, the

E-compression of X is given by
sup{compression of ¢ : X — Y | ¢ is 1-Lipschitz, Y € £} [4].

The Hilbert space compression of X is then defined as the £-compression
where £ is the class of Hilbert spaces. With this definition, the authors of [4]
were able show that there exists a finitely generated group G, of asymptotic
dimension at most 3 with Hilbert space compression « for any « between 0
and 1, thus also constructing the first examples of groups that are uniformly
embeddable into Hilbert spaces (and moreover exact) with Hilbert space
compression (0. The compression defined here is always less than or equal to

the one provided by Guentner and Kaminker.

2.4 Amenable Actions of Free Groups

Property A was introduced by Yu as a non-equivariant analogue of amenabil-
ity which is defined for metric spaces. In particular, property A (and hence
exactness) for a discrete group G is implied by the existence of a compact
Hausdorff space X on which G acts amenably. Finitely generated free groups
are a particularly nice class of examples of discrete groups, as their Cayley
graphs are all (locally finite) trees, which are both hyperbolic spaces and
CAT(0) cube complexes. These facts lead us to two new methods for prov-
ing the known result that finitely generated free groups are exact, and hence
that they have property A.

For the first method we exploit a family of functions which were used by
the authors of [7] in their proof that finite dimensional CAT(0) cube com-
plexes have property A. Here we reconstruct the functions they concocted
for the particular case where the CAT(0) cube complex under considera-
tion is a tree, and use them to show that finitely generated free groups act
amenably on their boundaries.

The second, more geometric, construction is based on that of Germain in
Appendix B of [3], where he proved that discrete word hyperbolic groups act
amenably on their own boundaries. Here we provide explicit descriptions
of his functions for the simplified case of a group which has a tree as its
Cayley graph, and employ an original proposition in our adaptation of his

proof that such a group is exact.
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2.4.1 Method One

To illustrate how the ideas introduced in previous sections can be combined,
we explore new methods for proving the known result that finitely generated
free groups are exact, and hence that they have property A. Firstly, let us
fix notation and recall some basic information regarding free groups.

Let F,, = (ai,...,a,) denote the free group with n generators. The
boundary OF,, of F,, is the set of all infinite reduced words w = b1by ... b, .. .,
where b; € {aq,... ,an,al_l, ...,a; '} for all i. Let F,, = F,, U JF,. For any
two points z,y € F,, there exists a unique geodesic path [z, y] which connects
T to y.

We may define a topology on F,, by declaring that

Ul,F)={y €Fy | [z,y] N F C {z}}

is open for every x € F,, and every finite subset F' C F,, [26]. Hence we may

endow OF,, with the corresponding subspace topology.

LEMMA 2.22 The free group ), acts on its boundary continuously on the
left by concatenation, (F, x OF,) — IF,, (g,2) — g 2.

Proof.

We have g-(h-z) = (gh)-z for all g,h € Fy,, z € JF,,, and e- z = z for all
z € JF,, where e is the identity element in [F,,, so concatenation is indeed a
left group action. We see that the action is continuous since for every open
set U(z, F') N JF,, and for any g € F,, we have

g - (U, F)NF,) = {g 'y €dF, | [z,y)NF C {z}}
= {97y edF, |[g w97 WlNg ' F C {g"a}},
which is clearly open.

So JF,, is an FF,,-space.
O

It is clear from the following definition that (0F,,F,) may thus be de-

scribed as a transformation group.

DEFINITION 2.23 [Transformation Group]
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A transformation group (X, G) consists of a left G-space X, where X is
a locally compact space, G is a locally compact group and (g,x) — g -z is

a continuous left action from G x X to X [2].

Given a discrete transformation group, amenability of the action is de-

fined in the following way.

DEFINITION 2.24 [Amenable Action]

For G discrete, the transformation group (X, G) (or the G-action on X,
or the G-space X) is said to be amenable if there exists a sequence (m;)icr
of weak *-continuous maps z — m7 from X into the space Prob(G) such
that

lim (sup {[lgm{ —m{*[|,}) =0

10 zeX

for all g € G [20].
We say that a group G is exact if there exists an amenable compact

G-space.

There are a number of equivalent definitions for amenable actions, and
we shall consider another when discussing our second method for proving
the exactness of F,,.

We base our proof of the below theorem on the construction of Brodzki,
Campbell, Guentner, Niblo and Wright used to prove Theorem 4.2 in [7],
which states that if G is a countable discrete group acting properly on a
finite dimensional CAT(0) cube complex X, and z a vertex at infinity of
X, then the stabiliser of z in G is amenable. The authors prove this by
considering a sequence z; of vertices converging to z and defining a family
of functions fﬁjz, indexed by € X (a description of these functions as they
appear for the particular case where X is a tree is provided below). They
then take the limit of these functions as ¢ tends to infinity, check that this
limit is well-defined and denote it by f, ., for every natural number n and
every vertex z € X. To prove amenability of GG, they show that the support

of each f, , is finite, that f,, is almost equivariant, that, for any R > 0,

an,:v - fn,x’ 1, 0
[ frnlly

uniformly on the set {(z,2’) | d(z,2') < R} asn — oo, and that f, gz = gfn

forall g € G, x € X and n € N. To make use of this construction, we
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follow the framework for the creation of the family of functions f,, in the
particular case where the cube complex X is a tree. However, we shall
normalise our functions so that we obtain probability measures. We then
associate members of this family with elements of JF,,, so that we obtain the
type of maps we require, and finally show that these satisfy the condition
stated in Definition 2.24.

A version of the following theorem which considers only the free group
with two generators may be found in [2], where it is stated as an example

without proof.
THEOREM 2.25 The transformation group (0F,,F, ) is amenable.

Proof.

We prove amenability using Definition 2.24, so our goal is to create a
sequence of continuous maps from 9F,, into Prob(F,) which satisfy the given
condition.

As the Cayley graph of I, is a tree, we begin by constructing the func-
tions defined in [7] for this particular case. For ¢ € N, z a fixed vertex of the
tree, that is an element of F,,, and e € F,, the identity element, translating

the construction into our case yields functions on the tree defined by:

¢ i d
Z é‘”’y) ) ify#e, yelea], dy) <i
e — i —d 1
gz,x(y) ? (1‘1, y) + ) ify=e, d(l’, y) <3

L 0 otherwise

1 ify#e yé€leal day) <i
= | i-dlz,y)+1 ify=e dzy) <i
0 otherwise.
Then
lotall, = > lota)

yeF,

= Z 9i2(y) (as our functions take only non-negative values)

yeF,
d(z,e)+i—d(z,e)+1 if d(z,e) <i 1
= =1 *
(i+1)-1 if d(z,e) > i

23



So if we define functions

sy ify#e y€leal day) <i
floly) = THEDIL if gy — o d(z,y) < i
0 otherwise,

€
then ‘ i

e
i,

=1, and ff, : F, — [0,1]. Thus, for each i € N and z € F,,
is a probability measure on F,,.

In a similar way, probability measures f’ may be defined for other
elements a € F,,, and in particular for any point z; in a sequence of elements
of F,, which tend to a point z in the boundary JF,. These are defined in

the following way:

Z:_;,_% lfy#Z], yE[l',Zj], d(:c,y)gz
faly) = EReWEL fy = o d(a,y) <
0 otherwise.

Then let f:x(y) = limj .o fifﬂ(y)

As j tends to infinity, so does d(z, 2;), and so as the value of j increases
there will be fewer and fewer ¢’s satisfying d(z, z;) < 4. At the limit, d(z, z) =
00, 80 it is impossible to have y = z and d(z,y) < i for some finite 7. Thus

the middle term vanishes and we are left with

we 0 otherwise.

Hence, if we fix a point = € IF,,, we have continuous maps f; ; : z — f7, from
b

JF,, into Prob(F,). For simplicity let us take x = e, the identity element in
F.

It remains to show that lim; ..o Ht fie— tz

i,e

I:Oforalltelﬁ‘n. We
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have

tff,e(?/) = ffe(t_ly) for all y € IF,,

= a7 ity e, 2), dlety) <i
0 otherwise
0 otherwise

= fzi(y)

So we want to show that lim; ‘ te the = 0. Now
I g = || S e
nt el SRS}

9% — g%
i1

1
tz tz
it~ Yie

1
i+ 1 '

Note that
1 ify et tz), dit,y) <i

0 otherwise

gialy) = {

and

97 (y) =

1 ify € e, tz), dle,y) <i
0 otherwise.

For t € F,,, let P denote the vertex where the paths [t,¢z) and [e,tz) inter-

sect, so that we may visualize the situation by way of the following diagram.

=
tz
e

Note that P may be equal to either e or ¢.

Now ‘(gfzt — 9¢%)(y)| is only non-zero if either y € [t, P] with d(t,y) <1,
y € [e, P] with d(e,y) <, or y € [P,tz) such that one of d(¢,y), d(e,y) is
less than or equal to ¢ and the other is greater than i. Now both d(¢, P) and
d(e, P) can be at most d(e,t), and the interval of [P, tz) that can contain

y for the latter case to occur must also be of length at most either d(¢, P)
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or d(e, P). Thus in any case there are at most 2d(e, t) vertices y for which

(9% — 9i%)(y)| is non-zero, and at each of these points it takes the value 1.

So we have ‘ 955 — 95 ) < 2d(e,t), and therefore

2d(e, t)
1

15 - szl < 2

)

which tends to 0 as 7 — oo.
[

Recall that an action of a group GG on a space X is called transitive if for
any two x,y € X there exists g € G such that gr = y, and free if gz # gy
for all distinct x,y € X and for all g € G. Finite free groups can also be
characterised as those groups which act transitively and freely on a tree.
These are the only conditions assumed when we show tf7,(y) = f'i (y), and
they also ensure that there is an isomorphism between the group and the
vertices of the tree, so that we really do construct probability measures on
the group.

More generally, the following has been proved by Guentner.

THEOREM 2.26 Let G be a countable discrete group acting on a tree
without inversion. Then G is C*-exact if and only if the vertex stabilisers
of the action are C*-exact [17].

2.4.2 Method Two

As aforementioned, any finitely generated free group can be easily identified
with a rooted tree; every tree is a O-hyperbolic space. In [1], Adams proves
that discrete hyperbolic groups act amenably on their own boundaries, and
hence are exact. A supposedly simpler proof is given by E. Germain in
Appendix B of [3]; we base our second proof of the exactness of finitely
generated free groups on a construction of the functions used there for the
case of a tree.

In this subsection we shall use the following characterisation of amenabil-
ity of a group action. For this definition, recall that a function f: X — Y
between Borel spaces is called a Borel function if and only if f~(B) is a
Borel set in X for any Borel set B in Y [15].

DEFINITION 2.27 [Amenable Action]
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Let X be a locally compact space on which a discrete group G acts
continuously on the left. The action of G on X is said to be amenable if
there exists a sequence of positive compactly supported Borel functions f;
on G x X such that

/ fi(g,x)dg > 0, for all x € X,
G

and

. Jo | filg,x) = h- filg,x)ldg\\
o (o {1 ) o e

where (h - f)(g,z) = f(h~'g,h~12) is the action induced by the diagonal
action of G in G x X [3].

Since the propositions and lemma which follow hold for trees in general,
and not just those which correspond to groups, let us begin with some basic
terminology relating to trees. Recall that a tree is a locally finite connected
graph with no circuits or loops, and that we write a ~ a’ when two vertices
a and a’ of a tree are connected by an edge. A path in a tree is a finite or
infinite sequence of vertices [ag, a1, ...] such that a; ~ a;+1 and a;—1 # a;41
for all 4. If a and o’ are two vertices then [a,a’] denotes the unique path
joining them. A vertex is said to be terminal if it has only one neighbour.

We may endow a tree T with a metric d by assigning d(a, a’) to be the
number of edges in the unique path [a, a’] for any vertices a,a’ € T'. If we fix
a vertex e € T as a root of the tree, we may define the length of any vertex
a as l(a) = d(e,a).

The boundary OT is the union of the set of terminal vertices and the
set of equivalence classes of infinite paths under the relation ~, defined by
[ag,a1,...] ~ [a1,az,...]; when the tree under consideration is the Cayley
graph of a free group this coincides with the definition of the boundary given
earlier. For any vertex a € T, let [a,w) denote the (unique) path starting at

a in the class w € 97T

PROPOSITION 2.28 Let T be a locally finite tree and choose any vertex
a € T. Let aj denote the unique point on the path [a,w) such that d(a,ay) =
k (the path [a,w) is unique, so we may always find such a vertex ay, assuming

[a,w) contains more than k vertices). Then ay, lies on the path [a',w) for all
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a €T with d(a,a’) < k

Proof.

Suppose for contradiction that there exists some a’ € T with d(a,a’) <
k such that aj does not lie on the path [¢/,w). Since d(a,a’) < k =
d(a,a), we also know that a’ does not lie on the (unique) path [a,w) =
[ak, Qft1, Qkt2, - - - ,w). Indeed, if it did then it would either equal ay itself,
contradicting the assumption that a; does not lie on the path [a/,w), or it
would be at a distance greater than k from a.

If we consider w as a vertex in T then it must be terminal and so only
has one neighbour, say w’, which must lie on both [¢/,w) and [ag,w). As
and ay, are distinct vertices, aj does not lie on the path [¢/,w) and o' does
not lie on the path [a,w), this provides us with a loop in T" passing through
a’,a; and ', which contradicts the fact that 7" is a tree. Thus no such point
exists and so ag, lies on [d/,w) for all o’ € T with d(a,a’) < k.

|

Let T be a tree, a € T and w € 9T. For every positive integer k, define
I(a,w, k) = {[d",w) | d(a,d") <k}

to be the set of all paths in the class w starting not too far from a. Choosing
a length [ > 0, define

F(a,w,k,l) := the characteristic function of U [a], ab;)
(@’ w)€el(a,w,k)

to be the union of large segments of these paths, far enough from our ref-
erence point, where again a; denotes the vertex on the path [a’,w) with
d(a’,a;) = . Finally, set

H(a,w,l) = \1/l Z F(a,w,k,l)
k<V1

to be our ad hoc average.

For F' a compactly supported function on 7', let || F|| denote its norm in
INT).

The above functions were originally constructed by Germain in a more

general sense so that they may be applied to hyperbolic groups rather than
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trees, however it is clear that a group structure is not required to make sense
of their definitions. Germain went on to prove that for a discrete hyperbolic
group I' we have

1H (a,w, DI = 1,

foralla eI, we oI, and

sup ||H(ga7w7l) - H(a7wal)” = 0(l)7
wedl
for any fixed vertices g,a € I'. In the tree case we can be a little more

explicit. Indeed, we have the following.
LEMMA 2.29 For any vertex a in an infinite tree T, we have
[1H (a,w,D)|| =1+ 2k.

Proof.

Since H(a,w,l) = % Zk<\ﬁ F(a,w, k,1), we wish to consider which val-
ues |F(a,w,k,1)|| may take for k < v/I. Firstly, note that if & < v/ where
k is a nonnegative integer and [ is a positive integer, then in particular we
have 2k <.

By Proposition 2.28, all paths in I(a,w, k) contain the vertex ag, and thus
are equivalent to the path [ag,w). Clearly, if d(a,ax) = k and d(a,a’) < k,
then d(a’, ar) < 2k, and in the case of an infinite tree we will always be able
to find at least one vertex a such that d(a,a) = k and d(a, ar) = 2k.

Since we have that 2k < [, that d(a’,ar) < 2k for all «’ € T with
d(a,a’) <k, and that [a/,w) coincides with [ay,w) from the point aj onwards
for all these vertices, it is clear that F'(a,w,k,l) will be the characteristic
function of a segment of the path [a,w). The starting vertex for this seg-
ment will be at a distance [ from a, and the end vertex will be at a distance
2l from ay, hence F'(a,w, k,1) will be the characteristic function of a path of
length (214d(a,ax)) —1 = 201+ 2k —1 = 1 +2k. Thus ||F(a,w, k)| =1+ 2k,

regardless of the choice of a.

29



Therefore, we have

1 1
CCIR I > Fla,w. k)| = i > IF(a,w,k 1)
k<1 k<1
1 VI + 2k)
= — I +2k) = ~——"2 =1+ 2k
71 2+ ="
k<1

This can be used to show, as in Germain’s proof, that we have

sup |H(a,w,l) — H(b,w,l)|| = o(l),
weal’
for any fixed vertices a,b € T.

For his functions related to discrete hyperbolic groups, Germain addi-
tionally showed that (w,t) — H(a,w,l)(t) is upper continuous for a and
[ fixed. He achieved this by proving that for k, [ and a fixed, (w,t) —
F(a,w,k,1)(t) has a local maximum everywhere, via a short lemma, and his
proof should follow exactly for the tree case as well.

Hence the functions we have constructed satisfy the requirements im-
posed by Germain. We may now allow our tree T" to be the Cayley graph of
some finitely generated free group F,,, and follow his proof that discrete hy-
perbolic groups act amenably on their boundaries to obtain another method

for showing that finitely generated free groups are exact.
THEOREM 2.30 The action of Fy, on its boundary OF, is amenable.

Proof.

We now prove amenability of the action using Definition 2.27. Let
filg,w) = H(e,w,i)(g), for all g € F,,, w € JF,,. Then, as with Germain’s
version (see page 134 of [3]), f; is positive, Borel and compactly supported
(the support is contained within B(e, 31) x 9F,). As ||H(a,w,i)|| = i+2k > i
for all w € JF,,, by Lemma 2.29, we have f]Fn fi(g,w)dg > 0, for all w € IF,,
and ¢ > 0.
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Finally, (h- fi)(g,w) = H(e,h  w,i)(h~'g) = H(h,w,i)(g), and so

[ Milg) — B Sl ldg
1—00 wéagn f]Fn fi(g,l')dg

i ((aup (U= B )

100 \wedFy, HH(e,w,i)H

, o(7)
=1 =0
s (z’—|—2k> ’

for all h € F,,.
1

Unfortunately, due to the nature of the functions H which we em-
ploy here, it does not appear that this method could be adapted to prove
amenability of the action of a group on a tree where there is no existing

group structure on the tree itself.

3 Partial Translation Structures

The notion of a partial translation structure was introduced in [11] as a
means to finding a good analogue of the reduced C*-algebra of a group,
as well as capturing geometrically the interplay between the left and right
action of a group on itself. When defined on discrete metric spaces, these
structures in some sense blur the boundary between the world of such spaces
and the world of groups, by mimicking the interaction between the left and
the right multiplication on a discrete group. Here we recall the definitions
required to understand partial translation structures and prove some new

results which can be applied in the general case of metric spaces.

3.1 Basic Definitions

The following definitions all appear in [11]. The basic notion of a partial
translation of a space was first introduced in [29].

Let X be a discrete metric space.

DEFINITION 3.1 [Partial Bijection]
A partial bijection from X to X is a subset s of X x X such that the

coordinate projections of s onto X are injective.
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A partial bijection can be viewed as a partially defined injection from X

into X, and we will write x = s(y) if (z,y) € s.

DEFINITION 3.2 [Partial Translation]

A partial translation of X is a partial bijection ¢ such that d(z,y) is
bounded for all (z,y) € t. The identity translation, denoted 1, is the diago-
nal of X x X. The inverse of a partial translation t is t ! = {(y, z) | (x,y) €

£},

DEFINITION 3.3 [Partial Cotranslation]

Let 7 be a collection of disjoint partial translations of X. A partial
bijection o of X is a partial cotranslation for T if (ox,oy) € t for all t € T
and for all (z,y) € ¢ such that o is defined on both z and y.

DEFINITION 3.4 [Partial Translation Structure]

A partial translation structure on X is a collection 7 of partial trans-
lations of X, such that for all R > 0 there is a finite subset 7z of disjoint
partial translations in 7, and a collection X g of partial cotranslations for

Tr, satisfying the following axioms.

1. The union of all the partial translations t in 7r contains the R-
neighbourhood of the diagonal, that is the set of all (z,y) € X x X
such that d(z,y) < R.

2. There exists k such that for each z, 2’ in X there are at most k elements

o in Xy such that oz = 2'.

3. For each t in 7g and for all (z,y),(2/,y’) in ¢, there exists o in Xp

such that ox = 2/ and oy = ¥/.

Note that in the above we implicitly assume that the identity translation
is an element of each cotranslation collection Y p.

Recall that a metric space X is said to be uniformly discrete if there
exists some r > 0 such that either z = y or d(z,y) > r for all z,y € X. It is
also shown in [11] that every bounded geometry uniformly discrete metric
space admits a partial translation structure.

For T a partial translation structure on X, and for R > 0, let k7 (R)
denote the smallest & such that for x, 2’ in X there are at most k elements
o in X with oz = 2/. The smallest value any k7 (R) can take is 1, since we

assume that every > contains at least the identity translation.

32



DEFINITION 3.5 [The Translation Invariant]
For (X,d) a bounded geometry uniformly discrete metric space, define

the translation invariant of X to be the function
kx(R) = inf{kr(R) | T a partial translation structure on X}.

DEFINITION 3.6 [Free Partial Translation Structure]
A partial translation structure 7 is called free if k7 (R) = 1 for all R > 0.

DEFINITION 3.7 [Globally Controlled Partial Translation Structure]
We say a partial translation structure is globally controlled if the partial

cotranslation orbit
{(«',y) | there exists 0 € X such that oz = 2/,0y = ¥}

is a partial translation for all R > 0 and z,y € X.

3.2 Restrictions and Images of Partial Translation Struc-
tures

In this section we prove that partial translation structures restrict to sub-
spaces and are preserved by uniform bijections, and that these actions also
preserve freeness and global control of the structures. This allows us to ex-
tend a result of Brodzki, Niblo and Wright, as well as to provide a shorter

proof in the case covered by their theorem.

THEOREM 3.8 Let X be a metric space endowed with partial translation
structure T. Then T can be restricted to a partial translation structure Ty

for any subspace Y of X.

Proof.
Considering 7 as a collection of partial translations, we restrict to Y by

setting
Ty =7 N (Y X Y)

In other words, when viewing each partial translation ¢t € 7 as a subset of
X x X, we intersect it with Y X Y to obtain a partial translation ty of Y
(we could also view it as a map and restrict its domain and codomain). As

ty is a subset of ¢, the coordinate projections on ¢y are injective. Moreover,
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the distance d(y,y’) is bounded for all (y,y’) € ty, so ty will indeed be a
partial translation of Y. It is also the case that 7y is not an empty set so
long as Y is not, since we know by the first condition of Definition 3.4 for
7T that at the very least Uyc7t contains the diagonal of X X X, so Uy, c7y ty
at the least contains the diagonal of Y x Y.

It remains to check the three conditions of Definition 3.4 for 7y .

(1) We know by condition (1) for 7 that the union of partial translations
in 7 contains the R-neighbourhood of the diagonal in X x X, and thus it
contains the R-neighbourhood of the diagonal in Y x Y. Hence if we restrict
every partial translation in 7 to Y x Y, so that we let 7y g = TrN (Y xY),
then the R-neighbourhood of the diagonal in Y x Y is still contained in this
set. So condition (1) of Definition 3.4 holds for 7y

(2) We can restrict the partial cotranslations for 7 in a similar way to
the partial translations, so that we are left with partial cotranslations for
Ty. Each cotranslation ¢ € Y for some R > 0 must have its domain
restricted to Y, but we must also restrict its codomain to ensure that this
too is a subset of Y. So given a cotranslation o € Xy, let us define oy to
be the restriction of o to the set {y € Dom(c) NY | oy € Y'}. This partial
bijection will have image o(Y) NY, and it is clear from Definition 3.3 that
it is indeed a partial cotranslation for 7y g if o is one for 7p.

If we then let Xy p = {oy | 0 € Xr}, for all R > 0, then this set is a
suitable collection of cotranslations in the sense of condition (2) of Definition
3.4. Indeed, if there exists k such that for each z, 2’ € X there are at most
k elements o € Y such that ox = 2/, then for each y,3y’ € Y C X there
certainly cannot be more than k elements oy € Xy g such that oyy = v/

Note also that each Yy g is a non-empty set, since it at least contains
the identity translation restricted to Y x Y. Each 7y g is also non-empty as
it at least contains the R-neighbourhood of the diagonal in Y x Y.

(3) Let ty € Tyg, so that ty is the restriction to Y x Y of some t €
Tr. Then every element of ty is also an element of ¢, and thus for all
(y1,91), (y2,95) € ty there exists o € X such that oy; = y2 and oy} = b,
by condition (3) of Definition 3.4 for 7. If we restrict o to {y € Dom(o) N
Y | oy € Y}, then by definition we obtain a partial cotranslation oy € Yy g,
for which the same holds. Hence, for each ty € Ty i there exists oy € Yy g
such that oyy; = y2 and oyy] = vy for all (y1,v}), (y2,v5) € ty. Thus

condition (3) also holds for 7y, and so any partial translation structure
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restricts to a subspace.
O

COROLLARY 3.9 Let X be a metric space with partial translation struc-
ture T, and let Ty be the restriction of T to a subspace Y of X. If T is free
(resp. globally controlled) then Ty is free (resp. globally controlled).

Proof.

By definition, k7 (R) is the smallest k such that for all z,2’ € X there
exist at most k elements o € Yp with ox = 2/, for all R > 0. For each
R > 0 we have

kr, (R) < kr(R).

Indeed, let y,4' € Y C X and let k7 (R) = k. Then there exist at most k
elements o € X g with oy = . Each such o must have y in its domain, so as
y and vy are both elements of Y we also have oyy = 3/ for the corresponding
oy € XYyg, for each 0. As this is the only way elements of ¥y g can be
constructed, we have kr, (R) < k = kr(R).

Thus if we assume that 7 is free, i.e. that k7 (R) = 1 for all R > 0,
then we have k7, (R) <1 for all R > 0. Since 1 is the smallest value k7, (R)
can take, unless Yy g is an empty set, which is not possible, we in fact have
kr, (R) =1 for all R > 0, in other words 7y is also a free partial translation
structure.

Now suppose 7 is globally controlled. This means that the partial co-

translation orbit
{(#,25) | there exists 0 € ¥ such that oz, = 2,022 = 25}

is a partial translation for all R > 0 and for all 21,22 € X. Let us consider

a partial cotranslation orbit for 7y, that is a set
{(y1,95) | there exists oy € Xy g such that oyy; = y],oyys = vh}

We wish to show that this is a partial translation for all R > O and y1,y2 € Y.

Fix R > 0 and choose some y1,y2 € Y. Since we are assuming that all
y1,Y1,y2 and y5 considered here are elements of Y, to state that oyy; = v}
and oyys = yh is equivalent to saying that oy; = vy} and oys = v}, where

o € YR is the partial cotranslation for 7 from which oy was formed by
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restriction. Thus, since Y XY is contained in X x X, the partial cotranslation
orbit for 7y that we are considering is a subset of the corresponding partial
cotranslation orbit for 7 (i.e. the one formed using the same R > 0 and
points y1,y2 € Y). Hence, as we assume this to be a partial translation,
we know that the coordinate projections of our set onto Y are injective and
that d(y],v5) is bounded for all (v}, y}) in the partial cotranslation orbit for
Ty . Thus this is indeed also a partial translation.

In fact, the partial translation we obtain is the restriction to ¥ x Y of
the corresponding partial cotranslation orbit for 7. Hence if 7 is globally
controlled and every partial cotranslation orbit is a partial translation in 7,
then every partial cotranslation orbit for 7y is a partial translation in 7y .

|

We now wish to show that partial translation structures can be trans-
ported by uniform bijections. Let us begin by recalling the definition of
uniformity and explaining how maps between metric spaces can be applied

to partial translations.

DEFINITION 3.10 [Controlled Map]
A map ¢ between two metric spaces X and Y is called controlled if and

only if, for every R > 0, there exists an S > 0 such that

d(z,y) < R = d(é(x), o(y)) < S,
for all z,y € X.

DEFINITION 3.11 [Uniform Map]
A map of metric spaces ¢ : X — Y is called uniform if and only if ¢ is

controlled and for every S > 0 there exists an R > 0 such that

d(z,y) = R = d(¢(x), $(y)) = 5,
for all z,y € X [19].

Now suppose that X and Y are discrete metric spaces for which there
exists an injective map ¢ : X — Y. For t a partial bijection on X, define a

partial bijection on Y by

o(t) = {(o(t(2)), ¢(2)) | (t(x),z) € t}.
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In other words, if ¢ represents a bijection between the set S C X and ¢(.59),
then ¢(t) is a bijection between ¢(S) and ¢(¢(S)), mapping y € ¢(S) to
d(t(dp71(y))) € ¢(t(S)). Thus, as a map defined on ¢(X) C Y, we have

¢(t) =dotog .

The coordinate projections of ¢(t) are clearly injective if ¢ is a partial
translation and ¢ an injective map. By Definition 3.2, there exists some
R > 0 such that d(t(z),x) < R for all x € Dom(t). Hence if we assume ¢ to
be controlled then there exists an S > 0 such that d(¢(t(x)), ¢(x)) < S for
all ¢(z) € Dom(¢(t)) = ¢(Dom(t)). Therefore if ¢ is also controlled then it
sends partial translations of X to partial translations of Y, by the method
detailed above.

For T a partial translation structure on X, let ¢(7") denote the disjoint

collection of partial translations ¢(¢) for ¢ a partial translation in 7.

LEMMA 3.12 Let ¢ : X — Y be an injective controlled map, and let T be
a partial translation structure on X. Then ¢ establishes a bijection between

partial cotranslations for T and partial cotranslations for ¢(T).

Proof.

We know from the above that ¢ maps partial bijections of X to partial
bijections of Y. For every R > 0, let 7z be the subset of partial transla-
tions in 7 described in Definition 3.4, and Y i the set of partial cotransla-
tions for 7. To show that ¢(o) is a partial cotranslation for ¢(7r) when
o € ¥, consider some partial translation ¢ in 7g. Let (x,y) € t, so that
(¢p(x), d(y)) € ¢(t) € ¢(TR), and suppose that ¢(c) is defined on both ¢(z)
and ¢(y). We wish to show that (¢(o)p(x), p(0)d(y)) € H(t), i.e. that
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We have

$(t)(9(0)p(y)) = dotod (pooood  ((y)))
= ¢ot(oy)

= ¢oox, as o is a partial cotranslation for 7g,
= ¢ooo¢ ! (())
= ¢(0)(o(z)), as required.

So ¢(o) is indeed a partial cotranslation for ¢(7g). It remains to check that
o — ¢(0) is a bijection.

Firstly, suppose that ¢(c) = ¢(o’) for two partial cotranslations o,0’ €
Y r. We have that ¢(o0) : ¢(Dom(o)) — ¢(Ran(c)) and ¢(c’) : ¢(Dom(c’)) —
¢(Ran(c")), thus ¢(Dom(c)) = ¢(Dom(c’)) and ¢(Ran(o)) = ¢(Ran(d’)).
As ¢ is injective, this means that Dom(c) = Dom(c’) and Ran(o) =
Ran(o’). Let S C X denote the set Dom(o) = Dom(o’).

We have ¢(0)p(s) = ¢(o')p(s), for all ¢(s) € ¢(S). Hence ¢p o0 o
¢ H(B(s)) = poa’ o p L (¢p(s)), that is poos = ¢poo's, for all s € X such
that ¢(s) € ¢(S). Therefore, since ¢ is injective, we have os = o’s for all
s € S such that ¢(s) € ¢(S5), i.e. for all s € S. Hence we have injectivity.

We now need only show that, for every R > 0, every partial cotranslation
for ¢(7gr) is of the form ¢ (o) for some o € . So let us consider an arbitrary
partial cotranslation 6 for ¢(7g), which must be a partial bijection of ¢(X).
For each x € X, if ¢(x) lies in the domain of 8 then 0¢(xz) = ¢(z) for some
z € X, which is uniquely determined, by injectivity of ¢. Hence we may

define a function o : X — X by

or=z= ¢ (09()),

forall z in {x € X | ¢(z) € Dom(0)}. Now 0 is of the form ¢(0) = pocop™*
for the partially defined map ¢ : X — X. This function must be injective,
since both 6 and ¢ are.

As 6 is a partial cotranslation for ¢(7g), we have ¢(t)(0¢p(y)) = 0¢(x)
for all partial translations ¢(t) in ¢(7g) and for all (¢(x), #(y)) € ¢(t) where
0 is defined on both ¢(x) and ¢(y).

Thus ¢(t)(¢(0)$(y)) = ¢(0)d(x), that is potod~ (poaod((y))) =
poaop t(p(x)), and so ¢ ot(oy) = ¢ oox, for all t,x and y satisfying the
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above. Hence t(oy) = ox, by injectivity of ¢. Therefore (ox,oy) € t.

This holds for all ¢(t) € ¢(7r) and for all (¢(z), #(y)) € ¢(t), so it holds
for all partial translations ¢ in 7 and for all (x,y) € t, since ¢ is a bijection
onto its image. Thus o is a partial cotranslation for 7z and @ is of the form
¢(0). The argument of this proof applies for any R > 0, so ¢ is surjective
on, and hence establishes a bijection between, all partial cotranslations.

[

THEOREM 3.13 Let X be a metric space equipped with a partial trans-
lation structure T, and let ¢ : X — 'Y be a uniform bijection. Then ¢(7T) is

a partial translation structure for Y .

Proof.

If we assume ¢ : X — Y to be a uniform bijection then it is both
controlled and injective, and thus sends partial translations in X to partial
translations in Y. It remains to check the conditions of Definition 3.4 for
o(T).

(1) Firstly, note that we certainly require ¢ to be surjective for this
condition to hold. Indeed, if it was not then there would exist some y € Y
such that y # ¢(x) for any x € X. Then (y,y) could not possibly be an
element of ¢(t) = {(¢(t(z)), #(x)) | (t(z),z) € t} for any t € T, so it would
not lie in the union of partial translations in ¢(7g) for any R > 0, and thus
none of these sets would even contain the whole of the diagonal in Y x Y,
let alone its R-neighbourhood.

Recall that to say ¢ is uniform means that it is controlled, and also that
for all S > 0 there exists R > 0 such that

d(z,2') > R = d(¢(z), ¢(z')) = S.
That is, for all S > 0 there exists R > 0 such that
d(¢(z),6(2")) < S = d(z,2") < R.

So consider a point (y,y’) € Y x Y which lies in the S-neighbourhood of
the diagonal for some S > 0. Since ¢ is surjective, we know that (y,y’) =
(¢p(x), p(2")) for some (z,2') € X x X, and by uniformity of ¢ we know
that (z,2’) lies in the R-neighbourhood of the diagonal in X x X for some
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R > 0. Thus (z,2’) is an element of some partial translation ¢ in 7 (viewed
as a subset of X x X), and therefore (y,%’) lies in the partial translation
¢(t), which is an element of ¢(7g). So we have condition (1) for ¢(7) if we
define the collection ¢(7)g to be ¢(7r). Note that the partial translations
contained in this collection are indeed disjoint since the partial translations
in each 7r are disjoint by assumption and ¢ is a bijection.

(2) By Lemma 3.12, we see that ¢ maps partial cotranslations for 7p
bijectively to partial cotranslations for ¢(7g), for every R > 0. Hence
®(XR) is a collection of partial cotranslations for ¢(7)g, and it is clear by
bijectivity that condition (2) of Definition 3.4 holds for ¢(7).

(3) Let t € T, so that ¢(t) € ¢(7)s, for some S > 0. Then by condition
(3) of Definition 3.4 for 7, for every (z,y), (2',4') in ¢, there exists ¢ in X
such that oz = 2’/ and oy = 3. Hence for every (¢(x), d(y)), (6(z"), d(y'))
in ¢(t), there exists ¢(c) in ¢(Xg) such that ¢(o)p(z) = pooogp~L(g(z)) =
¢(ox) = ¢(2') and, similarly, ¢(o)p(y) = ¢(y’). Therefore condition (3)
of Definition 3.4 also holds for ¢(7), and so ¢(7) is a partial translation
structure for Y.

|

COROLLARY 3.14 Let X be a metric space equipped with a partial trans-
lation structure T, and let ¢ : X — Y be a uniform bijection. If T is free
(resp. globally controlled) then ¢(7T) is free (resp. globally controlled).

Proof.

For every S > 0 we consider the partial cotranslation collection ¢(3)g
to be ¢(XR), where R is the value related to S by the uniformity condition
for ¢, as in the proof of Theorem 3.13. Thus to show that ky7)(S) =1 for
all S > 0 it suffices to show that, for any R > 0, for all y,y € Y there can
be no more than one ¢(c) € ¢p(Xg), such that

o(o)(y) =y

As ¢ is a bijection, each y € Y can be written as y = ¢(x) for some x € X,

and therefore the above is only the case when

poood  ((x)) = d(a)
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for some pair of elements z, 2’ € X. That is, when

/
or =1,

since ¢ is injective. Hence, if we assume that k7 (R) = k, then we know
that there at most k elements o € Yy satisfying this for any z,2’ € X,
and thus there are at most k elements ¢(0) € ¢(Xr) = ¢(X)s which satisfy
o(a)(y) =y, for all y,y’ € Y. So we have ky(7)(S) < k = kr(R). Therefore
if 7 is free, in other words if k7 (R) = 1 for all R > 0, then ¢(7) is also free,
as the minimum value kg(7)(S) can take is 1.

Moreover, as o +— ¢(0) is a bijection, by Lemma 3.12, and the implica-

tion can be reversed at each stage of the above argument, we in fact have
kr(R) = ky(1)(S)

for all R, S > 0 which correspond in the sense of Definition 3.11.
Now suppose that 7 is a globally controlled partial translation structure.

That is, each partial cotranslation orbit
{(},25) | there exists ¢ € ¥ such that oz = 2,009 = 25}

is a partial translation, for z1,22 € X and for all R > 0. Let us consider a

general partial cotranslation orbit for ¢(7):

{(1,v3) | there exists ¢(0) € ¢(Xg) such that ¢(o)(y1) = y1,d(0)(y2) = y5},

for some y1,y2 € Y and some R > 0. Since ¢ establishes a bijection both
between elements of X and elements of Y and between partial cotranslations

for 7 and partial cotranslations for ¢(7), the above set can be rewritten as
{(p(x), p(2h)) | there exists o € B such that po g o ¢ (p(x1)) = d(z))

and pooo ¢*1(¢(x2)) = ¢(ah)}

= {(¢(x}), p(z4)) | there exists ¢ € X such that oz = zfand oxe = 2} },
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for some z1,z9 € X. But this is just ¢(¢) for some partial cotranslation
orbit

t = {(2),24) | there exists o € X such that oz = 2, 0w = 24}

for 7, and hence it must be a partial translation of Y since we assume t
to be a partial translation of X (if 7 is globally controlled) and we know
that ¢ maps partial translations of X to partial translations of Y, as ¢
is controlled and injective. This will hold for any partial cotranslation for
o(7T); thus ¢(7) is globally controlled.

U

REMARK 3.15 Note that we could restate the above theorem and corol-
lary to say that ¢(7) is a (free, globally controlled) partial translation struc-
ture for ¢(X) whenever ¢ : X — Y is an injective uniform map. Since every

map is surjective onto its own image, the proof would follow identically.

These theorems and corollaries allow us to construct a new and more

concise proof of the following, which appears as Theorem 19 in [11].

COROLLARY 3.16 Let X be a space admitting an injective uniform em-
bedding into some discrete group G. Then X admits a free and globally

controlled partial translation structure.

Proof.
Let ¢ : X — G denote the injective uniform embedding of X into G.
Then ¢ is a uniform bijection onto its image ¢(X) =: Y, a subspace of G.
It is shown in [11] that any countable discrete group admits a canonical
partial translation structure which is free and globally controlled; let us
denote the canonical partial translation structure for G by 7. It can be
seen from the proof of Proposition 15 in [11] that this structure consists of

partial translations of the form
tg=A{(z,zg) | v € G},

and partial cotranslations defined by op,(z) = hx, one of each for each ele-
ment of the group. For every R > 0 we take Tp = {t, | d(e,g) < R} and
ER:{O';L | hEG}
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Theorem 3.8, together with Corollary 3.9, now tells us that 7 restricts
to a free and globally controlled partial translation structure 7y on Y. If
¢ : X — Y is a uniform bijection then so is its inverse ¢~ : ¥ — X, and
hence ¢~1(7y) is a free and globally controlled partial translation structure
on X, by Theorem 3.13 and Corollary 3.14.

U

REMARK 3.17 In particular, if X is a space admitting an injective uni-
form embedding ¢ into a discrete group G, then we have kx(S) =1 for all
S > 0. Indeed, by the proof of Proposition 15 in [11] we have that k7 (R) =1
for all R > 0, and so kg(R) is also 1 for all R. Thus by the proof of Corollary
3.9 we have

by (R) < kr(R) = 1,

so that k7, (R) = 1 for all R > 0; and by the proof of Corollary 3.14 we have
ky-1(1,)(S) = k1 (R) = 1,

for all S > 0, where R is the value associated with S by the uniformity
condition for ¢—t. Therefore rx(S) is also 1 for all S > 0.

3.3 Group Actions and Cotranslation Orbits

In order to gain a better understanding of how partial translation structures
may arise, in this section we shall study cotranslation orbits and provide
some details relating to group actions.

In the case of the canonical partial translation structure on a discrete
group, the partial translations and cotranslations correspond with respec-
tively the right and left multiplication actions of the group elements. Thus
if such a group G acts on some space X on the left, it makes sense to study
orbits of the canonical cotranslations within that space. We show that un-
der certain conditions one may use these cotranslation orbits as the partial
translations in a partial translation structure on X, with the same set of
cotranslations as in the canonical partial translation structure on G.

Recall that the action of a group G on a space X is called regular if it

is both transitive and free.

THEOREM 3.18 Let G be a discrete group acting reqularly on a bounded
geometry metric space X in such a way that for all R > 0 there exists S > 0

43



such that
d(r,y) < R = d(gz,gy) < S,

forallg € G, z,y € X. Then the cotranslation orbits form a partial trans-

lation structure on X.

Proof.
Let us begin by fixing a basepoint g € X. Now, by cotranslation orbits,
we mean orbits of the action of G on points (z9,z) € X x X. Thus our

partial translations here are subsets of X x X of the form

te = {(g20,97) | g € G},

for some x € X. We assume the action of G on X to be free, that is

gr #g'x

for all distinct g,¢’ € G and for all x € X so the coordinate projections of
every such t, are injective. To see that the distance function is bounded on
each set t,, let us first define the 7y sets for our partial translation structure.
For every R > 0, let

T = {t. | = € Bs(ao)},

where each S corresponds to the R we are considering in the way stated
in the assumptions of the theorem; we define our 7 sets in this manner
to enable us to prove that condition (1) of Definition 3.4 holds. We only
consider partial translations which are contained in some such 7g, and so
for every t, there exists some S > 0 such that d(z,zp) < S, and thus by
reapplying the hypothesis of the theorem there exists some S’ > 0 such that
d(gx, grg) < S’ for all g € G; hence each t, is indeed a partial translation.
Note also that every 7g is a finite set since we assume X to have bounded
geometry. In addition to this, if the elements of some 7 were not disjoint,
then we would have (gzo, gz) = (¢'zo, g'z’) for some g,¢' € G, z,2’ € X, so
that g = ¢/, by the freeness of the action. Then gz = g2', so g gz = g 'g2’,
and thus z = z/. Therefore every T is indeed a finite set of disjoint partial
translations.

We define cotranslations for our entire set of partial translations by
op: X = X, op(z) := hz,
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so that we have one for each element h € G, and ¥r = {0, | h € G} for
every R > 0. Then

(on(gz0), on(g2)) = (hgzo, hgx) = ((hg)zo, (hg)z) € ta,

for all oy, € Xg,t, € Tr and (gxo, gx) € ty.

It remains to check the three conditions of Definition 3.4.

(1) Let (x,y) be a point in the R-neighbourhood of the diagonal in X x X
so that z,y € X and d(z,y) < R. We wish to find some t, € 7 such that
(z,y) € t,. That is, we want to show that (z,y) = (gzo,gz) for some
g € G, z € Bg(zg), where d(hz,hy) < S for all h € G (such an S exists by
assumption). By transitivity, there exists some g € G such that gxg = . So
now (z,y) = (9z0,9(97'y)), and d(zo, g~ 'y) = d(g~ 'z, g7 y) < S. Hence if
we set z = g~y then (z,y) € t, € TR, as required.

(2) Let z,y € X. Transitivity of the action of G tells us that there exists
some h € G such that hx = y. If there were also some element h # h' € G
such that W'z = y then we would have hx = h'x, which would contradict
the freeness of the action. Hence freeness tells us that there is at most one
cotranslation o, € X i such that op(x) = y for all z,y € X. In fact, there
will be exactly one, by transitivity.

(3) Let € Bg(zg), so that t, € Tg for some R > 0, and let (gxo, gx),
(¢'x0,g'z) € t,. We wish to find some h € G such that hgxg = ¢'xo and
hgx = ¢'x. We may simply take h = ¢'g .

Therefore the cotranslation orbits do form a partial translation structure
under the given assumptions.

[

When the space X on which a discrete group G acts is a subspace of G,
we may also define a partial translation structure on it by restricting the
group’s canonical partial translation structure, by Theorem 3.8. We prove
that in the case where the group action is on the left, these restricted partial

translations are invariant under this action.

THEOREM 3.19 Let X be a subset of a discrete group G on which G
acts on the left, and equip X with the inherited subspace partial translation
structure Tx arising from the canonical partial translation structure T on

G. Then partial translations in Tx are invariant under the action of G.
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Proof.

Recall that a partial translation in 7 is of the form
tg={(h.hg) | h € G}
and so partial translations in 7x are of the form

t9|X = {(x,mg) | T,xrg € X}v

so that in each case we have one for every ¢ € G. We wish to show that
(x,zg) € tg|x if and only if (hx, hxg) € ty4|x, for all z € X, g,h € G.

Firstly, suppose (z,2g) € ty|x. Then we know that both x and xg must
be elements of X C (. Hence we must also have hz, hxg € X for all h € G,
since G acts on X on the left. Therefore (hx, hzg) = ((hx), (hx)g) € t4|x.

Conversely, suppose that (hx,hzg) € ty|x, for some z € X,g,h €
G. Then we must have hx,hrg € X, and thus both h=!'(hz) = x and
h=Y(hxg) = xg must also lie in X, since h~! € G and G acts on X on the
left. Hence (z,zg) € t4|x, as required.

|

The following lemma is simply a useful remark relating to certain group

actions.

LEMMA 3.20 Let X be a metric space and G a group which acts on X on
both the left and the right. Suppose X is equipped with a metric d which is
left invariant under the action of G, and suppose also that there exists some
xog € X such that for every x € X there exists g € G such that gzg = .
Then each element of G acting on the right moves every x € X by a fized

distance.

Proof.

For every z € X and r € G we have

d(zr,z) = d(gzor,gxo) for some g € G, by assumption,

= d(xor,x), by left invariance.
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REMARK 3.21 The assumptions of the above theorem could be replaced
by “G acts transitively and by isometries on X on the left” (with no assump-
tion on the right action except that there is one). Indeed, left invariance
of d is equivalent to a left action by isometries, and the second assumption
implies that for all 2,2’ € X there exists g, ¢ € G such that grg = z and

1

g'ro = 2', so we have ¢’¢! € G with ¢'¢g~'2 = 2/, which implies transitivity,

and it is clear that transitivity implies the given assumption.

The final result of this section can be applied to any metric space that
is equipped with a partial translation structure, and requires no additional
assumptions. Here we consider partial translations from a slightly different
perspective and explore their relationship with cotranslation orbits in a little

more detail.

PROPOSITION 3.22 Let T be a partial translation structure on a space
X, and let t be a partial translation contained in T for some R > 0. Then

t can be expressed as the orbit of (x,y) under X for any (z,y) € t.

Proof.

Denote cotranslation orbits in the following way:

teyr = {(2',y) | there exists o € Xp such that (2,y') = (oz,0y)}
= {(oz,0y) | 0 € BR}.

Now assume t € T for some R > 0, and (z,y) € t. Then by definition of
cotranslations we know that (ox,o0y) € t for all 0 € Y (where defined),
and thus t,,r C t. However, by the third axiom of the partial translation
structure definition, we also know that for all other (2/,y) € t there exists
some o € Xi such that oz = 2’ and oy = y'. So in other words (2/,y') =
(ox,0y) for some o € Xpg, for all (2/,y’) € t; that is, (2/,y') € tyyr for all
(«',y') € t. Hence t C tyyr also, and therefore t = t,yr for all (z,y) € t,
where t € Tg.

O

4 Partial Translation Algebras

In this chapter we formally introduce the analogue of the reduced group C*-

algebra for metric spaces that was mentioned at the start of the previous
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chapter. Such an algebra is obtained from a partial translation structure
on a metric space X by viewing the partial translations as operators acting
on I2(X). We explain this process below and discuss some properties of the

operators involved.

DEFINITION 4.1 [Partial Translation Algebral
Let X be a discrete metric space. For a partial translation structure 7
on X, the partial translation algebra C*(7T) is the C*-subalgebra of C;(X)

generated by the partial translations (viewed as partial isometries) [11].

Let 7 be a partial translation structure on a discrete space X, and let
t € T be a partial translation. Then ¢ defines an operator T3 € C*(7') which

acts on [?(X) in the following way:

T, .6, Sy) if © € Doml(t)
0 otherwise,

where J, denotes the delta function of the element x € X. In the case
where X is a space which may be specifically enumerated so that [?(X)
can be identified with a space of sequences, this translates to 7; moving
the term indexed by the element z € X in any sequence in I2(X) to the
“t(x)”th position, whenever € Dom(t). In particular, we use this method
to understand operators arising from partial translations on a subset of Z,
several examples of which we will consider in the next chapter.

For every such T3, it is not difficult to check that the adjoint operator

Ty arises in a similar way from the partial translation =1, so that

T 5 Sp-1(z) fx € Dom(t~') = Ran(t)
L 0 otherwise.

For any pair of partial translations t1,te € 7, we have

0 if x € Dom/(ty),t € Dom(t
ﬂthQ :512 — t1(t2(x)) 1hx . Om( 2)7 Z(x) om( 1)
0 otherwise,
by definition. Now Dom(t1tz) = { € Dom(tz) | t2(x) € Dom(t1)}, and
hence we have
TtthQ = Ttltgg
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where T},4, is the operator arising from t1to (which is not necessarily an

element of 7'), defined in the usual way by

5t1t2(x) ifx € Dom(tltg)

0 otherwise.

Tt1t2 : (5:E — {

Note that Ty, Ty, = Ti,4, is the zero operator on [2(X) if ¢; and to are not
composable, that is if Dom(tit2) = 0.

PROPOSITION 4.2 Let t be a globally defined partial translation on a
space X which also has a globally defined inverse t='. Then the correspond-

ing operator Ty on 1*(X) is unitary.

Proof.
To say that ¢ is globally defined means that Dom(t) = X. Thus the
operator T} simply acts on [?(X) by

Ty 2 0g — Oy
for all x € X. Similarly, we will have
Tt* . (590 — (575—1(1,)

for all # € X. Thus it is clear that 7T} = Id = T;T, i.e. that T} is unitary.
O

In general, the operator 131} acts as the identity on all basis elements
S, such that x € Dom(t™1), and zero for all 6, such that x ¢ Dom(t™!),
whilst 77T} acts as the identity for all §, such that x € Dom(t) and is zero
elsewhere. Hence it is in fact the case that the only unitary operators arising
from partial translations are those which arise from globally defined partial
translations with globally defined inverses.

If we attempt to show the converse and to obtain a partial translation on
X from a general unitary operator on [?(X), then we would have to assume
that that operator acts by permuting basis elements, and also that it does
not move them “too far” so that the corresponding partial bijection would
satisfy the distance condition for partial translations. Thus, we may say
that if 7" is a unitary operator on [2(X) which permutes the basis for 12(X)

and does so in such a way that d(x,y) is bounded whenever T'(,) = d,, then
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T defines a globally defined partial translation on X which has a globally

defined inverse.

COROLLARY 4.3 If a partial translation t on a space X gives rise to a
unitary operator on 12(X) and if  : X — Y is a uniform bijection, then the

partial translation ¢(t) gives rise to a unitary operator on I12(Y).

Proof.

This is a consequence of the previous proposition together with the fact
that if ¢ is a globally defined partial translation on X then ¢(t) = ¢poto ¢!
is a globally defined partial translation on Y.

O

So, for example, if Tx is a partial translation structure on X, ¢ : X — Y
is a uniform bijection and C*(7x) is generated by a single unitary opera-
tor T3, then ¢(7x) is a partial translation structure on Y and the algebra

C*(¢(7x)) will be generated by a single unitary operator Ty).

REMARK 4.4 If we wished to consider a partial translation ¢ which was
globally defined but whose inverse was not, then the operator 7} arising from
it would be an isometry, since we would have T}"T; = Id, while T; T} would
only be the identity on basis elements d, for which z € Dom(t~1). In fact,
the operator 7T; T} would be a projection which could be expressed by

TyI7 =1 — Px\Dom(t-1)-

Thus if ¢t~! is defined for all but a finite number of elements of X (i.e. is

cofinite), then T;T;" differs from the identity by an operator of finite rank.
If t =1 was globally defined but ¢ was not then we would have T;T} = Id

and similar relations for T;7T; as for 73T} in the above, so T; would be a

coisometry.

Almost everything we have considered so far in this chapter could be
applied to operators arising from any partial bijections of the space X, but
for a partial bijection t to be a partial translation of X, we also require
that dx(x,t(x)) is bounded for every x € Dom(t), so let us now turn our
attention to the effect this distance condition has on operators arising from

partial translations.
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If T} is an operator on [?(X) which arises from a partial translation t,
then T; maps any basis element d, to ;) in such a way that = is not
infinitely far from t¢(x) in X; in fact dx(z,¢(z)) is bounded by the specific
bound given in the distance condition for ¢. As T; acts on basis elements
by permuting them and/or mapping to zero, if we express T; in matrix
form it will be a {0, 1}-matrix with at most one non-zero entry in each row
and column; this matrix represents the characteristic function of the subset
t C X x X. The distance condition tells us that the non-zero entries of this
matrix will be contained within a strip of finite width about the diagonal.

Thus operators arising from partial translations have finite propagation.

5 Examples of Partial Translation Structures and

Algebras

As previously mentioned, it is proved in [11] that every countable discrete
group G admits a canonical partial translation structure which is free and

globally controlled, consisting of partial translations of the form
tg={(z,29) | x € G},

and partial cotranslations defined by o, () = ha, one of each for each ele-
ment of the group. For every R > 0 we take 7p = {t, | d(e,g) < R} and
Yr ={on | h € G}. We proved in chapter 3 that every partial translation
structure may be restricted to a subspace, as well as that uniform bijections
take partial translation structures to partial translation structures; in the
section below we shall compare these two methods for obtaining a partial
translation structure on a subspace of a countable discrete group, given that
any such group comes equipped with a partial translation structure defined
by the above. These ideas will then be extended to partial translation alge-

bras.

5.1 Partial Translations Structures for Certain Subspaces of
Groups

We aim to address the question of transport of partial translation structures;
to this end, we begin by studying a number of examples involving a subspace

X of a discrete group G for which there exists a uniform bijection ¢ : G —
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X. We compare the partial translation structure induced by ¢ with the

restriction of the canonical partial translation structure on G to X.

5.1.1 7Z\{0}

Define the canonical partial translation structure 7 on Z to consist of partial
translations of the form ¢, = {(m + n,m) | m € Z}, and cotranslations of

the form oy, : Z — Z, 0,,(m) = m — n, for each n € Z. Here we have
Tr ={tn | In| <R} and X = {0y, | n € Z},

for all R > 0.

Note that if we were to follow the notation of [11] to the letter, then
the partial translation taking any integer m to m + n would be denoted by
t_, and the partial cotranslation taking m to m —n = —n + m would be
denoted by o_,,. However, we use the above definitions for ease of notation
throughout this chapter, with no loss of generality.

Firstly, let us consider the restriction of this partial translation structure
to X := Z\{0}; that is, let 7x = 7 N (X x X). Then partial translations in

Tx are of the form
tn’X = {(m+n)m) ’ me X, m 7é —TL}.

Partial cotranslations must also be restricted, so each o, will now only be
defined on X\{n}. In addition to this, we now have

Txp=TrN(XxX)={t, € Tx | In| < R} and X xp = {O'n‘X\{n} | n € Z},

for all R > 0. Note that, with this definition, 7x will indeed be a partial

translation structure, by Theorem 3.8.

. n ifn>1 . .
Now consider themap ¢ : Z — X, n — ] . Since ¢ is a
n—1 ifn<0
uniform bijection, ¢(7) is a partial translation structure on X, by Theorem
3.13. By the proof of this theorem, it can be seen that partial translations

in ¢(7) are of the form ¢(t,) = ¢ ot, o ¢~ !, for t,, a partial translation in
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T. We can describe these maps explicitly. So let m € X; then

Htn)(m) = ¢(tn(67"(m)))
_ o(tn(m)) ifm>1
d(tn(m+1)) ifm< -1
B ¢(m +n) ifm>1
N pm+n+1) ifm< -1

m-+n iftm>1, m+n>1
m+n—1 ifm>1, m+n<0
m+n+1 ifm< -1, m4+n+1>1
m+n ifm<—-1, m+n+1<0

m+n if m > max{0, —n}
or m < min{0, —n}

m+n—1 if0<m<—n

m+n+1 if —n<m<D0.

Thus it is clear that ¢(t,)(m) is an element of X for every m € X, yet
this is not the same as applying ¢,, restricted to X. Partial cotranslations
could be defined in a similar way. Note that d(n,m) > R implies that
d(¢(n),¢(m)) > R, for any n,m € Z, R > 0, and hence we have

H(T)r = ¢(Tr) = {P(tn) | tn € Tr} and ¢(X)r = ¢(XR) = {¢(0n) | on € Er},

for all R > 0. Nevertheless, mapping the canonical partial translation struc-
ture on Z via ¢ yields a very different structure from the one obtained by

restricting to X.

5.1.2 Z\{nl,...,nk}

Now that we have tackled the example of “Z with a hole” (specifically a hole
at zero), we can extend these ideas to the case of Z with any finite number
of holes. Let ny,...,ng € Z with ny < ... < ng be finitely many distinct
integers, and define X := Z\{ny,...,n;}. Equip Z with the same canonical
partial translation structure 7.

Again, we consider first the restriction of 7 to X, so we let 7x =T |x =
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7 N (X x X). Then partial translations in 7x are of the form

tolx = {(m+n,m)|meX, m+neX}

= {(m+nm)|mezZ, m#*ny,...,ngn —n,...,ng—n}.
Every partial cotranslation o, has its domain restricted to
Z\{ni,...,ng,n1 +n,...,n+n} =X\{n1 +n,...,np+n}.
Now let ¢ : Z — X be the uniform bijection defined by

n—k ifn<n +£k
n—k+i ifn+k—i<n<ng1+k—1i,
forall 1 <i<k—-1

n if ng <n.

and consider ¢(7), another partial translation structure which may be de-
fined for the space X. Note that ¢! : X — Z is defined by

n+k if n <nq
n+k—-1 ifny <n<ng
¢_1:n»—> n+k—1 if n; <n < nip

n+k—(k—1) ifng1<n<ng

n if ng < n.

Now, for every m € X, we have
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¢(tn)(m)

= (tn(¢~ " (m)))
d(tn(m + k)) itm<m
= d(tn(m+k—1) ifn<m<ngy, V1<i<k
d(tn(m)) ifn, <m
dp(m+n+k) if m <ny
= pm4+n+k—i) ifni<m<ni, V1<i<k
¢(m +n) if ni, <m
m-+n ifm+n+k<n+k

m+n+j fnj+k—j<m+n+k<ni+k—j,
forall 1 <j <k

m+n+k ifng<m+n+k
if m < ng
m+n—1 ifm+n+k—i<n +k
m+n—i+j ifnj+k-—j<m+nt+k—i<njp+k—j,
— forall 1 <j <k
km—i—n—i—k—i ifng<m+n+k—i
ifn; <m < mniyp1, forall 1 <i<k
(m—i—n—k: fm+n<n +k

m+4n—k+j ifnj+k—j<m+n<nj+k—j,

forall1 <j <k
m+n ifng<m+n

if np <m.

Again, it can be seen from this that the partial translation structure obtained

in this manner will be very different from the restriction of 7 to X.

5.1.3 2Z

The final subspace of Z we shall consider in this manner is X = 2Z. The
restriction 7x = 7 N (X x X) of our canonical partial translation structure

to this set consists of partial translations

tolx = {(m4+nm)|meX=2Zm+neX =27}
= {(m+n,m) | mneX =27},
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so that the set of partial translations in Tx is {t,|x | n € X} = {ton|x | n €
Z}, where each t,, is a partial translation in 7. Partial cotranslations must
be restricted in a similar way, so we restrict the domain of each one to X
and then also require that o,(m) = m —n € X for all m € X, in other
words that n € X = 27 as well. Thus each partial cotranslation in Tx is of

the form o9, |x, for some n € Z. Here we have
Txr=1rN (X X X) = {t2n|X ‘ ’277,‘ < R} and Xxp = {Jgn‘X | n < Z},

for all R > 0.
In addition to this, there exists a uniform bijection between Z and X
given by
¢:7— X, n+— 2n.

Again, partial translations in the partial translation structure ¢(7°) are of
the form ¢(t,) = ¢ ot, o ¢!, for some t,, € T. If we let m € X then

H(tn)(m) = d(ta(¢™'(m)))
= lta(5)
= ¢(5 +n)
= m+ 2n,

for every n € Z, and thus in this case we have the same set of partial
translations as for 7|x. Also, partial cotranslations in ¢(7") will similarly
be of the form o9,|x = ¢(0y,), for some partial cotranslation o,, in 7. Note
that d(n,m) > R implies that d(¢(n), ¢(m)) > 2R, for any n,m € Z, R > 0,

and so finally we have
H(T)r = ¢(Trs2) = {d(tn) | tn € Try2} = {ton|x | [2n| < R} and

¢(X)r = 0(SRs2) = {d(on) | on € Xppa} = {oon|x | n € 2},

for all R > 0. So this method yields the same partial translation structure
as the restriction of 7 to X.
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5.1.4 Fy\{e}

We shall now use similar methods to study a slightly different example, the
case of “the free group with a hole”. Removing the identity vertex from the
Cayley graph of the free group on two generators leaves us with four disjoint

isomorphic trees.

i
T

X =TF\{e}

T
Rk
o T,

T

-
T

T

x#%f

Partial translations in the canonical partial translation structure on F,
if viewed as bijections from the group to itself, are defined as the actions of
group elements by right translation; we continue the notation of the previ-
ous sections to allow the partial translation ¢, to denote right translation by
the element g € Fo (rather than by g=1). If we restrict this partial trans-
lation structure to X in the usual way, then we obtain partial translations

including, for example:

to: X\{a™'} — X\{a}, Tl...Tk > T ... Tka,
ty: X\{b7'} — X\{b}, T1...Tk > T1 ... Tkb,
to-1: X\{a} — X\{a71}, Ty Tp T Tpa
ty-1: X\{b} — X\ {07!}, Ty a2y .. b

where z; € {a,a",b,b71} for all 1 < i < k. A general partial trans-
lation is given by right multiplication by a reduced word y;...y; with
yi € {a,a”!,b,b71}. Explicitly, we have

tyr .., :X\{yl_l...yl_l} - X\{y1...ut}, z1... x> 2. TRY1 .. YL
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Again, we can also define a partial translation structure on X by use of

a uniform bijection between X and Fy. Define

r1...xpa ifx;=aforalliorz;...z =€

¢:Fo— X, 21...201 — '
T1...Tk otherwise.

Then we have the inverse map

T1...%—1 fx;=aforalll <i<k

Ti...Tk otherwise,

ot X — Ty, xlka{

and thus ¢ is a bijection. Moreover, the greatest distance ¢ can move an
element by is 1, and hence (as ¢ is also injective) ¢ is uniform. Therefore, if 7°
is a partial translation structure on Fg then ¢(7) will be a partial translation
structure on X, by Theorem 3.13. Considering again the canonical partial
translation structure for Fy, we obtain in this manner partial translations

on X including
H(ty) a1 — Qpotgop t(ay... xy)

poty(xy...xpq) Hax;=aV1<i<k
poty(xy... xp) otherwise
d(xy...xp—qa) fr;=aV1<i<k
d(xy ... 210) otherwise
T1...Tp_q0a fz,=aV1<i<k
B T1...TLA0 if 1...2pa = e,
ie ifzy...zp=a""!
T1...TQ otherwise
a
x

ifx;...op=at

1...xpa otherwise,
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d(ty—1):a1... 2= poty100 Yoy, .. 1)

gb(tb):xl...xkl—»qﬁotboqﬁ_l

pote-1(z1...x5-1) fr;=aV1<i<k
pot, 1(301 . Tk) otherwise
dry...xp_1a7t) fz;=aV1<i<k
é(xy ... xpat) otherwise
d(a=h) iftk=1, xp=a
d(r1...xp—g) Hax;=aV1<i<k(k>1)
é(xy...xpa" 1) otherwise
a=! ifk=1 2 =a
T1...Th_q ife;=aV1<i<k(k>1)
r1... :L’ka_l otherwise
a? ifzy...0p,=a
otherwise
(@5( )) ( - Tk),
(x1...2)

{
{

¢ oty(zy
¢ o tp(w
o(zy ..
oz ...
xpqb iz, =aV1<i<k
xp_ia ifk=1, xp=b"1,

cxpeq) ifx=aV1<i<k

.. Tk) otherwise

.l‘k_lb) ifxi:aV1§i§k‘

xb) otherwise

orxp=b"1 zi=aV1<i<k-1

..xib otherwise,
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d(ty-1):w1... 78— poty10¢ (z1... 1)

poty-1(r1...05—1) fz;=aV1<i<k

poty—1(xy...xK) otherwise
B dlry...xp b)) fz;=aV1<i<k
B d(xy ... xpb™h) otherwise

T1...xp_1bl fxi=aV1<i<k

T1...Th_1G if k=1, zp = b,
orxp=0b x,=aV1<i<k-1
x1...xpbt otherwise

I
——

= (¢(tb))71(x1 . :L‘k)

Notice that these are all globally defined partial translations with globally
defined inverses. General partial translations could be formed in a similar
way on an individual basis, and it is clear that we will end up with a very
different set of partial translations from those obtained by restricting the

canonical partial translation structure on Fs.

5.2 Partial Translation Algebras

Now we shall expand upon some of the examples discussed in the previ-
ous section by considering the partial translation algebras that our partial
translation structures generate. Recall that for 7 a partial translation struc-
ture, the partial translation algebra C*(T) is the C*-subalgebra of C}(X)

generated by the partial translations (viewed as partial isometries).

5.2.1 Z

As our first three examples were subsets of Z, let us begin by examining the
algebra arising from the canonical partial translation structure on Z itself.

We consider the set of partial translations in this case to be
{tn ={(m+n,m) | meZ}|necl},

which is generated by the partial translation #; and its inverse tl_l =1t_3.
Viewing these as elements of B(I%(Z)), we obtain partial isometries T} :
6n + Opy1 and T} : 8, +— 6,1 of [?(Z). Thus the algebra arising in this

case is generated by a single element 77 such that 77717 = 1 = TV17, i.e.
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by a single unitary element, the bilateral shift. Hence we have C*(7) =
CHZ) = O(Sh).

5.2.2 7\{0}

Let X = Z\{0}, and again begin by considering Ty, the restriction of the
canonical partial translation structure on Z to X. The set of partial trans-

lations in Tx is given by
{tn ={(m+n,m) | m e X\{-n}} [ n e Z},

for example t; = {(m + 1,m) | m € X\{—1}}. Viewing this element as a

partial isometry of 1?(X), we obtain the operator

T :(...,z9,2_1,21,%2,...) — (...,x_3,2_2,0,21,...),
which has an adjoint

5 (o x—9,x1,21,22,...) — (..., 2-1,0,29,23,...).
Thus we have

5T (oo ,x—9, 1,21, 22,...) — (..., x_2,0,21,22,...)
and

Ty (., 21,21, 22,...) = (.., x_0,2-1,0,29,...),

leading to the identities

1-TTy = Py,
1-T\TF = Pp.

Similarly, a general partial translation ¢, € 7x will give rise to a partial

isometry of the form

T, : (o T2y T 1, 1, T2y e oy Ty 1y Ty Tipp 1y - - -)

= ( c oy L2y, T1—n;, L1l—n, L2—n, - - - 733—1707'%'17 .. ')7
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i.e. the z_, term vanishes, a zero takes the x, position, and all other
elements are shifted right by n spaces. The following is proved in [10], as

part of the proof of Theorem 2.

PROPOSITION 5.1 The partial translations tgo = 1, t1 and to are suf-
ficient to generate C*(Tx), the algebra arising from the restriction of the

canonical partial translation structure on Z to X = Z\{0}.

On the other hand, we also have the partial translation structure ¢(7)
on X, as defined in section 5.1.1. Recall that all partial translations in ¢(7")

are of the form

m+n if m > max{0, —n}
or m < min{0, —n}

m+n—1 if0o<m<—n

m+n+1 if —n<m<O0,

B(tn)(m) =

for some n € Z. For example, we have

m—+1 ifm>0o0rm< —1
m+2=1 ifm=-1,

P(t1)(m) = {

for all m € X. Now let T;, denote the partial isometry arising from the

partial translation ¢(t,), that is
Tt Om 7 g (tn)(m)-

o1 ifm=-1
T : 6 — '
Om+1 Otherwise.

Thus T} is the operator on [2(X) given by
T1 : ( ey 2, L-1,L1,L2, - ) = ( ey 3, L2, —-1,T1,-- )

The adjoint of this operator is obtained from the inverse of ¢(¢1), which is
defined by

m—1 fm>1lorm<0

m—2=-1 ifm=1
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(note that this is not the same as ¢~1(¢1)(m), but is equal to ¢(t_1)(m)).

Hence
Tl* : ( . .,x_g,x_l,xl,:lrg,...) — (...,m_l,xl,mg,xg,...).

So T acts as the right shift by 1 and 77} acts as the left shift by 1, thus
7Ty =1 =117, i.e. T1 is unitary.
Now consider a general operator 7T), in the generating set for C*(¢(7)).

Firstly, suppose n > 1. Then

Omtn ifm<-—-norm>0
Tt O —
5m+n+1 if —n§m<0

So

Tn : ("'7x—n—17x—n7x—n+17 sy =2, L =1, L1, L2y -+ Tn—15Tn,s Tn+1, )

= (7 T-2n—1,L—-2n,L-2n+15-yL—n-2,L—n—1,L—n; L—n+1, -, L-1,T1, T2, )7
i.e. T,, acts as a right shift by n spaces. For n < 0,

Omtn ifm>-norm<0
Ty : O —
Oman—1 If0<m< —n.

So

Tn : (, Tn—1,Tn; Tp+tls -, L2, L-1,L1, L2, -y L—n—1;L—n; L—n+1, )

= (...,l'_l,flfl,.’EQ, (23] x—n—lyx—nam—n+lax—n+27 "7'%.—277,—17 x—anx—QTL-i-l; )7

i.e. T, acts as a left shift by |[n| = —n spaces, that is again a right shift by
n spaces. Thus it is clear that the partial translation algebra is generated
by the single unitary operator T}, and hence C*(¢(T)) = C*(7) = C(S').

To summarise:

PROPOSITION 5.2 Let X = Z\{0} C Z, and let ¢ : Z — X be the

uniform bijection defined by

¢:n1—>{n ifn>1

n—1 ifn<0.
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Then if T denotes the canonical partial translation structure on Z, we have
CH(¢(T)) = CH(T) = O(SH).

In particular, this algebra differs from the partial translation algebra which

arises from the restriction of T to X.

5.2.3 F,\{e}

Let us now return to the example of “the free group with a hole” which was
first discussed in section 5.1.4. Specifically, consider the partial translation
structure 7Ty, the restriction of the canonical partial translation structure
on Fy to our space X = Fy\{e}. A priori, there seems to be no reason
why we would not require all of the partial translations to generate the
algebra arising from 7x. Compositions of the partial isometries arising from
right multiplication by the four generating elements for Fo will have their
domains restricted too much to form all the generating elements of C*(7x).
For example, as a composition of partial translations, t, ot, : © +— zaa is
defined on X\{a~',a"ta"'}, whereas the partial translation t,, acts on X
in the same way but is defined on X\{a~"'a'}, so the operators in C*(7y)
which correspond to these two elements will not be the same. However, we

prove the following.

THEOREM 5.3 The partial translation algebra C*(Tx) is generated by
the operators arising from the partial translations t, tq, ty, taa, tey, tab, tha

and their adjoints.

Proof.

For every x € Fy, denote the operator arising from the partial translation
ty by T,. We know that operators of this form generate the algebra C*(7x),
so we shall take a general such T, and attempt to express it in terms of the
operators corresponding to elements of length one or two (i.e. those listed
in the theorem). Firstly, note that for every x € Fy the projection p, onto

the x-coordinate in [2(F3) can be written as
pr=1-T,T;.

So, in particular, from our given set of operators we can generate p, for

r € {a,b,a”t,b71}. Now let 2 = x1...2, € Fy, so that each z; is an
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element of the set {a,b,a™!, b~1}. We have
Ty 2 Ty 2 8y = Oy for all y € X\{z ™ 271}

So this operator agrees with 7}, on all basis elements of I?(X) except for 6901_1.
As the operator acts as the zero map on this element, we can recover T}, from
Tyy..0, Tr, by simply adding on an operator which acts in the correct way
on 5:5;1 and is zero everywhere else. Such an operator could be expressed
by Ty 0. ProTi1zs, Which takes 511_1 t0 Oy, = (5961_196 and otherwise acts
as zero. Hence

Tx = wz...kaxl + Ta:g...zkpszxlxg-

Since we may obtain all projections p, for x € {a,b,a~",b='} from the set of
operators {T. = 1,74, Ty, Taa, Top, Tap, Tha }, then by induction on the word
length of an element z € 9 which gives rise to an operator T, and by
considering the above equation, we may thus generate the entire generating
set for C*(7x ), and therefore the algebra itself.

U

5.2.4 TF,\{Z}

We can adapt the previous theorem to the case where we remove a subgroup
isomorphic to Z from Fs, rather than just the identity element. Here we

obtain the following.

THEOREM 5.4 Let Fy = (a,b) and let H = {a™ | n € Z} = Z be a
subgroup of Fy. Let X =Fo\H, so that

X ={ze€Fy|x#d" for anyn € Z}.

The partial translation algebra C*(Tx) is generated by the operators arising

from the partial translations te, tq, ty, tyy and their adjoints.

Proof.

For every « € Fy, denote the operator arising from the partial translation
ty by T,. We may follow the method of the proof of Theorem 5.3 to show
that any generator T, of C*(7x) can be expressed by

TJ: = $2...1‘de31 + Txga:k(l - T,,T )TJ:1$27

T2+ a9
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where x = x1 ...z, and hence that the operators T, = 1, Ty, Ty, Tua, Th,
Tup, The and their adjoints are sufficient to generate the algebra C*(7x).

However, in this case we have T,, = T,T,, since Xa = X, and hence Ty,
may instantly be deleted from the above list.

In fact, we also have the following;:

TT, - 6, o 0 if za :' a™b~! for some n € Z
Opap  Otherwise

and
Ty 6 o { 0 if z =a"b 1a! for some n € Z

Ozap Otherwise,

so that 1T, = T,;. Additionally, both 1,1}, and Ty, map those d, for which
x does not equal a”b~! for any n € Z to 04, and are zero otherwise, so
that T, T, = Tp,.
Thus C*(7x) is generated by the operators T, = 1, T,, Ty, Ty, and their
adjoints.
|

Note that the operator Ty, is defined by

0 if 2 =a™1b1 for some n € Z
Tep : 0y — )
Oz Otherwise,

whereas
Tb:5z'—>{0 if 2 = a"b! for some n € Z

dgp Otherwise,

so that (73)™(8,), for m > 0, is always zero when x = a"b~! for some n € Z.
Thus it is clear that we do require both of these operators to generate the
partial translation algebra mentioned in the above theorem. However, these
two (and their adjoints) are sufficient to construct operators Tpm for other

values of m € Z. For example, we have

Tooo = Top T, + To Ty, — (Th)*Ty-1 Th
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6 Transport of Partial Translation Structures for

Subspaces of Groups

Our aim is to describe the conditions under which a map of metric spaces
gives rise to a homomorphism between the corresponding partial translation
algebras. As a first step toward this goal, we wish to understand when the
inclusion map from a subspace X C G into a group G induces a C*-algebra
homomorphism ¢ : C*(7x) — C*(7T) = C}(G) from the partial translation
algebra arising from the restriction of the group’s canonical partial transla-
tion structure to X, to the reduced C*-algebra of G. It can be seen that
if the canonical partial translation structure restricts to the subspace X in
such a way that there exists a nilpotent operator T in the generating set
for C*(7Tx), arising from a restricted partial translation 7, then we will not
obtain a homomorphism in this manner. Indeed, we have the following:
Let G be a discrete group endowed with a canonical partial translation
structure 7, and let X be a subset of GG. Restrict 7 to X and denote this
restriction by 7x; note that we know 7x to be a valid partial translation
structure by Theorem 3.8. Recall that for every ¢ € G we have a partial

translation in 7 defined in the following way:
ty = {(2.29) | 2 € G}.
Denote the restriction of this partial translation to X by
Ty ={(x,29) | v,2g € X}.

For every g € G, we denote by T}, the partial isometry associated to ¢, and
by T y the partial isometry associated to 7,. There is a natural linear map
p: C*(Tx) — C*(T) = C}(G) that can be defined by setting

SO(Tg) =1,
and extending by linearity.

LEMMA 6.1 If there exists some g € G for which Tg s a nilpotent opera-
tor in the C*-algebra C*(T) then the map ¢ is not a C*-algebra homomor-
phism.
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Proof.
Suppose for contradiction that ¢ : C*(7x) — C(G) is a homomorphism.
To say that Tg is a nilpotent operator means that there exists some positive

integer n such that T; = 0. Thus we must have

However, the homomorphism properties of ¢ dictate that
p(T]) = (p(Ty))" = Ty = Tyn.

Hence we obtain
Tgn = 0,

for some g € G, n > 0. By definition of the operator T,», this means that the
partial translation t4n that it arises from satisfies Dom(tyn) = 0. However,
g" is an element of the group G, and we know that every partial translation
of this form is globally defined. Thus we obtain a contradiction.

U

It seems reasonable to assume that this is the only possible obstruction
which might be encountered when defining our C*-algebra homomorphism.
However, the following example reveals that there are more potential prob-

lems than nilpotency alone.

EXAMPLE 6.2 Let Y be the subspace of Z given by:
Y= ] Y.,
neN\{0}

where the components Y,, of Y are defined recursively in the following way:

Yl - {072})
Yor1 = {My+2,M,+4,... .M, +2(n+1),
My, +2n+1)+3,M,+2(n+1)+6,...,M, +2(n+ 1)+ 3n,
My4+2n+1)+...+n+1)-L,My+2n+1)+...4+ (n+1)-2,
M,+2n+1)+3n+4n—-1)+...+(n+1)- 24+ (n+2)-1},
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where M, denotes the maximal element of the component Y,,. Hence we

have

i = {0,2},

Ya = {4,6,9},

Vs = {11,13,15,18,21,25},

Yy = {27,29,31,33,36,39,42, 46, 50,55},

)

so that if we order the set Y in the natural way, the distances between

consecutive elements of Y form the following sequence:
(2,2,2,3,2,2,2,3,3,4,2,2,2,2,3,3,3,4,4,5,2,2,2,2,2,3,3,3,3,4,4,4,5,5,6, ..).

Every canonical partial translation on Z restricts to Y, except for ¢t; and
t_1, and every restricted partial translation gives rise to an operator which is
non-nilpotent, since for any n € Z\{—1, 1} we can find a string of arbitrarily
many elements of Y separated by gaps of length |n|. However, if we attempt
to define a map ¢ : C*(7y) — C*(7) = C*(Z) by

then we have

whereas
o(T3)p(T2) = T5T_5 = Ty.

Hence the map ¢ fails to be a homomorphism.

It would appear that the failure of the above map to be a C*-algebra
homomorphism is due to a lack of semigroup structure on the set of restricted
partial isometries. We propose that this is the only other factor which needs
to be considered when attempting to define the related homomorphism of
C*-algebras. In the particular case where the group under consideration is
the integers, this translates to the following theorem, which was suggested
in discussion with Dr. N. Wright.
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THEOREM 6.3 Let X be a subset of the integers and use the usual nota-
tion to describe the restricted canonical partial translation structure on X.
If the set H={n € Z | T, # 0} is a group and if T}, is non-nilpotent for
all n € H, then the canonical map ¢ : C*(Tx) — C}(H) = CHZ) is a

C*-algebra homomorphism.

Proof.
We let ¢ : C*(Tx) — C*(H) denote the canonical map, so we let (7T},) =
T, for alln € H, ¢(0) = 0, and extend to the rest of the algebra by linearity.

This map is a homomorphism if and only if its kernel is the ideal
I= <Tn+m — DT | nym € H>,

that is the closure of the linear span of elements of the form Tn+m — T Tom.
Therefore to prove this we must show that T, ¢ I for all n € H.

Assume for contradiction that there does exist some n € H such that
T, € I. Since I is an ideal in C*(Tx), we then also have T T, € I. As
we assume H to be a group, —n € H also, and thus T_n+n — T_nTn el
by definition of I. So now T_nTn € I and T, 0 — T_nTn € I, and therefore
T T, + (To — T_nTn) =Ty € I. Note that since I is an ideal in C*(Tx) and
Tp is the identity operator this means that C*(7y) = I, but this fact is not
particularly helpful as we still need to prove that such a situation cannot
arise.

If we multiply some generating element Tn+m — TnTm € I on the left by
some generator Tp of C*(7Tx), we obtain an element of the form T, an+m —

T, anTm, which can be expressed as:

Taner - TanTm = (Tp+n+m - TanTm) - (Tp+n+m - Taner)v

where n,m,p € H. Hence, more generally, we see that the ideal I is equal

to the closed linear span of the set

{Tnl .. 'Tnk_Tml .. -Tml ‘ ni+...+np =mi+...+my, n;,m; € H for all 7,}

So if T is indeed an element of this ideal then it must lie within the closed
span of such elements where n1 + ... +ny = my + ... +m; = 0. However,
if this holds then we can assume that for each element both Tnl T n, and

T, - .’fml are projections on [2(X), whilst Tp is the identity operator on
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this space, and so it is equivalent to say that
Ty Espan{fo—fml...fml | mi+...+m; =0, m € H, Tm1-~'Tml #0}.

Thus Ty may be written as a linear combination of elements of the form
T, 0 — Tml .. .Tml which satisfy the above conditions. Assume that we can
find this expression and that it consists of finitely many elements, and then

choose the positive integer m satisfying:

m = max{ Z |mi| | To—Tyn, - - - Trn, appears in the linear combination for Tp}.
1<i<l

Since H is a subgroup of Z, we know that it is of the form hZ for some
h € N. Then by definition the partial translation 7, must give rise to a
non-nilpotent operator, and therefore for any positive integer k& we must be
able to find some z € X such that the length of the orbit {h"z | n € N} in
X is greater than k. So consider a segment of length m + 1 of such an orbit.
At the centre point y of this string of elements of X, every composition of
partial translations 7,,, ... Ty, for which the operator Tml .. -Tm, is used in
our expression of T, is defined. Hence Tp—1, my - Tml = 0 on Cé,, whenever
m; € H, Y |m;| < m and Y m; = 0. Thus we obtain a subspace of [*(X)
on which the identity operator is zero, and so the linear combination we
constructed must not be valid. Since the orbits {h"z | n € N} can grow
arbitrarily long, this problem cannot be avoided by taking limits, and so
we cannot express Tp as an infinite linear combination of elements in the
required form either. Thus Ty ¢ I, and hence T, ¢ I for all n € H.
Therefore the map ¢ is indeed a homomorphism with kernel 1.

O

Unfortunately, the conditions of Theorem 6.3 are not sufficient to cover
cases where the group in question is not isomorphic to Z, as is illustrated

by the following example.

EXAMPLE 6.4 Let G = Z2. For every g € G and n € N, construct the
following subset of G:

KXgn = {e,9,2g,...,ng}.
For example, X(l,l),5 =1{(0,0),(1,1),(2,2),(3,3), (4,4), (5,5)}.
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Since G is countable, we can enumerate these sets and choose some
sequence of integers (ag ), such that |ag,| tends to infinity very fast. If
constructed correctly, we can use this sequence to separate our sets in such
a way that no point within any given X, can be reached from some other
set X}, ., using a partial translation related to an element of that set. We

then consider the subspace obtained in this manner, in other words we let

X = Uag,nxg,n,

g7n

where ag, Xgn = {agnr | © € Xy,}. Now every canonical partial trans-
lation on G = Z? restricts to this space and gives rise to a non-nilpotent
operator, so that H = G, if we define H as in Theorem 6.3. However, the
theorem fails for this example, since if we compose any two partial transla-
tions which do not correspond to multiples of the same group element then

this composition gives rise to the zero operator.

The problem with this example is that whereas in Z we require there to
be arbitrarily long orbits or strings of elements separated by gaps of the same
length as the generator of H, which are given to us by the non-nilpotency
of our operators, in a 2-dimensional group such as Z? we need there to be
arbitrarily large balls of elements separated by small enough gaps. To ensure
that this happens in general we need to avoid not only nilpotent operators
but in fact all zero divisors.

Recall that a non-zero element a of a ring R is called a zero divisor if
there exists a non-zero b € R such that ab =0 = ba.

Note that insisting that none of the operators arising from elements of our
set H in the general case are zero divisors in the monoid {7}, ... Ty, | h; € H}

is enough to imply that H is a group. Indeed, we have the following lemma.

LEMMA 6.5 Let G be a countable group and let X be a subset of G. Use
the usual notation to describe the restricted canonical partial translation
structure on X, and let H = {g € G | T, # 0}. If T, is not a zero divisor in
the monoid {Thl .. -Thl | hi € H} for all g € H, then H is a subgroup of G.

Proof.
Note that H consists solely of elements of the group G, and we know

that the identity element e € G is contained in H, since T, is the identity
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operator on [2(X) and hence must be non-zero. Also, if g € H then Tg # 0,
which is equivalent to saying that 7, has non-empty domain, so there exists
x € X such that zg~! € X. However, this then means that there exists
y = g~ ' € X such that yg € X, so 74-1 also has non-empty domain and
therefore Tg_1 #£0,i.e. g~' € H. Thus the only way that H could fail to be
a subgroup of G is if there exist some g, h € H such that gh ¢ H. However,
if this were the case then we would have T, g,T n # 0 and Tgh = 0 for some
g,h € H. But we know that the operator Tgfh always behaves in the same
way as Tgh whenever TgTh is non-zero, and so we must also have T, gTh =0,
implying that T, and Tj, are zero divisors in {Tp, ... Ty, | hi € H}.

[

Hence we may drop the requirement that H is a group from our state-
ment of the theorem for the general case, since this will be given automati-

cally. This leaves us with the following:

THEOREM 6.6 Let G be a countable group and let X be a subset of G.
Use the usual notation to describe the restricted canonical partial translation
structure on X, and let H = {g € G | T, # 0}. If T, is not a zero divisor
in the monoid {Ty, ... Ty, | hi € H} for all g € H, then the canonical map
v : C*(Tx) — Cf(H) C CX(G) is a C*-algebra homomorphism.

Proof.

Note that for the partial isometry Tg to be non-zero, the correspond-
ing partial translation 74, must have non-empty domain, and so the way in
which H is defined here ensures that any two non-empty restricted partial
translations are composable. In particular, any partial translation on X can
be composed with any word consisting of partial translations on X.

This proof will extend the method of Theorem 6.3, so we wish to show

that for every g € H the operator T, y is not contained within the ideal
I= <Tgh*TgTh | g,h € H>

We can follow the previous proof almost exactly (simply by replacing T,
with Tg and T_,, with qu) to see that if this were the case then we would

have T, € I, where e denotes the identity element in GG, and that T, could
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then be represented as a linear combination of elements of the form

T.—Thy .. Thy,

where hi...h; = e and h; € H for all 1 < i < [. However, as we are no
longer dealing with the integer case, we can no longer assume that H is a
cyclic group, and so from this point on we need to apply a slightly different
method.

Denote the linear combination of elements that is meant to represent 7
by

k ~ ~ ~
0= Zai(Te — Thzi .. .Th;'i),
i=1

where a; € C and h; € H for all ¢ and j. To obtain a contradiction we wish
to find some x € X such that ©d, = 0. By our assumption that elements of
H do not give rise to zero divisor operators, we have that there exists some

x € X which lies in the domain of the composition of partial translations
(Th17hy - - Thi. N(Th2Thg -- .Thl22) o (ThE Ty - .Thfk).

However, we assume that hi1 . h%i = e for all 1 <i <k, and so each com-
position 7, 7y ... Thi, acts as the identity translation wherever it is defined.
Thus we see that the point = lies in the domain of every such composi-
tion, and so the corresponding operators act as the identity on the subspace

spanned by 0. In particular,
(T, — Thli .. .Th;-i)ax =0, forall 1 <i <k,

and so ©J, = 0, as required. Specifically, since © differs from the identity
operator T, on at least one basis vector we see that ||© — T,|| > 1, and since
this holds for all finite linear combinations © of the desired form, we see
that T, cannot lie within the closure of the span of such elements either.
Thus Te is not an element of the ideal I.
Hence Tg ¢ I for all g € H and so ¢ is indeed a C*-algebra homomor-
phism with kernel I.
[

Note that in some cases it is possible to define a homomorphism be-
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tween partial translation algebras in the presence of nilpotent operators
(and hence zero divisors), if we define it in such a way that it maps all
nilpotent operators to zero. For example, let X be the subset of Z defined
by X = 2Z U {1}. Every canonical partial translation for Z restricts to
X non-trivially, however each translation by an odd number is defined on
only two points in X and hence gives rise to a nilpotent operator, whereas
H' = {n € Z | T, # 0 is non-nilpotent} = 27, and hence is a group. Now
if we define a map ¢ from the canonical (i.e. restricted) partial translation

algebra for X to the canonical partial translation algebra for Z as follows:

@:Tn

T, ifneH
H
0 otherwise,

and extend by linearity, then it is clear that this map is a C*-algebra homo-
morphism.

One might suppose that this would be the case for any subset of Z
for which we have H = {n € Z | T,, # 0 is non-nilpotent} a non-trivial
subgroup of Z, and more generally that the map ¢ : C*(7x) — Cx(H') C
C}(Q) given by
- { T, ifgeH

0 otherwise
would be a C*-algebra homomorphism whenever X is a subset of a countable
group G for which the set H' = {g € G | T, # 0 not a zero divisor in C*(7x)}
is a non-trivial subgroup of G. However, the following example shows that

even the integer version of this is not true.

EXAMPLE 6.7 Let X ={n €Z | n=0mod 4 or n =1 mod 4}, so that
X ={.., —-12,-11,-8,—7,—4,-3,0,1,4,5,8,9,12,13,...}.

The only even translations which restrict non-trivially to this space are those
corresponding to multiples of four, and these all give rise to non-nilpotent
operators, whereas every odd translation restricts but cannot be applied
more than once at any point and hence gives rise to a nilpotent operator.
Thus H' = 47, which is certainly a non-trivial subgroup of Z. However, we
have

Ty = 115 + T3T1,
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and therefore

Ty, = (Ty)* = (T + T5Th)",
so, as both T} and T3 must be mapped to zero for a map between the partial
translation algebras to be a homomorphism, we see that the only possible
map from C*(Tx) to C}(H') (and indeed C;(Z)) is the zero map.

7 Maps of Partial Translation Structures

In this chapter we construct a definition of a morphism of partial transla-
tion structures, basing the definition on how the induced maps will behave
with respect to partial translation algebras. This ultimately allows us to ex-
pand on the results of the previous chapter to identify when any given map
between metric spaces gives rise to a homomorphism of the corresponding
partial translation algebras. However, we first test our definition by revisit-
ing a number of examples of maps already discussed to see which ones satisfy
it, before considering some new examples of maps from different groups into
Z. In particular, we show that the only partial translation structure maps
between the infinite dihedral group and Z are constant functions, and we
compare two maps from Z x Zs to 7Z, where one is a map of partial translation

structures and the other is not.

7.1 Definition of a Map of Partial Translation Structures

The main theorem of the previous chapter can be rephrased and generalised
further if we formally define what it means for a map between metric spaces
to act as a morphism between partial translation structures. To this end,

let us firstly describe the conditions required for the presence of such a map.

DEFINITION 7.1 [Mappable Partial Translation Structure]

Let X be a metric space endowed with a partial translation structure 7.
We say that 7 is mappable if T consists of a countable family of pairwise
disjoint partial translations which is closed with respect to taking inverses,
together with a single set of cotranslations, and if additionally 7 is free.
These stipulations together with the original definition of a partial transla-

tion structure amount to the following conditions on 7:

1. For every R > 0 there exists a finite collection of partial translations
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TR contained in 7, such that the R-neighbourhood of the diagonal in
X x X is contained within Uie7,1;

2. We have a collection of partial cotranslations 3 for partial translations
in 7, such that for every x,y € X there exists at most one ¢ in ¥ such

that ox = y;

3. For every partial translation ¢ in 7 and for all (z,y), (',4') in t, there

exists o in X such that ox = 2’ and oy = ¥/;

4. The inverse of any partial translation in 7 is also a partial translation
in 7.

Note that the canonical partial translation structure on a group satisfies
the above definition, as do restrictions of such partial translation structures
to subspaces. Now let X and Y be two metric space endowed with mappable
partial translation structures 7y and 7y respectively, let ¢ : (X,7x) —
(Y,7y), and recall that for a partial translation ¢ in 7x we take ¢(t) to
denote the following subset of ¥ x Y:

o(t) ={(¢(x),o(y)) | (z,y) € t}.

We now define morphisms between partial translation structures as follows.

DEFINITION 7.2 [Partial Translation Structure Map]

Let ¢ : (X,7x) — (Y, 7y) be a map of metric spaces, where 7x and 7y
are mappable partial translation structures. Let 7 (X) (respectively 7 (Y))
denote the closure of Tx (respectively 7y) with respect to composition.
We say that ¢ is a partial translation structure map, or P.T.S. map, if the
following hold:

1. For every partial translation ¢ in 7x there exists a partial translation
¢«(t) in Ty such that ¢(t) C ¢.(t), so that we define a map ¢, from
Tx to Ty;

2. Similarly, for every partial cotranslation ¢ in ¥ x there exists a partial
cotranslation ¢.(c) in Xy such that ¢.(0)o(z) = ¢(ox), for all z €
Dom(o);

3. The map ¢, extends to a homomorphism from 7 (X) to 7(Y').
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The map ¢, : Tx — Ty is well-defined if we assume that partial trans-
lations in 7x and 7y are pairwise disjoint, that both partial translation
structures are free, and if we set ¢, applied to the empty translation to be

the empty translation.

REMARK 7.3 A priori, there does not seem to be any justification for
imposing additional conditions on how a P.T.S. map ¢ : (X, 7x) — (Y, Zy)
behaves with respect to partial cotranslations, since these do not feature
in the formation of partial translation algebras. Note that the condition
we do have ensures that ¢, maps cotranslations for 7x to cotranslations
for 7y, and this requires a certain degree of interaction with the partial
translations. Indeed, we assume that, given some partial translation ¢ in 7y,
for all (t(x), z), (t(x'),z") € t there exists a partial cotranslation o € X x such
that ot(z) = t(2') and oz = 2/. Then (¢(t(x)), ¢(x)), (p(t(x)), p(z')) € ¢(¢)
and we have a partial translation ¢.(t) in 7y such that ¢(t) C ¢.(t). So

by our assumptions for 7y there exists a partial cotranslation ¢’ € Xy such

that o’¢(t(x)) = ¢(t(2')) and o’'¢(z) = ('), i.e.
o'¢(t(z)) = ¢(ot(x)) and o'¢(z) = (o).

Thus ¢’ = ¢«(0), by definition and by uniqueness of ¢, (o).

Note additionally that in the case where X is a subspace of an abelian
discrete group G (for example, G = Z) with the inherited canonical partial
translation structure, then all partial cotranslations are also partial transla-

tions and so do not require separate consideration. Indeed, we have

o4(r) := gx = xg =: t;1(x),

for all g € G,z € X. Hence we may disregard condition 2 of Definition 7.2

in this case.

We shall prove that any group homomorphism is a P.T.S. map between
the canonical group partial translation structures. We firstly note the fol-

lowing lemma.

LEMMA 7.4 Let G be a discrete group with canonical partial translation
structure T, and let H be a subgroup of G. The canonical partial translation

structure on H is the same as restriction of T to H.
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Proof.

Let t; = {(z,zg) | * € G} be a partial translation in 7. To say that ¢,
restricts non-trivially to H means that there exists some h € H such that
hg € H. Since H is a group, we have h~! € H, and hence h~'hg = g € H.
Conversely, if g is an element of H then hg € H for all h € H, and thus every
partial translation in 7 which corresponds to an element of H restricts non-
trivially to H. Hence the restriction of 7 to H consists of partial translations
{mn | h € H}, where 7, = {(z,zh) | h € H}, the restriction of t; to H; this
is the same set of partial translations as appear in the canonical partial
translation structure on H. By similar reasoning, both partial translation
structures have the same set of cotranslations. Finally, for every R > 0, the
restriction of 7p to H is equal to {7}, | d(e, h) < R}, which is the similarly
required partial translation set for the canonical partial translation structure
on H.

U

THEOREM 7.5 Let G and H be discrete groups equipped with canonical
partial translation structures Tg and Tg respectively. If ¢ : H — G is a
group homomorphism then ¢ is a P.T.S. map between 7 and 7.

Proof.

Suppose that we have a group homomorphism ¢ : H — G. We know
that canonical partial translation structures for groups are mappable, so it
only remains to check the conditions of Definition 7.2 for ¢.

(1) Let 75, be a canonical partial translation for H, so that h € H. We

have

¢(m) = {(6(x), ¢(xh)) | x € H}
= {(o(x), ¢(x)p(h)) | x € H}
C tym),

where ty,) = {(9,9¢(h)) | g € G} is a canonical partial translation for G.
Hence we may set ¢.(75) =ty for all h € H, to obtain a map between the
canonical partial translation structures.

(2) Let s, be a partial cotranslation for 7z, the canonical partial trans-
lation structure for H (recall that we have a single set of cotranslations in

the group case). We have spx = hx for all x € H, and so ¢(spz) = ¢(hz) =
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#(h)p(x), since ¢ is a homomorphism. For every h € H, let ¢.(sn) = o4
be the partial cotranslation for 7, the canonical partial translation struc-
ture on G, corresponding to left multiplication by ¢(h). We then have
0u(51)6(2) = 0o $(x) = 6(h)é(x) = (s2), Tor every x € H = Dom(sp),
as required.

(3) Since H is a group, all canonical partial translations are composable,
and for every hi,he € H we have 7, Th, = Th,h,- Hence ¢u(7h,Th,) =
G+ (Thihy) = to(hihe) = to(hi)dlhe) = toh)le(he) = P+(Thy)Px(Thy). Therefore
¢4 acts as a homomorphism on partial translations, as required.

|

By Lemma 7.4, if H is a subgroup of G then we may replace the canonical
partial translation structure on H in the above by the restriction of 74 to
H.

7.2 Examples of Maps of Partial Translation Structures In-
volving Subspaces of Z

7.2.1 Examples

e If we consider a set of integers to which every canonical partial trans-
lation for Z restricts and for which any composition of restricted par-
tial translations is defined, then 7x = 7(X) and there are no empty
translations to consider, so it is clear that the inclusion map from this
subspace into Z will be a P.T.S. map. This case includes examples

such as N, Z\{0}, and the space we discuss in chapter 9.

e Consider the subspace 2Z C Z. The canonical partial translations ¢,
which restrict to this space are those for which n € 2Z. Since 27 is
a group and every restricted partial translation is globally defined on

27, we have that 7,, ... 7y, = Tn,4..4n, for all ny,..., n, € 2Z, where

k
Tn; denotes the restriction of the partial translation t,, to 2Z. Thus
Toz = T (27Z), the inclusion map ¢ : 2Z — 7 is the same as ¢, and it

can be seen that this map is again a P.T.S. map.

For this subspace there is another function which we know to map

between the two partial translation structures, namely

¢ 27 — 7, nl—>g
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We have
T = {(z,z+n) | z,x +n € 2Z},

and thus if we assume that n € 2Z then we have
T ={(z,x+n) | z € 2Z},
and every restricted partial translation on 2Z is of this form. Now

¢(m) = {(¢/(2),¢'(x+n)) |z e 2L}

2
¢’ satisfies condition 1 of Definition 7.2. We do not need to check

condition 2, by Remark 7.3. Since 7 (2Z) = Toz, ¢, is already defined

for compositions of partial translations, and so finally we have

where § € Z. Hence ¢,(mn) = ¢'(mn) = tz for all n € 2Z and so

qb; (Tnl e Tnk) = (ZS; (Tn1+~-~+nk)

tn1+...+nk
2

I
~

n
F44+
tng ...t

= (25;(7-%1) . (b;(Tnk)?

s o

for all ny,...,n, € 2Z. Thus ¢, is itself a homomorphism on 7 (2Z) =
To7 and therefore ¢’ is also a P.T.S. map.

This can also be seen from the fact that ¢’ is an isomorphism of groups.

7.2.2 Non-examples

e Consider the subset Y of Z defined in Example 6.2, so that

Y =40,2,4,6,9,11,13, 15,18, 21, 25,27, 29, 31, 33, 36, 39, 42, 46, 50, 55, .. }.

We again let 7, denote the restriction of the canonical partial trans-

lation ¢, and let ¢ denote the inclusion map of Y into Z, so that
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¢«(mn) = tp, for all n € Z\{—1,1}. As ¢; and t_; do not restrict to
Y, the image of the restriction of either of these under ¢, is defined
to be the empty translation on Z. Now if we attempt to extend ¢, to
a homomorphism on 7 (Y') then we set, for example, ¢4 (73)p.(7_2) =

¢« (137_2). However,

37—y = {(z,x4+3-2)|z,2+3,2+3-2€Y}
= {(z,z+1)|z,x2+1,z+3€Y}

has empty domain, whereas

G« (73)Px(T-2) = tat_o = 1,

which is non-empty. Hence our map would take the empty translation
to a non-empty translation and so would not be well-defined. Thus we

do not have a P.T.S. map in this case.

Let W =4Z U {4n + 1 | n € Z}, as in Example 6.7. We again take ¢
to be the inclusion map of the subspace into Z, so that ¢.(7,) = t, for
every non-empty restricted partial translation 7, on W. In this case,
the only partial translations which restrict are those corresponding to

odd numbers or multiples of four. Now the composition
nn={(z,z+2) | z,x+ 1L,z +2c W}

has empty domain and thus should be mapped to the empty transla-

tion under an extension of ¢,. However, we have

O+ (T1) P (T1) = t1t1 = to,

which is non-empty. Hence ¢ again fails to be a P.T.S. map.

Finally, if we let Z = 2Z U {1}, then every canonical partial trans-
lation restricts to Z, although restrictions of odd translations cannot
be composed with more than once. The inclusion map is not a P.T.S.
map in this case for similar reasons to the previous two examples, for

example 717171 is the empty translation whereas ¢, (71) ¢« (71)ps(11) =
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t1t1t1 = t3. However, note that here we do have

G (TnTim) = Gx(Tn) Ps(Tm)

when ¢, is extended to compositions of pairs of restricted partial trans-
lations. This indicates that a degree of caution should be applied when

checking the homomorphism condition for potential P.T.S. maps.

7.3 Maps of Partial Translation Structures and the Infinite
Dihedral Group

Using our definition of maps of partial translation structures, it is now pos-
sible to classify all such maps in certain cases, which should then tell us
something about the possibilities for homomorphisms between the associ-
ated C*-algebras. In this section we consider maps from the infinite dihedral

group to the integers.

THEOREM 7.6 The only partial translation structure maps between the
dihedral group Do = <7",s | s2=1, srs = r*1> and 7., with respect to the
canonical partial translation structures on both groups, are constant func-
tions. Any such map takes every partial translation to a restriction of the

identity translation tg.

Proof.

We will use the following presentation of D.o:
Do ={r",r"s | ne€Z} ={r"s' | n€Z,ic{0,1}}.

Since Do, is a group, it is equipped with a canonical partial translation

structure with the set of partial translations {t; | d € D}, where
tg = {(r"si,rnsid) |neZ,ie{0,1}}.

In particular, the partial translation corresponding to right multiplication
by s is given by
ts ={(r",r"s), (r"s,r") | n € Z},

so that it translates an element of D, in one of two ways. Similarly, we
have
t, = {(r™, "), (r"s, 7" 1s) | n € Z}.
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Now suppose we have a map ¢ : Do, — Z which is a map of the canonical
partial translation structures. By the first part of Definition 7.2, this implies
that for all d € Do, there exists mgy € Z such that ¢(tq) C ty,,, where t,,,
is the partial translation ¢,,, = {(z,z +mq) | * € Z}, i.e. for all d € Dy
there exists my € Z such that

{(p(r"s"),6(r"s'd)) | n € Z,i € {0,1}} C {(w, 2 +mq) | = € Z}.
In other words, for all d € Dy, there exists my € Z such that
P(r"s'd) — ¢(r"s’) = my, for all n € Z, i € {0,1}.

So let us examine what can be intuited from this if we substitute various
values for d.

Case 1: d = s.
Then there exists mg € Z such that

P(r"s's) — Pp(r"s') = my, for all m € Z, i € {0,1}.
In particular,
o(r"s) — o(r") = mg = ¢(r") — d(r"s), for all n € Z,

(with the left-hand side corresponding to @« = 0 and the right to i = 1).
Hence
20(r"s) = 2¢(r"), for all n € Z,

i.e.

o(r's) = o(r"), for all n € Z. (1)

So it seems that our map ¢ must be somehow dependent on the powers of
the generator r.

Case 2: d=r.
Then there exists m, € Z such that

H(r"s'r) — ¢(r"s') = my, for all n € Z, i € {0,1}.
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In particular,
d)(rn-i-l) . ¢(Tn) =m, = qb(T‘nS’l") — ¢(rn5)’ for all n € Z,

(with the left-hand side corresponding to ¢ = 0 and the right to i = 1).

Combining this with equation (1), we obtain
ST = p(r"sr) = p(r"Ls) = p(r™ L), for all n € Z.
Thus
H(r" ) = ¢(r") and $(r") = G(r"s), for all n € Z. (2)

Case 3: d =rs.
We have

(r"s'rs) — p(r"s') = myg, for all n € Z, i € {0,1}, and some m,, € Z.

In particular,
0(rs) — d(r) = mus = $(s1s) — ¢(s),
and therefore
o(r’s) + d(s) = o(r™") + o(r). (3)

However, by equation (2), we have ¢(r2s) = ¢(r?) = ¢(r?) = ¢(r%s) = &(s)
and ¢(r~1) = ¢(r), and so equation (3) becomes:

2¢(s) = 2¢(r).
Hence, altogether, we have:
H(r*™) = ¢(r®s) = ¢(s) = ¢(r) = ¢(r*" ) = ¢(r?"TLs), for all n € Z.

So now ¢ can only take one value. Say ¢(d) = x € Z for all d € Do, then
we have ¢(Dy) = x and

o(ta) ={(z,2)} CZ X Z, for all d € D

This singleton set corresponds to the restriction of the partial translation
to = {(n,n)|n € Z} to ¢(Ds) = x. Hence we have ¢.(tq) = to for all
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d € Do, where ¢, is as defined in Definition 7.2, which extends to a homo-
morphism on compositions of partial translations as required for ¢ to be a
P.T.S. map.

U

We will later see that this theorem suggests that the only C*-algebra ho-
momorphism from C (D) to C((Z) is the map which takes every operator
to the identity.

7.4 Maps From Z x Z; To Z

We now consider examples of partial translation structures arising from
maps between Z and Z x Zs. Let ¢, ¢ : Z X Zo — 7Z be defined by

2 ifi=0
2r+1 ifi=1,

Y (x,i) — .

We have a canonical partial translation structure 7 on Z x Zo containing

partial translations of the form
t(mo) = {((.73 + nvi)7 (.’E,Z)) | (33,1) €7 x ZQ}

and
timy = 1((z +n,i + 1 mod 2), (z,1)) | (z,i) € Z x Za},

two for every n € Z. In other words, all partial translations are of the form
ting) = 1((x +n,i + k mod 2), (x,7)) | (z,i) € Z x Za}.

If we apply the uniform bijection ¢ to such a partial translation, we obtain

86



a partial translation which acts on Z in the following way:

(@tmm))(m) = ¢otmuod ' (m)
B (t(nk) (55 0)) if m even
Gt (Z52E,1))  if m odd
o5 +n, k) if m even
gb(mT_l +n,k+1mod 2) if modd

m+ 2n if m even, k=0
m+2n+1 if meven, k=1
m+2n—1 ifmodd, k=1
m + 2n if m odd, k =0,

for all m € Z. So
d’(t(n,o)) tm—m+2n

and
m-+2n+1 if m even

tn1)) -
O(t(n,1)) mf—>{m+2n_1 if m odd,

for every m,n € Z. Hence ¢(7) is a new partial translation structure on
7Z which is not comparable with the canonical one, and therefore ¢ is not
a map of partial translation structures (since no partial translation of the
form ¢(t(,,1)) is contained in a partial translation from the canonical partial
translation structure on Z).

Compositions in ¢(7) (where everything is globally defined), and thus

in C*(¢(7)), work in the following way (we omit “¢” from now on for ease

87



of notation):

tn,0) © L0y (m) = Lo (m+ 2n')

= m+2n +2n

= m++ 2(n/ + n)
- t(n +n 0)
tiy(m+2n"+1)  if m even
tn,1) Oty (m) = (m.1) ) ‘
tay(m+2n' —1) if m odd

(m+2n"—1)+2n+1 if modd

B { (m+42n' +1)+2n—1 if m even
m+2n' +2n  if m even
m+2n—|—2n if m odd

= t(n+n0)

. . (m) t(n(] (m+2n"4+1) if m even

o / m =

(n,0) (n',1) t(no m+2n —1) if m odd

m+2n' —14+2n  if m odd

B {m+2n +142n if m even
m+2(n'+n)+1 if m even
m+2n+n)—1 if m odd

- t(nJrnl)(

b 0t o) (M) =t m+2n)
m+2n'+2n+1 if m even
m+2n'4+2n—1 if m odd
m+2(n'+n)+1 if m even
m+2(n"+n)—1 if m odd

= t(n’—l—n 1)(
Hence
t(n,k‘) o t(n’,k’) = t(n’—i—n,k’-{—k mod 2)»

for all n,n’ € Z, k,k' € Zy, and therefore it can be seen that the two unitary
operators arising from the partial translations ¢ 1) and ¢(1 o) generate the

algebra C*(¢(7)).
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We have
t%o;) = t(0,0);

which gives rise to the identity operator. Thus t( 1) gives rise to a self-
adjoint generator of C*(¢(7)). Also,

tontao =ty = tanto,
and
(1,0) = tn,0) # L(0,0), for all n # 0.
We can generalise the above scenario by considering instead any map of

the form ¢; : Z — Z x Z;, for j > 2, defined by:

jx ifi=0
. Jjz+1 ifi=1
¢; + (x,4) — :
je+j—1 ifi=5-1,
i.e.
¢]($71)H]x+z

We then have
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(#5(t(n,k))) (M)

= @j0tmupod; (m)
0 (k) (5 0)) if m =0 mod j
&5 (L) (M54, 1)) if m =1 mod j

6;(tna (=Y, 5 — 1)) if m=j—1mod j

qﬁj(%—i—n,k mod ) if m =0 mod j
qﬁj(mT-_l—i-n,k—l-lmOdj) if m=1mod j

gb]( Ql—f—nk—l—]—lmOd]) ifm=j—1modj

m+jn+k mod j if m =0 mod j
m—1+jn+ (k+ 1) mod j if m =1 mod j

—(-1)+jn+(k+j—1)modj ifm=j—1modyj,

for all m € Z. Thus we obtain partial translations which act on Z in the

following way:
¢i(tn,k)) : m— m+ jn+ (k+m) mod j —m mod j,

and hence a partial translation structure containing j such partial transla-
tions for every n € Z. In each case taking compositions works in the same

way as for our Z x Zsy example, and thus we have the following.

PROPOSITION 7.7 For any integer j > 2, the partial translation algebra
C*(¢4(T)) is generated by two commuting unitaries a and b (in fact the
operators arising from ¢;(t(o 1)) and ¢;(t(1,0)) respectively), such that al =1

and b has infinite order.

Let us now turn our attention to the map ¢ : Z x Zo — Z, (x,i) —
x. This is a surjective map, and it is also clearly uniform if we endow
7 X Zo with the product metric. However, it is non-injective, so we can not
apply Theorem 3.13 to ascertain that it maps partial translations to partial

translations. In spite of this, let us consider ¢ applied to a generic partial
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translation from 7:

Y(tmp) = {(@(x+n,i+kmod 2),9(x,9)) | (z,i) € Z x Za}
= {(z+n,2) | ze€Z}.

What we obtain is the partial translation ¢,, from the canonical partial trans-
lation structure on 7Z, so the map 1 does in fact map partial translations to
partial translations! This is due to the fact that, while v is not injective in

general, it does satisfy:

111(1.?2) = d}(yaj) And QJZ)(t(n,k:) (‘T?Z)) = w(t(n,k) (ya]))a

for all (z,1), (y,j) € Dom(t, ) = Z X Zg, for all partial translations ¢(, ) €
7. The partial translations themselves are mapped non-injectively, but
as the map is surjective we do obtain the entire set of canonical partial
translations of Z (and nothing else), and so we can still consider ) to be a
map of partial translation structures. Since 1 is a group homomorphism,
we know by Theorem 7.5 that it satisfies the conditions of Definition 7.2,
and in fact the above condition is also a consequence of this.

This map gives rise to a map of partial translation algebras ¢ : C*(7) —
CH(Z) = O(S'). We know that C*(T) is generated by two commuting
unitaries, say Tp and 71, arising from ¢(g 1) and #(; o) respectively, with T3 =
1 and T of infinite order, while C}(Z) is the algebra generated by a single

unitary T arising from the partial translation t;. We have

w(t(ojl)) = t() =J]d and 7/1(75(1,0)) = tl.
Hence we have the following.

PROPOSITION 7.8 The map ¢ : C*(T) — C*(Z) = C(S') is a map of
partial translation algebras which takes Ty to the identity operator and Ty to
T.

7.5 Maps of Partial Translation Algebras

We use our definition of a P.T.S. map to reformulate and ultimately extend
our results from chapter 6. Let us begin with the case already discussed,

where the map in question is the inclusion of a subspace into a countable
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group; here we can restate the definition of a P.T.S. map using the following.

LEMMA 7.9 Let (G,7¢) be a countable discrete group with canonical par-
tial translation structure, let X be a subspace of G and let Tx denote the
restriction of Tg to X. Let ¢ : X — G denote the inclusion map. Then ¢ is
a P.T.S. map if and only if any composition 1y, ... T,, of non-empty partial

translations 74, , ..., 74, in Tx is not equal to the empty translation.

Proof.

Let () denote the empty translation, since it could be viewed as an empty
subset of X x X; to say that a partial translation is equal to the empty
translation means that it has empty domain. Let us begin by supposing
that 74, ... 7y, # 0 for all non-empty partial translations 7,,, ..., 7, in Tx.
We wish to check that ¢ : X — G is a P.T.S. map.

Recall that we have one partial translation ¢, = {(z,zg) | z € G} in

n

T for every g € G, and that every partial translation in 7x is a restriction
to X of some such ¢, We assume G to be a countable group, and so as
the partial translations in 75 are in one-to-one correspondence with the
elements of G they must form a countable set. It is also clear that they
are pairwise disjoint; indeed, if (x,2g) is an element of both ¢, and ¢, then
rg = zg’ and thus g = ¢/, so that t; = ty. The same conditions must
hold for the partial translations in 7x as these are all restrictions of partial
translations in 7g. It is clear from the fact that G is a group that the
inverse of every partial translation in 7¢ is also a partial translation in 7g,
and certainly if any such partial translation restricts to X then so does its
inverse. It has also been shown previously that both 7o and 7x are free
partial translation structures with a single set of cotranslations, and so all
of the initial conditions are satisfied.

We define ¢ : X — G to be the inclusion map, and so ¢ acts as the
identity on elements of X. Thus, for every partial translation 7, in 7Tx, we

have

¢(19) = {(¢(x), ¢(z9)) | w29 € X} = {(2,29) | v, 29 € X} = 7.

If 74 is non-empty then it is a subset of the partial translation ¢, € 7, and if
T4 is empty then we consider it to only be a subset of the empty translation

on G. Hence the map ¢, is well-defined and condition 1 of Definition 7.2 is
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satisfied. Similarly condition 2 will hold since partial cotranslations for 7Tx
are formed by restricting partial cotranslations for 7¢.

Now, for any g1,...,9, € G, we have

Tgr - Tgn = (291 ... 9n) | ,291,...,291...9n € X},

so if this is not the empty translation then it must be a subset of the partial

translation

tg .- tg, = {(z,291...9n) | x € G}.
Hence ¢(1y, ...74,) = Ty ... Ty, C tg, ...1tg,, where ¢(7y,) C t4 for all
1 <7 < n, whenever 74,,...,7,, are non-empty partial translations in 7x.

Therefore ¢, may clearly be extended to a homomorphism between 7 (X)
and 7 (Y) and so ¢ is indeed a P.T.S. map.
On the other hand, if there exist non-empty partial translations 7, ...,
Tg, i Tx such that 74, ... 75, =0, then ¢y (7y,) ... ¢«(7g,) = tg, - . . tg, whilst
O+ (Tgy - - Tg,) = (D) = 0, so ¢, does not extend to a homomorphism and
thus ¢ fails to be a P.T.S. map.
|

The above lemma allows us to prove the following strengthening of The-

orem 6.6.

THEOREM 7.10 Let (G,7¢) be a countable discrete group with canonical
partial translation structure, let X be a subspace of G and let Tx be the
restriction of Tg to X. For every g € G, let Ty denote the operator on 2(G)
arising from the partial translation t, = {(z,xg) | * € G}, and let T, denote
the operator on 12(X) arising from the restriction of tgto X. Set H={g €
G | T, # 0}. Then the canonical map ¢ : C*(Tx) — C*(H) C C*(G) is a
C*-algebra homomorphism if and only if the inclusion map ¢ : X — G is a
P.T.S. map.

Proof.

To show that ¢ : C*(7Tx) — C}(H) C C}(G) is a C*-algebra homo-
morphism it is enough to show that Tg is not a zero divisor in the monoid
{Thl .. -Thl | h; € H} for all g € H, by Theorem 6.6. If we assume firstly
that ¢ : X — G is a P.T.S. map, then by the above lemma we know that

any composition 7y, ... 7y, of non-empty partial translations 7,,..., 7, in

n
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Tx is non-empty. This means precisely that any composition Tgl T

Ty,
of non-zero generators Ty,,...,Ty, € C*(7Tx), i.e. operators for which
g1,...,9n € H, is non-zero. Hence no non-zero T, can be a zero divisor

in the monoid {T}, ... Ty, | hi € H}, as required.

Conversely, if we assume that the canonical map ¢ : C*(7x) — C}(H) is
a C*-algebra homomorphism, then again by Lemma 7.9 it is only necessary
to check that any composition 74, ... 74, of non-empty partial translations
Tgis---1Tg, i1 Tx is non-empty, to show that ¢ : X — G is a P.T.S. map.
But if there is an empty composition 7y, ... 7,, made up of non-empty partial
translations, then this means there exist non-zero generators T gir--- ,Tgn
of C*(Tx) for which Ty, ...T,, = 0. So then ¢(Ty, ...T,) = ¢(0) = 0,
whilst o(Ty,) ... o(Ty,) = Ty, ... Ty, # 0, and so ¢ cannot be a C*-algebra
homomorphism, which gives us a contradiction.

O

With the P.T.S. map definition, Theorem 7.10 can now be considered
as a special case of a far more general theorem (stated below). However, it
is still helpful to have considered the inclusion of a subspace into a group
as a separate case, since the zero divisors condition given in the original
statement of the theorem is likely to provide a useful method for identifying

P.T.S. maps in practice.

THEOREM 7.11 Let (X,7x) and (Y,Ty) be two metric spaces equipped
with mappable partial translation structures, and suppose that ¢ : (X, Tx) —
(Y, Ty) is a P.T.S. map. Let Ty = {t' € Ty | t' = ¢«(t) for some partial
translation t € Tx }, and suppose that there is a uniform bound on the num-
ber of partial translations t € Tx for which t' = ¢.(t) for any given t' € T{..
Then the map ¢ : C*(Tx) — C*(T}.) C C*(Ty), defined on the generating
set of C*(Tx) by

~

o(Ty) =Ty, (1)

and extended by linearity, is a C*-algebra homomorphism.

Proof.
Here we denote by T} the partial isometry associated to the partial trans-

lation ¢t. By definition, (25 is a linear map, so we only need check that
O(T7) = ($(Ty))* and &(T, Ti,) = &(T,)$(Th,)
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hold for all partial translations t,t; and t in 7x. The uniform bound on
the number of partial translations of X sent to any one partial translation
of Y guarantees passage to completion; this works in the same way as the
extension of a group homomorphism to a homomorphism between reduced
group C*-algebras.

So let us verify the two homomorphism conditions. From the definition
of partial translation algebras, we have T}" = T;—1 for any partial isometry T}
arising from a partial translation ¢. Also, note that for any map ¢ : X — Y

we have

o(t™") = {(6(x),6(y)) | (x,y) € t71} = {(6(x), () | (y, ) € t} = (&))",

for all partial translations ¢ in 7x. Hence if ¢(t) C ¢.(t), i.e. (¢(t))™' C
(¢«(t)) ™", then ¢(t1) C (¢4(t)) 7", and so ¢u(t™") = (¢«(t)) ", by disjoint-

ness of the partial translations in 7y. Thus we have

é(Tt*) = <ZA5(Tt*1> = Tm(t*l) = T(d)*(t))*l = T;*(t) - (&(Tt»*’

as required.
For the second condition, note that 13+, = 1,13, for all partial isome-

tries Ty, , T}, associated to partial translations t1,t2. Hence we have

o(Ti,Ti,) = O(The)
= To.tate)
= Ty.(t1)p.(t2) (since ¢ is a P.T.S. map)

= Ty Ts.(12)

= ¢(Tt1 )¢(Tt2 ) :

8 A (*-Algebra Extension for Subspaces of Groups

Now that we have established when such a map arises, we can use the
canonical C*-algebra homomorphism from the partial translation algebra
associated with the restriction of a group partial translation structure to

a subspace to the reduced C*-algebra of the group to construct an algebra
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extension under certain conditions. This short exact sequence of C*-algebras
was introduced in our paper [9], as joint work with Brodzki, Niblo and
Wright. The sequence gives rise to a six-term exact sequence in K-theory,
which can be used to compute the K-theory of some metric spaces, as we
will see in the next chapter. We recall the definition of K-theory in the
second part of this chapter.

8.1 The Extension

In this section we use the C*-algebra homomorphism we have identified aris-
ing from inclusion into a group to construct a short exact sequence involving
partial translation algebras associated with subspaces of groups.

The following proposition provides some ways in which to restate Theo-

rem 6.6, the main theorem of chapter 6.

PROPOSITION 8.1 Let G be a countable discrete group, let X be a sub-
space of G and let Tx be the restriction of the canonical partial translation
structure on G to X. For every g € G, let Tg denote the operator on 1?(X)
arising from the restriction of the canonical partial translationty to X. Then

the following are equivalent:

1. The subset H = {g € G | Tg # 0} is equal to G, i.e. every canonical
partial translation restricts to X, and each restricted partial isometry

T, is not a zero diwisor in the monoid {T,, ... Ty, | g; € G};

2. X is not coarsely dense in G (with respect to the canonical coarse

structure);

3. For all v > 0 there exists x € X such that Bg(z,r) C X.

Proof.

(1)<(3): Condition (1) is equivalent to saying that 74, ... 7y, # 0, for
all g1,...,9n € G, where 7,4, denotes the restriction of the canonical partial
translation ¢4, on G to X. In other words, it means that for all g1,...,9, € G
there exists some x € X such that zg1,zg9192,...,291...9, € X. It is clear
that this will hold in the presence of condition (3); hence (3)=(1).

Now assume that (1) holds. For arbitrary r» > 0, consider all elements
of G of word length < r with respect to a bounded geometry left invariant

metric, recalling that we are always able to associate such a metric to G when
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G is countable. These group elements are precisely those contained within
the ball of radius r about the identity element in G, and hence by bounded
geometry there are finitely many of them, so we may enumerate them as
Jgi,---,9n- We may now form the word glgflgggz_l .. .gNg;,1 in G, and
by condition (1) there exists x € X such that :cgl,azglgfl,xglgflgg, el
xglgl_l...gNgﬁl € X. But this means that xg;,xgo,...,zgny € X, ie.
that z composed with any element of G of length < r is an element of X.
Therefore there exists x € X such that Bg(z,r) C X, as required.

(2)<(3): Recall that a subset Z of a metric space Y is coarsely dense
if there exists R > 0 such that every point of Y lies within distance R of a
point in Z [29]. So if we assume that (3) holds and suppose for contradiction
that (2) does not, then we have that there exists some R > 0 such that for
all g € G there exists z € X¢ such that z € Bg(g, R). But by (3) we may
choose g € X C G such that Bg(g, R) C X, which gives us a contradiction.
Thus (3)=(2).

Now suppose that (2) does hold, so that for all » > 0 there exists g € G
such that z ¢ Bg(g,r) for all z € X¢. Fix an arbitrary » > 0 and consider
the corresponding such g € G, which must clearly be an element of X. If
z ¢ Bg(g,r) for all z € X¢, then Bg(g,r) C X. Hence (3) holds.

O

Note that the requirement that H = G in condition (1) of the above
excludes cases such as X = 2Z C Z, where we do have a homomorphism of
partial translation algebras but it is clear that condition (3) does not hold.

Using this proposition we obtain a C*-algebra extension for subspaces
of groups involving partial translation algebras. Let us begin by describing
the terms involved.

Let G be a countable group, let X be a subset of G and let 7x denote the
restriction of the canonical partial translation structure for G to X. Let P :
I2(G) — I*(G\X) be the projection onto I?(G\X), let A = C*(C}(G), P) C
B(I1?(@)) and let I(P) denote the ideal in A generated by P, so that

I(P) = span{T, PTg P ...T

9k—1

PT, |k>1, g; € Gforall 0 <i<k}.

Before we state the main theorem, let us firstly note the following, which

will be made use of later when we explore a specific example.
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PROPOSITION 8.2
C*(Tx) N I(P) = (1 — P)I(P)(1 — P).

Proof.

Suppose T € C*(Tx) N I(P). Then T is an operator on [?(X) and so
T = (1 — P)T(1 — P). However, we also have T' € I(P). Hence T €
(1-P)I(P)(1—P).

Conversely, suppose that 7' € (1 — P)I(P)(1 — P). Then T = (1 —
P)T'(1 — P) for some T" € I(P). Since (1 — P) is the projection onto ?(X)
it is then clear by the above definition of I(P) that T' € C*(7x), as well as
certainly being an element of the ideal generated by P. Hence the equality
holds.

|

THEOREM 8.3 The sequence

0 — C*(Tx) N I(P) -5 C*(Tx) 2237 (@) — 0

is exact if and only if X¢ is not coarsely dense in G.

Proof.

Firstly, suppose that we have the above with X ¢ not coarsely dense in G.
The map ¢ in our sequence denotes an inclusion of an ideal into an algebra,
so this is automatically injective. By Lemma 8.1, the fact that X¢ is not
coarsely dense means that {Tgl .. .Tgl | i € G} contains no zero divisors
and that every partial translation restricts, which together ensure that the
map from C*(7x) to C}(G) is surjective. Thus it remains to show that the
image of the map ¢, i.e. C*(7Tx) N I(P), is equal to the kernel of the map
from C*(7x) to C}(G), which is a homomorphism by Theorem 6.6 together
with Lemma 8.1. Therefore, by the first isomorphism theorem, we wish to
prove that

CH(Tx)/C*(Tx) N I(P) = C(G).

Firstly, note that
A=Cr(G)+I(P). (4)

Indeed, since A is the C*-algebra generated by C}(G) and P, it is clear
that C*(G) + I(P) C A. On the other hand, A is by definition the smallest
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C*-algebra containing C(G) and P, and C}(G) + I(P) also contains both
Cy(G) and P, so A C C}(G) + I(P).
We claim secondly that

A= C*(Tx) + I(P). (5)

It is clear that C*(7x) + I(P) C A, as I(P) is an ideal in A and 7Tx is
generated by elements of the form (1 — P)Ty(1 — P), where T, € C}(G). To
show that A C C*(7x)+I(P) it is enough to show that T, € C*(7Tx)+1(P)
for all g € G, by (4). But for any g € G we have

T, = (1 — P)T,(1— P) + (1 — P)T,P + PT,,

where (1 — P)Ty(1—P) € C*(7Tx) and (1 — P)T,P + PT, € I(P) (note that
I(P) is a two-sided ideal), so this holds.
Combining (4) and (5), we obtain

CHG)+ I(P) =C*(Tx) + I(P). (6)
In addition to this, by the second isomorphism theorem, we have
(CH(G) +1(P))/I(P) = CJ(G)/(CF(G) N I(P)) (7)

and

(C*(Tx) + I(P))/1(P) = C*(Tx)/(C"(Tx) N I(P)). (8)

Now if we assume that X¢ is not coarsely dense in G then we see from the
definition of I(P) that no operator in this ideal has support exhausting G
and so C;(G) N I(P) ={0}. So (7) can now be read as

(Cr(G) + I(P))/1(P) = C(G). (9)
Combining this with (6) and (8), we obtain
CH(Ix)/C*(Tx) N I(P) = Cr(G),

as required.
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Conversely, suppose that
* L * TQ'_’TQ *
0— C*"(Ix)NI(P) — C*(Tx) —" C;(G) — 0

is a short exact sequence. This means that the canonical map T, g — Ty
is a C*-algebra homomorphism, which by Lemma 7.9 and Theorem 7.10
implies that any composition 7, ...7,, of non-empty partial translations
Tgis---1Tg, i Tx is not equal to the empty translation. This is clearly
equivalent to saying that no restricted partial isometry Tg is a zero divisor in
the monoid {T}, ... Ty, | g; € G}. Exactness of the sequence also implies that
the canonical map is surjective, which means that every partial translation
in the canonical partial translation structure for G restricts non-trivially to
the space X. Thus X¢ is not coarsely dense in G, by Proposition 8.1.

|

Note in particular that in this sequence we employ a map of C*-algebras
arising from the inclusion map from a subspace into a group, which is not
in general a group homomorphism!

We see from the following proposition that Theorem 8.3 tells us that
we do not obtain the given short exact sequence of C*-algebras in the case

where our subset is in fact a subgroup of a countable group.

PROPOSITION 8.4 Let G be a bounded geometry discrete group, let H #
G be a subgroup of G, and let X be the complement of H in G. Then X is

coarsely dense in G.

Proof.

Suppose for contradiction that X = H€ is not coarsely dense in G, so
that for every r > 0 there exists some g € G such that g ¢ B,(z) for all
x € X. In particular, any such g € G must be an element of H, so we have
that for every r > 0 there exists some h € H such that B,(h) C H. But
this means that for any » > 0 we can find some h € H such that hg € H
for all ¢ € G such that I(g) < 7; in other words, h™thg = g € H for all
g € G such that [(g) < r. From this we see that all group elements of finite
length are contained within the subgroup H, and hence H = GG, which is a
contradiction to the assumption H # G.

U
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On the other hand, it is clear from Theorem 8.3 that we do obtain
such a C*-algebra extension in the case where we form a subspace X by
removing finitely many edges from the Cayley graph of the free group on
two generators. The following theorem provides a little more information

about the structure of such a space.

THEOREM 8.5 Let Fy denote the free group on two generators, a and
b, and let X be a space formed by removing finitely many edges from the
Cayley graph of Fo. Then every unbounded connected component of X is of
the form

T=FUTyUTy U---U Ty,

where F' is a finite set of edges and each T; is a left translation of one of A,
B, A’ or B’, where these denote the sets of words in Fy beginning with a, b,

a~' and b~ respectively.

Proof.

We proceed by induction on n, the number of edges removed from the
Cayley graph of Fy to construct the space X.

Firstly, suppose that n = 1, so that X is formed by removing a single
edge from the Cayley graph of Fo. Since the graph is vertex transitive,
we may assume without loss of generality that we remove one of the edges
incident to the vertex representing the identity element e. However, it is
clear that in this case the proposition holds. For example, if we remove the
edge connecting the identity vertex to the vertex representing the element

a then we obtain the components A and aA’, a left translation of A’.

it
Z N } g4
S
s Tt
Tt

Similarly, if we removed the edge connecting e with b we would obtain the

components B and bB’, if we removed the edge connecting e with a=! we
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would obtain the components A’ and a~'A, and if we removed the edge
connecting e with b~! we would obtain the components B’ and b~ B. Since
we may translate on the left to move the vertex representing e to any other
vertex in the Cayley graph for Fa, we hence see that the proposition holds
forn=1.

Now suppose for our induction hypothesis that we can remove any k
edges from the Cayley graph of Fy and that every unbounded component of
the resulting space X will be of the form

T=FUTYUT,U---UT,

as required. We wish to prove that the result still holds if we remove one
more edge from the space X.

If we remove an edge from some bounded component of X then it is
clear that this is the case, so suppose that we remove an edge from some
unbounded component T'=F U Ty U Ty U---U T},,. Again, if we remove
one of the finite number of edges connecting the components T;, that is an
edge in F, then it is clear that the result will hold. So let us remove an
edge from some T;, where 1 < i < m. We wish to show that the resulting
(unbounded) components are each of the form

FUT,UT, 00T,
where F; is a finite set of edges and each T, is a left translation of either A,
B, A’ or B'.

The component T; is itself a left translation of either A, B, A’ or B’,
which are all isomorphic, so let us assume without loss of generality that
T; is a left translation of B, so that it may be represented by the following

diagram:

e
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where e; is some element of Fy, and therefore a left translation of e. If we
remove one of the edges incident to e; we obtain a left translation of either
A, B or A’, plus left translations of the remaining two connected by two
edges, and hence both components are of the required form. So suppose
finally that we remove some other edge from T;. Doing this splits the tree T;
into two unbounded components, one which contains the vertex e; and one
which does not. It is clear by observation that the component not containing
e; is a left translation of either A, B, A’ or B’, so it only remains to check
that the other component is also of the required form. If we let x denote

the vertex incident to the deleted edge which is closest to e;, then taking
F; = {all edges incident to a vertex lying on the path [e;, x]}

accomplishes this.

To illustrate how this works we present the following example:

%

AL

Here the thicker edges represent the set Fj.
U

It is evident from the above proof that any unbounded connected com-
ponent T' of such a space X contains at least one component 7; which is
a left translation of either A, A’, B or B’, and is connected to the rest of
the space only via the vertex representing the corresponding left translation
of the identity element. Thus we see that for any r > 0 we could follow a
path of length r away from this vertex, so that we stay within 7}, to reach a
vertex = for which By, (z,7) C T. Therefore T is not coarsely dense in Fa,
by Lemma 8.1. Hence we see that given any space X formed by removing
finitely many edges from the Cayley graph of F» we may also apply Theorem
8.3 to any unbounded connected component T" of X to construct a related

short exact sequence of C*-algebras.
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8.2 The Related Sequence in K-theory

The short exact sequence described in Theorem 8.3 gives rise to the following

six-term exact sequence in K-theory:

Ko(C*(Tx)NI(P)) — Ko(C*(Tx)) — Ko(Cr(G))

T !
K1(Cr(G)) — Ki(C"(Tx)) < Ki(C(Tx)NI(P)).

As we will use this sequence in the next chapter to compute the K-theory
of a particular partial translation algebra, we recall here the basic definitions
required to understand K-theory for unital C*-algebras, as they appear in
[6].

Let A be a unital C*-algebra. A projection in A is an element p € A
such that p = p? = p*, so a projection is a self-adjoint idempotent. If p and
q are projections in A, then write p ~ ¢ if they are Murray-von Neumann
equivalent, that is if p = v*v and ¢ = vv™* for some partial isometry v in A.

Denote by P(A) the semigroup of projections in My (A) = Up>1 M, (A),
the union of all finite-dimensional matrix algebras over A, with respect to

the direct sum, where

pDqg= ( p0 > € Mpim(A),
0 ¢

for all p € M,(A) and q € M,,,(A). A projection p € M,(A) is said to be
equivalent to a projection ¢ € M,,(A), with n < m, if and only if we have
p®0pm—pn ~ qin My, (A). We say that two projections p and ¢ are stably
equivalent if and only if there exists a projection r € P(A) such that p & r
is equivalent to g @ r.

Denote by [P(.A)] the semigroup of all stable equivalence classes of pro-
jections in P(A), with addition induced from P(A). We say that two pairs
of elements of [P(A)], ([p1].[p2]) and ([g1],[g2]), are equivalent if and only

if [p1] @ [q2] = [p2] & [q1]-

DEFINITION 8.6 [Ky)
We denote by Ky(A) the abelian group consisting of all equivalence
classes of pairs ([p1], [p2]), with the componentwise addition [21].

Proposition 5.8 of [6] states that if ¢ : A — B is a unital *-homomorphism
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of C*-algebras, then there is an induced map Ky(A) — Ky(B) which sends
the class [p] € [P(A)] to [¢(p)] € [P(B)]; thus the homomorphism we con-
struct from C*(7x) to C}(G) gives rise to a map of K-theory for these

algebras.

DEFINITION 8.7 [Cones]
The cone of a C*-algebra A is the algebra C A of continuous functions
from [0, 1] to A which vanish at 0 [6].

DEFINITION 8.8 [Suspensions]

The suspension SA of a C*-algebra A is the subalgebra of C'A consist-
ing of all functions which vanish at 1. So elements of SA are continuous
functions f : [0,1] — A such that f(0) = f(1) =0 [21].

DEFINITION 8.9 [Higher K-theory]
We let K1(A) = Ko(SA) = Ko(Co(R) ® A). In general, we write

Kp(A) = Ko(SPA) = Ko(Co(R?) ® A) [21],

where S2A denotes the suspension of SA, and so on.

9 An Interesting Example of a Partial Translation
Algebra Associated With a Subset of the Inte-

gers

The following example was originally formulated as a potential counter-
example to one of the theorems discussed in chapter 6; fortunately it failed
to fulfil this role, but it is none-the-less a rather intriguing case, and one for
which we are able to make use of our C*-algebra extension in the computa-

tion of its K-theory.
The Example

Let X be the subspace of Z defined by:

x= J x,

1eN\{0}
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where the components of X are given by

X;={(*—=4),...,(i* = 1)}.

For example,

X, = {0},
Xo = {2,3),
X3 = {67778}7

and so on. Then
X =10,2,3,6,7,8,12,13,14, 15, 20, 21, 22, 23, 24, 30, 31, 32, 33, 34, 35, ..},

so that the subspace X is made up of increasingly large sets of consecutive
numbers separated by increasingly large gaps.

We restrict the canonical partial translation structure on Z to X, fol-
lowing the same notational convention as laid out in section 5.1. For each

n € Z we denote the restriction of ¢,, to X by 7,, so that
m={(+n,z) | z,x+ne X}

We consider the partial translation structure 7x on X with set of partial
translations {7, | n € Z}. Note that, as a subset of X x X, every 7, is non-
empty, since we can always find two points in X which are distance n apart,
for example the smallest and largest elements of the component X,,;1. Thus
every canonical partial translation for Z restricts to a partial translation for
X.

Note also that for any given k,n € N, 7¥ will definitely be defined on
(kn +1)%2 — (kn 4+ 1) = kn(kn + 1), the smallest element of Xj,, 1, whereas
if n is negative, 7% will be defined on (kn+1)? —1 = kn(kn +2), the largest
element of Xp,+1. The translation Té“ = 79 is defined on the whole of X for
any k € N. Hence, if for any n € Z we let T}, denote the operator arising
from 7, then we have that for every k € N there exists 0, € {?(X) such that
Tk (6,) # 0. In particular, for n positive we may take z = kn(kn + 1) (with
Tk (6,) = Okn(kn+2)) and for n negative we may take x = kn(kn + 2) (with

n

T k(5y) = Okn(kn+1))- Thus every operator arising from a restricted partial
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translation on X is non-nilpotent, and so the conditions of Theorem 6.3 are
satisfied for X. Therefore there exists a map of partial translation algebras
from C*(7Tx) to C#(Z), defined in the obvious way, by sending each T}, to
the right shift by n, that is the operator arising from the canonical partial
translation t,,.

However, what makes this a particularly interesting example is that de-
spite the fact that every partial translation for Z restricts to our subspace
and there are no nilpotent operators, there are also no unbounded orbits in
X.

DEFINITION 9.1 For every n,m € Z, let

O(n,m) =Tin — TnTm,
so that

O(n,m) : 6, dgtmin Hzx+m+neX az+mé¢X
’ T 0 otherwise,

for all x € X. So we could view ©(n,m) as the operator arising from a

partial translation of the form
On,m)={(z+m+n,z) |z,x+m+neX,z+m¢X},
which as a subset of X x X is equal to Ty \TnTim, Wwhere
TnTm ={(x+m+n,z) |z, 2 +m,x+m+ne€ X}

Note that ©(n,m) # ©(m,n) for n # m, but it can be easily checked
that these operators satisfy the cocycle identity:

O(l,m +n) + T10(m,n) = O(l + m,n) + O(1,m)T,,,

for all [,m,n € Z.

Since Tm+n = TnTm—i—@(n, m) for all n,m € Z, our canonical C*-algebra
homomorphism ¢ : C*(7x) — C}(Z), must satisfy ¢(0O(n,m)) = 0 for all
n,m € 7.

We will see that the operators ©(n,m) are in fact nilpotent whenever

n# —m.
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REMARK 9.2 For n € Z positive, the domain of 7,, consists of finitely
many points within the subset X7 U...U X, together with the infinite set

{n+k—-1)(n+k),....n+k—1)(n+k)+k—1]|keN},

which is made up of the first k elements of each set X, 1 C X, where k € N.
For n € 7Z negative, the domain of 7,, consists of finitely many points
within the subset X7 U...U X\, together with the infinite set

{(n—k)?—k,...,(n—k)?—1|keN},

which is made up of the last k elements of each set X, C X, where k € N.

In all cases, we have
Dom(rpmm) ={z € X |z+m+n,x+m € X} = Dom(Tmin) N Dom(ry,).
Also recall that, where defined, 7,7, takes the same values as 7y,4p,.

PROPOSITION 9.3 For every n,m € Z where n # —m, ©(n,m) =

Tontn — TnTm s a nilpotent operator.

Proof.

By definition, ©(n,m) is nilpotent if there exists some k£ € N such that
(©(n,m))* = 0, i.e. such that (©(n,m))*(6;) = 0 for all z € X. This
situation corresponds to the partial translation (f(n,m))* having empty

domain, for some k € N, meaning that (7,,7,,,)* and 7% , = are defined on the

m-+n
same elements of X. We prove that this is always the case by comparing
the domains of 7,7, and 7, 4p.

Case 1: n,m both positive.

In this case, in the parts of X where the gaps between the components
are at least m+n, Dom(7,7) = Dom(Tm4n) N Dom(1y,) will be the same as
Dom(Tp+n). SO TpTm and 7,4y, will definitely agree on X, Xontnt1, - - -
and hence #(n,m) will be undefined here. In other words, 6(n,m) is de-
fined on only finitely many elements of X, each contained within X; U...U
Xm+n—1, and so gives rise to a finite rank operator. In particular, if we let
k = m+n, then it is certain that (6(n,m))* is undefined. Therefore ©(n,m)
is a finite rank nilpotent operator.

Case 2: n,m both negative.
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To ensure that 7,7, and 7,4, agree in the negative case we need to limit
ourselves to components which occur after a gap of at least size |m + n|. We
can certainly say that they behave in the same way on X\, |41, Xjmn|+2,
..., which means that 6(n,m) is undefined here, and thus ©(n, m) is again
finite rank and nilpotent by the same argument as above.

This leaves us with cases where we compose negative and positive trans-
lations together.

Case 3: |m| > |n| for either m negative and n positive or n negative
and m positive.

Here m and m+n are either both positive or both negative, and in either
case Dom(7,Tm) = Dom(Tim+n) N Dom(7y,) coincides with Dom(7,,) on the
set X1 U Xjmj42 U ..., since [m| > |m +n|. Thus (n,m) is defined on
some finite number of points within X;U...UX,,, and the remainder of its
domain coincides with Dom/(7,,+y)\Dom(7,,), thus consisting of sets of |n|
consecutive points from each X; for i > |m|. As the gaps between these sets
of elements are of length at least |m| > |m + n|, we cannot apply 6(n,m)
more than once at any point in this section of its domain. As the only other
place where it is defined is a finite bounded set of points, #(n,m) gives rise
to a (infinite rank) nilpotent operator.

Case 4: |n| > |m| for n positive and m negative.

In this case, to find the domain of 7,7, we intersect the domain of a
positive/right translation, 7,,y,, with the domain of a negative/left transla-
tion, 7,,. It can be seen, using Remark 9.2, that here we obtain some finite

number of points contained in X7 U...U X, together with the infinite set
{n+k-=1(n+k)+m|,....(n+k—=1)(n+k)+|m|+k—1| keN},

which is made up of the (|m|+ 1),...,(Jm| + k)th elements of each set
Xntx € X, where £ € N. Note that we can see that 7,7, gives rise to
a non-nilpotent operator from this, since the sets of consecutive numbers
in the domain can grow arbitrarily large. However, the translation 6(n, m)
will, after a finite fixed number of points, only be defined on sets of |m|
consecutive numbers with gaps of length at least n > m + n between them,
and hence will give rise to a nilpotent operator, as before.
Case 5: |n| > |m| for m positive and n negative.

Finally, we are in a similar situation to above in that we intersect a left
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and right translation to form Dom(7,7,,), but now the overall action we
wish to study is that of a negative translation. Here the domain consists of
some finite number of points contained in X7 U. ..U X),|, together with the

infinite set
{(n=k?*=(m+k),....,(n—k)?—=(m+1)| keN},

which is made up of the (|[n| — m+1),...,(|n| — m + k)th elements of each
set Xj,4x © X, where k € N. So, as above, 0(n,m) is defined on some
finite bounded set of points, together with sets of m consecutive numbers
separated by gaps of length at least |n| > |m + n|, and thus ©(n, m) is again
infinite rank nilpotent.

|

REMARK 9.4 Note that T} is the identity operator and T_,, = T;: for all
n € Z, so in the case not covered by the previous proposition, that is where

n = —m, we obtain operators of the form
O(-n,n) =1 —T:T, and O(n, —n) =1 - T, T".
For n € Z positive, we have

1) if D
o HweDom(m) o leex,
0 otherwise

T;Tn D0y — {
which is a projection onto the space spanned by the vectors d, where x is
not one of the last n elements of every X, y, for k& € N, plus some finite
rank projection onto the space spanned by finitely many vectors d,, where

each y is a particular element of Xy U...U X,,. Thus

0y if x ¢ Dom(Ty)

, forall x € X,
0 otherwise

1—T'T, : 0y — {
is a projection onto the space spanned by the vectors d, where x is one of
the last n elements of some X, plus a finite rank projection.

Similarly, 1 —T,T ~ is a projection onto the space spanned by the vectors
0, corresponding to the first n elements of some X,,1x, plus a finite rank

projection.
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In any case, we can see that for every n € Z\{0}, Tnf,’:, T;Tn, 1-T, -

and 1 — T*T), are all infinite rank projections.

LEMMA 9.5 The partial translation algebra C*(Tx) contains all compact

operators.

Proof.

Consider the operator
0(1,1) =T, — Ty 11,

which we know to be an element of our algebra. This acts on [?(X) in the
following way:
9(1,1):59,3H{ b Hw=0  alzeX.
0  otherwise

Thus if we compose it with its adjoint we obtain a rank one projection py,
the projection onto Cdy. Then for any other x € X the composition TxpOT;
yields the rank one projection onto Cd,; thus we may obtain all matrix
units in the algebra and therefore generate all finite rank operators. Hence
C*(T) contains all norm limits of finite rank operators and thus all compact
operators.

U

Note that the compact operators can also be generated using only ©

operators, since for every € X\{0} the composition
O(z—-1,1)0(-1,-1)0(1,1)0(-1,1 —z) = 60(x — 1, 1)peO(—1,1 — x)

also yields the rank one projection onto Cd, (using the fact that 1 ¢ X to
ensure that our composition has non-trivial domain). Hence the kernel of
our canonical map ¢ : C*(7x) — C}(Z) contains all compact operators.
However, since every ©(n, —n) is an infinite rank projection and these are

also mapped to zero under ¢, the kernel does not consist solely of compacts.

LEMMA 9.6 For everyl,m,n € Z,

Ti9(m,n) = (1 + m, —m)O(m,n).
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Proof.
We have the following:

T 6, Opuy ifx+lelX,
0 otherwise
and
O(m,n) : b, Optntm ifa:—i—T.L—l—meX,a:—i—ng}‘X,
0 otherwise.
Thus

ife+n+mar+m+n+leX,z+né¢ X,

otherwise.

a 5:1: n—+m
TiO(m,n) : 65 +— { 0 Fntmet
Also,

Ol +m,—m) : oy —

6xfm+l+m:(sx+l lfx+l€X,x—m¢X,
otherwise.

Therefore

Opintmel fx+n+meX x+né¢X,
r+n+m+leX,
r+n+m—-—m=x+n¢X,

0 otherwise.

O(l+m,—m)O(m,n) : § —

Hence
®(l +m, —m)@(m, n) = Tl@(mv n)a

as required.

PROPOSITION 9.7 For every integer n > 1, we have

Tn = ~{1+Kna

where K, is a finite sum of compositions of elements of the form ©(m,p),
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where m,p € Z. For n < —1, we have
T, = (T1) " + Ky,
for another such operator KJ,.

Proof.
Let us begin by concentrating on the first case. We proceed by induction.
For n = 2, we have
Ty =TTy + O(1,1),

by definition of ©(1,1). To see what happens in a slightly more interesting

case, consider n = 3. Then

T,=T3 = T1Th+06(1,2)

= Ty(T?+06(1,1)) +6(1,2)

= TP 4+T10(1,1) 4+ 6(1,2)

= T?4+0(2,-1)0(1,1) + 6(1,2), by Lemma 9.6,

so K3 =0(2,-1)0(1,1) + ©(1,2).

Assume the proposition holds for some n > 3, so that

Tn = NF“‘Kna

where K, is an operator formed by adding together compositions of “©”
elements.
We need to show that the statement now holds true for n + 1. By

definition of ©(1,n), we have

Th+1 = Tlfn + @(1, n)
= T (TP + K,) +©O(1,n), by our induction hypothesis.

Thus
Tn-{-l = Tlff + TlKn + @(1, n)

However, we know by Lemma 9.6 that we will also be able to express T, K,

purely in terms of © elements, and so this is an operator of the required
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form. Thus we may denote Ty K,, + ©(1,n) by K,11 to obtain
Tn+1 = Tln+1 + Kn+17

as required.
Recalling that T T = T_1, an almost identical proof follows for the nega-
tive case.
O

REMARK 9.8 Since every summand in one of the K, operators as defined
above involves composition with an operator ©(l,m) for [, m > 0 (or l,m < 0
in the negative case), these operators are in fact finite rank. So every partial
isometry T}, is a finite rank perturbation of 7% (or (T7)I™). This can also
be deduced purely by observation of the set X, since, for every n € Z,
Tn, behaves in the same way as either 7" or Tlnll outside of the finite set
XiU. . U Xy,

Thus we have the following:

THEOREM 9.9
C*(Tx) = C*(Ty,1) + &

This theorem demonstrates that, modulo compacts, the partial transla-
tion algebra is generated by the restriction of the bilateral shift.

The canonical homomorphism from this algebra to the reduced C*-
algebra of Z takes T} to the bilateral shift and compact operators to zero.

Another avenue worthy of investigation is the computation of the K-
theory of our algebra. As a first attempt at understanding this, we define a
trace on C*(Tx).

DEFINITION 9.10 A trace on an algebra A is a linear function 1" from

A to some vector space V', which satisfies the trace condition:
T(ab) = T'(ba),

for all a,b € A. Some sources also require that 1" be a positive map, i.e.
that T'(a) > 0 for all positive elements a € A.
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A trace T on a C*-algebra A is said to be faithful if it satisfies:
T(a*a) =0 = a =0,
for all a € A.

DEFINITION 9.11 Let IIC denote the vector space of infinite sequences
of complex numbers, and let J denote the subspace of IIC consisting of all

finitely supported sequences whose sum is zero. Define a map
Tr:C*(Tx) — IIC/J,

by
T +— (Tr;(T)) mod finite support,

where T'r;(T) is the trace of T' on the ith component of X, that is the trace
of P,TP;, where P; : [?(X) — [?(X;) is the projection onto I?(X;).

Quotienting the target space by J ensures that Tr(T3T,) = Tr(T,T)
for all n € Z, while at the same time allowing traces of finite rank projections

to be non-zero.

PROPOSITION 9.12 The function Tr is a faithful (generalised) trace on
C*(Tx).

Proof.

We say the trace is generalised because it maps into IIC/J rather than
C, as is typically the case.

We have the following:

(a) It is clear that the map T'r is linear because each T'r; is linear by the

properties of the usual matrix trace.

(b) Let T,S € C*(7x). Since all elements of C*(7x) must have finite
propagation, we know that the non-zero entries of the matrices of
T and S must be contained within some strip of finite width about
the diagonal. In other words, there exist non-negative integers Rr
and Rg for which the (z,y)th entry of the matrix 7" is zero whenever
d(z,y) > Ry, and the (x,y)th entry of the matrix S is zero whenever
d(xz,y) > Rg, for all ,y € X. Thus the (z, y)th entries of the matrices
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representing 7S and ST are zero for all z,y € X with d(x,y) > R,
where R = Ry + Rg. In terms of the action on [?(X), this means that
both T'S and ST can only permute entries corresponding to elements
of any component X; with ¢ > R with other entries corresponding to
elements of that component. Hence T'S and ST act as block diagonal
matrices on each of these components, and thus we have Tr;(T'S) =
Tr;(ST) for all i > R.

On the other hand, we can restrict the operators 7" and S to the first
R components of X to obtain finite matrices Tr and Sg respectively.
The matrices TrSgr and SgTr have the same trace, by definition. Thus
the restrictions of T'S and ST to the first R components have the same

traces, which tells us that
Tri(TS)+ ...+ Trr(TS)=Tr(ST)+ ...+ Trr(ST).

As we only compute our trace modulo finitely supported sequences
whose sum is zero, we thus obtain Tr(T'S) = Tr(ST).

(¢) The positive elements of our algebra are of the form T*T. For every

such operator we have
(00, T*T6,) = | T5.||* > 0,

that is all of the diagonal entries are non-negative. Thus the trace of

the operator is non-negative. Therefore T is a positive map.

Hence T'r is indeed a generalised trace.

(d) Suppose we have an operator of the form 7*7T such that Tr(T*T) = 0.
This means that Tr(T*T) € J, and hence is a sequence consisting of
finitely many non-zero entries whose sum is zero. However, we know
that each of these entries is non-negative, and so they must all be
equal to zero. Thus all diagonal entries of our operator are zero, and

therefore we have T*T = 0. Hence T'r is a faithful trace.

O

However, it turns out that the trace we have constructed is not surjective,

and so is not as useful as we would have hoped when it comes to calculat-
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ing K-theory. Fortunately though, we have another tool at our disposal,
courtesy of Theorem 8.3.

By this theorem, we have Ker(yp) = C*(7x) N I(P), where ¢ is the
canonical map from C*(7x) to C}(Z) and P denotes the projection onto
12(Z\X). Recall that I(P) is the (two-sided) ideal in A = C*(C*(G), P) (in
this case A = C*(C}(Z), P)) generated by P, in other words

I(P) =span{T, PT, P ...T,

9k—1

PT,, | k>1, gjeGforal0<j<k},

where in our case we are considering G = Z. We have also seen, by Propo-

sition 8.2, that we have
C*(Tx)NnI(P)=(1-P)I(P)(1-P).
Combining the above statements, we now have
Ker(p) =span{(1-—P)1,,PT,, ... PT,, (1-P) |k > 1, n; € ZV0 < j < k}.
This is the direct limit over R of the spaces

I(P,X)r =3span{(1 — P)T,,,PT,, ... PT, (1—-P) | n; € ZV0<j <k,

k>1, |no|,|nk| < R}.

P, for k >

1, nj € Z, as a partial translation on Z, then this will only translate elements

Notice that if we view an operator of the form PT, P...T,,
within Z\ X . If we compose such an operator on the left with (1—P)T,,, and
on the right with 7},, (1 — P), where both ny and ny, are integers of norm not
greater than R for some R, then the resulting associated partial translation
could be viewed as a subset of Br(Z\X) x Br(Z\X) (within X x X). In
other words, on components X; for i > maz{n; | 0 < j < k}, the translation
will only be defined on some of either the first or last R elements of X;, and
it will shift these elements by a distance smaller than R. The behaviour
of the translation on X7 U...U X;_1 may differ from this pattern, but as
this is a finite set the impact it has on the operator arising from the partial
translation will only be a finite rank perturbation.

From the above we see in particular that the space I(P, X); is generated

by the compact operators (arising from rank one projections), together with
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the projections onto the first and last elements of each component, which
we recognise as the operators ©(1,—1) and O(—1,1). Note that with the

current notation we have
9(1, —1) = (1 — P)T_lPTl(l — P) and @(—1, 1) = (1 — P)TlPT_l(l - P).

This tells us that
I(P,X);/8=Ca&C,

which implies the following short exact sequence:
0—-R—IPX)—-CaC—o0.

This in turn gives rise to the following exact sequence in K-theory:

7 — KO(I(P,X)l) — 7P 7

T l
0 « KI(I(P,X>1) — 0,

which indicates that Ko(I(P, X)) = Z3 and K(I(P,X);) = 0.

Since similar reasoning tells us that
I(P,X)R/ﬁ = MR((C) D MR(C),

which has the same K-theory as C®C, we may replace I(P, X); by I(P, X)g,
for any R, in both of the above exact sequences. As K-theory commutes
with direct limits [31] and C*(7x)NI(P) = Ker(y) h I(P, X )R, we thus
have

Ko(C*(Tx)NI(P)) =2 Z* and K (C*(Tx)NI(P))=0. (10)

Now, by chapter 8, we have the following six term exact sequence:

Ko(C*(Tx)NI(P)) — Ko(C*(Tx)) — Ko(CF(Z))
) |
Ki(Cl (7)) — Ki(C*(Tx)) « K1(C*(Ix)NI(P)).

Hence by combining this with (10), together with the fact that we can
identify C(Z) with C(S'), we obtain the exact sequence
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Z3 — Ko(C*(T)()) — Z

T !

We now wish to use the maps involved in this sequence to determine the

remaining terms. For ease of reference, let us label them as follows.

7% Ko(C*Tx)) 2 1z
¢t el

7 £ Ki(CH(Tx) <o

Now since 9 is the zero map and Im(d) = Ker(e€), we have K1 (C*(7x)) =
Im(e), by the first isomorphism theorem. Since € is a homomorphism and
as the rest of the sequence must also be exact, we find by observation that
either K1(C*(7x)) =0 or K1(C*(7Tx)) = Z.

If K1(C*(7x)) = Z then Ker(¢) = Z and so ( is the zero map. Then
Ker(a) = Im(¢) = 0, so « is injective, and thus I'm(«a) = Z3/{0} = Z3, by
the first isomorphism theorem. Now we also have I'm(3) = Ker(vy) = Z, so
(3 is surjective, and Ker(8) = Im(a) = Z3. Hence Ko(C*(Tx))/Z? = 7, by
the first isomorphism theorem for 3, and so Ko(C*(7x)) = Z*.

In the second case, if K1(C*(7x)) = 0, then Ker({) = 0 and so ¢
represents an inclusion of Z into Z3. Then Ker(a) = Z and so Im(a) =
Ker(B) = Z2. Hence Ko(C*(Tx))/Z? = Z, and so Ko(C*(Tx)) = Z3.

To find out which of these two situations occur, we need to look more
carefully at what is happening to generators.

Recall that Ko(C*(7x)) is the set of equivalence classes of pairs ([p], [¢]),
where [p] and [g] are elements of [P(C*(7x))], that is the semigroup of stable
equivalence classes of projections in P(C*(7x)), the set of all projections
in Moo(C*(7Tx)) = Up>1M,(C*(Tx)). Recall also that two projections p
and ¢ are called stably equivalent if and only if there exists a projection
r € P(C*(7Tx)) such that p @ r is equivalent to ¢ & 7.

We know from our previous calculations that the generators of the Z3
term in our sequence correspond to stable equivalence classes associated
with the projections ©(1,—1) and ©(—1,1) and the rank one projection.
We show that the first two of these represent the same stable equivalence

class when considered as elements of C*(7x).
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LEMMA 9.13 The projections ©(1, —1) and O(—1, 1) are stably equivalent

Proof.
We consider the projection r defined by

r o= 1-(0(1,-1) +6(~1,1))
= (- BTN+ (- TrR))
= Tlf‘f—{—f‘ff‘l—l,

which is clearly an element of our algebra. Then

@(1,—1)+T = 1—T1T1* +T1TT+TFT1 —1
= 17Ty,
whilst
O(-1,1)+r = 1-T7Ty+T\Ty + 15T — 1
- R

It is clear that 77T; and T)T} are Murray-von Neumann equivalent, by
definition, and hence ©(1, —1) and ©(—1, 1) are stably equivalent.
U

This equivalence tells us that Im(a) has at the most two generators in
Ko(C*(Tx)), and since the two possibilities for Im(a) were Z* and Z?, we
thus have Im(a) = Z2, which concurs with our second case. Hence, finally,

we obtain the following.

THEOREM 9.14
Ko(C*(Tx)) = Z® and K,(C*(Tx)) = 0.

REMARK 9.15 Recall that where 7 is the canonical partial translation
structure for Z, we have C*(T) = C*(Z) = C(S'). It is known that
Ko(C(SY)) = K1(C(S')) = Z, and hence we see that the partial trans-
lation algebra arising from the restriction of 7 to a subset of Z can yield
very different K-theory to that of C*(7) itself.
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10 Partial Translation Groupoids

In this chapter we examine a groupoid that can be formed out of any partial
translation structure. When considering the case of the canonical partial
translation structure on a discrete group, this leads to another method for

constructing the reduced group C*-algebra.

10.1 Groupoids

A groupoid is a set with a partially defined associative composition, identity,
and inverses. Formally, a groupoid consists of two sets, G and B, and three
maps

s:G—B,t:G— Bandm:G xgG— G,

called the source, target and multiplication maps respectively, where

G xp G =1(g1,0:) € G x G| s(g1) = tg2)}

the set of composable pairs. We usually denote m(g1,g2) by g1g2. These

maps must satisfy the following:
(i) When g and g, are composable, s(g1g2) = s(g2) and ¢(g192) = t(g1).

(ii) The map m, where defined, is associative; that is, (g192)93 = 91(9293)
whenever s(g1) = t(g2) and s(g2) = t(g3).

(iii) For each z € B there exists a unique e, € G with s(e;) = t(e;) = =,
= x.

such that e,g = g whenever t(g) = x, and he, = h whenever s(h)

(iv) For each g € G there exists a unique element ¢g~! € G with s(¢g7!) =
t(g) and t(g~') = s(g), such that g~tg = es(g) and g9~ = €(g)-

The space B is called the space of objects of the groupoid and is sometimes
denoted by G(© [29].

Our aim is to construct a groupoid from any given partial translation
structure.

The following equivalent definition of a groupoid appears in [28].

DEFINITION 10.1 A groupoid is a set G with a product map G? — G,

(x,7) — zy, where G? C G'x G is the set of composable pairs, and an inverse

1

map G — G, x — x7, such that the following conditions are satisfied:
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(i) (z7Y) ' = forallz € G.

(ii) If (z,9), (y,2) € G? then (zy, 2), (z,y2) € G? and (zy)z = z(yz).
(iii) (z7',2) € G% for all x € G, and if (z,y) € G? then 2~ (zy) = ¥.
(iv) (x,27') € G? for all z € G, and if (2,7) € G? then (z2x)z~! = 2.

If 2 € G, call d(z) = 27 'z and r(z) = z2~! the domain and range of x
respectively. The set G = d(G) = r(G) is the unit space of G, in the sense
that zd(z) = r(x)x = = for all x € G.

This definition is more useful for our purposes, as it will allow us to
construct a groupoid consisting of partial translations without explicitly
stating the object set when we begin, letting it instead emerge naturally

from the definition.

10.2 The Groupoid of a Partial Translation Structure

We may construct a partial translation structure groupoid using the method

outlined in the following proposition.

PROPOSITION 10.2 Let T be a partial translation structure on a space
X, let G be the closure of the set of partial translations in T under in-
verses and finite compositions, and define inverse and product maps for G

as follows:

t={(t(z),z) | € Dom(t)} +— t'={(z,t(z)) |z € Dom(t)}
and (t,t") — tt' ={(tt'(z),x) | z € Dom(t')},

respectively. Here G? is the set of all pairs of partial translations which can

be composed, i.e.
(t,t') € G* if and only if Dom(t) = Ran(t)).
Then G is a groupoid with respect to these maps.

Note that we really do require that Dom(t) = Ran(t’) for ¢ and ¢’ to
be composable; if we attempt to relax the condition to Ran(t') C Dom(t),
then we would encounter problems with the inverse of the composition ¢t'. In

particular, condition (iv) of Definition 10.1 would not be satisfied. Including
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all compositions and inverses in G ensures that both the inverse and product

maps map into G.

Proof.
Let us check that the four axioms hold for G:

(i) Note that t=! = {(t~(y),y) | v € Ran(t)}. Thus
() = {17 () | y € Ran(t)} = {(t(z),2) | = € Dom(t)} =t.

(ii) Suppose that (t1,t2), (t2,t3) € G2?. This means that Dom(t;) =
Ran(tz) and Dom(tz) = Ran(tz). Thus Dom(tita) = Dom(ta) =
Ran(t3) and so (tite,t3) € G2, and Ran(tats) = Ran(ty) = Dom(ty),
so (t1,tat3) € G2

Also,

(tltg)tg, = {((tltg)tg(:l,‘),x) ‘ x € Dom(tg)}
= {(tl(tgtg)(w),x) ‘ x € Dom(tgtg)}
= t1(tat3).

(iii) We have t=! = {(t71(y),y) | v € Ran(t)}, so Dom(t~') = Ran(t) by
definition, and hence (t71,¢) € G2, for all t € G. If (¢,¢) also lies in
G?, this tells us that Dom(t) = Ran(t') and tt’ = {(tt'(x),2) | = €
Dom(t')} is defined. Then

7Yty = {7 (x),z) | x € Dom(tt') = Dom(t')}
= {('(z),2) | z € Dom(t")}
= t.

(iv) We also have t=! = {(z,t(z)) | = € Dom(t)}, so it is clear that the
range of this is equal to the domain of ¢, and thus (¢,¢71) also lies in
G? forallt € G. Let (t',t) € G2, so that we have t't = {(t't(z),z) |z €
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Dom(t)} and Dom(t') = Ran(t). Then

) = {{t'tt7 (z),z) | © € Dom(t™') = Ran(t)}
= {({'(z),2) | « € Dom(t')}
= t,

recalling that Dom(t~1) = Ran(t) by axiom (iii).

Thus G is indeed a groupoid.

For each t € G we have
d(t) =t""t = {t7"t(z),x) | € Dom(t)} = Idpem)
and
r(t) =ttt = {(tt 1 (x),z) | x € Dom(t™') = Ran(t)} = IdRan(t)-

Then td(t) =t o Idpom) =t and r(t)t = Idga,¢) ot = t, for each t € G.

It is implied from this (by identifying the map d with s : G — B and the
map r with ¢ : G — B) that if we wished to use Roe’s definition of a groupoid
then our object set B would consist of all subsets of X which are either the
domain or the range of one or more partial translations in G. Hence our
groupoid differs from similar constructions appearing in, for example, [29]
and [36], where the object set considered is the space X itself. Skandalis,
Tu and Yu, the authors of [36], also define G? and the multiplication map
in a different manner, by stating all partial translations to be composable

and allowing for the empty translation.

PROPOSITION 10.3 Let T be a partial translation structure for a space
X, and let G be the closure of the set of partial translations in T with
respect to inverses and finite compositions. Then G consists solely of partial

translations on X (although G need not be a partial translation structure).

Proof.
For each g € G we have that either g is already a partial translation in
7T, in which case we are done, or g was formed by taking inverses and/or

compositions of partial translations in 7. If an element g € G is of the form
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g=t"1={(y,x) | (x,y) € t} for a partial translation ¢ € 7, then g must
be well-defined as a partial bijection, because t is a partial bijection, and
it is clear that the distance condition (part 1 of Definition 3.4) will also be
satisfied, since d(x,y) = d(y,x) for all z,y € X. So suppose now that we

have a finite composition of partial translations
g=tn-t1 ={(tn---t1(x),z) | = € Dom(t;)},

where Ran(t;) = Dom(t2), Ran(tz) = Dom(ts),. .., Ran(t,—1) = Dom(ty).
As each t; is a partial translation, we know that the coordinate projections
of t;, viewed as a subset of X x X, onto X are injective for all 7, and thus
the coordinate projections of our composition must also be injective. In
addition to this, we know that d(z;,y;) is bounded for all (z;,y;) € t; for
all 4; say d(z;,y;) is bounded by b;. Then d(z,y) is bounded by X;b; for all
(z,y) € g, and hence g is also a partial translation on X. From this we can
deduce that every element of G must be a partial translation on X.

|

Note that, unfortunately, cotranslations for 7" will not in general interact

in the same way with G. This is illustrated by the following example.

EXAMPLE 10.4 Let X = Z\{0}, and let 7 denote the partial translation
structure X inherits from the canonical partial translation structure on Z,

as in section 5.1.1. That is, partial translations in 7 are of the form
T ={(m+n,m) | me X\{—n} =2Z\{0, —n}},

for some n € Z, with partial cotranslations given by o, (m) = m —n, defined
only for m € X\{n} = Z\{0,n}, for each n € Z.

Let G be the groupoid arising from 7. Then for each partial translation
T, € 7, both 7, and

7o' ={(m,m+n) | meX\{-n}} ={(p—n.p) | p€X\{n}}

will be elements of G (in fact 7,,; ! would already have been a partial trans-

lation in 7 in this example). Hence the composition

7o T = {(7 ' 7a(m), m) | m € Dom(m)} = {(m,m) | m € X\{-n}}

125



will also be an element of G, for each n € Z.

We have that o9, is a partial cotranslation for 7 for each n € Z, i.e.
(02n(x),090(y)) € T for all m € Z and for all (z,y) € 7, where o9, is
defined on both x and y. However, each o9, is defined on n, and (n,n) €
717, for all n € Z, yet (02,(n),02,(n)) = (—=n, —n) ¢ 7, 7,. Thus o9, is

not a partial cotranslation for G for any n € Z.

Problems such as that occurring in the above are eliminated in the par-
ticular case where every partial translation in 7 is globally defined and has
a globally defined inverse, however to combine our definitions of a partial
translation structure groupoid and a partial translation structure we also

require there to be a single set of globally defined cotranslations:

PROPOSITION 10.5 Let T be a partial translation structure for a space
X for which we may find a set of globally defined partial cotranslations X
such that the conditions of Definition 3.4 are satisfied with ¥ = X for every
R > 0. If T contains only globally defined partial translations, and if the
inverse of every partial translation in T is also globally defined, then the
groupoid arising from T is also a partial translation structure on X with set

of cotranslations 3.

Proof.

Let G be the groupoid arising from 7, so that G is the closure of the
set of partial translations in 7 with respect to compositions and inverses.
We know by Proposition 10.3 that every element of G is indeed a partial
translation for X'; thus it only remains to check the conditions of the partial
translation structure definition.

Firstly, note that every partial cotranslation for 7, i.e. every element
of ¥, is now also a partial cotranslation for G. To see this we need to
check that each ¢ € ¥ also commutes with compositions and inverses of
partial translations in 7. So let ¢ and ¢ be partial translations in 7 which
may be composed, so that Dom(t) = Ran(t'); we assume that every partial
translation in 7 is globally defined, so in fact this is the case for any t,t’ € T
(or indeed G, since the inverses are all globally defined as well). Now let
(z,y) € tt’, so x = tt'(y), and suppose that o € 3, which must therefore be
defined for both x and y, since we assume all partial cotranslations to be
globally defined. We know (¢ (y),y) € t' and (z, ¢ (y)) € ¢, thus (ot'(y),oy) €
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t" and (ox,0t'(y)) € t, since o is a partial cotranslation for 7 (and o is also
defined on t'(y), as it is globally defined on X). Therefore

ot'(y) = t'oy and ox = ott'(y) = tot'(y).

Hence
ox = ott'(y) = tot'(y) = tt' oy,

and so (ox,0y) € tt', as required (recalling that we do not need to worry
about domains here because everything is globally defined).

Now let t be some partial translation in 7" and consider its inverse ¢t ! =
{(y,2) | (x,y) € t}. If 0 € 3, then by definition (ox,oy) € t, and thus
(oy,oz) € t~', as required. So any partial cotranslation for 7 is also a
partial cotranslation for G.

Note also that the partial translations of 7 are all contained in GG. Hence,
as we have all of the original partial translations as well as the same set of
cotranslations, we may take the same 7z and X r sets as would have been
used for 7. Then the conditions for G to be a partial translation structure,
which depend only on these sets, will be satisfied, since they must be satisfied
for 7.

|

REMARK 10.6 The conditions of the previous proposition are satisfied
in the case of the canonical partial translation structure for any countable
discrete group. In fact, the groupoid formed in this case would just be the
original set of partial translations, since all inverses and compositions will

already be included due to the group structure.

If we are faced with a partial translation structure which does not have
a single set of cotranslations, we could take a different approach to forming
a new partial translation structure using groupoids, by creating a family of

groupoids using the 75 sets:

THEOREM 10.7 Let (X,7) be a metric space with a free partial trans-
lation structure such that o is globally defined for all o € Xi and for all
R > 0. Then if we expand each Tg set to form a groupoid, by including
all compositions and inverses, we will still have a free partial translation

structure for X.
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Proof.

For every R > 0, let Gg be the groupoid arising from 7g, so that Gg is
the closure of 7p with respect to compositions and inverses. Let GG denote
the structure we obtain in place of 7 by expanding every subset of partial
translations 7 to Gg in this manner. The method of the proof of Propo-
sition 10.3 can be applied to show that every element of each G g is indeed
a partial translation for X; thus it only remains to check the conditions of
the partial translation structure definition for G.

Firstly, note that every partial cotranslation for 7 is now also a partial
cotranslation for G. To see this we check that for any R > 0 each partial
cotranslation in X g also commutes with compositions and inverses of partial
translations in 7gz. The proof follows identically as in the proof of the
previous proposition.

For G to be a partial translation structure, we also require each Gg to
be a collection of disjoint partial translations. For any R > 0, we know
that 7 is a set of disjoint partial translations, as we are assuming 7 to be
a partial translation structure. Firstly, let t1,t2 € Tr be two composable
partial translations; we wish to show that ¢ty is distinct from any other
ts € Tr. So for contradiction suppose that t1t2(x) = t3(z) for some z € X,
so that (t1t2(x), ) € t3. Then we have (otita(x),0x) € t3 for all o € Xy, i.e.
ts(ox) = ot3(z) = otita(x) for all o € Xi. By the above, (otita(x),0x) €
tity as well, so otite(x) = tita(ox), and therefore t3(ox) = tita(ox), for
some = € X and for every o € Y. We also know by condition (3) for 7
that for every y € Dom/(ts) there exists some o € X such that ox = y.
Hence t3(y) = tit2(y) for all y € Dom(ts), and so t3 C tite. Similarly, for
all y € Dom(t2) = Dom(t1t2) there exists some o € ¥ such that oz = y.
Thus t3(y) = tite(y) for all y € Dom(tite) U Dom(ts); therefore t3 = t1to.

Hence composing two partial translations in 7g either produces another
partial translation already contained in 7r or a new disjoint partial trans-
lation. This argument could be iterated for longer compositions, and could
also be applied for inverses, to show that if (z,¢(x)) € t’ for some ¢,¢ € T
then ¢’ = ¢t~! (Note that inverses of elements of any 73 are already disjoint
from one another since the original elements are). Thus each Gr will be a
set of disjoint partial translations of X.

It remains to check conditions (1) to (3) from Definition 3.4.

1. Each Gp is formed by expanding a 7g set, so if the R-neighbourhood

128



of the diagonal is contained in the union of partial translations in 7g
then it is also included within the union of elements of the respective
Gp set.

2. Each Y g set is unchanged, so this condition would also be unaffected.

3. We require, for every R > 0, that for all ¢ € Gg there exists some
o € Y such that oz = y and ot(x) = t(y) for all (t(x),x), (t(y),y) € t.
We assume this condition already holds for all elements of 7, so we
only need check it for their compositions and inverses. Note that, for
any t € Tg, t71 = {(y,2) | (x,y) € t}, so for inverses the condition
is clear. So let t,t' € Tr be composable, and consider two elements
(tt'(x), ), (tt'(y),y) contained in their composition. We wish to find
some o € Y such that ox = y and ott'(x) = t'(y). By condition
(3) for 7 applied to ¢ and t’ respectively, we have o1 € X such that
o1t'(x) = t'(y) and o1tt'(z) = tt'(y), and o2 € X such that ooz =y
and o9t’(x) = t/(y). However, since these cotranslations agree on t'(z)
and we assume 7 to be free, it must be the case that o1 = o9, and

then this map satisfies the required condition.

O

REMARK 10.8 Each G formed in the above manner acts freely on the

space X, due to the disjointness of the partial translations.

10.3 The Reduced Groupoid C*-Algebra

As for any group G which is discrete we may define the reduced group C*-
algebra C¥(G), it is similarly possible to associate a particular C*-algebra
with any groupoid which is topological and étale. Let us begin by explaining

these required characteristics.

DEFINITION 10.9 A topological groupoid is a groupoid G which has a
topology compatible with the groupoid structure, so that both the inverse

1" and the product map G?> — G, (g,h) — gh,

map G — G, g — g~
are continuous, where G2 has the induced subspace topology from G x G
(endowed with the product topology). It is usually also assumed that the

topology is Hausdorff and locally compact [28].
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As consequences of this definition, the domain and range maps of any
topological groupoid will also be continuous, and the inverse map will be a

homeomorphism.

DEFINITION 10.10 A topological groupoid G is called étale if the range
map 7 : G — G° (equivalently, all the structure maps) is a local homeomor-
phism [29].

In general, the étale condition is an appropriate substitute for discrete-
ness in the world of groupoids.

We are now ready to define the groupoid C*-algebra. Let G be an étale
topological groupoid. We call C..(G), the space of continuous and compactly
supported functions from G to C, the groupoid algebra of G. Multiplication

here is given by the convolution f; * fo = f, where

flo)= > flg)falge),  forall fi, fo € Cu(G),

9192=4g

the sum being taken over all composable pairs (g1, g2) with gig2 = ¢g. The
étale property for GG ensures that this is a finite sum and that f is also a
compactly supported continuous function on G, and thus C.(G) is indeed
an algebra with % as multiplication [29]. We may also define an involution

on this algebra, by
f(9)=Flg™.

For each S € G, define a Hilbert space Hg = [>(GS), where GS =
{gh | d(g) = S}. Then left convolution defines a unitary representation mg of
C.(G) on Hg, i.e. mg: Co(G) — B(Hgs), [+ mws(f), where ms(f)(§) = f*&
for all £ € Hg.

DEFINITION 10.11 The completion of C.(G) in the norm
If1l = sup |lws(f)]]
SeGO

is the reduced groupoid C*-algebra C}(G) [29].

Recall that in the case of a partial translation groupoid acting on a space
X, G is the set of all identity maps on subsets of X which are equal to either

the domain or the range of some element of G, and thus G° corresponds to
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the set of all such subsets themselves. Hence each G-orbit GS is of the
form {tt' | Dom(t) = S = Ran(t')}, and the norm on C.(G) is defined as
above with the supremum taken over all S C X such that S = Dom(t) or
S = Ran(t) for some t € G.

When G is a discrete group, the reduced groupoid C*-algebra coincides
with the (reduced) group C*-algebra [29]. We will show that this is also the
case when we consider G to be the canonical partial translation structure
on a discrete group, rather than the group itself. To achieve this we require

the following lemma.

LEMMA 10.12 Let G be a countable discrete group and let CG denote
the group ring of G, that is the ring of all finitely supported functions on G.
Then CG is isomorphic to the ring V' of kernels u : G x G — C such that
u(rz,ry) = u(z,y) for all r,z,y € G and such that there exists R > 0 such
that u(z,y) = 0 for all x,y € G with l(z~'y) > R.

Proof. Let us begin by verifying that V is a ring. We define the product of

kernels in the obvious matrix way:

(u*u)(z,y) = Z u(z, 2)u (2, y).

zeG

We also have addition of kernels, given by

(u+u)(2,y) = ulz,y) +v'(z,y),

which is associative and commutative by the properties of C. It is also clear
that the zero kernel

ug: G X G — C, up(z,y) =0,

is an element of V', along with —u for every u € V.
Let u,u’ € V. Then

(u+u)(re,ry) = u(rz,ry) + o' (rz, ry) = u(@,y) +v'(z,y) = (u+v)(z,9)
for all r,z,y € G, and if we let R = max{R, Ra}, where u(z,y) = 0 for

all x,y € G with [(x7'y) > Ry and v/(z,y) = 0 for all x,y € G with
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I(z7'y) > Ry, then
(u+u)(z,y) = u(z,y) +u'(z,y) =0+0=0

for all 7,y € G with I[(z7'y) > R. Thus u+u' € V for all u,u’ € V.

In addition to this, we have

(uw*u)(re,ry) = Z u(rz, 2)u'(z,ry)

zeG

= Z u(z,r ) (r 2, y)

zeG

= Y ule, wpl(w,y)

welG
= (uxu)(z,y),

for all r,z,y € G. If we take Ry and Ry as above, let R = Ry + Ry and
suppose [(z~1y) > R, then for all z € G we have

I(z7'2) +1(z"'y) > R = Ry + Ry.

Thus I(z7'2) > Ry whenever I(z7'y) < Rs and (27 'y) > Ry whenever
I(x712) < Ry, ie. u(w,z) = 0 whenever u'(z,y) # 0 and u'(z,y) = 0

whenever u(zx, z) # 0. Therefore

uxu = Z u(x, 2)u'(2,y) =0

zeG

whenever [(x~1y) > R/, and hence u xu’ € V for all u,u’ € V.
Associativity and distributivity over addition of the product follow from
associativity and distributivity of ordinary matrix multiplication. Thus V
is indeed a ring.
Now, let us define a function ¢ on CG by ¢(f) = us, where

up(z,y) = f(z"'y),

for all z,y € G. Then uy : G x G — C, since f : G — C, and

ug(ra,ry) = f((re) " 'ry) = fla™r7ry) = fa1y) = up(z,y).
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We also know that f is non-zero for only finitely many elements of G, thus
we can choose g € G to be the element of greatest length in supp(f). Then
f(xz=ly) = 0 for all z,y € G with I[(z~'y) > I(g), and hence we may set
R = I(g) so that we have us(z,y) = 0 for all z,y € G with I(z"'y) > R.
Therefore ¢ : CG — V.

For all u € V we have ¢~ !(u) = f,, where

fu(g) = u(e, 9),

for all ¢ € G, noting that as G is a countable discrete group it can be
equipped with a metric that has bounded geometry, and so as u(e, g) is only
non-zero for [(e~'g) = I(g) < R for some finite R, f,, will have finite support.

Indeed,
G(¢ (W) (x,y) = ¢(fu) (@) = fulz™'y) = ule,z™'y) = u(z,y)

and
¢~ (D()(9) = ¢~ (ug)(g) = ug(e,9) = fle ™ g) = f(9),
forallu eV, f € CG, z,y,9 € G. Hence ¢ is a bijection.
We have

o(f + [)(x,y) = uppp(z,y) = up(z,y)+up(z,y)
= o(f)(z,y)+ o(f)(z,y)
= (¢(f) +o(f))(z,y)

for all f, f' € CG, z,y € G, and

¢ u+u')(g) = furw(9) = fulg) + fulg)
= ¢ '(u)(g)+ o 1 (W)(g)
= (o7 (w)+ ¢ () (g)

for all u,u’' € V, g € G.
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Finally, we have

o(f * )@ y) = upep(z,y)
= (f* )"y

= S fa )

reG

= Zu]c:vyr luf/ “1e)

reG

= Zufxyr Yup (yr=,y)
reG

= Zuf(x, s)us(s,y), where s = yr
seG

= (ug*uyp)(z,y)

= (o(f) = o(f))(@,y)

for all f, f' € CG, z,y € G, and

qbil(u*u/)(g) = fu*u’(g)
= (uxu')(eg)
= (uxu)(g"e)

= Z u(g™t, ) (r, e)

reG

= Z u(e, gr)u/ (e, )

reG

= Z fu(gr)fu’(r

reG
1

= E fulg fu(s), where s =r~",

seG

= (fu * fu’)(g)
= (67w x o (u))(9)

for all u,u’ € V, g € G. Therefore ¢ is a homomorphism, and thus an
isomorphism.
U
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Recall that any element f of CG can be written as the sum

f = ngdq»

geG

where f; = f(g) and J, is the ‘Dirac delta function’, that is the characteristic
function of the singleton set {g}. In a similar vein, we may describe a basis
for V by defining a kernel u, : G x G — C,

(2.7) 1 ifzly=g
ug(x,y) =
a5y 0 otherwise,

for each g € G. Then

1 if (re) lry =2 rlry=g¢

ug(re,r =
o 2 { 0 otherwise,

_ { 1 ifzly=g

0 otherwise,

= ug(xa y)v

for all z,y € G, and if we let R = [(g) then uy(z,y) = 0 for all z,y € G with
[(z7'y) > R. Thus u, is an element of V for each g € G.

Moreover, any u € V' can be represented by the sum

Z u(e, g)ug.

geG

Indeed, let u € V; then

y)
= ule,z 'y uy—1,(z,y)

= Z u(e, g)ug(z,y),

geG

u(z,y) = wule,x”

for all z,y € G.
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Also note that we could equivalently define each u, by

ug(x, =
g( v) 0 otherwise

B 1 ify==zg
B 0 otherwise

B 1 ifealy=g
B 0 otherwise,

{ 1 if (z,y) €ty

where t, is a partial translation in the canonical partial translation structure
on G, that is t; = {(z,zg) | € G}, for each g € G. Thus each u, € V
corresponds to a partial translation ¢,.

Let ¢ : CG — V be the isomorphism from the proof of Lemma 10.12.
Then it is clear from the definition of ¢ that ¢(d,) = u, for every g € G.
Hence overall we have that any finitely supported function on a countable
discrete group G may be written as a linear combination of partial trans-
lations from the canonical partial translation structure for G, simply by
replacing each d, by the corresponding ¢,.

Now let 7 denote the set of partial translations in the canonical partial
translation structure on G. Then as previously noted (see Remark 10.6), 7
is itself a groupoid. Hence we may define the reduced groupoid C*-algebra
C;(T) as the completion of C.(7) in the norm

£l = sup [lzs()] -
SeGO

Note that, due to the discreteness of G, the set of continuous compactly
supported functions on 7 is in fact the set of finitely supported functions on
T, that is the set of all finite linear combinations of elements of 7', which we
have just shown to be equivalent to CG. Also, every partial translation in
T is globally defined and so the only element of G is G itself. Thus C}(7)

is the completion of CG in the norm

LA = [l (O

where 7 is the unitary representation of CG on Hg = I*(GG) = I3(G),

defined using left convolution. Thus we obtain the following.
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THEOREM 10.13 If G is a countable discrete group and T the set of

partial translations in the canonical partial translation structure for G, then

Cr(T) = Cr(G),

where CX(T) denotes the reduced groupoid C*-algebra of the groupoid T and
C(G) is the reduced group C*-algebra of G.
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