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Preface

Moving water has a special fascination, and the regular tidal movements of
coastal seas must have challenged human imagination from earliest times.
Indeed, the ancients who were able to link the regular movements of the sea to
the movements of the sun and moon regarded tides as a tangible terrestrial
manifestation of the powers of the celestial gods. For them the tides had
religious significance; for us there are obviously many practical and scientific
reasons for needing to know about and understand the dynamics of the oceans
and coastal seas.

Modern practical studies are concerned with problems of marine transport,
coastal erosion and the design of coastal defences against flooding. Interest in
mean sea-level changes has recently focused attention on the possibility of
significant increases over the coming century as a result of global warming.
Scientifically, in addition to their position as a branch, perhaps the oldest
branch, of physical oceanography, tides have a controlling influence on many
marine biological and geological processes. One of the fascinations of studying
tides is the diversity of the applications.

During the past two decades, mainly as a result of developments in instru-
ment design and in the computer sciences, our understanding of tides and their
related phenomena has made considerable advances. The aim of this book is to
present modern tidal ideas to those who are not tidal specialists, but for whom
some tidal knowledge is involved in their own professional or scientific field.
These include hydrographers, marine and coastal engineers, geologists who
specialize in beach or marine sedimentation processes, and biologists concerned
with the ways in which living organisms adapt to the rhythms of the sea.

Some of the material presented here was originally prepared for a course of
lectures in Liverpool University to third-year Combined Honours students,
whose academic backgrounds varied from pure mathematics to field geology.
This range of previous scientific experience inevitably causes difficulties in
determining the level of mathematical treatment which should be adopted. In
this book I have tried to keep the mathematics as simple as is consistent with a
proper physical explanation, while developing the non-mathematical discus-
sions in an essentially independent yet parallel way. Sections which may be
omitted by the non-mathematical reader are marked with an asterisk,

Discussions of the engineering applications of tides are based on several
years of experience giving advice to consultants and to Government Depart-
ments on behalf of the Proudman Oceanographic Laboratory at Bidston
Observatory. Many of my colleagues on the staff of the Laboratory have given

X1



xii

me advice and constructive criticism during the preparation. To them and to
many other friends and associates I extend my grateful thanks. In particular, it
is a pleasure to thank Graham Alcock, M. Amin, Trevor Baker, David
Blackman, Peter Claridge, Hilary Faull, Roger Flather, Tony Heathershaw,
John Howarth, lan James, Kathy Jones, Trevor Norton, Lestey Rickards,
Ralph Rayner, Alun Thomas, Phillip Williamson, and Philip Woodworth for
helpful comments on earlier versions of the text. It is also a pleasure to
acknowledge specific or general guidance during the development of my ideas
from Duncan Carr Agnew, David Cartwright, Mike Collins, Keith Dyer,
Norman Heaps, Chester Jelesnianski, Geoff Lennon, Nick McCave, Robin
Pingree, John Simpson, Ian Vassie and Klaus Wyrtki, Finally, 1 am grateful to
my family for tolerating and even encouraging this personal indulgence
through the evenings and weekends of four long winters.

Cirencester, June, 1987 Davip PUGH
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CHAPTER 1

Introduction

I must go down to the seas again, for the call of the running tide
Is a wild cali and a clear call that may not be denied.

John Masefield, ‘Sea Fever'*

The old proverb ‘Time and tide wait for no man’ emphasizes the importance of
tides from early times. The word tide derives from the Saxon rid or time, as
used in seasonal titles such as Eastertide or Yuletide; the modern German,
Gezeiten for tides and Zeiten for times, maintains the connection even more
sirongly. Where necessary, people adapted their lives to cope with the tidal
cycles instinctively and without any basic understanding. Gradually, however,
they must have become aware of certain regular patterns in the motions of the
sea which could be related to the movements of the moon and sun. The power
which this knowledge gave them to make crude predictions, and so to plan
their journeys several days ahead, would have been a spur to further analysis
and understanding. However, without the discipline of hypotheses which could
be proved or disproved by critical observations, that is, without the scientific
method, such a deeper understanding was not possible.

Books dealing with the science of tidal phenomena are comparatively rare.
However, unified treatments of general interest are found in Darwin (1911),
Marmer (1926), Doodson and Warburg (1941), Dronkers (1964), Lisitzin
{1974} and Forrester {1983). Accounts are also found in several books on
physical oceanography, including those by Defant (1961), Von Arx (1962), and
Pond and Pickard (1978). More popular accounts are given by Defant (1958),
Macmillan (1966) and Redfield (1980).

In this intreductory chapter we consider the development of some early tidal
theories, showing that different places can have very different tidal patterns.
We relate the patterns at five selected sites to the motions of the moon and sun,
and discuss their modification by the weather. In addition we develop some
basic definitions, and finally we discuss some simple stauistical ways of sum-
marizing tidal behaviour at any particular site.

*Reprinted by permission of the Society of Authors as the literary representative of the Estate of
John Masefield, and with permission of Macmilian Publishing Company from POEMS by John
Masefield (New York: Macmillan, 1953).



2
1:1 Early ideas and observations

Recent excavations in the Indian district of Ahmedabad have revealed a tidal
dockyard which dates back to 2450 BC. There is no evidence that the Harap-
pans, who had enough tidal experience to design and build the dock, related the
local tidal movements to the moon or sun. The earliest reference which makes
the connection occurs in the Samaveda of the Indian Vedic period, which
extended from 2000 to 1400 B¢ {Panikkar and Srinivasan, 1971; Rizvi, personal
communication). The large twice-daily tides of this region of the Indian Ocean
amazed the army of Alexander the Great as it travelled in 325BC southward
along the river Indus towards the sea, because they were only familiar with the
small tides of the Mediterranean Sea.

The recorded histories of those civilizations which bordered the Mediterra-
nean understandably make few references to tides. No doubt the absence of
large changes in coastal sea-levels would have made navigation easier, and
uelped the development of communication and trade between states in the very
small ships of the times. Even in the Mediterranean, however, strong tidal
currents run through certain narrow straits and passages, including the Strait of
Messina where current speeds in excess of 2.00 ms™! are found. Between the
mainland of Greece and the island of Euboea, the periodic reversals of flow
through the Euripus are said to have greatly perplexed Aristotle during the
years before his death in 322 BC. Earlier, in a summary of ancient lore, he had
written that the ‘ebbings and risings of the sea always come around with the
moon and upon certain fixed times’. About this time Pytheas travelled through
the Strait of Gibraltar to the British Isles, where he observed large tides at
twice-daily periods. He is said to have been the first to report the half-monthly
variations in the range of the Atlantic Ocean tides, and to note that the greatest
ranges, which we call spring tides, occurred near to new and full moon. He also
recorded the strong tidal streams of the Pentland Firth between Scotland and
Orkney.

When the Roman writer Pliny the Elder (Ap 23-79) compiled his Natural
History, many other aspects of the relationships between tides and the moon
had been noted. He described how, for twice-daily tides, the maximum tidal
ranges occur a few days after the new or full moon, how the tides of the
equinoxes in March and September have a larger range than those at the
summer solstice in June and the winter solstice in December, and how there was
a fixed interval between lunar transit and the next high tide at a particular
location. Earlier, in his Geography, Strabo (c54 BC to ¢ AD 24) tells of tides in the
Persian Gulf which have their maximum range when the moon is furthest from
the plane of the equator, and are small and irregular when the moon passes
through the equatorial plane, We now know (see Chapter 3) that this behaviour
is characteristic of tides which are dominated by once-daily cycles.

Not all of the facts reported in these early writings are confirmed by modern
measurements. Pliny the Elder includes an account of how the moon’s influence
is most strongly felt by those animals which are without blood, and how the
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blood of man is increased or diminished in proportion to the ‘quantity of her
light’; leaves and vegetables were also believed to feel the moon’s influence. Ali
seas were said to be purified at the full moon, and Aristotle is credited with the
law that no animal dies except when the tide is ebbing. This particular legend
persisted in popular culture, and even as recently as 1595, Parish Registers in
the Hartlepool area of the North of England recorded the phase of the tide
along with the date and time of each death.

Even 2000 years ago the historical records show an impressive collection of
observed tidal patterns (Harris, 1897-1907). However, the ideas advanced by
the philosophers of that time, and for the following 1600 years, to explain the
connection between the moon and the tides were less valid. Chinese ideas
supposed water to be the blood of the earth, with tides as the beating of the
earth’s pulse; alternatively tides were caused by the earth breathing. Arabic
explanations supposed the moon’s rays to be reflected off rocks at the bottom
of sea, thus heating and expanding the water, which then rolled in waves
towards the shore. One poetic explanation invoked an angel who was set over
the seas: when he placed his foot in the sea the flow of the tide began, but when
he raised it, the tidal ebb followed. During this long period there was a decline
in critical thought, so that the clear statements by the classical writers were
gradually replaced by a confusion of supposed facts and ideas. One notable
exception was the Venerable Bede, a Northumbrian monk, who described
around 730 how the rise of the water along one coast of the British Isles
coincided with a fall elsewhere. Bede also knew of the progression in the time of
high tide from north to south along the Northumbrian coast.

By the mid-seventeenth century three different theories were being seriously
considered. Galileo (1564-1642) proposed that the rotations of the earth,
annually around the sun and daily about its own axis, induced motions of the
sea which were modified by the shape of the sea-bed to give the tides. The
French philosopher Descartes (1596-1650) thought that space was full of
invisible matter or ether. As the moon travelled round the earth it compressed
this ether in a way which transmitted pressure o the sea, hence forming the
tides. Kepler (1571-1630) was one of the originators of the idea that the moon
exerted a gravitational attraction on the water of the ocean, drawing it towards
the place where it was overhead. This attraction was balanced by the earth’s
attraction on the waters for ‘If the earth should cease to attract its waters, all
marine waters would be elevated and would flow into the body of the moon’.
Arguments over the relative merits of these three theories continued for several
years, subject to the important scientific criterion that a valid theory must
account for the observed tidal phenomena. Gradually as the ideas of a
helioeentric system of planets, each rotating on its own axis, became estab-
lished, and as the laws of the planetary motion and gravitational attraction
were developed, Kepler's original ideas of the moon’s gravity causing tides
became the most plausible. Simple ideas of gravitational attraction were,
however, unable to explain why the main oceans of the world experienced net
one, but two tides for each transit of the moon.



A major advance in the scientific understanding of the generation of tides
was made by Isaac Newton (1642-1727). He was able to apply his formulation
of the law of gravitational attraction: that two bodies attract each other with a
force which is proportional to the product of their masses and inversely
proportional to the square of the distance between them, to show why there
were two tides for each lunar transit. He also showed why the half-monthly
spring to neap cycle occurred, why once-daily tides were a maximum when the
moon was furthest from the plane of the equator, and why equinoctial tides
were usually larger than those at the solstices. This impressive catalogue of
observed tidal features which could be accounted for by a single physical law
firmly established gravitational theory as the basis for all future tidal science.
We will consider its detailed applications in subsequent chapters, but it should
be noted that despite these considerable achievements, the theory accounted for
only the broad features of observed tides. The details of the tides at any
particular place are governed by the complicated responses of the ocean to
tucse gravitational forces.

Further historical developments are summarized in subsequent chapters, but
the interested reader is referred to Deacon (1971) for a coherent historical
account.

1:2 Tidal patterns

Before the development of appropriate instrumentation, sea-level observations
were confined to the coast and were not very accurate. Modern instruments,
many of which will be described in the next chapter, have enabled a systematic
collection of tidal data which shows that regular water movements are a feature
on all the shores of the oceans and their adjacent scas, These regular water
movements are seen as both the vertical rise and fall of sea-level, and the to and
fro movements of the water currents. Levels at more than 3000 sites have been
analysed and their tidal characteristics are published by the International
Hydrographic Organization in Monaco. Less elaborate analyses for around
1000 further sites are available in published Tide Tables.

The two main tidal features of any sea-level record are the range, measured
as the height between successive high and low levels, and the period, the time
between one high (or low) level and the next high (or low) level. The tidal
responses of the ocean to the forcing of the moon and sun are very complicated
and both of these tidal features vary greatly from one site to another, Figure
1:1{a), which shows the tides for March 1981 at five sites, clearly illustrates this
variability. The details of the relationships between the tides and the move-
ments of the moon and sun are developed in Chapter 3, but Figure 1:1{b) shows
the Yunar variables for the same month. In this section we describe the observed
sea-level variations at these five sites and relate them to the astronomy in a
more general way.

In most of the world’s oceans the dominant tidal pattern is similar to that
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shown for Bermuda in the North Atlantic, and for Mombasa on the African
shore of the Indian Ocean. Each tidal cycle takes an average of 12 hours 25
minutes, so that two tidal cycles occur for each transit of the moon (every 24
hours 50 minutes). Because each tidal cycle occupies roughly half of a day, this
type of tide is called semidiurnal. Semidiurnal tides have a range which
typically increases and decreases cyclically over a fourteen-day period. The
maximum ranges, called spring tides, occur a few days after both new and full
moons (syzygy, when the moon, earth and sun are in line), whereas the
minimum ranges, called neap tides, occur shorily after the times of the first and
last quarters (lunar quadrature). The relationship between tidal ranges and the
phase of the moon is due to the additional tide-raising attraction of the sun,
which reinforces the moon’s tides at syzygy, but reduces them at quadrature,
The astronomical cycles are discussed in detail in Chapter 3, but Figure 1:1(b}
shows that when the moon is at its maximum distance from the earth, known as
lunar apogee, semidiurnal tidal ranges are less than when the moon is at its
nearest approach, known as lunar perigee. This cycle in the moon’s motion is
repeated every 27.55 solar days. Maximum semidiurnal ranges occur when
spring tides (syzygy) coincide with lunar perigee (Wood, 1986), whereas
minimum semidiurnal ranges occur when neap tides (quadrature) coincide with
lunar apogee. Semidiurnal tidal ranges increase and decrease at roughly the
same time everywhere, but there are significant local differences. The maximum
semidiurnal tidal ranges are in semi-enclosed seas. In the Minas Basin in the
Bay of Fundy (Canada), the semidiurnal North Atlantic tides at Burncoat
Head have a mean spring range of 12.9m. The mean spring ranges at
Avonmouth in the Bristol Chaanel (United Kingdom) and at Granville in the
Gulf of St Malo (France) are 12.3m and 11.4 m, respectively. Elsewhere, in
Argentina the Puerto Gallegos mean spring tidal range is 10.4 m; at the Indian
port of Bhavnagar in the Gulf of Cambay it is 8.8 m and the Korean port of
Inchon has a mean spring range of 8.4 m. More generally, however, in the main
oceans the semidiurnal mean spring tidal range is usually less than 2 m.

Close examination of the tidal patterns at Bermuda and Mombasa in Figure
1:1{a} shows that at certain times in the lunar month the high-water levels are
alternately higher and lower than the average. This behaviour is also observed
for the low-water levels, the differences being most pronounced when the
moon’s declination north and south of the equator is greatest. The differences
can be accounted for by a small additional tide with a period close to one day,
which adds to one high water level but subtracts from the next one. In Chapters
3 and 4 we will develop the idea of a superposition of several partial tides to
produce the observed sea-level variations at any particular location.

In the case of the ude at Musay'id in the Persian Gulf, the tides with a one-
day period, which are called diurnal tides, are similar in magnitude to the
semidiurnal tides. This composite type of tidal regime is called a mixed tide, the
relative importance of the semidiurnal and the diurnal components changing
throughout the month as plotted in Figure 1:1¢(a), The diurnal tides are most
important when the moon’s declination is greatest but reduce to zero when the
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moon is passing through the equatorial plane, where it has zero declination.
The semidiurnal tides are most important after new and full moon; but unlike
the diurnal tides, they do not reduce to zero range, being only partly reduced
during the period of neap tides.

Karumbo {Aushalia)
2.0
1.0
0.0
-1.0

Mutay’id {Persion Guif)
1.0

1.0

Mombasa {Kilindini) {indion Oueon)

@ 2.0
=
w 1.0
a
2 0.0
o -1.0
=
w -2.0
Bermuda  (Atlontic Qcean)
1.0

-1.0
Courlown (kish Sed)
1.0

L L 1 L L i 1 ' 1 L L L N ] 5 1 L 1 L 1 L bt L 1 1 L e
R 11 L T F 11T 111
12 3456 78 3101112131415161719 192021 222324 252627282939 31
HMARCH 1981
{a}

Figure 1:1 (a) Tidal predictions for March 1981 a1 five sites which have very different tidal
regimes. Al Karumba the tides are diurnal, at Musay’id they are mixed, whereas at both Kilindini
and Bermuda semidiurnal tides are dominant. The tides at Courtown are strongly distorted by the
influence of the shallow waters of the irish Sea. (b) The lunar characteristics responsible for these
tidal patterns. Sofar and lunar tide producing forces combine at new and full moon to give large
spring tidal ranges. Lunar distance varies through perigee and apogee over a 27.55-day period.

Lunar declination north and south of the equator varies over a 27.21-day period. Solar declination
is zero on 21 March.
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In a few places the diurnal tides are much larger than the semidiurnal tides.
Karumba in the Australian Gulf of Carpentania is the example shown in Figure
1:1(a). Here the tides reduce to zero when the moon’s declination is zero,
increasing to their largest values when the moon is at its greatest declination,
either north or south of the equator {Figure 1:1(b)}. Diurnal tides are also found
in part of the Persian Gulf, the Gulf of Mexico and part of the South China
Seas. The Chinese port of Pei-Hai has the world’s largest diurnal tidal range,
with a difference of 6.3 m between the highest and lowest predicted tidal levels.

The tidal ranges on the relatively shallow continental shelves are usunally
larger than those of the oceans. However, very small tidal ranges are observed
in some shallow areas, often accompanied by curious distortions of the normal
tidal patterns. Figure 1:1(a) shows the curves for Courtown on the Irish coast
of the Irish Sea, where the range varies from more than a metre at spring tides
to only a few centimetres during neap tides. At Courtown when the range is
very small, careful examination shows that four tides a day occur. These effects
are due to the distorted tidal propagation in very shaliow water. Shallow-water
disiortions, which are discussed in detail in Chapter 7, are also responsible for
the double high water feature of Southampton tides and for the double low
waters seen at Portland, both in the English Channel, where semidiurnal tides
prevail. Double iow waters also occur along the Duich coast of the North Sea
from Haringvlietsluizen to Scheveningen, where they are particularly well
developed at the Hook of Holland. Double high waters are also found at Den
Helde in the North Sea and at Le Havre in the English Channel.

Tidal currents, often called tidal streams, have similar variations. Semidiur-
nal, mixed and diurnal currents occur, usually having the same characteristics
as the local changes in tidal levels, but this is not always so. For example the
currents in the Singapore Strait are often diurnal in character but the elevations
are semidiurnal. The strongest currents are found in shallow water or through
narrow channels which connect two seas, such as the currents through the
Straits of Messina and those through the Euripus which perplexed Aristotle,

Currents in channels are constrained to flow either up or down the channel
axis, but in more open waters ali directions of flow are possible. During each
tidal period the direction usually rotates through a compiete circle while the
speeds have two approximately equal maximum and two approximately equal
minimum values. Figure 1:2 shows the distribution of tidal currents over one
semidiurnal cycle at the Inner Dowsing light tower in the North Sea. Each line
represents the speed and direction at a particular hour. Because each measure-
ment of current is a vector described by two parameters, their variations are
more complicated to analyse than changes of sea level.

Although this book is concerned with movements of the seas and oceans, two
other geophysical phenomena which have tidal characteristics are of interest. In
tropical regions there is a small but persistent 12-hour oscillation of the
atmospheric pressure (Section 5:5) with a typical amplitude of 1.2 millibars,
which reaches its maximum values near 1000 hours and 2200 hours local time;
this produces a small tidal variation of sea levels. Also, accurate measure-
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Figure 1:2 Spring tidal current curve, Inner Dowsing light tower, North Sea. Each line represents
the velocity of the current at each hour from six hours before to six hours after Jocal high water.
Semidiurpal tides are strongly dominant. The distance from the centre represents the speed, and the
bearing gives the direction of water flow.

ments of the earth’s gravity field and of the tilt of the earth’s crust show vertical
movements of the land surface relative to the centre of the earth, which are
tidally induced. These earth tides may have exireme amplitudes of tens of
centimetres. It should be remembered that measured coastal sea levels are
actually the difference between the vertical land movements and the vertical
movements of the sea surface. For scientific computations of tides on a global
scale the earth tides must be included because of their effects on ocean
dynamics. However, for practical purposes only the observed movements
relative to the land need be considered.
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1:3 Meteorological and other non-tidal disturbances

The regular and predictable pattern of the tides is modified to a greater or lesser
extent, by irregular factors, the principal ones being the atmospheric pressure
and the winds acting on the sea surface. Figure 1:3(a) shows how the regular
semidiurnal pattern of sea levels at Cromer in the North Sea was modified by
the weather over a few days in January 1982, These irregular slow changes,
known as surges, are plotted in the same diagram on an enlarged scale. On 29
January the coincidence of a spring tide and a large increase in the levels due to
the weather has caused an exceptionally high total level, Figure 1:3(b) shows
the tide gauge record for flooding at Gulfport, Mississippi due to hurricane
Elena in 1985.

Historically there have been many disastrous coastal floodings caused by the
coincidence of large meteorologically induced surges and large or even modera-
tely high tides (see Chapter 6). Thus in November 1885 New York was
inundated by high sea levels generated by a severe storm which also caused
fiooding at Boston. More than 6000 persons were drowned in September 1900
when the port of Galvesion in Texas was overwhelmed by waters which rose
more than 4.5 m above the mean high-water level, as a result of hurricane winds
blowing at more than 50ms™' for several hours. Even these disasters were
surpassed by the Bangladesh tragedy of 12 November 1970 when winds of 60
ms™! raised sea levels by an estimated 9 m. Flooding extended over several
low-lying islands, drowning hundreds of thousands of people. Severe storms,
floods, and loss of life occurred in the same region in both 1876 and 1897, and
more recently in 1960, 1961 and 1985.

Observed seq
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Figure [:3 (a) Observed and meteorological variations of sea-level, Cromer, North Sea, January
1982. The vertical scale for the surges is a factor of five greater than the scale for the observed levels.
(b} Tide gauge record for Guifport, Mississippt during hurricane Elena, 1985 (Supplied by C. P.
Jelesnianski).

The largest surges occur when hurricane winds blow for a long time over
large expanses of shallow water. Whilst tropical storms cause the most extreme
local flooding, storms at higher latitudes can also produce very large surges. In
January 1953 catastrophic flooding on both the English and Dutch coasts of
the North Sea occurred as a result of a depression tracking into the North Sea
across the north of Scotland. This surge, which exceeded 2.6 m at Southend,
coincided with slightly less than average spring tides, otherwise even more
damage would have occurred. The coastal regions of the North Sea are prone
to this type of flooding and there were previous events in 1929, 1938, 1943,
1949, and a particularly severe case in Hamburg in 1962, Similarly, along the
Atlantic coast of the United States the Ash Wednesday storm of 7 March 1962
flooded many low-lying barrier islands, causing millions of dollars of damage.
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These dramatic extremes and the resulting coastal flooding are rare events,
but there is always a continuous background of sea-level changes due to the
weather, which raise or lower the observed levels compared with the levels
predicted. At higher latitudes these effects are greater during the stormy winter
months. Knowledge of the probability of occurrence of these extreme events is
an essential input to the safe design of coastal defences and other marine
structures, as discussed in Chapter 8.

The tsunamis generated by submarine earthquakes are another cause of rare
but sometimes catastrophic flooding, particularly for coasts around the Pacific
Ocean. Tsunamis are sometimes popularly called ‘tidal waves’ but this is
misleading because they are not generated by tidal forces nor do they have the
periodic character of tidal movements (see Section 6:8). The naturalist Charles
Darwin in The Voyage of the Beagle describes how, shortly after an earthquake
on 20 February 1835, a great wave was seen approaching the Chilean town of
Concepcion. When it reached the coast it broke along the shore in ‘a fearful line
of white breakers’, tearing up cottages and trees. The water rose to 7 m above
the normal maximum tidal level. Near the earthgquake source the tsunami
amplitudes are much smailer; the amplification occurs in the shallow coastal
waters and is enhanced by the funnelling of the waves in narrowing bays. The
term tsunami is of Japanese origin which is appropriate as their coast is
particularly vulnerable to this type of flooding. For example, in 1933 the
Japanese Bay of Sasu was struck by a tsunami which flooded to more than
13 m. Tsunamis can travel long distances across the oceans: waves from the
1883 Krakatoa island explosion in the Indonesian islands between Java and
Sumatra were observed on the South Atlantic island of South Georgia by a
German expedition 14 hours later. In the Atlantic Ocean tsunamis are compar-
atively rare, but the flooding after the 1755 Lisbon earthquake is well docu-
mented: at Newlyn in south-west England levels rose by 3 m in a few minutes,
several hours after the seismic tremors,

1:4 Some definitions of common terms

It is now appropriate to define more exactly some of the common tidal and
non-tidal terms as they will be used throughout this book; the Glossary on page
458 contains precise summaries. The first important distinction to make is
between the popular use of the word fide to signify any change of sea-level, and
the more specific use of the word to mean only the regular periodic variations,

Although any definition of tides will be somewhat arbitrary, it must empha-
size this periodic and regular nature of the motion, whether that motion be of
the sea surface level, currents, atmospheric pressure or earth movements. We
define tides as periodic movements which are directly related in amplitude and
phase to some periodic geophysical force. The dominant geophysical forcing
function is the variation of the gravitational field on the surface of the earth,
caused by the regular movements of the moon-earth and earth-sun systems.,
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Movements due to these forces are termed gravitational rides. This is to
distinguish them from the smaller movements due to regular meteorological
forces which are called either meteorological or more usually radiational tides
because they occur at periods directly linked to the solar day. It can be argued
that seasonal changes in the levels and in the circulation of sea water due to the
variations of climate over an annual period are also regular and hence tidal.

Any sequence of measurements of sea-level or currents will have a tidal
component and a non-tidal component. The non-tidal component which re-
mains after analysis has removed the regular tides is called the residual, or
meteorological residual. Sometimes the term surge residual is used, but more
commonly the term surge or storm surge is used for a particular event during
which a very large non-tidal component is generated, rather than to describe
the whole continuum of non-tidal variability.

Periodic oscillations are described mathematically in terms of an amplitude
and a period or frequency:

X(1) = H, cos (@, — g,) (1:1)

where X is the value of the variable quantity at time ¢, A is the amplitude of the
oscillation, @, is the angular speed which is related to the peried T, by: T, =
2n/m, (v, ismeasured in radians per unit time} and g, is a phase lag relative to
some defined time zero.

For tidal studies H, may have units of metres (rarely feet) for levels, or
metres per second (m s~ ') for currents. In its simple form equation (1:1) can
only represent the to-and-fro currents along the axis of a channel. If the
direction is variable as in Figure 1:2, then equation (1:1) may define the flow
along a defined axis. The speed and direction of the total flow is completely
specified if the currents along a second axis at right angles to the first are also
defined.

Tidal high water is the maximum tidal level reached during a cycle. The
observed high water level may be greater or less than the predicted tidal level
because of meteorological effects. Similarly low water is the lowest level reached
during a cycle. The difference between a high level and the next low water level
is called the range, which for the simple oscillation defined by equation (1:1) is
twice the amplitude.

Ocean tides and most shelf sea tides are dominated by semidiurnal oscil-
lations, for which several descriptive terms have been developed through both
popular and scientific usage (see Figure 1:4). Spring rides are semidiurnal tides
of increased range which occur approximately twice a month at the time when
the moon is either new or full. The age of the tide is an old term for the lag
between new or full moon and the maximum spring tidal ranges. The average
spring high water level taken over a long period is called Mean High Water
Springs (MHWS) and the correspondingly averaged low water level is called
Mean Low Water Springs (MLWS). Formulae are available for estimating
these useful parameters directly from the results of tidal analyses (Section 4:2:
6), to avoid laborious searches through series of tidal predictions, Neap fides
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are the semidiurnal tides of small range which occur near the time of the first
and last lunar quarters, between spring tides. Mean High Water Neaps and
Mean Low Water Neaps are the average high and low waters at neap tides.
These too may be estimated directly from tidal analyses.
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Figure 1:4 Frequency distribution of hourly tidal Jevels (a) at Newlyn (1951-69) relative to
Chart Datum. For the semidiurnal Newlyn tides there is a distinct donble peak in the distribution.

For (b) the diurnal Karumba tides (1982) there is a single peak. HAT and LAT were not reached at
Karumba in 1982.

Where the tidal regime is mixed the use of Mean High Water Springs and
other semidiurnal terms becomes less appropriate. Mean High Water and
Mean Low Water are frequently used. Mean Higher High Water (MHHW) is
the average level over a long period of the higher high water level which occurs
in each pair of high waters in a tidal day. Where only one high water occursin a
tidal day, this is taken as the higher high water. Mean Lower Low Waier
{MLLW) is the average of the lower level in each pair of low water levels in a
tidal day. Mean Lower High Water and Mean Higher Low Water are
corresponding terms which are seldom used.

These terms become increasingly difficult to determine exactly where the tide
is dominated by diurnal oscillations (Figure 1:4(b)). Mean High Water (MHW)
and Mean Low Water (MLW) averaged for all high and low levels respectively
may be computed as datums for survey work, but difficulties arise when
considering how to treat the multiple small high and low levels which occur
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during the time when the diurnal range falls to near zero, as for example at
Karumba in Figure 1:1{a). Diurnal tides show a semi-monthly variation in their
range from a maximum to zero and back to a maximum range again because of
the monthly cycle in the lunar declination. Some authorities have suggested
that these diurnal modulations should be called Diurnal Spring and Diurnal
Neap Tides (Doodson and Warburg, 1941), but this usage is uncommon, being
usually reserved for the semidiurnal range changes related to the phase of the
moon,

Levels defined by analysis of long periods of sea-level variations are used to
define a reference level known as a tidal datum. These are often used for map or
chart making or for referring subsequent sea-level measurements. For geodetic
surveys the Mean Sea Level is frequently adopted, being the average value of
levels observed each hour over a period of at least a year, and preferably over
about 19 years, to average out cycles of 18.6 years in the tidal amplitudes and
phases (see Chapter 3), and to average out effects on the sea levels due to
weather. In Britain the Ordnance Survey refer all levels to Ordnance Datum
Newlyn (ODN) which is the mean sea level determined from six years of
continnous records at Newlyn, Cornwall, extending from May 1915 to April
1921. Present United Kingdom mean sea levels are approximately 0.1 m higher
than the 1915-1921 mean level. In the United States the National Geodetic
Vertical Datum was established by assuming that local sea levels corresponded
1o the same geodetic zero at 26 selected tide gauge stations on the Pacific and
Atlantic coasts of the United States and Canada. This assumption is not valid
for the accuracy of modern survey techniques, as we shall discuss in Section 9:7.

The Mean Tide Level (MTL), which is the average value of all the heights of
high and low water, is sometimes computed for convenience where a full set of
hourly levels is not available. In general this will differ slightly from the mean
sea-level because of tidal distortions in shallow water.

Hydrographers prefer to refer levels on their charts to an extreme low water
Chart Datum, below which the sea-level seldom falls, in order to give naviga-
tors the assurance that the depth of water shown on charts is the minimum
available whatever the state of the tide. Lowest Astronomical Tide, the lowest
level that can be predicted to occur under any combination of astronemical
conditions, is adopted for charts prepared by the British Hydrographic Depart-
ment. The Canadian Hydrographic Department has adopted the level of lowest
normal tides. The United States National Ocean Service (NOS) uses a Chart
Datum which is defined in some areas of mixed tides as the mean of the lower
of the two low waters in each day (MLLW), in some semidiurnal tidal areas as
mean low water springs (MLWS), and cisewhere as the lowest possible low
water. As the charts are revised, MLLW is being adopted by NOS as the
standard datum for all locations (see Appendix 5). Throughout the world,
published predictions of tidal levels are given relative to the local Chart Datum
so that by adding them to the water depth shown on the chart, the navigator
knows the total depth available for his vessel. Because the Chart Datum is
defined in terms of the local tidal characteristics, it is not a horizontal plane,
Geodetic datums, however, are theoretically horizontal planes to within the
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accuracy of the survey which established them. As a result, the amount by
which Chart Datum falls below Survey Datum is not constant, being greatest
where the tidal range is greatest.

Although for practical navigation requirements tidal predictions are nor-
mally published as levels above Chart Datum, for scientific and engineering
purposes it is normally more convenient io consider levels relative to a Mean
Sea Level datum. The tidal levels ploited in Figure 1:1(a) are relative to local
Mean Sea Level.

If a long series of hourly tidal predictions are examined for the frequency
with which each level occurs, certain values are found to be more probable than
others, Highest and Lowest Astronomical Tides occur very seldom whereas, in
the case of semidiurnal tides as illustrated by a histogram of 19 years of Newlyn
predictions in Figure 1:4(a), the most probable levels are near Mean High
Water Neaps and Mean Low Water Neaps. Water level is changing relatively
guickly when passing through the mean level and so this appears as a minimum
in the frequency histogram, whereas it pauses at the high-water and low-water
levels, As a general rule one of the hump maxima is noticeably greater than the
other especially in shallow water regions. Figure 1:4(b) shows the correspond-
ing distribution for a year of predicted hourly tides at Karumba where diurnal
tides prevail. Note that the double-humped distribution characteristic of
semidiurnal tides (with a single dominant constituent) has been replaced by a
continuous and slightly skew distribution. During the single year analysed at
Katumba the diurnal tides failed to reach either the Highest or Lowest
Astronomical Tide levels. This was because the range of lunar declinations,
which has an 18.6-year cycle, was relatively small in 1982. Several of the other
tidal terms defined here are also shown relative to the distributions of Figure 1
4, In statistical terms these distributions of levels are called probability density
functions.

*1:5 Basic statistics of tides as time series

The full process of tidal analysis will be considered in Chapter 4, but there are
certain basic statistical ideas which may be used to describe tidal patterns
without applying elaborate analysis procedures. The probability density func-
tions of tidal levels showa in Figure 1:4 are one useful way of representing some
aspects of tides. In this section we will consider ideas of the mean and the
standard deviation, the variance and spectral analysis of a series of sea-level
measurements made over a period of time.

The general representation of the observed level X() which varies with time
may be written:

X=2Z,0+T(H+8) (1:2)
where Zy(1) is the mean sea-level which changes slowly with time, T (1) is the

*Indicates that this section may be omitted by non-mathematical readers.
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tidal part of the variation and 8 (¢} is the meteorological surge component.

A major part of this book will be concerned with separate discussions of the
different terms of this equation,

Measurements of sea levels and currents are conveniently tabulated as a
series of hourly values, which for satisfactory analysis should extend over a
lunar month of 709 hours, or better over a year of 8766 hours. Suppose that we
have M observations of the variable X(¢) represented by x,, x,, . . . Xy, then the
mean is given by the formula:

X=g(xy+ X+ x5+ 4 xy (1:3)
or in conventional notation:
X=g)x
Every value of the variable differs from the mean of the series of observations
by an amount which is called its deviation. The deviation of the mth obser-

vation is given by
8y =X, — X

Note that the average value of ¢ must be zero because of the way in which the
mean value X is calculated. A better way of describing the extent by which the
values of x vary about the mean value % is to compute the variance 5%, the mean
of the squares of the individual deviations:

32=,&Z(xm—x2 (1‘4)

which must always have a positive value. The square root of the variance, s, is
called the standard deviation of the distribution of x about X.

A further extremely useful.technique called Fourier analysis represems a
time series in terms of the distribution of its variance at different frequencies.
The basic idea of Fourier analysis is that any function which satisfies certain
theoretical conditions, may be represented as the sum of a series of sines and
cosines of frequencies which are multiples of the fundamental frequency o =
(2n/MAt).

. M2
X()=Z, + Z A, cosmot + Y B, sin mot (1:5)

me=l
where the coefficients 4, and B,,, may be evaluated by analysis of M values of
X(¢) sampled at constant intervals At, Z, is the average value of Z (1) over the
period of observations, The theoretical conditions required of the function X(¥)
are satisfied by sea levels and currents and by any series of observations of
natural phenomena. An alternative form of equation (1:5) is:

M2
X()=2Z,+ Y H,cos(mot—g,) (1:6)
m=|
where
H,=(A2+ B
and

g, = arctan (B,/A4,)
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H,, and g,, are the amplitude and phase lag of the mth harmonic constituent of
the function X(#). Note that the phase lags and angular speeds must be
expressed consistently in terms of radian or degree angular measure; se¢ Section
4:2 for a discussion of the usual tidal notations.

The variance of this function about the mean value Z, is given by squaring
the terms within the summation symbol of equation (1:6), and averaging over
the period of observation. If this multiplication is carried through it is found
that all of the cross-product terms are zero, except for terms of the form:

H2 cos? (mot — g,,)

the average value of which, over an integral number of cycles is 5 H 2. The total

variance in the series is therefore given by:
M2
§ Y H2
This powerful statistical result which states that the total variance of the series
X(9) is the sum of the variance at each harmonic frequency is very important for
tidal analyses.

The methods of tidal analysis to be described in Chapter 4, which enable
separation of the tidal and surge components of the series X{(s), have a
condition that the two components are statistically independent. This means
that the sum of their individual variances gives the variance in the total
observed series:

M M M

Y X(kAN - Zg)P = Y (THkAn + §  S*kAy

1 k=]

=} =

Total variance Tidal variance Surge variance

Furthermore, the variance of the tides may be computed as the sum of the
variance in each frequency element. The important conclusion is that the total
tidal variance in a series of observations is the diurnal variance plus the
semidiurnal variance plus the variance at other higher and lower frequencies. In
shallow water there may be tidal energy at higher frequencies because some
semidiurnal tidal energy is shifted, mainly to quarter-diurnal and sixth-diurnal
tidal periods {(see Chapter 7). These concentrations of tidal energy in groups
of similar period or frequency, which we discuss in detail in Chapter 4, are
called tidal species.

We now consider how the tidal regime at a particular location may be
characterized by the way in which the variance is distributed among the
different species. Table 1:1 summarizes the distributions of variance for four
sites. In Honolulu the total variance is small, and contains nearly equal
coniributions from the diurnal and semidiurnal species. Tides from higher
species due to shallow water distortions are negligible because Honolulu is near
the deep ocean. At Mombasa the diurnal tides are larger than at Honolulu, but
the tidal curves are dominated by the large semidiurnal tides. There is a narrow
continental shelf region adjacent to the Mombasa coast which generates a small
variance at higher frequencies. At Newlyn the diurnal tides are very small and
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the semidiurnal tides are very large. Shallow-water tides are a significant factor,
due to the effects of the extensive continental shelf which separates Newlyn
from the Atlantic Ocean. Courtown has an exceptional tidal regime; the annual
and other long period changes of level are unusually large, but the semidiurnal
tides are unusually small for a continental shelf site.

Table 1:1 Distributions of variance at representative sea-level stations. Long-period
tidal variations include annual, semi-annual and monthly changes. Units are cm?.

Tidal

Long-period Diurnal Semidiurnal Shallow-water Non-tidal Total
Honolulu 9 154 157 0 35 355
1938-1957
Mombasa 5 245 7555 2 19 7826
1975-1976
Newlyn 17 37 17055 100 191 17 400
19381957
Courtown ié 35 284 35 222 732
1978-1979

Mombasa and Honolulu have the smallest non-tidal or surge effect in the
observed levels. The largest surge residuals are found in the higher latitudes
where storms are more severe, and in regions of extensive shallow water,

The variance distribution shown in Table 1:1 can be taken a stage further.
Figure 1:5 shows the results of a frequency distribution of the variance in a year
of hourly sea-level measurements at Mombasa. Theoretically, given a year of
8766 hourly observations, 4383 separate frequency components could be
determined, but such a fine resolution gives a spectral plot which is noisy and
irregular. A more satisfactory presentation is obtained by averaging the
variance over several adjacent frequency components.

In the case illustrated, the values are averaged over 60 elements, and plotted
against a logarithmic vertical scale to accommodate the great range of values
obtained. The significance of the semidiurnal and diurnal tides is clear. Most of
the non-tidal variance is contained in the low frequencies, equivalent to periods
of 50 hours or longer. Although weak, the fourth-diurnal tides stand out clearly
above the background noise and there is a hint of a spectral peak in the vicinity
of the third-diurnal tides near 0.12 cycles per hour. The averaged values of
variance plotted within the diurnal and semidiurnal species conceal a fine
structure of variance concentration at a few particular frequencies, which will
be considered in more detail in Chapter 3.

The measurement of variance is conveniently related to the energy contained
in a physical system and descriptions of tidal dynamics (see Sections 5:4:1 and
7:9) are often expressed in terms of energy flaxes and energy budgets. The
variance of a series of sea levels may be related to the average potential energy
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of the water mass relative to a regional mean sea-level, and for current speeds
the variance may be related to the average kinetic energy of the water
movements.

The purpose of tidal analysis is to represent the variations in terms of a few
significant parameters, In Chapters 3 and 4 we discuss the available techniques
in more detail, but we first summarize, in the next chapter, different methods
for measuring the variations of sea levels and currents in order to produce
reliable data for subsequent analysis.



CHAPTER 2

Observations and Data Reduction

Indeed, 1 think that as we go on piling measurements upon measurements, and making
one instrument after another more perfect to extend our knowledge of material things,
the sea will always continue to escape us.

Belloc, The Cruise of the Nona

2:1 The science of measurement

The ocean is its own uncontrollable laboratory and the oceanographer who
measures the properties of the sea is an observational rather than an exper-
imental scientist. Technically the necessity of making measurement$ at sea
presents many challenges in terms of the logistics of travel to the site, for
deployment of the equipment, and for its safe and reliable operation in a
frequently hostile environment.

This chapter summarizes methods of measuring changes of sea levels and
currents over tidal and longer periods, with pariicular emphasis on new
techniques such as satellite altimetry and high-frequency radar. One of the
major instrumental difficulties in the measurement of long-period variations of
both sea levels and currents is the ability to resoive the longer period variations
from shorter period variations due to short-period wind-induced waves. These
waves often have amplitudes which are much greater than the accuracy
demanded for the long-period averaged values. It is not unusual to require
measurements of tidally changing sea-level to an accuracy of 0.01 m in the
presence of waves of 1.0 m amplitude, or measurements of mean currents of
0.03 ms ™! where speeds fluctuate by more than 1.0ms™! over a few seconds
due to wave activity. The designer of instrument systems must overcome the
problem of averaging these wave effects in a way which produces no residual
distortion.

Coastal measurements of sea-level have a long history; many countries
operate networks of tide gauges at selected sites to monitor mean sea-level
changes and to assess the risks of fooding from the sea. The British network of
some thirty gauges is an example of a network which transmits the data
automatically to a central point for checking and eventual archiving in a special
data bank. The National Ocean Service of the United States operates a similar
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system with more than one hundred and fifty gauges, some of which transmit
the data via satellites. The Intergovernmental Oceanographic Commission has
now established a global sea-level network, which consists of some 230
nationally operated gauges, to monitor long-period changes in global sea-level,
Many series of sea-level observations extend over several decades, and although
few of them extend over mere than a hundred years, they represent one of the
longest series of ocean measurements. Compared with many other types of
ocean measurements, the equipment for measuring sea-level is cheap and easy
to maintain.

Measurements of sea levels and currents away from the coast are more
difficult because there are no obvious fixed reference points. They are also far
more expensive because ships are needed to deploy and recover the equipment.
Even a modest specially-equipped research vessel costs upwards of $10 000 per
day to operate. As a result of these practical and financial difficulties, few
measurements offshore extend over more than a year, and even measurements
sver a month have become practicable only since the development of automatic
digital recording equipment.

When planning a measuring programme to monitor sea levels and currents in
a particular area, several design factors must be considered. Where should
measurements be made? For how long? To what accuracy? Is datum stability
and connection to a nationa! levelling datum necessary for the coastal levels?
Ultimately, can these requirements be met within acceptable cost limits? The
range of equipment now available extends from relatively cheap, imprecise
short-term meters to accurate, long-term internally-recording, and inevitably
expensive, equipment sold in a specialized international market. For a rela-
tively crude local hydrographic survey the former may suffice, but for scientific
studies the superior insttuments and accuracies are essential. Target accuracies
of 0.01 m in levels and 0.03ms™? in currents are possible with a little care.
Unfortunately it is easy to make bad measurements which appear to have this
accuracy, but which contain unidentified systematic or random error.

When we measure any quantity we are trying to describe it in terms of
numbers; we may say that it is big, but by comparison with what other entity?
We may say that it has a value of 43, but this is meaningless without properly
specified units. We may say that it has a value of 43 metres, but it would be
more precise to specify the value as 43.26 metres. It may also be more accurate
to give this more precise value, but only if the instruments and procedures used
were adequate. Oceanographers generally prefer to use SI units (UNESCO,
19835a); factors for converting to these units are given in Table 2:1.

It is important to realize that all measurements are comparative, and that no
measurement is perfectly accurate. The comparative nature of measurements
implies a system of units and standards established by international agreement
and testing. Both length and time are now defined in terms of atomic radiation,
the metre in terms of the Krypton-86 atom, and the second in terms of the
Caesium-133 atom; secondary standards are adequate for marine physical
measurements but it is important that measuring systems are regularly and
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carefully calibrated against these, An important distinction must be made
between the absolute accuracy of a measurement, which is its accuracy
compared with an absolute international standard or datum, and the relative
accuracy or sensitivity of the measuring system, which is the accuracy with
which the difference between individual measurements in a set has been
determined. For example, a tide gauge may measure sea-level changes to
0.01 m, but because of inaccurate Jevelling or poor maintenance, its accuracy
relative to a fixed datum may be in error by 0.05m.

Table 2:1 Conversion factors to SI units.

Levels Multiply by
Conversion to metres

From feet 03048

fathoms 1.8 288
Pressures
Conversion to pascals (newtons per square metre)

From dynes per square centimetre 0.1 060
bars 100 000
millibars 100
pounds per square inch 68948

Speeds
Conversion to metres per second

From feet per second 0.3048
knots 05144
kilometres per day 0.0116

Despite their apparent diversity all measuring systems have some common
characteristics. Firstly, some physical parameter exists to be measured. For sea-
level this is the contrast between air and sea water of their density, of the
velocity with which sound travels within them, or of their electromagnetic
properties. This physical parameter must be measured by some sensor, which is
ideally very sensitive to the parameter itself, but quite insensitive to any other
changes. The density contrast between air and water enables the interface to be
located by a simple float. The contrast between the electromagnetic properties
of air and water enables the level to be detected by eye. Other examples will
be discussed later. The signal from the sensor must then be transmitted to a
recording system, which will have its own characteristics and limitations. This
telemetry may at one extreme be via satellite to a remote computer centre, or at
the other extreme by human speech to someone who writes the values in a
notebook. The choice of sensor, transmitter and recording medium must
depend on the applications of the data and the accuracy and speed with which
it is required. Flood warning systems need rapid data transmission, whereas for
compilations of statistics of sea-level changes over several years, a delay may be
of no consequence.
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2:2  Sea levels, bottom pressures

Methiods for measuring sea-level may be divided into two categories: those
appropriate for coastal measurements, and those which can be used off-shore
(Howarth and Pugh, 1983; Forrester, 1983; UNESCQ, 1985b). Until quite
recently all measurements of any duration were made at the coast which,
although technically easier, can introduce local distortions. Coastal currents
and waves interact with the coastal topography to produce local gradients on
the sea surface. Mean sca levels at one site may be higher or lower by several
centimetres, compared with the corresponding levels a few kilometres away
along the coast, or cutside rather than inside a harbour, Differences of 0.03m
would not be exceptional, and so the selection of a suitable site for coastal
measurements is important.

The site selected should ideally be connected by relatively deep water 1o the
area for which the measured levels are intended to be representative. It should
experience the full tidal range, if possible, and not dry out at low waters. Sites
affected by strong currents or directly exposed to waves should be avoided
because of their local effects on sea-level. So should sites near headlands and in
harbours with very restricted entrances. Practical requirements include ease of
access, proximity to a permanent benchmark for good datum definition, and
the availability of suitable accommodation for the recording instruments, Piers
and lifeboat stations can be good sites but they are not always available.

2:2:1 Tide poles

Levels have been measured using vertically mounted poles for thousands of
years. The ancient Egyptians linked their Nilometers to their temples, from
where the priests gave warnings of imminent flooding. Tide poles or staffs are
cheap, easy to install, and may be used almost anywhere, Many harbours have
levels engraved in the walls. Along a broad drying beach a flight of tide poles,
all connected to the same datum, may be used. For these, and for all
measurements of level, there should be a careful connection of the gauge zero to
a permanent shore benchmark, which is usually designated the Tide Gauge
Bench-mark (TGBM). If possible at least three auxiliary secondary benchmarks
should also be identified to guard against the TGBM being destroyed. In calm
conditions it should be possible to read a pole to 0.02m, but the accuracy
deteriorates in the presence of waves. Experiments show that experienced
cbservers can achieve a standard deviation for a set of readings of 0.05 m in the
presence of waves of 1.5m height. However, systematic errors may also be
present due to operator bias and because of different daytime and night-time
illumination. Waves may be averaged by taking the average between crest and
trough levels; but the apparent trough level for an observer viewing at an angle
over the sea surface may actually be the crest of an intermediate wave which is
obscuring the true trough at the pole. In this case the averaged level will be too
high.
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Reading accuracy in the presence of waves may be increased by fitting a
transparent tube (Perspex) alongside the pole, which connects to the sea
through a narrower tube preventing immediate response to external level
changes. For a transparent tube of internal diameter 0.025 m, a connecting tube
2.7 m long of internal diameter 0,004 m gives an averaging time of 30 seconds,
sufficient to still most waves. The level in the transparent tube is easily read
against the graduated pole, particularly if some dye is mixed into the tube
water.

Although notable series of measurements have been made with tide poles, the
tedium of reading over several months makes poles unsuitable for long-term
measurements; however, they are often the best choice for short-term surveys of
only limited accuracy. Commercially available gauges, consisting of a series of
spaced electronic water-level sensors, which record both waves and tidal
changes of level are available as an alternative to reading by eye.

2:2:2  Stilling-well gauges

The vast majority of permanent gauges instailed since the mid-nineteenth
century consist of an automatic chart recorder: the recording pen is driven by a
float which moves vertically in a well, connected to the sea through a relatively
small hole or narrow pipe (Great Britain, 1979; Forrester, 1983). The limited
connection damps the external short-period wave oscillations. The basic idea
was described by Moray in 1666. He proposed that a long narrow fioai should
be mounted vertically in a well, and that the level to which the float top had
risen be read at intervals. The first seif-recording gauge, designed by Palmer,
began operating at Sheerness in the Thames estuary (Palmer, 1831).

Figure 2:1 shows the essential components of such a well system, as used by
the United States Naticnal Ocean Service. The well is attached to a vertical
structure which extends welil below the lowest level to be measured. At the
bottom of the well is a cone which inserts into a support pipe; this pipe is fixed
in the sea bottom. Six pairs of apenings in the support pipe give little resistance
to the inflow of water, but the narrow cone orifice restricts flow, preventing the
rapid fluctuations due to waves from entering the well. However, the slower
tidal changes which it is intended to measure do percolate. For most tide and
wave regimes an orifice to well diameter ratio of 0.1 (an area ratio of 0.01) gives
satisfactory results, Where waves are very active the area ratio may be further
reduced to perbaps 0.003. Several aliernative well arrangements are possible;
these include a hole in the side of the well, or where necessary, a straight or
syphon pipe connection (Lennon, 1971; Noye, 1974; Seelig, 1977). Copper is
often used to prevent fouling of the narrow connections by marine growth. A
layer of kerosene may be poured over the sea water in the well where icing is a
winter problem.

The float should be as large as possible to give maximum force to overcome
friction in the recording system, but should not touch the well sides. A 0.3m
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Figure 2:1 A basic stilling-well system used by the USA Natjonal Ocean Service. The cone orifice

diameter is typically 10 per cent of the well diameter, except at very exposed sites. The well diameter
is typically 0.3-0.5 m.

well with a 0.15m float is 2 satisfactory combination. Vertical float motion is
transmitted by a wire or tape to a pulley and counterweight system. Rotation of
this pulley drives a series of gears which reduce the motion and drive a pen
across the face of a chart mounted on a circular drum (Figure 2:2). Usually the
drum rotates once in 24 hours, typically at a chart speed of 0.02 m per hour; the
reduced level scale may be typically 0.03 m of chart for each metre of sea-level.
Alternative forms of recording include both punched paper tape and magnetic
tape.

Routine daily and weekly checks are an essential part of a measuring
programme. In addition to timing checks, the recorder zero should be checked
periodically by using a steel tape to measure the distance from the contact point
level to the water surface. The instant the end touches the water may be
detected by making the tape and the sea water part of an electrical circuit which
includes a light or meter which operates on contact. For diagnosing errors in
gauge operation, it is useful to plot the difference between the probed and the
recorded levels against the true levels as measured by the probe. For a perfect
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Figure 2:2  An example of the traditional stilling-well loat-operated gauge. (Supplied by R. W.
Munro Ltd)

gauge the difference is always zero, but a wrongly calibrated gauge will show a
gradual change in the difference. If the gauge mechanism is very stiff, the
difference will not be the same for the rising and falling tide. In addition to
regular checks of gauge zero against the contact point, the level of the contact
point should be checked against a designated Tide Gauge Bench-mark
(TGBM) and a series of auxiliary marks at least once a year.

Although stilling-well systems are robust and relatively simple to operate,
they have a number of disadvantages: they are expensive and difficult to install,
requiring a vertical structure for mounting over deep water. Accuracies are
limited to about (.02 m for levels and 2 minutes in time because of the width of
the chart trace; charts can change their dimensions as the humidity changes.
Reading of charts over long periods is a tedious procedure and prone 1o errors.
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There are also fundamental problems associated with the physical behaviour
of the wells. Two such errors are due to water level differences during the tidal
cycle, and with draw-down due to flow of water past the well. In an estuary the
water salinity and hence density increases with the rising tide. The water which
enters the well at low tide is relatively fresh and light. At high tide the average
water density in the well is an average of the open-sea density during the rising
tide, while the well was filling. However, the water in the open sea at high tide is
more dense and so the well level must be higher than the open-sea level for a
pressure balance across the underwater connection. As an extreme example, the
well level could be 0.12 m higher than the external level on a 10 m tide where the
density increases from that of fresh water to that of normal sea water (Lennon,
1971).

Because the well, or the structure to which it is fixed, presents an obstruction
to currents, it will distort the underwater pressures. Hence, the pressure at the
connection between the well and the sea may not be the true pressure due to the
undisturbed water level. The openings in the support pipe of Figure 2:1 are
arranged to reduce this pressure distortion. A major limitation for the most
accurate measurements is the behaviour of the flow through the orifice in the
presence of waves; there can be a systematic difference in the levels inside and
outside the well, particularly if the flow due to the waves is less restricted in one
diréction than another, as with a cone-shaped orifice.

2:2:3 Pressure measuring systems

An alternative approach is to measure the pressure at some fixed point below
the sea surface and to convert this pressure to a level by using the basic:
hydrostatic relationship (see also equation (3:21)):

P=P, +pgD (2:1)

where P is the measured pressure, at the transducer depth, P, is the atmos-
pheric pressure acting on the water surface, p is the mean density of the
overlying column of sea water, g is the gravitational acceleration, and D is the
water level above the transducer.

The measured pressure increases as the water level increases. This relation-
ship was first used to measure water depths by Robert Hooke and Edmund
Halley in the seventeenth century. At the coast the underwater pressure may be
transmitted to a shore-based recorder through a narrow tube, In simple systems
the pressure is sensed by connecting the seaward end to a partially inflated bag
or an air-filled drum open at the base, in which pressures adjust as water enters
and leaves during the tidal cycle.

Better overall performance and datum stability are obtained with the
pneumatic system shown in Figure 2:3 (Pugh, 1972); gauges based on this
principle are called bubbler gauges or gas-purging pressure gauges. Com-
pressed air or nitrogen gas from a cylinder is reduced in pressure through one
or two valves so that there is a small steady flow down a connecting tube to
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escape through an orifice in an underwater canister, called a pressure-point or
bubbler orifice chamber. At this underwater outlet, for low rates of gas escape,
the gas pressure is equal to the water pressure P. This is also the pressure
transmitted along the tube to the measuring and recording system, apart from a
small correction for pressure gradients in the connecting tube.

Pressu;gn
1
Pressure reduction reterdng syslem

" ——Narrow tube for time constant
\ control oy be inserted here
essed
air cylinder " Tube length €1

internal dicmeter 4mm,20y

Figure 2:3 A basic pneumatic bubbling system for tube lengths less than 200m.

Several forms of recorder have been used, including temperature-compen-
sated pressure bellows which move a pen over a strip chart, a mercury
manometer with a float arrangement as for a stilling-well, and a variety of
electronic transducers which permit a digital signal to be recorded on magnetic
tape. Figure 2:4 shows a gas control and pressure recording system. The normal
procedure is to measure the pressure using a differential transducer which
responds to the difference between the system pressure and the atmospheric
pressure, so that only the water head pressure is recorded. If g and p are known,
the water level relative to the pressure-point orifice datum may be calculated.
For most sites a suitable constant value of p may be fixed by observation.
However, in estuaries the density may change significantly during a tidal cycle.

In this case a linear increase of density with level is usually an adequate
adjustment.



Figure 2:4 The flow control and pressure recording equipment of a basic bubbling system. The
gas cylinder may supply either nitrogen or compressed air. Ordinary SCUBA cylinders are very
suitable.

The underwater pressure-point is designed to prevent waves forcing water
into the connecting tube. If this happened large errors would result. The critical
parameter is the ratio between the total volume of air in the pressure-point and
connecting tube, and the area of the pressure-point cross-section: this ratio
should not exceed 0.20 m; the actual shape of the pressure-point cross-section is
not important. For tube lengths up to 200 m the pneumatic system shown in
Figure 2:3 will be accurate to within 0.1 m water head equivalent. The rate at
which air is forced through the tube should be sufficiently large to prevent
water backing-up into the pressure-point and tube system during the most
rapid rate of sea-level rise, but too rapid a rate will result in the air bottle
having 1o be replaced more often than necessary. Another constraint is that the
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pressure drop in the connecting tube, which must be kept small, is proportional
to the flow rate. Adequate flow of gas is maintained if the rate in millilitres per
minute is set slightly in excess of:

volume in ml . . . -
(W%—) x (maximum rate of water level increase in mh™1)

For the system shown in Figure 2:3 and a tidal range of 5 m, a flow of 10 ml per
minute will suffice. The error due to pressure drop in the tube depends on both
the tube length and the rate of flow which in turn must increase as greater tube
length increases the system volume. The error increases in proportion to
(Iy/ar)?, where [ is the tube length and a; is the tube radius. For this reason
special care is necessary when designing for connecting tube lengths in excess of
200 m.

The advantages of a pneumatic bubbler system include the stability of a
clearly defined datum, the cheap expendable nature of the vulnerable under-
water parts, and the possibility of having the underwater pressure point some
hundreds of metres from the recorder. Systems with tube lengths of 400 m have
been designed for use in special cases; the range enables measurements at
virtually all coastal sites provided that the tubing is protected as it passes
through the zone of breaking waves. On beaches protective outer tubing
weighted with scrap chain is very effective for burying the air tube. The pressure
point may be fixed to an auger rod twisted into the sand. Levelling to the
pressure-point datum requires special equipment or the co-operation of a diver
to hold the levelling stave. The major disadvantage is that faulty operation, for
example due to a damaged or partly flooded tube, is difficult for an unskilled
operator to detect.

Some gauges dispense with the pressure-point and connecting tube, by
having the pressure transducer mounted in the water, with an electric cable
connected to a recorder ashore. The disadvantages of this system are the
difficulty of precise datum definition and the cost of replacing relatively
expensive underwater components.

2:2:4  Reflection-time gauges

The time taken by a pulse of sound to travel from the source to a reflecting
surface and back again is a measure of the distance from the source of the
reflector. If a sound source is mounted above a stilling well the travel time may
be used to replace the float and wire assembly. This travel time is given by:
2,

C,

where /, is the distance to be measured and C, is the velocity of sound in air.
For dry air (at 10 °C and one atmosphere pressure) C, = 337.5ms ™! so thata
change in /, of 0.01 m corresponds to a change in 1, of 0.000 059 s. Corrections
must be made for the variations of C, with air temperature, pressure and
humidity. For example, if the temperature falls to 0°C, C, decreases to
331.5ms™ ! and it is necessary to reduce the calibration factor of the gauge by

L
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1.8 per cent to compensate—one way of making these adjustments is to record
continualiy the travel time of a sound pulse over a known standard distance.
This method is difficult to apply without a stilling-well because reflections are
directed away from the receiver if they are incident on an irregular or sloping
sea surface. The United States National Ocean Service is gradually introducing
a new sea-level monitoring system based on this type of acoustic gauge.

An alternative method is to place the transmitter and receiver on the sea-bed
where they operate like an inverted ship’s echo sounder. The velocity of sound
in sea water (10 °C and 35 ppt) is 1490 m s~ *. To achieve an accuracy of 0.01 m
the timing must be accurate to within 0.000 013 s, At 0 °C the calibration factor
must be reduced by 2.8 per cent; in fresh water a reduction of 3.2 per cent is
necessary.

The principle of timing a reflected signal may also be applied using a pulse of
electromagnetic radiation. This travels at 299.792 x 10°ms~"! in air (at 10°C
and a pressure of one atmosphere) sco that timing to an accuracy of
0.6 x 107 1% is necessary to resolve a level difference of 0.01 m. Careful design
is necessary to avoid reflections from surrounding structures and in one design
a pair of copper tubes is used as a waveguide. Lasers have also been used in
some combined wave and tide gauges. Sea water attenuaies electromagnetic
signais too rapidly for the inveited echosounder technique to be used. These
systems all have the disadvantage of needing a vertical structure on which to
mount the equipment.

2:2:5 Open-sea pressure gauges

Measurements of sea-level variations along the coast define conditions in only a
limited area of sea. There are several applications for which the changes in
levels at sites well away from the coast, even in the deep ocean, are required.
These applications include hydrographic surveys where depths must be
adjusted for the changing sea-level, navigation of ships or oil rigs through
shallow channels, the design of oil rigs, the operation of flood warning systems
and the scientific study of the hydrodynamic behaviour of oceans and shelf
seas. Where an offshore structure is not available, the only stable reference
point is the sea-bed. Instruments have been developed to descend to the
bottom, where they can remain for up to a year, recording the pressure of the
overlying water column. This pressure, which is related to water level by the
hydrostatic equation (2:1), includes atmospheric pressure. Operation of these
gauges requires a high level of technical skilt for deployment and recovery of
the equipment and to ensure reliability and precise calibration (Cartwright ef
al., 1980),

Figure 2:5 shows a special gauge developed by the United Kingdom Institute
of Oceanographic Sciences for making pressure measurements to depths
greater than 4000 m. The whole assembly is contained within a protective
framework below which a heavy tripod ballast frame is attached by a special
release hook. Several glass spheres, each mounted within a pair of hemispheni-
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Figure 2:5 A deep-sea pressure gauge developed by the UK Institute of Oceanographic Sciences
ready for deployment. The instrument has a resolution of 0.01 m to depths in excess of 4000 m. Less
elaborate systems are available commercially for general shallow-water applications.
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cal caps, are attached to give buoyancy to the unit. The equipment is lowered
into the sea by crane from a research vessel, and released so that it falls slowly
to the sea-bed. Here it remains for the period of measurement, at the end of
which the research ship returns to the site guided by accurate satellite naviga-
tion. The gauge is relocated by means of coded acoustic signals and instructed
to fire a small pyrotechnic device which separates the main equipment from the
ballast frame. The gauge rises slowly to the sea surface; in 4000 m of water this
may take more than an hour. There is often keen competition for the first
sighting! Additional methods of location include acoustic tracking and an
automatic flashing light mounted on top of the main frame.

Less elaborale gauges are available commercially for measurements on the
continental shelf. In shallow water it is often better to have the gauge attached
to a ground lifte, which may be marked and recovered by a surface float, so that
it can be recovered without acoustic commands. If the surface float is lost, the
ground line can still be recovered by trawling a hook along the sea-bed. A
further refinement for hydrographic survey work in shallow water is to transmit
the bottom pressure to a surface buoy, either acoustically or by conducting
cable; from this buoy the signal is radioed to the survey ship, so that corrections
for sea surface level changes can be made as the survey proceeds.

The accuracy of these gauges is limited by the pressure sensing transducer
itself. The ideal transducer would be sensitive only to pressure changes, but in
practice temperature changes also affect their signal, and so separate correc-
tions for this are also necessary. A second important requirement is to minimize
the transducer zero drift over the time of deployment. On the continental shelf,
in depths of less than 200 m this drift can be reduced to a few centimetres a
month, which is comparable with the drift due to gradual settling of the ballast
frame into the sediment. In depths of 4000 m the drifts are greater, and more
care is necessary when making corrections for temperature effects. This is one
problem which the oceans themselves help to minimize, because temperature
changes at these depths are usually less than 0.1 °C over very long periods.

There are several different designs for pressure transducers: the most popular
types have either a strain gauge sensor or a quartz crystal sensotr. If the
transducer’s electronic circuit is designed to give an oscillating output whose
frequency changes with pressure, then the average pressure over a sampling
period may be determined by counting the oscillations. This is a very useful
way of averaging out wave pressure variations in very shallow water; in deep
water the sea does its own averaging as these waves are not felt at the sea-bed.

2:2:6 Satellite altimetry

Measurement of sea levels away from the coast using bottom pressure gauges is
slow and expensive. At least two cruises are required, one for deployment and
one for recovery. An alternative method is to measure the distance of the sea
surface below an orbiting satellite, in the same way that a ship’s echo sounder
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measures water depth, or the shore-based reflection-time gauges measure sea-
level changes. A satellite orbits the earth many times in a single day, covering a
large area very quickly, and generating enormous quantities of data. The
complexities of interpreting data from these satellites requires oceanographers
to pay particular attention to the accurate determination of satellite orbits and
the exact shape of the mean sea-level surface (Robinson, 1983). These factors
are also relevant to discussions of tidal forces and the geoid (Chapter 3) and
global mean sea-level (Chapter 9), (Marsh e al, 1986; Woodworth and
Cartwright, 1986).
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Figure 2:6 The orbital periods and orbital speeds for circular satellite orbits at different
geocentric elevations, assuming a spherical earth,
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If the earth were a perfect sphere with its mass uniformly distributed, then a
satellite would orbit in an ellipse with the centre of the earth as one focus: for
altimetry a nearly circular orbit is best. The acceleration necessary to maintain
the satellite in its orbit is provided by the force of the earth’s gravitational
attraction. At lower orbits the greater gravitational attraction balances a larger
orbital speed, whereas at higher orbits lower orbital speeds and longer periods
of rotation maintain a dynamic equilibrium. For each orbital radius there is a
definite speed and orbital period. Figure 2:6 shows corresponding speeds and
orbital periods for circular orbits around a spherical earth of uniform mass
distribution. The only orbit which would allow the satellite to measure altitudes
above the same fixed point of the ocean is the orbit in the plane of the equator,
at an elevation of 42200km from the centre of the earth. However, this
elevation is too high and gives too limited a coverage. For altimetry, the best
orbits are at elevations between 800 km and 1300 km above the earth’s surface,
at geocentric elevations from 7170 to 7670 km. At these altitudes, where each
satellite orbit takes about 100 minutes, the atmospheric drag on the satellite is
acceptably low, while the power required for transmission and reception of
detectable pulses is not too high. Small changes in orbit height and inclination
allow fine tuning of the ground coverage so that it repeats at regular intervals;
any differences in the levels measured by repeated orbits must be due to sea
surface variability, There are also more subtle constraints imposed by the need
to avoid orbits which cross the same area of ocean at periods close to those
found in the tides, For example, if this happened at an exact multiple of 24
hours the solar tide would appear frozen as a permanent distortion of the mean
sea-level surface,

As with the ground-based electromagnetic pulsed systems, the return of a
single pulse would have to be timed to better than 10~ 1% s for the satellite to sea
surface distance to be accurate to 0.01 m. The first effective altimeter was flown
on Skylab 8-193, launched in 1973, This had a range resolution of betier than
1 m. Improved techniques for comparing the pulses and increasing the power
enabled the GEOS 3 satellite, launched in 1975, to achieve a range resolution of
better than 0.50m and a ground resclution of 3.6 km. SEASAT, which was
launched in 1978, had a range resolution of better than 0.1 m and a ground
resolution of 2.5 km over a calm sea. These range resolutions are based on the
average of several separately timed pulses. Adjustments of the travel times are
made for the atmospheric and ionospheric conditions through which the pulse
travels. If the sea surface is smooth the return pulse has a sharply defined
leading edge, but as the sea becomes imore disturbed the leading edge is
extended. The midpoint of this leading edge is taken as the return time.
Corrections are made for the bias introduced because more energy is reflected
from the wave troughs than from the crests. Additionally, wave heights can be
estimated from the slope of the leading edge of the return echo. As a further
refinement it is also possible to relate the reflected pulse strength to the surface
wind speed. The continuous monitoring of the sea levels achieved by SEASAT

over a 70-day period was terminated by an electrical failure, but GEOS-3 lasted
for several years.
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Figure 2:7 Schematic diagram of the parameters which must be known to determine the sea-level
relative to the geoid by satellite altimetry.

Although the altimeter measures the distance from its orbit position to the
sea surface, for oceanographic work the sea-level required is measured relative
to the geoid. The geoid is the ‘level’ surface of equal gravitational potential
which the sea surface would assume if there were no disturbing forces: in fact it
has undulations of more than 06 m from a smooth ellipsoidal representation
of the earth’s surface {see Section 3:5) due to an uneven distribution of density
in the upper mantle and crust of the earth. Figure 2:7 shows the parameters
involved in interpreting a measured level A, of a satellite aliimeter above the
sea surface. The elevation of the satellite itself above the reference ellipsoid, #,,
must be known accurately, and geoid elevation h; must aiso be known in order
to determine the required sea level A,:

h4=h2_hl_h3

Determination of both &, and A, present problems.

The simple circular orbits whose characteristics are shown in Figure 2:6
cannot be achieved in practice because several forces act to disturb the
dynamics of the satellite. The earth is not a sphere of radial mass distribution;
there is a flattening at the poles, the polar radius being 43 km less than the
equatorial radius. For the relatively low orbits used for altimetry this has the
effect of slowly rotating (precessing) the plane of the satellite orbit in absolute
space. Satellites with heights around 1000 km in near polar orbits have orbital
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planes which precess at about 1° per day. At these levels the variations in
gravity due to smaller scale near-surface density anomalies are also significant,
but not sufficiently well known.

The drag of the atmosphere on the satellite and the pressure due to solar
radiation are two other forces which cannot be precisely modelled. Atmos-
pheric drag lowers the orbit radius by an amount estimated at tens of
centimetres in each orbit, depending on the design of the satellite, with an
uncertainty of perhaps 20 per cent. Other smalier orbit distortions are intro-
duced by changes of satellite mass after manoeuvres, by the gravitational
attractions of the moon and sun, and even by the changes of gravity due to the
water mass movements of the ocean tides.

Because of these uncertainties the satellite positions and velocities must be
tracked at intervals relative to fixed ground stations. Two systems which may
be used for this tracking are ranging by laser, which requires clear skies and is
accurate to within 0.05m, and radio ranging systems which can measure
through clouds and which may eventually be even more accurate. Errors in the
geocentric coordinates of these ground stations must also be considered, and
allowances made for solid-carth tidal movements. The position of the satellite
between the known fixed positions must be calculated from estimates of the
orbit dynamics. An ideal distribution of tracking stations would have an even
global distribution, but in practice there is a concentration of stations in the
northern hemisphere. Over short tracks the errors in satellite positions are
small compared with oceanographic level changes but over thousands of
kilometres relative errors of 1.0 m or more are present in the calculations of the
satellite elevation #,. However, future satellite altimeter systems which measure
h, and k, to better than 0.05 m are technically feasible.

The problem of removing the elevation of the geoid undulations remains.
These undulations have been defined by careful analysis of the way in which
they cause the plane of satellite orbits to rotate in space over long periods. The
accuracies of these determinations are typically 2m for wavelengths greater
than 2000 km. However, the variations of sea-level 4, are aiso of this order.
Because satellite orbits are only sensitive to the long wavelength changes, at
~ shorter wavelengths other methods must be used to determine the geoid. Direct
measurements of surface gravity can be used. The accuracy of ship-mounted
gravimeters aflows a definition of 0.1 m but the rate of data collection is too
slow to be generally applicable. In the future it may be possible to determine the
local geoid deformations by measuring the distances between a pair of low-
orbit satellites. At present other ways of avoiding the need for an exact
knowledge of &, must be considered.

On the time scale of dynamic ocean processes the geoid remains constant so
that changes of the sea-level A, with time can be monitored by repeated orbits
over the same track. SEASAT orbits were designed to repeat at 3-day intervals.
Another way of improving the coverage is to look at points where north-going
and south-going tracks cross. These techniques can only work if the only
uncertainty is in the geoid elevation A;; errors in the satellite elevations must be
low compared with the sea-level changes h, which are to be monitored.
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Figure 2:8 The relationship between the earth's rotation and the proposed TOPEX satellite orbit
inclined at 64° to the equator.,

A major proposal for the next generation of satellite altimeters has been
prepared by the TOPEX group of the United States National Aeronautics and
Space Administration (TOPEX, 1981);, launch as the joint USA/French
TOPEX/Poseidon mission is planned for 1991, 1t is intended that the global
variability of sea-level will be studied from time scales of 20 days to 5 years on
spatial scales from 30 km to the width of the ocean basins, NASA emphasizes
the need for rapid processing of the vast quantities of data which would be
generated. A network of global sea-level stations will enable ground-truth
checks on these variations (Section 11:7) as well as serving many other
purposes. The choice of the proposed orbit parameters is a compromise
between frequently repeated orbits and detatled spatial resolution. Figure 2:8
shows how the 24-hour rotation of the earth under the 100-minute satellite
orbit enables a coverage from 64° S to 64° N, with the pattern shown in Figure
2:9. The exact phase relationship between the 24-hour rotation and an integral
number of satellite orbits is controlled by a fine adjustment of the orbit height
and period to allow orbits to repeat over the same earth swath every 10 days.
There will be no coverage at higher latitudes than 64° which means that the
pelar regions are not monitored. However, an orbit at a higher inclination
would give track crossings at very acute angles, which would make compari-
sons less favourable. The TOPEX satellite has been designed to minimize
atmospheric drag. The European Space Agency plans to launch a remote
sensing satellite ERS-1, also early in the 1990s, which will carry a number of
sensors, including an altimeter having a resolution of better than (.10 m.
Initially ERS-1 will have a 3-day repeat cycle of ground coverage.

Satellite altimetry is a new and very important development. For defining the
sea surface off-shore it promises major progress over the next few decades.
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Figure 2:9 The ground track traced out by a satellite at an altitude of 1300 km with an orbital
inclination of 64° during a one-day period of 2n exactly repeating ten-day cycle. (Courtesy of the Jet
Propulsion Laboratory, California Institute of Technology, Pasadena, California.)

However, the more traditional techniques will still be necessary for ground-
truth comparisons, More fundamentally, long-term trends in sea-level can only
be determined by monitoring datum stability to better than 0.0l m over
decades, a demand which present satellite technology cannot satisfy.

2:3  Current measurements

The flow of water may be represented mathematically as a velocity vector
defining the direction and speed of movement. Strictly the movement in the
vertical and in two horizontal directions should be monitored, but the long-
period vertical movements which are normally two orders of magnitude less
than the horizontal movements are not usually considered. In this brief review
we describe only those techniques which are useful for measuring currents
which vary over tidal and longer periods. These currents are due to the
combined action of several forces, including tides and winds. Winds act only at
the surface so their effects at depth are delayed, whereas tidal pressure forces
act through the whole water depth. Near the bottom currents are slowed by the
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drag of the sea-bed. The result of these different forces is to produce a variation
of current velocity with depth, called the current profile. For many purposes the
average or depth mean current is adequate: the current measured by a single
meter at mid-depth in the water column is often taken as the depth mean
current. Experiments have shown that in shallower water the current at a level
40 per cent of the total depth above the sea-bed gives a better estimate of the
depth mean current.

Current speeds were traditionally measured in nautical miles per hour
(knots), but metres per second is now routine for science and engineering.
Mariners usually prefer knots because they relate easily to ship speeds. For
tidal currents an accuracy of 0.03ms ™' is adequate but to monitor slow water
drift a more accurate measurement than the 2.6km per day which this
represents is necessary. It is useful to remember that since | knotis 0.514ms™1,
halving the speed in knots gives a good approximation to the speed in metres
per second.

Directions can be given in terms of the points of the compass or more usually
in degrees measured clockwise from geographic north. The convention is to
define the direction towards which the current is flowing; this is the opposite to
the convention which defines the wind direction as that from which it blows.
The wind convention was established on land where the local weather is
strongly influenced by that of the region from which the wind blows, whereas
the currents convention was established by navigators who were concerned
with where the drift was taking their ship.

There are two different ways to describe the water movements {Von Arx,
1962; Neumann, 1968; Dobson et al., 1980). The Eulerian method measures the
speed and direction at a geographically fixed point, and represents the whole
flow pattern in a region by a grid of current vectors. Alternatively the
movement of a particular parcel of water can be tracked as it moves from place
to place, giving Lagrangian flow. The wwo types of flow can be related
mathematically. Each has useful applications: for example, studies of sewage or
radicactive waste dispersion would normally require the Lagrangian flow,
whereas an engineer designing an offshore platform or pipeline would prefer
Eulerian currents. Most scientific analyses are best applied to Eulerian flows,
and these are also the easier to measure continuously over long periods.

One of the problems in making these measurements is the same as for
measuring sea levels: how are the more rapid fluctuations to be averaged in an
unbiased way so that the longer-period changes are monitored without distor-
tion? Designing current meters for deployment in the sea, where absolute
positions and directions are not easily fixed, and where instruments must resist
buffeting and corrosion without themselves distorting the flow they try to
measure, is more difficult than designing sea-level recorders. Although some
long-term records of currents have been made from moored light vessels, few
records which extend for more than a year have been collected because of these
difficulties and because of the cost involved in the deployment and recovery of
the equipment,
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2:3:1 Drifters and dyes

Most of the current speeds and directions on nautical charts have been
determined by observing the drift of a special log, weighted to float vertically,
from an anchored ship. These measurements are representative of the mean
motion to the depth of the log, which may be as much as 10 m, and as such give
the likely drift of a ship which has an equivalent draught. Readings of the log
movement, which should be taken at least once an hour, give the Eulerian flow
at the fixed ship’s position. Traditionally the log speed was determined by
counting the rate at which knots in the paying-out line were counted; thus the
name for the units of flow. If the log is allowed to float freely over several hours
and its position tracked either from a following ship or from the shore, then the
Lagrangian current is measured.

Currents at different depths may be measured by releasing a series of drogues
which have a parachute or sail designed to remain in suspension at known
distances below a surface marker buoy. The surface buoy should have a low
profile to avoid wind drag, but should be easily visible, or capable of tracking
on a radar screen or by satellite navigation systems, The main problems of
using float tracers are the difficulty of constant tracking, keeping them in the
area of interest which may require lifting and relocation, and reducing the buoy
motion due to waves and due to'wind drag. The latter may be 1 per cent of the
wind drag even for a well-designed buoy. The dispersion or spread of the water,
which is an important parameter for estimating the rate at which pollutants are
diluted may be found by starting a group of drifters in a small source ar¢a and
monitoring their subsequent scattering. An effective but very simple way of
investigating Lagrangian near-surface movements is to release several floating
cards in the same place at a known time. People who find these cards on the
shore read a message which asks that they be returned to the originating
laboratory in return for some small reward. Of course there is no way of
knowing how long the card spent travelling to the shore and how long it
spent there before being found, so that only a minimum current speed can be
estimated. Movements of water and material near the bottom can be similarly
tracked by releasing plastic Woodhead bottom drifters which are designed to
float just above the sea-bed, with a weighted tail which drags along the bed to
prevent them floating up to higher levels, These too may be tracked acoustically
for shert periods. )

In the middle layers of the deep ocean acoustic neutrally-buoyant Swallow
floats can give a very good idea of the water motions. Neutrally-buoyant floats
located in the SOFAR acoustic transmitting layer of the ocean, where sound
can travel without vertical spreading and be detected over thousands of
kilometres, can transmit their movements to a network of acoustic receiving
stations for a year or more, and over very long distances.

For studies of dispersion within more confined areas such as estuaries and
near shore, various dyes or radioactive tracers may be released and their
concentrations monitored. Rhodamine and fluorescein give good water mass
identification without affecting water properties or the movements to be
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measured, because only small quantities are required. These dyes have been
followed through dilution over many kilometres, but larger scale experiments
are impractical because of the large volumes of tracer release necessary to allow
detection, Certain perfluorinated chemicals,including perfluorodecalin and sul-
phur hexafluoride have been developed as ultra-sensitive marine tracers; in one
experiment a release of 200 g of the former in the English Channel was traced
over tens of kilometres (Watson er al., 1987). Very sensitive techniques for
detecting the radioactive isotopes released from nuclear fuel reprocessing plants
have enabled secasonal and long-term drift patterns to be ascertained. For
example, the radio-caesium isotopes released at Sellafield into the Irish Sea
have been traced around the coast of Scotland and into the North Sea
{McKinley er al., 1981).

Many modern research ships have accurate equipment for measuring their
movement through water. They can also determine their true position to within
a few metres by satellite fixes. The difference between the absolute movement
and the movement of the ship through the water is the water current. These
modern techniques apply an identical principle to that used by the American
pioneer Matthew Maury (1806-1863), Maury produced charts of ocean cur-
rents from the differences between the positions which navigators estimated
from their ship’s direction and speed, and the true ship position determined by
astronomical fixes.

2:3:2 Rotor current meters

Many meters have been designed to measure current speed by counting the rate
of rotation of a propeller or similar device suspended in the flow, The current
direction relative to magnetic north is indicated by a magnet within the
instrument: a large fin forces the meter to align with the direction of the flow.
The simplest method of operating such instruments is to connect them by
electrical cable to a moered ship and to display the readings in the laboratory,
By raising or lowering the meter and taking readings at several depths it is
possible to determine the variations of current with depth, the current profile.
The tedium and expense of continuing these measurements limits the length of
data which can be collected by a moored ship to only a few tidal cycles,
insufficient for a good tidal current analysis. Moored rotor meters can record at
pre-selected intervals for periods up to a year. Measurements taken over a
lunar month enable reasonable tidal current analysis to be undertaken. Figure
2:10(2) shows an example of one of the many commercially available instru-
ments, and Figure 2:11 shows a typical mooring rig configuration used for
deployment.

The rotor may be mounted to spin about either a vertical or a horizontal
axis. The meter illustrated has a Savonius rotor which is mounted to spin about
a vertical axis. This has the advantage of avoiding a directional sensitivity in the
roter, but it means that the speeds of currents from all directions are added
indiscriminately. Near the surface in the presence of rapidly oscillating currents
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due to waves, the fin is unable to reverse and so the forward and backward
currents are both added into the rotor motion. If a propeller-type rotor with a
borizontal axis is used, forward and backward flows cause the rotor to turn in
different directions so that oscillating flows are correctly averaged. The meter
must be correctly balanced in the water which, because of the different
buoyancy, is not the same as being correctly balanced in the air: final balancing
adjustments must be made in sea-water. Correct balancing also allows the
magnetic compass to operate freely on its pivot. All meter parts including
batteries must be non-magnetic to avoid small distortions of the earth’s
magnetic field. Similar distortions can also affect measurements of current
directions from ships or near to steel offshore platforms. The difference
between magnetic north and geographic north is allowed for in the data
processing (see Section 2:4).

Meters must be calibrated for both speed and direction, if possible both
before and after deployment, Speed calibrations are made in a towing tank or a
flyme, They are more stable than direction calibrations, which are made by
rotating the meter at a site where the direction of magnetic north is known.

Diroston Vans;.
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Figure 2:10 (a) A current meter fitted with a Savonius rotor. The position of the weights below
the direction fin is adjusted so that the meter is balanced about its pivot point on the tensioned wire
when submerged in water. (Supplied by W. S. Ocean Systems.); (b) an eleciromagnetic current

meter: the S4 meter has titanium ¢lectrades and a solid-state memory. (Supplied by InterOcean
Systems Ine.).
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Figure 2:11 Diagram of a U-shaped current meter mooting system.

Overall calibration and system accuracy of 0.02 m in speed and 1° in direction
are possible with careful use of standard instruments.

Meters must be properly suspended in the water column at the required
depth. One method is shown in Figure 2:11. The U-shaped mooring with two
clumps of chain as anchors is suitable for water depths less than 100 m. At
greater depths a pop-up acoustic release system may be fitted above the first
anchor. The sub-surface buoy below which the meters hang should be at
sufficient depth for the wave motions to be negligible. In practice this means
that meters cannot be deployed in this way within about 15m of the surface.
Because the meters and the wires are constantly in motion and liable to stress
corrosion in the sea water, careful choice of materials is essential if the lifetime
of the deployment is to extend for a month or even a year.

The length of time for the deployment and the recording capacity of the
instrument control the choice of sampling interval. The instrument shown in
Figure 2:10{(a) is capable of measuring every ten minutes for 70 days; the
total rotor counts over each 10-minute period, and the instantaneous magnetic
direction are recorded on magnetic tape. For long-period deployments, values
may be recorded each hour. Quartz crystal clocks give timing accurate to a few
seconds a month. Many meters include additional sensors to measure water
temperature, salinity and pressure. Pressure can be a useful indicator of the
meter’s behaviour on the mooring wire, a rapid increase in pressure indicating
that the meter is being depressed to deeper levels by the drag of the current on
the mooring.

Alternative meters have been developed which have two horizontal propeller
speed-sensors set at right angles. The magnetic directions of the two axes are
measured by a flux-gate compass, and the flow along these axes is resolved into
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north-south and east-west components. Because the meters are not sensitive to
their exact alignment they are more reliable, especially in the near-surface zone
where wave motions are present. They also aveid the problems introduced
where speeds are averaged over several minutes but directions are taken only as
single instantaneous values at the end of each sample (Weller and Davis, 1980).

2:3:3 Acoustic travel-time meters

With a rotor current meter there is a possibility of the rotor becoming fouled by
stray material such as weed or fishing line. An alternative is to measure the
travel time in both directions of an acoustic pulse between a pair of trans-
ducers. The travel times will generally be unequal because of a component of
current from one sensor towards the other. One neat application of this
principle, the ‘sing-around’ current meter, converts the travel times for the
pulses into frequencies by using the arrived pulse to trigger the next pulse in the
train: the difference in the two frequencies is directly proportional to the
current. If two pairs of sensors are mounted with their transmission paths at
right angles, the two components of current measured define the complete
horizontal current vector. A third pair of transducers enables the vertical
currents to be included. The basic problem with these acoustic measurements is
the very small time differences which must be resolved. For a transducer pair
separation of 0.10m and a speed resolution of 0.0 ms™! the timing must be
accurate to within 10™°s. Very careful design is necessary for avoiding drift in
the electronic sensors, and for exactly defining the instant of pulse arrival.
Because these meters respond very rapidly to changes of current they may be
used to measure rapid turbulent changes of flow.

2:3:4 Electromagnetic methods

Sea water is an efficient conductor of electricity because it contains dissolved
salts. When an electrical conductor moves through a magnetic field, a voltage
gradient is produced across the direction of the flow. This voltage difference,
measured by a pair of electrodes, may be related to the rate of movement of the
sea-water conductor. Electromagnetic current sensors fall into two categories,
those which use a locally generated magnetic field and those which use the
earth’s magnetic field. The voltage differences to be sensed are small compared
with the electrochemical voltages generated at the electrodes: to combat this,
electrode noise may be reduced by having silver electrodes or by reversing the
magnetic field and hence the electrical polarity. A commercial example of a
current meter which uses this principle is shown in Figure 2:10{b). The voltage
is sensed by two pairs of titanium electrodes located symmetrically on each side
of the spherical housing: the sphere is both the instrument housing and the
sensor. There is no mechanical motion to interfere with the flow, and the small
and light construction creates less drag and requires less buoyancy in the
mooring system. The instrument illustrated has a solid-state memory which
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enables data to be recorded and retrieved without opening the instrument.
Voltages across straits have been monitored using telephone cables to give the
average flow between the two shores. The conversion factor from voltage
difference across the strait to sea current through the strait depends on the
electrical resistance of the underlying rocks, so calibration against measure-
ments by some direct means is necessary. Flows through the Dover Straits
between France and England give calibration factors of 1.0V (ms™ )~ ! for the
residual flows but values 30 per cent lower for tidal flows.

2:3:3 Remote sensing of currents

The difference of sea-level across a strait may also be related to current speed
through the strait. Steady flows on a rotating earth actually follow a curved
path in absolute non-terrestrial coordinates; a pressure gradient perpendicular
to the direction of flow is necessary to give the force which changes the
momentum of the water. The dynamic relationship for steady fiow in the
absence of any other forces (see Section 3:8 and equation (3:23) for a fuller
discussion) is:

AL lm sing
| A=dr @2)
where A{ is the level difference between two stations, Ax is their horizontal
separation, o, is the angular rate of rotation of the earth, ¢ is the latitude, g is
gravitational acceleration and v is the horizontal current speed at right angles
to the line joining the two stations.

When equation (2:2) is satisfied the gradients and currents are said to be in
geostrophic balance. For flow through a channel 40 km wide, at 60° N, a charge
of 0.04ms™! in v resulis in an increase in level of 0.02m to the right of the
direction of flow. If the absolute difference in levels is not known, then only
changes in the current v can be monitored. In ocean dynamics this method has
been used for many years to compute geostrophic fiows relative to an assumed
level of no motion. Tidai flows are not in geostrophic balance because they are
not steady for a period which is long compared with the period of rotation of
the earth so level differences cannot be interpreted in terms of tidal currents.

Another remote sensing technique makes use of the Doppler reflection
principle whereby a signal returning from a reflector which is moving relative to
the observer is slightly shifted in frequency from that of the original signal.
Small particles or bubbles in moving sea-water give a weak reflected signal. If
the transmitted acoustic signal has a frequency w, the change of frequency in
the returning signal is:

2ov
fo="F (2:3)

where v is the speed component of the reflection towards the source and € is
the speed of sound in the transmitting medium. Two orthogonal acoustic
beams allow both speed and direction to be computed.
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Acoustic Doppler meters may be mounted on a ship’s hull or on the sea-bed.
The advantage of transmitting at a high frequency to measure a larger value of
Aw, is offset by the reduction in operating range because the high-frequency
signals are rapidly attenuated, Typical ranges are 300 m at 75kHz and 30 m at
1 MHz. By averaging over several pulses accuracies of 0.05ms™* are possible.

A different Doppler technique uses the returns of radar signals to a shore-
based transmitter/receiver by reflection from the surface waves (Shearman,
1986). Even in very calm conditions there are always enough waves of the
correct wavelength, half the wavelength of the radio transmission, travelling
both towards and away from the shore station to give Bragg resonant back-
scattering. The transmitted signal is returned with both positive and negative
Doppier shifts due to the separate reflections from the waves travelling towards
and away from the receiver. These two waves do not usually have equal speeds
because the water on which they travel also has a component velocity towards
or away from the transmitter which must be added to one speed and subtracted
from the other. If the basic wave speed is C_, then the resultant speeds are (v +
C,and (v — C,). There are two Doppler-frequency shifts from (2:3)

do, =220 2 CD 4y Zu)(vC— c,)

where €, is now the speed of electromagnetic waves. In the spectrum of the
returning signal, the mean frequency between these two Doppler shifted lines
is displaced from the transmission frequency by:

2av
C, (2:4)

This displacement is a direct measure of the water speed v, which may be
determined, independently of the wave speed C,. The United States National
Oceanic and Atmospheric Administration has developed a portable system, the
Coastal Ocean Dynamics Application Radar (CODAR) (Barrick ef al., 1977,
Lipa and Barrick, 1986) which uses a pair of transmitter/receivers to give two
components of current speed. Operating at 25.6 MHz, this equipment can map
800 vectors in 2.4 x 2.4 km squares. Such a system is well suited to preducing
synoptic maps of surface currents in estuaries or within 70 km of the shore.
However, the resolution is not usually more than 0.10m s~ ': there is a design
trade-off between the resolution of current speed differences, the spatial
resolution and the time over which the currents are averaged in these systems.
The United Kingdom Rutherford-Appleton Laboratory has developed an
Ocean Surface Current Radar (OSCR) based on the same Doppler principle
(Prandle, 1987). The major design difference between the OSCR and CODAR
systems is in the antenna. OSCR uses a 90 m beam-forming receive antenna of
16 equally spaced elements. Signals from 16 beams each 6° wide can be
identified, and within each beam separate ‘bin’ lengths of 1.2km can be
resolved. Figure 2:12(a) shows the beam coverage for an experiment using a
dual OSCR system in the Irish Sea, Measurements over 30 days were analysed
to give current ellipses, as shown in Figure 2:12(b) (see Section 4:4:2),
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The wide range of techniques available for measuring currents may confuse
anyone planning an occasional experiment. Although each has advantages and
disadvantages the most commonly used system consists of a moored recording
meter or series of meters fitted with rotors. Savonius-type rotors should be
avoided within the surface layer influenced by waves. High-quality direct
measurements in the near-surface layer remain a challenge for the design
engineer, but such measurements are important for pollution dispersion stu-
dies, for studies of momentum transfer through the sea surface from winds, and
for evaluating the forces due to combined wave and current effects on offshore
structures.

20m
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Figure 2:12 (a) The spatial coverage achieved by a deployment of the Ocean Surface Current
Radar (OSCR) in the Irish Sea. Radars were located at Point Lynas and Great QOrmes Head and
(b) the M, current ellipse parameters determined by analysis of 30 days of data. Arrows show
direction of flood flow; solid contours show phase of maximum Aood Aow. {Prandle, 1987)

2:4 Data reduction

Before the raw data recorded by the instrumental system is ready for scientific
analysis it must go through a process of checking and preparation known as
data reduction (UNESCO, 1985b). The recorded data may be in the form of a
chart recording such as that shown in Figure 2:13, a trace on photographic
film, a punched paper tape, or a digital signal on magnetic tape or in a solid-
state memory. This data must be read either by eve or by a mechanical
translator, checked for recording errors, and adjusted for calibration factors
and for control clocks running fast or slow. Gaps are interpolated if necessary
before filtering to obtain values at standard times. Usually, but not invariably,
oceanographic changes with a strong tidal component are presented for
analysis in the form of hourly values, on the hour, either in local time or in
Greenwich Mean Time. When the data has been processed, it is highly desirable

that it is preserved with proper documentation in a permanent computer-based
daia bank.
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Figure 2:13 A typical [4-day chart record from a floal gauge operating in the Mersey Estuary,
Liverpool. The highest water levels always occur near noon and midnight at this site.

Most oceanographic equipment now uses quartz crystal timing control,
accurate to a few seconds a month. Earlier equipment and some chart tide
gauges of older design use a clockwork drive which is only accurate to a few
minutes a month, and which may have a temperature-sensitive rate. If a start
time and an end time are defined for a record, then the best approximation is to
assume a steady time gain or loss through the period and to adjust intermediate
times by linear interpolation. When reading values from a chart such as that
shown in Figure 2:13, a timing error may be corrected at the reading stage by
reading the trace to the right or left of the hour lines. If the gauge was running
fast on removal the trace must be read to the right of the hour line; if running
slow the reading is to the left. Charts can be digitized rapidly on a digitizing
table. Where daily check sheets are completed as a monitor of the gauge
performance, it is not usually advisable to use these for day by day adjustments
of zero levels and times, unless the operators are known to be particularly
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reliable. Neither is it good practice to encourage operators to reset the gauge
zero and timing on a daily basis. The best results are obtained where the
instrument is checked daily for the absence of gross errors such as a dry pen or
a stopped chart drive, but is otherwise untouched from the start to the end of a
record. :

Digitizing at hourly intervals is a long established compromise between the
excessive labour of more frequent sampling and the poor curve representation
which less frequent sampling would afford. However, if there are fluctuations
due to local seiches (see Section 6:7) on the record with periods less than 2
hours, it is necessary either to sample more frequently or to smooth through
these by eye during the reading process.

A fundamental rule of spectral analysis states that if the record contains
oscillations of a particular period T then the sampling interval must be not
greater than T}2 to resolve them in the spectrum. If the sampling is slower, the
energy at the period is said to be aliased, producing distorted values of the
spectral energy in the longer period lower frequency oscillations. On a chart,
smoothing by eye through seiches is an acceptable alternative to very rapid
sampling; digital instruments can be designed to average a pressure or rotor
count over the time between samples, which removes the aliasing problem. In
this case the correct time to be allocated to the sample is the central time of the
averaging period.

Current meter data should be converted to speeds and directions, if possible
after recalibrating the instruments to check the stability of the calibration
constants. If a meter has counted rotor turns over a 10-minute period, the
calculated speed applies to a time 5 minutes before the recording time. The
instantaneous 10-minute readings of current direction at the start and end of
each 10 minutes may be averaged to give a direction for this central time. The
recorded values which will be relative to magnetic north must be adjusted to
geographic north by adding the magnetic variation. Speeds and directions
should be checked at this stage for unexpected features such as spikes, but for
further processing and analysis it 1s usual to convert to current components in
the north-south and easi—west directions, with the flow to the north and to the
east being defined as positive. A current speed in a direction measured
clockwise from geographic north resolves as illustrated below.

an eastward component § =  sin

a northward component v = q cos &
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The process of checking both levels and current components for recording
errors depends on some preconceptions about the parameter being recorded.
Clearly an isolated s¢a-level 10 m higher than anything previously observed is
an error, but smaller less obvious errors should be considered with care and
only rejected if there is independent evidence of malfunction. Otherwise there is
a danger of disregarding real but unexpected events. If the original obser-
vations are not on charts, it is useful to plot them at this stage, ideally through
an interactive computer terminal. The first check is to identify values which lie
outside the expected range, or which appear as isolated spikes in the data.
Computer files may be checked against values on either side by ensuring that
the difference between a value at one hour does not differ by more than a
specified tolerance t from a function fitted through the surrounding values, For

example, a 7-point Lagrangian fit requires each X, value to satisfy the
condition:

{ — 0.0049 X,_, + 0.0410 X,_; — 0.1709 X,_, + 0.6836 X,_,
+05127 X,,, —0.0684 X, ., + 0.0068 X,, s — X,| <t (2:5)

Where tides are dominant a simpler method is to check against values at similar
states of the tide on previous and subsequent days:

|'ol’(_ Xi—sotdX, s +4X.5s— X)) — X< (2:6)

Any value which fails this test should be marked for further scrutiny. However,
because any isolated wrong value will also be used to fit smooth curves to check
other values, it may also automatically cause these to be incorrectly flagged as
errors.

A more sensitive check for records dominated by tides is to remove the tidal
part by subtracting predicted tidal values (see Chapter 4) from observed values
and to plot these residual values against time. Some common errors in tide
gauge operation have well-defined characteristics in these plots. Figure 2:14
shows a residual plot with a timing error (1), a datum shift (2), two successive
days’ curves on the chart interchanged (3), and an isolated error of 1 m (4).
When a chart is left on a 24-hour rotating drum as in Figure 2:13, for many
days, interchange due to incorrect identification of the correct day is possible.

Gauges sampling at discrete intervals over a long period sometimes record a
few samples more or less than the number expected. The discrepancy is much
greater than errors due to gain or loss of the quartz timing. The whole record
may be useless if the time of the missing or extra scans cannot be identified by
closer inspection of the records. One way of recovering the data is to make a
detailed day-by-day comparison of tidal predictions with the observations. The
tidal predictions may be for the site concerned or for a nearby site. Diurnal and
semidiurnal harmonics are fitted using the least-squares techniques described in
Chapter 4, to 25 hourly values from midnight to midnight for each day (the D,
and D, parameters discussed in Chapter 7). The time differences between the
observed and predicted harmonics for each day are plotted to identify sudden
jumps. In the case of a semidiurnal regime the variation of time differences for a
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Figure 2:[4 An example of non-tidal residuals plotted to show characteristic errors due to: (1) a steady timing gain of 20 minutes over a week, (2) a datum
shift of 0.5 m, (3) wreong identification of daily traces on the chart, and (4) an isolated error of | m.



58

correct record would be less than 5 minutes. Sudden jumps at the sampling
interval of 15 minutes are clearly identified and artificial scans may be added or
extra scans may be removed from that part of the record. To overcome this
difficulty some instruments have an independent time channel.

A separate problem relates to the filling of gaps in records. Gaps may extend
from a few hours to several days, usually due to instrument failure. There will
also be small gaps between successive records which need to be filled to obtain a
complete series. Gaps of a few hours may be interpolated by eye. Larger gaps
can be filled by fitting a function through the observed values on either side, if
the gap is not too large. The 25-hour function of equation (2:6) can be used for
gaps up to a day. Gaps should only be interpolated if there is a special need
such as the application of a numerical filter with a broad window, when too
much data would be lost by treating the original observations as two separate
series. A more elaborate interpolation method is to add predicted tidal
observations to an interpolation of the observed low-frequency meteorological
changes.

To convert digital values at S5-minute, 10-minute, 15-minute and 30-minuie
intervals to hourly values, the formulae in Appendix 1 may be used. Timing
adjustments to give values exactly on the hour can be made using a convenient
curve fitting formula. This function is then recalculated at the corrected time to
give the on-hour value. Other more or less elaborate functions are also
available.

The final stage of data reduction is to deposit the data in an oceanographic
data bank, together with details of the methods used for measurement, the
steps taken in the processing, and clear indications of the data which has been
interpolated or which is unreliable in some way. Although this may seem a -
tedious additional requirement; the high cost of making oceanographic
measurements means that data should be available for use in as many
investigations as possible.



CHAPTER 3

Forces

for to recognise causes, it seemed to him, is to think, and through thoughts alone
feelings become knowledge and are not lost, but become real and begin to mature.

Hermann Hesse, Siddhartha.

The essential elements of a physical understanding of tide and surge dynamics
are contained in Newton’s laws of motion and in the principle of conservation
of mass. Newton’s first law asserts that a body, which for our purposes can be
an element of sea water, continues at a uniform speed in a straight line unless
acted upon by a force. The second law relates the rate of change of motion or
momentum, to the magnitude of the imposed force:

Acceleration = force

mass

with the acceleration taking place in the direction of the force. For this law to
be valid, motion, for example in a straight line, must be observed in an external
system of space coordinates, not on a rotating earth. It therefore follows that
motion which appears to be in a straight line to an observer on a rotating earth
but which follows a curved path when observed from space can only be
produced by an additional terrestrial force, which may not be immediately
apparent.

In the first chapter we distinguished between two sets of forces, and the
different movements of the seas which they produce. The tidal forces, due to the
gravitational attraction of the moon and sun, are the most regular and most
precisely defined in the whole field of geophysics. Like the tidal motions which
they produce, they are coherent on a global scale. In contrast, the meteorologi-
cal forces due to atmospheric pressures and to winds are no more predictable
than the weather itself and their influence during any particular storm is limited
to a more local area.

The first part of this chapter develops the basic equations for tidal forces,
The second part shows how all the forces acting on the sea can be incorporated
into hydrodynamic equations derived from Newton’s second law; together with
the principle of conservation of mass, these provide a physical and mathemati-
cal basis for the analyses in the chapters which follow.

59
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Readers who do not require a more elaborate mathematical development
may omit Section 3:2 which deals with potential theory. They should read
Section 3:1 which outlines the basic principles of tidal forces, Section 3:4 which
discusses the astronomical reasons for observed tidal patterns, and perhaps
scan Section 3:3 on the more detailed movements of the moon—earth-sun
system. General descriptions are also given in Doodson and Warburg (1941)
and Forrester {1983). Doodson and Warburg also give a more mathematical
treatment, and other more advanced treatments are found in Deodson (1921),
Lamb (1932), Schureman (1976), Godin (1972) and France (1981).

GRAVITATIONAL TIDAL FORCES

3:1 Gravitational attraction

/Newton’s law of gravitation states that any particle of mass m, in the universe
attracts another particle of mass m, with a force which depends on the product
of the two masses and the inverse of the square of their distance apart, r:

mm

Force = G —;—z—‘ 3:1)
where G is the universal gravitational constant whose value depends only on
the chosen units of mass, length and force,/Although this law does not hold
strictly for very accurate work where relativity effects become important, it is
more than adequate for all tidal computations. G has units M~ L3 T2, and a'
numerical value of 6.67-10 1! N'm? kg~2 in MKS units/The total gravitational
attraction between two large masses such as the earth and the moon is the
vector sum of forces between innumerable pairs of particles which constitute
the two bodies. Fortunately the total forces can be calculated by assuming that
for each body the total mass is concentrated ai a single point which for a sphere
is atits centre. The net force of attraction between the earth and moon becomes
simply:

Force = G E’-T—‘
R 1
where R, is the distance between the two centres and m, and m, are the total
masses of the earth and moon/

Table 3:1 summarizes the several physical constants of the moon—earth-sun
system. The scales and distances are hard to appreciate. In relative terms, if the
moon is represented by a table-tennis ball, the earth may be represented by a
sphere with the same radius as a table-tennis bat 4 m distant, and the sun may
be represented by a sphere of 15 m diameter some 2 km away.

/Consider for the moment only the moon~¢arth system, The two bodies will
revolve about their common centre of mass/ as shown for two point masses in
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Figure 3:] Part of the orbits of the earth and moon about their common centre of mass.

Figure 3:1, fvith a period which is called the sidereal period/The centre of mass
of the moon-earth system actually lies within the earth, because the earth is 81
times more massive than the moon, However, to make things clearer, the
relative scales in the diagrams which follow have been distorted. Both masses
continue to move about their common centre of mass, the necessary accele-
ration of each body towards this centre of revolution being produced by their
mutual attraction /The sidereal period for the moon-earth system is 27.32 days,
defined as one sidereal month/

As the two bodies rotate in the system, each individual element of each body
moves in a circle which has the same radius as the circle described by its centre
of mass. The motion is illustrated in Figure 3:2, where the different parts of the
letter Y travel around the centre of mass in circles which have the same radius.
It is necessary to remember that in this argument we are not considering at the
moment the rotations of the bodies about their own axes; the important
influence of this rotation on the generation of tides will be introduced later. The
fact that all particles describe circles of the same radius is not trivial, nor is it
immediately obvious. An alternative illusiration, recommended by Pond and
Pickard (1978), is given by spreading one’s hand flat on a table, and moving it
$0 that the end of the thumb rotates in a horizontal circle, while the arm points
in the same direciion. All the other paris of the hand will also move around ina
circle of the same radius,

As already indicated, for the earth, Figure 3:2 is slightly misleading because
the revolution is shown about a point outside the earth whereas/the actual
motion is about an axis which passes through the sphere at a distance of
45671 km from the centre; however, the principle of equal circles of revolution
for all the particles still applies/



62

Figure 3:2 The earth circles about the centre of mass of the earth-moon system, without any
rotation in absolute space. Each element of the earth travels around in circles which have the same
radius.,

The force necessary to give each particle of the earth the acceleration to
perform this revolution is the same as for the particle at the centre of the earth:
for such a particle the gravitational force provides this necessary acceleration.
For those particles nearer the moon than the centre particle, the gravitational
attraction is greater than that necessary to maintain the orbit. For those further
away the forces are weaker. The'differences between the forces necessary for the
orbit, and the forces actually experienced generate the tides on the surface of
the earth.

Consider a particle of mass m located at P, in Figure 3:3, on the earth’s
surface, From equation (3:1) the force towards the moon is:

G
(R, —a)
whereas the force necessary for its rotation is the same as for a particle at O:

mm
G 1
R

The difference between these is the #ide producing force at P,:
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The term within the brackets can be expanded, making use of the approxima-
tions:
ay? .
(E) <1 since a/R, ~ 1{60
I

and expanding [1/(1 — ¢)*] = 1 + 2a for small
1o give a net force towards the moon of:

. _ 2Gmma
Tidal force at P, = B (:2)
Similar calculations for a particle at P, show that gravitational attraction there

is too weak to supply the necessary acceleration. There is a net force away from
the moon:

_ 2Gmma
R ]

The net force at P, is directed towards the earth centre. The strength of this
force is found by making use of the approximation for sin(OMP;) = 4/R,. The
force along P;M is:

Gmmy
R

and the component of this force towards O is:

Gmma
R (3:3)

The net effect is for particles at both P, and P, to be displaced away from the
centre of the earth, whereas particles at P, are displaced towards the centre.
This results in an equilibrium shape (assuming static conditions) for a fluid
earth which is slightly elongated along the axis between the centres of the moon
and the earth.

Figure 3:3 Diagram to show positions in the earth-moon system which are used 1o derive the
tidal forces. The separation is distorted but the relative diameters of the earth and meos are to
scale.
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If we consider Figure 3:3 to show an equatorial section of the earth, and now
introduce the rotation of the earth on its own axis (rotation about 0), each
point on the circumference will pass through twe maximum and two minimum
levels for each daily rotation. This results in two tides a day, the semidiurnal
tides.

The diurnal tides are generated because, excepi for the special case of the
moon in the equatorial plane, the maxima and minima in each daily rotation
are unequal in amplitude,

These simple arguments have shown that the tide producing forces depend
on the finite radius of the earth a, the mass of the moon m,, and on the inverse
cube of the distance R,.

Table 3:1 Astronomical consiants.

The moon Symbol
Mass 7.35-10%2 kg m
Mean radius 1738 km
Mean distance from earth 384 400 km _

= 60.3 earth radii R,
The earth .
Mass 597 10%* kg n,
' = 81.3 lunar masses
Equatorial radius 6378 km a
Mean distance from sun 149 600 000 km _
= 23 460 earth radii R,
Mean distance from cenire of earth
to earth-moon mass centre = 4671 km

The sun

Mass ' 1.99.10°% kg m,
= 332946 earth masses
Radius 696 000 km

We can simplify equation (3:2) by substituting for G, the universal gravita-
tional constant. The gravitational force on a particle of mass m on the earth’s
surface is given by equation (3:1):

_ Gmm,
mE=T (3:4)

so the tidal force at P, may be written:

Ymg | 21 33
S\ m, J\R, (3:5)

From the values in Table 3:1, the acceleration is approximately:

20 (AN =112 x 1078
g\313/\e03] = g
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so that the value of g is very slightly reduced at P, and P,. A man weighing
100 kg would weigh 11.2 mg less as he passed through these positions!

In the same way that we have calculated the tidal forces due to the moon, the
tidal forces due to the sun are calculated by replacing s, and R, by m, and R, in
equation (3:5). The acceleration is:

3
2 {332946)(231460) =52x%x107%g

The solar tidal forces are a factor of 0.46 weaker than the lunar tidal forces.
The much greater solar mass is more than offset by its greater distance from the
earth.

The other planets in the solar system produce negligible tidal forces. Venus,
whose mass is 0.82m,, and whose nearest approach to the earth is approxi-
mately 6500 earth radii, will give a maximum tidal acceleration of:

3
. -12
2¢ (0 32)(6500) =60 x 10712¢

which is only 0.000 054 of the moon’s tidal acceleration. Jupiter, whose mass
is 318 m,_ has maximum accelerations which are an order of magnitude less
than those of Venus because of Jupiter’s greater distance from the earth. Of
course tides are not only a terrestrial phenomenon, but are experienced on other
celestial bodies. The role of tides in the development of the dynamics of the
moon—earth system is discussed in Section 10:5.

*3:2 The tidal forces—a fuller development

3:2:1 Potential fields

A more general development of the tidal forces than that outlined in Section 3:1
makes use of the concept of the gravitational potential of a body; gravitational
potential is the work which must be done against the force of attraction 1o
remove a particle of unit mass to an infinite distance from the body. The
potential at P on the earth’s surface in Figure 3:4 due to the moon is:

— Gm]
=~ Mp (3:6)

Our definition of gravitational potential, involving a negative sign, is the one
normally adopted in physics, but there is an alternative convention often used
in geodesy, which treats the potential in equation (3:6) as positive. The
advantage of the geodetic convention is that an increase in potential on the
surface of the earth will result in an increase of the level of a free water surface
(Garland, 1965). Potential has units of L2 T2
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Earth Moon

Figure 34 Diagram to show the location of the general point P on the earth’s surface.

The advantage of working with gravitational potential is that it is a scalar
property which allows simpler mathematical manipulation. In particular, the
gravitational force on a particle of unit mass is given by — grad Q,

Applying the cosine law to A OPM in Figure 3:4:

MP? = ¢ + R — 2aR, cos ¢
we have:

. Gmy Al
Qp-—rﬁr{ —?.Rcostpi-iz}

which may be expanded as a series of Legendre polynomials:

Q, = —G};"‘{l+ a._?(cosw)+ ﬁ {cos ¢) + alﬂ(cosqn)#-”}

The terms in &, (cosp) are Legendre polynomlals: (3:7)

P =coso
,9’2—5(3005 Q- l)
P, =4(5c0s*0 — Icosg)

The tidal forces represented by the terms in this potential are calculated from
their spatial gradients — grad ( &%). The first term in equation (3:7) is constant
{except for variations in R)) and so produces no force. The second term
produces a uniform force parallel to OM because differentiating with respect to
(acos @) yvields a gradient of potential:

0, _ _Gm
" lacos ) RS

This is the force necessary to produce the acceleration in the earth’s orbit
towards the centre of mass of the moon—earth system. The third term is the
major tide producing term. For most purposes the fourth term may be
neglected because (a/R,) ~ 1/60, as may all the higher terms.

The effective tide generating potential is therefore written as:

= -1 a 2 —
Q= me,E(Scosw 1) (3:8)
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The force on the unit mass at P corresponding to the potential may be resolved
into two components;

vertically upwards: — 6;'; = 2gA, {cos? 9 — )
' (3:9)
horizontally in direction of increasing ¢: — % = —ghA,sin2¢

where

m{a\’
w10 (%)

and equation (3:4) is used to substitute for G after evaluating the gradient of the potential.
A, is very small (8.4 x 107%) so that compared with the forces due to the
earth’s gravity, these tidal forces are also very small. They vary slowly as R,

varies. The vertical forces produce small changes in the weight of a body, as
previously discussed, but it is the smal horizontal forces which produce the
tidal accelerations necessary to produce the water movements. Figure 3:5 shows
the distribution of these horizontal tractive forces on the surface of the earth.

Centrifuqal force Lundgr atiraction
enceeds exceeds MOON ——b-
lunar attractlon centrifugal force

Figure 3:5 The distribution of the horizontal tidal tractive forces on the earth’s surface.

The tractive forces over the earth’s surface vagy as the earth rotates and as
the moon moves in its orbit. It is possible to regdrd these variations as due to
small periodic rotary tilting of the horizontal plane at each point on the surface.

The lunar angle ¢ must be expressed in suitable astronomical variables.
These are chosen to be the declination of the moon north of the equator 4, the
north latitude of P, ¢, and the hour angle of the moon, which is the difference
in longitude between the meridian of P and the meridian of the sub-lunar point
V, as shown in Figure 3:6 (see also Section 3:3:4),

The angle ¢ is related to the other %angles by a standard formula in spherical
trigonometry which we will not prove here (see for example, Smart 1940):

COs @ = Sint ¢, sin d; + cos @, cos d, cos C,,



Figure 3:6 Location of P relative to the sub-lunar point V. The angle POV is o.

Substituting for cosg in equation (3:8), and with some further rearrangement
eventually yields:

3

—Q,=ia %(%') 3 Gsin® 4, — Hsin’ @, — 4)
+ }sin2d,sin 2¢,cos C, (3:10)
+ $ cos? d, cos’ 9, cos 2 C,]

where 4, is the lunar declination, ¢ is the latitude and C, is the hour angle of P.

It is usual to compute from this formula an expression for the Equilibrium
Tide. The Equilibrium Tide is defined as the elevation of the sea surface that
would be in equilibrium with the tidal forces if the earth were covered with
water to such a depth that the response is instantaneous. The Equilibrium Tide
bears no spatial resemblance to the real observed ocean tide, but its develop-
ment is an essential part of these discussions because it serves as an important
reference system for tidal analysis.

— — Tide g&neruting force
&
Seq surfoce Hyx
normal o |

force

}

Adjusted
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ce mg

Figure 3:7 The relationship between the Equilibrium water surface, the tide generating force, and
the normal earth’s gravity force.
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3:2:2 The Equilibrium Tide

In the equilibrium theory of tides the free surface is assumed to be a level
surface under the combined action of the earth’s gravity and the tidal disturb-
ing force. Strictly, we should adjust the earth’s gravity for the centrifugal effects
of its rotation, and consider apparent gravity, but the difference is not
important here. The tractive tide generating forces may be regarded as causing
a deflection of the vertical {(Proudman, 1953; Franco, 1981) as shown in Figure
3:7. The force is — (3€)/3x) where x is a direction at right angles to the direction
of undisturbed gravity.
Considering the magnitude of the forces:

tan o = —(699),’3
ox

and also: -
tan o = (B_C)
ax
s0 that
a5 3Q,
& ax T S5x =0
or:

6 —

2@ +a)=0
and similarly:

a - -

3y (g +Q,)=0
Integrating over a finite area gives:

gE + @, = constant. (3:11)
but if the integral is taken over the whole area of the ocean surface so that the
total volume of water is conserved, then the constant is zero. Applying this
condition to equation (3:10) the Equilibrium Tide becomes:

{ = ( :) [Co(t) G sin® @, — P + Cy() sin 2 @, + C,(1) cos? @)
where the time dependent coefficients are:
a\ ., . .
Cr =g 3sin*d -1
1
ay ;.2
C,(n = R (4 sin? 2 d, cos C,)

Cz(t) = (—.g;)a (% ‘;'OS2 dl cos 2 Cp) (3]2)
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The three coefficients characterize the three main species of tides: the long-
period species, the diurnal species at a frequency of one cycle per day (cos C)
and the semidiurnal species at two cycles per day (cos 2 C,). The magnitudes of
all three species are modulated by a common term which varies inversely as the
cube of the lunar distance R,.

The long-period tidal species is also produced because of the monthly
variations in lunar declination d,. It has maximum amplitude at the poles and
zero amplitude at latitudes 35° 1€, north and south of the equator.

The diurnal species is modulated at twice the frequency with which the lunar
declination varies and it has a maximum amplitude when the declination is a
maximum, Spatially it has maximum amplitude at 45° latitude and zero
amplitude at the equator and the poles. The variations north and south of the
equator are in opposite phase.

The semidiurnal species is also modulated at twice the frequency of the lunar
declination, but is a maximum when the declination is zero. It has maximum
amplitude at the equator and zero amplitude at the poles.

The amplitudes of the Equilibrium Tides are small. For the semidiurnal tide
at the equator when the declination is zero the amplitude, calculated using the
values in Table 3:1, is 0.27 m. However, the observed ocean tides are normally
much larger than the Equilibrium Tide because of the dynamic response of the
ocean to the tidal forces, as discussed in Chapter 5. The observed tides have
their energy at the same frequencies as the Equilibrium Tide. The importance of
the Equilibrium Tide lies in its use as a reference to which the observed phases
and amplitudes of harmonic tidal coustituents can be related, when preparing
models for tidal prediction as described in Chapter 4. It also gives an indication
of the important harmonic constituents to be included in a correct tidal analysis
model. ‘

The Equilibrium Tide due to the sun is expressed in a form analogous to
equation (3:12) with m,, R, and 4, replaced by m,, R, and d,. The resulting
amplitudes are smaller by a factor of .46 than those of the lunar tides, but the
essential details are the same.

3:2:3 The yielding earth

Although the ocean tides are the obvious terrestrial manifestation of the effects
of tidal forces, sensitive instruments can also observe the effects as movements
of the solid earth. Earth tides are important because they affect the ocean tides,
because precise geodetic measurements require tidal corrections, and because
they can be used to investigate the elastic properties of the earth.

If the earth were totally fluid the free surface would respond by adapting to
the shape of the Equilibrium Tide. Conversely if the earth were totally rigid,
there would be no surface deformation. In fact the earth responds elastically to
the imposed forces. Moreover, because the natural modes of oscillation of the
earth have periods of about 50 minutes or less, the response of the solid earth to
the tidal forces can, to a good approximation, be regarded as in siatic
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equilibrium. The natural periods of the oceans are much longer than this and
similar to the period of the tidal forcing, which is one of the reasons why the
ocean response is much more complicated.

The Equilibrium Tide amplitude Q_ /¢ (from equation (3:11)} is a second
order spherical harmonic, and it has been shown that for this case the elastic
response of the earth is a surface distortion of amplitude € /g, where A is a
known elastic constant. Further, the redistribution of mass increases the
gravitational potential by an amount which enhances the Equilibrium level by
kQ /g, where k is another known elastic constant. The combined effect is a
change in the height of the Equilibrium level above the solid earth of:

Q
l+k—-h-—-2
1+ )g

A tide gauge mounted on the sea-bed would therefore sense a static Equilib-
rium ocean response which is lower than the true Equilibrium Tide by a factor
(1 + &k — h) = 0.69. Of course, this is a hypothetical case because the oceans do
not respond in this static way. The factors £ and 4 are called Love numbers
after the mathematician who introduced them.

Both &k and k are measures of the total elastic behaviour of the solid earth,
and have been estimated from values based on seismic studies. They may also
be deduced by measuring the tidal variations in the tilt of the earth’s surface
relative to the direction of gravity, and by measuring the variation in gravity
itsell. Both these variations are exceedingly small, but they can be measured
accurately with very sensitive instruments. The tilt of the land surface is
attenuated from the Equilibrivm tilt by a factor (1 + & — k) and the variations
in measured gravity at a fixed point are increased by a factor (1 + 4 — 3k).
Separate determinations of these two factors should allow the two unknowns k
and / to be calculated. However, despite very careful experimental procedures,
with tilt meters accurate to 5 x 107% degrees (one hundredth of the tidal
signal), and gravity meters accurate to 107 °g, the results obtained from
different sites show considerable scatter. The reasons for this are threefold.
Firstly there are local anomalies in the response to the tidal forcing due to near-
surface geology. Secondly, although traditionally the stable temperatures
experienced in mines made them attractive for installing the very precise but
temperature sensitive instruments, the tilt responses of a tunnel within the earth
are not exactly the same as those of the upper surface. The third reason for
variable local tidal responses is the ocean tide itself, which by its loading and
unloading of the earth’s crust, particularly in the vicinity of the observing
earth-tide station, cause non-Equilibrium vertical dispilacements and tilts. The
Cornwall peninsula in south-west England, for example, has a semidiurnal
vertical movement of 0.10m range due to the loading of the tides in the
adjacent Celtic Sea. Calculations have shown that the effects on the local
gravitational potential of tides in more distant oceans can also be significant.

For semidiurnal frequencies the published results for a wide variety of
models of the earth's interior structure are within the ranges:



72

(1 + k — h) = 0.680 ~ 0.695
(1 + h—3k) = 1.155 - 1.165

and

h = 0.604 - 0.630
k=0299 - 0.310

Very precise geodetic work which depends on the direction of the apparent
vertical must allow for the tidal tilts, especially when working near a tidal
coastline.

The calculated Love numbers are at semidiurnal frequencies, but there are
good physical reasons for expecting some variations in their amplitudes for
different frequencies of tidal forcing. At periods of several years there is a
transition between an elastic earth response and a viscous earth response
because the earth cannot resist the slow imposed stresses. For such a viscous
earth the response to very long period tides, such as the 18.6-year nodal tide
discussed in Chapter 9, should give valuable geophysical information. Unfortu-
nately, for the lengths of sea-level records available, the observations are too
noisy for the very long period tidal responses to be determined with sufficient
accuracy to make this a useful geophysical method of determining the low-
" frequency non-clastic properties of the earth, Further details are beyond the
scope of this account but the interested reader is referred to the excellent review
given by Baker (1984).

*3:3 The moon—earth—sun system

In order to calculate the total Equilibrium Tide on the earth as a reference for
tidal analysis it is necessary to define the change with time of the coordinates of
the moon and sun, which are used as a reference for tidal analyses. The full
relative movements of the three bodies in three dimensions are very compli-
cated and their elaboration is beyond the scope of this account. Fuller details
are given in Schureman (1976), Smart (1940), Doodson and Warburg (1941),
Kaula (1968) and Roy (1978). However, there are several obvious features
which we may consider. We begin by recognizing that there are two alternative
reference systems which may be used to define the astronomical coordinates.
1The most natural refererice system for a terrestrial observer is the equatorial
system, in which declinations are measured north and south of a plane which
cuts the earth’s equator. Angular distances around the plane are measured
relative to a point on this celestial equator which is fixed with respect to the
stetlar background. The point chosen for this system is the vernal equinox, also
called the ‘First Paint of Aries’, which is represented by the symbol T, The
angle, measured eastwards, between T and the equatorial intersection of the
meridian through a celestial object is called the right ascension of the object.
The declination and the right ascension together define the position of the
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object on the celestial background. In fact the vernal equinox is not absolutely
fixed with respect to the stars, but moves slowly against the stellar background
with a period of 26000 years, a movement called the precession of the
equinoxes.

The second system uses the plane of the earth’s revolution around the sun as
a reference. The celestial extension of this plane, which is traced by the sun’s
annual apparent movement, is called the Eclipric. Conveniently, the point on
this plane which is chosen for a zero reference is also the vernal equinox T, at
which the sun crosses the equatorial plane from south to north near 21 March
each year. Celestial objects are Jocated by their ecliptic latitude and ecliptic
longitude. The angle between the two planes, of 23° 27, is called the obliquity
of the ecliptic, and is usually represented as . Figure 3:8 shows the relationship
between these two coordinate systems.

Figure 3.8 The relationship between equatorial and ecliptic coordinates. ¥ is the Vernal Equinox,
the *First Point of Aries’. € is the obliquity of the ecliptic.

3:3:1 Elliptical motion, satellites

In Section 3:1, for simplicity, we considered bodies moving in circular orbits,
but more generally Newton showed from his law of gravitation that two masses
orbiting in space under the sole influence of their mutual attraction travel in
ellipses. Each mass moves in its own ellipse, and each ellipse has the centre of
mass of the two bodies as a focus. This is Kepler's first law of planetary motion,
which he derived from observations.

In Figure 3:9 the mass at C is travelling in orbit around a mass at A, in an
ellipse which has foci at A and B. The geometry of an ellipse is defined by
AC + CB = constant. The distance of the mass from the focus at A is a
maximum when the mass is at C, and a minimum when the mass is at Cp. These
positions are called the apogee and perigee of the orbit. The ratio OA/OC; is
called the eccentricity, e, of the ellipse. For a circular orbit A and B coincide at
O, and the eccentricity is zero. Orbits which are very narrow and elongated
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Figure 3:9 The properties of etlipses and elliptical orbits.

have an ecceniricity close to unity. The ratio between the separation of the
masses at the apogee and perigee is:

AC, OC,(1+¢ (1+e)
AC, OC(1—-o (1-29 (3:13)

The distance OC, = OC, is-called the semi-major axis.

Kepler's second law states that the radius vector AC sweeps out equal areas
in equal times. This is shown in Figure 3:9 where the two shaded segments have
equal areas. This means that for an observer at A the planet will have its
maximum angular speed at the point of nearest approach C, and its minimum
angular speed at apogee, C,.

Kepler’s third law relates the period of a complete orbit to the semi-major

axis of the ellipse, From the law of gravitation this relationship may be derived
theoretically:

P
Gim, + my) 314

where r is the semi-major axis and G, m, and m, are the same as in equation
(3:1). The periods for earth satellite orbits discussed in Section 2:6 may be
checked against this formula.

In astronomy the orbit described by a body and the position of the body in
the orbit can be completely described by six parameters or orbital elements.
The size and shape of the otbit are described by the semi-major axis and the
eccentricity. Three parameters are necessary to define the orientation of the
orbit with respect to a coordinate system. For example the plane of the ecliptic
in Figure 3:8 is defined relative to the equatorial plane by the orientation of
their line of intersection O and by the obliquity ¢. For an ellipse it is also
necessary o define the direction of perigee in the plane of the orbit. The sixth
element of the motion in an ellipse is the time of passage of the orbiting body
through perigee.

(period)? = 4n?
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3:3:2 The earth-sun system

The Equilibrium Tide in equation (3:12) is expressed in terms of the distance,
declination and hour angle of the tide producing body. We need values for R,
d,, and C,. These three parameters are easier to define for the earth-sun system
than for the moon-earth system because the solar motions are always in the
plane of the ecliptic, which means that the declination in ecliptic coordinates
is always zero. The eccentricity of the earth’s orbit about the sun is 0.0168.
From orbital theory the solar distance R, may be shown to be given
approximately by:
R
R, (3:15)
where R, is the mean solar distance, 4 is the sun’s geocentric mean ecliptic
longitude (which increases by ¢, = 0.0411° per mean solar hour) and p’ is the
longitude of solar perigee, called perihelion, which completes a full cycle in
21 000 years.
The true ecliptic longitude of the sun increases at a slightly irregular rate

through the orbit in accord with Kepler’s second law. The true longitude A, is
given to a first approximation by:

=(+ecosth—pY

A =k + 2esin (h — p) (3:16)

where the vaiue of &, is expressed in radians to facilitate the development of the
harmonic expansions discussed in Chapter 4.

The right ascension is calculated from the ecliptic longitude and ecliptic
latitude. Both the ecliptic longitude and the right ascension are zero when the
sun is in the First Point of Ares (1) at the vernal equinox, and also at the
autumnal equinox. They both have values of #/2 when the sun has its maximum
declination north of the equator in June, and both have values of 3n/2 when the
sun has its maximum declination south of the equator in December. Between
these times there are small regular differences due to the obliquity of the orbit,
The effect can be shown (Smart, 1940) to be represented to a first approxima-
tion by:

A, =k, — tan?(g,/2) sin 2 A, G:17

where g, is the solar ecliptic latitude. The difference between the right
ascension of the mean sun and the right ascension of the true sun (sundial time)
at any time is called the equation of time. It may be calculated from equations
(3:16) and (3:17) to give the annual variation plotted in Figure 3:10. During the
annual cycle, differences of more than 15 minutes occur between clock-time
and solar-time. In tidal analysis these differences are accounted for by a series
of harmonic terms, as discussed in Chapter 4.

The solar declination in equatorial coordinates is given in terms of the
ecliptic longitude of the sun:

sin d, = sin &, sin g,
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%S| Sundial  ahead of clock

Clock or mean fime /\ o . _ )

Sundiol  behind  clock

Jon. Feb. Moarch  April May June July Aug. Sept. Oct. Now., Dec.

Figure 3:10 The annual equation of time, showing the difference between clock time and solar time, due to the solar Right Ascension being affected by the
ellipticity and obliquity of the earth’s orbit.

9L
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This is greatest when A, = n/2 and the maximum declination is g, = 23° 27, the
angle which defines the Tropic of Cancer. When A, = —(%/2} the sun is
overhead on the Tropic of Capricorn at the time of its maximum declination
23° 27 south of the equator.

3:3:3  The moom—earth system

The motions of the moon are more difficuit to define in ecliptic or equatorial
coordinates than those of the sun, because the plane of the motion is inclined at
a mean angle of 5° 09 to the plane of the ecliptic. Moreover, this plane rotates
slowly over a period of 18.61 years. The ascending node, at which the moon
crosses the ecliptic from south to north moves backwards along the ecliptic at a
nearly uniform rate of 0.053° per mean solar day. This regression completes a
revolution in 18.61 years. Viewed in equatorial coordinates when the ascending
node corresponds to the First Point of Aries (Y), the moon’s maximum
declination north and south of the equator during the next month will be
(23° 27 + 5°09) = 28° 36"; 9.3 years later, when the descending node is at the
vernal equinox the maximum lunar declination is only (23°27 — 5°09) =
18° 1%, Clearly the terms in the Equilibrium Tide which depend on the lunar
declination will have a pronounced 18.61-year modulation.

The eccentricity of the moon’s orbit has a mean value of 0.0549, more than
three times greater than the eccentricity of the earth—sun orbit, Because of the
effects of the sun’s gravitational attraction the obliquity or inclination varies
between 4° 58’ and 5° 19, and the eccentricity varies from 0.044 to 0.067.

The lunar distance R,, to a first approximation (Roy, 1978) is:

Rl = — *
R (1 + ecos (s — p) + solar perturbations) (3:18)

where R, is the mean lunar distance, s is the moon’s geocentric mean ecliptic
longitude which increases by o, = 0.5490° per mean solar hour and p is the
longitude of lunar perigee, which rotates with an 8.85-year period.
The true ecliptic longitude of the moon also increases at a slightly irregular
rate through the orbit as does the solar longitude:
A, = s + 2¢ sin (s — p) + solar perturbations {319

where A, is in radians.

The right ascension of the moon is calculated from its ecliptic longitude and
ecliptic latitude:

Relative to the ecliptic the moon’s latitude is given by:
sin {ecliptic latitude)} = sin (A, — N} sin (5°09)

where X, is the ecliptic longitude and N is the mean longitude of the ascending
node which regresses over an 18.61-year ¢ycle.



Table 3:2 Basic periods and frequencies of astronomical motions, The mean solar day and the tropical year are used in everyday activities.
Note that @, + ©; = @, + @, = @,. The @ values are usually expressed in terms of radians per unit time. The speeds in degrees per unit time
are conventionally represented by the symbol o.

Frequency Anpular speed
symbol rate of change

Period ‘ S : c in radians of
Mean solar day 1.00 1.00 i5.0 W C,

mean solar cycles per degrees per

days mean solar mean solar

day hour

Mean lunar day 1.0 351 0.9 661 369 14.4921 @, C,
Sidereal month 273217 0.0 366 009 0.54%0 w, 5
Tropical year 365.2422 0.0027379 0.0411 ®; k
Moon’s perigee 8.85 0.00030937 0.0046 w, P

Julian years
Regression of moon’s nodes 18.61 0.0001 471 0.0022 [ N
Perihelion 20942 - — @ 4

8L
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The lunar declination can be calculated from this ecliptic latitude using
similar formulae,

The declination and right ascension of the moon and of the sun may all be
represented as series of harmonics with different amplitudes and angular
speeds. The Equilibrium Tide may also be represented as the sum of several
harmonics by entering these astronomical terms into equation (3:12), as we
shall see in Chapter 4.

3:3:4 Basic astronomical frequencies

The hour angle C, for the lunar or solar Equilibrium Tide used in equation

(3:10) needs further clarification. Table 3:2 summarizes the basic astrono-
mical frequencies involved in the motions of the moon—¢arth-sun system. The
time taken for one complete cycle of the lunar hour angle C, is called the mean
lunar day. For the sun, one cycle of C, is the mean solar day which we use for
normal civil activities. Because of the movement of the moon and sun these
days are slightly longer than the sidereal day:

Mean solar day  2x/(t0, — 0,) = 2ntfw,
Mean lunar day 2xf(w, — ;) = 2nfw;
with the symbols as defined in Table 3:2. Hence we have:
G)s = (00 + (03
and
ms = &)1 + (02

for the frequency of sidereal earth rotation. By convention the @ speeds are in
terms of radians per unit time,

Figure 3:11 Projection of the celestial sphere on the plane of the equator to show the relationship
belween the hour angle C,, the movement of the sub-lunar point, and the earth’s rotation.

C, is the angular difference between the terrestrial longitude of the point P
and the longitude of the sub-lunar point V. Figure 3:11 shows a projection of
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the celestial sphere onto the plane of the equator, with the positions P and V as
defined in Figure 3:6. All angles are related to the fixed direction of the First
Point of Aries, Y. The lunar hour angle C, is:

E,OT increases as the earth rotates on its axis, completing a revoluation in
absolute space in one sidereal day, 23 h 56 min, with an angular speed @,. It is
conveniently expressed as:

A+B=2, + o

where A, = positive east longitude of P, and P = right ascension of the
Greenwich Meridian = wy; here ¢ is the sidereal time at the Greenwich
Meridian, measured from Y. Mean solar time at the Greenwich Meridan is the
familiar Greenwich Mean Time, measured from the lower fransit of the mean
sun;

Ot +h—n=(w,+0,)1—n

where 21t/o, is the mean solar day, and 2r/w, is the tropical year.

Table 3:3 Different kinds of day, month and year defined in terms of the basic
frequencies of Table 3:2.

Period

Type . Reference point Frequency {msd)
Days

Sidereal Fixed celestial point B, = 0y + O3 0.9973

®, =6, +0,

Mean solar Solar transit (0% 1.0

Mean lupnar  Lunar transit ®, 1.035
Months

Nodical Lunar ascending node W, + 05 272122

Sidereal Fixed celestial point o, 213217

Anomalistic ~ Lunar perigee 6y — @, 27.5 546

Synodic Lunar phases Wy — Oy 0, —w, 295307
Years

Tropical T ®, 165.2422

Sidereal Fixed celestial point — 365.2 564

Ancmalistic  Perihelion @; — 365.2 596

The angle E,OY is the lunar Right Ascension 4, which increases more
slowly as the moon orbits through a period of one sidereal month with a mean
angular speed which we call o,.

Combining these factors we have:

Ci=A, + (@, + 03)f ~ 1 — 4, (3:20a)
Similarly, the solar hour angle may be expressed as:

C, = hy + (0 + @) — % — A, (3:20b)
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The angular speeds @,, @4, @4, @5, @, in Table 3:2 are the mean rates of change
with time of the astronomical coordinates s, &, p, N and p’ respectively. In
addition to defining three types of day, the basic astronomical frequencies in
Table 3:2 may also be used to define several different kinds of months and vears
as listed in Table 3:3. These definitions in terms of simple sums and differences
of basic astronomical frequencies illustrate the basic ideas for the harmonic
expansion of the tidal potential which will be developed in Section 4:2.
Although it is usual to define the astronomical speeds numerically in terms of
radians per unit time, for which we use the symbol o, tidal applications usually
work in terms of degrees per unit time, for which we use the symbol o (sce
Section 4:2),

3:4 Tidal patterns

The detailed descriptions of the Equilibrium Tide and of the lunar and solar
motions developed in Sections 3:3:2 and 3:3:3 are necessary for a rigorous
development, but several features of the observed tides plotted in Figure 1:1(a)
can be explained in more general terms (Doodson and Warburg, 1941; Webb,
1976). These features include the relationship between lunar and solar declina-
tion and large diurnal tides, and the spring-neap cycle of semidiurnal ampli-
tudes.

3:4:1 Diuvrnal tides

Comparing the tidal changes of sea-level plotted in Figure 1:1(a) for Karumba
with the lunar changes plotied in Figure 1:}{b), we observe that maximum
diurnal tidal ranges occur when the lunar declination is greatest, and that the
ranges become very small when the declination is zero. This is because the effect
of declination is to produce an asymmetry between the two high and the two
low-water levels observed as a point P rotates on the earth within the two tidal
bulges. In Figure 3:12, where these tidal bulges have been exaggerated, the
point at P is experiencing a much higher Equilibrium Tidal level than it will
experience half a day later when the earth’s rotation has brought it to P, The
two high-water levels would be equal if P were located on the equator.
However, as we shall discuss in Chapter 5, the ocean responses to tidal forcing
are too complicated and not sufficiently localized for there to be zero diurnal
tidal amplitudes at the equator, nor may the latitude variations of the observed
tides be described in terms of Figure 3:12.

Over an 18.6 year nodal period the maximum lunar monthly declination
north and south of the equator varies from 18.3° to 28.6°. There are maximum
vaiues in March 1969, November 1987 and minimum values in July 1978 and
March 1996, The solar declination varies seasonally from 23.5° in June to
—23.5° in December. In Figure §:1(a) the diurnal tides at Karumba approach
zero amplitude when the lunar declination is zero because during the month of
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March the solar declination is also zero. Similarly, the total amplitude of the
diurnal forcing becomes very small in September. In other months the solar
diurnal forces are significant and so the total diurnal tides will not completely
disappear. The largest diurnal tides occur in June and December when the solar
contribution is greatest. At times and places where the solar diurnal tides are
important, if the diurnal high-water levels occur between midnight and noon
during the summer, they will occur between noon and midnight during the
winter because of the phase reversal of the Equilibrium solar bulges and hence
the diurnal tidal forces.

To moon or sun

Declingrion

Figure 3:12 Showing how the unequal semidiurnal tides are produced when the moon or sun is
north or south of the equator (dinrnal tide geperation).

3:4:2 Spring-neap tides

The forinightly modulation’ in semidiurnal tidal amplhitudes is due to the
various combinations of lunar and solar semidiurnal tides. At Kilindini,
Bermuda and Courtown in Figure 1:1{a), maximum ranges are seen shortly
after the times of new moon and of full moon. The minimum ranges occur at
first quarter and last quarter. This is because at times of spring tides the lunar
and solar forces combine together, but at neap tides the lunar and solar forces
are out of phase and tend to cancel. Figure 3:13 shows how the phases of the
moon and the ranges of the semidiurnal tides are related. In practice the
observed spring and neap tides lag the maximum and minimum of the tidal
forces, usually by one or two days.

The synodic period from new moon to new moon is 29.5 days (2n/(e, — ;)
or 2r/(w, — ®,) from the angular speeds defined in Section 3:3:4 and Tables 3:2
and 3:3, and the time from one spring tide to the next is 14.8 days. Within a
lunar synodic period the two sets of spring tides are usually of different
amplitudes, For example, in Figure 1:1(a) the Kilindini record shows the ranges
of the first set are larger than those in the second set. This difference is due to
the varying lunar distance; lunar perigee (the nearest approach of the moon to
the earth) occurs on this occasion just after the new moon which accompanies -
the first set of spring tides (Figure 1:1(b)) so that the moon is near apogee
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(furthest from the earth) for the second set of spring tides. One complete cycle
from perigee to perigee takes an Anomalistic month of 27.6 days. At perigee the
(1/R)* term of equation (3:12) gives tidal forces which are 15 per cent larger
than the forces when R, has its mean value. At apogee when the moou is at its
furthest distance from the earth, the lunar forces are 15 per cent less than those
for the mean value of R,. These modulations due to distance variations are
much smaller than the 46 per cent modulations in the total semidiurnal forces,
produced by spring-neap variations, but their effects are nevertheless signifi-
cant.

Sering Tide

Maan Sea Level

— = ~— ~Combined Tide

Figure 3:13 Spring-neap tidal cycles are produced by \he relative motions of the moon and sun,
at 14.8-day intervals. The lunar and solar Equilibrium Tides combine to produce spring tides at
new and full moon and neap tides at the moon's first and last quarter. (From W. D. Forrester,
1983) { Reproduced by permission af the Canadian Hydrographic Service.}

A different modulation of the semidiurnal forces is produced by the varying
declination of the moon and of the sun according to the cos’d relationship
(equation (3:12)} which produces maximum forces when they are in the
equatorial plane. For example, the semidiurnal lunar forces are reduced by 23
per cent when the moon has its maximum declination of 28.6°. The solar
semidiurnal forces are reduced by a factor of 16 per cent in June and December
when the declination reaches its maximum value of 23.5°. In March and
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September near the equinoxes cos’d, = 1 and so the solar semidiurnal forces
are maximized with the result that spring tides near the equinoxes are usually
significantly larger than usual; these tides are called equinoctial spring tides.

3:4:3 Extreme tidal forces

By simple arguments it is evident that extteme tidal forces will occur when the
moon and sun are in line with the earth and at their closest respective distances.
For maximum semidiurnal tides, the moon and sun should also have zero
declination. The condition of simultaneous perihelion and zero solar declina-
tion will not occur again until the year 6581; at present perihelion occurs early
in January. However, there are several times when zero solar declination (the

equinox), and lunar perigee occur almost simultaneously with zero lunar
declination.

Table 3:4 Times of maximum semidiurnal tidal forces during the period 1980-2029
and the corresponding astronomical arguments. Only the highest value in each equi-
noctial period is given,

Moon Sun
“Year Day o (m) RiR cos d RiR cos d
1980 16 March 0.4 575 1.074776 0991585 1.005149 0999526
1984 25 Sept. 04544 1.076 815 0997665 0997177 0.999893
1993 8 March 04597 1077784 0998957 1.007454 0996248
1997 9 March 0.4 550 1.073331 0997658 1.007159 0.996832
1997 17 Sept. 04553 1076465 0.999535 0.994939 0.999177
1998 28 March 0.4 588 1.076407 10 1.001 968  0.998 786
2002 27 March 04570 1.076410 0994282 1001994 0998777
2002 4 Qct. 0.4 566 1L.076068 0999448 1.000120 0996245
2007 18 March 0.43552 1072543 0999951 100460  0.993905
2011 18 March 0.4 575 1.076 096  0.999954 1.004690 0.999 908
2015 19 March 0.4 554 1.074894 0999766 1.004339 0999979
2015 27 Sept.  (0.4544 1077101 0999854 0997805 0.999 500
2020 8 April 0.4 549 1.076 849 0.999251 09983744 0.991898
2028 11 March 0.4 559 1073711 0999937 1.006691 0993039
2028 I8 Sept. 0.4 540 LO75540 0.999193 0.995178 0.999538

Times of extreme semidiurnal tidal forcing are given in Table 3:4 for the
period 1980-2030, together with the corresponding values of the orbital
parameters for distance and for declination. These have been identified by
predicting the hourly values of the Equilibrium semidiurnal tide at the Green-
wich meridian, for the months of March and April, and September and
October, in each year. The highest value in each period () was then tabulated,
provided that it was not less than 0.4540 m. For comparison, the Equilibrium
M, tidal amplitude is 0.2435 m. The highest value in the period (8 March 1993)
is 1.89 Hy,,, in the symbols developed in Chapter 4. Exact coincidence of other -
conditions with the solar equinox is not essential, as is illustrated by the values
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in early March in 1993 and 1997, and October 2002. The conditions in 1922
have been identified as particularly favourable for extreme semidiurnal tides
{Cartwright, 1974), with New Moon occurring within one day of the equinox
on 21 September. The semidiurnal amplitude, 0.4570 m was then 1.87 Hy,.
however, larger amplitudes occurred on 13 March 1922 (0.4559 m; 1.88 H,,,)
and on four occasions in Table 3:4.

Table 3:4 and other analyses of predicted extreme equinoctial spring tidal
ranges over several years show a cycle with maximum values occurring
approximately every 4.5 years. These maximum ranges occur when the time of
lunar perigee {a maximum in the (R/R,)® term) corresponds with either the
March or September equinox (cos’d, = 1), during its 8.85 years’ cycle. Other
periodicities in the recurrence of extreme tides can be expected as different
factors in the relationship combine; for example, lunar perigee and zero lunar
declination coincide every six years. Highest and lowest astronomical semidiur-
nal tides are often estimated by scrutiny of five years of tidal predictions.
Macmillan (1966) describes a 1600-year cycle in extreme tides, but this
petiodicity is not supported by more elaborate analyses. For further discussions
of exireme tidal forces see Cartwright (1974), Amin {1979} and Wood (1986).

1t should be realized that, although maximum predicted tidal ranges usually
result from extremes in the Equilibrium Tidal forcing, local ocean responses to
these forces may produce local extreme tides at times other than those
tabulated. Also, for maximum diurnal tides a different set of conditions-would
apply. Of course, the smali differences between the extreme tidal predictions is
of mainly academic interest as the observed extremes will also depend on the
prevailing weather conditions as discussed in Chapters 6 and 8,

3:5 The geoid

If there were no tidal forcing, no differences in water density, no currents and
no atmospheric forcing, the sea surface would adjust to take the form of an
equipotential surface. In this condition, because the force of gravity is always
perpendicular to this surface, there are no horizontal forces to disturb the
water. There are many reasons, discussed in Chapter 9, why this is not the case,
and why the mean sea-level surface deviates from an equipotential surface by as
much as a metre. Nevertheless, an equipotential surface is still an important
reference for mean sea-level studies and it is appropriate to discuss the concept
further here,

This undisturbed equipotential surface is called the geoid. Its exact shape
depends on the distribution of mass within the earth, and on the rate of
rotation of the earth about its own axis (Garland, 1965; Jeffreys, 1976). Over
geological time the earth has adjusted its shape to the rotation by extending the

equatorial radius and reducing the polar radius. The polar flattening is
computed as:

equatorial radius — polar radius
equatorial radius
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Figure 3:14 Map of the geoid surface in metres relative to a mean ellipsoid (1/298.25), computed from the GEMI0 model. (copyright @ 1979 the

American Geophysical Union.)
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which has a value close to 1/298.25. The shape generated by this rotational
distortion is called an ellipsoid of revolution. If the earth consisted of matter of
uniform density, an ellipsoid would be an adequate description of the geoid;
however, the actual geoid has positive and negative excursions of several tens of
metres from a geometric eilipsoid, due to the uneven mass distribution within
the earth. Figures 3:14 and 3:15 show two representations of these excursions.
The shape in Figure 3:15, showing that the actual geoid is more than 10m
higher than the ellipsoid at the North Pole and 30 m lower than the ellipsoid at
the South Pole, is often described as pear-shaped. The earth is only pear-shaped
relative to the ellipsoid, and is actually still convex rather than concave at the
South Pole.

§0 f-10-20m  Equator

Figure 3:15 Heights of the mean meridional section (solid curve) of the geoid relative to a sphere
of Aattening 1/298.25 (dotied curve). (From D. G. King-Hele, C. ). Brookes and G. E. Cook
(1980), Nature, 286, 377-8. Copyright @ 1980, Macmillan Journals Limited.)

Figure 3:14 shows a geoid depression of — 105 m corresponding 1o a mass
deficiency south of India, and geoid elevations of 73m north of Australia,
corresponding to mass excess. Interestingly the highs and lows of the geoid
show no direct correlation with the major tectonic surface features; they are
thought to be due to density differences deep inside the earth.

The vaniations of mass distribution, for example due to sea-mounts, give
local variations in the mean sea-level surface, relative to a smooth surface
(represented by 4, in Figure 2:7) of several metres, which can be detected by
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satellite altimetry. The importance of these variations for physical oceano-
graphy lies in the need to define water levels and water-level differences
accurately relative to the geoid in order to know the horizontal pressure
gradient forces acting on the water.

As the mass of the earth is redistributed by geological processes such as
isostatic adjustment or glacial melting, the shape of the geoid gradually
changes, and so too must the shape of the mean sea-level surface. Some
examples of these geoid and sea-level adjustments are discussed in Chapter 10.

THE HYDRODYNAMIC EQUATIONS

The physical behaviour of the waters under the influence of tidal and other
forces can be described in terms of a set of hydrodynamic equations (Lamb,
1932; Gill, 1982). These equations take slightly different forms depending upon
the degree of approximation which is justified in their development. For studies
of tides and other long-period movements it is usual to neglect the vertical
movements and the vertical accelerations, and the water is usually assumed to
have a uniform density.

*3:6 The hydrostatic approximation

We adopt the normat Cartesian coordinate system shown in Figure 3:16 with
the axes X and ¥ in the horizontal plane and the Z axis directed vertically
upwards. The zero level for vertical displacements is taken as the long-term
mean sea-level, Some authors prefer to direct Z downwards from the surface,
but still define sea-level changes from the mean as being positive when upwards.

e T
e

Mean seq leved Y
20

=Y

Figure 3:16 The coordinate system used for development of the hydrodynamic equations.
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In our coordinate system the hydrostatic pressure at a point, depth z below the
water surface, due to the combination of the atmospheric pressure P, acting on
the water surface and the weight of water above the point is:

P,=P,—pgz—1) G2

where p is the water density, assumed constant, and £ is the displacement of the
water level from the mean. The negative sign appears because z increases
upwards; as z is negative below the water surface the formula correctly
represents the increase of pressure with depth. This hydrostatic formula has
already been used in a simple form (equation {2:1)) to convert bottom pressures
measured using the equipment described in Section 2:2:3, into changes in sea
level. The assumption that this hydrostatic formula is also valid for moving
fiuids is called the *hydrostatic approximation’, and is true for long waves, the
form in which ocean tides propagate (see Chapter 5 and Appendix 4).
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Figure 3:17 The mass and volume balance for a column of water.

*3:7 Conservation of mass

The assumption that the density of the water is constant means that the mass
and the volume of the water are equivalent parameters. Consider the mass of
fluid within a column of water above an element of area which is fixed in space,
where the seabed is at a depth — D, as in figure 3:17. The mass flux through the
left-hand face of the column is p(D + {udy, where u is the speed in the X-
direction. Through the opposite right-hand face the flux is:

0 [(D + Q).

P{(D + Qu + 7

Sx} &y
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The net mass flux out of the column through these two faces is the difference:

p{Bx By = [(D + Q)

Similarly along the Y-axis the net flux out of the column is:

pix 5y g‘} (D + O}

The sum of these two must equal the rate of change of the total mass of the
column:

2 [9Bx by (D + O = pbx dy 22
Hence:
sx 8y 5 = — pox 8y L (D + Ol — pbx 8y 2 [(D + O]
P Y 3¢ p y Ax a_y

which reduces to:

S+ 0+ 0+ 0+ DM =

‘In the usual case where the water depth is largc compared with the displace-
ment of the level from the mean, this becomes:

@€

S+ (D W+ 5 (Dv)-—-O

(3:22)

Where the sea-bed is flat so that the water depth is also constant, the final

simplification gives:
éf vy _

These mass conservation equations are also called continuity equations. They
formally represent the basic fact that a net flux of water into or out of an area
must be balanced by a corresponding change in the water level.

*3:8 The horizontal momentum equations

We consider the forces acting on a Cartesian element of water with dimensions
8x, dp, 8z as shown in Figure 3:18. The element is again located at a fixed place
on the surface of the rotating earth so that our development is according to
Eulerian dynamics. The alternative of developing the equations in terms of the
path of a single particle, the Lagrangian approach, would make the treatment
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of accelerations slightly easier, but the forces would then be much more
difficult to define.

By restricting our interest to horizontal forces and accelerations, we need
only consider the balance in the X and in the Y directions. Each yields a
separate equation. Consider the forces and accelerations along the X-axis as
shown in Figure 3:18, Three separate forces can be distinguished, the direct
tidal forces, the pressure forces, and the shear forces acting on the upper and
lower surfaces.

Sy I
1 8x ::>F
]
|
' >F

P | . - 3z
A e — _ —
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Figure 3:18 The forces acting on an element of water due to pressure and stress gradients.

From Section 3:2:1 we deduce the tidal forces in terms of the tidal gravitatio-
nal potential as — 8€}/8x per unit mass. The external pressure forces on the left-
hand face is (pressure x area), P&x8y, while the external pressure on the right-
hand face is [P + (8p/dx).6x)6x8y. The resultant pressure force in the positive
X direction is therefore the difference of these two opposing pressure forces:

_op
0x

The stress force on the upper surface is F8xdy in the positive X direction. The
lower surface will transmit a stress [F — (F/dz) - 8z}6x5y to the element of
water below, but by Newton’s third law of motion there will therefore be an
equal opposing stress on our Cartesian element. The resultant siress force on
the element is therefore:

8x 3y oz

oF
7 dxdydz.

Combining these three forces we have the total force per unit mass as:

_@_l(ﬁﬁ_éf)

If we were considering Lagrangian dynamics on a non-rotating earth, the
acceleration would be simply du/d: the so-called ‘total’ or ‘individual’ deriva-
tive, However, our fixed Eulerian frame requires additional tetms to allow for
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the acceleration necessary to give the water within our fixed element at an
instant of time, the appropriate velocity for a subsequent time and position to
which it has been advected. Also, because Newton's second law applies for
motions in an absolute unaccelerating coordinate system, when the law is
applied to motion in a rotating earth-bound coordinate system an additional
acceleration term, the Coriolis term, is required. A rigorous mathematical
development of these is beyond the scope of this account, but it is possible to
indicate the nature of these terms.
The required acceleration in the Eulerian system is:

u du ou

En +u I + ¥ 5
The terms in du/dx and 0u/dy are called advective accelerations because they are
related to the horizontal movement of the water,

4
[
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Figure 3:19 Showing the origin of the advective accelerations in the hydrodynamic
equations.

Suppose the particle has a velocity component # at time ¢ and position (x,y)
in a water circulation pattern which is not changing with time. At time ¢ + At
the particle will have a component & + A at a location (x + Ax, y + Ay), as
shown in Figure 3:19. The advective acceleration in the X-direction of the
particle is Auj(time of travel). The time of travel to x + Ax is Ax/u, which gives
an acceleration u(AufAx). Similarly, the time of travel to y + Ay is Ay/v giving
an acceleration wW(Au/Ay). In the limit of very small elements and times these
become the advective accelerations #(0u/dx) and w(du/3y).

The Coriolis accelerations are introduced to allow the application of New-
ton’s second law in a rotating coordinate system. Any particle initially pro-
jected in a particular direction in the northern hemisphere moves along a path
over the earth’s surface which curves to the right. In the southern hemisphere-
the curvature of the path is to the left. For normal daily activities such as
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throwing a ball, the effect is negligible because the time of flight is very much
less than the period of rotation of the earth, but for tidal and other currents
which persist for times which are a significant fraction of a day, the curvature
cannot be neglected. The effect is represented in the force equations as an
acceleration at right angles to the motion. This acceleration is proportional
to the particle speed, and increases from zero at the equator {0 a maximum
at the poles, In our coordinate system the acceleration along the X-axis is
—2am, sing v, and the acceleration along the Y-axis is 2w, sing «. These terms
are also valid in the southern hemisphere if latitudes south of the equator are
treated as negative.

A rigorous transformation of motion in one system to motion in a second
system, which rotates with respect to the first, is a straightforward exercise in
vector analysis. For our purposes it will be sufficient to restrict our interest to
horizontal motions and to show that the above accelerations are physically
reasonable. We do this by considering the components of motion in the

northern hemisphere along a parallel of latitude and along a meridian of
longitude.

~r ws 2
2uwsy+ Jr
@wsu sin ¢
N
x...rws $
v/
Ar
5 {b}

Figure 3:20 Accelerations of a particle on a rotating earth, 1o illustrate the origin of the Coriolis
acceleration in the hydrodynamic equations (a) for motion along an east-west axis and (b) for
motion along a north-south axis.
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Consider first a particle P at rest with respect to the earth, which is rotating
with an angular velocity o, as in Figure 3:20(a). The acceleration of this particle
towards the axis of rotation is:

(radial velocity)* _ (o)

2
- = @i
radius r s

If the radial velocity is increased by giving the particie an eastward velocity u
over the surface of the earth, the new acceleration which the particle should
have towards the centre becomes:

2 2
(-—3——-—-0”:“) =(o3,r+2(o,u+£‘r—

In the absence of any additional force to provide the additional central
acceleration necessary to maintain the particle in equilibrium at latitude ¢, the
castward moving particle experiences an apparent outward acceleration relative
to the earth’s axis of Qo + u?/r). The u*/r term is negligible for the speeds
such as those of ocean currents, which are much less than the radial speed of
the earth. Therefore, on the earth’s surface the horizontal component of the
appatent outward acceleration is directed towards the equator and has an
amplitude of 2w, sing «.

The Coriolis acceleration experienced by a particle due to the component of
motion along the meridian of longitude can be evaluated by applying the law of
conservation of angular momentum to the movement of the particle about the
earth’s axis. The angular momentum of the particle of unit mass at P which is
stationary on the rotating earth is:

particle velocity x radius of motion = @

If the particle has a northward velocity v, the value of r decreases with time. In
order to conserve the angular momentum the velocity of the particle in its orbit
must increase by an amount Au. This increase is observed in the northern
hemisphere as an acceleration of the particle towards the e¢ast. To conserve
angular momentum we have:
s’ = [, (r — Ar) + Al (r — Ar)
With rearrangement this becomes:
Au =20, Ar

Figure 3:20(b) shows that in the limit of very small time increments Ar is related
to the northward particle displacement vAr:

. Ar
sing = ;'Z;
Hence
Bu _ 2, sing v

At
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which is the apparent eastward acceleration of the particle. If the particle
moved towards the equator the increase in » would require a compensating
decrease in the velocity, which would be apparent to an observer in the
northern hemisphere as a westward acceleration.

For convenience the Coriolis parameter 2m,sing is usually written as f. Note
that because there is no acceleration along the direction of motion of the
particle, there is no net gain of particle energy. Many accounts of the
movement on a rotating earth prefer to develop the idea of an apparent force at
right angles to the particle motion, the Coriolis force. This places the Coriolis
effects on the opposite side of the equation of motion, but of course, the
dynamics are unchanged.

Although the role which Coriolis {1835) played in developing ideas of
accelerations in rotating systems and their application to fiuid motions on a
rotating earth is acknowledged by attaching his name to the parameters, in fact

the basic ideas were propounded earlier by Laplace, in connection with his
study of tides in 1775.

By combining the total accelerations and the forces acting on the particle we
arrive at the two basic horizontal momentum equations.

du du _ o} 1 fap OF .
atY ——+uax v “"‘a‘f“’(ﬁ;“'ﬁ;) (3:23)
dv dv dv M 1/{eP oG .
3t+“6 +V +fu ———a——a(a}-—a) (324)
time + advective + Coriolis = tidal + pressure + shear
Accelerations = Forces/Mass

These two equations, together with the Continuity Equation (3:22) and the
Hydrostatic Equation (3:21) will be used in subsequent chapters to describe the
physical response of the oceans to the tidal and to the meteorological forces.



CHAPTER 4

Analysis and Prediction

By what astrology of {ear or hope
Dare I to cast thy horoscope!
By the new moon thy life appears;
Longfellow, ‘To a Child’

Tidal analysis of data collected by observations of sea levels and currents has
two purposes. Firstly, a good analysis provides the basis for predicting tides at
future times, a valuable aid for shipping and other operations. Secondly, the
results of an analysis can be interpreted scientifically in terms of the hydrodyna-
mics of the seas and their responses to tidal forcing. An analysis provides
parameters which can be mapped to describe the tidal characteristics of a
region. _

The process of analysis reduces many thousands of numbers, for example a
year of hourly sea levels consists of 8760 values, to a few significant numbers
which contain the soul or quintessence of the record (Godin, 1972), An example
of statistical tidal analysis is given in the description of sea levels in Section 1:5.
In tidal analysis the aim is to reproduce significant time-stable parameters
which describe the tidal regime at the place of observation. These should beina
form suitable for prediction, should be related physically to the process of tide
generation and should have some regional stability. The parameters are often
termed fidal constants on the implicit assumption that the responses of the
oceans and seas to tidal forcing do not change with time. Also implicit in the
use of this term is the assumption that if a sufficiently long series of levels or
currents is available at a site, then a true value for each constant is obtained by
analysis. In practice measurements extend over finite periods, often a year, a
month or even a few days, and so the resuits from analysing these finite lengths
of data can only approximate the true constants. The longer the period of data
available for analysis, the better will be the approach to these true values.

A pgood system of analysis represents the data by a few significant stable
numbers, but a bad analysis represents the data by a large number of
parameters which cannot be related to a physical reality, and for which the
values obtained depend on the time at which the observations were made. If
possible, an analysis should also give some idea of the confidence which should
be auributed to each tidal parameter determined. Details of analysis pro-
cedures are given in Doodson and Warburg (1941), Godin (1972}, Schureman

96
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(1976), Foreman (1977) and Franco (1981). The reader of the older texts is
warned that many of the techniques designed to reduce labour of calculation in
the days before digital computers are no longer necessary.

The close relationship between the movements of the moon and sun, and the
observed tides, makes the lunar and solar coordinates a natural starting point
for any analysis scheme. The Equilibrium Tide developed in Chapter 3 defines a
tidal level at each point on the earth’s surface as a function of time and latitude.
The observed tides differ very markedly from the Equilibrium Tide because the
oceans have complicated vesponses which are limited and controlled by their
real depths and boundaries. In shallow water the tides are further distorted
from the Equilibrium form by the loss of the energy through bottom friction
and by the preservation of the continuity of water flow. Tidal behaviour in
shallow water will be considered in detail in Chapter 7, but in this chapter we
need to remember that any good analysis scheme must be capable of resolving
these complications.

Three basic methods of tidal analysis have been developed. The first, which is
now generally of only historical interest, termed the non-harmonic method,
consists of relating high and low water times and heights directly to the phases
of the moon and other astronomical parameters. The second method, which is
generally used for predictions and scientific work, called harmonic analysis,
treats the observed tides as the sum of a finite number of harmonic constituents
whose angular speeds and phases are determined from the astronomical
arguments. The third method develops the concepts, widely used in electronic
engineering, of a frequency-dependent system response to a driving mechanism.
For tides the driving mechanism is the Equilibrium potential. The latter two
methods are special applications of the general formalisms of time series
analysis and we will discuss their relative advantages and disadvantages later.

Analyses of changing sea levels, which are scalar quantities, are obviously
easier to perform than those of currents, which are vectors. The development of
the different techniques is first discussed in terms of sea levels; their application
to currents is treated in a subsequent section. The more elaborate details of the
procedures are given in separate Appendices, and the reader is referred to
selected original scientific papers.

4:1 Non-harmonic methods

The simplest and oldest technique of tidal analysis is to relate the time of local
semidiurnal high water to the time of lunar transit. The interval between lunar
transit 2t new or full moon and the next high tide used to be known as the local
establishmenr. Small adjustments may be made to allow for variations in the
time interval through a spring-neap cycle. The age of the tide is an old but still
useful term applied to the interval between the time of new or full moon and the
time of maximum spring range, which is usually about two days. Several other
non-harmonic tidal parameters such as Mean High Water Springs are defined
in Chapter 1. The advantage of these non-harmonic parameters is their ease of
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determination and of application. Their limitations include the difficulty of
using them in scientific work, and the fact that they contain insufficient
information for a full tidal description and prediction scheme.

Non-harmonic methods of analysis and prediction were developed on a
mathematical basis by Sir John Lubbock in 1832. Times and heights of high
and low water are related to the lunar transits, Corrections are applied for the
age of the tide, the lunar and solar declinations and their distances (in
astronomical terms, their parallax). Further developments are still being used
for official Dutch and German tidal predictions, where the method is suffi-
ciently robust to cope with the shallow-water tidal distortions found along their
coasts. Dutch predictions use separate sets of non-harmonic constants for each
month of the year and for the upper and lower lunar transits,

Along the Channel and Atlantic coasts of France, a scaling factor, due to
Laplace, called the Coefficient de la Marée is widely used. The scale extends
over 100 points from 20 to 120, with mean equinoctial spring tides, 6.42 m at
Brest, corresponding to 100, 120 corresponds to exceptional equinoctial spring

tides such as those discussed in Section 3:4:3; 20 corresponds to very small neap
tides.

4:2 Harmonic analysis
4:2:1 Expansion of the Equilibrivm Tide

The basis of harmonic analysis is the assumption that the tidal variations can
be represented by a finite number N, of harmonic terms of the form:

- H,cos (Gt ~g,)

when H_ is an amplitude, g, is a phase lag on the Equilibrium Tide at
Greenwich (see Sections 4:2:2 and 4:2:4), and o, is an angular speed. For a
correct mathematical development the angular speeds and phase lags should be
expressed in radians, However, in tidal notation the phase lags g, are usually
expressed in degrees. We use the notation ®, in radians per mean solar hour
through most of this chapter. The angular speed in degrees per mean solar hour
is denoted by o, = 360 w,/2x. A further useful extension of the convention is to
express angular speeds in cycles per unit time as f, {(f, = ©,/360 cycles per mean
soiar hour or f, = ¢,/15 cycles per mean solar day).

The angular speeds o, are determined by an expansion of the Equilibrium
Tide into similar harmonic terms: the speeds of these terms are found to have
the general form:

®, = L0y + i ®; + [0, + {0, + {0 + o, “1)

where the values of ©, to a4 are the angular speeds already defined in Table 3:2
(i.e. the rates of change of C,, 5, h, p, N, and p’), and the coefficients i, to i; are
small integers. The amplitudes and phases are the parameters determined by -
analysis which define the tidal conditions at the place of observation, The phase
lags g, are defined relative to the phase of the term in the harmonic expansion
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of the Equilibrium Tide which has the same angular speed, 6, (®, in radian
measure); by convention these phases of the Equilibrium Tide are expressed
relative 10 the Greenwich Meridian.

If the moon were to revolve continuously in an equatorial circle around the
earth then each tide would follow the previous one at intervals of 12 hours 25
minutes and each high water would have the same amplitude. If the sun also
moves in an equatorial circle an additional tide of period 12 hours would be
present, and the beating between those two tides would produce the spring-
neap cycle, which would be completely represented by four parameters, the
times of lunar and solar high waters and the amplitudes of the two tides. The
real movements of the moon and sun, north and south of the equator and their
varying distances and angular speeds, can be considered as the combined effects
of a series of phantom satellites. These phantom satellites are of various masses
and they move in various planes and at various speeds; each one moves either
in an orbit parallel to the equator or stands in a fixed position amongst the
stars. Each satellite therefore has a simple tide which is represented as an
amplitude and a time of high water. These concepts formed the basis for the
early development of Harmonic analysis by Laplace, Lord Kelvin and George
Darwin (1911). The additional frequencies are also analogous to the side-bands
of a modulated radio carrier frequency, as discussed below.

The first necessary step in the development of harmonic analysis is an
expansion of the Equilibdum Tide into a series of harmonic terms from the
expressions of equation (3:12) and the full formulae for distance, declination
and hour angle, which are given in attenuated form in Section 3:3. The most
complete algebraic expansions were completed by Doodson (1921) and these
have been extended and adjusted by Fourier analysis of an extended time series
of the Equilibrium Tide computed from the ephemerides, the lunar and solar
coordinates (Cartwright and Tayler, 1971; Cartwright and Edden, 1973).

Consider first the expansion of a term of the form:

¥(1 + @ cos a,f) cos @

which, by the basic rules of trigonometry for combining sine and cosine terms
becomes:

o

leos @,f + 3 €08 {0, + o) + 2

2

The harmonic modulation in the amplitude of a constituent of speed «, is
represented by two additional harmonic terms with speeds at the sum and
difference frequencies (@, + ®,) and (&, - ®,).

Consider as an example the effects of the variation over a period of 27.55
days of the lunar distance R,, and the lunar longitude. Substituting for R, from
equation (3:18) in the semidiurnal part of the Equilibrium Tide in equation (3:
12):

cos (0, — &M} (4:2)

3
C,(t)y = [(—%) 3 cos? a’,] [1 + ecos (s — p)* cos 2 C

1
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For convenience and further simplification we write:

y= [(%) 3 cos® d

I
We make the approximation:
[t +ecos(s—pN*~ 1+ 3ecos{s — p)

where terms in e? and above are omitted.
For the lunar longitude, from equation (3:20) we have:

cos 2C, =cos 2 [@g! + h — s — 1 — 2e sin (5 — p)]

with the approximations that 4, = A,, and A, is given by equation (3:19). We
adopt the convention of expanding the potential for the Greenwich meridian,
so A, =90

If we also write:

=0t +h~5—m
c08 2 C, = cos 28 cos [2e sin (s — p)] + sin 28 sin [2e sin {s — p}]
7 c0s 28 + 2esin (s — p)sin 28

Hence by multiplying out and heglecting the terms in 2 we have:

Cy() =y [cos 28 + desin{s — p) sin 28 + 3ecos (s — p) cos 28]
=y[cos 28
+3ecos (28 —s+p)—3ecos(28+5—p)
+4ecos (28 +s5—p)—3ecos (28 —s+p)
= y[cos 28
+fecos (23 ~s+p)
—tecos (28 +s-p)

Replacing the full definition of § and writing —cos B = cos (B + 180°)

Co() = y[cos Qa,t + 2h — 25)
+Jecos Qo + 2k~ 35+ p)
+3ecos (20 + 2h — 5 — p+ 180%) 4:3)

The first term in cos (2w4f + 2k — 25) is the main semidiurnal lunar tide due to
the mean motion of the moon. By convention this tide is called M, where the
suffix 2 denotes approximately two tides in a day. The lunar and solar mean
longitudes s and k increase at rates of », and @, respectively which gives
2wy — ®, + ) as the total speed of M,. The values in Table 3:2 give speeds
1.9 323 cycles per mean solar day or 28.9 842° per mean solar hour. Of course,
this speed is the same as 2w, twice the speed of the mean moon, as shown in
Section 3:3:4,
The second and third terms have total angular speeds:

20, —w,+ 0, f=1890cpd; o =1284397°h"!
20, —w0,+0, f=19686cpd; o =295285h"!
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They represent the two extra terms in equation (4:2), with the important
difference that in this case the amplitudes of the terms are not equal, This is
because our analysis included both the amplitude variation, which would have
produced terms of equal amplitude, and the effects of the varying angular speed
on the right ascension which increases the amplitude of the term at the lower
speed and decreases the amplitude of the term at the higher speed. To emphasize
their speed symmetry about the speed of M., these are called N, and L,.
According to the expansion (4:3) the relative amplitudes are (e; = 0.0 549):

N,:M,:L, = 0.196: 1.000: 0.027

and these compare favourably with the relative amplitudes given in Table
4:1(b). The full expansion of C,(r) must alse include the effects of the obliquity
on the right ascension, and the effects of the declination, cos?d,. The approxi-
mation for the orbit parameters given in Section 3:3:3 must also be expanded to
further terms. When this is done for both the moon and sun the list of harmonic
constituents is very long. WNevertheless, examination of their relative amplitudes
shows that in practice a limited number of harmonics are dominant. Similar
expansicens for the long-period and diurnal terms show that these too are
dominated by a few major harmonic terms.

Table 4:1 lists the most important of these constituents, gives the appropriate
values of s, &, p, N and p’ and the corresponding periods and angular speeds.
The amplitudes ate all given relative to M, = 1.0000. If the coefficient v is
evaluated the M, amplitude is 0.9081 and the principal solar semidiurnal
harmonic amplitude is 0.4 229. Because only the relative coefficients are of
further interest the normalization to Hy, is more convenient and is tabulated
here. The different latitude variations for the three species are given in equation
(3:12). The spectrum of tidal harmonics may be plotted for each species, as
shown in Figure 4:1(a), to illustrate the importance of a few major tidal
harmonics and their distributton into groups. At this stage in the development
it is useful to reassure ourselves that further development of the Equilibrium
Tide will be relevant for subsequent tidal analysis. Figure 4:1(b) shows the
relationships between the Equilibrium Tide amplitudes and phases, and those
obtained by harmonic analysis of observations at Newlyn. It confirms that the
relationships are generally similar for constituents of similar angular speed. We
will return to this similarity in Section 4:3:1.

The values of s, &, p, N and p’ at any time are given in Table 4:2. Times are
calcuiated from Greenwich midnight on 1 January 1900. Other time origins such
as Greenwich noon on 31 December 1899 are sometimes used. Small secular
changes in the rates of increase of these angles, involving terms in T are also
given (see also Cartwright (1985) for a discussion of modern time scales and
their implications for tidal analysis). The rates of increase of these arguments
are the angular speeds a,, 0,, @, ®;, and ®, given in Table 3:2. In Table 4:1
the angular speed of each constituent is calculated using equation (4:1), where
i, = 0, 1,2 for the long period, diurnal and semidiurnal tides. The values of i,
are said to define the tidal species.



Table 4:1 Major harmonic tidal constituents (based on Doodson, 192I; Schureman, 1976; Cartwright and Edden, 1973). The latitude

variations are given in equation (3:12).

Table 4:1(a) Astronomical long-period tides, i, = 0

Argument Period Speed Relative coeflicient Origin
A A R S A
s h p N F {msd) Aepd) o(°/h) (M, = 1.0000)
*S, 0 1 0 0 -1 364.96 0.0027 0.0411 0.0127 Solar anpual*
*S. 60 2 0 0 0 182.70 0.0 055 0.0821 0.0802 Solar semi-annual*
M, | 0-1 0 0 27.55 0.0363 0.5444 0.0 909 Lunar monthly
M, 2 0 00 0 13.66 0.0732 1.0930 0.1 723 Lunar semi-monthly

* Strongly enhanced by seasonal climate variations. For this reason the p' argument of S, is ignored in modern tidal analysis (see téxt and Section 9:5:1)

Table 41(b) Astronomical diurnal tides; §{, = |,

Argument Period Speed Relative coefficient Origin
A A PR
s h p N p (msd) Sflepd) o(°/h) (M, = 1.0000)
2Q, -3 0 2 0 0 1.167 0.8 570 12.8 543 0.0105 Second-order elliptical.lunar
9 =3 2 0 0 O 1.160 0.8 618 129271 00127 Lunar variation
Q -2 0 1 0 0 1.120 0.8932 13.3987 0.0794 Larger elliptical lunar
P -2 2-1 0 ¢ 1.113 0.3 981 134715 0.0 151 Larger evectional
o, -1 0 0 0 o 1.076 0.9295 13.9430 0.4151 Principal lunar
60 0-1 0 0 1.035 0.9 658 144874 00117 Smaller elliptical lunar
M, { 6 0 0 0 O 1.035 0.9 661 14.4 920 0.0073 Lunar parallax
0 06-1 0 0O 1.035 0.9 664 14.4 967 0.0 326 Smaller elliptical lunar
%1, 0 2-1 9 0 1.030 09713 14.5 695 0.0062 Smaller evectional
®, 1 -3 0 0 |1 1.006 0.9945 149179 00113 Larger ellipticat solar
P, 1 -2 0 0 0 1.003 0.9973 14.9 589 0.1932 Principal solar
S, -1 0 9 o 1.000 1.0 000 15.0 000 — Radiational
K {1 0 0 0 0 0.997 1.0027 150411 0.39% Principal lunar
1 T 0 0 0 0 0.997 1.0027 15.0411 0.1 852 Principal solar
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All the terms except for the parallax part of M, and the radiational 8, (see Section 5:5), arise from the effects of lunar and solar declinations. The relative
amplitude of the vector combination of the lunar and solar parts of K, is 0.5 838.

Table 4:1(c) Astronomical semidiurnal tides; i, = 2.

Argument Period Speed Relative coeffictent Origin
by LI i, ¥k
s h p N p {msd) Slepd) a{°fh) (M, = 1.0000)
2N, -2 0 2 0 O 0.533 1.8 597 27.3954 0.0 253 Second-order elliptical unar
p, -2 2 0 0 0 0.536 1.8 645 27,9682 0.0 306 Variational
N, -t 0 I 0 O 0.527 1.8 960 28.4397 0.1915 Larger elliptical lunar
v, =1 2-1 0 0 0.526 1.9008 28.5126 0.0364 Larger evectional
M, 0 0 0 0 0 0.518 1.9322 28.9 841 1.0 000 Principal lunar
s Y -2 bt 0 O 0.509 1.9 637 29.4 556 0.0074 Smaller evectional
L i 0-1 0 0 0.508 1.9 686 29.5285 0.0283 Smaller eiliptical lunar
z I 0 1 0 0 0.508 1.9 692 29.5378 0.0071 Smalier elliptical Iunar
T, 2-3 0 0 |1 0.501 1.9973 29.9 589 0.0273 Larger elliptical solar
5, 2-2 0 0 0O 0.500 2.0000 30.0 000 0.4 652 Principal solar
R, 2 -1 0 0 -1 0.499 20027 30,0411 0.0039 Smaller elliptical solar
K {2 ¢ 0 0 0 0.499 2.0055 30.0821 0.0 865 Declinational lunar
2 2 0 0 0 0 0.499 2.0055 3o.0821 0.0 402 Declinational solar
M, o 0 0 0 O 0.345 28984 43.4761 0.0 131 Lunar parallax (i, = 3)

The relative amplitude of the vector combination of the lunar and solar parts of K, is 0.1 266,
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Table 42 The orbital elements used for harmonic expressions of the Equilibrium
Tide. Small secular trends in the speeds are included by the T* terms.

Mean longitude of moon §=277.02° + 481 267.89°- T + 0.0011° - T2
Mean longitude of sun h=280.19° + 36000.77°- T + 0.0003°- T
Longitude of lunar perigee  p = 334.39° + 4069.04°- T - 0.0103°- T*
Longitude of junar

ascending node N=125916"— 1934.14° T+ 0.0021°- T
Longitude of perihelion po=1281.22° + 1.72°- T + 0.0 005° - T?

T is the time in units of a Julian century (36 525 mean solar days) from midnight at the Greenwich
meridian on 0/1 January [900.

For zero hour GMT on day D in year }:

7o 365(Y —1900) + (D~ 1) +
= 36 525 -

where / is the integer part of {¥ — 1901)/4.
Note that 1900 was not a leap vear, but 2000 is a leap year,
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Figure 4:1 (a) The spectrum of harmonics in the Equilibtium Tide, from the expansion of
Cartwright and Edden (1973). (Supplied by D. Carr Agnew.) (b) The ratios of the observed
constituent amplitudes (4,) to the Equilibrium Tidal amplitudes () for latitude 50°, and the
phase lags (x,) in local time for the principal constituents of the semidiurnal species at Newlyn.

The energy in these species is modulated by harmonic terms involving o, ©,,
etc. In the complete expansion i, varies from —5 to +35 and defines the growp
within each species. Within each group the value of i, which also varies from
—5to +5 is said to define the constituent. In general, analysis of a month of
data can only determine independently those terms which are separated by at
least one unit of @, (or 0s5/01), Ag = 0.5490°/h, Similarly, analysis of a year of
data can determine harmonic constituents which differ by one unit in w4(dh/3r),
Ac = 0.0411°/h. The full set of integers i, to i is sometimes said to define a
harmonic, but this word is also more gencrally used to describe any term
determined by a harmonic analysis.

Note that our equation (4:1) defines species in terms of ®,, lunar speeds,
rather than in terms of ®,, the time in solar days. Times in lunar days are
favoured by many writers including Doodson (1921) and Cartwright and



106

Edden (1973). The coding for M, is (2000 00). Schureman (1976) has (2-2
2000) as for M, because he uses o, instead of @,. Conversion between the two
systems by using the relationship @, = @y — @, + 0, is straightforward: it
shows that Schureman’s values of i, will be one unit less than ours for the
diurnal species, and two units less for the semidiurnal species. Also, his values
of i, are one unit more than ours for the diurnal species and two units more for
the semidiurnal species. The conversion to the system in solar days is an
essential step in the preparation of predictions in solar time (see Table 4:8). In
Doodson’s tabulations he avoided negative values of the i coefficients by
adding five units to each so that his M, became (25555 5).

The traditional alphameric labelling for the individual larger hamonics has
been developed to include all the terms in our tables, but the full expansion
contains hundreds of smaller unnamed terms. Strictly, these labels apply only
for terms defined by the full six integers i, to i, but they are also applied to the
constituents determined by analysis of a year of data. The use of a suffix to
denote the species is normal for alt except the long-period tides, where the zero
is usually omitted. The basic astronomical movements which each constituent
represents are also given in Table 4:1. The elliptical terms and the declinational
terms have already been discussed in a general way in Chapter 3. Variational
terms are due to the changes in the sun’s perturbing force on the moon’s
motion during a synodic month. Evection is the change in the eccentricity of
the moon’s orbit caused by the sun’s gravitational puil.

In addition to the astronomical forces, there are a few harmonic constituents
which are primarily due to periodic meteorological forcing, notably the
annual and semi-annual tides and the §,, diurnal tide. These have been called the
radiational tides because of their relationship to the cycles in direct solar
radiation, :

The largest term in the long-period species is usually S,, the annual variation
in mean sea-level, which has an angular speed of (w; — wg), but this term is
very small in the gravitational forcing. The large observed annual variations of
level are due to seasonaj meteorological effects. These seasonal effects have a
speed of o, and are of course indistinguishable from the gravitational tide in a
harmonic analysis. It is standard practice to analyse for the radiational §, term
of speed @,; of course the frequency difference is insignificant, but it is vital to
define the phase reference consistently. The gravitational semi-annual tide
S..(20,) is larger than the annual gravitational tide, and the observed tide
also includes seasonal effects. These long-period tides are discussed in detail
in Chapter 9. The terms M_ (0, — ®,) and M;(2w,), the lunar menthly and
fortnightly tides are the lunar equivalent to S, and Sq,, but there are no extra
radiational effects at these periods.

In the diurnal species all but two small terms arise directly from the effects of
lunar and solar declination. These diurnal terms have a tendency to occur in
pairs which balance each other when the lunar or solar declination and hence
the diurnal component amplitude is zero, as shown in Figure 1:1 for March
1981. The lunar declination is represented by the two terms O,{(0, — o,) and
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K,(®, + ®,) which are in phase every 13.66 days. The K, (0, + ©, = @, +
@,) term also contains a part due to the solar declination which balances the P,
solar term (0, — ®,) at intervals of 182.55 days, the times of spring and
autumn equinoxes when the solar declination d, is zero. The constituents
Qi{w; — 20, + ©y), J{0, + 20, — o,), and parts of the M (0, + ©,) con-
stituent are due to the changing lunar distance R,. The M, term is complicated
because it contains three small factors, two related to the lunar declination and
varying lunar distance, and a third part which is an exact subharmonic of the
ptincipal semidiurnal lunar tide. Separation of these terms theoreticaily re-
quires 8.85 years of data according to the Rayleigh criteria discussed in Section
4:2:5. The exact subharmonic M,(a,), is derived by expanding the % (cos¢)
term in equation (3:7). Physically it represents the fact that the diameter of the
earth is not negligible compared with the iunar distance, so that the double
bulge is not Quite symmetrical. If the orbit of the moon were permanently in the
plane of the equator none of the declinational divrnal tides would occur, but
this small lunar diurnal tide would remain. For practical purposes it is too
small to be important, but its determination is of some analytical interest
{Cartwright, 1975). Turning to another small but interesting constituent, the
gravitational tide producing force at S, is negligible, but the observed tides
contain significant energy at this frequency because of the diurnal meteorologi-
cal forcing, and this radiational 8, tide may have amplitudes of a few
centimetres in extreme cases (see Section $:5). Temperature-sensitive sea-level
recorders have aiso been known to introduce a spurious S, term into the data,
as may an incorrectly mounted chart drum which rotates once every 24 hours.

The semidiurnal species is dominated by the principal semidiurnal lunar tide
M,(2®,) and the principal semidiurnal solar tide S,(2w,), which are in phase at
spring tides, every 14.76 days. Of the two main terms which represent the
movement of the moon in its elliptical orbit, N,(2w, — », + ®,), is much
bigger than L,2w, + @, — w,), as already discussed. The two terms which
similarly represent the effects of the varying solar distance show the same
asymmetry (the calculations above can be repeated to show this) with the T,
term (20, ~ ®, + ®;), being much larger than the term at the higher fre-
quency, R,(2m, + o; — ). The K (Yo, + @,) = Ao, + ®,)] term rep-
resents the lunar and the solar declination effects. Also shown in Table 4:1{(c) is
the small third-diurnal harmonic M,(3®,) which, like the (®,) part of the M,
term arises from the asymmetry of the semidiurnal tidal bulges; this term is also
obtained by expanding the Zi(cos @) term in equation (3:7). The L, constituent
is interesting because it contains two terms whose angular speeds differ by 2m,.
These two terms cannot be separated from analysis of only a year of data;
because of this, special methods must be used to represent the sfowly changing
amplitude of the total L, constituent.

*4:2:2 Nodal factors

Certain lunar constituents, notably L,, are affected by the 8.85-year cycle, and
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all the lunar constituents are affected by the 18.6-year Nodal cycle; these
modulations, which cannot be separately determined from a year of data must
also be represented in some way. In the full harmonic expansion they appear as
terms separated from the main term by angular speeds:

Ig0y; i 0

The terms that are separated by iw, may be considered constant for all
practical purposes. The modulations which cannot be resolved as independent
constituents by analysis of a year of data are represented in harmonic
expansion by small adjustment factors f and w. Each constituent is written in
terms of degrees:

H, fycoslor— g, + (V, + 1)l {4:4)

where V_ is the phase angle at the time zero, shown in Tablc 4:2. The nodal
terms are:

/. the nodal factor
#, the nodal angle

both of which are functions of ¥ and sometimes of p. The nodal factor and the
nodal angle are 1.0 and 0.0 for solar constituents.

The application of nodal terms can be illustrated by the variation of M,. If
yearly analyses are made throughout a nodal period of 18.61 years the value of
the M, amplitude will increase and decrease from the mean value by about 4
per cent. The full harmonic expansion shows that in addition to the main M,
term (2m,) there are several other nearby terms; the only significant one has
anguiar speed {2, + ®,) and a relative amplitude of —0.0373, the negative
coefficient signifying that in the full expansion this term appears as —cos[(20, +
WM.

Writing the total constituent as;

Hy, cos 20,1 ~ a Hy,, cos (20,1 + ws)

we have
Hyy, {(1 — @ cos @y2) cos 20,¢ + a sin 4/ sin 2 @1}
= Hy,, {f cos u cos 2 @t — fsin u sin 2 o1}
= Hy, {fcos Qo1 + u)}
where -

Jeosu=1—acoswg
Jsinu= — asin o

and hence for small values of a:
fi=1-2acosay +&
Sl —acosmwgd =1— 00373 cos st

and
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— @ sin®s?
fanuy = -———————"—
1 — acoswg?
{where o is in radians)
AR —asin e = — 2.1° sin @5t

The phase of the nodal angle ot is measured from the time when the ascending
lunar node, at which the moon crosses the ecliptic from south to north, is at the
First Point of Aries (T). Around this time the excursions of the moon north
and south of the equator reach maximum declinations of 28° 36¢’, and the f
value for M, has a minimum value of 0.963. After an interval of 9.3 years when
the moon has minimum declination excursions of 18° 18’ the f value reaches its
maximum, 1.037. If the nodal adjustments were not made, analyses of a year of
data made at the time of maximum declinations would give values of Hy,,
which were 7.5 per cent lower than those which would be obtained 9.3 years
later.

The factors which determine f and # for the major lunar constituents are
given in Table 4:3; for the constituents K, and K, only the lunar part has a
nodal modulation and this has been allowed for in the development. The terms
which represent the changes in declination have the largest nodal variations.
The O, amplitude varies by 18.7 per cent, the K, amplitude by 11.5 per cent
and the K, amplitude by 28.6 per cent. Small terms in these expansions,
involving arguments of 2¥ and 3N have been omitted.

Table 4:3 Basic nodal modulation terms for the major lunar constituents.

f u
M, 1.000 — 4,130 cos(N) 0.0°
M, 1.043 + 0.414 cos(N) —23.7° sin(A)
Q,.0, 1.009 + 0.187 cos(N) 10.8° sin(N)
K, 1.006 + 0.115 cos(N) — 8.9°sin(¥)
2IN,, f,, ¥, N3, M, 1.000 — 0.037 cos{ N} — 2.1° sin(N)
K, 1.024 + 9.286 cos(N) —17.7° sin{\)

N =0 March [969, November 1987, June 2006, etc., at which time the diurnal terms have
maximum amplitudes, but M, is at a minimum. M, has maximum Equilibrium amplitudes ir July
1978, March 1997, October 2015, etc.

For the constituents M, and L,, the arguments also involve the longitude of
lunar perigee p, which has an 8.85-year cycle. Some authorities make more
elaborate expansions of the long-term modulations and include the effects of p
n the factors for other constituents; these are called j and v to distinguish them
from the f and » factors which are usually used. Older publications used to
include expansive tables of £ and u for each constituent and for each year, but
modern computing procedures make this practice obsolete.
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*4:2:3 Shallow-water terms

In shallow water the progression of a tidal wave is modified by bottom friction
and other physical processes which depend on the square or higher powers of
the tidal amplitude itself. Figure 1:t shows the presence of strong higher
harmonics at Courtown; the double high and double low waters are due to non-
linear shallow water effects. These distortions can also be expressed as simple
harmonic constituents with angular speeds which are multiples, sums or
differences, of the speeds of the astronomical constituents listed in Table 4:1.
To illustrate this consider that shallow-water effects are proportional to the
square of the tidal water level through a spring-neap cycle:
k" {Hm, cos 2 o1 + Hs, cos 2 wmgr}?
= {%(Hmi + Hsg) + %(HMZ)Z cos 4 @, + %{Hsz)z €05 4 gyt
+ Hy, Hs, €03 2 (0, + wo)t + Hu, Hs, cos 2 (0, — @)t}

where £” is the constant of proportionality,

The relationship involving the square of the amplitude has produced ad-
ditional harmonics at 4w,, and 4w, which are called M, and S, because their
frequencies appear in the fourth-diurnal species. The term at speed 2(®; + ©,),
also in the fourth-diurnal species, is called MS, to show that it originates from
a combination of M, and S,. The interaction has also produced a change in the
mean sea-level, represented by the terms in Hy3, and HZ,, and a long-period
harmonic variation with a speed equal to the difference in the speeds of the
interacting constituents, 2(0, — ®,), called M,;, which has a period of 14.77
days, exactly the same as the period of the spring—neap modulations on the
tidal amplitudes. The development may be continued to include interactions
between other tidal harmonic constituents, and may also be extended to higher
powers of interaction. Suppose, for example, that the interactive effects are
related to the cube of the elevations, and that only the M, constituent is
present:

k" (Hy, c0s 2 @,0)° = k; Hy, {3 cos 2 @t + cos 6 @t}

where & is the proportional constant for triple interaction.

Two non-linear terms are present. The first is at exactly the constituent speed
(2w,), and the second is in the sixth-diurnal species. This term, which has a
speed three times the speed of M, is called M.

In practice a whole range of extra constituents are necessary to represent
distortions in shallow water. Some of the more important of these are given in
Table 4:4. The nodal factors for shallow-water constituents, f and u are
assumed to follow the factors for the constituents involved in their generation:

S(My) = f(M,) x f{My)
u(M,)=2u(M)

Clearly the shallow-water part of M,, generated by cubic interactions will have
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a greater nodal variation than that of the dominant astronomical part. In
Table 4:4, the terms marked with asterisks are at the same speeds as pure
astronomical constituents; 2MS, is at the same speed as p,, and there is a weak
astronomical harmonic constituent which coincides with M,,.

Table 44 Some of the more important shallow-water harmonic constituents.

Generated by Angular speeds “thour  Nodal factor {f)
(@)
Long-period
M,, M,, S, M, - S, 10159  f(M,)
Diurnal
MP, M,, P, M, — P, 140252 f(My)
S0, 8, 0, §8,-0, 16.0 570 ALY
Semidiurnal
MNS, M, 8,,N, M,+N,-8, 274238 fi(M,)
*2MS, M,, S, M, — S, 279682 (M)
MSN, M, S,,N, M, +S,-N, 305444 M)
2SM, M,, S, 28, - M, 310159 F(M))
Third-diurnal
MO, M,, O, M, + 0, 429211 f(M*(O)
MK3 M;, Kl M2 + Kl 44.0 252 f{MZ)*f(KI)
Fourth-diurnal
MN, M,, N, M, + N, 574238  [3(My)
M, M, M, + M, 579682 f*(M,)
MS4 Mz, Sz M2 + SZ 58.9 841 f(MZ)
MK, M., K, M, + K, 590662  f(M,)*f(K,)
S, S, S,+8, 60.0000  1.00
Sixth-diurnal
M, M, M, +M, + M, 869523 (M)
IMS; M,, S, M, + S, 87.9682 f*(M,)
Eighth-diurnal
M, M, 4M, 1159364  f“M;)

* Also coniain a significant gravitational component (2MS, = p,).

Two terms which have not been included in Table 4:4 are sometimes
necessary to represent a seasonal modulation in the M, constituent. This
modulation, which is characteristic of M, tides in shallow-water regions, may
be thought of as an interaction between M, and 8,, but its physical origin is
more likely 1o be due to seasonal changes in the weather and their effects on the
tides. These two terms are:

MA, 20,-0; o©=289430°h""
MB, 20, + 0, G =290252°h"!
Harmonic analyses of observed tidal levels show that shallow-water terms in

the fourth, sixth and higher even-order bands are usually more important than
the terms in the odd-order bands (third, fifth, etc.). However, the relative
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importance of the shallow-water terms and the number required to represent
the observed ndal variations varies comsiderably from region to region,

depending on the physics and the severity of the interaction, as we discuss
in Chapter 7.

4:2:4 Least-squares fitting procedures

In the harmonic method of analysis we fit a tidal function:

T(t) = Zy + 3 H, [, cos [0, — g, + (V, + 1)) (4:5)
N

where the unknown parameters are Z; and the series (H,, g,). The fitting is

adjusted so that ZS%(¢) the square of the difference between the observed and
computed tidal levels;

SNH=00-TI({H

when summed over all the observed values, has its minimum value, The f, and
u, are the nodal adjustments and the terms o, ¢ and V_ together determine the
phase angle of the Equilibrium constituent. V is the Equilibrium phase angle
for the constituent at the arbitrary time origin. The accepted convention is to
take V, as for the Greenwich Meridian, and to take ¢ in the standard time zone
of the station concerned (see Section 4:5 for conversion procedures). An older
method, now obsolete for analysis and prediction, calculated the phase lags
relative to the Equilibrium constituent transit at the station longitude; these
phases were termed the ‘kappa’ phases and were denoted by x, The main
disadvantages of working in terms of local time was that for an ocean as a
whole, which spans several time zones, the harmonic constants were difficult to
interpret physically. Analyses of earth tides do not have the same difficulty and
so the ‘kappa’ notation is still widely used.

The least-squares fitting procedure involves matrix algebra which is outside
the scope of this account (standard subroutines are available in mathematical
software packages), but schematically the equations may be written:

[observed level] = [Equilibrium Tide] [empirical constants) (4:6)
known known unknown

The tidal variation function is represented by a finite number of N harmonic
constituents, depending on the length and quality of the observed data.
Typically, for a year of data N = 60, but in shallow water more than a hundred
constituents may be necessary. The choice of which constituents to include
depends on the relative amplitudes in the expansion of the astronomical forcing
(Table 4.1 and Figure 4:1(a)), bui the Equilibrium amplitudes are not them-
selves involved in the computations.

The least-squares fitting is now performed rapidly by computer matrix
inversion, but earlier versions of the harmonic method used tabulated filters to
facilitate manual calculations of the constituents. In these older filtering
techniques, gaps in the data were likely to cause difficulties, and interpolation
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was necessary. To overcome some of these difficulties, the Admiralty (Great
Britain, 1986) developed a graphical analysis technique which allows the
determination of many harmonic constituents, and has the virtue of allowing
the analyst to understand the limitations of his data.

Least-squares fitting has several advantages over the older methods:

® Gaps in the data are permissible. The fitting is confined to the times when
observations were taken. Analyses are possible where only daylight readings
are available, or where the bottom of the range is missing (Evans and Pugh,
1982). However, care is necessary to avoid energy leaking from one har-
monic to another.

@ Any length of data may be treated. Usually complete months or vears are
analysed.

® No assumptions are made about data outside the interval to which the fit is
made. '

® Transient phenomena are eliminated—only variations with a coherent phase
are picked out.

® Although fitting is usualty applied to hourly values, analysis of observations
at other time intervals is also possible.

4:2:5 Choice of constituents; related constituents

The selection of the values of a,, the constituents whose harmonic amplitudes
and phases are to be determined in an analysis, is sometimes thought of as a
black art. However, certain basic rules exist. In general the longer the peried of
data to be included in the analysis, the greater the number of constituents
which may be independently determined.

One criterion often used is due to Rayleigh, which requires that only
constituents which are separated by at least a complete period from their
neighbouring constituents over the length of data available, should be included.
Thus, to determine M, and S, independently in an analysis requires:

360/(30.0 — 28.98) hours = 14.77 days

To separate S, from K, requires 182.6 days. This minimum length of data
necessary to separate a pair of constituents s called their syrodic period, It has
been argued that the Rayleigh criterion is unnecessarily restrictive where
instrumental noise and the background meteorological noise are low. In
practice, the Rayleigh criterion is a good guide for tidal analyses of continental
shelf data from middle and high latitudes, but finer resolution is feasible in ideal
conditions such as tropical oceanic sites.

When choosing which values of &, to include, scrutiny of tidal analyses from
a nearby reference station is helpful. Where the data length is too short to
separate two impottant constituents (separation of K, and S, is the obvious
example), it is usual to relate the amplitude ratio and phase lag of the weaker
term to the amplitude and phase of the stronger term. If a local reference
station is not available for specifying these relationships, then their relation-
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ships in the astronomical forcing function, the Equilibrium Tide, may be used:

__related amplitude
E ™ reference amplitude

By = related phase — reference phase 40

In the case of 8, and the weaker K,, ¢y = 0.27, and there is a zero phase lag.
Table 4:5 gives a set of § related constituents and the Equilibrium relationship
which is effective for analyses of 29 days of data around the northwest
European Shelf, when included with the independently determined constituents
listed alongside. For analyses of a year of data, sets of 60 or even 100
constituents are normally used. Analyses of 19 years of data may legitimately
require more than 300 independent constituents,

Table 4.5 A basic set of 27 independent and 8 related harmonic constituents for the
analysis of data (used for tides of the north-west European Shelf, and valid in many
other areas.)

Independent constituents

Z, : mean sea-level
M, M, long-period
Q,,0,M,K,, Jl, 00, diurnal
Wy Ny, My, Ly, S 2 2SM2 semidiurnal
MO,, M,, MK, third-diurnal
MN,, M,, SN,, MS, fourth-diurnal
ZMINg, M, MSN,, 2MS,, 28M, sixth-diurnal
Related constituents

Related to : Equilibrium relationships

Cg Pe

& K, 0.019 0.0
P, K, 0.331 0.0
V¥, K, 0.008 0.0
®, K; 0.014 0.0
2N, N, 0.133 0.0
v, N, 0.194 0.0
T, 8, 0.059 0.0
K, S; 0.272 0.0

Any use of related constituents from a nearby station assumes that the rela-
tionships have some regional stability, The use of an Equilibrium relationship
assumes that the ocean response 1o forcing at the different frequencies is the
same, which is generally valid for fine nodal frequency differences. For
constituents whose speeds are separated by the annual factor @, or for groups
separated by the monthly factor ®, the assumption needs more careful
justification, particularly where there are extensive shallow-water distortions
(see Section 4:2:3), The ocean responses to the astronomical forcing from
different species are quite different as we shall discuss in Section 4:3.
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In the process of least-squares harmonic analysis it is also possible to remove
a constituent whose regional characteristics are known, before fitting for the
independent constituents, The most probable examples for inclusion are the
long-period harmonics S, and 8, . This input can improve the reliability of the
final analysis.

When selecting constituents for inclusion it is also necessary to observe the
Nyquist critetion, which states that no term having a period of less than twice
the sampling interval may be resolved. In the usual case of hourly data
sampling, this shortest period is two hours, so that resolution of M,, would
just be possible, In practice this is not a severe restriction except in very shallow
water, where sampling more often than once an hour is necessary to represent
the tidal curves.

4:2:6 Harmonic equivalents of some non-harmonic terms

The harmonic constituents can be related to some of the common non-
harmonic terms used to describe the tides, as defined in Section 1:4. The most
useful of these terms describes the spring-neap modulations of the tidal range
which, in the absence of shallow-water distortions are given by the combination
of the principal lunar and principal solar semidiurnal harmonics:

Zy + Hyy, 008 (2 01t — gy,) + Hg, 008 (2 6of — g55)

where the time is nhow taken for convenience as zero at syzygy, when the moon
earth and sun are in line at new or full moon, when the gravitational forcing
reaches its maximum value. We also note that Hy,, > H;, and 6, > &,.

If we develop similar trigonometrical arguments to those used for the nodal
effects in Section 4:2:2, and rewrite:

where

0 = 2o, — oo)t + (ge; — Em3)
the combined level becomes:

Zy + (Hy, + Hg, cos 0) cos (2 0,1 — gy,) + Hg, sin 0 sin (2 6,7 — gy,)
=Zy+ &' cos 20,1~ gy, — F) (4:3)
where
@ = (Hy? + 2 Hy, Hg, cos 8 + Hg,»)}
tan ' = (Hg, sin 0)/(Hy,, + Hg, cos 6)
The maximum values of the combined amplitudes are:

mean high-water springs = Z, + (Hy, + Hg,)
mean low-water springs = Z, — (Hy, + Hg,)

whencos 8 = 1,
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The minimum values are:

mean high-water neaps = Z, + (Hy, — Hy,)
mean low-water neaps = Z, - (Hy, — Hy,)

when cos 0 = —1
The time of maximum tidal ranges after new or full moon is given by:

0=2(0, —0o) + (g, — 8my) =0
that is

(= 8~ 8m)
T 2(0y — G,) (4:9)

This lag usually has a positive value of several hours, which is the age of the
tide. In shallow water there will be other constituents which modify these
sxpressions, notably M, and MS,, and so these expressions are only accurate
where shallow-water distortions can be neglected.

" The Mean High Water Interval between lunar transit and the next high tide
in the usual case of a predominantly lunar semidiurnal tide is given by:

Sz
20,
where the phase lag is calculated on local time (see Section 4:5).

Highest and Lowest Astronomical Tides are not easily defined in terms of
harmonic constituents (Amin, 1979). Merely to add together all the amplitudes
of the harmonic constituents would give values which were too extreme,
because the constituents aré not physically independent. In particular the
semidiurnal tides are slightly reduced when the diurnal tides are greatest {cos® d
and sin 24 dependence). Also, the shallow water constituents conspire to reduce
the extreme ranges: they represent the tendency for non-linear processes in
nature to reduce extremes (see Chapter 7) by enhancing energy dissipation. The
values of HAT and LAT are usually determined by examination of at least five
years of predictions, or by making predictions for years of known astronomical
extremes. Chart Datum is defined locally to be close to the Lowest Astronomi-
cal Tide level (see Appendix 5). One early definition which was used for Chart
Datum where diurnal and semidiurnal tides are both important, as they are in
parts of the Indian Ocean, was Indian Spring Low Water:

zo — (HMz + HS: + HKL + HOl)

The relative importance of the diursal and semidiurnal tidal constituents is
sometimes expressed in terms of a Form Factor;

F= (HKI + HO].)
Hy, + Hg,

The tides may be roughly classified as follows:
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F=0t0025 semidiurpal form
F=1025101.50 mixed, mainly semidiurnal
F=150t03.00 mixed, mainly diurnal

F = greater than 3.0 diurnal form

The tidal variations piotted in Figure i:1{a) have Form Factors of 7.5
(Karumba}, 1.6 (Musay’id), 0.25 (Bermuda) and 0.20 (Mombasa). The vari-
ations at Courtown which has strong shallow-water distortions are not sensibly
represented by a Form Factor. A more exact definition of the tidal regime in
terms of the relative importance of the diurnal and semidiurnal components
must involve the ratios of the total variance in each species, but at best this type
of description is only an approximate representation of the full tidal character-
istics.

4:2:7 Analysis of altimeter data

The standard methods of analysing regularly sequenced values of sea-level
observed over a month or a year are not applicable to the data produced by the
altimetry instruments described in Section 2:2:6. Although details of the new
techniques developed to deal with the along-track measurements of geocentric
heights (Parke and Rao, 1983), are beyond the scope of this account, a brief
summary is appropriate.

The altimeter measures its distance above the sea surface (&, in Figure 2:7),
from which the level of the sea surface above the reference ellipsoid is cal-
culated (h; + h,) by knowing the satellite elevation h,. The geocentric tide A,
includes the ocean tide, as measured by a tide gauge, and the earth tide, which
has two components, the body tide and the loading tide. The body tide is
calculable from the Equilibrium Tide by multiplying by the appropriate Love
number, and the leading tide can be allowed for by a small percentage
reduction of the ocean tide (Woodworth and Cartwright, 1986).

For each orbit of the satellite there is an uncertainty in the satellite height of
about 1 m, but this problem can be overcome very elegantly by analysing height
differences along short arcs of the orbit (Cartwright and Alcock, 1981). The
method consists of a fit to a set of level differences between cross-over points on
the grid of track intersections, as shown in Figure 2:9. Three parameters are
required to describe the sea surface height data for each point on the grid: two
parameters describe the amplitude and phase variations of the semidiurnal tide
and the third represents the variations of geoid height. A reliable M, amplitude
and phase is needed at one cross-over point in order to compute the values at
all other points from these differences. The values at each point are otherwise
independent of the values at each other point. An alternattve analysis technique
fits the altimetry data to smooth functions in space, such as the normal modes
discussed in Section 5:3:2. When longer series of data are available, the method
of differencing may be used to determine several more tidal parameters at each
point, in addition to the M, constituent.
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4:3 Response analysis techniques

The basic ideas involved in Response Analysis are common to many activities.
A system, sometimes called a ‘black box’ is subjected to an external stimuius or
input. The output from the system depends on the input and the system’s
response to that input. The response of the system may be evaluated by
comparing the input and output functions, These ideas are common in many
different contexts. Financially one might ask how the economy responds to an
increase in interest rates, and measure this response in terms of industrial
production. In engineering the response of a bridge to various wind speeds and
directions may be monitored in terms of its displacement or its vibration.
Mathematical techniques for describing system responses have been developed
and applied extensively in the fields of electrical and communication engineer-
ing.

In our own field, we have already considered the response of a stilling well, as
ineasured by the levels in the well, to external waves of different amplitudes and
periods (Section 2:2). For oscillations of long period (tides) the internal
variations are not attenuated (the amplitude response is unity), but there may
be a small phase lag. For short-period oscillations (wind waves) the stilling-well
system is designed to have a very small response (the amplitude response
approaches zero).

In tidal analysis we have as the input the Equilibrium Tidal potential. The
tidal variations measured at a particular site may be considered as the output
from the system. The system itself is the ocean, and we seek to describe its
response to the gravitational forces. This treatment has the conceptual advan-
tage of clearly separating the astronomy, the input, from the oceanography,
which is the ‘black box'. Although primarily intended to describe linear
systems, where the output is proportional to the input, the techniques of
response analysis can be extended to deal with moderately non-linear situ-
ations, such as the propagation of tides in shallow water. The ideas can also be

extended to include other inputs such as the weather, in addition to the
gravitational forcing,

4:3:1 The credo of smoothness

When we reduce a year of hourly sea levels to sixty or a hundred pairs of
harmonic constants, it is proper to ask whether the information could be
contained equally well in fewer more significant parameters. The answer is
certainly ‘yes'. If the ratio between the observed amplitudes and the Equilib-
rium Tide amplitudes are plotted as a function of the angular speed of the
constituents as in Figure 4:1(b) it is clear that a pattern exists within the
harmonic data, with amplification falling steadily from greater than 20 for
constituents below 28.0°h~! to around 12 for constituents near 30°h~'. The
phase lags also show a systematic change with the angular speed of the
constituent, increasing from near 90° to nearly 180°. Nevertheless, despite the
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general consistency, individual constituents may deviate from the geperal
trends of these patterns. In Figure 4:1(b) the ratios and phase lags are for the
Equilibrium Tide at the Newlyn latitude and longitude, but this relationship to
local coordinates is an unnecessary refinement for general response analyses.

The smooth response curves of Figure 4:1{b} make it reasonable to suppose
that ocean responses to gravitational forcing do not contain very sharp
resonance peaks. We have already made this assumption: that responses to
gravitational forcing at adjacent frequencies will be the same, in our develop-
ment of formulae for the nodal adjustments of harmonic constituents; similarly
the use of Equilibrium relationships in the analysis of short periods of data
makes this implicit assumption.

4:3:2  Analysis procedures

The full details of the methods of response analysis are oo complicated for this
discussion; an outline of the theory is given in Appendix 2, but the serious
analyst should consult the oniginal paper by Munk and Cartwright (1966), and
subsequent research publications.

The gravitational potential is represented as a series of complex spherical
harmonics. The two which matter are C}(¢) and C3(r), which correspond to the
diurnal and semidiurnal species of the harmonic development. These are
equivalent to C, and C, in equation (3:12). The tidal variations at any
particular time are calculated as a weighted combination of the Equilibrinum
potential at past, present and future times:

T(t) = w(—96) C(t—96) + w(—48) C(r—48)
+w0)  C)
Fwd8)  C(t+48) + w(96) C(1+96) (4:10)

In practice the w and C functions are mathematically ‘complex’. Five discrete
values of the forcing potential taken at 48-hour intervals are usually sufficient
to give a good representation of the ocean’s response functions. The frequency-
dependent response itself is calculated as the Fourier transform of the weights.
In the simple case of na lags, where only w(0} is used, the admittances Z{w), and
hence the amplitude and phase responses, are constant across the band, and
independent of frequency ®. As more lags are included more detail is added to
the frequency variability of the response; this detail is sometimes called the
‘wigglyness’t For weaker inputs such as Ci(r) and C3(s), a single unlagged
weight is adequate.

Figure 4:2 shows the amplitude and phase responses for Iifracombe and
Castletownsend in the Celtic Sea, obtained by fitting response weights by a
least-squares procedure to the inputs C(2) and C2(¢). The ocean responses at
the semidiurnal forcing are immediately seen to be much greater than the
responses to the diurnal forcing; this suggesis a near-resonant response at
semidiurnal frequencies, as will be discussed in Chapter 5. The increase of
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phase lag with frequency in the semidiurnal band is consistent with the positive
age of the tide which we have already expressed in Equation (4:9) in terms of
the gradient:

(85, — &m2)

2(c — 0y}
For Ilfracombe the responses are reasonably smooth. Castletownsend is on the
south coast of Ireland, 350 km west of Ilfracombe. Although the semidiurnal
responses are simtilar, the diurnal responses at Castletownsend show a different
pattern with a minimum in the centre of the band close to 0.98 cpd. This
minimum response is due to the proximity of a diurnal amphidrome (see
Chapter 5).

*4:3:3 Non-gravitational inputs

The normal response analysis procedure deals with the linear response of the
ocean to the gravitational tidal forces. However, the amplitudes and phases
determined by harmonic analyses do not always fit exactly on the response
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Figure 4.2 The response functions for tidal amplitudes and phases at Ilfracombe and Castletown-
send on the west coast of the British Isles. The diurnal €} shows near-zero responses at X, for
Castletownsend because of the local divrnal amphidrome.

curves: notable differences occur for p,, L, and even for M, and §,. The
diurnal species 8,, which has a very weak gravitational input, has an anoma-
lously large amplitude response. The strength of the response analysis tech-
nique is that it not only identifies these anomalies, but it also allows us to
investigate them in terms of additional input forcing functions. It is not possible
to go into mathematical detail here, but the basic ideas behind the possible
additional inputs may be outlined to emphasize the flexibility of the response
approach.

Radiational inputs

Periodic influences on the oceans due to approximately regular cycles in the
weather are recognizable in tidal observations as the annual term S, and the
diurnal term S,;, both of which are relatively large compared with their
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gravitational input. The semidiurnal term S, also has slightly anomalous phase
and amplitude in the data from all parts of the world; response analysis
separates the gravitational part from the radiational part of S,. Physically the
regular variations of tropical atmospheric pressure with a period of 12 hours
and maximum values near 1000 and 2200 local time, the atmospheric tides, are
- the driving force. These pressure variations have amplitudes which vary
approximately as 1.25 cos*p mb (where ¢ is the latitude); a fuller discussion is
given in Section 5:5. The physics of the annual and the diurnal constituents is
related more directly to the solar radiation. Response analysis avoids the details
of the physics by defining an input radiation potential which is calculated from
the sun’s coordinates (see Appendix 2). Response analyses which allow for both
the gravitational and radiational inputs give a radiational component of S,
with amplitudes 10-20 per cent of the gravitational amplitudes.

Shallow water inputs

Non-linear effects are negligible at ocean stations, but become increasingly
important on the continental shelf and in regions of shallow water (Section
4:2:3). Harmonic analysis represents the distortions explicitly by introducing
many additional constituents, and implicitly by absorbing them into the
estimates of constituents already included. Response analysis allows us to
manufacture additional inputs to represent the shallow-water interaction.
These inpuis are taken as the products of the local first-order linearly computed
long period, diurnal and semidiurnal changes of sea-level {y(¢), {,(n), &,(n.
Local values of the tide are used because non-linear effects are locally gener-
ated. The relative importance of the paired and the triple products depends on
the type of local tidal regime. The f(s), terms are actually mathematically
complex qualities which have complex conjugates {*(r), and these are also
included in the inputs. The table below gives some interactions which may be
important where semidiurnal tides are dominant.

Species Products Notation
0 §a(0) £,7(0) p-?
1 az(‘) 31‘(1) £t
2 HOIROING) pra-?
3 ) Cz(t) ﬁ:(r) P!
4 L0 8,00 re?
6 820 800 &) prave

These interactions are neatly summarized in the [ notation in column three. It is
not generally necessary to compute lagged weights for these inputs, but the
F**? term produces a much better fit if a lag term is introduced (Cartwright,
1968).
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Standard station levels

When only short records of a few days or even months are available it is not
possible to make a complete response analysis by direct reference to the
gravitational potential. In harmonic analysis, several constituents are finked
according to their Equilibrium Tide relationship or according to their relation-
ships in a full analysis for a nearby standard station. The response analysis
equivalent is to apply the observed or predicted tides at the standard station as
an input, and to compute the response of the secondary station to this input.
Only four or perhaps six weights need be computed for this local response. The
full structure of the response curves is then inferred by using the characteristics
of the standard station responses. This reference to a permanent local station is
particularly useful for analysis of short periods of non-simultaneous bottom
pressure records, because it allows the development of a pattern of regional
tidal behaviour, without separate direct references to the astronomical forcing,

4:3:4 Comparisons of harmonic and response analysis

When the amplitude and phase responses at a station have been computed it is
a simple matter to calculate the equivalent harmonic constituents from the
harmonic equivalents in the gravitational and radiational tidal potentials. (The
calculations are less straightforward for the responses to the shallow-water
inputs because the individual harmonic terms have to be maltiplied first.) The
equivalence of the two methods also enables approximate response functions to
be computed from the factors H {4, and x, as in the plots of Figure 4:1,
However, there are several other complementary aspects of the different
approaches which should be appreciated.

The response concept of the oceans as a ‘black box’ whose physical
characteristics are isolated for further study is very appealing to the physical
oceanographer, and offers scope for further developments which has not yet
been fully exploited. According to our criterion of a good analysis being one
which represents the data with the smallest possible number of parameters, the
response procedure is superior to the harmonic approach: typically the re-
sponse technique can account for slightly more of the total variance than the
harmonic method can accommodate, using less than half the number of
harmonic parameters. Its advantages as a research tool include the identifica-
tion of additional forcing inputs, and the opportunity of making subtle choices
of factors for inclusion. A typical response analysis will have the gravitational
input, the solar radiation input and a series of shallow-water interactive inputs.
By comparison, the harmonic analysis approach offers few alternatives, apart
from the addition of extra constituents, and little scope for development. The
laborious adjustments for nodal variations illustrate this restriction. These
variations are automatically taken care of in response analysis. In harmonic
analyses the shallow-water effects and the radiation effects are automaticaily
absorbed together into the estimates of the constituents, The penalty for the
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more flexible response approach is that more elaborate computations are
required—for example, the shallow-water treatment requires a preliminary
response analysis to calculate the linear inputs &, (1), {,(s), for input to the final
analysis.

The response admittances, or more specifically their amplitude and phase
responses at a particular frequency, are stable in the same way as the
amplitudes and phases of the harmonic constituents are stable. Nevertheless, it
is usual to present maps of tides in terms of the harmonic amplitudes and phase
lags for individual constituents. They have clearly identified units of length
and time which are useful for practical applications. Also, charts of harmonic
constituents can be interpreted scientifically in terms of wave propagation, as
discussed in Chapter 5.

4:4 Analysis of currents

Currents are intrinsicaily more difficult to analyse than elevations because they
are vector quantities which require more parameters for a proper description
(Godin, 1972; Foreman, 1977). Also, measurements of currents usually show a
larger proportion of non-tidal energy than do elevations, which makes the
errors in the estimated tidal components larger (Section 4:6). A third restriction
is the difficulty and expense of making current measurements offshore, as
described in Chapter 2. Although the techniques used for analysing levels are
also available for dealing with currents, when analysing currents less stringent
standards can be applied for these reasons. However, vector techniques are
available for analysing currents which are not applicable to levels. Currents are
traditionally measured as a speed ¢ and a direction of flow @ clockwise from the
north, Mathematically it is usual to work with Cartesian coordinates and
current components in 2 positive north and positive east direction, v and &, The
relationships are straightforward:

v=gcos @
u=gsin@

4:4:1 Non-harmonic methods for currents

The currents traditionally measured from an anchored ship consisted of hourly
ot half-hourly speeds and directions over a period of 13 or 25 hours. When
plotted these would form a series of vectors as in Figure 1:2, called a central
vector diagram. The vector lines may be replaced by a single dot at the outer
end which marks the vector point. When several hundreds of these vector
points are plotted to represent observations of currents made over some weeks,
by a recording current meter {usually these meters sample every 10 or 15 min-
utes rather than every hour), a clear pattern emerges. An example of one of
these dot plots is given in Figure 4:3 for 54 days of 10-minute samples of current
at the Inner Dowsing light tower. The axes shown are for the components of
speed in a positive north-going and positive east-going convention. At strong
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Figure 4:3 Dot-plot representation of 54 days of current measurements at the Inner Dowsing
light tower. Dots away from the regular pattern show the influence of the weather on the measured
currents. The central area which is nearly blank shows that zero current speeds are very rare. (From

D. T. Pugh and J. M. Vassie (1976).) (Reproduced by permission of Deutsches Hydrographisches
Institut.)

south-going spring currents, the flows are deflected more towards the west than
is the case for neap currents because of the local coastal topography. The
narrow blank segment at the top of the pattern is due to a dead space in the
potentiometer used in the current meter to sense the direction of the flow,

A series of 25 hourly measurements of current speed and direction may be
analysed by comparison with the times of high water at a nearby Standard Port
as described in Table 4:6. The spring and neap ranges and the mean range of
the tide for the period of the observations are also needed for scaling the
current speeds. Here we are analysing 25 hours of currents at the Inner
Dowsing light tower from 1800 on 1 March 1972 to 1800 on 2 March 1972.
Current speeds and directions are plotted separately against time as in Figure
4:4. Note that for this analysis it is usual to measure directions in the geogra-
phical sense, clockwise from north. The observations are then joined by a series
of smooth lines and the times of high water at the chosen Standard Port, in this
case Immingham, are marked on the time axis. The next step is to list the Inner
Diowsing current speeds and directions for the hourly times relative to the time
of Immingham high water; these are read off the curves for each of the two
cycles. The observed values will not be identical for each cycle because of
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Figure 4:4 Observed current speeds and directions at the Inner Dowsing, 1/2 March 1972, used as a basis for calculating tabulated tidal currents.
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Table 4:6 Calculations of tidal currents at the Inner Dowsing, 1/2 March 1972,
Immingham is used as a Standard port for scaling.

Time relative Directions Speeds

to Immingham (degrees from (ms™1)

high water north)

Cycle _ Mean Cycle Mean Springs®  Neaps®
] 2 1 2

High water 130 163 147 048 0.50 0.49 0.51 0.25
+1hr 94 107 101 0.21 0.20 0.21 0.22 011
+2 43 47 45 032 032 0.32 0.34 0.17
+3 16 18 17 070 0.711 0.71 0.75 0.37
+4 7 3 5 093 0.91 0.92 097 048
+5 355 353 34 091 0.79 0.85 0.89 044
+6 343 342 343 (.83 0.68 0.75 0.79 0.39
—6 338 341 340 0.82 0.63 0.75 0.79 0.39
—5 324 322 323 058 0.42 0.50 0.53 0.26
-4 257 233 245 0.2] 0.20 0.21 0.22 0.11
-3 214 213 214 0.76 0.84 0.80 0.84 0.42
-2 209 210 210 L1O 106 1.08 .13 0.59
-1 20t 200 201 090 0.89 0.90 095 047

°Spring conversion factor = _mea;:a::nanr;: :rat l“““a‘:‘c am gf?—@ = 1.05

mean neap range al Imrmng%am _ilm

mean range for [[2Ma “fim- 0.52

*Neap conversion factor =

diurnal tidal changes, reading errors and weather effects. The mean values are
then calculated for the two sets. Finally the current speeds for mean springs and
mean neaps are calculated by using the adjustment factors, If residual flows are
significant these should be removed before preparing Figure 4:4, The correct
procedure for removing the residual flows is rather tedious because each hourly
value must be resolved into two components, then the mean over 25 hours for
each component calculated and removed from each hourly value prior to
recomputing the hourly tidal speeds and directions from the adjusted compo-
nents. In many cases, including the one discussed here, the residual currents are
too weak to be significant, but in other cases they must be allowed for and
stated in the final analysis.

4:4:2 Cartesian components, ellipses

If the currents are resolved into east-going and north-going components, « and
v, the speeds and angles are:

g =W + vz)'1 0 = arctan (v/u) anticlockwise from east

or 0 = arctan (#/v) clockwise from north,

The two components # and v can be subjected to separate harmonic analyses by
least-squares fitting;
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wt) = Uy + 3 U, f, cos [0, — g,, + (V, + )]
N {(4:11)
W)= Vo + Y Vo f, cos o0 — g, + (V, + 1))
N

as for elevations (equation (4:5). The unknown parameters to be determined
by the analysis are the mean current components I/, and V,, and two sets of
harmonic constituent amplitudes and phases (U, g,) (V,, g,,)- Each harmonic
tidal constituent is represented by four parameters, two amplitudes and two
phases.

In Appendix 3 these four parameters are shown to define an ellipse, the
current ellipse which is traced by the tip of the current vector during one
complete cycle. Several valuable properties of the constituent eflipses can be
derived from the component parameters:

Vcos{ot — g,)
Ucosioct — g,)
current speed = {U? cos® (o1 — g,) + V2 cos? (o1 — g)}

for anticlockwise rotation: 0 < g, — g, <™n
for clockwise rotation: TEg g <2
for rectilinear flow: g, — g, =0, 7, 2x ...

current direction = arcian

Major and minor axes of the ellipse are calculated using equation (A3:5a) and
(A3:5b). The direction of the major axis is given by (A3:8),

Although the analyses define a separate ellipse for each harmonic consti-
tuent, experience shows that those constituents which have similar angular
speeds have ellipses of similar shape and orientation. This is dynamically
reasonable, and corresponds to the uniform elevation responses plotted in
Figure 4:1, Figure 4:5 shows the ellipses for the principal constituents in each
species at the Inner Dowsing light tower, There is a steady clockwise rotation of
the major axis of the ellipses as we move from diurnal currents through to the
sixth-diurnal currents. Another interesting feature at this location is the sense
of rotation, which is anticlockwise for all the harmonic constituents from the
astronomical forces, but clockwise for those generated by shallow-water
dynamics. The changes in amplitudes of the ellipses are also consistent with
their different amplitudes in the astronomical forcing.

When choosing the constituents to be included in an analysis of a month of
current observations, the terms most likely to be important are the same as the
major terms for elevations at a nearby coastal station, and in the Equilibrium
Tide. Non-resobvable constituents may be related to neighbouring constituents
using the local elevation relationship, but care should be exercised when doing
this for currents and elevations near an amphidrome (see Chapter 5).

Figure 4.5 Current ellipses for the principal constituents in tidal species at the Inner Dowsing
light tower. Note the different scales for each species. The arrows show the sense of rotation of the

current vector. (From D. T. Pugh and J. M. Vassie (1976).) (Reproduced by permission of Deujsches
Hydrographisches Institut.)
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Although it is common practice to resolve the current components into north
and cast directions, it is sometimes preferable to resolve along the major and
minor axes of the dominant flow; the major axis of flow is usually the major
axis of the semidiurnal species (in Figure 4.5, by chance, the north-south axis
nearly coincides with the major axis of the ellipse). Resolution along the major
axis would be particularly appropriate if the currents are nearly rectilinear. Of
course, all the properties of the ellipses themselves are independent of the axes

chosen.
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The versatility of the response analysis computer programs for interpreting
tidal dynamics is shown by the curves in Figure 4:6, where the tidal elevations
at the Inner Dowsing tower are used as an input and the dominant V-
component of currents are the output. The variation of the phase and
amplitude differences between elevations and currents are shown as a function
of frequency. Such analyses can be used to determine the relative importance of
progressive and standing wave elements in the tidal dynamics, and the location
of amphidromes which will be discussed in Chapter 5.

4:4:3 Rotary current components

An alternative way of representing each tidal constituent ellipse, and the ellipse
characteristics is to replace the amplitudes and phases of two components
(U.g,) (V.g,) by the amplitudes and phases of two vectors each of which has a
constant amplitude, which rotate at the angular speed of the constituent, but in
opposite directions. When the vectors are afigned there are maximum currents,
but when they are opposed the current speeds are a minimum. Further details
of the calculations of the amplitudes and phases of the clockwise and anti-
clockwise amplitudes and phases (Q, g¢c) (Qsc» €ac) @re given in Appendix 3.

The technique of analysing currents into rotary components is particularly
valuable when studying inertial currents (section 6:4:6). These have a non-tidal
origin, being generated by rotary winds and maintained by a balance between
Coriolis and centrifugal accelerations. Their period is given by 2w sing, where
¢ is the latitude. They appear as a peak in the residual spectrum, after removing
the tides from the rotary components, but only in the clockwise component in
the northern hemisphere and in the anticlockwise component in the scuthern
hemisphere.

4:5 Time zone conversion

Omitting the nodal factor, the harmonic part of a tidal constituent is:
cos (Gt ~ G, + V)

where ¢, is the angular speed of the nth constituent in degrees per unit time,
and V_ is its phase in the Equilibrium Tide at the Greenwich Meridian at the
zero time. G, is the phase lag of the constituent in the observed tide on the
Equilibrium Tide at Greenwich, in Greenwich Mean Time. If we wish to
express the time in some other zone instead of GMT, we may do this, while still
relating our phases to the same astronomical time zero, by rewriting:

F=1—j

where j is the number of hours difference between the GMT value ¢ and the
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zone time ¢'. By convention j is measured positive for zones west of Greenwich.
The constituent argument is then:

cos (cnrf - (Gn ‘Nn) + vn)
or
cos (Gnr' — &a + Vn)
where g_ is the phase lag in the new time zone:
En = Gn _jcn

The phase adjustment is slightly different for each constituent, even within a
species. Note that where observations are supplied and predictions are required
for the same time zone j, the values of g_ may be calculated in the analyses and
used for prediction without any adjustment. For many purposes, such as

preparing cotidal maps of oceans, the phases must all be adjusted to the same
time zero, usually to the ‘big (G* notation. In this case the adjustinent is:

G, = g, + Jjo, (4:12)

Greenwich phase
= Local time zone phase
+ [Zone shift in hours, west positive] x [constituent speed in “h™!)

Example of analysis of data from GMT + 5 (75°):
Grpp = 8ap + 5 X 2898 = gy, + 1457,

The old convention of referring phases to local Equilibrium arguments
involved redefining the astronomical zero time and hence V_ for each longitude:
the & factor in equation (3:20) was not kept at zero. Because of the difficulty of
comparing tides at different longitudes the system is now obsolete, and these
phases (called x, the ‘Kappa notation’) are no longer used for marine tides.
However, earth—tide analyses still favour this notation.

4:6 Accuracy of tidal parameters

It is usuval to refer to harmonic tidal constituents rather than tidal constants
when presenting the results of an analysis. Nevertheless, we expect these
constituents to have only slight changes if a different period of data for the
same place is analysed. However, analyses of individual months of tidal data
from the same location invariably show small variations in the tidal parameters
about some mean value. Table 4:7(a) summarizes the variability of the O,, M,
and M, harmonic constituents of elevation and current components at the
Inner Dowsing light tower. In general, elevations are less variable than
currents; greatest percentage variability is found in the weaker constituents of
the current components. For M, the standard deviations of the monthly values
of elevations, the V-component and the weaker U-component of current are
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1.5, 8.1 and 14 per cent of the mean values of constituent amplitude in each
case. Variability of the constituents from year to year is much less, but still not
negligible. Table 4:7(b) summarizes the annual variability of major constituents
in levels at Lerwick, Scotland over eight separate years, For M, the amplitude
variation has a standard deviation of 0.5 per cent of the mean value.

Table 4:7(a) Stability of the amplitudes and phases of Inner Dowsing harmonic tidal
constituents over one year of monthly analyses.

Amplitude (m) Phase (")
mean sd mean sd
0o, H 0.177 0.012 114.0 7.3
v 0.006 0.002 153.1 75.2
V 0.045 0.008 232.2 13.3
M, H 1.969 0.029 162.2 1.0
U 0.200 0.028 231.1 10.6
V 0.693 0.056 304.0 i1.3
M, H 0.035 0.004 242.3 3.9
U 0.033 0.021 107.3 65.3
vV (0.065 0,012 30.1 20.0

sd = standard deviation about mean value.

H = levels in metres.

{7 = east-west components of current {ms™").

V' = north-south component of current (ms™'}.

Phases in degrees relative to Equilibrium Tide at Greenwick.

Table 4:7(b) Stability of Lerwick harmonic tidal constituenis from annual analyses
(eight years 1959-1967, 1963 excluded}).

Amplitude {m) Phase (°)

mean sd max min mean sd max min
S, 0079 0019 0.114 (.052 2252 10.4 241.9  207.6
O, 0079  0.002 0.082 0.077 313 19 33.3 28.%
K, 0.07%  0.001 0.078 0.074 164.2 1.0 165.7 162.6
M, 0.583  0.003 0.58%6 0.577 312.2 0.6 3127 3110
S: 0.211 0.001 0.213 0.209 346.7 0.9 3475 3450
M, 0.015  0.00 0.017 0.014 282.9 4.7 291.1 1758

" Reasons for the variability of the tidal parameters include analysis limi-
tations due to non-tidal energy at tidal frequencies, inconsistencies in the
measuring instruments and changes and real oceanographic modulations of the
tidal behaviour. In the case of a harmonic tidal analysis we may estimate the
confidence limits by making use of the fact that the standard error due to a
random background noise of variance §? in the elemental band around a
constituent frequency is:

Standard error in amplitude (H)y:  S/\/2
Standard error in phase (in radians). 5/H./2
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For a time series of length T, the elemental band has a frequency span 1/T.
However, better stability is achieved by averaging the noise level over a series of
elemental bands; for example, the whole of the diurnal or of the semidiurnal
frequency band might be included. If the non-tidal residual variance in the
averaging band, of width Ae is S 2, then the noise density is S 3 /Aw@. The
value of §? to be used to calculate standard errors is given by:

S do

5 = TAe

Averaging over a whole tidal species for § }, will tend to underestimate S?
because it assumes a uniform noise density across the band, whereas the noise
background in practice rises around the major tidal lines. For this reason some
workers choose a narrower band centred on the individual constituents to
compute the residual variance. In either case, a spectral analysis of the residual
variance is required to determine its frequency distribution.

When the above procedures are applied to shelf tides, the standard errors
computed are significantly less than the observed variations of constituent
amplitudes and phases from month to month. Some of the variability is
undoubtedly instrumental—for example, a chart recorder cannot normally be
read to better than 2 minutes, equivalent to a phase error of 1° in the
semidiurnal constituents, and operating errors may easily be greater than this,
Nevertheless, particularly for monthly analyses, there remains a real oceano-
graphic variability, which is not due to variations in the astronomical forcing
functions, as these variations persist no matter how fully the forces are
represented. In any particular region, the amplitudes and phases at several
simultaneous measuring stations are found to be similarly influenced during a
particular month. These regional modulations present a problem when secking
undistorted ‘true’ harmonic constants from 29-days or less of data at a site. One
possible palliative to reduce the error is to compare the resulis with a 29-day
analysis of simultaneous data from a nearby standard port, for which a reliable
long-term mean value of the constituent has been determined from analysis of a
long period of data. The 29-day constituents at the site may then be adjusted
- according to the ratio and phase differences of the short and long-term

constituents at the Standard Port.

4.7 Tidal predictions

The standard practice is to publish high and low water times and heights in
official tables, for a selected list of Standard or Reference Stations. The tables
also. include sets of constants for adjusting the times and heights for inter-
mediate places, called Secondary or Subordinate Stations. Tables refer predicted
levels to the focal Chart Datum of soundings. To avoid any confusion due to
publication of two slightly different sets of tidal predictions for a port, based on
different methods, agreements exist between the national publishing authorities
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for exchange of predictions, each authority being responsible for ports in their
country.

4:7:1 Reference or Standard stations

Predictions for the Standard or Reference Stations are prepared directly from
the astronomical arguments, using sets of harmonic constituents. The pro-
cedure, which reverses the methods of harmonic analysis, is iltustrated in Table
4:8 for the M, constituent at Newlyn for a particular time in 1993. The method
may be repeated for all the other constituents previously determined by
analysis, and the full set of harmonics added together te give the full prediction
of levels. Figure 4:7 compares the levels predicted by M, alone, and by
summing the full set of 100 constituents,

Table 4:8 Procedures for calculating the M, tidal constituent at Newlyn on 13 July
1993, by entering the appropriate values in equation (4:3). The procedure is repeated for
the contributions from each other constituent.

1. From analysis Hy, = 1.72m g, = 135.2
Z, = 3.15m above Admiralty Chart Datum
2. From Table 4:2: s = 359°

h = 110.9°
p = 180.1° 0000 13 July 1993,
N =250.2°
p o= 2828

3. From Table 4:1(c) and Section 4:2:1:

= —2s + 2h = 150.0° (in solar time M, =2 -2 2 0 0 0).
and from Ta’ble 43:
Sy = 1.000 — 0.037 cos(N} = 1.013
Uy, = —2.1sin(N) = 2.0°
4. The M, harmonic is:
Jag Cosleng,t — gy + (Fryy + tiy,)
=1 Tf .013 cos[28.98°¢ — 135. 2° + (1250 0° + 2.0%]
t is measured in hours from midnight.
= 1.74 cos(28.98°t + 16.8°)
5. Some calculated values are:

0000 Z, + 1.67 = 482m ACD
0600 Z, — 171 = 1.44
1200 Zy+1.73 =438
1800 Zy - 174 = 141
2400 Zo+ 1.72 = 487

6. Figure 4:7 shows the curve through hourly values of the M, constituent predictions,

and through the full predictions for 13 July 1993, based on the sum of 100
constituents

The times of high and low water are difficult to determine from the curves of
total levels. An alternative method makes use of the turning point relationship

oT/ot =



1 100 constituents

6r ' » M, constituent only

0 1 1
0 [ 12 18 24
Hour (GMT}

Figure 4:7 Newlyn predictions for 13 July 1993.
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and since:
T=73 H, cos (o, —g,)
N

% =Y H, 6, sin (G, —g,) (4:13)
N

the times of zero rate of change of water level, the high and low water times,
can be found by calculating (4:13) for the sum of all the constituents, and
finding the times of zero values, This is done numerically by computing (4:13)
with the time increasing in increments of 3 hours (increments of 1 hour may be
necessary where there are mixed tides, or severe shallow water distortions). If
the sign of (4:13) has changed, a zero value must have occurred between the two
times of calculation. The exact time of this zero is found by a sequence of
calculations of (4:13) at intermediate times. Some of the more elaborate old
mechanical predictors had the facility for simultaneously computing both the
sin (o,f—g,) terms and the cos (5,/—g,) terms to get the best sstimates of the
times and the heights of the turning points.

In estuaries and regions of shallow water the harmonic method may fail to
represent completely the sharp turning points, especially those of low water.
The number of constituents in the higher species can be increased to improve
the predictions, but eventually, more elaborate adjustments are necessary.
Often these adjustments take the form of empirical corrections which are
particular to each location.

Although high and low waters are the traditional method of presenting tidal
predictions, for some operations it is better to have levels or currents predicted
at hourly or even more frequent intervals. Again, there are problems when
predicting the full curve of a severely distorted shallow-water tide.

Tidal streams are aiso included in Tables but usually only for rectilinear
streams in straits where they are critical for planning shipping movement.
Examples include the Torres Strait north of Australia, the approaches to
Singapore Harbour, and the San Francisco Bay Entrance. The more common
method for predicting tidal streams is to use a tabulation of current speeds and
directions, which are related to local high-water levels, as in Table 4:6.

The tidal predictions are prepared about two years ahead of their effective
date, to allow time for printing and publication. Although predictions could be
prepared several years ahead, this is not usually done because the latest datum
changes or permanent time zone changes need to be incorporated. If there are

"major port developments it is advisable to identify any changes which may have
been inflicted on the tidal regime, by making new analyses of a year of data.
Normally the tidal constituents are effectively constant over several decades, as
discussed in Section 4:4.

4:7:2 Secondary or Subordinate stations

Although the published annual Tide Tables contain daily high and low water
information for more than two hundred stations, these represent only a
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fraction of the places for which tidal parameters are available. It would be
impractical to prepare daily predictions directly from the astronomical argu-
ments for all of these places. Instead, time and height differences are published
which allow adjustment to the published values to give predictions to chart
datum for the secondary or subsidiary stations. The Tables published by the
United States National Oceanic and Atmospheric Administration contain data
for more than 6000 subsidiary stations. The British Admiralty also publishes
data for several thousand secondary ports.

The term secondary port does not imply secondary importance as a port and
the same port may be a Standard port in one publication but a secondary port
in another. The Standard port chosen may not be the nearest—the most
suitable Standard will be a port which has similar tidal chracteristics. For this
reason the Admiralty Tide Tables choose to refer some Japanese ports where
semidiurnal tides are dominant, to the Australian port of Darwin, which has
similar tides, rather than the nearer Japanese Standard ports which have mixed
uides.

Secondary parameters may be based on analyses of long periods of data, but
a month of observations is more usual, and normally adequate. In some remote
locations observations may extend over only a few days.

Table 4:% Comparison of secondary and full predictions for Newlyn, 13 July 1993,
The differences between the secondary predictions and the full (100 harmonic consti-
tuents) predictions show the uncertainty associated with the procedure. For comparison,
weather effects cause observed levels at Newlyn to differ from predicted levels by more
than (.15 m, for one hourly value in three.

Low water High water Low waler High water

Full {100} Newlyn predictions:
0457 195 1057 420 1730 2,10 2329 4.26

(h) (m)
Secondary differences on Plymouth:
Plymouth 0529 201 {146 429 1800 221 0012 426
(full predictions)
ATT factors -0022 -02 0043 0.0 0020 —02 —-0040 0.0
Newlyn 0507  1.81 1103 429 1740 201 2332 4.26
NOS factors —0032 000 —0052 006 -0032 —0.00 —-0052 006
Newlyn 0457 201 1054 435 1728 221 2320 4.32

Admiralty Tide Tables {(ATT) height factors are given only to 0.i m.
Naticnal Ocean Service {NOS) factors are calculated as the combined differences of Newlyn and
Plymouth on Queenstown, as Plymouth is not a Reference station for NOS.

The United States tables give time adjustments for high and low water,
together with height adjustments and in some cases scaling factors. The British
tables are more elaborate, allowing both the time and the height factors to be
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adjusted between spring and neap tidal conditions; equation (4:8) may be used
to justify these adjustments for a semidiurnal regime. The best results are
obtained where the S,/M, ratios of amplitude and phase differences are the
same. In cases of extreme distortion such as Swanage or Selsey on the south
coast of England (see Section 1:2 and Chapter 7) special curves must be
prepared for each individual port. British tables also allow more elaborate
calculations based on the harmonic constituents O, K,, M,, S,, and adjust-
ments for shallow-water fourth- and sixth-diurnal amplitudes and phases (1,
F4; /o, Fg). Other national authorities have slightly different methods of making
the adjustments and full details of the procedures are given in the individual
publications, Table 4:9 shows how Newlyn high and low water parameters for a
particular day can be calculated by different methods, and indicates the general
agreement between them.

Another flexible method of presenting the tidal characteristics of a secondary
station is shown in the reduction curves of Figure 4:8. These are prepared from
a series of tabulations of observations over at least one spring—neap cycle, but
better results are obtained if several cycles are included. Here the curves are
plotted for different tidal ranges at the same station. Alternatively curves couid
be drawn for several stations in an estuary for a specified fixed range at the
.reference port (MHWS, for example).

Tidal stream atlases published by the British Admiralty give speeds and
directions of currents at several locations for each state of the tidal elevations at
Dover. Other authorities use similar techniques, and it is common to include
this type of information on large-scale charts, relative to the time of high water
at some local Standard Port.

4:7:3 Historical aspects

An ability to predict future events, particularly those of practical importance,
must inevitably have attracted some veneration to those who practised the art.
The priests of the Egyptian temples (Section 2:2) could predict the onset of the
flooding of the river with their nilometers, The English cleric, the Venerable
Bede (aD 673-735), who was familiar with the tides along the coast of his native
Northumbria, discussed the phases of the moon and how the tides could be
calculated by the 19-year lunar cycle.

By the early ninth century, tide tables and diagrams showing how neap and
spring tides alternate during the month were appearing in several manuscripts
(see footnote 10 page 126 of Jones, 1943). A later example of these is the St
Albans Abbey tide table (ca 1250), which gives times of high water at London
Bridge in terms of the age of the moon. Howse (1985) describes several early
methods of presenting tidal information. By the seventeenth century, annual
tide tables for London Bridge were produced regularly; Flamsteed, the UK
Astronomer Royal, commented that his 1683 predictions were the first to give
the times of two high waters each day. -

The ability to predict tides was also a source of income for those who knew
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the secret, Tide tables for Liverpool were prepared by the Rev. George Holden
from 1770, but the techniques were closely guarded family secrets. When Sir
John Lubbock (Section 4:1) sought to investigate scientifically the basis on
which the predictions for London were produced, he was refused access to the
information. Instead Lubbock analysed several years of observations of Lon-
don high waters, day and night, and by 1830, developed his own technique, the
non-harmonic method of tide prediction. The need for observations and
analyses at each port was now firmly established: new methods for automati-
cally measuring the water levels were developed and the British Admiralty
published the first official predictions (of high water times only), for four ports,
Plymouth, Portsmouth, Sheerness and London Bridge, in 1833,

Lubbock’s methods had great difficuity dealing with mixed tides. The
method of harmonic analysis developed some years later was found to be
superior; however, the harmonic method would have been difficult to apply for
routine calculations without the parallel development of tide-predicting
machines by Lord Kelvin and Edward Roberts in 1873, These machines, which
were an early form of mechanical computer, contained a set of pulleys, one for
each constituent, which rotated at different speeds scaled according to the speed
of the constituent they represented. The rotations are converted into harmonic
motions and summed by a means of a wire which passed over each pulley in
turn. Phases and amplitudes for each constituent were set by adjusting the
pulley settings for each port before running the machine. To compute high and
low water times and heights for a single port for one year took about two days
of work. These machines were the basis for tidal predictions until around 1965
when they were replaced by electronic computers: a year of predictions can now
be calculated in a few seconds.

Many people continue to regard tidal analysis and prediction as a black art,
as did people in earlier times. However, tidal analysis is neither as difficult nor
as mysterious as they imagine. It is important to decide which level of
complexity is appropriate for a particular application. Provided that certain
basic rules relating to the data length and to the number of independent
parameters demanded in an analysis are followed, satisfactory results are
obtainable. Inexperienced analysts often go wrong when they ask for too much
from too little data. Nevertheless, to extract the maximum tidal information
from a record, for example by exploiting the complementiary aspects of
different analysis techniques, further experience and informed judgement are
necessary.



CHAPTER 5
Tidal Dynamics

Who can say of a particular sea that it is 0ld? Distilled by the sun, kneaded by the moon,
it is renewed in a year, in a day, or in an howr. _
Thomas Hardy, The Return of the Native

5:1 The real world

The Equilibrium Tide developed from Newton's theory of gravitation consists
of two symmetrical tidal bulges, directly under and directly opposite the moon
or sun. Semidiurnal tidal ranges would reach their maximum value of about
0.5m at equatorial latitudes. The individual high water bulges would track
around the earth, moving from east to west in steady progression. These
characteristics are clearly not those of the observed tides.

The observed tides in the main oceans have mean ranges of about 0~1m
(amplitudes 0-0.5 m), but there are considerable variations. The times of tidal
high water vary in a geographical pattern, as illustrated in Figure 5:1, which
bears no relationship to the simple ideas of a double bulge. The tides spread
from the oceans onto the surrounding continental shelves, where much larger
ranges are observed. In some shelf seas the spring tidal ranges may exceed 10 nu:
the Bay of Fundy, the Bristol Channel, the Baiec de Mont St Michele and the
Argentine Shelf are well known examples. In the case of the North West
European shelf tides approach from the Atlantic Ocean in a progression to the
north and to the east, which is quite different from the Equilibrium hypothesis.
Some indication of the different tidal patterns generated by the global and local
ocean responses to the tidal forcing are shown in Figure 1:1. The reasons for
these complicated ocean responses may be summarized as follows:

(1) Movements of water on the surface of the earth must obey the physical
laws represented by the hydrodynamic equations of continuity and
momentum balance: we shall see that this means they must propagate as
long waves. Any propagation of a wave from east to west around the earth
would be impeded by the north—south continental boundaries. The only
latitudes for unimpeded circumpolar movement are around the Antarctic
continent and in the Arctic basin. Even around Antarctica the connection
is very restricted through the Drake Passage between Cape Horn and -
Graham Land.
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Figure 5:1 Map of lines joining places where high waters for the M, tide occur simultaneously, based on a numerical model. (From Schwiderski, 1979.)
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Long waves travel at a speed given by (water depth x gravitational
acceleration). Even in the absence of barriers it would be impossible for an
Equilibrium Tide to keep up with the moon'’s tracking, because the oceans
are too shallow. Taking an average depth of 4000 m the wave speed is
198 ms™*, whereas at the equator the sub-lunar point travels westwards at
an average speed of 450 ms~!. Around Antarctica, however, at 60°S the
speeds are nearly equal. At one time it was thought that the tides were
generated in these latitudes, from where they spread to other areas. This
was supposed to explain the age of the tide: the time between new or full
moon and the maximum observed tides in northern latitudes; however, we
now know that the responses are more complicated than these simple ideas
suggest.

The various ocean basins have their individual narural modes of oscillation
which influence their responses to the tide generating forces. There are
many resonant frequencies, but the whole global ocean system seems to be
near to resonance at semidiurnal tidal frequencies and the observed tides
are substantially larger than the Equilibrium Tide. The responses to forcing
at diurnal tidal frequencies are much weaker, as shown in Figure 4:2 for
lfracombe. However, the local responses of each area of the continental
shelf to the driving by the ocean tides allow a different set of resonances to
apply. In some cases there is a local amplification of the diurnal tides as in
the Guif of Tongking and the Guif of Carpentaria (see Karumba in Figure
1:1 and Castletownsend in Figure 4:2).

Water movements are affected by the rotation of the earth. The tendency
for water movement to maintain a uniform direction in absolute space
means that it performs a curved path in the rotating frame of reference
within which we make observations. Alternatively, motion in a straight line
on a rotating earth is curved in absolute space and must be sustained by
forces at right angles to the motion. These effects are represented by the
Coriolis accelerations in the hydrodynamic equations. The solutions to the
equations show that certain modified forms of wave motion are possible,
the most important of which have a form described as Kelvin waves.

The solid earth responds elastically to the imposed tidal forces, as discussed
in Section 3:2:3. The extent of this response is described in terms of Love
numbers, Although the response of the solid earth to the direct tidal forcing
is well described in these terms, there are local effects due to the depression
of shallow-water areas and the surrounding land by the tidal loading. The
tide measured at 3 coastal station, or by a pressure sensor on the sea-bed, is
the difference between the change in the geocentric position of the sea
surface, and the geocentric position of the land surface reference point.
Altimetry measurements give the strictly geocentric displacements of the
sea surface.

In this chapter we discuss the generation of ocean tides, their propagation
onto the surrounding continental shelves, and the characteristics of shelf tides.
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The development of our understanding of tides in the oceans and in continental
shelf seas has been through a synthesis of theoretical ideas of wave propagation
on a rotating earth and direct observations. In the first part of the chapter we
concentrate on the basic physical ideas. In the second part we show how they
are applied to describe the observed tidal patterns in selected areas. These
regional accounts are presented in some detail because the information is not
readily available in a single text. Fuller mathematical treatment of the more
important ideas is given in Appendix 4 for those who require a more theoretical
approach. Local harmonic tidal constants for more than 3000 coastal sites are
collected and made available by the International Hydrographic Organization
(1930 and on request), and details are also given in National Tide Tables.

5:2 Long-wave characteristics

Waves are commonly observed in nature. The most familiar form is probably
the progression and breaking of waves on the beach. These waves, which are
generated by winds acting on the sea surface, have periods from a few seconds
to perhaps 15 seconds. Tidal waves have similar characteristics of propagation
and individual wave crests can be followed and charted (the Venerable Bede
(AD 673-735) knew of the progression of the time of high water from north to
south along the east coast of Britain (Jones, 1943)). However, the tidal waves
have periods of about 24 hours and 12 hours, corresponding to diurnal and
semidiurnal tides and so their wavelengths are increased to many hundreds of
kilometres. Waves whose wavelengths are much longer than the water depth
are called Jong waves and they have some special properties,

When presenting information on tides in a region it is usual to draw maps for
each individual harmonic constituent (Young, 1807, Marmer, 1928). These
maps have contours joining places where high waters occur simultaneously,
which are catled cotidal lines; for a harmonic constituent this also means that
low water and all other phases of the tide also occur simultaneously at all places
joined by a cotidal line. The maps may also have contours joining places which
have harmonic constituents of equal amplitude (also, of course, equal range)
called coamplitude lines (or corange lines).

*5:2:1 Wave propagation in a non-rotating system

We begin by summarizing some basic properties of wave motion on the surface
of water in the absence of rotation. Figure 5:2 shows a disturbance travelling in
the positive X direction without change of shape, in water of depth D below the
undisturbed sea-level. As the wave moves past some fixed point, A, a succession
of high and low sea levels wilt be observed. If the wave travels at a speed ¢ and
has a period T, the wave length A is:

A=cT
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Figure 5:2 Basic parameters for a one-dimensional sea-surface disturbance travelling in the
positive X direction.

It can be shown (see for example, Lamb (1932), Proudman (1953) and
Appendix 4) that provided the wave amplitudes are small compared with the
depth, and the depth is small compared with the wavelength, then the speed is:

¢ = (gD} (5:1)

where g is gravitational acceleration. Similarly, the currents « are related to the
instantaneous level { at A:

u = {(g/D} (5:2)

At local high water there is a maximum current in the direction of wave
propagation, but at low water there is a current in the opposite direction. These
results are not dependent on the exact shape of the travelling disturbance.

To derive these expressions from the continuity and horizontal momentum
equations (3:22) and (3:23), the equations are reduced to a very simple form for
small disturbances propagating in a deep channck

§+DF=“
(5:3)
[
a: i85 =0
and these have a solution in { and w:
{ = H, cos {(kx — of)
5:4)

u = Hy, (g/D) cos (kx — of)

which represent a free progressive harmonic wave travelling in the positive X
direction, where:

@ is the harmonic angular speed = 2x/T
k is the wave number = 2xn/)

This can be considered as an individua! tidal constituent of amplitude H,,
traveiling at a speed:

®_ A 3
= e = e—i D
€= =T (gD)
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Long waves have the special property that the speed c is independent of the
angular speed @, and depends only on the value of g and the water depth. Any
disturbance which consists of a number of separate harmonic constituents will
not change its shape as it propagates-—this is called non-dispersive propagation.
Waves at tidal periods are long waves, even in the deep ocean, as shown in
Table 5:1 and their propagation is non-dispersive. Wind waves, which have
much shorter periods and wavelengths usually undergo dispersive propagation,

with swell from distant storms travelling more rapidly ahead of the shorter
period waves.

Table 5:1 Speeds and wavelengths of tidal waves in water
of different depths.

Depth Speed Wavelength
(m) — (km)
ms~ ! kmh™!
Diurnal Semidiurnal
4000 198 15 17720 8 860
200 44 160 3960 1980
50 22 80 1980 990
20 i4 50 1250 625

The maximum tidal currents in the direction of wave propagation occur at
local high water. At local low water the currents are directed in a direction
opposite to the direction of wave propagation.

Details of the behaviour of progressive waves when they encounter a step
change in water depth, and of their energy fluxes are given in Appendix 4.

5:2:2 Standing waves, resonance

In the real oceans, tides cannot propagate endlessly as progressive waves. They
undergo reflection at sudden changes of depth, and at the coastal boundaries.
The reflected and incident waves combine together to give the observed total
wave (Defant, 1961; Redfield, 1980), Consider the simplest case of a wave
travelling in a long channel being reflected without loss of amplitude at a closed
end. The interference between the two waves produces a fixed pattern of
standing waves which have alternate nodes, positions where the amplitude is
zero, and antinodes, positions where the amplitude is a maximum, each
separated by a distance 1/4 where A is the wavelength of the original progress-
ive wave as illustrated in Figure 5:3. The first node is located at a distance \/4
from the reflecting barrier and at this point there is no net change of water level,
but the currents have their maximum amplitede. At a distance /2 from the
barrier there is an antinode where the changes in level have the same range as at
the reflecting barrier, and there are no currents. The absence of horizontal water
movements across the antinode means that a solid impermeable boundary
could be inserted into the channel at this point without affecting the oscillations
once they had become established.
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Figure 5:3 Showing how incident and reflected waves of equal amplitude produce a standing
wave patiern with nodes and antinodes. { — are currents). {a) high water at the reflecting barrier;
(b) a quarter of a period later the incident wave has moved a quarler wavelength towards the
barrier, and the reflected wave has moved a quarter wavelength in the opposite direction away from
the barrier. After half a cycle the elevations and currents are the reverse of (a); after three-quarters -

of a period they are the reverse of (b).
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Figure 5:4 First gravitational mode for oscillations of water in a closed rectangular box, showing
nodes and antinodes for levels and currents.

One of the most effective ways of describing the behaviour of standing waves
is to consider the movement of water in a rectangular box of length L (Figure
5:4). This configuration may represent a domestic bath, a swimming pool, or a
long narrow lake. The water movements can be likened to those of a pendulum,
with the least horizontal motion at high and low water ((1) and (3)) and the
maximum horizontal motion at the middle of the oscillation ((2) and (4)). There
is a continuous transfer from maximum potential energy (1) through a position
of zero potential energy but maximum kinetic energy (2) to a second position of
maximum potential energy (3). The sequence continues through a second
condition of maximum kinetic energy (4) as it returns to its initial state of
maximum potential energy (1). This can be considered as two progressive
waves travelling in opposite directions with perfect reflections at both ends, The
natural period of oscillation of the water is the time taken for 2 wave to travel
from one boundary and to return after reflection at the second boundary. From
equation (5:1) this time is:

2 x boxlength 2L
(g x water depth} ~ (gD} (5:5)

Equation (5:5) is known as ‘Merian’s Formula’ after its originator (Proudman,
1953). Examples of some natural periods for this half-wave oscillation are given
in Table 5:2. Natural periods of long lakes may be estimated using this formula,
but the observed periods will vary slightly because the depths are not uniform.
For the fundamental mode of oscillation there is one node, and the term
uninodal seiche is often applied. The next highest mode has two nodes, and so
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Table 5:2 Examples of the natural period of oscillation
of water bodies in the first gravitationa} mode, from Mer-
ian’s formula (equation (5:5)).

Length Depth  Period

Bath Lim 02m 21s
Swimming-pool 10 20 4.5
Loch Ness, Scotland 3Bkm 130 35min

on. The irregular shapes of real lakes result in several natural periods of
oscillation including lateral as well as longitudinal modes.

Standing waves may also occur in a box which is closed at one end but driven
by oscillatory in and out currents at the other open end. The simplest case
would be a box whose length was a quarter wavelength, so that the open end
was at the first node, equivalent to half a box in Figure 5:4. The currents at the
entrance could produce large changes of level at the head. The natural period
for this type of forced oscillation is:

4 x boxlength 4L
(g x waterdepthy  (gD)? (5:6)

This model of an open box approximates to the tidal behaviour of many shelf
sea basins, but an exact quarter-wave dimension would be very unlikely. In
reality the open boundary may lie within the node or outside the node as shown
in Figure 5:5, but the probability of tidal amplification still exists. However, if
the length of the basin is only a small fraction of the tidal wavelength, then the
amplification will be small.

This type of osciilation will only continue for as long as the currents and
elevations drive it from the open end. This forced motion is different from the
natural free seiching oscillations of a body of water which can be initiated by an
impulse such as a sudden squall, and which will continue until damped by
frictional energy losses and imperfect reflections. Table 5:3 gives the lengths
and corresponding depths of basins which would bave quarter-wavelengths
appropriate for the semidiurnal M, tide.

Table 5:3 Some lengths and depths

of basins which would have quarter-

wave resonance if driven by a semi-
diurmal M, tide.

Water depth Basin length

(m) (km)
4000 2200
1000 1100
200 500
100 350

50 230
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Figure 5:5 Responses of sea basins driven by tidal level changes at the open end, near to quarter-
wave resonance. There is maximum amplification when the basin length corresponds to a quarier of
a tidal wavelength.

Systems which are forced by oscillations close to their natural period have
large amplitude responses. This resonant behaviour is familiar in many physical
systems including electrical circuits and badly designed acoustic speakers, As
we shall discuss later, the responses of oceans and many seas are close to
resonance. In nature the forced resonant oscillations cannot grow indefinitely
because energy losses due to friction increase more rapidly than the amplitudes
of the oscillations themselves. Because of energy losses, tidal waves are not
perfectly reflected at the head of a basin, which means that the reflected wave is
smaller than the ingoing wave. It is easy to show that this is equivalent to a
progressive wave superimposed on a standing wave (Appendix 4), with the
progressive wave carrying energy to the head of the basin. Standing waves
cannot transiit energy because they consist of two progressive waves of equal
amplitude travelling in opposite directions.
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5:2:3 Waves on a rotating earth

A long progressive wave travelling in a channel on a rotating earth behaves
differently from a wave travelling along a non-rotating channel. The geostro-
phic forces which describe the motion in a rotating system cause a deflection of
the currents towards the right of the direction of motion in the northern
hemisphere. This sideways component of the flow continues until impeded by
the right-hand boundary of the wave chaanel. The build-up of water on the
right of the channel gives rise to a pressure gradient across the channel, which
in turn develops until at equilibrium it balances the geostrophic force. The
mathematical description of the resulting waves is given in Appendix 4. These
waves were originally described by Lord Kelvin and are now named after him.
Rotation influences the way in which the wave amplitude 4, decreases across
the channel away from the value H, at the right-hand boundary (in the
northern hemisphere):

H, = H, exp (—fy/c} cos (kx — wf) (A4:15)

according to an exponential decay law with a scale length ¢/f, which is called
the Rossby radius of deformation, where ¢ is the wave speed (gD}, and f is the
Coriolis parameter. At a distance y = ¢/f from the boundary the amplitude has
fallen to 0.37 H,. In this type of wave motion, the speed is the same as for a
non-rotating case, and the currents are always parallel to the direction of wave
propagation. Figure A4:3 shows the profile across a Kelvin wave. Note that
Kelvin waves can only move along a coast in one direction. In the southern
hemisphere the coast is on the left of the direction of propagation.

The case of a standing wave oscillation on a rotating earth is of special
interest in tidal studies, At the head of a basin, where reflection takes place, the
currents and elevations have waveforms which can only be described by
complicated mathematics, but away from the boundary the tidal waves can be
represented by two Kelvin waves travelling in opposite directions. Instead of
oscillating about a nodal line, the wave can now be seen to rotate about a nodal
point, which is called an amphidrome. Figure 5:6 shows the cotidal and
coamplitude lines for a Kelvin wave reflected without energy loss at the head of
a rectangular chansel (Taylor, 1921). The sense of rotation of the wave around
the amphidrome is anticlockwise in the northern hemisphere and clockwise in
the southern hemisphere. The cotidal lines all radiate outwards from the
amphidrome and the coamplitude lines form a set of nearly concentric circles
with the centre at the amphidrome, at which the amplitude is zero. The
amplitude is greatest around the boundary of the basin.

If the reflected Kelvin wave is weaker than the in-going Kelvin wave, then the
amphidrome is displaced from the centre of the channel to the left of the
direction of the in-going wave (northern hemisphere). Figure A4:3 shows this
displacement increasing as the reflected Kelvin wave is made weaker (Taylor,
1919; Pugh, 1981). In a narrow channel the amphidromic point may move
outside the left-hand boundary. Although the full amphidromic system shown
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in Figure 5:6 is not present, the cotidal lines will stili focus on a point inland,
which is called a virtual or degenerate amphidrome (see Section 7:9:2).

We are now able to apply these theoretical ideas of progressive and standing
waves, resonance, Kelvin waves and amphidromic systems to describe the
dynamics of the observed tides in the oceans and shelf seas.

Reflected Kelvin wave

X

Ingoing Kelvin wave

Figure 5:6 Cotidal and coampfitude tines for a Kelvin wave reflected without energy loss in a
rectangular channel (after G. I Tayior, 1921). Continuous lines are cotidal lines at intervals of 1/12
of a full cycle. Broken lines are lines of equal amplitude. Progression of the wave crests in the
northern hemisphere is anti-clockwise for both the amphidromic systems shown. (Reproduced by
permission of Oxford University Press.)

5:3 Ocean tides

Dynamically there are two essentially different types of tidal regime: in the wide
and relatively deep ocean basins the observed tides are generated directly by the
external gravitational forces; in the shelf seas the tides are driven by co-
oscillation with the oceanic tides. The ocean response to the gravitational
forcing may be described in terms of a forced linear oscillator, with weak
energy dissipation, There is a flux of energy from the deep oceans on to the
shelf where the energy is dissipated by bottom friction opposing the tidal
currents.

This natural tidal progression from the oceans to the shelf is also followed in
our discussions. Many earlier accounts have begun with the known coastal
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tides and extended the discussion outwards to the oceans, probably because the
ocean tides were so poorly defined. Extrapolation of shore-based shelf measure-
ments through complex coastal regions of irregular boundaries and depth,
where bottom friction is important, is fraught with uncertainties. Even the
measurements made at ocean islands were sparse, and sometimes not truly
representative of the open ocean tidal regime: for example, tides measured in
the protected waters of a coral lagoon are attenuated and lag those of the open
ocean outside the lagoon. The measurement of ocean bottom pressures using
modern instruments as described in Chapter 2 has enabled a proper definition
of the tides at a number of selected important sites, but the procedures are too
slow and expensive for general coverage. Values of open ocean tidal constants
are published periodically by the International Association for the Physical
Sciences of the Ocean (Cartwright and Zetler, 1985). Satellite altimetry gives
the best prospects for a complete map of ocean tides by direct observation.

5:3:1 Towards tidal charts

The most direct way of preparing cotidal and coamplitude charts of ocean tides
is simply to interpolate the coastal and island tidal parameters across oceans
(Young, 1807; Marmer, 1928) and to supplement these where possible with
data from bottom-pressure observations. With so few observations available it
is advisable 1o constrain the charts by the known theoretical properties of long-
waves propagating on a rotating earth. These properties include the previously
developed ideas of progressive and standing waves, resonance, Kelvin waves,
and amphidromic systems. The physical responses of the oceans to gravitatio-
nal tidal forcing are still not fully understood despite valuable contributions
made by recent observations, and by numerical and analytical models. It is
useful to review briefly the development of scientific understanding and to place
miodern ideas in a historical context.

Following Newton’s development of the Law of Gravitation and of an
Equilibrium Tide, Laplace established in 1775 the hydrodynamic equations of
continuity and momentum for a fluid on a rotating earth similar to those given
in Chapter 3, including the rotation term later credited to Ceriolis. Laplace
assumed a spherical earth with a geocentric gravitational field uniform both
horizontally and with time, a rigid ocean bottom and a shallow ocean which
allowed Coriolis accelerations associated with vertical movements and with the
horizontal component of the earth’s rotation to be neglected. The consequences
of neglecting vertical accelerations have been carefully considered by sub-
sequent theoretical work which shows that for the vertically stratified ocean the
approximation is justified. Using these equations Laplace considered the types
of wave motion possible on a thin sheet of fluid of uniform depth on a rotating
sphere and showed that the response to the tide generating forces was critically
dependent on the depth. For depths which exceed a critical value the driven tide
is in phase with the gravitational forcing and is said to be direct, but for depths
less than the critical value the driven tide has the opposite sign to the forcing
and 1s said to be inverted. For the special case of zonal canals the equation is
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the same as equation (6:11) for the forcing of sea-level changes by a moving
atmospheric pressure disturbance. The dynamics of propagation in zonal
canals, which had previously been considered in 1740 by Bernoulli was further
investigated in 1845 by Airy, who introduced energy losses through a linear
friction term and considered the resulting distortions o the progressive wave.
A completely different approach was taken by Harris (1897-1907) who
pictured the global tides as a mosaic of standing wave systems, each with
natural periods equal to that of the tides. Although severely criticized for its
lack of mathematical rigour and its neglect of the earth’s rotation, Harris's
techniques produced charts which were generally compatible with the available
observations and a considerable improvement on those previously drawn. His
emphasis on the influence of resonance was an important contribution to
modern ideas of near-resonant ocean response to semidiurnal forcing.
Attempis to solve Laplace’s tidal equations for ocean basing of different
geometrical shapes and depths have served to demonstrate the types of motion
which may occur and to investigate the sensitivity of the ocean tides to
parameters such as basin width and depth (Proudman 1925, 1942), but the real
oceans are too complex for detailed realistic solutions. Numerical solutions of
the equations by powerful computers can give better fits to all of the obser-
vations (Parke, 1982; Schwiderski, 1983). The principle is straightforward: the
occans are divided into a network of component areas sufficiently small to
define their shape and depth variations. Some compromise is necessary between
a very detailed resolution and the computing power available, but this is not a
severe limitation using modern computers: a grid consisting of 1° by 1°
elements is easily possible. Energy dissipation can be introduced by radiating
energy through the boundaries, by botiom friction or by a form of eddy-
viscosity. Both the solid earth tides and the ocean loading effects can be
included, as can the gravitational self-attraction of the tidal bulges. Figure 5:1
is an example of an M, chart produced in this way, with the frictional
parameters adjusted to give a satisfactory fit where observations are available.
A different approach, concerned with physical interpretation of the observed
tides, begins by numerically computing the normal modes of oscillation of the
oceans, more realistically than Harris’s imposed resonances. Treating the ocean
tides as a forced linear oscillating system with weak dissipation, the observed
tides must be represented as a linear combination of these modes (Platzman,
1983). The contribution of each mode to the synthesis depends on the closeness
of its frequency to that of the tide and to its spatial coherence with the
Equilibrium Tidal potential. Ten modes can account for 87 per cent of the
energy in the M, tide; the most energetic mode, which accounted for 19 per cent
of this, was dominant in the South Atlantic. For the K, tide, which has a period
0f 23.93 hours, 93 per cent of the energy is accounted for by the first ten modes;
remarkably, the most energetic mede, a combined fundamental basin oscil-
lation of the Pacific Ocean and a fundamental Kelvin wave around Antarctica
of period 28.7 hours, accounts for 61 per cent of the tidal energy. The diurnal
responses are weaker because the normal modes are at periods further removed
from the periods of the tidal forcing than are the semidiurnal normal modes.
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5:3:2 General features

Figure 5:1 shows a global chart of the principal lunar semidiurnal tidal
constituent M,, produced numerically by constraining the lines to satisfy the
hydrodynamic equations as far as possible between the observation siations.
The most obvious feature is the large number of amphidromes. As a general
rule these conform to the expected behaviour for Kelvin wave propagation,
with anticlockwise rotation in the northern hemisphere, and clockwise rotation
in the southern hemisphere. Some caution is necessary: for example, the M,
system west of Africa in the south Atlantic Ocean rotates anticlockwise,
showing that other types of wave dynamics are also involved. Similar charts
have been prepared for all the other major tidal constituents, and each of these
contains many amphidromes. The ampilitudes of the semidiurnal tides are
significantly greater than the amplitudes of the diurnal tides because the oceans
have a near-resonant response to forcing at semidiurnal frequencies. The
possibility of a near-resonant response for semidiurnal tides is confirmed by
rough estimates using Merian’s formula {(equation (5:5)); in 4000 m depth the
progressive wave speed of 198 ms™! and a typical ocean length scale of
10000 km gives a period of 14 hours. Examples of the relative importance of
the diurnal and semidiurnal tides are given in Table 1:1, in the Form Factors of
‘Section 4:2:6, and in the Ilfracombe response curves of Figure 4:2. For
progressive tidal waves to develop fully as Kelvin waves, the channel in which
they propagate must be wide compared with the Rossby radius (c¢ff) (see
equation (Ad4:15)). At 45° latitude, the Rossby radius in 4000 m depth is
1900 krn, but this increases as the latitude decreases (Table 5:4). The Pacific is
clearly wide enough for full development, but the Atlantic may be too narrow.

Ocean tidal currents are very weak. For a progressive wave of 0.5m
amplitude in 4000 m depth, equation (5:2) gives a speed of 0.025m s ™', which is
small compared with currents generated by other forces. Internal tides (Section
5:6) give currents at tidal periods with greater speeds, but these currents are
irregular and lack the coherence of shelf tidal currents.

In the Pacific, as elsewhere, semidiurnal tides are dominant, but in the north
diurnal tides are also well developed. The semidiurnal amphidrome at 25° N,
135° W has been firmly established by observations, as has the amphidrome
near 25° 8, 150° W. This amphidrome gives very small M, tides in the vicinity
of the Society Isles. Because the S, amphidrome is not identically placed, the S,
tides are dominant at some sites. Where this occurs the semidivrnal tides have
high and low water at the same time every day. This is a very local phenom-
enon, but something similar is found along the coast of southern Australia
from western Tasmania to Cape Leeuwin, where the M, and the S, consti-
tuents have similar amplitudes. At Thevenard, for example, for part of the
spring-neap cycle the times of high water are similar for several successive days.
This type of behaviour can be analysed in terms of the equations developed in
Section 4:2:6 for the combination of two harmonic constituents. _

The semidiurnat ocean tides progress around New Zealand as around an
amphidrome, but in an anticlockwise sense, which is not as expected in the
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southern hemisphere, and the dynamics cannot be those of cancelling Kelvin
waves because the amplitudes are greatest at the coast (Bye and Heath, 1975).
The reason for this behaviour is probably the trapping of the tidal waves by the
topography of the surrounding continental slope.

Changes in bottom topography have a strong influence on the tidal propaga-
tion. As the tide approaches the Hawaiian Islands the wave is diffracted by the
submarine ridge which extends over 500 km, rather than by the individual
islands; this gives a focusing of cotidal lines from a more extensive region, as
illustrated for a coastal headland in Figure A4:4, The semidiurnal tides at
Honolulu have a negative age, with maximum amplitudes 14 hours ahead of
maximum gravitational forcing, which is unusual as the age of the tide
generally has a lag of one or two days.

The semidiurnal tides in the northern Indian Ocean have two distinct
regimes. The Arabian Sea is broad enough for the standing wave system to
develop an amphidrome; however, this amphidrome, which is situated close to
the equator, cannot be described simply in terms of Kelvin waves. The entrance
to the Bay of Bengal is too narrow for an amphidromic system to develop. The
wave propagates to the north along the west coast of Sumatra and Thailand
and also along the east coast of Sri Lanka, where the range is low and thereis a
tendency towards a degenerate amphidrome. In the south central Indian Ocean
there is an extensive region of large semidiurnal tides over which the phases
change only slowly. Dynamically this phenomenon, which corresponds to an
antinode in Figure 5:3, is called an anti-amphidrome. A similar semidiurnal
system is shown in the south central Pacific Ocean. Large tidal ranges are also
observed between the island of Madagascar and the African mainland, in the
Mozambique Channel, because of a similar double standing wave system.

In the Southern Ocean, there is a circumpolar zonal channel around 60°S.
Early scientific ideas supposed that this would allow a resonant response to the
tidal forces: for a circumference of 20 000 km and a wave travelling in 4000 km
water depth, simple theory gives a complete cycle in 28 hours, and allows
resonances at harmonics of this. Whewell argued in 1833 that the directly
driven tides of the Southern Ocean were the source of Atlantic tides, which
were ‘derivative’ tides. The observed and computed tides of the Southern Ocean
do show a general westward propagation, particularly for the diurnal tides, but
the amplitudes are not particularly large. The narrowness of the Drake Passage
between South America and Graham Land has a strong restricting influence on
the pattern of wave propagation.

Whewell argued further that the one to two day age of the semidiurnal tide in
the North Atlantic was a comsequence of the time taken for the wave to
propagate from the Southern Ocean. Measurements made in June 1835 on both
sides of the Atlantic for a fortnight at 28 places, caused Whewell (1836) to
review the earlier ideas. The observed diurnal tides were particularly difficuit to
reconcile with their generation in the distant Southern Ocean because the
maximum inequality in successive semidiurnal high-water levels occurred two
or three days later on the European side than on the American side. Further,
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simultaneous observations at the Cape of Good Hope near the supposed tidal
source showed maximum inequalities simultaneous with those at Spain and
Portugal. With no prospect of the necessary mid-ocean observations, Whewell
abandoned his plan to draw cotidal lines for the oceans, and prepared a chart
ounly for the north-west European continental shelf.

[~ 60°N

- 30°N

- O*

30*5

- 60°S

-80°
Amplitude in cm

Figure 57 Cotidal and coamplitude charts of semidinrnal (M) tide of the Atlantic Ocean, based
on a numerical model. (From Schwiderski, 1979.)

More recently, the Atlantic tides have been systematically observed and
mapped by the United Kingdom Institute of Oceanographic Sciences (Cart-
wright et al., 1980). Figure 5.7 shows the detailed chart, based on a numerical
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model (Schwiderski, 1979), of the principal lunar semidiurnal M, tide. The
systematic northward progression of the semidiurnal phases along the coast of
Brazil and West Africa is well established, but there is some uncertainty about
the existence of amphidromes in the central South Atlantic around 35°S. The
small observed amplitudes suggest a tendency for an amphidromic system to
develop, but the geometry of amphidromic systems requires fwe, rotating in
opposite senses, to satisfy the coastal observations. The anticlockwise one
nearer the African coast would have the wrong sense of rotation for the
southern hemisphere, so that complicated dynamics are implied. The ranges are
relatively large near the equator and the phases nearly constant over an
extensive area, high waters occurring along the whole coast of northern Brazil
from 35° W to 60° W within an hour, behaviour consistent with standing wave
dynamics. Further north, around 20° N, smaller amplitudes and a rapid
northward increase of phase show a tendency for an amphidrome to develop.

The most fully developed semidiurnal amphidrome is located near 50° N,
39° W. The tidal waves appear to travel around the position in a form which
approximates to a Kelvin wave, from Portugal along the edge of the north-west
European countinental shelf towards Iceland, and thence west and south past
Greenland to Newfoundland. There is a considerable leakage of energy to the
surrounding continental shelves and to the Arctic Ocean, so the wave which is
reflected in a southerly direction is much weaker than the wave travelling
northward along the European coast. Subsidiary anticlockwise amphidromic
systems are formed between the Faeroe Islands and Iceland and between
Iceland and Greenland. This results in a complete circulation of the semidiur-
nal phase around Iceland in a clockwise sense, similar to that observed around
New Zealand, but for reasons which involve the dynamics of Arctic tides rather
than local topographic trapping alone.

As in other oceans, for constituents in the same tidal species the tidal charts
show broad similarities, but in the Atlantic Ocean there are also significant
differences. The ratio between the M, and 8, amplitudes, 0.46 in the Equilib-
rium Tide, falls in the North Atlantic to 0.22 at Bermuda. This relative
suppression of the principal solar semidiurnal tide S, extends over a very large
area of the North Atlantic and is observed on both the American and European
coasts.

Along the Atlantic coast of North America from Nova Scotia to Florida the
ocean tides are nearly in phase, consistent with standing-wave dynamics along
the north-west to south-¢ast axis; superimposed on this is 2 slow progression of
phase towards the south. The semidiurnal tides of the Gulf of Mexico and the
Caribbean have small amplitudes. An anticlockwise amphidromic system is
apparently developed in the Gulf of Mexico for the semidiurnal tides.

The diurnal tides of the Gulf of Mexico are larger than the semidiurnal tides
becanse of a local resonant response but the diurnal tides for the Atlantic
Ocean as a whole are generally weaker than in the other oceans. They can be
described in terms of amphidromic systems, a clockwise system in the south
Atlantic and an anticlockwise system in the north Atlantic, consistent with
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Kelvin wave dynamics. Although the link with Antarctic tides (Gill, 1979) is
iraportant for tides in the Atlantic (but not in the simple way originally
proposed by Whewell), it is clear that the role of direct gravitational forcing
within the Atlantic is also important. '

5:3:3 Tides in enclosed seas

Basins of oceanic depths such as the Mediterranean Sea and the Red Sea, which
connect to the oceans through narrow entrances, have small tidal ranges. The
dimensions of the basins are too restricting for the direct tidal forces to have
much effect, and the areas of the entrances are too small for sufficient oceanic

tidal energy to enter (Section A4:1a) to compensate for the energy losses which
would be associated with large tidal amplitudes.

30°N T
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Figure 5:8 M, tide of the Red Sea, based on obsetvations. (Reproduced by permission of
Deutsches Hydrographisches Institui.)
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The semidiurnal tides of the Red Sea are of interest because they are closely
represented by a standing wave having a single central node (Figure 5:8)
{Defant, 1961; Deutsches Hydrographisches Institut, 1963). Careful analysis
shows that there is a progression of the wave in the expected anticlockwise
sense around a central amphidrome. From Merian’s formula (equation (5:5))
the period of oscillation of the Red Sea would be approximately 12.8 hours, for
a depth of 500 m and a length of 1600 km, the distance between Kamaran and
Shadwan, the antinodes of the main oscillation. Because of its long narrow
shape and steep sides, the Red Sea has been used to test dynamical theories of
tides, including early numerical solutions of the equations of motion.

The tides of the Mediterranean are also weak. Essentially there are two
basins, separated by the Sicilian Channel and the Straits of Messina, The tides
of the western basin are strongly influenced by the Atlantic tides which
penetrate through the Straits of Gibraltar, and a semidiurnal amphidrome is
developed near the line of zero longitude. There is a second amphidromic
region near the boundary between the two basins, and a third in the eastern
basin south of Greece. Because the connection with the Atlantic Ocean through
the Straits of Gibraltar is so resiricted, the influence of direct gravitational
forcing within the Mediterranean is probably of comparable importance to the
external forcing. The diurnal tides of the Adriatic are relatively large because a
natural oscillation is excited by the Mediterrancan tides at the southern
entrance. A simple semidiurnal amphidromic system similar to that in the Red
Sea is also developed. The effect of the standing oscillations is to produce large
tides at the northern end, in the vicinity of Venice.

Although the tidal amplitudes are generally smail in the Mediterranean,
strong tidal currents occur where separate basins having different tidal regimes
are connected by a narrow channel. The currents in the Straits of Messina may
exceed 2ms™! because of the strong gradients on the sea surface. Even
stronger currents are observed through the Euripus between mainland Greece
and the island of Euboea; tidal currents under the bridge at Khalkis can exceed
3ms™! at spring tides.

The Arctic Ocean has depths in excess of 5000 m, but also coniains the
world’s most extensive sheif region. Its tides are driven by the Atlantic tides,
through the connection between Scandinavia and Greenland (Zetler, 1936),
which is small compared with the ocean area. Figure 5:9 shows the cotidal and
corange lines for the M, tide. The wave enters primarily through the Greenland
Sea to the west of Spitzbergen. As it propagates northwards it decreases in
amplitude as it circles an anticlockwise amphidrome located near 81° 30N,
133° W in the deep waters of the Canadian Basin, Part of the wave propagates
onto the broad shallow shelf of the East Siberian Sea where its energy is
dissipated. Tides on the North Siberian Shelf were described by Sverdrup
(1927) in terms of a particular type of non-coastal wave, now called Sverdrup
waves (see also Platzman, 1971; Gill, 1982). A secondary branch of the M, tide
enters the Arctic between Spitzbergen and Norway; this produces high tides in
the southern Barents Sea and around Novaya Zemlya. The permanent ice
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covering is thought to have litile influence on the observed tides, but where
tidal currents diverge on the shallow shelf seas, they can cause a periodic
opening and closing of the cracks in the ice cover (Kowalik, 1981).

ARCTIC COYIDAL MAP OF M, OCEAN TIDE
GREENWICH PHASES JINDEGREES
38°=1HOUR
O AMPHIDROMES * P:NORTH POLE

(o)
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ARCTIC CORANGE MAP OF M, OCEAN TIDE
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Figure 5:9 M, tide of the Arclic Ocean based on a numerical model. (From Schwiderski, 1979.)

5:4 Shelf tides

85:4:1 Transition from the ocean to the shelf

The process of transition of the oceanic tidal wave onto the relatively shallow
continental shelves has not been observed in detail, but the general effects of the
decrease in depth are the same as for any other kind of long wave. As the depth
decreases, so does the wave speed ¢, as a result of which the wave is refracted so
that the crests tend to align themselves parallel to the bathymetry contours.
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Suppose that the boundary is represented by a step discontinuity in depth from
4000 m to 200 m. For a plane wave approaching an infinitely long ocean shelf
boundary at an angle, the law of refraction applies, the angles of incidence and
refraction being related by:

sin (incident angle) _ ocean wave speed ~ (40003 Y4
sin (refracted angle) ~ shelf wave speed 200/

In the absence of other effects such as the earth’s rotation, a wave approaching
nearly parallei to the shelf edge (incident angle 90°) would have a refracted
angle of 13°—the direction of wave propagation is turned through 77°.

A normally incident long wave will be partly reflected back to the ocean and
partly transmitted onto the shelf. Of course the real continental margin will
have a different response to that of the theoretical step, but the relative
theoretical amplitudes are instructive. For an incident wave of amplitude 1.0 m
the reflected wave has a theoretical amplitude of 0.64 m and the transmitted
wave has an amplitude of 1.64 m (Appendix 4:1b). The reason for this can be
argued by energy flux considerations. In Appendix 4:1a the energy transmitted
in unit time by a progressive wave is shown to be:

ipgH(gDY

per unit distance along the wavefront. In the absence of reflection and energy
losses due to bottom friction, the quantity:

(wave amplitude)® x (water depth)!

must remain constant as the wave moves into shallower water. If the depth is
reduced by a factor of 20 and there is total energy transmission, the wave
amplitude increases by a factor of 20% = 2.1. For the step model of the
boundary between the ocean and the shelf, 60 per cent of the incident energy is
transmitted and 40 per cent is reflected, but the transmiited energy is still
enough to give larger amplitudes in the shallower water by a factor of 1.64.

The tidal currents on the shelf are also enhanced. Applying equation (5:2),
which relates currents to wave amplitude and water depth, the ocean wave of
amplitude 1.0 m in 4000 m depth has current speeds of 0.05ms™' whereas the
transmitted wave of amplitude 1.64m in 200 m depth has current speeds of
0.36ms™'. The current speeds are increased by a greater factor than the
increase in the elevation amplitudes.

Waves incident at an angle to the actual sloping topography of the continen-
tal margins will undergo continuous refraction, Reflected waves may also be
refracted back again giving rise to a succession of topographically trapped edge
waves travelling along the ocean-shelf interface. For waves travelling with the
shallow water to their right (northern hemisphere) trapping is also possible
because of the earth’s rotation. The tides around New Zealand have been’
explained in terms of weakly trapped semidiurnal waves (Bye and Heath, 1975).
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The relative importance of the different kinds of hydrodynamic waves which
may exist at the continental margin will depend on the pariicular circum-
stances. One well-studied example is the northward progression of the semi-
diugnal tidal phases (140ms™1) along the Californian coast of the western
United States, where the continental shelf is narrow (Munk et al., 1970). This
progression can be described as the superposition of a Kelvin-like edge wave, a
free Poincaré wave (another type of long wave which can propagate on the
rotating earth: Appendix 4) and a directly forced wave, with amplitudes at the
coast of 0.54:0.16: 0.04 m. Phase progression is consistent with the semidiur-
nal amphidrome located at 25° N, 135° W. Diurnal tides may also be explained
in terms of these three wave types. They have a faster (214 ms™ ') speed and a
southern progression; their component wave amplitudes are 0.21 :0.24: 0.09 m
at the coast.

The importance of the earth’s rotation in the generation and propagation of
different types of waves, and the different responses to the diurnal and
semidiurnal tides is illustrated by the behaviour of sea levels and currents off
the west coast of Scotland. The observed semidiurnal levels and currents are
scaled according to expected Kelvin wave dynamics, but the diurnal waves have
very large currents compared with the small amplitudes of the vertical diurnal
tides. The diurnal tides include a continental shelf wave, constrained to travel
parallel to the shelf edge with shallow water to the right in the northem
hemisphere; because these waves are only possible for waves whose period
exceeds the inertial period due to the earth’s rotation (14.3 hours at 57° N), they
are impossible for the semidiurnal tides at that tatitude. Similarly enhanced
diurnal currents due to non-divergent shelf waves are observed on the continen-
tal shelf off Vancouver Island, British Columbia, and on the shelf between
Nova Scotia and Cape Hatteras.

5:4:2 Some examples of shelf tides

The patterns of tidal waves on the continental shelf are scaled down as the wave
speeds are reduced. Table 5:1 gives the wavelengths for typical depths. The
Rossby radius, which is also reduced in the same proportion, varies as shown in
Table 5:4. In the very shallow water depths (typically less than 20 m) there will
be strong tidal currents and substantial energy losses due to bottom friction;
these severe non-linear distortions are discussed in Chapter 7. For average shelf
depths the waves are strongly influenced by linear Kelvin wave dynamics and
by basin resonances. Energy is propagated to the shallow regions where it is
dissipated. In this discussion it will be possible to describe only a few
representative cases of shelf tidal behaviour.

(a) The tides of the north-west European continental shelf have been mapped in
detail as shown in Figure 5:10(a) and (b) (see also Proudman and Doodson,
1924; Great Britain, 1940; Oberkommando der Kreigsmarine, 1942; Sager and
Sammler, 1975; Huntley, 1980; Howarth and Pugh, 1983), These charts have
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Table 54 Rossby radius in km for different water depths and
latitudes. A Kelvin wave amplitude is reduced by ¢! (= 0.36)

in a distance of one Rossby radius.

10
fx107f 2.53
Water depth

(m)

4000 7820

200 1750

50 875

20 550

Rossby radius = (gD}/f

30
1.29

2720
610
305
190

Latitude (%)
50
11.2

70
13.7

50
14.6

1360
305
150

96

161°N

S5°N

148N

{a)

9°E
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Figure 5:10 O, and M, tides of the north-west European continental shell from observations
{from Howarth and Pugh, 1983) (Reproduced by permission of Elsevier.)

been produced from coastal sea-level observations, measurements of offshore
bottom pressures and offshore current measurements combined hydrodynami-
cally as described in Appendix A4:4. The Atlantic semidiurnal Kelvin wave
travels from south to north. Energy is transmitted across the shelf edge into the
Celtic Sea between Brittany and southern Ireland; this wave then propagates
into the English Channel where some energy leaks into the southern North Sea,
and into the Irish Sea and the Bristol Channel. The Atlantic wave progresses
northwards, taking five hours to travel from the Celtic Sea to the Shetlands.
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The diurnal tidal progression along the shelf break is not so simple because the
phase increases and decreases several times rather than increasing regularly.
The semidiurnal wave is partly diffracted around the north of Scottand where it
turns to the east and to the south into the North Sea.

The semidiurnal tides of the North Sea (which is broad compared with the
Rossby radius) consist of two complete amphidromic systems and a third,
probably degenerate, system which has its centre in southern Norway. The
largest amplitudes occur where the Kelvin south-travelling wave moves along
the British coast. Coamplitude lines are parallel to the coast, whereas cotidal
lines are orthogonal. The identification of the amphidrome in the southern
North Sea is of some historic interest: it was originally proposed by Whewell in
1836, and confirmed in 1840 by Captain Hewett, who measured an almost
constant depth throughout a tidal cycle from a moored boat (Figure 5:11).
Subsequent further measurements and theoretical developments (see Appendix
4 and Proudman and Doodson, 1924) have refined the original charts.

The amphidromic system shown in Figure 5:10(b) may be compared with
Taylor’s theoretical amphidrome in Figure 5:6. However, although the south-
ern amphidrome is located near the centre of the sea, progressive weakening of
the reflected north-going Kelvin-tvpe wave places the second and third amphid-
. romes further and further to the east of the central axis. Indeed, even the
central position of the southern amphidrome is probably partly due to an
enhancement of the reflected wave by a north-going wave entering through the
Dover Straits.

The English Channel and the Irish Sea are relatively narrow in terms of the
Rossby radius. They respond similarly to the incoming wave from the Celtic
Sea. The wave takes about seven hours to trave] from the shelf edge to the head
of the Irish Sea, and a similar time to reach the Dover Straits. The wave which
travels along the English Channel reaches the Dover Straits one compiete cycle
earlier than the wave which has travelled the greater distance around Scotland
and through the North Sea. The large tidal amplitudes in the Dover Straits
(greater than 2.0 m) are due to these two meeting waves combining to give an
anti-amphidrome.

The English Channel has a response similar to that of a half-wave resonator
(equation (5:5)), with a nodal line between the Isle of Wight and Cherbourg.
Tidal levels at the Dover Straits have the opposite phase to those at the shelf
edge. The large amplitudes on the French coast (3.69m at St Malo near La
Rance tidal power station, for the M, constituent) are due to Kelvin-wave
dynamics and local standing wave resonance. Because of frictional dissipation
and leakage of energy inte the southern North Sea, the reflected tidal wave is
much weaker than the ingoing wave. A full amphidromic system cannot
develop because the Channel is too narrow; instead, there is a clustering of
cotidal lines towards a degenerate amphidrome located some 25km inland of
the English coast. _

The large tidal amplitudes in the upper reaches of the Bristol Channel
(Hy, =4.25m at Avonmouth) appear to be due 10 quarter-wave resonance



Figure 5:11 Part of the diagram prepared by Captain W. Hewett R.N., H.M.S. Fairy, illustrating his method of obtaining tidal observations in August 1840
from an anchored boat in the southern North Sea. His observations confirmed the existence of the tidai amphidrome proposed by Whewell from
theotetical arguments. Shortly after these obsetvations were made H.M.S. Fairy was lost with all hands in the great gale of 13 November 1840. This copy is
provided by the Hydrographic Departmeat of the Admiralty.
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(equation (5:6)); the quarter-wave resonant period of the Celtic Sea and Bristol
Channel together has been estimated at slightly greater than 12 hours, close to
but less than the period of M,.

The standing wave response of the Irish Sea is similar to that of the English
Channel. In this case the nodal line is located beiween Wales and Ireland, with
a degenerate M, amphidrome located some 10 km inland from the Irish coast
(Taylor, 1919; Robinson, 1979; Pugh, 1981). Energy is transmitted through this
nodal region intc the northern part of the Irish Sea. Over the northern part the
tidal times are nearly simultaneous, characteristic of a standing wave. The
strength of the reflected wave returning through St George's Channel varies
throughout the spring/neap cycle because of the varying frictional energy
losses, as we discuss in Chapter 7. A small amount of energy enters the Irish Sea
through the narrow North Channel and there is a further amphidrome between
Ireland and the Scottish island of Islay.

The diurnal tides (Figure 5:10(a)), represented by the O, chart, progress
anticlockwise around the North Sea in one cycle with an amphidrome which
may be degenerate, close to the shore of southern Norway. There is little
evidence of shelf amplification or resonance for the divrnal tides:; their maxi-
mum amplitude does not exceed 0.20 m, which is only three times the shelf edge
value. There is an amphidrome west of the Dover Straits and another, slightly
degenerate, in south-west Ireland. The response curves for Castletownsend
{Figure 4:2), located close to the amphidrome, show its effects very clearly:
diurnal amplitude responses have a sharp minimum value. This degenerate
amphidrome is located half of the diurnal tidal wavelength from the head of the
Irish Sea. Throughout the Celtic Sea, the Bristol Channel and English Channel,
as well as in the Irish Sea, the diurnal tide behaves as a standing wave, but
without any tendency to resonance.

(b) The semidiurnal tides of the Yellow Sea, shown in 5:12, may be compared
with those of the North Sea: the main basin has three amphidromes, progressi-
vely displaced from the central axis. The wave which enters from the East
China Sea travels in an anticlockwise sense as a Kelvin wave (Larsen ef al.,
1985). The largest amplitudes are found along the coast of Korea. The
returning Kelvin wave which travels south along the coast of China is much
weakened by energy losses to Po Hai basin and to Korea Bay. As a result, the
amphidromes are progressively nearer the Chinese coast and the third amphid-
rome near Shanghai may be degenerate.

(c) The nearly simultaneous semidiurnal tides observed over more than
1000 km along the east coast of the United States between Long Island and
Florida have been explained by Redficld (1958) in terms of an Atlantic Ocean
tide which is nearly simultaneous along the shelf edge. Standing waves develop
across the shelf, the coastal amplitude being greatest where the shelf is widest, as
shown in Figure 5:13. The smallest ranges occur near Cape Hatteras where the
shelf is narrowest. Extrapolating the values in Figure 5:13 to zero shelf width
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Figure 5:12 (a) O, tide of the Yellow Sea, from a numerical model. (b) M, tide. (From Shen

Yujiang, Numerical computation of tides in East China Sea, Colfected Oceanic Works, 4, 36-44
(1981).)
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Figure 5:13 The relationship between the M, coastal amplitude and the shoriest distance to the
500-fathom depth contour, along the east coast of the United States. The increase of amplitude
with shelf width is consistent with standing wave oscillations at right angles to the coast.
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suggests an oceanic M, amplitude of about 0.4 m. The shelf is too narrow for
any resonant responses to develop. Redfield found that the reflected wave was
slightly weaker than the incident wave because of energy dissipation at the
coast. As a result there is a small progressive wave component, with coastal
tides occurring up to an hour later than those at the shelf edge where the shelfis
wide, off Charleston.

The tides of Long Island Sound (Marmer, 1926; Redfield, 1980) are domi-
nated by a standing wave oscillation which is driven from its eastern entrance.
However, there is also a tidal flow which enters through the East River. The
effect of this flow from the west into the Sound is to shift the antinode where
maximum tidal amplitudes occur slightly to the east of the head of the Sound.
Near to Glen Cove the spring tidal range exceeds 2.6 m.

Further north, the tidal system which develops in the Gulf of Maine and the
Bay of Fundy consists of near-resonant oscillations which produce the werld’s
greatest tidal amplitudes, in the Minas Basin. Figure 5:14 shows how the M,
amplitudes increase from less than 0.5 m at the shelf edge to more than 5.6 m at
Burncoat Head. It has been estimated that the natural quarter-wave period of
this system is close to 13.3 hours, which explains the large near resonant
response to semidiurnal tides, Proposals to exploit the very large tidal ranges by
_building tidal power stations would reduce the effective length of the system, so
bringing the natural period (equation {5:6)) even closer to the 12.4 hours of the
M, tide! For tidal systems near resonance, even small physical changes can
produce large changes in tidal range (Ku er al., 1985). Estimates of the effect of
‘tuning’ the tidal responses are uncertain because the enhanced dissipation,
vital for estimating responses close to resonance, is also uncertain.

A full semidiurnal amphidromic sysiem is developed in the Gulf of St
Lawrence and a further small system appears in Northumberland Strait
between Prince Edward Island and New Brunswick (Godin, 1980). The tides of
the Canadian Arctic are complicated by the many islands and connecting
straits. A local resonance produces very large semidiurnal amplitudes in
Ungava Bay (4.36 m for M, at Leaf Basin). In Baffin Bay a full anticlockwise
semidiurnal amphidrome has been mapped; the diurnal tides appear to behave
as a standing wave with amplitudes of 0.3m at the northern end. The
semidiurnal tides of Hudson Bay, which are driven through Hudson Strait,
show a complex of several amphidromes, with amplitudes generally less than
0.3 m. However, the diurnal tidal pattern, which consists of a single anticlock-
wise amphidromic system is particularly simple.

(d) The Persian Gulf'is a shallow sea which has mixed diurnal and semidiurnal
tides (Figure 5:15(a)). It is a largely enclosed basin with only a limited

Figure 5:15 O, and M, tides of the Persian Guif, based on Admiraity Chart 5081. (Crown
Copyright. Reproduced from Admiralty Chart 5081 with the permission of the Controller of Her
Majesty's Stationery Office.}
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