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The frequencies w of flexural vibrations in a uniform beam of arbirary cross-section and
length L are analyzed by expanding the exact elastodynamics equations in powers of the wavenum-
ber ¢ = mn/L, where m is the mode number: w? = A4q4 + A(,q6 +.... The coefficients A4 and Ag
are obtained without further assumptions; the former captures Euler—Bernoulli theory while the
latter, when compared with Timoshenko beam theory rendered into the same form, unambigu-
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Nomenclature

BN

cross-sectional area, constant
dilatation, Young’s modulus
shear modulus

indices

second moment of area
integral related to Saint-Venant flexure function
length of beam

mode number

normal, integer, order in ¢
mn/L for a standing wave, wavenumber for a travelling wave
displacement components
Cartesian coordinates

time, kinetic energy

strain energy

shear angle

Saint-Venant flexure function
shear coefficient

Lamé constant

Poisson’s ratio

density

direct, shearing stress

radian frequency
cross-sectional rotation
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1. Introduction

Timoshenko beam theory (TBT) provides shear deformation and rotatory inertia corrections
to the classic Euler—Bernoulli theory [1]; it predicts the natural frequency of bending vibrations
for long beams with remarkable accuracy if one employs the “best” value for the shear coefficient,
k. Exact elastodynamic theory is available for beams of circular cross-section (Pochammer—
Chree theory, see Love [2], article 202) and the thin (plane stress) rectangular section [3], and for
these cases the best coefficients are k = 6(1+v)?/(7+12v+4v?) and k = 5(1+v)/(6+5v), respec-
tively, where v is Poisson’s ratio of the material. In turn, procedures have been developed for the
general cross-section which lead to an expression for the best « in terms of the Saint-Venant flex-
ure function, and which provide the above values when applied to these cross-sections. Stephen
and Levinson [4, 5] based their methods upon the static stress distribution for a beam subjected
to gravity loading, rather than the tip loading assumed in the method proposed by Cowper [6].
More recently, Hutchinson [7] employed the Hellinger—Reissner variational principle to construct
a beam theory of Timoshenko type, which incorporated an expression for the shear coefficient
that was demonstrated to be equivalent to this best coefficient in the Discussion and Closure
section of Ref. [7]. Hutchinson [8] provided further results for thin-walled beams.

Despite these successes, all these works rely on ad hoc physical assumptions and are therefore
sometimes queried. It would be of some advantage to be able to dispense with these assumptions,
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insightful though they are, and derive the shear coefficient for an arbitrary cross-section mathe-
matically, and in the process reveal what approximations are in fact employed and therefore what
the corrections are. In the present work, we consider standing waves in a beam of length L that
is simply-supported (this restriction can be relaxed; see the end of Section 8.1); the governing
elastodynamic equations are expanded as a power series in ¢ = mn/L, the integer m being the
mode order; displacements, stress components and frequencies are calculated for each power as
necessary. The natural frequency is then expressed, for long thin beams (L large, ¢ small) as a
power series in g:

W = At A+, (D)
in which symmetry only allows even powers of g. (All such series are meant to be asymptotic,
not necessarily convergent; this is after all what is needed in applications with a fixed number of
terms and ¢ — 0.) Euler-Bernoulli theory implies that the leading term is ¢* and in fact gives
the value of A4. The key in the present discussion is Ag, and the strategy is to compute it in two
different ways and compare the result.

In Section 2, TBT is reviewed, and rendered into the form (1). The resultant Ag = AE(K) of
course depends on «.

Then we proceed with an alternate solution, by simply expanding the problem in powers of g,
without relying on any physical assumptions or introducing any shear coefficient. The governing
equations are set up in Section 3 and solved order by order in Section 4. The result is used to
evaluate the strain energy U in Section 5 and the kinetic energy 7 in Section 6. The eigenvalue
w?” is given by the Rayleigh quotient Q = U/T, which is evaluated in Section 7, giving a formula
for Ag that does not contain k. Comparison with AE(K) then yields x. The key result in (52)
turns out to be identical with the canonical expression given by Stephen [4] and Stephen and
Levinson [5] for an arbitrary cross-section, thus settling any possible controversy [9] that might
remain. A discussion is given in Section § and a brief conclusion is given in Section 9.

2. Timoshenko beam theory

We consider standing waves in a uniform, isotropic simply-supported beam of arbitrary cross-
section and length L; the axial coordinate is z, and transverse vibration takes place in the xz-plane.
Euler-Bernoulli theory considers just the transverse displacement u(z, f) and the curvature of the
centre line. TBT expresses the centre line slope in terms of the cross-sectional rotation (z, t)
and a centre-line shear angle y(z, 1) = ¥(z,t) + du(z, t)/dz; the latter is related to the shear force
by a shear coefficient k. Within this approximation, the coupled equations of free vibration may
be written as

0 ou ou
AG— v+ —| = pA— 2
K Gﬁz (W+ 81) pASS (2a)
ou e &y
S e 2

Elimination of ¢ leads to a single 4th-order differential equation in both space and time
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For a simply-supported beam the mode shape is sinusoidal in both space and time, so write

= 0. 3)

u o« singzsinwt, 4)

where ¢ = mn/L is the wavenumber for mode m. The standing wave can be regarded as two
superposed travelling waves, and strictly speaking the term “wavenumber” refers to the latter.
Equivalently, one can also work with travelling waves, and use a complex notation, e.g. exp [i(gz—
wt)], but for the present paper, the more physical notation of real variables will be used instead.
One then has

2
ElLg* - pAa? —ply (1+ L)t + 22008 = 0 5
wqd —pPAW” — Plyy +KG qw + KGw = . )

Now the Euler—Bernoulli frequency wgg is defined by the first two terms in the above, that is,

wis = (Ely/pA)q*. (©6)
and it is convenient to embed this frequency into (5): divide throughout by El,,¢* to give
2 2 2 4
E\ 1, EL,
T —(1+—)£c]2i oA} < o %)
WEB kG/ A WEB KA2G WEB

For long wavelengths, set all powers of g in (7) equal to zero, which leads to w = wgp. As the
wavelength becomes shorter, that is ¢ becomes larger, so (w/wgp) also becomes less than unity
and one ignores the final term in (7), to give

) -

Using (6) for ‘”12513 and employing the binomial expansion on the right-hand side of (8), one gets

E\L, |
1+(1+E)%q2} : ®)

El, E\I
2 o4 Yy 2 8
= B (i ) g o, 9
w pAq[ <) Al (q°) ©)
which gives
EI,
Al o= 22 (10a)
PA
El, E\ I,
AT = _ y’(1+—)i, 10b
6 pA kG| A (10b)

where the superscript T denotes that these come from TBT; A4T merely expresses classical Euler—
Bernoulli theory, while Ag(K) will allow « to be determined, if Ag can be found in an independent
way — which will be the task of the rest of this paper.
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3. Expansion of governing equations

This Section takes the fundamental equations of elastodynamics as applied to flexural vibra-
tions, and simply performs an expansion in powers of g, with no other assumptions. The aim
is to obtain (1) and in particular evaluate A¢ without ever introducing «. This straightforward if
apparently tedious task is made much easier by two important observations.

First, the expression (1) may suggest the need to do a daunting 6th-order calculation in q.
However, A4 and Ag can be evaluated if the eigenfunction is known up to 3rd order (see Subsec-
tion 4.5). The ability to bypass the 4th-, Sth- and 6th-order eigenfunctions may appear somewhat
fortuitous, but in fact exemplifies a general theorem [10]: if the eigenfunction is known with an
error of O(¢") (here N = 4), and this is used in a Rayleigh quotient, then the eigenvalue can be
evaluated with an error of O(¢*").

Second, symmetry of the system under z — —z, ¢ — —q implies that (1) involves only even
powers of g, and more importantly, that the eigenfunctions are either even or odd in ¢, so that
half the terms vanish.

3.1. Equations of motion

Assume displacements of the form

u(x,y,z,t) = u(x,y)singzsinwt, (11a)
v(x,y,z2,t) = ¥(x,y)singzsinwt, (11b)
w(x,y,2,t) = w(x,y)cosgzsinwt, (11¢)

where it is noticed that (u, v) and w are out of phase in z by a quarter cycle. The functions i,
and w are then expanded in powers of g. Symmetry implies that («, v, w) must be odd in g, so
and v are even while w is odd in ¢:

v
7]

u0+u2q2+... s (12a)
Vo+ gt + ..., (12b)

< =
| Il

|
|

w1q+W3q3 +.... (12¢)

Terms beyond those shown are not necessary for our purpose. The dilatation is likewise expanded

0 0 0
e = 6_Z+8_;+6_vzv = e(x,y)singzsinwt , (13a)
B Ouyg vy ouy ovy 2
_ (%0, Ovo), (Ou2 Ov2 L 13b
e (8x+6y)+(8x+r9y Wl)q+ (13b)

where é is even in q.
The Navier equations are three of the type
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Paa (14)

p)
A+6)Z + 6V =
ox

s where V2 = 0?/0x% + 8*/dy* + 67/07%. Substituting the displacement (12)—(13) and the natural
o7 frequency according to (1), one then finds

0? ) 0? 2 0
(1+G) Ey) (u0+u2q +... ) + xdy (v0+vzq +. ) " wig+...) q]
> 2 2 2
G ﬁ+a—y2 (u0+u2q +...)—(u0+u2q +...)q +...
+p(uo+u2q2+ - ) (A4q4+A6c16 +.. ) =0, (152)
2 2 F)
2 2
A+G) xdy (u0+u2q +...)+ 6_)12 (v0+vzq + )— 5 (w1q+...)q]
> & 2 2 2
+G ﬁ-‘—a_yz (v0+v2q +...)—(v0+v2q +...)q +...
+p(votvag’+ .. ) (Asg*+Aeq® +...) = 0, (15b)
0 2 9 2
(A+G)g e (u0+u2q +... ) + 6_y (v0+v2q +... ) - (wig+...) q]
o
+G (ﬁﬂ?)_yz) wig+...) — (wig+.. .)q2 +.. ]
+pwig+..) (Aag*+Asqg® +...) =0, (15¢)

98
9 which are to be solved order by order in ¢; even orders involve only (15a) and (15b), and odd
o orders only (15c).

1

o

w1 3.2. Boundary conditions
102 The boundary conditions of zero traction are

o cos(x,n) + Ty cos(y,n) = 0, (16a)
Ty cos(x,n) +oycos(y,n) = 0, (16b)
Ty, COS(X,n) + Ty  cos(y,n) = 0, (16¢)

103
14 where 0, i = x,y, z are the direct stresses and 7;; are the shear stresses; they also have a z- and
15 t-dependence that can be factored out:

oi(x,y,z,t) = 0&i(x,y)singzsinwt, i=x,y,2, (17a)
To(X,y,2,1) = Ty(x,y)singzsinwt, (17b)
Ti.(x,y,2,t) = Ty(x,y)cosgzsinwt, i=xy. (17¢)

6
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The direct and shear stress components are given in terms of the strains by

e = Ae+2Gdi/dx) (18a)
Fy, = Ae+2G(0v/dy) , (18b)
5, = Ae-2Gwgq, (18¢)
T = G(Bii/dy +0v/0x) , (18d)
7. = G(iag+0w/ox) , (18¢)
T, = G(vg+0ow/dy) . (18f)
In more detail,
Gy = A2+2G|(Ouo/0x) + O /0x) ¢ + .. , (192)
Gy = A2+2G[@vo/dy) + @0 @ + ... (19b)
G, = 2-2G|wmq +wig'+.. |, (19¢)
Ty = G|Quo/dy+dvo/0x) + (Oua/dy+dv2/0x) ¢ + ... (19d)
T = Glup+dw/0x)g+...], (19¢)
Ty, = Glwotdwi/Oy)qg+...] . (19f)

We will also find it convenient to write these components as

= ©0) 2 2

o = o, o+, =502, (20a)
Ty = O+ (20b)
_ 1 3 .

T, = Tl(.z)q + ng)q3 +..., i=xy. (20c)

in which all terms with the wrong symmetry in g have been dropped. (If these were kept at this
point, we would simply find, upon calculation order-by-order, that they in fact vanish.)

4. Order-by-order solution

In this Section, we solve the equations of motion (15) subject to the boundary conditions
(16), order by order.

4.1. Zeroth order

Suppose, as a matter of convention, that the lowest-order displacement is in the x-direction,
with the normalization set to unity. (Otherwise, all amplitudes will carry a factor uy and all
energies a factor ué, which will in the end cancel in Q = U/T.) Thus

up=1,v=0, ey

with wy = 0 already assumed in (12). It is obvious that the equations of motion (15) are satisfied,
and since all stress components are zero to this order, the boundary conditions (16) are obviously
satisfied as well.

7
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4.2. First order

The solution is obviously

wp = —X, 22)

with u; = v; = 0 already assumed in (12). The Navier equations (15) are satisfied, and

™ = G(uy+0w/0x) =0, (23)

by (21) and (22). All other stress components are obviously zero as well. Again, the boundary
conditions need not be considered. For later reference, it is important to note that the stresses
therefore start at O(g?), and hence the strain energy at O(q*).

4.3. Second order

The solution is

ur = v(y* = x%)/2, vo = —vxy, (24)

with wy = 0 already assumed in (12). The only non-zero stress is

o? =Ex. (25)
This is equivalent to the Euler—Bernoulli stress distribution.

4.4. Third order

For the third order, we only need to determine w3, since symmetry dictates u3 = v3 = 0. Only
(15¢) needs to be considered, and this reduces to
Viws = -2x, (26)
where henceforth and without danger of confusion V? stands for the two-dimension Laplacian:
V2 = 3%/0x* + 6*/8y*. Guided by Love [2], set
wy = —(v+n7?), @7)

so that

Viy = 0. (28)

To determine the boundary condition on y, we first note that the two non-zero 3rd-order
stresses are
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12 = Gy +0ws/0x) = =G [y /0x + v [2 + (1-v/2)y’| , (292)
™0 = G(vy+0ws/dy) = =G [0x/dy + 2+v)xy] . (29b)

We only need to consider (16¢), which reduces to

ox ox

a+gx2+(1—%) yz}cos(x,n) +[G @ V|cosn) = 0. (30)
But
ay Oy dydx Jdydy dy
- ; —_ s = — — —_— =, 31
Ox cos(x.m) + ay cos(y.n) Ox dn * dydn dn 3D
so that (30) becomes
dy Vo, v\ »
X - [—x + (1—-) y ]cos(x,n) — (2+v) xycos(y.n) . 32)
dn 2 2

Thus y is determined by the differential equation (28) together with the Neumann boundary
condition (32), and is seen to be nothing other than the Saint-Venant flexure function; see Ref. [2],
Chapter XV.

4.5. Higher orders

As far as the eigenvalue to O(q®) is concerned, the 4th- and higher-order eigenfunctions will
cancel when put into the Rayleigh quotient. This “miraculous” cancellation is best understood
in a general context [10]. But the upshot for the present purpose is that these higher-order eigen-
functions need not be evaluated.

5. Strain energy

In terms of the stress components, the strain energy of the beam is given by Ref. [11], article
90:

Vo o 0
+% (‘rxy+‘ryz+‘rzx) dxdy , 33)

in which a trivial integration over z has been carried out. Denote

U = Up+Usg* +... (34)
9
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5.1. Zeroth order
)2 0)2 ) _(0) but

This will involve terms such as 7,y through to o,”~, as well as terms such as oo,
since all zeroth-order stress components are zero, one immediately has Uy = 0.

5.2. First order
©)_(1) ©) __(1)

This will involve terms such as 27,,7,, through to 20 c,”, as well as terms such as

©) (1) (1) __0)

oy oy + 0,0y, but since all zeroth-order and first-order stress components are zero, one

immediately has U; = 0.

5.3. Second order
0)_(2) ) _(2)

This will involve terms such as ‘r%) 24 27,y T,y through to (r§1>2 + 20, o, as well as terms

such as 0_&0)0_;2) + 0'9)0'5,1) + 0'53)0';0 ). again all zeroth-order and first-order stress components are

zero, and one immediatély has U, = 0.

5.4. Third order
0)_.(3) ©), _(3) 1) __(2)

This will involve terms such as 27,7, + 27'9),)7%) through to 20, "0;” + 207, ', as well

©0) _3) 1 (2 @ () (3) ()

as terms such as ooy + 0oy’ + 0y 0y’ + 0y 0, . Again one immediately has Uz = 0.

5.5. Fourth order
(2)2 ©)_4) (1_(3) 2)2

This will involve terms such as 7y, “+27,, 7y +27,, Ty throughto o7 “+20

as well as terms such as 0&0)0';.4) + 0'5(1)0"3,3 )+ 0';2)0';2 )+ 0'5(3) 0';1) + 0'§C4) o'§0)

contributor is

0D 42505,

. The only non-zero

o = Ex, (35)

and one finds

Uy = EIlL/4. (36)

5.6. Fifth order
0)_(5) (D_(4) 2)_(3)

This involves terms such as 27,7y + 27,7,y + 27,7y,

2) __(3) O (6, () _4 2) __(3) (3) (2 @) (1) (5) (0
20770, ", as well asterms such as o "oy + 0 0y + 0y 0y + 0y 0y + 0 0y +0y 0y .

Z

The only possible contributors come from the second- and third-order stresses, but since there is

no product involving 0'22) and sz) or TS), one immediately has Us = 0. This result (and the same

for U; and Us) is anticipated since the strain energy must be even in g.

through to 20'20)0'25) + 20'21)0-24) +

10



181

182

183

184

185

186

187

188

189

190

191

192

193

194

5.7. Sixth order

At this level, there are a variety of terms which do contribute; these are sz) 2 and 7(3)2 which

are straightforward, and also 20'(4) (2) a’ff) 2 and 0'(4) (2) . This suggests that one must deter-

mine the direct stress components 0'54), i=x,Y,z butin fact one only needs a knowledge of wj.

In terms of the displacement components, one has

0
P = 2 +2622, (37a)
o = 6@ 4262 (37b)
¥ dy
oD = e 26w, (37¢)
where
(9144 (9\/4
W = — - 38
¢ 6x ay W (38)
The relevant expression in the integrand in U is
ﬁ(zagugga) E( oo+ oPo) | (39)
which reduces to
-cPwy, (40)

where w3 comes from the last term in (19¢) and all reference to eigenfunctions beyond 3rd order
has disappeared. One then finds

EL
=—, 41
5 (41

EL 1
Us = — |5+
6 2[ 4(1+v) 2

in terms of two integrals with dimensions of (length)® defined in terms of the Saint-Venant flexure

function:
ffx (/\/ + xyz) dxdy , (422)

5L o= ff{—+ x+(1—3)y2}2

Ji

2

2
+ [6_)( +2+v) xy] }dxdy . (42b)
dy

11



195

196

197

198

199

200

201

202

203

204

205

206

207

208

209

6. Kinetic energy

The Rayleigh quotient Q (see next Section) is essentially the ratio of the strain energy U to
the kinetic energy 7. (This term is used as a shorthand. The kinetic energy is actually w’T.)
Since U starts with g* and we want Q only to ¢°, it suffices to calculate T to just ¢g>. Now we
have

T = %’ff(ﬁ2+f}2+wz)dxdy, (43)

where again the trivial integration over z has been carried out. The integrand is

(uo + uzc]2 +.. .)2 + (V() + v2q2 + .. .)2 + (wlq + W3q3)2 . 44)

The integral of uf provides the ¢° term, while w + 2ugu provides the ¢ term, and one finds

T = To+Tog*+..., (45)
where
Ty = pA—L, (46a)
4
pL
T = [Iyy+v(1xx—[y,y)]. (46b)

7. Rayleigh quotient

It is well known that the eigenvalue w? is given by the Rayleigh quotient [12]

U4q4+U6q6+...
T0+T2q2+...

=0 = %: 47)

where U and T are evaluated for the corresponding eigenfunction; from this one finds the coeffi-
cients defined by (1) as

U, E,
Ay = APy 48
4 To - pA (48a)

l;_s B U;Zz _ p% {2AJ - I.V.V [I)’)’ + v(]x)r - Iyy)]} R (48b)
0

Ag =

so that compared with (10b), we find

12
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223

“2(14v)12,
K = » . (49)
2AJ, + AJy/ [2(1 + )] + v, (Iyy - Ixx)

This expression is similar but not identical to that given by Hutchinson [7]. But using an identity
presented in the Discussion of Ref. [7], we have

J = vl =201 +wv)J;, (50)
where
=y [ v, AT
Bo= ff{ 2 }WEH(I‘EM
0%
+ Xy 6—y+(2+v)xy dxdy . (&29)]

Thus we can finally render (49) into

—4(1 + )1,
= 2 . (52)
2(1+v)AJy + vAT3 + 2v(1 + WLy (L = L)

In this form, k agrees exactly with the expression for the shear coefficient presented in Ref. [4, 5],
thus proving the latter without having to resort to the physical assumption of TBT.

8. Discussion

8.1. General remarks

Our derivation relies on a single approximation, namely that the wavelength is long, i.e. g is
small, so that a power series in ¢ makes sense. There is no need to guess, on physical grounds,
what degrees of freedom must be kept. In fact, the new variable y in TBT emerges automatically,
in the following way. First, the centre line of the beam tilts by an angle (dropping common
time-dependent factors from (11))

ou

— i COS
0z a %

= g (uo + g + .. ) coS gz . (53)

On the other hand, the cross-sectional plane tilts by an angle

_ow _ ow cos
vo= dx ~ Ox %
= %q+%q3+... oS gz . (54)
ox ox

13
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The centre line and the cross-sectional plane will therefore deviate from orthogonality by an
angle

ou

" 0z
Bwl 3W3 3

(Lt0+ E)q+(u2+ E)q +...
Our solution, with no assumptions, shows that the first bracket is zero — recovering the key
insight and assumption y = 0 in Euler—Bernoulli theory. The next bracket is not zero, so y must
be kept for shorter wavelengths, and moreover its effect is captured once wj is evaluated, without
the need to introduce any parameters.

In principle, the expansion in g can be continued and is formally exact, although the evalua-
tion of uy, v4, ws, ... is impossible in practice — with two important exceptions to be discussed
below. But some general features of the expansion can be noted. First, purely on dimensional
grounds, each successive term in (1) has an extra power of (ga)?, where a is a typical transverse
dimension of the beam, i.e., A, ~ (E/pa*)(qa)*". Second, we do not expect TBT to reproduce
the next order exactly, i.e., Ag # Ag, since for shorter wavelengths, the vibration must be de-
scribed by more than two variables u(z, ), ¥(z, ) at each z — as can be demonstrated in simple
cases (see below). These remarks, taken together, imply that TBT, though highly accurate when
ga < 1, cannot be expected to work when ga ~ 1, since the Agq® ... terms become important
and cannot be reproduced correctly.

The discussion in this paper refers to a simply-supported beam, i.e., hinged-hinged end con-
ditions, but this restriction is unnecessary, since other conditions, e.g., guided-guided or guided-
hinged, can be regarded as portions of a multi-span hinged-hinged beam [13].

It should also be mentioned that our “best” choice of « is obtained by matching the ¢° term in
the dispersion relation of the lowest branch (the one without nodes in the cross-sectional plane),
and is of course the optimal one for using TBT to describe oscillations of this type — which are
the ones most commonly encountered in engineering practice. If one were interested in other
types of oscillations, for example the higher branches, other choices may be more appropriate.

Yy = ¥

cos gz . (55)

8.2. Solvable examples and possible generalizations

In two cases, the expansion in g can actually be carried out to very high orders. A brief
discussion is given here, principally to illustrate the qualitative remarks above in a precise setting.

First consider flexural vibrations in a hypothetical world of two dimensions, say xz. The
partial differential equations in Sections 3 and 4 become ordinary differential equations in x.
Moreover, on dimensional grounds, the nth order eigenfunction must go as (ga)"(x/a)*, with
k < n to ensure regularity when a — 0; thus it must be a polynomial in x of maximum order
n. The differential equation can be cast into algebraic recursion relations for the polynomial
coefficients. With these simplifications, the solution can be carried out to many orders.

Next consider longitudinal vibrations in a circular cylinder. Using cylindrical coordinates
(r,6,z) and factoring out the trivial #-dependence, one again obtains an ordinary differential
equation (though of a slightly more complicated form) in » and for the same dimensional reason,
the solution is again a polynomial in r, which likewise can be found to very high orders.

We have solved both of these cases in powers of g to 20 orders. The coefficients in the poly-
nomials turn out to be rational functions of v, involving powers up to v*"~*; though complicated,
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these can be obtained using algebraic software packages. If one seeks only numerical values for
a specific value of v, the computation is much simpler. The results, which can also be checked
against exact solutions available in these cases [14] confirm the qualitative features discussed in
the last Subsection.

Incidentally, an extension of the two-dimensional problem is a thin plates of thickness #,
which may be treated in a manner similar to that given in the present paper, to provide a derivation
of the “best” value of « for the Mindlin theory of thin plates [15]. That study will be given
elsewhere.

8.3. Using the Rayleigh quotient

The present paper makes use of the Rayleigh quotient, which has the advantage [10] of giving
the 6th-order eigenvalue Ag from the 3rd-order eigenfunction ws. Two other nice features should
be mentioned as well. First, using any approximate eigenfunction to evaluate U and T, and
hence Q, guarantees positivity. In contrast, the approximation w? = A4q* + Agq® goes negative
for ga = O(1). Second, again on physical grounds, one expects w?/q* — constant as ¢ — oo
(finite phase velocity). This property is also nicely guaranteed for the Rayleigh quotient, since U
involves two extra powers of ¢ compared to 7. Because of these properties, the Rayleigh quotient
is often accurate over a wider range of ga. For longitudinal vibrations in a circular cylinder, this
method leads to ~ 5% accuracy up to ga ~ 2.5, namely a cylinder with diameter larger than its
length — almost a “disk” rather than a “rod”.

9. Conclusion

In conclusion, the simple and straightforward strategy of expanding in powers of g provides
an alternative method to evaluate the shear coefficient « that is systematic and unambiguous. The
expansion, formally exact when carried out to all orders, also provides a wider perspective to
view TBT: (a) with the “best” value for «, it gives the next O((qa)z) correction to the classical
Euler-Bernoulli theory, but (b) it is itself unlikely to be accurate when ga ~ 1.
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