
University of Southampton Research Repository

ePrints Soton

Copyright © and Moral Rights for this thesis are retained by the author and/or other 
copyright owners. A copy can be downloaded for personal non-commercial 
research or study, without prior permission or charge. This thesis cannot be 
reproduced or quoted extensively from without first obtaining permission in writing 
from the copyright holder/s. The content must not be changed in any way or sold 
commercially in any format or medium without the formal permission of the 
copyright holders.
  

 When referring to this work, full bibliographic details including the author, title, 
awarding institution and date of the thesis must be given e.g.

AUTHOR (year of submission) "Full thesis title", University of Southampton, name 
of the University School or Department, PhD Thesis, pagination

http://eprints.soton.ac.uk

http://eprints.soton.ac.uk/


UNIVERSITY OF SOUTHAMPTON

FACULTY OF ENGINEERING, SCIENCE, AND MATHEMATICS

School of Chemistry

Estimations of dipolar couplings in multiple-spin
systems by solid-state NMR

ANDREA C. SAUERWEIN

Thesis for the degree of Doctor of Philosophy

August 2010





UNIVERSITY OF SOUTHAMPTON

ABSTRACT

FACULTY OF ENGINEERING, SCIENCE, AND MATHEMATICS

SCHOOL OF CHEMISTRY

Doctor of Philosophy

ESTIMATIONS OF DIPOLAR COUPLINGS IN MULTIPLE-SPIN SYSTEMS

BY SOLID-STATE NMR

by Andrea C. Sauerwein

Dipolar couplings contain valuable structural information, since they are propor-

tional to the inverse cube of the distance between the two spins in a spin-pair. This

distance information can then be used in structure calculations of molecules such as

polymers, glasses and biomolecules e.g. proteins or DNA. One of the major challenges

in solid-state NMR, however, is the determination of the dipolar coupling of a spin-pair

within a multiple-spin system, especially in the case of weak couplings. Those weak cou-

plings are often attenuated by the presence of stronger couplings and thus are hard to

determine.

In this thesis the problem of dipolar coupling estimations in multiple-spin systems is

addressed and a new methodology to overcome the current difficulties is discussed. This

novel method combines spherical tensor analysis (STA) and off-magic angle spinning to

enable estimations of dipolar couplings in a spin echo-based experiment. Experiments

are conducted using a switched-angle spinning probe which permits a precise mechanical

switching of the rotation angle up to 20◦ off the magic angle, along with an independent

measurement of the spinning angle via a Hall-effect device. To combine spherical tensor

analysis with a spin echo experiment it is necessary to introduce into the pulse sequence

rotations around an appropriate set of Euler angles. This is accomplished by converting

the Euler angles into a set of phases that can be applied to the pulse sequence. The effect

of the inserted rotation is a modulation of the general spherical signal component accord-

ing to the corresponding Wigner matrix element. To select spherical signal components

resembling a specific rank-component-pathway during the experiment, it is necessary to

utilise N such pulse sequences–each having a different NMR signal corresponding to a

new set of Euler angles. Spherical signal components may then be constructed from a

linear superposition of the experimental data. If the STA of the spin echo experiment is

carried out at several spin echo times it is possible to follow a time dependent build-up

of the spherical signal components. This build-up is sensitive to the dipolar coupling

strength. The robustness of this method derives from the facility to correct build-up

curves for relaxation-induced dampening, given the assumption that the relaxation of

higher-rank spherical tensors is equal to that of the rank one spherical tensors.
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Chapter 1
Introduction

Towards the end of 1945 the first successful nuclear magnetic resonance (NMR)

experiments were carried out independently by Edward M. Purcell, Henry C. Tor-

rey and Robert V. Pound [1] and by Felix Bloch, William W. Hansen and Martin

Packard [2]. While Purcell and co-workers carried out their work in the solid-

state using paraffin wax as a sample, Bloch and co-workers detected their first

NMR signal from the protons of liquid water. For their discovery Purcell and

Bloch shared the Nobel Prize in Physics in 1952.

Although NMR originated in physics its application is by no means restricted to

physics and since its discovery it has entered different fields such as chemistry,

biochemistry and medicine, where it is a valuable tool for the investigation of

matter. NMR in the liquid-state developed rapidly and is now routinely used

to access information of molecular structures and dynamics. The development

of NMR in the solid-state was not as rapid as it faced several difficulties; over-

coming these was the main focus of research in the first decades of solid-state

NMR. The techniques developed during this period allowed research in solid-

state NMR to move on to the development of methods that allow the character-

isation of structure and dynamics in complex molecules, especially of those that

do not admit to alternative techniques.

This thesis is divided into three parts. In Part I I will give an introduction to the

basic principles of NMR followed by a description of the difficulties solid-state

NMR had to overcome. The resulting standard techniques or the “tool box” of

solid-state NMR is established and the aim of my thesis in context with the re-

cent literature is discussed. Part II introduces the theoretical concepts of solid-

3
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state NMR as well as two methodologies: dipolar recoupling and spin-echoes.

Both methods are basic concepts relating to the research conducted during my

PhD, which is presented in Part III of this thesis.



Chapter 2
Basic Principles of Nuclear Magnetic

Resonance

2.1. SPIN ANGULAR MOMENTUM AND MAGNETIC MOMENT

Particles for which there is no known division into smaller units are called ele-

mentary particles. They possess four intrinsic physical properties: mass, electric

charge, magnetism and spin. While there is a macroscopic counterpart for mass,

electrical charge and magnetism allowing us to visualise these properties, there

is no such macroscopic counterpart for spin. Thus it difficult to envisage the spin

of a particle. Since spin is an intrinsic angular momentum (spin angular momen-
tum) and it is not produced by a rotation of the particle it can be described best

by quantum mechanics. The magnitude of the spin angular momentum is quan-

tised and its allowed values are given by ħpS(S+1), where ħ is Plank’s constant

divided by 2π (h = 6.62608·10−34J· s) and S is called the spin quantum number.

Atoms consist of electrons and nuclei. While electrons are elementary particles

themselves nuclei are composed of protons and neutrons, which themselves con-

sist of elementary particles. Accordingly, the properties of a nucleus depend on

the elementary particles it consists of, hence, they determine its nuclear spin.

The resulting spin quantum number may have an integer or half-integer value.

However, only those nuclei with a non-zero spin quantum number possess the

magnetic moment necessary to induce an NMR signal. Almost all elements of

the periodic table have at least one isotope with a non-zero spin angular mo-

mentum. In my thesis I will solely consider those nuclei with a spin quantum

5
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number of S = 1/2. Among the most common nuclei in organic solids which posses

spin-1/2 are 1H, 13C, 15N and 31P.

The spin angular momentum can be described a vector S and its direction is

known as the spin polarisation axis. Those nuclei with a non-zero spin posses a

microscopic magnetic moment, represented by the vector µ, which is parallel or

anti-parallel to the spin angular momentum:

µ= γS (2.1)

where the proportionality constant γ is called gyromagnetic ratio or magnetogyric
ratio and is characteristic for each isotope. Properties of frequently used spin-1/2

nuclei and some of their isotopes are listed in Table 2.1.

Table 2.1: A selection of nuclear isotopes and their properties.

Nucleus Spin in the Natural Gyromagnetic ratio /

ground state abundance /% 106 · rad· s−1T−1

1H 1/2 99.985 267.522
2H 1 0.014 41.066
3H 1/2 0 285.349
12C 0 98.9 -
13C 1/2 1.1 67.283
14N 1 99.6 19.338
15N 1/2 0.37 -27.126
31P 1/2 100 108.394

2.2. LARMOR PRECESSION

NMR experiments are conducted on samples containing a large number of nu-

clear spins, usually > 1014, which interact with each other and with the external

magnetic field. Typically, the interactions between molecules in a sample are

regarded as small, thus a single molecule is considered an isolated spin-system.

The sum of all molecules/isolated spin-systems in the sample is called the spin
ensemble.
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In the absence of an external magnetic field, the orientations of the spin polari-

sation axes in a spin ensemble are random, i.e. all orientations are equally repre-

sented, and therefore do not give rise to any macroscopic magnetic moment. If a

magnetic field is applied the spin polarisation responds by precessing around the

field, hence, also the microscopic magnetic moment of the spin precesses. This

response is called Larmor precession. The magnetic moment moves on a cone

(Figure 2.1) keeping a constant angle between the spin magnetic moment and

the field, where the angle depends only on the initial polarisation of the spin. It

is important to note that the nuclear magnetic moments do not align along the

external magnetic field, however, there is a weak alignment with the field.

B0

ω0

Figure 2.1: Spin precession for a spin possessing γ> 0.

The Larmor precession is associated with a precession frequency, the Larmor
frequency:

ω0 =−γB0 (2.2)

which is directly proportional to the strength of the external magnetic field B0

with the gyromagnetic ratio being the proportionality constant. The sign of γ

determines the direction of rotation of the Larmor frequency. Spins possessing

a negative γ have a positive Larmor frequency and rotate anti-clockwise, while

those with a positive γ have a negative Larmor frequency and rotate clockwise.

2.3. LONGITUDINAL MAGNETISATION

Nuclear magnetic moments are not completely isolated from their molecular en-

vironment and are consequently subject to the thermal motion of that environ-

ment. Slight fluctuations of the local magnetic fields result in relaxation of the
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ensemble of magnetic moments into thermal equilibrium. In thermal equilib-

rium the probability of a given nuclear magnetic moment having a component

parallel to the external magnetic field is slightly higher than having a component

anti-parallel to the external field. The resulting macroscopic net magnetic mo-

ment is called longitudinal magnetisation and the time it needs to re-establish

after thermal equilibrium is disturbed is the longitudinal or spin-lattice relax-
ation time denoted T1. However, the excess between those components oriented

parallel rather than anti-parallel to the external field is tiny — in the order of

10−5 — and is described by the magnetisation vector M (Figure 2.2.a).

a b

c d

z
B0

y

x

z
B0

y

x

z
B0

y

x

z
B0

y

x

M
M

ω0

ω0M
ω0

Figure 2.2: (a) The magnetisation vector, M, of a spin ensemble at thermal equi-
librium — longitudinal magnetisation. (b) Magnetisation vector after the appli-
cation of an rf-pulse with a 90◦rotation around the y-axis — transverse magneti-
sation. The magnetisation precesses with the Larmor frequency ω0 around the
field. (c) Transverse magnetisation after some time. (d) After a certain time the
transverse magnetisation loses synchrony or coherence.
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2.4. TRANSVERSE MAGNETISATION AND THE NMR SIGNAL

Longitudinal magnetisation is very difficult to detect, a difficulty that can be

overcome by rotating it into the xy-plane perpendicular to the main magnetic

field (Figure 2.2). The rotation of magnetisation is achieved by applying a radio-

frequency (rf) pulse — an oscillating magnetic field of a particular duration ap-

plied perpendicular to the main field — that rotates all single nuclear magnetic

moments by 90◦around an axis in the xy-plane transferring the macroscopic net

magnetisation into the xy-plane, where it is described as transverse magnetisa-
tion.

Once the rf-pulse is switched off the single spins precess at their Larmor-frequency

around their individual cones. It is the single spin precession which causes the

transverse magnetic moments to precess around the external field (Figure 2.2.c-

d), while it precesses at the Larmor frequency it is slowly decaying. This decay is

a macroscopic phenomenon that depends on the slightly fluctuating microscopic

fields, which results in the loss of synchrony between the precessing single mag-

netic moments. Inevitably, the spin distribution in the xy-plane will be random,

hence, the signal will be lost. This process is called homogeneous decay and

parametrised by the transverse relaxation time constant T2.

In an NMR set-up the sample is surrounded by a wired coil which picks up the

electrical current induced by the precession of the spins in the sample. This os-

cillating current is the NMR signal or free induction decay (FID). Usually, the

NMR signal is the sum of different oscillating modes and can be very complex.

Figure 2.3.a-c shows schematically how the NMR signal of two different oscillat-

ing modes looks.

Each oscillating mode corresponds to a different spin in an isolated spin-system

precessing at its own Larmor frequency. However, it is difficult to analyse the

FID, where the response is an amplitude given as a function of time; and is a

lot easier to analyse a spectrum in which the amplitude is given as a function of

frequency. Such a spectrum can be obtained from the time domain NMR signal

by a mathematical transformation called Fourier transformation (Figure 2.3.d-f).
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a cb

+ =
time time time

FT FT FT

d fe

frequencyfrequencyfrequency

+ =

Figure 2.3: An NMR signal composed of two different oscillating modes present
in a sample. The oscillating modes (a) and (b) originate from different spins in an
ensemble. Their sum (c) is the NMR signal that would be acquired. For analysis
purposes the FIDs (a-c) are Fourier transformed to give the NMR spectrum (d-
f), a process that is reversible. Generally NMR signals are complex numbers,
in which the x-component of the magnetisation forms the real part while the y-
component of the magnetisation forms the imaginary part. For simplicity this
Figure shows only the real part of the signal.

2.5. NMR INTERACTIONS

So far, the discussion has concentrated on external NMR interactions i.e. the

interactions between nuclear spins and the external magnetic fields. In addition

to those external interactions, there are internal interactions which comprise of

spins’ interactions with their molecular surroundings.

The external magnetic field induces a current in the electron clouds of a sam-

ple, which in turn induces a magnetic field. This induced field is experienced

by the nuclear spins in addition to the external magnetic field and results in a

local magnetic field, which now contains information about the electronic (viz.

chemical) structure of the sample. The effect of a local magnetic field on a spin

is observed as small difference in the Larmor frequencies of nuclear spins from
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different surroundings, and is referred to as chemical shift. It is this interaction

that is regarded as a spin’s “finger-print”.

The through space interaction of two nuclear spins is often expressed as the di-
rect dipole-dipole coupling or direct dipolar coupling, which is proportional to the

gyromagnetic ratios of the involved spins and inversely proportional to the cube

of the internuclear distance, r. Figure 2.4 indicates the range of dipolar cou-

plings for different spin-pairs. Due to their distance dependence, these dipolar

couplings are important for molecular structure determinations.

10 20 30 40 500

1H1H 1H
13C

13C
13C

15N 1H
13C

15N

Absolute dipolar coupling in kHz

Figure 2.4: The dipolar coupling strengths of frequent spin-pairs in organic com-
pounds are shown, favouring those that are commonly investigated by NMR.
Most dipolar couplings indicated are calculated from their average single bond
distance, which is 1.47 Å for a 13C–15N single bond, 1.54 Å for a 1H–15N single
bond, 1.01 Å for a 13C–13C single bond and 1.09 Å for a 1H–13C single bond. The
1H–1H dipolar coupling, however, is calculated from an intra-methylene group
distance of 1.3 Å.

Another spin-spin interaction is the J-coupling, also called indirect dipole-dipole
coupling or scalar coupling, where spins do not interact directly with each other,

but rather indirectly via bonding electrons. J-couplings exist between adjacent

nuclei such as 13C−13C and 1H−13C

The spin-spin interactions described above can occur not only between nuclear

spins of the same chemical element, but also between spins of different chemical

elements. These interactions are described as homonuclear and heteronuclear,

respectively.

2.6. THE NMR EXPERIMENT

Rf-pulses are the main tool for spin manipulation in NMR spectroscopy; they al-

low the spectroscopists to control the nuclear spins by suppressing and reintro-
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ducing spin interactions. Theoretically these manipulations may be performed

without restrictions using carefully designed pulse sequences. Such pulse se-

quences can be complex and involve many pulses. A pulse sequence is usually

depicted by representing each rf-pulse by a rectangle whose height and breadth

symbolise its amplitude and duration respectively. A “single excitation” pulse

sequence that can be used to excite transverse magnetisation (Figure 2.2.b) is

depicted in Figure 2.5. The pulse, i.e. an oscillating magnetic field, is applied

along the y-axis, which rotates the net magnetisation M around a flip-angle of

(π/2) rad·s−1 into the xy-plane. To yield an efficient rotation, the frequency of the

pulse — the so called resonance frequency — is chosen such that it is resonant to

the absolute value of the Larmor frequency.

(π/2)y

Figure 2.5: Diagram of the single excitation pulse sequence used to excite trans-
verse magnetisation. The flip-angle of the pulse is π/2 with a phase y, which
indicates a rotation about the y-axis.

If experiments involve spins from more than one chemical element then each

element is irradiated at its own Larmor frequency. Consequently, the pulse se-

quence diagrams contain a row for the pulse sequences applied at each Larmor

frequency.



Chapter 3
Introduction to Solid-State NMR

One of the major differences between solid- and liquid-state NMR is that spectra

in the solid-state are much broader than those observed in the liquid-state. By

way of illustration, consider the case of water in its liquid and solid states. Liquid

water has a proton linewidth of 0.1 Hz compared to 105 Hz observed for ice at low

temperature so that the solid-state linewidth is six orders of magnitude broader

[3]. A schematic representation of the differences in linewidth between water

and ice is shown in Figure 3.1.

50 0 -50
(ω/2π)/kHz

a

b

Figure 3.1: Schematic representation of a 1H-NMR spectrum to illustrate the
differences in linewidth and sensitivity observed between (a) a liquid sample
such as water at room temperature and (b) a solid sample such as ice at low
temperature.

13
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3.1. DIFFERENT PHASES OF MATTER IN NMR

The difference in linewidth between the solid- and the liquid-state originates

from the different interactions that are manifested in different physical states

of matter. Generally, interactions can be distinguished between those which are

isotropic i.e. they are uniform in all directions such that the observed value does

not depend on the direction, and those which are anisotropic i.e. the observed

value is different when measured in different directions.

There are two types of liquids, isotropic liquids and anisotropic liquids. In

isotropic liquids molecules undergo translational and rotational mobility (Figure

3.2) which is fast compared to the inverse size of the NMR interactions. Subse-

quently, anisotropic interactions are averaged to zero and only the isotropic parts

of the interactions are observed. It is this averaging of the anisotropic interac-

tions that causes the improved resolution and sensitivity manifested as narrow

line in the spectrum of an isotropic liquid (Figure 3.1.a). However, this happens

at the expense of losing valuable information that is encoded in the anisotropic

interactions.

a b

Figure 3.2: Molecular motions in a liquid. (a) rotational mobility and (b) trans-
lational mobility. In an isotropic liquid all motion is uniform in all directions.

Contrary to isotropic liquids, anisotropic liquids posses orientational order. A

common example of such anisotropic liquids are liquid crystals, which have a

preferential ordering with respect to each other resulting from their physical

properties such as their shape (Figure 3.3).

This thesis, however, is concerned with the NMR of solid compounds. Solids are

characterised by their structural rigidity and resistance to changes in shape or

volume. The atoms in a solid are tightly bound to each other, either in a regular
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Figure 3.3: Schematic representation of an anisotropic liquid. The molecular
mobilities depend on their direction in space.

geometric lattice or irregularly. Solids that posses a regular geometric lattice are

called crystalline solids (e.g. common salt/sodium chloride) opposed to those in

an irregular lattice which are described as amorphous solids (e.g. common win-

dow glass). The restricted motion in solids causes the anisotropic interactions to

be readily observed in most solids and information from these interactions may

be exploited. However, it is often very difficult to produce crystalline solids of

appropriate size and instead of working with so called single crystals it is com-

mon in NMR to work with powdered samples which typically consist of in the

order of 108 crystallites. Each of these crystallites is randomly oriented with re-

ω

individual peaks

powder 
spectrum

B0

Figure 3.4: The formation of a powder pattern is indicated here. Each crystallite
in a powdered samples has an orientation depended contribution to the powder
spectrum.

spect to the magnetic field and gives an orientation dependent NMR signal. The

solid-state NMR spectrum of a powdered sample corresponds to the the super-
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position of signals from each crystallite, which usually results in a broad shape

with sharp corners called powder pattern (Figure 3.4). For the remainder of this

thesis such powdered samples will be studied.

3.2. MAGIC-ANGLE SPINNING

The differences in resolution and sensitivity of NMR spectra of liquids and solids

resulted in a rapid development of liquid-state NMR for the analysis of molecu-

lar structure and dynamics. Solid-state NMR would have probably never become

an important tool for structure determination, if Andrew et al. [4; 5] and Lowe

[6] had not independently sought to emulate nature and successfully removed

the anisotropic broadening from the spectra by rapidly spinning the solid sample

around an axis known as the magic angle. At the magic angle, βRL, the an-

gle between the static magnetic field (B0) and the axis of rotation (zR) becomes

arctan
p

2≈ 54.74◦ (Figure 3.5).

zLB0
zR

βRL

ωr

Figure 3.5: Schematic representation of magic-angle spinning of a rotor with the
spinning frequency ωr around the rotor axis zR . B0 is the external magnetic
field and βRL is the angle between the static magnetic field (B0) and the axis of
rotation (zR), here, it is set to the magic angle.

The extent to which the anisotropic interactions are averaged depends on the

frequency of the rotation. Homogeneous interactions, such as the homonuclear

dipolar coupling, require fast rotation compared to the interaction — manifested

in the linewidth of the static spectrum — to achieve an appreciable narrowing

of the resonance. If this rotation is sufficiently fast magic-angle spinning (MAS)

can average those anisotropic interactions to zero. If the rotation is slower than

that satellite lines known as spinning side-bands appear at multiples of the ro-

tation rate. Inhomogeneous interactions, such as the chemical shift anisotropy,
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however, show significantly narrowed linewidth even at slow sample rotations.

The effect of MAS at different spinning frequencies (ωr/2π) on an NMR spectrum

of a powder of glycine is shown in Figure 3.6.

3.3. HETERONUCLEAR DECOUPLING

It is often desirable to study a dilute spin species, such as 13C and 15N (denoted

S), while suppressing the dipolar couplings between these spins and abundant

nuclei, such as 1H (denoted I). However, these dipolar couplings are often too

strong (Figure 2.4) to be averaged to zero by MAS at moderate spinning fre-

quencies and as a result broad lines are observed in the NMR spectrum. The

sensitivity and the resolution of the S-spin NMR spectrum can be greatly in-

creased by heteronuclear decoupling. The simplest, and until the mid 1990’s,

also most common method to achieve decoupling in solids is the application of

a strong unmodulated rf-field close to the Larmor frequency of the I-spins. This

method is called continuous wave or CW decoupling [7]. The rf-field on the I-

spins rotates them continuously, which causes the heteronuclear couplings to be

averaged, at the same time the S-spins are unchanged. Decoupling has advanced

in recent years and the applied rf-field is often modulated in phase, frequency,

and/or amplitude resulting in better performance — i.e. narrower lines — than

CW-decoupling. In particular, the two-pulse phase-modulation (TPPM) method

[8], SPINAL-64 [9] and similar schemes consistently produce better decoupling

[10; 11; 12] than is observed with the CW method.

3.4. CROSS POLARISATION

Magic-angle spinning was one of the key developments in solid-state NMR, how-

ever, despite the vast improvements of resolution due to MAS sensitivity re-

mained an issue if low-γ nuclei such as 13C were to be studied. In order to

improve sensitivity the presence of strong dipolar couplings between 1H and low-

γ nuclei and the high 1H polarisation can be exploited for signal enhancement.

The experiment, shown in Figure 3.7, is called cross polarisation (CP) and was

first applied by Pines et al. in 1972 on a sample of solid adamantane [13].

In a first step magnetisation on the abundant I-spin (usually 1H) reservoir is

rotated by a 90◦
y-pulse to produce transverse magnetisation. This is followed by
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20 0 -20
(ω/2π)/kHz
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d

x2

x20

Figure 3.6: 13C solid-state NMR spectra of a powdered sample of 99%- U-13C-
15N-α-glycine, acquired at a magnetic field of 9.4 T. (a) Spectrum form the static
sample. Spectra (b-d) were obtained under MAS at various spinning frequen-
cies ωr. (b) ωr/2π = 964 Hz. (c) ωr/2π = 5088 Hz (d) ωr/2π = 12000 Hz. As
the rotation frequency ωr/2π increases, the anisotropic interactions are averaged
out, manifested by a decrease in side-band amplitude relative to the isotropic
chemical shifts.
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I

S

DECOUPLING

(π/2)y

CPx

CPx

Figure 3.7: Cross polarisation pulse scheme. The scheme consists of two pulse
sequences, one applied to the I-spins and one applied to the S-spins. First a
π/2-pulse is applied to the I-spins thus I-spin magnetisation is rotated to the x-
axis. Then a spin-lock filed (labelled CP) is applied simultaneously to both spins
during which magnetisation is transferred from the I-spins to the S-spins. The
enhanced S-spin signal is acquired, while the I-spins are decoupled from the S-
spins.

a spin-locking field on the I- and S-spin reservoir. During this period polarisation

is transferred from the I-spin reservoir to the S-spin reservoir by matching the

Larmor frequencies of the I- and S-spins to the Hartmann-Hahn-condition [14]:

|γIB1I | = |γSB1S| (3.1)

Equation 3.1 is valid under static conditions, whereas the Hartmann-Hahn-condition

under magic-angle spinning is given as:

|γIB1I | = |γSB1S|+nωr, (3.2)

where ωr is the speed of the sample rotation and n takes an integer value of 1

or 2. The term nωr results from the time dependence that is introduced in the

dipolar coupling under magic-angle spinning. More precisely, the heteronuclear

dipolar coupling terms which allow cross-polarisation oscillate at ±1ωr and ±2ωr

while the static cross-polarisation term averages to zero. Thus, cross-polarisation

under magic-angle spinning needs to be conducted at the so called sideband

matching conditions Eq.3.2.

The spin locking part of the experiment is followed by an acquisition of the S-

spins while the I-spins are continuously irradiated to decouple the S-spins from

effects of the heteronuclear coupling. The signal enhancement of spins S that
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can be achieved by cross polarisation is proportional to γI /γS. In the case of cross

polarisation from 1H to 13C the theoretical maximum sensitivity increase is given

by a factor of 4. However, in practice this enhancement is not reached because

transfer efficiency is reduced by magic-angle spinning which scales the dipolar

coupling and relaxation of 1H magnetisation during the spin locking part.

It was only when Schaefer and Stejskal [15] combined cross polarisation and

magic-angle spinning to what is now commonly referred to as CP-MAS that MAS

became a standard tool in solid-state NMR.

3.5. DILUTED SPINS AND SELECTIVE LABELLING

So far, the discussion of sensitivity and resolution enhancement in solid-state

NMR concentrated on the NMR methodology. However, sensitivity can be en-

hanced by choosing an appropriate sample. It is necessary to distinguish be-

tween abundant nuclei like 1H which have a natural abundance in excess of 99%

and rare nuclei such as 13C and 15N which have natural abundances below 2%

thus only 2 (or fewer) out of every 100 atoms induce an NMR signal. This leads

to the poor sensitivity of rare nuclei compared to abundant nuclei. This, how-

ever, can be overcome by chemically enriching the atoms in a molecule with their

NMR active isotope producing so called labelled samples. It is not only possible to

produce uniformly labelled samples, in which all atoms of the same kind are en-

riched with the NMR active isotope resulting in a multiple-spin system but also

to selectively introduce one or more atoms in a molecule. The spin-ensembles in

a labelled sample may be isolated from interactions with a neighbouring spin-

ensemble by diluting labelled molecules with unlabelled molecules.

3.6. DIPOLAR RECOUPLING

Solid-state NMR is useful for structure determination in solids because the dipo-

lar coupling between two spins is distance dependent. However, most applica-

tions of solid-state NMR require the use of MAS, which averages anisotropic

interactions such as the dipolar coupling to zero, and thereby looses the distance

information contained therein. It is therefore necessary to selectively reintro-

duce these interactions, by applying a sequence of rf-pulses that suspends the
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averaging effect caused by MAS. The reintroduction of interactions suspended

by MAS is generally described as recoupling, and the reintroduction of dipolar

couplings is referred to as dipolar recoupling. The principles of dipolar recou-

pling by rf-pulses are illustrated in Figure 3.8; the averaging effect of MAS is

shown in a), while the simultaneous application of MAS and a rotor synchro-

nised pulse-sequence is shown in b). The application of such a dipolar recoupling
sequence yields a non-zero dipolar coupling scaled by a factor κ that depends on

the chosen pulse-sequence.

B0

ωr54.74˚

magic angle spinninga

0 t

ωDD(t)

ωDD(t)=0

recoupling with rf-pulsesb

0 t

ωDD(t)

κ

ωDD(t)=κω( (n

Figure 3.8: Schematic representation of the basic principles of dipolar recou-
pling under MAS. a) MAS induces an oscillatory behaviour of the dipolar cou-
pling which results in the averaging of the dipolar coupling: ωDD(t) = 0. b) In
the heteronuclear case the application of a rotor synchronised π-pulse once per
rotor period results in a non-zero dipolar coupling: ωDD(t) = κωDD , where κ is
the scaling factor and depends on the chosen recoupling sequence.

Dipolar recoupling sequences are distinguished according to their properties such

as the spin-system to which they are applied, their selectivity or the information

that is obtained. For the context of this thesis I will focus on dipolar recoupling

sequences for distance determination. Consider a two spin system with spins j
and k that may be either of the same nucleus — a homonuclear spin system — or

of different nuclei — a heteronuclear spin system. The dipolar recoupling tech-

niques for the two cases vary due to differences in the interactions. In both cases
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spins j and k can occur as an isolated spin-pair or as part of a multiple-spin sys-

tem. Historically, dipolar recoupling sequences were developed for isolated spin-

pairs in the heteronuclear case with the first recoupling scheme being introduced

by Oas et al. in 1988 [16]. They not only introduced the rotary resonance recou-

pling (R3) scheme, but also the term recoupling for the reintroduction of dipolar

couplings that are averaged to zero by magic-angle spinning. With REDOR (rota-

tional echo double resonance) [17] another heteronuclear recoupling scheme was

introduced, prior to the introduction of the first homonuclear recoupling scheme,

DRAMA, by Tycko et al. in 1990 [18]. Although DRAMA (dipolar recoupling at

the magic angle) [18; 19; 20] is not widely used today it was the basis for many ro-

bust recoupling schemes. Solid-state NMR has advanced in recent years allowing

dipolar couplings between isolated spin-pairs to be determined accurately. This

is generally done by so called broadband recoupling sequences which recouple

over the entire chemical shift range. Additionally, there are band selective and

frequency-selective recoupling methodologies that recouple only a certain (in the

selective case rather narrow) part of the spectrum. While early research on dipo-

lar recoupling methodology was targeted at improving resolution and robustness

it has shifted in the last decade towards enabling a broader range of applications.

One major area of research is the application of dipolar recoupling sequences to

multiply labelled compounds especially peptides and proteins [21].

3.7. HOMONUCLEAR MULTIPLE-SPIN SYSTEMS IN

SOLID-STATE NMR

Precise distance measurements by solid-state NMR using dipolar recoupling meth-

ods on homonuclear multiple-spin systems is a recent objective in the develop-

ment of solid-state NMR methodology. This is founded in the sample prepara-

tion process as it is relatively difficult and expensive to obtain samples with an

isolated spin-pair compared to biosynthetic methods which yield uniformly la-

belled samples often referred to multiple-spin spin-systems. In multiple-spin

systems strong dipolar couplings, which correspond to short distances, and weak

dipolar couplings corresponding to long distances are simultaneously present. If

a broadband dipolar recoupling sequence, such as those developed for isolated

spin-pairs, is applied then the weak dipolar couplings are attenuated by the nu-

merous strong couplings present in the spin system. This phenomenon is known

as dipolar truncation [22] and prohibits the precise determination of distances
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greater than 3 Å.

Different approaches to overcome dipolar truncation are used (i) odd/even la-

belling of the samples [23] (ii) and/or the development of spectrally selective

methods for recoupling [24]. The first approach led to the first protein struc-

ture determined by solid-state NMR using a proton-assisted recoupling method

[23]. However, a recent study of dipolar truncation by Bayro et al. [22] sug-

gests that the dipolar truncation effect is reduced if alternate labelling schemes

are used. This, though, does not solve the dipolar truncation problem completely

[22]. Hence, the second approach of selective recoupling is a valuable alternative.

In the last five years several research groups have been working intensely on

overcoming the problem of dipolar truncation and several frequency-selective

and broad-band methods were introduced. Among them are SEASHORE (shift-

evolution-assisted selective dipolar recoupling) [25], TDR (truncated dipolar re-

coupling) [26], SDR (stochastic dipolar recoupling) [27; 28], TOFU (triple os-

cillating field technique) [29], FOLD (four oscillating field technique) [30] and

ZQ-SEASHORE (zero-quantum SEASHORE) [31]. Some of these sequences will

be discussed in more detail in Part III after the introduction of the theoretical

framework (Part II).

3.8. AIM OF MY THESIS

Starting with the need for a methodology that allows the determination of struc-

turally important distances in uniformly labelled samples, my thesis treats the

dipolar truncation problem for homonuclear multiple-spin systems. The aim of

my thesis is the development of a dipolar recoupling methodology that allows the

determination of weaker couplings in the presence of strong dipolar couplings.

Due to the distance dependence of the dipolar coupling it is possible to infer a

distance from these measurements, which could then be used in applied solid-

state NMR as structural constraints.
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Theoretical Concepts in
Solid-State NMR

25





Chapter 4
Basic Theory in Solid-State NMR

It is unavoidable to consider the quantum mechanical description of a nuclear

spin system and its spin dynamics, if one wants to understand NMR spectroscopy.

Thus, the basic concepts are established in this chapter.

4.1. SPIN STATE AND SPIN OPERATOR

In quantum mechanics a spin state is described by a state vector in a complex

vector space. Utilising Dirac notation such a vector, called a ket, is written as |α〉
and assumed to contain the entire information about the spin state.

An observable, such as the spin angular momentum, can be represented by an

operator, A, in a vector space and, generally, acts on a state ket from the left

thereby generating another ket. There is a particular set of kets, the eigenkets of

an operator, that is of importance and denoted as:

|α1〉, |α2〉, . . . , |αn〉. (4.1)

Their properties are defined as:

A|α1〉 =α1|α1〉, A|α2〉 =α2|α2〉, . . . A|αn〉 =αn|αn〉. (4.2)

The set of numbers {αi} is called the set of eigenvalues of the operator A and

the physical state corresponding to an eigenket is called eigenstate. The operator

which represents a given physical observable has to be Hermitian, i.e. it has to be

27
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equal to its own adjoint, A = A†. The eigenvalues of a Hermitian operator A are

real and its eigenkets correspond to different eigenvalues and are orthogonal.

The normalised eigenkets of A form a complete orthogonal set, which is called

the basis. Any arbitrary ket |α〉 in the ket space can be expanded in terms of the

eigenkets of A:

|α〉 =∑
αi

cαi |αi〉, (4.3)

where cαi is a probability coefficient. If |α〉 is normalised, then the probability

coefficients must satisfy the following condition:

∑
αi

|cαi |2 = 1 (4.4)

The Zeeman basis for a single spin-1/2 system is defined as:

S2 = S2
x +S2

y +S2
z (4.5)

S2|S,m〉 = S(S+1)|S,m〉 (4.6)

and

Sz|S,m〉 = m|S,m〉 (4.7)

where S is the total spin angular momentum operator, and Sx, Sy and Sz are the

x-, y- and z-components of the total spin angular momentum operator. |S,m〉 are

the eigenkets of S2 and Sz. For a spin-1/2 nucleus with S = 1/2 and m =±1/2 the

eigenkets |S,m〉 are usually expressed as:

|α〉 = |1
2

,
1
2
〉 (4.8)

|β〉 = |1
2

,−1
2
〉 (4.9)

where |α〉 and |β〉 form a complete orthogonal set. Any state ket |Ψ〉 can be

expressed as linear combination of |α〉 and |β〉:

|Ψ〉 = cα|α〉+ cβ|β〉 (4.10)

where cα and cβ are complex coefficients that have to satisfy |cα|2 + |cβ|2 = 1.
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4.2. SPIN HAMILTONIAN HYPOTHESIS

The quantum state of a physical system at a time point t is defined by its state

function |Ψf ull(t)〉 and its time evolution is determined by the time-dependent
Schrödinger equation:

d
dt

|Ψf ull(t)〉 =−iH f ull(t)|Ψf ull(t)〉. (4.11)

H f ull(t) is a Hermitian operator that is associated with the total energy of the

system given in angular frequency units and is called the Hamiltonian. The

time-dependent Schrödinger equation given in Equation 4.11 contains informa-

tion about all electrons and nuclei in a system and is, thus, rather complex. Since

electron dynamics occur on a much faster time scale than nuclear spin dynamics

it is feasible to simplify the Schrödinger equation for NMR spectroscopy using a

state function, |Ψspin(t)〉, for the nuclear spin only:

d
dt

|Ψspin(t)〉w−iHspin(t)|Ψspin(t)〉, (4.12)

where Hspin is the nuclear spin Hamiltonian. This description is called the spin
Hamiltonian hypothesis [32] and Hspin contains only terms that depend on the

directions of the nuclear spin polarisations, assuming that only the average over

the electronic interactions is observed. In the following the operator H implies

the nuclear spin Hamiltonian and the quantum states |Ψ(t)〉 imply nuclear spin

states.

The nuclear spin Hamiltonian can be described by two terms, the electric spin
Hamiltonian, which describes changes in the nuclear electric energy upon rota-

tion of the nucleus, and a magnetic spin Hamiltonian, which describes changes

in the nuclear magnetic energy upon rotation of the nucleus. Consequently, the

spin Hamiltonian for a nucleus S j is expressed as:

H j = Helec
j +Hmag

j . (4.13)

For nuclei with a spin quantum number of S = 1/2 the electric spin Hamiltonian

vanishes as its charge distribution is spherical symmetric. This is, however, not

the case for nuclei with a spin quantum number S > 1/2, in which the charge

distribution is not spherical symmetric and thus the electric spin Hamiltonian

does not vanish. Throughout this thesis only nuclei with a spin quantum number
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of S = 1/2 are considered.

4.3. EULER ANGLES AND ROTATION OPERATORS

A general rotation can be described by a rotation operator R [Ω] with Euler an-

gles Ω = {α,β,γ} [33]. Such a rotation R [Ω] consists of three consecutive rota-

tions: (i) by γ around the z-axis, (ii) by β around the y-axis and (iii) by α around

the z-axis. The mathematical representation of the Euler angle transformation

is, thus:

R
[
α,β,γ

]= Rz [α]Ry
[
β
]
Rz

[
γ
]

= e−iαSz e−iβSy e−iγSz (4.14)

and the rotations are performed sequentially from the right to the left.

4.4. SPIN HAMILTONIAN IN SOLIDS

The nuclear spin Hamiltonian, H, may be expressed by the sum over all spin

interactions, Λ, in a system:

H =∑
Λ

HΛ. (4.15)

4.5. TENSORS

Tensors are geometric entities that were introduced into mathematics and physics

to extend the notion of scalars, vectors, and matrices to higher orders. The rank

of a tensor is the dimensionality of the array needed to represent it. Conse-

quently, a scalar is a tensor of rank-0 and used to describe orientation indepen-

dent physical properties such as the electrical charge. Following this argument it

can be deduced that a vector is a first rank (rank-1) tensor and a matrix a second

rank (rank-2) tensor. For the purpose of this thesis only tensors up to rank-2 are

discussed.
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4.5.1 Cartesian Tensors

Tensors play an important role in the description of spin interactions, Λ, since

the spin interaction Hamiltonian, HΛ, in the Cartesian frame is expressed as:

HΛ = CΛ XAΛ Y

= CΛ
(
XΛ

x , XΛ
y , XΛ

z
)

AΛ
xx AΛ

xy AΛ
xz

AΛ
yx AΛ

yy AΛ
yz

AΛ
zx AΛ

zy AΛ
zz




YΛ
x

YΛ
y

YΛ
z

 (4.16)

where AΛ is a second rank Cartesian tensor, CΛ is a constant specific to a given

spin interaction, and X and Y are vector operators representing the interacting

physical quantities. X and Y can both be nuclear spins or one of them is a nuclear

spin while the other one is an external magnetic field.

4.5.2 Irreducible Spherical Tensors and Wigner Matrices

Cartesian tensors have the advantage that they are easy to visualise, however,

they are not favourable from a mathematical point of view, as they are reducible

[33]. Thus, any second rank Cartesian tensor AΛ can be decomposed into three

irreducible spherical tensors: a scalar rank-0 spherical tensor, AΛ
0 , which is pro-

portional to the trace of AΛ; an asymmetric rank-1 spherical tensor, AΛ
1 ; and a

symmetric rank-2 spherical tensor, AΛ
2 . Each irreducible spherical tensor, AΛ

lm,

with ranks l = 0,1,2, . . . posses (2l+1) components, m = −l,−l +1, . . . , l. If a ro-

tation operator R [Ω] is applied to an irreducible spherical tensor, AΛ
lm, with a

given rank l and components m then the rotation transforms AΛ
lm into another

object, AΛ
lm′ , of the same rank [7; 33]:

R [Ω] AΛ
lmR−1 [Ω]=

+l∑
m′=−l

D l
mm′ [Ω] AΛ

lm′ , (4.17)

where D l
mm′ [Ω] is know as the Wigner matrix. The Wigner matrix is expressed

as:

D l
mm′ [Ω]= 〈lm′|e−iαSz e−iβSy e−iγSz |lm〉

= e−iαm′〈lm′|e−iβSy |lm〉e−iγm

= e−iαm′
dl

m′m
[
β
]

e−iγm (4.18)
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where the term dl
m′m

[
β
]

is called the reduced Wigner matrix element. The size

of the Wigner matrix depends on the l values with (2l+1). The reduced Wigner

matrix elements for rank-1 and rank-2 are given in Tables 4.1 and 4.2.

Table 4.1: Reduced rank-1 Wigner matrix elements
H

HHH
HHm′
m

1 0 −1

1
1+cosβ

2
−sinβp

2

1−cosβ
2

0
sinβp

2
cosβ −sinβp

2

1
1−cosβ

2
sinβp

2

1+cosβ
2

The exact form of an irreducible spherical tensor depends of the chosen coor-

dinate system or reference frame. Two reference frames F and F ′ are related

to each other by a rotation that is specified by a set of Euler angles ΩFF ′ ={
αFF ′ ,βFF ′ ,γFF ′

}
. Irreducible spherical tensors of rank l with (2l + 1) compo-

nents are defined to transform under rotation between the coordinate systems

as follows:

[
AΛ

lm
]F ′

=
l∑

m′=−l

[
AΛ

lm′
]F D l

m′m [ΩFF ′] . (4.19)

It is now possible to express the nuclear spin Hamiltonian of a spin interaction,

Λ, as scalar product of two irreducible spherical tensors [7]:

HΛ = CΛ
∑
l

l∑
m=−l

(−1)m
[
Aλ

lm

]F [
Tλ

l−m

]F
, (4.20)

where Aλ
l is known as spatial tensor. Depending on the described interaction Tλ

l

is called spin tensor or spin-field tensor. The exact form of the tensor elements

depends on the chosen reference frame.

The spin-field tensor is composed of a spin part, that can be rotated by external

rf-fields, and a field part, that is usually a static magnetic field and thus not

subject to rotations. This allows the substitution of components TΛ
lm of the spin-
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or spin-field tensors in the internal spin Hamiltonian into components TΛ
λµ

of

pure irreducible spherical spin tensors (Appendix A), where ranks l and λ can

be different. Furthermore, a spatial tensors AΛ
l can be defined, which relates

to spatial tensors AΛ
l by numerical factors. Space and spin-parts for some spin

interactions are presented in Table 4.3. The relationship between components

AΛ
l and AΛ

l as well as the relationship between components TΛ
lm and TΛ

λµ
is given

in Table 4.4.

4.6. REFERENCE FRAMES IN SOLID-STATE NMR

Handling spin interactions in rotating solids involves a set of reference frames

and transformations between them, which are introduced in the following.

The principal axis frame denoted as PAS or PΛ is unique to a spin interaction

Λ and is defined as the reference frame in which the tensor describing the spin

interaction is diagonal.

The molecular frame, M, is a common frame for all spin interactions in a molecule,

thus, it is arbitrarily fixed within the molecular structure. It is related to the

principal axis frame, PΛ, by a set of Euler angles, ΩΛ
PM = {αΛPM ,βΛPM ,γΛPM}, that

define the relative orientation of a spin interaction to the molecular structure.

The z-axis of the rotor frame, R, is oriented along the spinning axis of the ro-

tor and the relative orientation between the rotor frame, R, and the molecular

frame, M, is characterised by a set of Euler angles, ΩΛ
MR = {αΛMR ,βΛMR ,γΛMR}. In

a powder sample many sets of randomly distributed Euler angles, ΩΛ
MR , are si-

multaneously present.

In the laboratory frame, L, the z-axis is aligned along the external magnetic field

and the set of Euler angles, ΩΛ
RL = {αΛRL,βΛRL,γΛRL}, relates it to the rotor frame,

R.

4.7. HIGH-FIELD APPROXIMATION

The nuclear spin Hamiltonian can be divided into a part, HRF , representing

interactions with the transverse oscillating rf-field and an interaction part, H I A,
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containing spin interactions with the static magnetic field in form of the Zeeman

Hamiltonian HZ
j as well as internal spin interactions. The Hamiltonian may be

written as:

H = HRF +H I A (4.21)

In a high magnetic field the interaction term is dominated by the Zeeman Hamil-

tonian, since it is several orders of magnitude larger than all other spin interac-

tions. Consequently, it is possible to treat the remaining spin interactions as

a perturbation of the Zeeman term. In practice this involves neglecting terms

which do not commute with the Zeeman Hamiltonian; for a tensor A this in-

volves considering only the component in the z-direction, i.e. Azz. The terms

commuting with the Zeeman Hamiltonian are known as secular terms and cor-

respond to the diagonal terms in the matrix representation of the interaction.

Those terms which do not commute with the Zeeman Hamiltonian are called

non secular terms and correspond to the off-diagonal elements in the matrix rep-

resentation of the interaction. The neglecting of non-secular terms is referred

to as secular or high-field approximation. In context of spherical tensors this

matches the selection of spin operators of the form TΛ
λ0.

4.8. EXTERNAL SPIN INTERACTIONS

External spin interactions are spin-field interactions which comprise spin inter-

actions with the static external magnetic field, B0, and transverse rf-fields. Thus

the external spin Hamiltonian, Hext, can be written as:

Hext = HZ
j +HRF

j (4.22)

where HZ
j is the Zeeman Hamiltonian which represents the spin interactions

with B0. HRF
j denotes the spin interactions with a transverse oscillating rf-field,

Br f .
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4.8.1 Zeeman Interaction

The Zeeman interaction of a spin, S j, depends on the external magnetic field, B0,

as follows:

HZ
j =−µS jB0

=−γS j S jzB0

=ω0S jz (4.23)

where µS j is the magnetic moment of S j, γS j is the gyromagnetic ratio, S jz is

the z-component of the spin operator and ω0 = −γS j B0 is the Larmor frequency

of S j. The Zeeman Hamiltonian may be written in terms of irreducible spherical

tensor operators:

HZ
j =

[
AZ

00

]
T j

10 =ω0T j
10 (4.24)

4.8.2 Radio-Frequency Field Interaction

Also contained within the external Hamiltonian are interactions with the trans-

verse rf-irradiation. The oscillating rf-field during a rf-pulse is given by:

Br f = Br f cos
[
ωre f (t)+φp

]
ex (4.25)

where Br f is the strength of the rf-field, ωre f is the spectrometer reference fre-

quency, and φp is the rf-phase. It is possible to decompose the rf-field into two

counter-rotating parts, and only the part that rotates in the same sense as the

spins induces transitions of the spin states. Consequently, the rf-Hamiltonian of

S j with the resonant part of the rf-field may be expressed as:

HRF
j (t)=−1

2
γS j Br f

(
S jx cos

[
ωre f (t)+φp

]+S j y sin
[
ωre f (t)+φp

])
. (4.26)

To gain a time-independent expression of HRF
j (t) it is possible to transform the

Hamiltonian into the rotating frame, whose z-axis corresponds to the z-axis of

the laboratory frame. However, the x- and y-axis rotate in the same direction

and with the same frequency as the resonant component of Br f . Thus, the rf-

Hamiltonian in the rotating frame is given by:

HRF
j =ω j

nut
(
S jx cos

[
φp

]+S j y sin
[
φp

])
(4.27)
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where the nutation frequency, ωnut, of the rf-field has the form:

ω
j
nut =

1
2
|γS j Br f |. (4.28)

The flip-angle, β, of a rf-pulse is defined as:

β=ωnutτp (4.29)

where τp is the duration of the pulse. Strong, short pulses excite a wide fre-

quency range, while weak pulses of a long duration excite a more narrow fre-

quency range and are referred to as frequency-selective pulses. The frequency

range over which a pulse acts — its excitation profile — depends on the Fourier

transform of the excitation, thus, a short rectangular pulse which accomplishes

the same rotation as a long shaped pulse excites a much larger frequency range.

4.9. INTERNAL SPIN INTERACTIONS

The internal spin Hamiltonian, H int, for two spins S j and Sk, which both have a

spin quantum number S = 1/2, is defined as:

H int
jk = HCS

j +HCS
k +HDD

jk +HJ
jk, (4.30)

where HCS
j and HCS

k represent the chemical shift interactions of spins S j and

Sk, respectively. The dipolar coupling interaction is represented by HDD
jk and the

J-couplings by HJ
jk.

4.9.1 Chemical Shift

The interaction of a spin, S j, with a local magnetic field, B j
loc = B0 +B j

ind is

known as chemical shift interaction and depends on the static magnetic field,

B0, as well as an induced magnetic field, B j
ind. B j

ind is generated by electrical

currents, which the static magnetic field induces in the local electronic environ-

ment of S j. Thus, different molecular sites experience different local magnetic

fields depending on their electronic environment.
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The chemical shift interaction for a given spin can be expressed as:

HCS
j =−γ jS jB

j
loc

=−γ jS jδ
jB0 (4.31)

where δ j is the chemical shift tensor following the deshielding convention and

as a Cartesian tensor of rank-2 (3×3 matrix). The induced magnetic field in the

matrix form can, thus, be written as:
B jx

ind
B j y

ind
B j y

ind

=


δ

j
xx δ

j
yx δ

j
xz

δ
j
xy δ

j
yy δ

j
yz

δ
j
xz δ

j
yz δ

j
zz




0

0

B0



=


δ

j
xzB0

δ
j
yzB0

δ
j
zzB0

 (4.32)

From this it is apparent, that the induced magnetic field has components not

only along the z-direction, but also along the x- and y-direction of the laboratory

frame. However, components δ
j
xz and δ

j
xy along the x- and y-direction of the

laboratory frame are no longer retained under the highfield approximation.

It is convenient to decompose the chemical shift tensor into three irreducible

tensors:

δ j = δ j
iso +δ

j
asymm +δ j

aniso, (4.33)

where δ j
iso is a rank-0 tensor known as the isotropic chemical shift, which is given

by the trace of the chemical shift tensor:

δ
j
iso =

1
3

Tr
(
δ j

)
= 1

3

(
δ

j
xx +δ j

yy +δ j
zz

)
(4.34)

The asymmetric chemical shift is represented by a rank-1 part, which is mostly

ignored under the high-field approximation. Its secular term is proportional to

T jk
10 and has recently been observed by Harris et al. [34]. The chemical shift

anisotropy (CSA) is a tensor of rank-2, the three diagonal elements, δp
xx, δp

yy and

δ
p
zz are called the principal values of the tensor and are labelled:∣∣∣δP

zz −δ j
iso

∣∣∣≥ ∣∣∣δP
xx −δ j

iso

∣∣∣≥ ∣∣∣δP
yy −δ j

iso

∣∣∣ . (4.35)
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The CSA can be expressed in terms of the anisotropic chemical shift frequency:

ωaniso =ω0

(
δP

zz −δ j
iso

)
(4.36)

and the asymmetry parameter, η:

η=
δP

yy −δP
xx

δP
zz −δ j

iso

. (4.37)

The chemical shift Hamiltonian under the high-field approximation expressed

as:

HCS
j = ω0 δ

j
iso S jz +

[
ACS

20

]L
S jz

=
[
ACS

00

]L
T j

10 +
[
ACS

20

]L
T j

10 (4.38)

with: [
ACS

20

]L =
2∑

m=−2

2∑
m′=−2

[
ACS

2m′
]P

D2
m′m

[
ΩCS

PR(t)
]

D2
m0

[
ΩCS

RL

]
. (4.39)

It is common to combine the Zeeman Hamiltonian for spin S j in the rotating

frame with the chemical shift Hamiltonian to:

HZ,CS
j = Ω j S jz +

[
ACS

20

]L
S jz

=
[
AZ,CS

00

]L
T j

10 +
[
ACS

20

]L
T j

10 (4.40)

where the chemical shift frequency is defined as:

Ω j =ω0

(
1+δ j

iso

)
−ωre f . (4.41)

4.9.2 Direct Dipolar Coupling

The direct dipolar coupling or through space dipole-dipole coupling is, as the

name indicates, a through space interaction between two nuclear spins based on

the spins perception of each others magnetic fields. In the homonuclear case the

dipolar coupling between two spins S j and Sk can be described by the traceless

symmetric Cartesian tensor, D [7]. Thus, the Hamiltonian is expressed as:

HDD
jk =S jDSk (4.42)
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This is consistent with the interaction between two magnetic dipols:

HDD
jk = b jk

(
3

(
S je jk

)(
Ske jk

)−S jSk
)

(4.43)

where the unit vector, e jk, is oriented parallel to the internuclear axis between

spins S j and Sk. The dipolar coupling constant, b jk, is defined as:

b jk =−µ0γ jγkħ
4πr3

jk

(4.44)

where γ j and γk are the gyromagnetic ratios for spins j and k, which are equiv-

alent in the homonuclear case. The internuclear distance is given by r jk. Unlike

the dipolar Hamiltonian, the dipolar coupling constant is orientation indepen-

dent. In the high-field approximation the homonuclear dipolar Hamiltonian may

be written as:

HDD
jk = b jk

1
2

(
3cos2 [

θ jk
]−1

)(
3S jzSkz −S jSk

)
= b jk

1
2

(
3cos2 [

θ jk
]−1

)(
2S jzSkz −

1
2

(
S+

j S−
k +S−

j S+
k

))
. (4.45)

The term 2S jzSkz −
1
2

(
S+

j S−
k +S−

j S+
k

)
is called “flip-flop-term” and plays a cru-

cial role in the dipolar recoupling of multiple-spin systems. Utilising spherical

tensors the homonuclear dipolar coupling Hamiltonian in the high-field approx-

imation is defined:

HDD
jk =

[
ADD

20

]L
T jk

20 (4.46)

where
[
ADD

20
]L is the orientation dependent spatial part. For the heteronuclear

case under the same conditions the dipolar coupling Hamiltonian between two

spins I j and Sk is given:

HDD
IS = b jk

(
3cos2 [

Θ jk
]−1

)
I jzSkz

=
[
ADDIS

20

]L
T I j

10TSk
10 (4.47)

4.9.3 J-Coupling

The J-coupling, also known as indirect dipolar coupling, is an internuclear cou-

pling between two nuclear spins and is mediated by bonding electrons. Thus, its

properties and magnitude depend strongly on the nature of the chemical bond
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and the involved orbitals. The J-coupling Hamiltonian between two spins S j and

Sk is expressed as:

HJ
jk =S jJSk (4.48)

with the scalar coupling tensor, J, and the spin operators S j and Sk. The J-

coupling interaction can be decomposed into irreducible spherical tensors of rank-

0, rank-1 and rank-2 and is written as:

J= J(0) + J(1) + J(2). (4.49)

The rank-0 part, J(0), represents the isotropic interaction:

HJ,iso
jk = 2πJ jkS j ·Sk

= 2πJ jk

(
S jzSkz +

1
2

(
S+

j S−
k +S−

j S+
k

))
=

[
AJ jk

00

]L
T jk

00 (4.50)

where J jk is the J-coupling constant in Hertz. It is this interaction which de-

termines the multiplet pattern observed in liquid-state NMR. In the solid-state

this contribution is still present, however, it is generally masked by broad spec-

tral lines. The rank-1 part, J(1), is the asymmetric J-coupling and often ignored

under the high-field approximation. However, it has a secular term which is pro-

portional to T jk
10 and has been measured in recent studies [34]. The anisotropic

J-coupling (rank-2 part), can be described by an anisotropic J-coupling constant

and an asymmetry parameter. The isotropic and the anisotropic J-coupling con-

stants are typically in the same order of magnitude. However, the anisotropic

J-coupling has the same transformation properties as the through space dipolar

coupling, hence, they are difficult to disentangle. In tensorial form the homonu-

clear J-coupling can be expressed as:

H jk = 2πJ jkT jk
00 + Janiso

jk T jk
20 . (4.51)
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Chapter 5
Theoretical Tools in Solid-State NMR

5.1. TIME EVOLUTION OPERATOR

In quantum mechanics the evolution of a state ket |Ψ, t〉 is described by a time

evolution operator, U (t, t0), called the propagator. This makes it possible to de-

rive the state ket at a future time point, t, from the state ket at an earlier time

point t0 by employing the propagator:

|Ψ, t〉 =U (t, t0) |Ψ, t0〉 , (5.1)

where the propagator is unitary:

U† (t, t0)U (t, t0)= 1. (5.2)

t0 is the starting point and t is the end point of the observed evolution period.

The propagator U (t, t0) over this period is the solution of the time-dependent

Schrödinger equation:
d
dt

U (t, t0)=−iHU (t, t0) . (5.3)

The evolution of any ket |Ψ, t〉 is given by:

d
dt

|Ψ, t〉 =−iH |Ψ, t〉 . (5.4)

The solution to the Schrödinger equation depends on the particular Hamiltonian

under investigation. The simplest case is when the Hamiltonian, H, is time

45
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independent, in which case the solutionof Equation 5.3 becomes:

U (t, t0)= e−iH(t−t0). (5.5)

If the Hamiltonian is time dependent, but posses the property
[
H

(
t′
)
,H

(
t′′

)]= 0,

Equation 5.3 may be solved as follows:

U (t, t0)= e−i
∫ t

t0
dt′H(t′). (5.6)

For a piecewise time-independent Hamiltonian with
[
H

(
t′
)
,H

(
t′′

)] 6= 0 the prop-

agator may be expressed as:

U (t, t0)= e−iHnτn . . . e−iH2τ2 e−iH1τ1 . (5.7)

Other cases require the use of average Hamiltonian theory [35; 36] (Section 5.3.),

Floquet theory or numerical simulations to solve the Schrödinger equation.

5.2. DENSITY OPERATOR

A macroscopic sample consists of a huge number of interacting spins and the

density operator is used to describe the quantum state of this spin ensemble,

since it is not feasible to treat all spin systems individually. The density operator

is defined as:

ρ(t)= |Ψk (t)〉〈Ψk (t)|
=∑

k
pk |Ψk (t)〉〈Ψk (t)| (5.8)

where pk is the probability of an individual spin system to be part of the spin

state |Ψk (t)〉. The overbar indicates an average over an ensemble of N spins.

The expectation value of an operator Q over the ensemble is given:〈
Q

〉
= {

ρ(t) Q
}

=∑
k

pk 〈Ψk (t)|Q |Ψk (t)〉 (5.9)
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In the Zeeman basis the density operator can be written as:

ρ(t)=∑
r,s
ρrs(t) |r〉〈s| . (5.10)

The diagonal elements, ρrr, of the density matrix are the populations of the cor-

responding states, while the off-diagonal elements are known as coherences. If

the off-diagonal elements are non-zero the states |r〉 and |s〉 are statistically cor-

related. The coherence order between spin states |r〉 and |s〉 is defined as:

prs = Mr −Ms (5.11)

where

Sz |r〉 = Mr |r〉 (5.12)

and

Sz |s〉 = Ms |s〉 . (5.13)

Considering an external magnetic field in thermal equilibrium at a temperature

T, in the high-field approximation, the density operator ρeq is defined as:

ρeq = e
(
−ħ HZ

S

)
/ (kB T)

Tr
[

e
(
−ħ HZ

S

)
/ (kB T)

] (5.14)

where ħ is the Plank’s constant divided by 2π and kB is the Boltzmann constant.

Under the high temperature approximation, kB À|ħω0|, ρeq, simplifies:

ρeq = 1
2

(1+BSz) (5.15)

where 1 is the unity operator and B is the Boltzmann factor, which is defined as:

B= ħγS B0

kB T
. (5.16)

The high-temperature approximation is generally fulfilled at room temperature.

Commonly the unitary operator 1 and the constant B in Equation 5.15 are ne-

glected leading to a simplified density operator in equilibrium:

ρeq w Sz. (5.17)



48

The evolution of the density operator under a time dependent Hamiltonian, H(t),
is governed by the Liouville-von Neumann equation:

d
dt
ρ(t)=−i

[
H(t),ρ(t)

]
. (5.18)

If the perturbation described by the Hamiltonian, H, is time independent the

Liouville-von Neumann equation simplifies to:

ρ(t)= e−i H(t−t0)ρ(t0) ei H(t−t0) (5.19)

The density operator at a time point t0 is thereby related to the density operator

at a time point t and the propagator U (t, t0) associated with H:

U (t, t0)= e−i H(t−t0). (5.20)

In the case of a time-dependent Hamiltonian density operators at time point t
and t0 are related:

ρ(t)=U (t, t0) ρ (t0)U† (t, t0) (5.21)

where the propagator solves Equation 5.3.

5.3. AVERAGE HAMILTONIAN THEORY

The time evolution of a spin system over a time interval [t, t0] with the prop-

agator U (t, t0) was introduced previously. This yields analytical solutions if

the Hamiltonian is time-independent. However, if the Hamiltonian, H (t), is

time-dependent it is generally difficult to derive an analytical solution. Average
Hamiltonian theory [35; 36] can be used to obtain an analytical approximation of

the propagator U (t, t0). The propagator of the time-independent effective Hamil-
tonian, H, over an time interval [t0, t0 +T] becomes:

U (t0, t0 +T)= e−iHT (5.22)

The effective Hamiltonian can be expressed using the Magnus expansion [37]:

H = H
(1) +H

(2) +H
(3) + . . . . (5.23)
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The first two orders of the Magnus expansion are given by:

H
(1) = 1

T

∫ t0+T

t0

dt H (t)

H
(2) = 1

2iT

∫ t0+T

t0

dt′
[
H

(
t′
)
,H (t)

]
. (5.24)

The numbering of the Magnus terms shown employs a consistent scheme, in

which the kth term is proportional to the product of k Hamiltonians. The term

H
(1)

is defined as the average over the Hamiltonian H (t) and thus called the

average Hamiltonian. The term H
(2)

is known as the second-order correction of

the average Hamiltonian, a naming that is consistent for all other higher order

terms. Provided that for any point t, t0 < t < T0 +T, the following condition is

valid:
‖H (t)‖T ¿ 1, (5.25)

the Magnus expansion converges rapidly [38]. The norm, ‖H (t)‖, may be chosen

to be:
‖H (t)‖ =

√
Tr

[
H (t)2] (5.26)

It is possible to speed up the convergence of the Magnus expansion by trans-

forming the Hamiltonian, H (t), into an appropriate frame called the interaction
or toggling frame. For this purpose the Hamiltonian is expressed in two, gener-

ally time-dependent non-commuting, terms:

H (t)= HA (t)+HB (t) , (5.27)

and HA (t) is chosen so that the propagator can be easily determined analytically

by solving:
d
dt

UA (t)=−iHA (t)UA (t) . (5.28)

The Hamiltonian in the interaction frame, H̃ (t), is obtained by the transforma-

tion:

H̃ (t)=U†
A (t)HB (t)UA (t) . (5.29)

and its propagator, Ũ (t), is defined as:

d
dt

Ũ (t)=−iH̃ (t)Ũ (t) . (5.30)
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The propagator U (t) for the total Hamiltonian H (t) is thus given as:

U (t)=UA (t)Ũ (t) . (5.31)

In solid-state magic-angle spinning NMR it is commonly assumed, that HA (t) =
HRF (t) and HB (t)= H I A (t), where H I A (t) is the interaction Hamiltonian.

5.4. SUPEROPERATORS AND LIOUVILLE SPACE

So far, quantum mechanics have been presented in a linear vector space, the

Hilbert space, and two types of objects, kets and linear operators acting on these

kets, have been introduced. Analogous mathematical objects can be defined in a

larger vector space, the Liouville space, which is the cross product of two Hilbert

spaces [39]. The choice of vector space depends on the considered problem. It

has been shown that the Liouville space is advantageous if relaxation or chemical

exchange are included [40; 41]. Furthermore, it is favourable if spherical tensors,

such as in Part III of this thesis, are used to manipulate the density matrix

[40; 41].

In the Liouville space the ordinary quantum mechanical operators are consid-

ered to be state vectors. A state vector |Ψ〉 with the dimension n in the Hilbert

space posses a dimension n×n in the corresponding Liouville space [7], in which

the ket and bra Liouville space vectors are written as |Q) and (Q|, respectively.

The scalar product between two Liouville space vectors, also known as the Liou-

ville space bracket, is defined as:

(A|B)=Tr
{

A†B
}

(5.32)

where A† is the Hermitian adjoint of A assuming a finite Liouville space. A

Liouville operator or superoperator, Ĉ, is denoted by a hat and defined as:

Ĉ |B)≡ |[C,B]) , (5.33)

(A| Ĉ ≡
∣∣∣[C†, A

])
. (5.34)

If Ĉ is an exponential operator Equation 5.33 can be rewritten utilising the op-
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erator’s series expansion:

e−itĤ |B)≡
∣∣∣e−itHBe+itH

)
. (5.35)

Consequently,

(A| e−itĤ ≡
(
e+itH Ae−itH

∣∣∣ (5.36)

and

(A| e−itĤ |B)≡Tr
{

A†e−itHBe+itH
}

≡Tr
{

e+itH A†e−itHB
}

. (5.37)

In the Liouville space the Liouville-von Neumann equation for the density matrix

ρ is expressed as:
d
dt

∣∣ρ)=−iĤ
∣∣ρ)

(5.38)

where Ĥ is a superoperator (Equation 5.33) and
∣∣ρ)

is the state vector in the

Liouville space. Using the same concepts for obtaining solutions in Hilbert space

the formal solution of the Liouville-von Neumann equation is given by [42]:

∣∣ρ(t)
)= Û(t, t0)

∣∣ρ(t0)
)

(5.39)

where
d
dt

Û(t, t0)=−iĤÛ(t, t0). (5.40)

Û is a unitary superoperator with the following symmetries:

Û−1 (t, t0)= Û† (t, t0)= Û (t0, t) (5.41)

and connected time intervals can be written:

Û (t0, t)= Û (t, t1)Û (t1, t0) (5.42)

The solution of Equation 5.40 depends on the properties of Ĥ.

The expectation value of an operator Q is defined as:

〈Q〉 = (
Q|ρ)

(5.43)



52

or
〈Q(t)〉 = (

Q
∣∣Û (t0, t)

∣∣ρ(t0)
)
. (5.44)



Chapter 6
Dipolar Recoupling

The concept of dipolar recoupling as a methodology to reintroduce dipolar cou-

plings — averaged to zero by MAS — was briefly introduced in Section 3.6..

In the following different applications of dipolar recoupling sequences are dis-

cussed along with the different average Hamiltonians that can be recoupled. The

chapter concludes with a short review of dipolar recoupling sequences focussing

of those developed for isolated spin-pairs. Homonuclear dipolar recoupling in

multiple-spin systems is discussed separately in Section 8.2.

The various applications of dipolar recoupling sequences cannot always be com-

pletely separated. A lot of dipolar recoupling sequences are capable of exciting

different coherence orders, where the maximum coherence order in a spin-1/2

system is equivalent to plus/minus the number of spins in the system. However,

only single-quantum coherence can be observed directly and thus it is necessary

to reconvert zero-, double- and higher order quantum coherences into observable

single-quantum coherence before they can be determined. Sequences which se-

lect for double-quantum coherence are often applied to a spin-1/2 system with

a selectively labelled spin-pair to suppress the natural abundance background.

Furthermore, dipolar recoupling sequences are employed to determine internu-

clear distances. For this purpose the evolution of the NMR-signal intensity is

observed as a function of recoupling time and since the evolution depends on the

dipolar coupling internuclear distances can be determined. An additional possi-

bility of gaining structural information using dipolar recoupling sequences is the

determination of bond- and torsional-angles. These experiments are conducted

by determining the relative orientation of two dipolar tensors (or a dipolar and a

53



54

chemical shift tensor) through the evolution of double-quantum coherence [43].

Magnetisation exchange is a further application for dipolar recoupling sequences

and summarises methods in which magnetisation is transferred between spins

through their dipolar coupling. This allows not only to infer the proximity of

spins but also sensitivity enhancement of low-γ nuclei through heteronuclear

dipolar couplings.

6.1. HOMONUCLEAR DIPOLAR RECOUPLING

Homonuclear dipolar recoupling between two like spins S j and Sk can gen-

erate different dipolar average Hamiltonians depending on the recoupling se-

quence employed. A homonuclear zero-quantum recoupling sequences generates

a homonuclear zero-quantum average Hamiltonian of the form:

H
(1) =ω jk

1p
6

(
2S jzSkz −

1
2

(
S−

j S+
k +S+

j S−
k

))
=ω jkT jk

20 , (6.1)

which is equivalent to the dipolar Hamiltonian in Equation 4.46. This type of

Hamiltonian is not only perfect to initialise magnetisation exchange, but also

suitable for distance measurements. However, it cannot be used to excite higher

order multiple-quantum coherence.

One Hamiltonian capable of exciting higher order multiple-quantum coherence is

the homonuclear single-quantum average Hamiltonian generated by a homonu-
clear single-quantum recoupling sequences:

H
(1) =ω jk

1
2

(
S−

j Skz +S jzS−
k

)
+ω∗

jk
1
2

(
S+

j Skz +S jzS+
k

)
=ω jkT jk

2−1 −ω∗
jkT jk

21 . (6.2)

The homonuclear double-quantum average Hamiltonian generated by a homonu-
clear double-quantum recoupling sequence takes the form:

H
(1) =ω jk

1
2

(
S−

j S−
k

)
+ω∗

jk
1
2

(
S+

j S+
k

)
=ω jkT jk

2−2 +ω∗
jkT jk

22 , (6.3)

and is extensively used for distance determination.
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6.2. HETERONUCLEAR DIPOLAR RECOUPLING

Just as in the homonuclear case different recoupling sequences yield different

heteronuclear dipolar average Hamiltonians. Considering two unlike spins I j

and Sk four different average Hamiltonians can be generated. The longitudinal
two-spin average Hamiltonian has the form:

H
(1) =ω jkI jzSkz

=ω jkT j
10Tk

10. (6.4)

The terms I jz and Skz commute for different spin-pairs. Consequently, it is per-

mitted to describe the evolution of a heteronuclear multiple-spin system as the

superposition of the evolution of isolated spin-pairs. This property is exploited

in many heteronuclear recoupling sequences and is the reason that distance es-

timations in heteronuclear multiple-spin systems can be conducted successfully.

In the homonuclear case flip-flop terms which do not commute if they contain

one identical spin are present and account for the dipolar truncation problem.

This makes distance estimations in homonuclear multiple-spin systems success-

ful only in certain cases.

Hetoronuclear zero-quantum recoupling yields a heteronuclear zero-quantum av-
erage Hamiltonian:

H
(1) =ω jkI−j S+

k +ω∗
jkI−j S+

k

=ω jk (−2)T j
11Tk

1−1 +ω∗
jk2T j

1−1Tk
11, (6.5)

which is suitable to observe magnetisation exchange and does, just as its homonu-

clear counterpart, not allow the excitation of higher order multiple-quantum co-

herence.

Excitation of higher order multiple-quantum coherences is possible choosing a

heteronuclear single-quantum average Hamiltonian as starting point:

H
(1) =ω jkI jzS−

k +ω∗
jkI jzS+

k

=ω jk
p

2T j
10Tk

1−1 +ω∗
jk

(
−
p

2
)
T j

10Tk
11. (6.6)

This Hamiltonian is generated by a heteronuclear single-quantum recoupling se-

quence.
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The heteronuclear double-quantum average Hamiltonian as it is generated by a

heteronuclear double-quantum recoupling sequence is given by:

H
(1) =ω jkI−j S−

k +ω∗
jkI−j S+

k

=ω jk (−2)T j
11Tk

11 +ω∗
jk2T j

1−1Tk
1−1, (6.7)

and allows the excitation of higher order multiple quantum coherence.

6.3. RECOUPLING SEQUENCES

There are two distinct ways of manipulating a spin system in solid-state NMR,

one is the spatial manipulation by means of sample rotation around a single

or several fixed axes and the other one is the spin rotation by rf-pulses. The

combination of both techniques is the basis for almost all recoupling schemes.

The first homonuclear decoupling scheme, DRAMA, uses two strong rotor-syn-

chronised π/2−pulses to generate a mixed zero- and double-quantum Hamilto-

nian [18; 19]. To date DRAMA has been replaced by more robust homonuclear

recoupling schemes such as rotational resonance (RR) [44], RFDR [45; 46] and

symmetry sequences [47; 48; 49].

Rotational resonance utilises the mechanical interference that occurs if the sam-

ple spinning, ωr, is equivalent to the isotropic chemical shift separation between

the two investigated spins, ∆iso = nωr, with n being a small integer. It generates

a homonuclear zero-quantum average Hamiltonian. Although, initially devel-

oped for isolated spin-pairs, rotational resonance is one of the few homonuclear

dipolar recoupling sequences which has been successfully applied to multiple-

spin systems [50; 51; 52]. This can be attributed to the selectivity of the sequence

which introduces only the dipolar coupling within a desired spin-pair.

Radio frequency driven dipolar recoupling (RFDR) generates magnetisation trans-

fer and therefore cross peaks between coupled resonance in a 2D NMR spectrum.

Magnetisation exchange occurs via a pure homonuclear zero-quantum average

Hamiltonian and is established by rotor-synchronised rf-pulses [45; 46].

Similar to DRAMA, DRAWS (dipolar recoupling with a windowless sequence)

generates a mixed zero- and double-quantum homonuclear dipolar average Hamil-

tonian and overcomes several problems such as a strong interference from CSA
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and narrow spectral ranges encountered for DRAMA or RR [53].

For distance estimations homonuclear dipolar recoupling sequences that gener-

ate a double-quantum or zero-quantum average Hamiltonians are usually em-

ployed. An early sequence that excites double-quantum coherence is the HOR-

ROR scheme (homonuclear rotary resonance) which is very efficient at control-

ling the angular orientation of the recoupled Hamiltonian. Unfortunately the

sequence is sensitive to isotropic chemical shift differences and chemical shift

anisotropies which can quench the dipolar recoupling [54].

The problems encountered for HORROR have been overcome in the C7-sequence

[47] and its variants POST-C7 [48], CMR7 [55] and DREAM [56]. All sequences

excite double-quantum coherence very efficiently. These sequence were extended

to the general symmetry principles of C- and R-symmetries and can generate a

variety of homo- and heteronuclear average Hamiltonians [57].

The most successful heteronuclear recoupling scheme is REDOR (rotational-echo

double-resonance) which generates a longitudinal two spin term, by π−pulses

that are applied synchronised with the rotor frequency [17]. The underlying

spin-echo experiment is a common feature of heteronuclear recoupling [58].
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Chapter 7
Spin-Echo Experiments

The spin-echo experiment (Figure 7.1) was initially developed for NMR in inho-

mogeneous fields. It starts by rotating longitudinal magnetisation (1) into the

τ/2 τ/2

π/2y
πx

z

y

x

1 2 3 4 5

1 z

y

x

3 z

y

x

5

z

y

x

2 z

y

x

4

Figure 7.1: Spin echo scheme: (1) the sequence starts with longitudinal magneti-
sation which is rotated into the transverse plane and aligned along the x-axis
(2). Transverse magnetisation evolves for a period τ/2 (3) at which it is inverted
(4). It now evolves for another period τ/2 at whose end it again aligns along the
x-axis (5).
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transverse plane (2) — here magnetisation is rotated by a π/2−pulse around the

y-axis generating x-magnetisation. During the first evolution-time (τ/2) magneti-

sation evolves and dephases in the transverse plain (3). At the end of the first

evolution period transverse magnetisation is rotated by a flip-angle π around the

x-axis (3). In the subsequent second evolution period magnetisation refocuses

along the x-axis (5).

The same spin dynamics described with the vector picture above can be described

using a mathematical description. For a single, S jz the propagator for the spin-

echo sequence is takes the form:

U (t)= e−iω τ
2 S jz e−iπS jx e−iω τ

2 S jz

= e−iω τ
2 S jz

(
e−iπS jx e−iω τ

2 S jz eiπS jx
)

e−iπS jx

= e−iω τ
2 S jz eiω τ

2 S jz e−iπS jx

= e−iπS jx (7.1)

Assuming an initial density operator of ρ (0) = S jx the density operator ρ (t) at

the end of the sequence is:

ρ (t)=U (t)ρ (0)U† (t)

= e−iπS jx S jx eiπS jx

= S jx

= ρ (0) . (7.2)

Provided the two spin-echo modulation times τ
2 are identical, and in a rotating

solid equivalent to an integer number of rotor periods, the spin-echo sequence

can be used to refocus all spin Hamiltonian terms that are linearly proportional

to the z-component of the spin angular momentum. This is the case for isotropic

and anisotropic chemical shifts as well as heteronuclear dipolar couplings.

In the presence of two homonuclear spins S j and Sk the average Hamiltonian

for the evolution under the weak coupling approximation is given as:

H
(1) = HZ +HCL

=ω jS jz +ωkSkz +ω jkS jzSkz, (7.3)

where HZ is the Zeeman Hamiltonian and HCL the coupling Hamiltonian, which

can comprise direct and indirect dipolar couplings. For the two spin case the
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propagator takes the form:

U (t)= e−i τ2 HZ
e−i τ2 HCL

e−iπS jx+Skx e−i τ2 HCL
e−i τ2 HZ

. (7.4)

Assuming an initial density operator of ρ (0)= S jx+Skx the density operator ρ (t)
can then be derived:

ρ (t)=U (t)ρ (0)U† (t)

= e−i τ2 HZ
e−i τ2 HCL

e−iπS jx+Skx e−i τ2 HCL
e−i τ2 HZ (

S jx +Skx
)× (7.5)

ei τ2 HZ
ei τ2 HCL

eiπS jx+Skx ei τ2 HCL
ei τ2 HZ

= e−iτHCL (
S jx +Skx

)
= e−iτHCL

ρ (0) . (7.6)

Equations 7.2 and 7.6 demonstrate that the isotropic chemical shift terms are re-

focussed by the spin-echo experiment no matter whether applied to a single spin

or a coupled two spin system. Moreover, it is shown that the spin-echo evolution

for coupled spins is modulated by the coupling Hamiltonian. This modulation

makes it feasible to determine coupling constants in the solid-state from spin-

echo evolution curves.

The spin-echo modulation in the homonuclear case is now discussed in more

detail choosing a weak J-coupling as coupling term and omitting the isotropic

chemical shift evolution since it is refocusses. Under these conditions the cou-

pling Hamiltonian can be written as:

HCL =ω jkS jzSkz

= 2πJ jkS jzSkz

= 2πJ jkT j
10Tk

10. (7.7)

Starting point of the evolution during the spin-echo is the same initial density

operator that was chosen in the more general coupled case above:

ρ(0)= S jx +Skx

=
p

2
2

(
T j

1−1 −T j
11 +Tk

1−1 −Tk
11

)
(7.8)

The the density operator during the spin-echo sequence (Figure 7.1) evolves as
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follows:
p

2
2

(
T j

1−1 −T j
11 +Tk

1−1 −Tk
11

) 2πJ jk
τ
2 T j

10Tk
10−−−−−−−−−−→cos

[
πJ jk

τ

2

]p2
2

(
T j

1−1 −T j
11 +Tk

1−1 −Tk
11

)
+

sin
[
πJ jk

τ

2

]
2i

(
T jk

21 +T jk
2−1

)
(7.9)

π
p

2
2

(
T j

1−1−T j
11

)
+π

p
2

2
(
Tk

1−1−Tk
11

)
−−−−−−−−−−−−−−−−−−−−−−−→cos

[
πJ jk

τ

2

]p2
2

(
T j

1−1 −T j
11 +Tk

1−1 −Tk
11

)
+

sin
[
πJ jk

τ

2

]
2i

(
T jk

21 +T jk
2−1

)
(7.10)

2π τ
2 J jkT j

10Tk
10−−−−−−−−−−→cos

[
πJ jkτ

]p2
2

(
T j

1−1 −T j
11 +Tk

1−1 −Tk
11

)
+

sin
[
πJ jkτ

]
2i

(
T jk

21 +T jk
2−1

)
(7.11)

Starting of with transverse magnetisation Equation 7.9 demonstrates the evolu-

tion of the J-coupling over a period τ
2 (time interval (2)-(3) in Figure 7.1). This

results in a modulation of the rank-1 terms by a cosine funtion, while the rank-2

terms are modulated by a sine function. The adjacent inversion pulse has no

net effect on the terms at time point (3), thus, they are identical at time point

(4) (Equation 7.10). The second evolution period, (4)-(5), adds to the modulation

frequency (Equation 7.11), but has no effect further effect of the terms.

A more detailed treatment of spin-echo modulations in solids can be found in

reference [59] for J-couplings and in references [60; 61] for dipolar-couplings and

J-couplings.
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Chapter 8
Introduction

Dipolar couplings are proportional to the inverse cube of the distance between

the two spins in a spin-pair, thereby containing valuable information for struc-

ture calculations of molecules such as proteins, polymers and glasses. This dis-

tance dependence makes solid-state NMR a powerful tool for molecular structure

determination especially if other techniques are not feasible. However, most ap-

plications of solid-state NMR rely on the use of MAS, which averages anisotropic

interactions, such as the dipolar coupling, to zero. For the last 20 years dipolar

recoupling techniques have been established as valuable tool to extract inter-

nuclear distance information in magic-angle spinning solid-state NMR. In iso-

lated spin-pairs, which possess simple spin dynamics, a wide variety of recou-

pling methods are available to accurately determine dipolar couplings and, sub-

sequently, precise distances. For the more complex case of a multiple-spin system

data interpretation is difficult; spin dynamics are dominated by short-range cou-

plings with little influence from structurally interesting long-range couplings.

The multiple-spin case is discussed in more detail in the following Section.

8.1. SPIN DYNAMICS IN MULTIPLE-SPIN SYSTEMS

Considering, many connected homonuclear spin-systems with coupled spins-1/2

in a high magnetic field the nuclear spin Hamiltonian is given by:

H =∑
j

H j +
∑
j<k

H jk (8.1)
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and depends on the individual spin-field interactions, H j, and the spin-spin inter-

actions, H jk. In most cases the coupling Hamiltonians for connected spin-pairs

do not commute: [
H jk,Hkl

] 6= 0. (8.2)

It is this non-commutativity that makes it very difficult to disentangle the effect

of an individual spin-spin coupling from the others, especially, if the coupling of

interest is smaller than the other couplings. In solid-state NMR this is observed

as dipolar truncation [22], where small dipolar couplings are averaged by larger

ones.

A similar situation termed strong coupling is known from liquid-state NMR, the

strong coupling spin Hamiltonian is given by:

H0
strong =

∑
j
ω0

j S jz +
∑
j<k

2πJ jkS j ·Sk (8.3)

and the term 2S j ·Sk does not commute. The spin Hamiltonian in an isotropic

liquid, however, can be simplified, if the chemical shift part of the Hamiltonian

is larger than the J-coupling part of the Hamiltonian:

|ω0
j −ω0

k|À |πJ jk|. (8.4)

The system is then described as weakly coupled and its Hamiltonian is given by:

H0
weak =

∑
j
ω0

j S jz +
∑
j<k

2πJ jk S jzSkz (8.5)

where the truncated spin-spin coupling terms H0
jk commute with each other:

[
S jz,Skz

]= 0 (8.6)

and with the spin field terms H j. Under the weak-coupling approximation not

only spin-pairs but also a multiple-spin systems commute, e.g. a three spin sys-

tem: [
S jzSkz,SkzSlz

]= 0 (8.7)

This favourable character is the basis of most solution NMR methodology [32;

62].

The weak-coupling approximation is also valid in some cases of broad-line solid-

state NMR. In static solids isotropic and anisotropic chemical shifts create a
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frequency dispersion which can give rise to weak coupling for the spin-spin in-

teractions. For spin-1/2 rapid sample rotation about an axis away from the

magic-angle generates scaled dipolar couplings which are often truncated by the

isotropic and anisotropic chemical shifts [63; 64].

The ability to truncate the non-commuting dipolar interactions by frequency dis-

persion is a common starting point for the emerging dipolar recoupling technol-

ogy in multiple-spin systems. The average Hamiltonian under these sequences

can be written as:

H =∑
j

H
0
j +

∑
j<k

(
H

0
jk +H

±
jk

)
(8.8)

where H
0
j is the frequency dispersion interactions of spins S j and the diagonal

and off-diagonal parts of the recoupled dipolar interaction in the Zeeman basis

are given by H
0
jk and H

±
jk, respectively. In the experiments introduced in my

thesis dipolar couplings are recoupled by off-magic angle spinning, which allows

frequency dispersion by isotropic and anisotropic chemical shifts. In this case

the average Hamiltonian terms may be written:

H
0
j =ω0

j S jz (8.9)

H
0
jk =ω0

jk 2S jzSkz (8.10)

H
±
jk =ω±

jk
1
2

(
S+

j S−
k +S−

j S+
k

)
(8.11)

with

ω0
jk =ωDD

jk +πJ jk (8.12)

ω±
jk =ωDD

jk +2πJ jk (8.13)

where ωDD
jk is the recoupled dipolar interaction between spins S j and Sk. If all

spin-pairs satisfy the weak-coupling condition,

|ω0
j −ω0

k|À |ω±
jk|, (8.14)

the coupling terms H
±
jk may be truncated. Several attempts to overcome the

dipolar truncation problem by truncating the coupling terms H
±
jk have been

made and are discussed in the following Section.
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8.2. HOMONUCLEAR DIPOLAR RECOUPLING IN

MULTIPLE-SPIN SYSTEMS

Early research on dipolar recoupling methodology was targeted at isolated spin-

pairs and focussed on improving resolution and robustness. In the last decade

aim shifted towards enabling a broader range of applications, especially targeted

at multiply labelled compounds [21; 24; 65], which suffer from complicated spin

dynamics. These spin dynamics lead to dipolar truncation — the attenuation of

the interactions between distant spins by the presence of stronger couplings to

close spins.

Bayro et al. analysed the dipolar truncation effect by employing standard zero-

and double quantum recoupling sequences to uniformly and alternating labelled

tri-peptides. Thereby, it was demonstrated that precise distances above 3 Å are

not accessible in a multiple-spin system [22]. Moreover, alternating labelling

schemes reduce the effect of dipolar truncation, but cannot solve the problem.

Although initially developed for isolated spin-pairs various types of frequency

selective techniques, including rotational resonance (RR) [44; 50; 51; 52], can be

used to access homonuclear dipolar couplings in multiple-spin systems. Appli-

cation of RR to a multiple-spin system show distance estimations in uniformly
13C-labelled threonine with an accuracy better than 10% (deviation from the X-

ray distance) and theoretical studies indicate that distance estimations up to

4.5 Å are possible [51]. However, RR requires relatively large isotropic chemical

shift difference between investigated spins which limits spinning frequencies to

a certain — field dependent — range. The spin dynamics in the RR experiment

depend on zero-quantum parameters, this dependence is greatly reduced in the

rotational resonance tickling (R2T) experiment which ramps the rf-field through

the RR condition [66].

Chemical shift assisted dipolar recoupling sequences targeted at multiple-spin

systems emerged over the last decade and produce secularised zero- or double-

quantum dipolar Hamiltonians. The truncated dipolar recoupling (TDR) method

[26], the triple oscillating field technique (TOFU) [29], the zero-quantum shift

evolution assisted selective homonuclear recoupling (ZQ-SEASHORE) [31] and

the dipolar-coupling-mediated total correlation spectroscopy (DTOCSY) [67] pro-

duce a zero-quantum dipolar Hamiltonian, whereas each the original shift-evo-

lution assisted selective homonuclear recoupling (SEASHORE) [25] and the sto-
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chastic dipolar recoupling (SDR) [27; 28] technique generate a double-quantum

dipolar Hamiltonian. TDR is a frequency-selective technique, which utilises

the symmetry based C1
3 recoupling technique [49] to reintroduce zero-quantum

homonuclear dipolar coupling terms along with the isotropic and anisotropic

chemical shift terms [26]. Unfortunately, it also recouples undesired heteronu-

clear spin interactions therefore requiring high heteronuclear decoupling fields,

which were avoided by the authors using deuterated samples. Based on the

TDR method DTOCSY [67] was introduced recently removing adverse effects

due to insufficient heteronuclear decoupling. The TOFU [29] technique and its

advancement the four oscillating field technique (FOLD) [30] use three or four

oscillating fields, respectively, to recouple the the zero-quantum homonuclear

dipolar interactions while retaining the isotropic chemical shifts. FOLD recou-

ples with a 2.5 times higher scaling factor than TOFU. Both techniques consist of

a main and a reference experiment, thus a relaxation independent experimental

ratio is compared to a Fresnel grid. Distance estimations have been attempted

up to 2.9Å for TOFU and between 4–5 Å with FOLD, an accuracy of ±0.2 Å

is claimed. The frequency-selective ZQ-SEASHORE methodology consists of al-

ternating blocks of homonuclear dipolar zero-quantum recoupling by fpRFDR

[46; 68] and chemical shift evolution. SEASHORE is a double-quantum comple-

ment to ZQ-SEASHORE and dipolar recoupling is achieved utilising POST-C7

[48], distances up to 3.0 Å were estimated. POST-C7 [48] is also used in the SDR

scheme [27; 28] to accomplish homonuclear dipolar double-quantum recoupling.

The broad-band recoupling sequence SDR was demonstrated on up to five spins,

but no dipolar couplings were estimated.

In recent years another class of recoupling methods has emerged which accom-

plishes homo- or heteronuclear recoupling with the assistance of protons. This

type of sequence is referred to as second order recoupling method because the av-

erage Hamiltonian (first order effective Hamiltonian) vanishes in an appropriate

interaction frame and recoupling occurs via the higher order terms. The most fa-

miliar experiment in this recoupling class is proton-driven spin diffusion (PDSD)

[23]. In a PDSD experiment the polarisation transfer is mediated by the second

order effective Hamiltonian that is a cross term between two dipolar couplings.

This transfer mechanism is different to the ones discussed so far and allows the

observation of small dipolar couplings in the presence of strong couplings without

sever dipolar truncation effects [69]. However, the precision of proton assisted

recoupling method is generally not very high [21] and thus, precise methods for

distance estimations in multiple-spin systems are still needed.
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Despite recent advances in the application of dipolar recoupling sequences there

is still a need for a methodology that achieves precise determination of dipo-

lar couplings over a wide range of experimental conditions. A new frequency-

selective technique is introduced in my thesis which utilises off-magic-angle spin-

ning to achieve dipolar recoupling. This is combined with a spin-echo pulse

scheme and spherical tensor analysis (STA). To restore the spectral resolution

lost by off-magic-angle spinning the technique is then extend to a switched angle

spinning alternative. In the following off-magic-angle spinning, switched angle

spinning and STA are reviewed.

8.3. OFF-MAGIC-ANGLE SPINNING NMR

Over the last decade residual dipolar couplings or RDCs have evolved into one of

the most important sources for structural and dynamical information of biomole-

cules in solution [70; 71]. The averaging of the dipolar couplings due to isotropic

tumbling is prevented by dissolving the sample in oriented media, such as liq-

uid crystals. This introduces macroscopic orientation into the sample, where

the degree of solute alignment with B0 — the level of orientation dependence

— is tunable [70]. Thus, it is possible to determine residual dipolar couplings

while preserving high spectral resolution and sensitivity. RDCs are manifested

by small splittings in the spectral peak; under isotropic conditions the peak is

split only by the J-coupling, while in the anisotropic case the small dipolar cou-

pling component contributes to the splitting. This allows the precise determina-

tion of residual dipolar couplings. However, the value of the RDCs depends on

the position of the nuclei involved in the structure of the solute as well as on

the degree and direction of alignment. The parameters describing this orienta-

tion dependence need to be determined [72] before the RDCs can be used to gain

structural information.

In solid-state NMR magic-angle spinning emulates the isotopic tumbling of the

liquid-state preserving only isotropic chemical shifts and J-couplings. The solid-

state analogue of the liquid-state RDC effect can be introduced by off-magic angle

spinning in the solid-state. The degree of orientation dependence or the scaling

factor of the anisotropic interactions under sample spinning at various angles

βRL with respect to B0 is illustrated in Figure 8.1.

Under magic-angle spinning it is possible to estimate small J-couplings in solids
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Figure 8.1: Anisotropic scaling factors under sample spinning as a function of
the angle βRL with respect to B0. The magic-angle at 54.74◦and the maximum
angle variation (34.74–74.74◦) that can be achieved on a DOTY-3mm-switched
angle spinning probe are indicated.

by determining the modulation frequency for a spin-echo even in cases where the

J-coupling cannot be observed directly [73]. If the spin-echo is acquired under off-

magic angle conditions then it is additionally modulated by residual dipolar cou-

plings — an effect analogous to the one described in oriented media [60]. Pileio

et al. demonstrated on an isolated spin-pair that significant changes in the mod-

ulation frequency of the spin-echo can be observed even if the the deviation from

the magic-angle is only a fraction of a degree, which allows estimations of dipo-

lar couplings without significantly degrading the spectral resolution and without

introducing strongly coupled spin dynamics. This makes the recoupling of dipo-

lar couplings by off-magic angle spinning using a rotor synchronised spin-echo

a simple alternative to the often complicated rf-pulse based recoupling schemes

[60].

Replacing the strong π-pulse by a dual-band frequency-selective pulse the spin-

echo experiment allows dipolar coupling estimations in multiply-labelled spin

systems. Single bond distances could be accurately determined by fitting the

experimental results to the analytical expression. However, if the spin-echo evo-

lution is not modulated by a J-coupling, as it is the case for structurally interest-

ing long-range couplings, and the dipolar coupling is small then an exponential

decay is observed at small magic-angle offsets. This exponential decay results

from the very low frequency of the recoupled coupling such that the modulation

occurs well outside the observable spin-evolution time. It makes reliable fitting

of the experimental results difficult, since both, the dipolar coupling and the spin

relaxation, are described by an exponential decay which are hard to disentangle

during the fitting. Thus, it is difficult to obtain the desired dipolar couplings for
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small couplings and the magic-angle offset needs to be increased (∼10◦). Such an

increase in the spinning angle significantly deteriorates the spectral resolution

and sensitivity, a problem that can be overcome using switched-angle spinning

[63; 64; 74].

8.4. SWITCHED-ANGLE SPINNING NMR

Switching the rotation angle during a solid-state NMR experiment is a concept

that is used in solid-state NMR for more than two decades. Different imple-

mentations are distinguished such as variable-angle spinning (VAS) [75; 76] and

switched-angle spinning (SAS) [63; 64; 74]. Under variable-angle spinning sev-

eral independent experiments at various βRL are recorded and combined to yield

correlations of isotropic and anisotropic chemical shifts [75] or to extrapolate het-

eronuclear dipolar couplings [76]. Of more importance for the following work is

switched-angle spinning NMR, in which magnetisation is excited off-magic an-

gle while the signal is observed on the magic angle. The three main applications

for switched-angle spinning NMR are: (i) determination of long-range dipolar

couplings [63; 64]; (ii) isotropic-anisotropic correlation spectra [64; 74; 77]; (iii)

application to strongly oriented liquid crystalline samples [77; 78].

8.5. SPHERICAL TENSOR ANALYSIS

The spin density operator is a superposition of spherical signal components. All

spherical signal components evolve separately during an NMR experiment and

give rise to the observed NMR signal. Thus, the NMR signal is a superposition

of spherical signal components, which originate from different spherical tensor

operators. Van Beek et al. introduced a methodology which allows the decom-

position of the NMR signal into individual spherical components, a procedure

referred to as spherical tensor analysis (STA) [79].

In a generic pulse sequence, S0, (Figure 8.2) an excitation sequence, U0, is ap-

plied to the initial density operator, ρ0, and generates a complex spin state.

During the adjacent reconversion sequence, V0, this complex spin state is re-

converted into observable single quantum coherence, and consequently detected.

The excitation and reconversion blocks in Figure 8.2 can be replaced by any com-

bination of rf-pulses and free evolution periods.
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Figure 8.2: Schematic representation of the STA experiment. a) During the exci-
tation sequence U0 a set of spin operators is generated and then reconverted into
observable single quantum coherence during V0. Subsequently, the NMR signal
is acquired. b) An idealised rotation R

[
α,β,γ

]
is inserted between the excitation

and reconversion block. c) Practical implementation of the STA procedure [79].

The complex NMR signal, s(S0, t), detected at the end of S0 is given by:

s (S0, t)= (S+|Ŵdet(t)V̂0Û0|ρ0). (8.15)

A mathematical representation of the pulse sequence is given by the excitation

superoperator, Û0, the reconversion superoperator, V̂0, and the superoperator

during detection, Ŵdet. The Liouville-space bracket is defined:

(A|B)= Tr{A†B}. (8.16)

Considering the definition of irreducible spherical tensors in Equation 4.17 the

NMR signal derived by S0 can be expressed as:

s (S0, t)=
∑
Λ

∑
λµ

(
S+|Ŵdet(t)V̂0|TΛλµ

)(
TΛλµ|Û0|ρ0

)
. (8.17)
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Rewriting the NMR signal s (S0, t) as sum of spherical signal components yields:

s (S0, t)=
∑
λµ

s0
λµ(t), (8.18)

where the spherical component s0
λµ

(t) is written:

s0
λµ(t)=∑

Λ

(
S+|Ŵdet(t)V̂0|TΛλµ

)(
TΛλµ|Û0|ρ0

)
. (8.19)

and corresponds to the part of the NMR signal with given spherical tensor op-

erators at the end of the excitation block. In a STA experiment the spherical

signal components, s0
λµ

(t), are aimed to be decomposed completely based on their

spherical rank λ and their spherical component µ.

If a rotation R [Ω] with Euler angles Ω = {α,β,γ} is inserted into the pulse se-

quence, S0, following the excitation block, U0, then the NMR signal of the modi-

fied sequence SΩ is given as:

s (SΩ, t)= (S+|Ŵdet(t)V̂0 R̂z [α] R̂y
[
β
]
R̂z

[
γ
]
Û0|ρ0) (8.20)

and van Beek et al. have shown that this is equivalent to the implementation

depicted in Figure 8.2.c. The NMR signal of a sequence with an inserted rotation

can subsequently be written as:

s(SΩ,t)=
∑
λµ′µ

Dλ
µ′µ [Ω] σλµ′µ(t) (8.21)

with the generalised spherical signal component defined as:

σλµ′µ(t)=∑
Λ

(
S+|Ŵdet(t)V̂0|TΛλµ

)(
TΛλµ|Û0|ρ0

)
. (8.22)

The effect of the inserted rotation is a modulation of the generalised spherical

signal component according to the corresponding Wigner matrix element.

Implementation of a STA-experiment requires the acquisition of N different

pulse sequences SΩi with a given set of Euler anglesΩi = {αi,βi,γi} from a collec-

tion Ω. A different NMR signal s(SΩi , t) is observed for each SΩi and all signals

s(SΩi , t) are stored separately. Afterwards the N independent experiments are
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combined according to:

σST A
λµ′µ (t)=

N−1∑
i=0

(2λ+1)ωi Dλ∗
µ′µ [Ωi] s(SΩi , t) (8.23)

where ωi refers to an intrinsic scaling given by the chosen sampling set, and is

uniform for a regular angle set [80; 81]. The weighting factors, ωi
λ,µ′,µ, applied

during processing are thus given by:

ωi
λµ′µ = (2λ+1)ωi Dλ∗

µ′µ [Ωi] (8.24)

A collection of Euler angles with N sets Ωi = {αi,βi,γi} is chosen such as

∑
i

wiDλ
µ0 [Ωi]= 0 for 1ÉλÉλmax (8.25)

= 1 for λ= 0 (8.26)

where it is assumed that the third Euler angle is fixed at γi = 0. Such angle sets

are called two-angle sets and can be derived from the geometrical properties of

the regular polyhedra. These two angle sets allow to resolve the NMR signal into

spherical signal components up to including λmax = 5. This means that spherical

signal components up to rank-5 can be resolved without contributions from other

ranks and that the components µ take the values −λ ≤ µ ≤ λ. Higher ranks

can be resolved employing three-angle sets and satisfy a generalised version of

Equation 8.25.

8.6. EFFECTIVE DIPOLAR COUPLINGS

In an undiluted multiple-spin system a spin S j is connected by intra- and in-

termolecular dipolar couplings of different magnitudes to the surrounding spins.

Such a dipolar coupling network makes it difficult to access a single dominant

dipolar coupling and it has been shown [82] that the experimental accessible

effective dipolar coupling is given by the root-sum-square coupling

brss, j =
√∑

k 6= j
b2

jk. (8.27)

Root-sum-square dipolar couplings were first utilised by Filip et al. to anal-
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yse experimental results on adamantane, however, the principle was not estab-

lished [83]. At the same time as Zorin et al. [82] established the root-sum-

square coupling Schmedt auf der Günne employed effective couplings to anal-

yse homonuclear 13C double-quantum dephasing experiments [84]. Recently,

root-sum-square couplings were used in the analysis of 1H-1H magnetisation ex-

change [85] and heteronuclear 15N-17O dipolar couplings, where the estimated

couplings were within ±20% of the calculated root-sum-square couplings [86].



Chapter 9
Pulse Sequences

The new pulse sequence presented in this thesis combines off-magic angle spin-

ning, spherical tensor analysis, spin-echo experiments and selective pulses to a

rf-irradiation scheme called STARS deduced from Spherical Tensor analysis, Ad-

justment of the Rotation angle, and Site selectivity (Figure 9.1). In the STARS

1H

13C CP
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τ/2
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τ/2

CP

y
x

x+φ1
φ2

φ3φ4 φ5 φrec

MA
o�-MA

μ 0
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λ 2
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Figure 9.1: STARS pulse sequence for determining selected internuclear 13C-13C
dipolar couplings under off-magic angle spinning. The coherence order pathway
(µ) and tensor pathways (λ) for rank-1 (blue) and rank-2 (red) are sketched below
the pulse sequence.

77
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experiment a standard cross-polarisation transfers magnetisation from the pro-

ton to the carbon spins and is followed by two selective spin-echo sequences

bracketing two strong π/2-pulses. Each selective spin-echo block of a rotor syn-

chronised duration τ/2 consists of a soft π-pulse bracketed by two variable evolu-

tion intervals. The soft pulse is implemented as an unmodulated Gaussian shape

described by:

ωnut(t)=ωnut(t0)exp
[−α (t− t0)2] (9.1)

if a single site is inverted, while the inversion of two different sites requires

a dual-band selective pulse. Such a pulse is implemented as cosine-modulated

Gaussian shape:

ωnut(t)=ωnut(t0)cos[ωm (t− t0)]exp
[−α (t− t0)2] . (9.2)

The time t0 is defined as the middle of the selective pulse where the amplitude

is at its maximum and α is the Gaussian decay parameter. Strong heteronuclear

coupling is employed during evolution and selective pulses.

The STA procedure is implemented by performing the pulse sequence illustrated

in Figure 9.1 with the phases given for a collection of N = 12 Euler angle sets

(Table 9.1) or for a collection of N = 3 Euler angle sets (Table 9.2). The Euler

angle set with N = 12 allows to determine pure spherical signal components up to

including λmax = 5, whereas the N = 3 Euler angle set has a maximum resolution

of λmax = 3.

The collection of N = 12 Euler angle sets is derived from the vertices of an icosa-

hedron [79] and phases are calculated as shown in Figure 8.2. Data for all twelve

phase sets are stored separately and combined afterwards using Equation 8.23

with the Euler angles and weights from Table 9.1, this results in experimental

rank-1 and rank-2 spherical signal components. Additional to the twelve STA ex-

periments a 16-step phase cycle is applied on top of both π-pulses; it selects the

coherence order pathway shown in Figure 9.1 and suppresses spurious signal

components generated by non-ideal pulse performance.

A smaller collection of only N = 3 Euler angle sets with similar selection proper-

ties as for twelve angle sets was derived by Tayler et al. [80] and is given, along

with the corresponding phases, in Table 9.2. On top of the STA-phases an eight
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Table 9.1: Explicit Euler angle sets Ωi = {αi,βi,γi} (in degree) and rf-phases
{φ1,i,φ2,i,φ3,i,φ4,i,φ5,i} for the selection of spherical tensors of rank-1 and rank-
2. The angle sets are derived from the vertices of an icosahedron [79] and phase
are derived as shown in Figure 9.1.

j αi βi γi ωi φ1,i φ2,i φ3,i φ4,i φ5,i

0 0.0 0.0 0.0
1

12
0.0 0.0 0.0 180.0 0.0

1 0.0 63.4 144.0
1

12
297.4 297.4 63.4 180.0 0.0

2 0.0 63.4 -72.0
1

12
351.4 351.4 63.4 180.0 0.0

3 0.0 63.4 0.0
1

12
63.4 63.4 63.4 180.0 0.0

4 0.0 63.4 72.0
1

12
135.4 135.4 63.4 180.0 0.0

5 0.0 63.4 144.0
1

12
207.4 207.4 63.4 180.0 0.0

6 0.0 116.7 -108.0
1

12
8.7 8.7 116.7 180.0 0.0

7 0.0 116.7 -36.0
1

12
80.7 80.7 116.7 180.0 0.0

8 0.0 116.7 36.0
1

12
152.7 152.7 116.7 180.0 0.0

9 0.0 116.7 108.0
1

12
224.7 224.7 116.7 180.0 0.0

10 0.0 116.7 180.0
1

12
296.7 296.7 116.7 180.0 0.0

11 0.0 180.0 0.0
1

12
180.0 180.0 180.0 180.0 0.0
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step cogwheel phase-cycle with φcw = {0,45,90,135,180,225,270,315} in degrees

is applied to both π-pulses selecting the coherence order pathways depicted in

Figures 9.1 and 9.3.

Table 9.2: Explicit Euler angle sets Ωi = {αi,βi,γi} and rf-phases {φ1,i,φ2,i,φ3,i,-
φ4,i,φ5,i} for the selection of spherical tensors of rank-1 and rank-2. The angles
were derived by Tayler et al. [80]. The phases correspond to those shown in
Figure 9.1 and 9.3. All angles are given in degrees.

j αi βi γi ωi φ1,i φ2,i φ3,i φ4,i φ5,i

0 0.0 39.2 0.0
5

18
39.2 39.2 39.2 180.0 0.0

1 0.0 90.0 0.0
8

18
90.0 90.0 90.0 180.0 0.0

2 0.0 140.8 0.0
5

18
140.8 140.8 140.8 180.0 0.0

The STARS-sequence has a remarkable resemblance with the homonuclear re-

focussed INADEQUATE experiment [87; 88]. The pulse-sequence and the coher-

ence order pathway excited during the refocussed INADEQUATE experiment

are depicted in Figure 9.2. The refocussed INADEQUATE experiment starts of

by exciting transverse magnetisation employing cross-polarisation. During the

adjacent spin-echo sequence S-spins evolve for a duration 2τ under the isotropic

homonuclear J-coupling. This is different from the STARS experiment where

evolution takes places not only under the J-coupling but also under the dipolar

couplings. This is due to the implementation of the STARS sequence off-magic

angle which recouples the dipolar couplings that are averaged to zero under

magic-angle spinning. In the presented implementation of the STARS sequence

the inversion pulse is selective rather than broadband and thus only certain se-

lected couplings evolve. This is different in the refocussed INADEQUATE exper-

iment in which all couplings evolve. The first spin-echo sequence is followed by

a π/2-pulse which creates double-quantum coherence that is converted back into

single quantum coherence by a second π/2-pulse. Consequently, magnetisation in

the refocussed INADEQUATE goes through irreducible spherical tensors T jk
2±2.

Contrary, in the STARS experiment magnetisation passes through irreducible

spherical tensors T jk
11 and T jk

21 depending on the chosen pathway. During the sec-

ond spin-echo the anti-phase component is reconverted into an in-phase signal

for detection.
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Figure 9.2: The refocussed INADEQUATE pulse sequence for determining
homonuclear through-bond couplings is shown. The coherence order pathway
(µ) is given below the sequence.

The main differences between the STARS experiment and the refocussed INAD-

EQUATE experiment are the underlying mechanisms for magnetisation transfer

and the irreducible spherical tensors through which the signal passes. STARS

transfers magnetisation via residual dipolar couplings introduced by off-magic

angle spinning, since dipolar couplings are absent during the refocussed IN-

ADEQUATE experiment magnetisation transfer relies on the J-coupling. The

STARS experiment allows the determination of through space distances in the

structurally interesting range of > 4Å whereas those long range distances can

not be determined by the trough-bond measurements in the refocussed INAD-

EQUATE experiment. However, through-bond couplings have the advantage of

being orientation independent.

The STARS-experiment discussed above loses resolution and sensitivity due to

acquisition off the magic angle. This is overcome employing a switched-angle

spinning version of STARS technique referred to as SA-STARS (Figure 9.3). In

the SA-STARS experiment a standard proton-carbon cross-polarisation is fol-

lowed by two selective spin-echo sequences bracketing two strong π/2-pulses.

Each selective spin-echo block has a rotor synchronised duration of τ/2 and con-

sists of a soft π-pulse bracketed by two variable evolution intervals. The choice of

the soft pulse is identical to the STARS experiment. Adjacent the last spin-echo
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interval magnetisation is stored along B0 by a strong π/2-pulse, followed by a z-

filter during which the rotor angle is mechanically switched to the magic-angle.

As soon as the angle is settled a strong readout π/2-pulse is applied and the sig-

nal is acquired, stored and processed. Strong heteronuclear coupling is employed

during evolution, selective pulses and the z-filter.

1H

13C CP

DEC

τ/2

DEC

τ/2 τz

CP DECDEC

y
x

x+φ1
φ2

φ3φ4 φ5

φ6

φrec

φ7

MA
o�-MA

μ 0
-1

1

λ 2
1

Figure 9.3: SA-STARS pulse sequence for determining selected internuclear 13C-
13C dipolar couplings. The dipolar couplings evolve off-magic angle, while the
NMR signal is acquired on the magic angle. The rotor-angle at each point in
the pulse sequence is shown below. The coherence order pathway (µ) and tensor
pathways (λ) for rank-1 (blue) and rank-2 (red) are given.

The combination of pulse sequences and Euler angle sets results in a rather

cumbersome description and, thus, they will be referred to as STARS-N and SA-

STARS-N where in refers to the collection of Euler angle sets. Experiments were

conducted using STARS-12, STARS-3 and SA-STARS-3.

To assure that the Gaussian pulses are selective they are calibrated off-magic

angle and optimised to yield an inversion efficiency of 70-80%. The spinning

angle is chosen such that the recoupled peaks never overlap and it is possible to

selectively invert only the desired spins.



Chapter 10
Analytical Expressions

Analytical expressions for the magnetisation build-up of the rank-1 and rank-2

components in the STARS (Figure 9.1) and SA-STARS (Figure 9.3) experiment

are derived in this chapter, considering two different forms of the free evolution

Hamiltonian. First the full form of the Hamiltonian, H f
jk, including the T20-form

of the dipolar Hamiltonian, and second the truncated or zz-form of the Hamilto-

nian, H t
jk. The full Hamiltonian is valid if the CSA tensors of the two sites are

identical or co-linear, while in all other cases magnetisation evolves under the

truncated Hamiltonian.

10.1. FULL EVOLUTION HAMILTONIAN

The full evolution Hamiltonian, H f
jk, for two spins S j and Sk is written as:

H f
jk =ω jS jz +ωkSkz +2πJ jk S jSk +

p
6T jk

20

=ω jS jz +ωkSkz +ω jk 2S jzSkz −ω±
jk

1
2

(
S+

j S−
k +S−

j S+
k

)
(10.1)

with the two coupling terms ω jk and ω±
jk:

ω jk =πJ jk +d (10.2)

ω±
jk = 2πJ jk −d. (10.3)

Here, d is the secular component of the through space dipolar coupling and J
is the J-coupling in Hz. Sample spinning introduces a time dependence into the

83
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chemical shift frequencies ω j and ωk as well as into the secular dipolar coupling

d. Those time dependent terms are expressed as a Fourier series:

ωQ =
2∑

m−2
ω(m)

Q exp{imωr t} (10.4)

where Q refers to any of the indices jk, jk±, j and k, and ωr is the spinning fre-

quency. The zero-order Fourier components under exact magic-angle spinning

are given by:
ω(0)

j =ωiso
j

ω(0)
k =ωiso

k
ω(0)

jk =πJ

ω±(0)
jk =πJ


exact MAS

However, under off-magic angle spinning the zero-order Fourier components are

different due to the incomplete averaging of the anisotropic interactions. The

off-magic-angle zero-order Fourier components ω jk and ω±
jk are given by:

ω(0)
jk =πJ+b jk d2

00
[
βPR

]
d2

00
[
βRL

]
(10.5)

ω±(0)
jk =πJ− 1

2
b jk d2

00
[
βPR

]
d2

00
[
βRL

]
(10.6)

with the dipolar coupling constant b jk (Equation 4.44). The term d2
00

[
βQ

]
is an

element of the second-rank reduced Wigner matrix and βQ refers to βPR and

βRL. βPR is the angle between the internuclear vector and and the rotor axis

and βPR is the angle between the rotor axis and the static magnetic field. In a

powder sample the angle βPR is random.

The evolution of the full Hamiltonian H f
jk (Equation 10.1) under the STARS se-

quence is obtained by calculating the corresponding Liouville space bracket:

σ11−1 =
(
I−

∣∣∣Û (τ
2

)∣∣∣T jk
11

)(
T jk

1−1

∣∣∣Û (τ
2

)∣∣∣ρ0

)
(10.7)

which yields the following analytical expression for the rank-1 (T1±1 in Equation

7.11) powder average:

σ
f
11−1 =

1
2

∫ π

0
cos

[
3
4

b jk d2
00

[
βPR

]
d2

00
[
βRL

]
(τ−2 ·τsh)

]2
sin

[
βPR

]
dβPR

= 1
2
+ 1

2x f

(
cos

[
θ f

]
Fc

[
x f

]+Fs
[
x f

]
sin

[
θ f

])
. (10.8)
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The Liouville space bracket has an initial density operator of ρ0 = T j
11 +Tk

11 and

the commutation superoperator is Û = e−i τ2 Ĥ . Ĥ is the commutation superopera-

tor with the evolution Hamiltonian.

Under the same conditions as for rank-1 the Liouville space bracket for rank-2

(T2±1 in Equation 7.11) can be calculated:

σ21−1 =
(
I−

∣∣∣Û (τ
2

)∣∣∣T jk
21

)(
T jk

2−1

∣∣∣Û (τ
2

)∣∣∣ρ0

)
(10.9)

resulting in the analytical expression for the rank-2 powder average:

σ
f
21−1 =

1
2

∫ π

0
−sin

[
3
4

b jk d2
00

[
βPR

]
d2

00
[
βRL

]
(τ−2 ·τsh)

]2
sin

[
βPR

]
dβPR

=−1
2
+ 1

2 x f

(
cos

[
θ f

]
Fc

[
x f

]+Fs
[
x f

]
sin

[
θ f

])
. (10.10)

The terms x f and θ f are given by:

x f =
3p
2π

√
b jk d2

00
[
βRL

]
(τ−2 ·τsh) (10.11)

and

θ f =
3
4

b jk d2
00

[
βRL

]
(τ−2 ·τsh). (10.12)

The parameter τsh is a correction factor which takes the spin-evolution during

the Gaussian pulse into account and can be calculated from the shape of the

pulse [89].

The Fresnel integrals are defined as follows:

Fc(x)=
∫ x

0
cos

[
πy2

2

]
dy (10.13)

and

Fs(x)=
∫ x

0
sin

[
πy2

2

]
dy. (10.14)

Experimental results will be fitted to the ratio of the rank-2 and rank-1 powder

average (φ f ):

φ f = σ
f
21−1

σ
f
11−1

(10.15)

No evolution of the J-coupling was observed under the full dipolar Hamiltonian,

this effect is caused be the flip-flop terms which cancel the contributions between

from the secular term.
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The analytical powder average for the rank-1 (σ f
11−1) and rank-2 (σ f

21−1) compo-

nent assumes an isolated spin-pair. Thus, if effective couplings are considered

the assumption of a nearly isolated spin-pair does not hold and an approximate

analytical form for rank-1 (σ f se
11−1) and rank-2 (σ f se

21−1) is derived by the series ex-

pansion of Equations 10.8 and 10.10, respectively.

σ
f se
11−1 = 1− 9

80
(
brss, j

)2 (
d2

00
[
βRL

])2
(τ−2 ·τsh)2 (10.16)

σ
f se
21−1 =− 9

80
(
brss, j

)2 (
d2

00
[
βRL

])2
(τ−2 ·τsh)2 (10.17)

The ratio of the rank-2 and rank-1 series expansion is denoted φ f se and takes

the form:

φ f se = σ
f se
21−1

σ
f se
11−1

. (10.18)

A series expansion of the ratio in Equation 10.15 takes the same form as Equa-

tion 10.16.

10.2. TRUNCATED EVOLUTION HAMILTONIAN

The truncated evolution Hamiltonian, H f
jk, for two spins S j and Sk is written as:

H jk =ω jS jz +ωkSkz +ω jkS jzSkz (10.19)

using ω jk as defined in in Equation 10.2.

The evolution of the truncated Hamiltonian H t
jk (Equation 10.19) under the

STARS sequence yields the following analytical expression for the rank-1 powder

average:

σt
11−1 =

1
2

∫ π

0
cos

[
1
2

(
b jk d2

00
[
βPR

]
d2

00
[
βRL

]+πJ
)
(τ−2 ·τsh)

]2
sin

[
βPR

]
dβPR

= 1
2
+ 1

2 xt
(cos[θt]Fc [xt]+Fs [xt]sin[θt]) (10.20)
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while the rank-2 powder average under equivalent conditions yields:

σt
21−1 =

1
2

∫ π

0
−sin

[
1
2

(
b jk d2

00(βPR)d2
00(βRL)+πJ

)
(τ−2 ·τsh)

]2
sin

[
βPR

]
dβPR

=−1
2
+ 1

2 xt
(cos[θt] Fc [xt]+Fs [xt]sin[θt]) . (10.21)

The terms xt and θt are given by:

xt =
√

3
π

b jk d2
00

[
βRL

]
(τ−2 ·τsh) (10.22)

and

θt = 1
2

(
b jk d2

00
[
βRL

]−2 Jπ
)

(τ−2 ·τsh) (10.23)

and the Fresnel functions are defined as in Equations 10.13 and 10.14. Equiva-

lent to the full Hamiltonian description the truncated powder-average-ratio, φt,

of the truncated rank-1 and rank-2 component is defined as:

φt = σt
21−1

σt
11−1

. (10.24)

As for the full Hamiltonian, the analytical powder average for the rank-1 (σt
11−1)

and rank-2 (σt
21−1) component assumes an isolated spin-pair. The series expan-

sion of Equations 10.20 and 10.21 leads to the approximate analytical forms

σtse
11−1 and σtse

21−1:

σtse
11−1,zz = 1− 1

20

((
b2

rss, j

) (
d2

00
[
βRL

])2 +5 J2π2
)
(τ−2 ·τsh)2 (10.25)

and

σtse
21−1,zz =

1
20

((
brss, j

)2 (
d2

00
[
βRL

])2 +5 J2π2
)
(τ−2 ·τsh)2 (10.26)

their ratio:

φtse = σtse
21−1

σtse
11−1

(10.27)

can be used to estimate effective dipolar couplings.
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Chapter 11
Numerical Simulations

Numerical simulations for the STARS experiments (Figures 9.1 and 9.3) were

performed in Mathematica 7.0 using the SpinDynamics routines as provided in

mPackages [90]. For all simulations the unperturbed spin Hamiltonian takes the

form:

H0 = HCS +HDD +HJ (11.1)

where the chemical shift Hamiltonian, HCS, for spins S j and Sk is given by:

H j
CS =ω jS jz (11.2)

and

Hk
CS =ωkSkz. (11.3)

The dipolar coupling Hamiltonian, HDD , is given by:

H jk
DD = b jk

(
−1

2
S+

j S−
k − 1

2
S−

j S+
k +2S jzSkz

)
d2

00
[
βPR

]
d2

00
[
βRL

]
(11.4)

and the J-coupling Hamiltonian, HJ , takes the form:

H jk
J = 2πS jSk. (11.5)

Spin system parameters for the numerical simulations presented are based on a

sample of L-histidine hydrochloride monohydrate, whose structure and labelling

scheme are shown in Figure 11.1 along with five histidine molecules in the crys-

tal lattice of L-histidine hydrochloride monohydrate (HISTCM01, Cambridge

89
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Structural Database). The five Cβ-atoms are highlighted as simulations were

conducted with up to five Cβ-spins to investigate the reliability of the analytical

formula obtained in Chapter 10 in connection with effective dipolar couplings,

brss, j. The dominant dipolar coupling in the Cβ-network is -69.6 Hz, which cor-

β
45

α

NH +
NH

NH3
+

H
CO2

-

2

a b

4.8 Å

4.8 Å

6.8 Å

6.8 Å
Cβ1

Cβ4
Cβ2

Cβ3
Cβ5

Figure 11.1: a) Structure of histidine hydrochloride monohydrate with the la-
belling scheme used throughout this thesis. b) Cβ-network in histidine hy-
drochloride monohydrate based on its crystal structure (HISTCM01,Cambridge
Structural Database). The Cβ atoms are shown in black, all other carbon atoms
in grey, oxygen atoms are red and nitrogen atoms are blue. The distances of
4.8 Å and 6.8 Å correspond to dipolar coupling strength of -69.6 Hz and -23.7 Hz,
respectively. The labelling Cβ2 and Cβ3 as well as Cβ4 and Cβ5 could be inter-
changed with each other but have been introduced in increasing order starting
from Cβ1.

responds to an intermolecular distance of 4.8 Å. As it is visualised in Figure 11.1

there are two Cβ-atoms in equivalent distance to the centre Cβ-atom, hence, two

couplings of the same strength. These two couplings cannot be separated and

it is only possible to measure an effective dipolar coupling (Section 8.6.). The

effective dipolar couplings for all simulated Cβ-spin systems are summarised in

Table 11.1, corresponding effective distances, rrss, j, are calculated to give a feel-

ing of the distances that can be estimated using the STARS sequence, but do not

correspond to a real distance in the crystal structure.

Spin system parameters for simulated Cβ-spin system are summarised in Tables

11.2 and 11.3. Chemical shift parameters are obtained from reference [91], CSA

tensors are based on those determined for glycine-Cα [92] and are used to calcu-

late the Euler angles for the transformation of the CSA tensor from the principle
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Table 11.1: Effective dipolar couplings between two 13Cβ-nuclei as they can be
calculated according to Equation 8.27. They are based on distances extracted
from the histidine hydrochloride monohydrate crystal structure (HISTCM01).

number of spins brss, j /Hz rrss, j /Å

3 -98.4 4.26
4 -101.2 4.22
5 -104 4.18

axis frame to the molecular frame, which has its z-axis along the C41−C51 dou-

ble bond.

Table 11.2: The chemical shift parameters for the Cβ-network include the

isotropic chemical shift, δiso, the anisotropic chemical shift, δaniso, and the Euler

angles, ΩPM = {
αPM ,βPM ,γPM

}
, for the transformation of the CSA tensor from

the principle axis frame to the molecular frame.

spin δiso /ppm δaniso /ppm ΩPM / ◦

Cβ1 26.8 17.0 {152.9, 119.3, 115.7}

Cβ2 26.8 17.0 {-69.3, 93.4, 10.3}

Cβ3 26.8 17.0 {-69.3, 93.4, 10.3}

Cβ4 26.8 17.0 {152.9, 119.4, 115.7}

Cβ5 26.8 17.0 {152.9, 119.4, 115.7}

The dipolar coupling constants in the simulated spin system and the Euler an-

gles to transform the dipolar coupling tensor from the principle axis frame to the

molecular frame are calculated from the crystal structure of histidine hydrochlo-

ride monohydrate (HISTCM01).
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Table 11.3: The dipolar coupling parameters for the 5-spin Cβ-network include

the dipolar coupling constant b jk for each spin-pair and the respective Euler

angles, ΩPM = {
αPM ,βPM ,γPM

}
, for the transformation of the dipolar coupling

tensor from the principle axis frame to the molecular frame.

spin-pair b jk /Hz ΩPM / ◦

Cβ1-Cβ2 -69.6 {-93.8, 137.0, 54.2}

Cβ1-Cβ3 -69.6 {60.1, 84.7, -119.5}

Cβ1-Cβ4 -23.7 {68.1, 109.5, -42.1}

Cβ1-Cβ5 -23.7 {-68.1, 70.5, 137.9}

Cβ2-Cβ3 -10.7 {73.0, 63.8,-122.1}

Cβ2-Cβ4 -17.0 {56.9, 80.8, -67.5}

Cβ2-Cβ5 -10.4 {-129.6, 50.1, 165.9}

Cβ3-Cβ4 -17.0 {9.2, 110.8, -1.5}

Cβ3-Cβ5 -10.4 {-63.4, 78.2, 106.1}

Cβ4-Cβ5 -3.0 {-68.1, 70.5, 137.9}

With the above spin system parameters simulations were carried out at a Larmor

frequency of ω0/2π = 100.541 MHz, a spinning speed of ωr/2π = 13.100 kHz and

a rotor angle of βRL = 51.74◦. Selective inversion was accomplished by a single

Gaussian irradiating at the Cβ-frequency, it had a width of ∆G = 2600 Hz and a

decay parameter α= 1.69 ·106s−2. The STARS-3 sequence was implemented for

simulations utilising the Euler angle sets in Table 9.2. Simulations started with

magnetisation on all spins, but only Cβ1 was observed.

The results of the numerical simulations for a 2-spin, 3-spin, 4-spin and 5-spin

system are shown in Figure 11.2 and compared to the analytical formulae ob-

tained with the truncated Hamiltonian (φt and φtse). Simulations of the isolated

2-spin system indicate a better agreement with the theoretical curve φtse than

with φt, even though this is the case in which φt is valid. This discrepancy

can be quantified by fitting the numerical data points to both truncated ana-
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Figure 11.2: Numerical simulations for Cβ-spin systems of different size are
shown (red dots) along with the analytical ratios for the truncated Hamiltonian.
The solid grey line corresponds to the powder average (Equation 10.24) and the
dashed grey line to the series expansion (Equation 10.27). The analytical ex-
pressions are derived using the dipolar coupling or effective dipolar coupling as
calculated from the X-ray structure for the respective spin system. a) 2-spin sys-
tem (b jk/2π=−69.6 Hz), b) 3-spin system (brss, j/2π=−98.4 Hz), c) 4-spin system
(brss, j/2π=−101.2 Hz) and d) 5-spin system (brss, j/2π=−104 Hz).

lytical expressions. A dipolar coupling of -78.2±0.4 Hz — 8.6 Hz stronger than

the calculated value — is estimated for φt, while φtse yields a dipolar coupling

of -72.3±0.8 Hz which is only 2.7 Hz stronger than the calculated coupling of

-69.6 Hz. In both cases the estimated dipolar coupling is stronger than the calcu-

lated value. Additional simulations indicate that the small anisotropic chemical

shift of 17 ppm for the Cβ-sites causes the discrepancy between numerical simu-

lation and analytical data points. Thus, the stronger coupling that is estimated

arises from a Hamiltonian which is a mix between the full T20 Hamiltonian and

the truncated Hamiltonian. Further work is under way to include this observa-

tion into data analysis.

In cases of the 3-spin, 4-spin and 5-spin system, in which the series expansion,

φtse, of the analytical formula is valid, again a better agreement of the numerical

results with φtse is observed, especially at evolution times smaller than 50 ms.

At evolution times above 50 ms a steep increase in the analytical formula is ob-
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served, which does not match the numerical results. Fits of the numerical data

obtained for multiple-spin systems with φtse yield dipolar couplings which are

5 Hz weaker than those calculated; up to 16 Hz stronger couplings are estimated

for those systems with φt. Summarising the results in terms of structurally

interesting distances one estimates distances that are ∼0.2 Å shorter by fitting

with φt, while distances estimated employing φtse are less than 0.1 Å longer. The

discrepancies observed might result from the different tensor orientations of the

various spins. Fitting the numerical simulations to weighted analytical formu-

lae, 2
3φ

t + 1
3φ

p for a 4-spin system and 1
2φ

t + 1
2φ

p for a 5-spin system, couplings

which are 5–10 Hz weaker than the calculated effective coupling are obtained.

Currently further studies are under way to reliably incorporate the different ten-

sor orientations into the analytical expressions.

The robustness of the effective coupling as experimental accessible parameter

is investigated by 3-spin simulations, in which the angle θ between spin Cβ1,

Cβ2, and Cβ3 is altered (Figure 11.3.a). It is apparent that the dipolar coupling

b
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Figure 11.3: a) Illustration of the varied angle θ in a Cβ-3-spin system. b)
Numerical simulations for Cβ-3-spin systems with different angles θ were con-
ducted. The rmsd between the data points and φt with b jk/2π = −69.6 Hz is
plotted as dotted grey line, the rmsd between data points and φt with b jk/2π =
−98.4 Hz is plotted as solid grey line and the rmsd between data points and
φtse with b jk/2π = −98.4 Hz is plotted as solid red line. The dashed line at
138◦emphasizes the rmsd for the realistic 3-spin system as it is shown in Fig-
ure 11.2.b).

of the 2-spin system (b jk/2π =−69.6 Hz) is not the accessible distance, if Cβ1 is

coupled to two spins with equivalent coupling strength. A comparison between

φt and φtse with the calculated effective dipolar coupling of -98.4 Hz shows that
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both analytical expressions converge to an rmsd of 0.05 if θ is larger than 80◦.
At θ = 80◦ the dipolar coupling between Cβ2 and Cβ3 is -32.75 Hz and thereby

weaker than the the couplings with Cβ1. This is, however, not true for θ < 60◦

where the Cβ2-Cβ3 coupling exceeds the dipolar couplings with Cβ1 and thus the

calculated effective coupling is no longer valid. It cannot be predicted from the

rmsd whether φt or φtse is in better agreement with the calculated dipolar cou-

pling. However, fitting to the numerical results with φt and φtse have previously

demonstrated that φtse allows a more accurate estimation of the effective dipolar

coupling.

All simulations show have been conducted with a realistic Gaussian pulse, keep-

ing the parameters for the Gaussian pulse within experimental realistic limits.

For such a set-up no differences have been observed compared to the implemen-

tation with an ideal selective pulse.
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Chapter 12
Experimental Details

All experiments were performed on a 9.4 T Varian Infinity plus NMR spectrom-

eter using a 3 mm DOTY switched-angle probe in double resonance mode. The

probe is equipped with a servo-controller motor which connects to the stator by

two belts. The motor itself is connected to a controller which is operated by a com-

puter with a graphical interface to set a fixed rotor angle in the range ±20◦with

respect to the magic angle. Furthermore, it is possible to program a list of angles

between which the controller switches if the spectrometer sends a signal (TTL

pulse). This implies that the controller is connected to the spectrometer which

can send signals to the controller. The signal can be directly programmed into a

desired pulse program allowing accurate timing of the angle switch. After each

switch a so called settling-time is needed for the angle to stabilise. For angle off-

sets of up to 5◦a settling time of 2 ms proofed to be sufficient, however, for larger

switches longer times a expected. The manufacture suggests a settling time of

60 ms.

Additional to the mechanical switching of the rotation angle the probe is equipped

with a Hall-effect device, which allows an independent measure of the rotation

angle [93].If the Hall device is mounted parallel to the magnetic field it becomes

sensitive to the rotation angle and if mounted perfectly no voltage is measured

at the magic angle. However, this is never the case and thus it is necessary

to calibrate the device. This is done by recording a spin-echo modulation curve

of U-[13C]-α-glycine at different positions of the belt [60]. The spin-echo curves

can then be fitted to determine the exact spinning-angle. A calibration curve

of spinning-angle vs. Hall voltage can be determined and the Hall voltage at

97
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the magic angle determined. The magic-angle is now set according to the Hall

voltage. This has to be done only once and afterwards the controller remembers

the position of the magic angle. As an additional control over the angle the Hall

voltage is monitored throughout the sequence to detect any instabilities in the

angle.

Currently the 3 mm DOTY switched-angle probe is not interfaced to the spinning

controller due to different manufactures. Therefore, the spinning speed is set

but not controlled during the experiments resulting in the relatively large drift

reported below.

Processing for the STARS and SA-STARS experiments, as explained in Section

8.5., were carried out using home written routines in Mathematica 7.0, which

was also used for data analysis.

12.1. EXPERIMENTS ON AN ISOLATED SPIN-PAIR

A sample of 1-[13C]-α-glycine, whose polymorph was confirmed by X-ray pow-

der diffraction, was purchased from Cambridge Isotope Laboratories, Inc. and

used as a model compound containing an isolated spin-pair. Experiments were

conducted utilising the STARS-12 pulse sequence1 at a rotor angle of 52.74◦,
-2◦off-magic-angle, while spinning at 11.92 ± 0.02 kHz. Proton and carbon π/2-

pulses were implemented with a duration of 2.4 µs and 2.7 µs, respectively.

During a cross-polarisation of 4 ms spin-lock fields of ω1H
r f /2π = 50 kHz and

ω13C
r f /2π = 37 kHz were applied. SPINAL-64 was implemented as a heteronu-

clear recoupling sequence with a nutation frequency of ω1H
dec/2π = 95 kHz and a

pulse duration of 4.8 µs. The single site selective Gaussian pulse is given by a

frequency width of ∆G = 2500 Hz, a decay parameter α= 11.63 ·106s−2, a Gaus-

sian time shift τsh = 0.30 ms and a truncation level of 1%. Using a recycle delay

of 7 s 16 transients were added for each experiment.

1All experiments conducted with the STARS-12 pulse sequence were recorded by Pierre
Thureau.
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12.2. MULTIPLE-SPIN SYSTEM EXPERIMENTS ON HISTIDINE

HYDROCHLORIDE MONOHYDRATE

All experiments described in this Section were performed on a sample of U-[13C-
15N]-L-histidine·HCl·H2O purchased from Cambridge Isotope Laboratories, Inc.

and data were acquired at ambient temperatures.

Experimental details: C2-C5 dipolar coupling estimation

Experiments to estimate the intramolecular C2-C5 dipolar coupling in histidine

hydrochloride monohydrate were conducted using the STARS-12 pulse sequence

(Figure 9.1), thus utilising the isosahedral phase cycle introduced in Table 9.1.

The sample was spun at a rotation angle of 53.94 ± 0.05◦— -0.80 ◦off-magic angle

— employing a spinning speed of 13.93 ± 0.07 kHz. The duration of the proton

and carbon π/2-pulses were 2.2 µs and 2.55 µs, respectively. Magnetisation was

transferred for 0.7 ms during a CP with ω1H
r f /2π= 54 kHz and ω13C

r f /2π= 40 kHz.

Heteronuclear decoupling at ω1H
dec/2π= 90 kHz was implemented with swTPPM.

The C2 and C5 site were selected by a dual-band selective cosine modulated

Gaussian pulse with a Gaussian frequency width ∆G = 650 Hz, a decay parame-

ter α= 0.901 ·106s−2, a Gaussian time shift τsh = 1.09 ms and a truncation level

of 1%. 16 transients were added for each experiment and the recycle delay was

set to 7 s.

Experimental details: CO-C5 dipolar coupling estimation

The intramolecular CO-C5 dipolar coupling was determined with the STARS-12

pulse sequence (Figure 9.1). Sample spinning was set to 14.03 ± 0.03 kHz at a

rotation angle of 53.24 ± 0.05◦, thus a magic-angle offset of -1.5◦. Proton and

carbon π/2-pulses lasted 2.55 µ, while a contact time of 0.7 ms with ω1H
r f /2π =

54 kHz and ω13C
r f /2π = 40 kHz was set for the CP. Heteronuclear decoupling at

ω1H
dec/2π = 92 kHz was implemented using SPINAL-64. Selection of the CO and

C5 site was accomplished using a dual-band selective cosine modulated Gaussian

pulse employing a Gaussian frequency width ∆G = 950 Hz, a decay parameter

α = 1.791 ·106s−2, a Gaussian time shift τsh = 0.77 ms and a truncation level of

1%. The recycle delay was 8 s and 16 transients were added for each experiment.
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Experimental details: Cβ-Cβ dipolar coupling estimation

The STARS-3 sequence (Figure 9.1), thus employing the collection of three Euler

angle sets (Table 9.2) and an 8-step cogwheel-phasecycle (Chapter 9), was used to

estimate the intermolecular Cβ-Cβ dipolar coupling. Here, the sample was spun

at 13.00±0.02 kHz around a rotation angle of 51.74 ± 0.05◦. This is a magic-angle

offset of -3◦. A duration of 2.5 µs was calibrated for the proton π/2-pulse, while

the carbon π/2-pulse duration was 3 µs. Cross-polarisation was implemented

with a contact time of 1.25 ms, and nutation frequencies of ω1H
r f /2π= 48 kHz and

ω13C
r f /2π= 43 kHz. SPINAL-64 at ω1H

dec/2π= 83 kHz and with a pulse duration of

4.2 µs was used for heteronuclear decoupling. A single-band frequency selective

Gaussian pulse with ∆G = 1000 Hz, a decay parameter α = 2.467 ·106s−2 and a

Gaussian time shift of τsh = 0.66 ms was applied to selectively invert the Cβ-site.

The truncation level for the Gaussian was 1%. Using a recycle delay of 8 s each

experiments was acquired with 128 transients.

Experimental details: C2-Cβ dipolar coupling estimation

To estimate the C2-Cβ dipolar coupling in histidine hydrochloride monohydrate

the SA-STARS-3 pulse sequence (Figure 9.3) was applied. Sample spinning was

set to 13.10 ± 0.03 kHz at a rotation angle of 53.54 ± 0.05◦, thus a magic-angle

offset of -1.3◦. A duration of 2.5 µs was calibrated for the 1H π/2-pulse, while

the 1H π/2-pulse duration was 3 µs. 1.25 ms were allowed for cross-polarisation

under spin-lock fields of ω1H
r f /2π= 48 kHz and ω13C

r f /2π= 43 kHz. Heteronuclear

decoupling at ω1H
dec/2π= 83 kHz was implemented using SPINAL-64 with a pulse

duration of 5.2µs. Selection of the C2 and Cβ sites in the sample was achieved

using a dual-band selective cosine modulated Gaussian pulse. It was truncated

by 1% and is described by its excitation width ∆G = 785 Hz and the Gaussian

decay parameter α = 1.528 · 106s−2, this gives a Gaussian time shift of τsh =
0.84 ms. The z-filter delay during which the rotation angle was switched back

to the magic angle was τz = 20ms. The recycle delay was 8 s and 128 transients

were recorded for each experiment.

Experimental details: CO-CO dipolar coupling estimation

Again the SA-STARS-3 pulse sequence (Figure 9.3) was applied, here, to es-

timate the internuclear CO-CO dipolar coupling. Under sample spinning at

14.15 ± 0.03 kHz and at a rotation angle of 48.74 ± 0.05◦— -6◦off-magic an-
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gle — the proton 1H π/2-pulse length is 2.5 µs and the respective carbon π/2-

pulse length is 3 µs. The cross-polarisation nutation frequencies were ω1H
r f /2π=

46 kHz and ω13C
r f /2π = 43 kHz applied for a contact time of 1.25 ms. SPINAL-

64 at ω1H
dec/2π = 83 kHz and with a pulse duration of 4.3 µs was used for het-

eronuclear decoupling. A single-band frequency selective Gaussian pulse with

∆G = 2600 Hz, a decay parameter α= 16.68 ·106s−2 and a Gaussian time shift of

τsh = 0.25 ms was applied to selectively invert the CO-site. The Gaussian was

truncated by 1% and the recycle delay was 8 s. 128 transients were recorded for

each experiment.
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Chapter 13
Experimental Results

13.1. SINGLY-LABELLED SPIN SYSTEM

The STARS-12 sequence is demonstrated on the intermolecular CO-CO coupling

in 1-[13C]-α-glycine (Figure 13.1), in which the strongest CO-CO dipolar coupling

is −254 Hz (3.1 Å). The CSA tensors of the two considered CO-sites are identi-

cal and co-linear [92], thus data analysis uses the analytical ratio derived for

the full Hamiltonian (φ f ). Additional to the dominant coupling there are three

further distances up tp 5.5 Å with couplings of -101 Hz, -57 Hz and -47 Hz.

These couplings result in an effective dipolar coupling of -283 Hz. The recou-

3.1Å

01.5 -1.5 01.5 -1.5

a

b c

kHz kHz

CO CO

Cα

Cα

Figure 13.1: a) Two glycine molecules crystallised in the α-polymorph (Cam-
bridge structural data base, GLYCIN28) are shown, and the shortest CO-CO
distance 3.1 Å (−254 Hz) in the crystal structure is indicated. The colour scheme
for the atoms is as follows: CO-carbon – black, carbon – grey, nitrogen – blue and
oxygen – red. Protons were omitted. b) CP-MAS spectrum of 1-[13C]-α-glycine
at the magic-angle (βRL = 54.74◦). c) CP-MAS spectrum of 1-[13C]-α-glycine at a
rotor-angle of βRL = 52.72◦— a magic-angle offset of −2◦.

pling of the chemical shift anisotropies by off-magic-angle spinning is depicted

103



104

in Figures 13.1.b-c, which show the CO peak observed on the magic-angle and at

−2◦off the magic-angle, respectively. The recombined spectra observed with the

STARS-12 experiment are shown in Figure 13.2, a) shows the rank-1 component

and b) the rank-2 component. Integration of those peaks leads to the experi-

0
kHz

-22

a

b

0
kHz

-22

Figure 13.2: Spectra of the recombined STA-12 results on 1-[13C]-α-glycine ob-
tained at βRL = 52.74±0.05◦. a) Rank-1 data at increasing echo times. b) Rank-2
data at increasing echo times. The spin-echo evolution times increase from left
to right and are for the rank-1 and -2 spectra: 1.4 ms, 4.7 ms, 8.1 ms, 11.4 ms,
14.8 ms, 18.1 ms, 21.5 ms, 24.8 ms, 28.2 ms, 31.6 ms, 34.9 ms.

mental rank-1 and rank-2 spherical signal components shown in Figure 13.3.a,

where the rank-1 component decreases while the rank-2 component builds-up

slowly. The ratio of both experimental spherical signal components is plotted in

Figure 13.3.b along with the best fit of the data to φ f . The fit yields a dipolar

coupling of −282±9 Hz, which is 28 Hz stronger than the calculated coupling

for the dominant coupling, and corresponds to a distance that would be 0.1 Å

shorter than the one extracted from the crystal structure. However, the coupling

to additional spins needs to be considered and, if a cutoff of 5.5 Å is applied, the

effective dipolar coupling is very close to the experimentally determined value.

Further distances can be taken into account. At a cutoff of 7 Å another seven cou-

plings need to be included into the effective dipolar coupling calculation yielding

a coupling of -334 Hz. This coupling is 50 Hz stonger than the experimental value

corresponding to 0.3 Å shorter distance. Preliminary analytical fits taking mixed

collinear and non-collinear contribution into account yield a fit of -339 Hz if the

functions φ f and φt are equally weighted and are thus in good agreement with

the effective coupling including all distances up to 7 Å. Numerical simulations
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Figure 13.3: STARS-12 results on 1-[13C]-α-glycine obtained at βRL = 52.74±
0.05◦. a) The experimental rank-1 spherical signal component is visualised by
blue dots, while red squares visualise the rank-2 component. The experimental
error is smaller than the plot markers. b) The experimental ratio, φexp, is dis-
played by purple dots. The grey line corresponds to the best fit with φ f yielding
a dipolar coupling of −282±9 Hz.

which explore the influence of mixed collinear and non-collinear contributions to

the analytical expression are currently underway and should give further insight

into the appropiate analytical expressions.

Once the dipolar coupling is obtained by fitting data to the ratio in Figure 13.3.b

it should be possible to extract the relaxation rate from the rank-1 and rank-2

components shown in Figure 13.3.a. However, no attempts have been made so

far to extract those relaxation parameters.

13.2. MULTIPLE-SPIN SYSTEM

In the following the performance of the different STARS-sequences when applied

to a multiple-spin system, here a powder of U-[13C-15N]-L-histidine·HCl·H2O,

was investigated estimating dipolar couplings of different strength. The effects

of a spinning angle offset and selective pulses on U-[13C-15N]-L-histidine·HCl·-
H2O are shown in Figure 13.4. Figure 13.4.a shows the magic-angle spin-

ning spectrum while b) and c) were acquired using a sample rotation around

βRL = 53.94±0.05◦. To obtain Figure 13.4.c a cosine-modulated Gaussian pulse

was used to invert the z-magnetisation of two selected 13C-peaks, before exciting

transverse magnetisation by a π/2-pulse. This spectrum shows a clean magneti-

sation inversion for the selected sites.
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Figure 13.4: Spectra of U-[13C-15N]-L-histidine·HCl·H2O. a) CP-MAS spectrum
at the magic angle. b) CP-MAS spectrum at βRL = 53.94◦, −0.8◦off-magic- angle.
c) as in b) but using a cosine-modulated Gaussian π-pulse to selectively invert
the magnetisation of sites C2 and C5.

Two intramolecular dipolar couplings, the strong C2-C5 (−715 Hz) coupling and

the CO-C5 (−251 Hz) coupling, were estimated utilising the STARS-12 pulse

sequence. For both couplings only the dominant interaction was assumed to

contribute to the observable coupling as next nearest dipolar couplings are small.

This and the non co-linear CSA tensor orientation make φt the appropriate form

for data analysis. Build-up curves for rank-1 and -2 spherical signal components

as well as the experimental ratios with their best fits are shown in Figure 13.5.

Data fits for the C2-C5 ratio estimate a dipolar coupling of −725 ±15 Hz, which is

in excellent agreement with the calculated −715 Hz. The CO-C5 dipolar coupling

is estimated as −225 ±7 Hz, thus ∼25 Hz weaker than the one inferred from the

crystal structure, and corresponds to a distance of 3.23 Å which is 0.11 Å shorter

than in the crystal structure.

Reducing the minimum number of transients that need to be recorded for a single

data point the STARS-3 sequence was employed to estimate the Cβ-Cβ dipolar

coupling in U-[13C-15N]-L-histidine·HCl·H2O. The crystal structure of U-[13C-
15N]-L-histidine·HCl·H2O shows that Cβ has two nearest Cβ neighbours, each

at a distance of 4.78 Å, and two more distant neighbours, each at 6.85 Å. The

effective dipolar coupling corresponding to the four nearest Cβ neighbours of a
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Figure 13.5: STARS-12 results on U-[13C-15N]-L-histidine·HCl·H2O. a) The
spherical signal components obtained for the C2-C5 dipolar coupling by integra-
tion over the C2-peak. Data were obtained at βRL = 53.94±0.05◦. Rank-1 and
-2 are visualised be blue dots and red squares, respectively. b) The experimental
ratio of rank-2/rank-1 components shown in a) (purple dots) is shown with the
best fit to φt (grey line). The best fit yields a dipolar coupling of −725 ±15 Hz. c)
Spherical signal components obtained for the CO-C5 dipolar coupling by integra-
tion over the CO-peak. Data were obtained at βRL = 53.24±0.05◦. Rank-1 and
-2 are visualised by blue dots and red squares, respectively. d) The experimental
ratio of rank-2/rank-1 components shown in c) (purple dots) is shown with the
best fit to φt (grey line). The best fit yields a dipolar coupling of −225 ±7 Hz.

given Cβ is −104 Hz. This is not significantly altered, if further Cβ neighbours

are taken into account. Experimental results are, thus compared to a 5-spin

effective dipolar coupling. Fitting of the experimental data, Figure 13.6, was

accomplished with the ratio φtse and yields a dipolar coupling of −103 ± 6 Hz.

This is in excellent agreement with the calculated effective dipolar coupling. The

application of weighted analytical expressions show less agreement with the cal-

culated coupling and are not discussed in detail as further research is necessary

before they can be readily applied.
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Figure 13.6: STARS-3 results on U-[13C-15N]-L-histidine·HCl·H2O. a) Spherical
signal components obtained for the Cβ-Cβ dipolar coupling by integration over
the Cβ-peak. Data were obtained at βRL = 51.74◦. Rank-1 and -2 are visualised
by blue dots and red squares, respectively. b) The experimental ratio of rank-
2/rank-1 components shown in a) (purple dots) is shown with the best fit to φtse

(grey line). The best fit yields a dipolar coupling of −103 ± 6 Hz.

13.3. MULTIPLE-SPIN SYSTEM AND SWITCHED ANGLE

SPINNING

So far, the spectral broadening during data acquisition was tolerable. However,

to access long-range dipolar couplings a larger magic-angle offset is required and

degrades spectral resolution significantly. Thus, switched-angle-spinning and

STARS-3 was combined to SA-STARS-3 to determine the C2-Cβ and the CO-CO

dipolar couplings in U-[13C-15N]-L-histidine·HCl·H2O (Figure 13.7). Both dipo-

lar coupling estimations were received by fitting the experimental ratios to φtse

as only effective dipolar couplings are accessible and the CSA tensors are not co-

linear. The dominant C2-Cβ dipolar coupling corresponds to a crystal structure

distance of 3.64 Å yielding a dipolar coupling of −158 Hz. Taking into account all

C2-Cβ and Cβ-Cβ dipolar couplings smaller than 7 Å the effective dipolar cou-

pling for observation on the Cβ-peak takes a value of −220 Hz. This corresponds

well to the observed coupling of −247 ± 18 Hz, consequently the NMR distance

is 0.13 Å shorter than the one from X-ray crystallography. Weighted analytical

functions with 2
3φ

tse + 1
3φ

pse yield an effective coupling of −202 ± 11 Hz which is

in slightly better agreement with the calculated coupling than the observed by

fits to φtse.

The crystal structure of U-[13C-15N]-L-histidine·HCl·H2O shows that each CO

site has two nearest neighbours, each at a distance of 5.98 Å, and two more

distant neighbours each at a distance of 6.85 Å. The effective dipolar coupling



109

10 20 30
0.0
0.2
0.4
0.6
0.8
1.0
1.2

τ/ms
50400

0.0
0.2
0.4
0.6
0.8
1.0
1.2

10 20 30
τ/ms

50400

a b

c d










  


      










 

















       

 








 

Figure 13.7: SA-STARS-3 results on U-[13C-15N]-L-histidine·HCl·H2O. a) The
spherical signal components obtained for the C2-Cβ dipolar coupling by integra-
tion over the Cβ-peak. Data were obtained at βRL = 53.54◦. Rank-1 and -2 are
visualised be blue dots and red squares, respectively. b) The experimental ratio
of rank-2/rank-1 components shown in a) (purple dots) is shown with the best
fit to φtse (grey line). The best fit yields a dipolar coupling of −247 ±18 Hz. c)
Spherical signal components obtained for the CO-CO dipolar coupling by inte-
gration over the CO-peak. Data were obtained at βRL = 48.74◦. Rank-1 and -2
are visualised by blue dots and red squares, respectively. d) The experimental
ratio of rank-2/rank-1 components shown in c) (purple dots) is shown with the
best fit to φtse (grey line). The best fit yields a dipolar coupling of −54 ±3 Hz.

including the four nearest neighbours to a given CO-site is -60 Hz. However,

if the twelve nearest neighbours, all at a distance smaller than 8 Å, are taken

into account the calculated effective coupling yields −83 Hz. For a fit of the

experimental CO-CO-ratio with φtse a coupling of −54 ± 4 Hz is determined, if

the same distance is fitted to 2
3φ

tse+1
3φ

pse a coupling of −81 ± 2 Hz is determined.

The later one is in good agreement with the calculated coupling.

Weighted analytical functions wich take into account mixed colinnear and non-

collinear tensors have been applied. However, they seem to improve results just

in some cases while the the match with the calculated effetive coupling starts to

deviate more in other cases. Thus, these results should be treated with caution

until they can be backed by numerical simulations.
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Chapter 14
Discussion

In the previous chapter experimental results estimating dipolar couplings of dif-

ferent strength were reported. For experiments on a singly labelled spin-system

as well as in a multiple-spin systems precise distances could be determined in

cases with individual dipolar couplings as weak as −70 Hz. Furthermore, weak

effective dipolar couplings of −104 Hz were accessible yielding precise quanti-

tative results. Thus, the presented STARS methodology allows estimations of

biologically relevant internuclear distances between 4−5 Å which deviate less

than 12% from those obtained be X-ray crystallography. However, the CO-CO

distance in histidine hydrochloride monohydrate which exhibits an effective cou-

pling of -83 Hz could not be determined precisely. Thus it is concluded that

effective dipolar couplings which exclusively include long-range couplings corre-

sponding to distances above 6 Å cannot yet be determined precisely.

The spinning instabilities reported in Chapter 12 have no observable influence

on the acquired data, because the dipolar recoupling mechanism does not rely on

rotor synchronisation. This robustness with respect to spinning instabilities is

a major advantage of the presented work over many recoupling sequences, such

as REDOR [17; 94], which rely heavily on rotor synchronisation to accomplish

recoupling.

If the results are examined closely it is apparent that experimental data points

show a horizontal offset compared to the analytical solutions at small evolution

times τ. This effect is attributed to imperfections of the selective pulse.

The extension from the off-magic angle experiment to the switched-angle exper-
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iment is not any more difficult to perform once the sequence is programmed.

However, the angle-switching adds some time, the z-filter, to the experiment.

This results from the time needed for the angle to stabilise in its new position

and takes minimum time of 20 ms. To avoid spin-diffusion during the z-filter it

is necessary to apply proton decoupling, this can result in timing problems for

probes which have conservative decoupling times. The experiments shown apply

decoupling for 80 ms and the probe is specified for decoupling at 120 kHz for up

to 150 ms.



Chapter 15
Conclusions and Final Remarks

A new method that is insensitive to incoherent relaxation effects and may be

used to estimate weak dipolar couplings in the presence of strong dipolar cou-

plings was introduced. Weak internuclear 13C dipolar couplings between nuclei

at distances between 4−5 Å are estimated precisely. Thus, a significant progress

towards the general solution of the estimation of structurally relevant long-range

dipolar couplings has been demonstrated. Here, quantitative distance estima-

tion were provided in contrast to most other techniques addressing the problem

[21; 25; 27; 28; 29; 30; 31; 51; 95] and in a range between 4−5 Å deviations from

X-ray crystallography were no larger that 0.13 Å.

STARS is a frequency selective method which does not suffer from dipolar trun-

cation as it is observed for many common dipolar recoupling sequences such as

RFDR, SR41
4, DRAWS and R125

2 [22] when applied to multiple-spin systems. Em-

ploying STARS it is possible to precisely determine effective dipolar couplings

that resemble an internuclear distance of 4.2 Å while much stronger couplings

due to single bonds are present.

Compared to RR experiments in multiple-spin systems distances within an equiv-

alent range can be determined with both techniques [51; 52]. Both techniques

require a good chemical shift resolution —RR at the magic angle and STARS

off-magic angle — to allow for selection of the desired couplings. The required

chemical shift resolution is a disadvantage of both methods, which can be over-

come for RR by going to higher magnetic fields. STARS has the advantage that

the recoupling mechanism does not depend on the spinning speed and is thus

robust with respect to spinning speed fluctuations during the experiment.
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STARS is part of the recently emerging class of dipolar coupling sequences, that

try to tackle dipolar truncation. SEASHORE has been applied to uniformly la-

belled alanine and uniformly labelled amyloid fibrils in which a maximum dis-

tance of 3.9 Å was determined [25]. TDR has so far only yielded a distance of

2.5 Å in U-13C,15N,7H-L-alanine. This is a rather short distance and it is neces-

sary to deuterate the sample to avoid interference from undesired heteronuclear

interactions [26]. SDR has been applied to two and five spin systems, but no

distances have been estimated and thus the precision of the sequence is diffi-

cult to judge. In the laboratory of N. Nielsen TOFU and FOLD [29; 30] have

been developed. These sequences use several oscillating fields to truncate the

flip-flop term in the homonuclear dipolar Hamiltonian. Distances in the range

of 4−5 Å with a deviation of ±0.2 Å were obtained for multiple spin systems in

uniformly 13C labelled samples of L-alanine, L-threonine and ubiquitine. How-

ever, the distances were estimated by visual comparison to a Fresnel grid thus

are more ambiguous than if data are fitted to an analytical solution. Employing

the STARS-experiment it is possible to determine longer couplings than those es-

timated for SEASHORE and TDR [25; 26]. Other than for TOFU and FOLD an

analytical formula could be derived for STARS which allows a robust estimation

of the dipolar couplings from the obtained data [29; 30].

The STARS sequence has the advantage of being robust with respect to spinning

instabilities. Furthermore, the analytical formulae provided allow unambiguous

distance estimations. However, a high chemical shift resolution off-magic angle

is necessary to allow the selective inversion of a desired spin-pair and makes

selective inversion in crowded spectral regions difficult. Hence, magic angle

techniques might yield more precise distances if the chemical shift resolution

is low. Especially for the switched-angle experiment long decoupling times are

necessary, which can be problematic for some probes. The ideal probe for these

experiments allows decoupling at at least 100 kHz for 120 ms as well as very

short settling times after the magic angle switching. The settling times of 20 ms

observed using the servo-controller are similar to those observed for a pneumatic

angle switching mechanism developed in the laboratory of R. Martin [96]. No dif-

ficulties regarding the shimming or the spinning speed stabilities during angle

switching are observed.

Future developments for this methodology include the refinement of the selective

pulse, and the extension of the methodology to a higher dimensional scheme to

provide enough resolution to apply this methodology to larger systems such as
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proteins. Additionally, a different set of Euler angles to implement the STA-

procedure has been suggested by Michael Tayler (personal communication) that

has a favourable scaling of the rank-2 spherical signal component, hence, would

allow a stronger signal.



116



Appendix A
Irreducible Spherical Spin Tensor

Operators

1.1. SINGLE SPIN

The irreducible spherical tensor operators T j
λµ

are:

T j
10 = S jz (A.1)

T j
1±1 =∓ 1p

2
S±

j (A.2)

1.2. TWO SPINS

The irreducible spherical tensor operators T jk
λµ

for two spins are as follows:

T jk
00 =− 1p

3
S j ·Sk (A.3)

T jk
10 = 1

2
p

2

(
S+

j S−
k −S−

j S+
k

)
(A.4)

T jk
1±1 =

1
2

(
S±

j Skz −S jzS±
k

)
(A.5)

T jk
20 = 1p

6

(
3S jzSkz −S j ·Sk

)
(A.6)
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T jk
2±1 =∓1

2

(
S±

j Skz +S jzS±
k

)
(A.7)

T jk
2±2 =

1
2

S±
j S±

k (A.8)
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