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ABSTRACT 
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Doctor of Philosophy 

SOME ASPECTS OF THE ANALYSIS OF OFFSHORE STRUCTURES 

by Michael Ebert 

In this thesis, a study is made of the effect of random 

wave forces on self-supporting steel and concrete oil drilling 

platforms. Various methods of estimating the forces on the 

structure, and various ways of idealising both the forces and 

the structure itself, are compared, the- objective being a 

realistic and safe design. 

The sea is here represented by a wave amplitude spectrum,from which 

spectra for the forces on the structure are derived using a 

linear wave theory, in two ways. Firstly, using the well-known 

Morison equation, which requires experimental drag and inertia 

coefficients; and secondly by considering wave diffraction from 

the structural members. A quantitative comparison is made of the 

two methods. Using the diffraction theory, it is possible to 

guage the effect of sheltering - i.e. the effect on the forces on 

one member due to the presence of another. 

The principal structures considered here are idealised as 

plane framed structures ( though the theory is applicable for 

structures with, say, plate elements also ) , and in this 

connection wave forces on inclined frame members are considered. 

This is particularly useful for steel structures. A comparison 

is made between the results obtained by evaluating the forces 

'consistently' and by 'lumping' them at element nodal points. 

In addition, a comparison is made of solution methods which 

ignore certain cross-correlation terms in the equations of motion 

for the response with one that includes such terms, in an attempt 

to show that a fuller analysis is no more difficult, and is likely 

to be safer, than the more approximate methods. 
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Everything gathers unto itself some things. 

And it is a law, that all things must modify, change and 

alter to that which is its host or hostess. 

Now I say and make known to you that you are, and have been, 

within the realms of the most high. 

And for yourself, try to know that you are being made again 

new, but in a new way. 

Understanding will come to you, and clarity v/ill be your 

daily companion; purpose, your beacon. 

And in the peace and tranquillity that must come, it will be 

your strength and knowing. 

"rHAT IT CANNOT HAPPEN THAT YOU V/IIL NOT DNDESSTAXD 

BE MADE PLAIN . BE PATIENT, AND GROW . 



SUIimBT 

This thesis is concernod with the analysis of any ocean 

structiire that can be idealised as a plane frame « Such 

structures include steel framed structures , as well as 

single-leg and multi-leg concrete structures . 

Chapter I gives a general appraisal of ooean engineering, 

in order to emphasise some of the points to be bourne in 

mind when designing an offshore installation . 

Chapter 2 considors various wave theories , and chapter 3 

deals with the application of such theories to the determination 

of wave forces on a structure . Two main methods are considered ; 

an empirical approach as used by Ilorison et al , and an 

analytical wave diffraction theory . Certain conclusions 

are reached about the range of validity of each of the two 

methods . The sheltering effect of some members on others 

is also taken into account . 

Having derived expressions for the forces acting on a structure, 

one must then solve the equations of motion of the system , 

which is the subject matter of chapter 4 • this thesis , 

the forces are evaluated statistically in terms of a spectrum 

of wave amplitudes. It is shown how the equations of motion 

can be solved for consistent element forces ( section 4*4 ) ? 

and three methods are indicated for 'lumped' forces ( section 

4*5 ) . One method treats the coupling between the forces at 



each degree of freedom of the stnictiire ; {another treats each 

degree of freedom independently and superimposes the results ; 

and the third is called a direct transfer function method , 

because essentially it concists of finding a 'transfer function' 

connecting displacements ?:ith wave amplitudes diroctly . Thie 

method appears to avoid some of the approximations involved in 

all the other methods. All the methods are capable of dealing 

with inclined members as well as vertical ones . 

A comparitive study of the various methods of analysis is 

made in chapter 5 , where the computer results are presented . 

Yo summarise , four main noints are considered in'this 

thesis 

Firstly , a comparative study is made of conventional 

frequency domain analyses and a 'Direct Transfer Function' 

technique . 

Secondly , a comparative study is made of two ways of estimating 

the forces on a structure - a wave diffraction thooiy and the 

standard Korison approach . 

Thirdly , the effect of waves on inclined frame members is 

considered . 

Fourthly , the effect of sheltering is considered ( i.e. the 

effect on the forces on a member,of neighbouring members ) . 

The results are presented in Chapter 5 * the conclucions 

follow . 
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I.I GEITEEAL 

The sea contains wealth in abundance. The chart on the 

following page shows that each cubic mile of sea water contains 

up to 25 tons of gold alone and immense quantities of other 

valuable minerals. The chart does not show that the total 

g 

weight of a cubic mile of sea water is about 4. X lO''̂  tons, 

and it does not show the large reserves of wealth under the sea. 

Both these points highlight one fact, namely that while the 

wealth is abundant, man is still left with the problem of 

extracting it. 

This thesis is concerned just with the extraction of oil 

from under the sea, and to narrow the field down further, just 

with the design and analysis of structures capable of fulfilling 

this objective. 

1.2 MT AFTSAISAL THE DKMH/HMBNT OP (#TSHOKB IXniJJHG 

PLATFOMS 

As early as I9OO drilling for oil was attempted in the Gulf of 

Mexico using wooden platforms and wooden piles. The depth of water 

was limited to about 3 metres, and the procedure was that mobile 

platforms were used for exploration and fixed platforms for 

development. 

In I947i the first steel template platform was erected in the 

Gulf of Mexico, this time in about 6 metres of water, 5y I967 

there were some 2000 platforms in the Gulf of Mexico, and the 

greatest depth being drilled in was about II0 metres. 

2 



Approximate Amounts of Minerals in One Cubic Mile of Sea Water 

Sodium Chloride 128,000,000 tons 

Magnesium Chloride 17,900,000 tons 

Magnesium Sulphate.... 7,800,000 tons 

Calcium Sulphate 5,900,000 tons 

Potassium Sulphate.... 4,000,000 tons 

Calcium Carbonate... 578,832 tons 

Magnesium Bromide........... 350,000 tons 

Bromine. 300,000 tons 

Strontium. 60,000 tons 

Boron 21,000 tons 

Fluorine 6,400 tons ^ 

Barium 900 tons 

Iodine 1000 to 1200 tons 

Arsenic 50 to 350 tons 

Rubidium 200 tons 

Silver up to 45 tons 

Copper, Lead, Manganese, Zinc 10 to 30 tons 

Gold....... up to 25 tons 

Uranium..... 7 tons 

From "Treasure from the Sea" by J. W. Chansler. 
Included in "Science and the Sea", U. S. Naval 
Oceanographio Office, 1967. 
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( production drilling ) 

Failures due to collisions and hurricanes amounted to 22 

collapsed platforms and 10 platforms severely damaged. When 

attempting to assess these collapses, it has been said that 

some had "been designed with a calculated risk for a storm with 

return period only 25 yeard* "Others were designed "before 

adequate design procedures were known. Only 3 had "been 



designed for today's accepted maximum storm conditions - a storm 

with a 50 - 100 year return period. 

Today drilling is taking place in depths of some 200 metres, 

and it is likely that the same procedures as are now being used 

will continue to be used to the limits of the Continental Shelf, 

where depths do not exceed about 25O metres. Beyond the Continental 

Shelf, depths increase rapidly, and new design methods may well be 

needed. 

1.3 TTFB8 OP PLA!5KmM 

1.3.1. COanHMJj 

One can classify offshore structures according to a variety of 

criteria - for example, equipment carried, mobility, method of, 

installation, method of support, and so on. From a structural design 

point of view, perhaps the most useful division is to distinguish 

between' bottom-supported structures and floating structures 

1.3.2. BOTTOM ^ SUPPORTED PLATFOmS 

Examples of bottom-supported structures are given in Figs(l,2) -

(1.5) , They consist essentially of a three-dimensional framework 

which rests on the sea bed and through whose legs piles are driven 

and made integral. They are usually floated to the site. In this 

class of structure one should include gravity platforms, which are 

similar in design to the 'Monopod' platform shown in Fig.(l.4 ) • 
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1.3.3. SUmmESIBLB PLf.TPOmJS 

Submersible rigs initially consisted of barges which were sunk 

in shallow water, nowadays their distinguishing feature is that 

they heve a buoyant hull which is used to float the rig to the 

site. On site the hull is sunk to the bottom, leaving a fixed 

platform above. This type of rig is expensive to tow, is limited 

to a confined area, and is limited also to shallow depths of water 

( around 60 metres ) . See Fig (1.6 ) . 

1.3.4. SEMI - 8U3MT3ESIBLE PLATFORMS 

As their name might imply, semi-submersible rigs were designed 

for use as submersible units in shallow water or floating units in 

deep water. When floating, the primary buoyancy is well below the 

surface to minimise the effects of wave action (see section 1.5 

on design criteria ) . But they are difficult to tow , and 

expensive to build, transport and insure. Depth capabilities are 

limited to $00 metres. See Fig (1.7 ) • 

1.3.5. SELF - ELETATIHG OE JACK-UP PIATFOBIS 

The advantage of jack-up rigs is the relative ease of towing 

them into position, by floating them on their platform-hull 

structure. On site, hydraulic jacks or similar lower the legs to 

the sea floor and then lift the platform out of the water. In 

the absence of piles, a large mattress-like structure may be 

needed if the sea bed is unstable. These rigs are very stable in 

operation and can drill to depths of about 100 metres. 

See Figs (l,8 ) and (l.9 ) • 
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1.3.6. FLOATIITG PIATF0EM8 

Floating platforms are likely to be used extensively for 

drilling in waters off the Continental Shelf ( 200 metres ). 

They have been used for some time for production drilling up 

to 200 metres. The main stability criterion is that the drill 

does not deviate more than some 3 degrees from the vertical 

( see section 1.5 ) » and this condition is most easily met 

in deep water rather than shallow water, despite the fact that 

better mooring is possible in shallower waters. Floating 

platforms can be towed to position or can be self-propelled. 

( See Pig (I.10)) . 

1.3.7. THE FUTUES 

Without a crystal ball or Ghurchillian foresight, it is 

hard to know what developments are likely in the future. 

One possibility for drilling in deeper waters is the submerged 

pressure vessel platform, which would be moored to the bottom. 

However, maintenance and habitability ( if applicable ) are 

the two big problems inthis area. 
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I./I. TIIE PEIITCIPAL LOADS Oil OFFSHOEn: irSTALIATIOIIS 

1.4.1. GEITEML 

Before looking at the main design considerations, we will 

look at the loads that might be expected on an offshore structure, 

1.4.2. WAVE LOADIITG 

Considerable attention is devoted to the subject of wave 

loading in Chapter 3. lilBsentially, waves are generated by the 

frictional drag of the wind on the sea G u r f u o e , and their 

properties depend on the time the wind, blows for, the strength of 

the wind, the distance over which the wind blows ( the fetch ), 

and the locality. 

1.4.3. WI3TD LOADING 

Wind loading usually amounts to about 10^ or less of the wave 

loading, although in the case of hurricanes ( winds with speeds of 

about 200 - 2l6 km/h ) it is possible that the wind loading mry 

account for a larger percentage of the total loading, particularly 

before a steady state is reached. The wind forco may be estii.iatod 

from the formula : 

F = C- it ( I.I ) 

where C_ is a drag coefficient 
D 

2 

A is the projoctcC croc, of Ihu obstacle ( m ) 

^ is the density of air ( 1.295 kg/cu.m at 0 dog C,soa level) 

g is the acceleration due to gravity ( ^.6057 m/sec ) 

V is the wind velocity 



1.4.4. CUEllBITT LOADIITG 

Current loads can "be estimated using an expression similar to 

equation ( I.I ) with now replaced by the density of sea water 

( 1025 kg/m^ ), The shear force due to variations of the current 

with depth can he considerable ( produced, for example, by the 

Coriolis force due to the Earth's rotation ) • 

1.4.5. ICE LOADIITG 

In Alaska, ice loading is regarded as more important than 

earthquake loading. It can take three forms - thermal, dynamic 

or static. The static loading case simply requires an estimate 

of the amount of ice on the structure, which can then be treated 

as a vertical load. The dynamic loading case is due to the movement 

of large masses of ice through the water, causing collisions with 

the structure. The thermal loading case is due to temperature 

gradients set-up by the ice. 

1.4.6. IMPACT LOADDIG 

It may be necessary to design against various types of impact 

loading. The berthing of a servicing vessel is an example. 

Movement of submarine land masses is another. Tidal waves is 

yet another, 

1.4.7. EARTHQUAKE LOADIITG 

In California, where much of the research on offshore structures 

has centred, earthquake loading has been a major consideration in 

design. The procedure seems to have been to analyse the structure 



for wave loading and earthquake loading independently. This 

thesis is mainly concerned with the analysis of structures for 

the north Sea, and earthquake loading will not "be considered 

further. 



1.5. BASIC DESIGIT COnSlDERATIOITS 

1.5.1. nTTRODUCTIOIT 

It has been a natural first step to approach the design of 

offshore installations by looking at ship design, since ship 

design has a long history. Ship stability has been extensively 

studied, but new problems arise if the structure has to remain 

stationary rather than move efficiently. A platform does not need 

great mobility, and therefore does not need to be ship-shapod. 

The six degrees of freedom for a ship are shown in Fig (l.II), 

and these will be used to describe the movement of platforms also. 

Ship designers concentrate on eliminating heave, since they place 

some emphasis on their product staying afloat. Roll and pitch 

are also not welcome,because they cause a list or heel or trim. 

In the case of a platform one is interested in eliminating surge 

and sway also. The basic criterion encompassing all these points 

is that the drill should not deviate from the vertical by more 

than a prescribed amount — often 3 degrees. There are other 

criteria - the structure must be functional, structurally sound, 

easy to maintain, habitable (if applicable ), and so en. 

Firstly, a closer look at the factors determining the minimisation 

of the six components of motion. 

1.5.2, KIimilSATIOir OF HBATB, ROLL AITD PITCH ^ 

There are two ways of minimising heave. Firstly, if the structure 

is large in horizontal directions, the forces exerted by waves 

O; 
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tending to lift one portion will be out of phase with those tending 

to lift another, and the structure will not respond to the waves. 

Unfortunately, the wave energy is such that the necessary 

horizontal dimension is 200 - 4OO metres, which is too large for 

most applications. Alternatively, since the wave field varies on 

a smaller scale in the vertical direction, heave can he minimised 

by providing a large vertical extent to the structure. Spar buoys 

are designed on this principle. In addition, the structure should 

have as small a surface area at the water surface, and as large a 

surface area at the bottom, as possible. This is to balance vertical 

pressure forces, and to increase the period of vibration in heave. 

In this way, the period of vibration can be removed to the low 

energy area of the wave spectrum. This can be assisted by the 

use of horizontal fins, which increase the viscous drag, and hence 

the effective mass of the structure, and lead to a lower natural 

frequency. 

Roll and pitch are also greatly reduced by having a large 

vertical extent. 

1.5.3. KIITIMISATIOU OP 8UE(3E AITD SWAT 

The methods used in the previous section for reducing heave, 

pitch and roll are ineffective in sufficiently reducing surge 

and sway. In this case, a large horizontal extent to the structure 

is useful. Multi-legged structures can be effective in reducing 

surge and sway, provided that it is possible to arrange for 

cancellation of tho principle exciting forces. Alternatively, 

multiple-point moorings may have to be used, but these are 



difficult to arrange in deep water. Propeller systems have been 

used, for example in the MOHOLB project (Speiss, Ref I ). 

1,5.4. 

(a) FLIP (Floating Instrument Platform ) (Speiss, Ref I ). 

FLIP is a spar buoy which was designed with mobility in 

mind. Accordingly, it is towed with its long axis 

horizontal, and at the site it is rotated so that its 

long axis is vertical. It is tuned to reduce heave, and 

has a natural frequency of 27 seconds, which is well 

inside the low-energy area of the wave Bpectrum. It is 

not moored, and over a 27 day period with winds in 

excess of 25 km/h, it deviated 64 km from its starting 

position at an average speed of O.I km/h . 

(b) 5BDC0 135 (SpeisB, Ref I ) 

SEDCO 135 is a triangular drilling platform with 100 metre-

sides and supported by three large cylindrical legs, on 

the bottom of which are large foot-like tanks. This 

provides small waterplane area relative to large underi/ater 

volume, and hence gives a low natural frequency i# heave 

and pitch. SEDGO can drill up to 200 metres. 

1*5.5. TOWIHG 

An additional point to remember when designing a structure 

that needs to be towed to its site position is that in tow it 

will be subjected to forces quite unlike those it will receive in'use 



1.6. MlgCELLAinpOUS DE8IGIT C01T8IDBEATI0IT5 

In addition to the points made in section 1.5» the 

following points may need consideration during the design 

process : 

(a) Pile-Structure Interaction 

Are relationships available for predicting the "behavior 

of a structure-pile system under dynamic loading? In 

connection.with this, we need t o know some information 

on dynamic soil properties, with particular reference 

to the site in question. What percentage effect do 

different sites have on the results? Are we justified 

in treating the pile as a beam on an elastic foundation? 

("b) Resolution of the Dynamic Results 

for easy use by the designer. Is it possible to obtain 

an equivalent static load, or is it neeessaiy to perform 

a full dynamic analysis eveiy time? 

(G) Fatigue Failure 

Fatigue due to an ocean environment is a relatively new 

field. In the case of framed structures, fatigue failure 

at the joints is particularly important, 

(d) Corrosion 

¥hat is the effect of corrosion on structural strength, 

as a function of time? 



CHAPTER 2. 3UEFACB GmVITT WATER WAVES 

2.1. Introduction 

2.2. Conservation of Mass and Momentum 

2.3. Airy Linear Wave Theory 

2,4« Stokes Finite-Amplitude Wave Theoiy 

2.4«I. Basic Equations 

2.4.2. Linear Theory 

2.4.3. Second Order Theoiy 



2.1. IITTEODUCTIOIT 

This chapter is' not intended to "be an exhaustive treatment 

of surface gravity waves. There are several good standard 

texts which provide this. The aim here is to set down the 

relevant equations concisely, so that the assumptions used 

for each wave theory can clearly he seen in .elation to 

one-another. 

2.2. MASS JUTD 

In common with other systems, sea water obeys the Principles 

of conservation of mass ( matter cannot be created or destroyed ) 

and conservation of momentum ( llewton's second law of motion ). 

Defining a two-dimensional coordinate system as shovm, these 

two laws can be written as: 

'^P 
4 -

% 
4-

Conservation of Mass 

3 % 

o 

X f t * 
3 TZ3< 

-L 

7 _ X ^ -V 

Conservation of Momentum 

a t 

(2.1) 

(2.2) 

z=«d 
A 

2=0 7 

Depth* a. 

Mean Water Level 

//// // / / / / / / / / / / / / /*" ^ 

Bed 



Here u and w are the horizontal and vertical components 

of velocity,respectively 

X and z are the horizontal and vertical coordinates 

^ is the f]%id density 

X and Z are external body forces in the x and z 

directions, respectively 

P is the fluid pressure 

and are shear stresses on fluid faces normal 

to the 3t and z directions, respectivelLy 

In the case of sea water, all wave theories assume that 

the fluid is incompressible ( which means that « 0 in 

equation (2,1) ) ; and the majority of theories assume that 

the fluid is inviscid (which means the shear stress terms in 

equation (2,2) are zero ), and that the only body force is 

that due to gravity ( which means that X « 0, Z = -g, in 

equation (2,2) ). Under these assumptions, equations (2*1) 

and (2.2) now become: 

— 4- O 

Conservation of Mass, Incompressible Fluid 

^ + w ^ - i I ? 
^ 3)% « 

"2)̂  3 % ^ 

(2.3) 

(2.4) 

Conservation of Momentum, Inviscid Fluid (Euler's Equations) 

24' 



For irrotational flow ( i.e. ^ equations (2»4) 

becomei 

bt 2- V 'dx I Ci^") 
X ^ 

-V- -L 
2- "bz 3 - f £ 

(2.5) 

Euler"s Equations, Incompressible, Inviscid Flow 

The continuity and irrotational flow conditions, equations 

(2,3) and (2.4), can be combined using a velocity potential 4* 

defined by: 

UL=_ M . 

to give Laplace*'s equation 

W c 2>4) 

(2.5a) 

Using the velocity potential, equations (2.5) can now be 

integrated to give Bernoulli's equation: 

% 
4 - - V - ^ 4- J c(j - Consb(2.6) 

Bernoulli"s Equation, Steady. Irrotational, Inviscid Flow 



2.:̂ . AIET LIIISAE WAVE THEORY 

Airy developed a linear theory for waves whose amplitude 

is small compared with their wavelength and the water depth. 

Assuming zero vortioity, the eguations to he satisfied are 

equations (2,3) and' (2,5)» in which, because of the small 

amplitude assumption, the convective acceleration terras 

and 

reduce tot 

are zero, Eguations (2,3) and (2,5) then 

Continuity 

O (2.7) 

"bk c)X. 

b w l l 

T>b 7 

Momentum 

(2.8) 

Mean Water Level 

w Velocity 

T Components 
-I u 

w=sO 
-7" ^ ^ y ^ ir X 



Bqua-fcions (2,7) and (2,8) have to be solved subject to the 

following boundary conditionsr 

At the free surface 

( z => 0, for small amplitude waves ) 

P " 

W = 
(2,9) 

On the sea bed ( z = 0 ) 

w «= 0 

where ^(z,t) is the wave profile. 

Airy assumed that i^(x,t) was sinusoidal and therefore 

expressible in the form: 

j\,(X,t ) = a cos(lac-wt) (2*I0) 

in which k = 2tr is the wave number. Equations (2,7) - (2.9) 
% 

then lead to the following expressions for the fluid particle 

velocity components u and w and the pressure p at depth z j-

u " a w cosh(lcz) cos(kx-wt) I 
sinh kd | 

w = a va sinh kz sin (kx-Wt) 
sinh kd 

(2.II) 

2 
p - p +/'a w cosh kz cos (kx-wt) + f>g(d-z) (2,12) 

^ k Binh kd 

Using equation (2.12) and the second boundary condition 

we can now obtain the dispersion relation connecting w and kr 

" gk tanh kd (2,13) 

3c 



The velocity potential (jj ,used in Laplace's equation, 

equation (2,5a), can easily be shown to be: 

(j? = - a c cosh kz cos (kz-wt) (2.I4) 
sinh kd 

and equations (2.II) immediately lead to the fluid particle 

acceleration components u and w t 

9 2 
u = a w cosh kz sin (kz-wt) 

sinh kd 

w « " — a sinh kz cos (kx-wt) 
sinh kd 

(2.15) 

For any fixed value of %, the velocity aiad acceleration 

components are in phase for all values of z. observing 

equations (2,11) and (2.I5), it will be seen that they vary 

with z according to cosh(kz), which is essentially an 

exponential decay with increasing depth. Thus longer wavelengths 

penetrate more deeply than) shorter wavelengths. The fluid particle 

paths are clli:tir&l, t^e clli^'cs ^cconirr &*cllcr -ith inrz^csi:; 

depth. 

Simplifications arise when d is large or small. This is 
X 

illustrated in Pig (2,1 ), which shows tanh kd plotted against 

If w or d is small ( ), tanh kd kd (shallow water waves ) 
? ^ 2 0 

while if w or d is large ( say d v I ) , tanh kd I (deep 

water waves ), In the first case , w = gk and in the second 

2 2 

w - g d k , From the curves in Pig (2.1 ), it would appear 

that one is justified in using the deep water assumption (tanh kd!0l) 

for water depths greater than 25 metres over a large part of the 

frequency range. 



I'3 D M 

,(K000 
o 
Q 
O 
O 

§ 

3 
CO 

o 
C m 
o 

7Q 
3D 
O 

m 
o 

a 

§ 

CO s 

tS5 
§ 

N 
Ni 
o> 

/SJ 

3 

ma 

TFWHitKCU 
0.14? 0.293 0.440 0,587 0.733 0.880 1.027 
I I I I I I ' 

1,173 
_J 

VI CA 
s 

1-3 6 
O 

ro g 
CO w 

a a 

M w 
M 
ka o 
LS 
•Tl •"d cn 
o 
txj 

td 
r" 

O a 
B » -4 

g 

i 
c) 

Q 

§ 

W 



2.4. STOKES FIITITB AMPLITUDE MATES 

2.4.1. BASIC COUATIOITS 

The linear wave theory predicts closed fluid particle paths, 

and therefore no net transport of the fluid. Observations 

suggest, however, that there is some overall displacement 

of the fluid in many cases. The finite-amplitude wave theory 

can be taken to any desired degree of accuracy to account for 

this. 

If the amplitude of the surface disturbance is not small 

relative to the depth of the water or the wavelength of the 

disturbance, the basic equations are: 

(2.16) 

Continuity 

^ - O 

Irrotation 

"at ixa f I)?: 

3 k ?>% ^ r 

Momentum (Euler) 

or alternatively, equations (2.16) and (2.17) can be replaced 

by Laplace's equation, and equation (2,l8) can be replaced by 

Bernoulli's equation to give r 

(2.17) 

(2.18) 

2,3 



IL-ii -4- iLJl := o (2.19) 

2./1.2. LIITEAE THEOET 

The Stokes first order approximation to the solution to 

equations (2,19) and (2.20) duplicates the results of section 2.3 

for the Airy linear theory. The results are summarised below for 

ease of reference : 

j\{x,t) = a cos (kx-wt) 

a 0 cosh kz sin (kx-wJt) 
sinh kd 

u = a w cosh kz cos (kx-wt) 
sinh kd 

w " a u) sinh kz sin (lac- ix)t) 
sinh kd 

(2.21) 

2.4.3. STOEES 8EG0ITD 0ED2E THEORY 

The Stokes second order theoiy assumes a wave profile 

containing sine and cosine terms in 2(kjc-wt). The free 

surface "boundary condition now has the form: 

' A f . 4 . U ^ 4 r W 2 2 ^ O ( 2 . 2 2 ) 
'<>% 

where the free surface means that p(x,i|,t) = p » constant, 

^ 34-



The resulting expressions fof the wave profile, the 

velocity potential, the fluid particle velocity components, 

the pressure and the dispersion relation are ; 

i\,(x,t) = a cos (kx-wt) + k a (2 + cosh 2kd)cosh kd cos 2(kx-u>t) 
4(sinh kd)3 

(2.23) 

-ac cosh kz sin (kx-Wt) 
sinh kd 

3ka c cosh 2kz sin 2(kx- w)t) 
8(sinh kd)"^ 

(2.24) 

^ " a u>cosh kg cos (kx-wt) + 3(ak) c cosh 2kz cos 2(kx- Wt) 
sinh kd zj(sinh kd)^ 

(2.25) 

w " aWsinh kz sin (kx- u3t) + 3(ak) c sinh 2kz sin 2(kx-tOt) 
sinh kd 4(sinh kd)^ 

(2.26) 

P - ^ g(z-d) - f (a W)^sinh kz + P ga cosh kz cos (kz-iat) 
2 sinh kd GOsh kd 

+ (a w r 
4(sinh kd) 

3 cosh 2kz - 1 
. (sinh kd) 

cos 2(kx~iOt) (2.27) 

w - gk t a n h kd (2.28) 
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3.1 INTRODUCTION 

In the previous chapter , various wave theories 

were considered , the objective being to predict the 

behaviour of surface waves through such information as 

fluid particle velocities and accelerations , pressures , 

etc., 

The next objective is to try to apply this information 

in order to determine the forces on a structure when it is 

subjected to such waves . A commonly used deterministic 

method is to select a 'significant wave' ( Sverdrup and 

Munk , Ref 2 ) , which has a height H defined as the 

average height of the highest third of all the waves 

considered , and to evaluate deterministically the forces 

corresponding to this wave . Statistical expressions can 

be formulated to connect H with H , the average 

height of all the incident waves . 

Alternatively , the designer can start with the 

spectrum of wave energies ( Pierson, Neumann and James, 

Ref 3 ) » and evaluate the forces probabalistically . 

This type of approach is used in section 3.5 • 

In both methods of analysis , wave information has to 

be translated into force information before the response of 

the structure can be determined . This is looked at in 

section 3.5 . But first, let us consider the main forces 

on an obstacle in a fluid , Fluid dynamic forces may 

broadly be divided into two categories - those 

due to inertial effects , and those due to 



viscous effects. In the case of water, compressibility 

effects can be ignored. 

These forces will now be derived using two different 

methods - an empirical approach, as used by Morison et al, 

and an analytical approach, a wave diffraction theory. 

3.2 HAVE PORGZIS PIT VERTICAL CYLIUnjRS - HOaiSOlT'S tlETIIOD 

3.2.1 KOEISOIT'S BASIC B O m T I W 

Morison et al ( Ref 4 ) produced an equation for the 

horizontal force on a stationary vertical in a fluid. 

Modifying this for the case of a moving cylinder, the force 

at depth z takes the foim : 

F(z) - Cg (v-u) + (v-u)|v-u| + Cp V (3*1) 

where is a hydro dynamic mass coefficient 

is a drag coefficient 

Cp is a pressure gradient coefficient 

to be defined later, and 

V, V are the velocity and acceleration of the fluid 

u, u are the velocity and acceleration of the cylinder . 

By suitably modifying the coefficients C^ and Cp 

cylinder shapes other than circular can be analysed. 



Equation (3.1) can also be written slightly differently by 

expressing the coefficients Cg , and Cp in terms of 

three more fundamental coefficients. These will be defined 

by consideration of the inertia and drag forces in the 

subsequent two subsections. 

3.2.2 IITBETIA F0ECE8 BY" MORI SON'5 I.1ETII0]) 

It is found that of the two types of force under 

conci'^oration here - inertia and drac i'orccs — the incrtic forces 

arc the core sirnificant for large lianetcr concrete :.tructurcc, 

tl-̂ at the 'rar forces beconic ac iiznorirrt as the inortia forces j 

cncll'-̂ r c'ianetcr cteol itzncturcE (cee results, rectp 5-4, 

inertia forces are represented by the terms containing 

and Cp in equation (3.1) . The term containing C is 

known as the hydro dynamic or added mass, and is due to the 

pressure produced by the relative motion between the fluid 

and the cylinder. In Appendix I it is shown that the added 

mass force per unit length of the cylinder is given by : 

^ ) (3.2) 

where c... is an added mass coefficient 
AB 

^ is the fluid density 

7 is the volume of the cylinder per unit length 

It is also shown that for a circular cylinder this force 

becomes : 



In other words, c,,, = I in this case. Added mass coefficients 
' AM 

for other shapes of cylinder are given in Appendix I . 

The term containing Cp is due to variation in the pressure 

within the accelerating fluid. This effect is analogous to the 

gravitational buoyancy force and is independent of the acceleration 

of the structure. In Appendix I this force is shown to "be given 

by !• 

Fp = f V * (3.3) 

Equation (3.1) can now alternatively be written : 

F(z) - ( + I )^Vv - (v-u)jv-Ti| (3.1a) 

2 

for circular cylinder. In Chapter 4t it will be shown that 

the terms in u and u in equation (3.1a) merge with the terms 

in u and u in the equations of motion for the cylinder, 

thus leaving only the terms in v and v in %he force term. 

3.2.3 DEAG FORCES BY MORI SPIT'S METHOD 

The drag force term in equation (3.1) is the term 

containing C^ , and is proportional to the square of the 



relative velocity between the fluid and the structure. As 

such it is nonlinear. Some authors ( Malhotra and Penzien, 

Ref 5 ) have replaced the drag term 

Cp ( v-u )jv-u 

"by an'equivalent' linear drag term 

c ( v-u ) (3.4) 

where 
D 

TT 
v-u 

The method used to obtain c , and the rationalisation used 

in the minimisation of the errors involved , is given in 

Appendix I . 

The drag coefficient C is empirical and varies rith the 

Reynolds num"ber ( Re = vd ) along a curve similar to that 

given in Fig (3» I ) . For low Ee , the drag force is almost 

entirely due to skin friction , which exists "because of the 

viscosity of tiie fluid • For high Re , form drag dominates, 

form drag "being due to the loss of pressure "between the upstream 

and downstream faces of the body. 

Fig 3.1 

4-2 
Re vd 



In addition to the drag force parallel to the direction 

of the fluid motion , there will be a force in the direction 

perpendicular to the flow, which is commonly known as the 

lift force. Some bodies, such as aerofoils, are designed 

for maximum lift and minimum drag, but usually the lift 

force is much less than the drag force for regular bodies. 

Another case in which there is a force perpendicular to the 

flow is when vortices are set up in the wake of the body. 

Vortices are shed alternately from side to side, the shedding 

frequency f of pairs of vortices being given in terms of the 

Strouhal Uumber S by : 

f = Sv 
d 

where v is the fluid velocity 

d is a dimension of the structure ( e.g. diameter, 

for a circular cylinder ) . 

The lift force F due to vortex shedding is then : 
L 

•1 -- -L " " ' 
F, = A ̂  V Bin 2TTft 

2 

in which C_ is an experimentally determined lift coefficient, 
if 
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HATE FOECES PIT AIT irCLIKED CTLHTDCE 

3.V1.I ITOBMAL FORCES PIT AIT INCLIimP CYLINDEE 

Morison's equation, equation (3.1), gave an expression 

fox the force per unit length on a vertical cylinder at a 

height z above the sea bed. This was of the form : 

F ( z) " Cg (v-u) + Cg (v-u) I v-u j + Cp v (3.19) 

If the cylinder is inclined at an angle 0 to the 

horizontal, eq;uation (3.19) may be modified to : 

V -u 
n n 

(3.20) 

where the suffix n denotes the component normal to the 

cylinder in each case . 

For example, if the cylinder is stationaiy and has 

circular cross-section, equation (3.20) becomes s 

+ Ct. I ̂  M ̂  — = — n "D ^ n I n 
(3.21) 

where D is the cylinder diameter and G_, is the inertia 

coefficient, often taken as two . 

In terms of 0 , the normal component of the fluid 

particle velocity, v^ , is given by : 

V = u sin 0 - w cos 0 
n 

(3 .22) 



where u and w are the horizontal and vertical components 

of the fluid particle velocity, respectively . 

Fluid Particle Velocity Components 

Local Coordinate System 

n 

Global Coordinate System 

z, w 

X, u 

3.4.2 TAITGCITTIAL FORCES PIT All IKCLIITED GYLIITDBE 

The fluid particle velocity component tangential to the 

cylinder is given in terms of u and w by ; 

" u cos © + w sin (3.23) 

and in terms of v , the tangential force per unit length 

of the cylinder is given by ; 

(3.24) 



where C is a tangential drag coefficient. 
t 

This applies to a stationary circular cylinder.; An equation 

analogous to equation (3.20) is applicable to a moving 

'non-circular cylinder. 

References are few on the subject of flow past inclined 

cylinders, Skjelbreia and Hendrickson ( Ref 8 ) use a 

concept similar to the tangential drag coefficient one, but 

give no mention of how to find the drag coefficient,/ Clearly, 

it is best found experimentally, and, equally clearly, most 

designers probably ignore the tangential force term on the basis 

that the normal force is very much larger ( expeotedly ) • 



3.5 STATISTICAL EDPBZSEITTATIOIT t<AVE FORCES 

3.5.1 IirTBODUCTIOIT 

The sea is very difficult to describe analytically, even 

with very simple models, and modem philosophy accepts that 

it is probably not too important to be able to do so. Today's 

designer of offshore installations has concepts that are perhaps 

more intuitive than the purely deterministic ones. 

It is useful to think of the irregular sea surface as the 

sum of many ideal sine waves of different lengths and heights, 

from which it is possible to count the number of waves of a 

certain height and frequency. The soa is then described by 

a wave height spectrum, compiled from many such observations, 

from which the designer can see the frequencies at which most 

of the sea's energy occurs. 

This Bpoctral characterisation of the sea is now widely used, 

since it emphasizeB precisely those statistical proportioB that 

distinguish one irregular sea state from another. It is also 

useful in calculating the propagation of waves from the 

generating area to the object area. 

The problem is how to relate a wave height spectrum to a 

spectrum describing the force on the structure. This will be 

looked-at in section 3*5.4, et seq , but first we will examine 

the wave height spectrum. 

5 3 



3.5.2 HAVE HEIGHT SPECTRA 

A considerable amount of work has gone into collecting 

data on the sea, and one of the first things to "be done 

was to try to fit the data collected to an empirical 

formula, so that for any given set of conditions ( wind 

speed, locality, fetch, etc. ) it would not be 

necessary to keep taking a lot of measurements. Two of 

the most popular wave height spectra formulae are those due 

to Brotschneidcr ( Eef g ) and Pierson and Moskowitz 

( Eef 10 ). Drotschneider wave spectra are shown in Fig (3.2 ). 

For unit significant wave height, the spectra are given by j 

8 (bj) = I0I2 exp ( - 1035 w r j " ' ' ) (3.25) 

where T^ is the significant wave period. 

Fierson-Hoskowitz spectra are shown in Fig (3. 3 ) and 

are given by the expression : 

" _A_ GXP ( - B ) (3.26) 

The Pierson-Moskowitz spectrum is the one which will 

be used throughout this thesis, and its properties are 

analysed in Appendix 4» where it is also shown that the 

irotcchneiderspectrum agrees well with the Pierson-̂ oskowitz 

spectrum , 

^4-
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The following are some general ohBervations on the form 
I 

of the spectra shown in Figs (3.2 ) and (3. 3 ) : 

(i) Have periods range from about 5 to 30 seconds . 

The energy distribution varies smoothly across the 

spectrum with a principle peak in the period range 

1.5 - 6 seconds ( dependent on wind speed, fetch, 

wind duration, etc. ) , 

(ii) The total wave energy ( area under the curve ) 

increases rapidly with the wind speed , Some authors 

replace B by in the Pierson-Hoskowitz spectrum, 

equation (3.26), where W is the wind speed . There 

is therefore a dependence on inside the exponential 

of the Pierson-Moskowitz expression . 

(iii)There are many waves with frequency greater than the 

peak frequency, but very few with frequency less than 

the peak value . 

(iv) Waves at peak frequency travel slightly faster than the 

wind speed, but the majority of the wave energy appears 

as waves travelling with speeds less than the wind speed, 

(v) Energy does not appear to be correlated from one frequency 

another, which leads to an approximately Gaussian 

distribution of wave amplitudes . 

Having noted some general properties of the wave spectra in 

Figs (3. 2 ) and (3.3 ) , we will now look more closely at the 

properties of the Pierson- Moskowitz spectrum • 



3.5.3 THE PIERSON - MOSKOWITZ WAVE HEIGHT SPECTRUM 

The Pierson - Moskowitz spectrum will later be used with 

the theory of Chapter ^ in a computer programme for 

analysing framed structures subjected to random wave loading. 

The spectrum is described by equation (3.26) and the main 

problem is how to determine the constants A and B . In 

Appendix 4 it is shown that A and B are related to the 

significant wave height H , defined as the mean height of 

the highest third of the waves , and the mean wave period T^ 

by the expressions : 

B = 

A = 

M i 

V 
124 HgZ 

(3.27) 

The significant wave height H can be estimated , for 

a narrow band spectrum , from the most probable maximum wave 

height in a 10 minute interval , , from the expression: 

^Max Ha (3-28) 

The mean wave period T^ is related to the most commonly 

occuring wave period Tq by the expression : 

To = I.41 (3.29) 



T and H are available in contour map form from 
0 Max 

The National Institute of Oceonography ( Ref II ) , 

and so via equations ( 3 , 2 8 ) , ( 3 . 2 9 ) and ( 3 . 2 Y ) the 

constants A and B of the Pierson-Moskowitz spectrum 

can be obtained . 

3.5.4 FLUID PARTICLE VBLOCITT AITD ACCBLBBATlOIT SPECTRA 

In the previous section, the wave height spectrum 

was discussed, and it will now be shown how this can be used 

to find spectra for wave forces . Some statistical definitions 

are given in Appendix 3 . Firstly, it is necessary to 

consider the fluid particle velocity and acceleration and to 

see how they relate to the wave height. 

The horizontal and vertical components of fluid particle 

velocity are given, according to the linear theory, by 

equations (2,11) : 

or 

u = a cosh kz cos (kx-Wt) 
sinh kd 

w = a wo sinh kz sin (kx-40t) 

u = A iv(x, W ) 

w = 3 tv(x, lO) 

(3.30) 



(3.31) 

where uo) is the wave profile • It is known that if 

u and are related hy an equation of the form of equations 

(3.30) f then their spectral densities are related "by an 

equation of the form ; 

sinh kd ^ 

Likewise 

sxnh kd * 

Similarly, a cross-spectral density 1/̂ ) can 'be defined 

2 
q C,.,\ _ vO cosh kz sinh kz _ r,,%\ 

In a like manner, equations (2,15) for the horizontal 

and vertical fluid particle accelerations yield the following 

acceleration spectral densities ; 

I 

sinh kd ' 

S..(W) - g' °°Sh to g 

Biahndl ** 

We can now consider the spectral density of the normal 

fluid particle velocity u^ to a cylinder inclined to the 



horizontal at an angle © , Recalling equation (3.22) of 

section 3«4*I , we know that : 

11 - u sin 0 - w cos 0 = u'- w', say (3.22a) 

w 

u 

Fluid Particle Velocity Components 

The spectral density of u^ can then be written : 

^ u ("J) 
n n 

to^cosh kz siu^O - 2 u/sinh fcz cosh Icz ain^ COB& 

2 2 
W sinh kz cos 

8 (to) 
nn-̂  *• 

sinh kd 

(3.33) 

Similarly, the spectral density of the fluid particle 

normal acceleration u^ is given by : 

n n 

UJ^cosh^kz sin^0 - 2 vo^sinh kz cosh kz sin ̂  cos 0 

W^sinh^kz oos^B 
8 (LV) —— 

sinh kd 

(3.34) 



Graphs of S (vj) , , 0 ( ^ ) , and 8 ( ^ ) are 
tm" vrirr ^ vai ^ 

given in Appendix 8 , along with graphu of 
u u 
n n 

( w ) 

for various values of 

The graphs of S 
uu 

, the angle of inclination, 

and 8 

the fact that if z is large compared with d then 

sinh kz = cosh kz ( i.e. tanh kz = I ) , since all the 

spectra are the same . 

Using this assumption in equation (3.33) , we can write 

n n 

2 2 
u)- cosh kz 

2 
sinh kd 

sin^ G" - 2 sin 0 cos 6 + cos^0 

( w ) 

.2 ,2, W cosh kz 
2 

sinh kd 

— Sin 2 ® 

J 
44" 

(U/) 

(3.33c:) 

which shows that the spectrum of the normal fluid particle 

9 = /5 ('c; 

.';ic cxoreLSion lo 

2 
:.cinr-

- ^ 

y UJ- in 

L =4,1- U c o'Dtaincd. by 

(a/-



Equations (3*31) - (3.34) will be used in the next section 

to find the necessary wave force spectral densities . 

3.5.5 WAVE POECE SPECTRAL DEITSITIB8 

In sections 3.2, 3.3 and 3.4, various expressions were 

derived for the force per unit length on a cylinder immersed 

in a fluid ( equations (3.1), (3.12) and (3.2l) ) . 

(a) Consider first the Morison expression, equation (3«l) . 

To avoid over-complicating the notation, the cylinder will he 

assumed to be stationary, and in Chapter 4 it will be seen 

that if the cylinder is moving it does not affect the theory 

of this section . Thus the Horison equation can be written : 

P . K * + C v|v| (3*35) 

where K = Ĉ^ ̂  V , G - I P 7 , and is the 

inertia coefficient ( containing the added mass coefficient ) , 

which is often taken as 2 , 

Borgman ( Eef 12 ) derived an expression for the 

autocorrelation function of the force P as given 

by equation (3.35) • This is of the form ; 

o( E ^ ( r ) / cr/ ) + (3-36) 

( statistical definitions are in Appendix 3 ) 



in which Cf (r) ( 2+4r^ ) arcsin (r) + 6r 
2 

•r /"IT 

and < r ^ - fs^Cuo) dui 

Jo 

This reduces to : 

B ^ ( T ) - (3-37') 

on making the approximation G (r) = 8 , 

TT 

Transforming equation (3.36) gives the spectral density 

of P : 

S ^ ) ( W ) - 8 ^ ( W ) + 8 ^ ( W ) (3.38) 

TT 

Inertia 

S ( W ) and S.,(u>) were discussed in the previous 
w w 

section , For an inclined cylinder, S^(v3) and 8 ^ ( w ) 

are given by S ^ ( W ) and 8. . ( W ) , respectively 
n n ^n^n 

( equations (3.33) and (3.34) ) . For a vertical 

cylinder, these expressions can still be used, although 

in this case they reduce to the simpler expressions 

S^^(io) and S^^(to) , respectively ( equations (3.31) 

and (3.32) ) , 

/ / 



Cb) Consider next the diffraction theory expression for the 

force on the cylinder , equation (3,12) ; 

ft-ti'l 4 cosh kz W ) (3.39) 

k { j Binh kd 

where for simplicity only the ineitia term is being 

considered here ( This is thought to be a reasonable 

assumption. In most ocean engineering applications, the 

inertia term dominates quite considerably over the drag 

term. Equation (3.39) leads to a force spectral density 

given by : 

Superfixes D and m denote spectra for the diffraction 

theory and Morison's theory, respectively . 



3.5.6 A COKPAEISOIT EEmillEn MOEISOIT AHD DIFFEACTIOIT 

TnEOET SPECTBA 

(a) It is interesting to compare equations (3.38) and (3.40) 

for the force spectral density by Horison's equation and the 

diffraction theory, respectively. Rewriting equation (3.38), 

2 

taking only the inertia term, and replacing K "by 2^TT a , 

we get, for a vertical circular cylinder : 

s W ( u , ) = 4 ^ ^ oosh^lc. (3.^) 

Ginhrkd ** 

while the diffraction theory gives t 

k 

f w f _ _ c o s l A _ _ _ (3.42) 

These are the spectral densities of the force per unit 

length of the cylinder. The corresponding expressions for 

the total force on the cylinder are obtained from equations 

(3.13a) and (3.14) and are : 

(3.43) 

F ( ^ ) = 4 tanh^kd 8 (**) 
Tot Tot 94 

(b) The two force spectra given by equations (3.41) and (3.42) 

/ 



have been plotted on a graph plotter for a range of cylinder radii 

a from 0,1 to 20 metres . The force spectra have then "been 

II 2 

oL ( W ) with a peak at 

1,07 radns/sec to yield a displacement spectrum corresponding 

to each force spectrum. In this way we can attempt to identify 

some of the parameters affecting the response. Some of the 

curves may be seen in Figs ( A5«I ) - ( ) together with 

a detailed discussion of the curves in Appendix 5 • The curves 

for one particular cylinder radius, 5*5 ra » are given overleaf 

in Figs (3.4 ) and (3. 5 )» and these will serve to illustrate 

the main points to be made . Refering to the force spectra in 

Fig (3.4) » it has been found that : 

(i) for cylinder radii up to 4 m » the diffraction theory 

response is larger than the Horison theoiy response, 

(ii) the Morison theory response is larger over most of 

the frequency range, except near the force spectrum 

peaks, where in any case resonance would occur if the 

frequency response curve centred there. In the curves 

given, only one frequency response curve was used, and 

that had a peak at I.07 radns/sec., but from the curves 

it is clear that the displacement response depends 

mainly on the position of the peak of the frequency 

response curve, rather than the peak of the force 

spectrum. 
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(o) Returning to equations (3.41) and (3.42), Walker 

( University of Southampton, private discussion ) suggested 

comparing the two force spectra "by dividing one by the other, 

thus eliminating the dependence on the wave height spectrum 

S ( w ) « This gives : 

(3.44) 
( w ) 

Tot Tot 

Clearly, if ^ I for some ka , then the diffraction 

theory force spectrum is greater than the Horison force 

spectrum , Curves of ^(ka) against W for various 

cylinder radii are given in Fig (3.6 ) ; and in Pig (3.7 ), 

a curve of against W is given, where is the 

frequency at which the Morison spectrum and diffraction 

theory spectrum cross over. 

The curve of ^f(ka) against V/0 is of little value on 

its own, since it merely tells the designer which of the two 

force spectra is the greater. This is of no use without 

knowing the absolute value of one of the spectra at the 

frequency under consideration, and how the a'bsolute value 

compares with the peak value. Accordingly, one needs the 

force spectra curves as in Fig (3.4) in addition to the 

curves given in Figs (3. 6) and (3.7 ) before proceeding 

with the design. In most cases, it is likely that the 

structure will be overdesigned using the Mori8on force spectrum. 
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3.6 THE EFFi'JCT OP SIIBLTZEirG 

1.6.1 GETERAL 

In BGCtion 3,3 , a diffraction theory was presented 

irhich was able to pro diet the inertia force on a single 

vertical cylinder in a fluid . As an extension of the sin̂ lG 

cylinder case , Spring and Lonlcnicyer ( Eef 2o ) concidered 

the interaction of plane raves uith tiro vortical cylindors , 

for varying angles of incidence of the waves with the lino 

of ccntres of the two cylinders , These authors presented 

non-analytical curves giving the force ratio ( i.e. the 

force on one cylinder due to the presence of the other , 

divided "by the force on the same cylinder in the ahsonce of 

the other ) against a spacing parameter ( i.e. the cylii.c!er 

spacing multiplied by the I'ave number of the incident I'ave ) . 

3.6.2 Ai: .'JTALYTICAL FCRCTZ; R'.l̂IO CUIW3 FCR rLUrS FILIL 

Chis study is limited to plane frames , and it ras thoU(,ht 

to be of interest to sec what cffect sheltering has in this case. 

In order to apply the diffraction theory to practical ezamples , 

it is best to fit an analytical curve to the force ratio v̂ rcue, 

spacing parameter data . Spring and Lonlaneyor observe that tbeir 

graphs appear to be 'not unlike Dessol Functions' , and a very good 

fit to their graph of the force on the front cylinder due to the 

back one is found to be given by-the curve : 

F( ks ) = I.O + I T ( 1.55 ks - 1.45 ) (3.<5) 
3 



where P ( IcB ) 

k 

0 

( Boe Fig 3.8 ) . 

is the force ratio as defined, above 

is the Tsve ntunber 

is the Gpacing botrcen the tro cylinc'erB 

is a BesBel function , the zero 

order wobor function 

th 

The effect of the front cylinder on tho back one is an 

order of magnitude lesa and will not be considered further . 

Tho first peak of the curve defined by equation (3.45) 

occurs at ks = 2,5 ivhere F(ks) - I.17 Thus if 

s = 40 m , as in the case of the 4-log platform of section , 

2.5 then k 
40 

O.O625 and W = 0,78 rad/e The 

second peak occurs at ks 6 .7 , T'here P(ks) = 1.10 

If s = 40 m k 0.017 and vO " 1.28 rad/E 

Let UB consider where these two peaks occur in relation to 

the wave amplitude spectrum and the frecruenoy response function 

peaks , in the case of the 4-lGg platform cited above . 

Eefering to Fig3.9 , it is clear that the first two pealcs of th( 
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force ratio curve will not roinforce either the wave amplitude 

Bpeotrum or the frequency response function . This is boumo-

out in the results ( see Table 5.2 , section 5./).2 ) , I'here 

it is seen that sheltering causes at most a increase in 

the displacement response . 

3.6.:̂  TEE IKPORTAITCE OP SIIELTEBinG 

Prom Pigs 3.8 and 3«9 , can predict that the effect 

of sheltering will he most pronounced when the first peak of 

Fig 3»9 coincides with the peak of either the wave amplitude 

spectrum or the first mode frequency response function . 

Using the -̂leg platform of section $.4*2 as an example , 

we observe that : 

(i) if the leg spacing is hold fixed at ,<0 m , a 

structure with a fundamental frequency of about 0.8 

rad/s will be most affccted by sheltering 

(ii) if the fundamental frequency is held fixed at 1.55 

rad/s , a structure with a leg spacing of about 10 m 

will be most affected by sheltering 

In general , a designer can got a feel for the problem by 

using the two equations : 

2 
vu = gk tanh kd 

ks = 2,5 , 6.7 , et( 
(3.46) 

from which s can be found knowing vc , or 

can be found knowing e . 

Here LO may be either the wave amplitude spectrum peak 

or the frequency response function peak . 



3.6.4 FOUR - LEG PLATFORMS 

This thesis is mainly concerned with the analysis of 

plane frames , and Fig 3.8 shows that sheltering can 

account for as much as I7^ of the force on the front cylinder 

in the presence of the back one , in a plane frame situation . 
* -

Similar curves can be drawn giving the ratio of the force 

on one cylinder in the presence of another for situations 

other than plane frame ones , notably Zf-leg platforms , such 

as the one shown below . 

Dire^ion of 

Wave Incidenc ^ 

Plan View of 

4-leg Platform 

I © 

The interaction of cylinders I and 2 , and cylinders 

3 and 4 , has been mentioned in the proceeding sections , 

A curve representing the interaction between,cylinders I and 

3 , and cylinders 2 and 4 , shows that this interaction 

effect is an order of magnitude less than that existing 

between I and 2 , over most of the frequency range , 

which suggests that a plane frame idealisation is a reasonable 

one , at least as far as the sheltering effect is concerned . 

( Thanks are due to 8. Walker of the University of Southampton 

for valuable discussions on the sheltering problem ) 
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4.1 inTRODUCTIOIT 

In this chapter, consideration will be given to the response 

of framed structures to random wave loading. Frames are a 

particularly important type of ocean structure, and in this 

thesis they will be idealised as multi degree of freedom plane 

frames. 

In 1963 f Harris ( Eefig ) approached the problem of 

random loads on multi degree of freedom systems when he 

considered wind gust loading on a line-like structure. His 

method was to decompose the equations of motion using a normal 

mode approach. Malhotra and Penzien ( Ref 5 ) used/'a 

similar approach in considering the response of offshore 

structures to random wave loading. In this approach, the 

dynamic deflections of the structure are broken-down into a 

number of elementary deflections or normal mode shapes, each 

of which behaves as a single degree of freedom system. It is 

possible, therefore, to see what contribution to the total 

response comes from each mode. 



This chapter , then , starts "by considering the equations 

of motion of the structure , and outlines the normal mode 

method for solving them. 

Consideration is then given to the representation of the 

force system on the structure . Section 4«4 looks at consistent 

nodal forces for "beam elements and how they can be related to 

the force spectral densities that are needed for the solution 

process of section 4«3. Section 4*5 looks at three different 

ways of treating the forces by considering them to be 'lumped' 

at the nodal points of the structure. Two of these are similar 

to the consistent force representation in that we attempt to 

form force spectral densities for use in the theory of section 4«3< 

The third method avoids doing this by solving the decoupled 

equations of motion explicitly for a particular forcing frequency 

(J) , and using the 'transfer function' thus obtained to provide a 

direct link between the unknown displacements and the known wave 

eunplitudes . The method appears to avoid most of the aBBTimptione 

made in section 4,3 for the other two methods. 

The chapter closes with a single degree of freedom example , 

which serves to illustrate the multi degree of freedom theoiy 

and also to act as a useful test example for the chapter on the 

computational results . 



/1.2 TEE EQUATIONS OP MOTIOIT 

Using the finite element formulation, a multi degree of 

freedom system can be represented by its equations of motion 

in matrix form ; 

M X + C X + K X = P (4.1) 

The global mass, stiffness and load matrices, M , K 

and P f respectively^ are made up from the element mass, 

stiffness and load matrices, which are of the foim ; 

k - ) D 2 d(Vol) 

m = 
—s (4.2) 

T 
^ 2 

giving m x + c S + k x = f (4.3) 

where Cg is proportional to a linear combination of 

k and m 
— 8 — 8 

The load vector £ is in this case the vector of all the 

hydrodynamic forces, which according to equation (3.20) is 

of the form : 

p " Cg ( v-u ) + ( v-u ) I v-u j + C p V (3.20) 

( considering only the component of force normal to the element ) 
"AAr-



For notaiional reasons, the cylinder velocity and 

acceleration u and u , respectively, have been changed 
• #e 

to X and x . Writing the element velocities and 
# «• 

accelerations x and _z in terms of the nodal point 

velocities and accelerations x and x 
—n —n 

j " «. .. 
-<p Zn 

and assuming that fluid velocity and acceleration v and 

V follow the same variation, equation (4*3) gives : 

£ = Sfi ̂  % Sn ^ - £d Bp (4.4) 

The matrices m_ , m , Ic , m_ and c_ are all given 
H ' —s ' — s ' — P —D 

in Appendix 6. Substituting equation (4»4) into equation 

(4»3) and taking terms in x and x to the left side 
—n —n • 

of the equation, the equations of motion for the element 

are 

( =8 + 3 % ):^ + ( + Cg )%% + 1 ^ 2 - k b + ap)Zn + 5 * % 

(4.5) 

-n 

or m x + c x + k x 

in which the force term f now contains only the fluid 

velocity and acceleration terms and no terras involving the 

motion of the cylinder . 

(4.6) 



For the complete structure, equation (4,6) is summed over all 

the elements to give : 

IK + c X +]E X - F (4.7) 

4.3 noamL MODE RBMHOD. I2&DIHG SU THB IKSPLAMaomT 

SPBCT&kL lEnSITT IM TEHKS OP TKB F^mCE ZHSBTEAL 

DEITSITY 

4.3.1 CQBnHMJj 

The normal mode technique has been used for some time for 

a variety of problems, and has some big advantages over other 

methods. Perhaps the biggest is that it enables the designer 

of a structure to get a 'feel' for its behavior, since the 

reponse of the structure is considered to be a sum of the 

responses in the normal modes . 

In random vibration analyses, not all methods require the 

eigenvalues of the system ( for example, 'step-by-step' 

methods ) , but in practice the eigenvalues are a useful 

preliminary guide to a structure's behavior . 



4.3.2 noa&AL MopE ]%%% cms DispiACEMinm 

SPECTRAL DENSITY 

The normal modes and natural frequencies of a multi degree 

of freedom structure are found by considering equation (4»7) 

with no damping term and no force term, i.e. 

M X + E % = 0 (4.8) 

The structure will oscillate at its natural frequencies tO 

i f 

X = — X 

in which case equation (4.8) becomes : 

( K - M ) % - 0 (4.9) 

The response of the structure X is then given by 

X = A a ^ A . ( 4 . 1 ° ) 

ta) 

where q^ are generalised coordinates and A is the 

matrix whose columns are the eigenvectors of the system 

of equations . For offshore applications, only the first two 

or three vibration modes are important, so that s = 2 or 3 

in equation (4.10) ( in fact, the first mode usually contributes 

SI-



over 85 ^ of the total response ) . Replacing X tiy A g , 

X "by A jg; , and X by A £ , and premultiplying each term 

"by A"̂  , equation (4.7) can be written : 

T 
A M A 

«. 
a + 

" T 
A C A a + 

—. -J 

A"̂  E Al a " F (4.II) 

or M a + C g + E a - F (4.12) 

where M ^ _C , and K are diagonal matrices, 

( Here the assumption is made that the damping matrix C 

is orthogonal with respect to the eigenvector matrix A ) 

Equations (4.12) are now uncoupled and can be written 

down as separate second order differential equations for 

each mode : 

"i'i + Ci Si + K. q. (4.13) 

Taking the Fourier transform of equation (4,14) gives : 

( - iO M. + 1 VOC. + K. ) Q. - G. 
1 1 1 1 1 

(4.14) 

in which Q. and G. are the Fourier transforms of q. 
1 X X 

and y respectively . Equation ( 4 , 1 4 ) holds for the 

i th generalised coordinate, and similarly for the j th 

generalised coordinate we find : 

( - ii. + i w c . + K. ) q. - G. 
J J J J 0 

( 4 . 1 5 ) 



Taking the complex conjugate of equation (4.15) yields : 

( - W M . - i v o C . + K . ) "Q. - G. 
J J J J J 

(4.I6) 

/\ A 
where Q. and G. denote complex conjugates of Q. 

0 J J 

and Gj , respectively. Using the usual notation for a 

single degree of freedom system, we can write : 

W 2 ^ 
K, 

Mj 

(4.17) 

K. 
G . =» 2 ̂  
J J tA>. 

and express equations (4.I4) and (4.I6) in terms of two 

transfer functions oC-i^) and o^.(u3) thus : 
^ J 

Si o(, a. 

A A 
(4.18) 

where 

/ \ 

(—I + 2il(lWi + ^ i ) K. 
vo ^ 

'' VC? ^ 

(4.19) 

Multiplying equations (4»l8) together gives an expression 

for the cross spectral density of the generalised coordinates 



i and j , 

Sg(i| j ) " ^ ^ j (4.20) 

or in matrix form : 

Sg(i,i) SQ(i,2) ; . 8^(1,1) 

8^(2,1) 8^(2,2) . . 2 80(2,1) 

• 

'Q\ 

\ 
fi. 

= si 2o ^ (4.20a) 

The spectral density matrix is related to the 

spectral density matrix of the untransformed forces by 

the transformation : 

T 
A SpA (4.21) 

Inserting equation (4.21) into equation (4,20a), the 

spectral density matrix of the generalised coordinates £ 

is found . The spectral density matrix of the displacements 

X in the original coordinate system is now given by the 

transformation ; 

S 
—X 

T (4.22) 



If we choose, we can write equations (4.20) - (4.22) as : 

S 
—z 

A 
, m A 

olA S ^ A U ,T 
(4.23) 

which connects the original forces to the original displacements 

4.2.3 A DIAGONAL FOBI FOR TEG SPECTRAL DBHSITT llATEIX 

OF TEE GEITEEALISBD DI5PLACEM3TIT G 

Returning to equation (4.20a), considerable simplification 

results if only the diagonal elements 

A 
o C ^ Sgfifi) o ( . 

are considered , The off-diagonal teiros 

( i / j ) 

will in general be small, since for an offshore structure, 

the peaks of the frequency response curve are veiy well 

separated. In this case, therefore, equation (4.20) 

reduces to : 

8^(1,1) . SgCi.i) (4.24) 



in which 

K. 

2"' A o 
w 

I -

L 

w 

w. 

S is now diagonal and the solution of equation (4.23) 

is much simpler . 

However, we still need to compute the force spectral 

density in equation (4.21) . Consistent nodal force 

spectral densities for "beam elements are the subject of the 

next section, and there is no reason in principle why force 

spectral densities for other elements should not be" included 

in the same way . Three ways of 'lumping* nodal forces are 

discussed in section 4.5 • 

1% 



CONSISTENT HOML FORCE SPECTRAL DENSITIES FOE 

BEAM ELEI'IEETS 

In Chapter 3 , it was shown that one can express the 

spectral density of the wave force per unit length on an 

immersed cylinder in terms of the spectral densities of 

the fluid particle velocity and acceleration, and 

ultimately in terms of the wave height spectral density. 

We will consider the two methods used — the diffraction 

theory and Horison's theory - side by side, firstly for 

a vertical cylinder and secondly for an inclined cylinder, 

and use them to derive expressions for the cross spectral 

density of two consistent nodal forces . A consistent 

element nodal force for a prismatic beam element is 

defined by integrating the force per unit length at depth 

, F ( Z ^ ) ( as given by either the diffraction theory 

or Morison's theory ) , over the submerged length of the 

element, with an interpolation function g^(z^) as a 

weighting function . 

Hence 

4 

^i = F(z^) g(z^) dku (4.25) 

i 
^I 

where is measured in element local coordinates 

( along the beam ) , 

Equation (4.25) will now be used to derive expressions 

for the cross spectral density of two consistent nodal 

forces P. and P. . 
1 .1 

4?. 



4.4,1 THE SP]]CTML DEITSITY OF GOITSISTElfT ELEMMT NODAL 

P0BCB5 A VEEHCAL 

The spectral density of the force per unit length on a 

vertical beam element, is given by equations 

( 3 . 3 8 ) , ( 3 . 4 0 ) fwa ( 3 . 4 1 ) : 

c* (r;^ s^(vu) 

4 fcO'^ 4- 8 c^ cr̂  
TT 

SSShJbSf, El^(k)) (4.26) 
sinh led 

+ DRAG TEEM coGh kz Vg (wo) 

sinh kd. V)' 

From these, the cross spectral density of two consistent 

nodal forces P. and P. (as given by equation (4»25) ) 
^ J 

IS 
1 J 

r^2 

5p"^(i,j, «A)) -

r 

1 J 
G. (%,) G\(z.) 
i X J J 

^ Cj <y;(zj (%(,,) 

( 4 . 2 7 ) 

X S^(i,j,K;) + E. Kj 8_(i,j,w;) 

A A 
dz.dz . 

1 J 

g.(.,) Sj(Sj) 4 K.K. cosh kz. cosh kz. 
'/ '/p- 8 / T •) 1 p 2 ^ 
k a TT (ka) sinh fcd 

X S (u)) cos k( x.-'x. ) dz. dz . (4.28) 
^ J 1 ' 1 J x'f / 

q 



in which 

VO cosh kz. cosh kz . 
__i a 

sinh kd 

VAj cosh kz. cosh kz . 
• I.I 1 I il 

sinh kd 

S (UO) COB k(x . - X . ) 
9% J i' 

(4.29) 

J ^ 

4.4.2 TEE SPECTEAL DEITSITY OF COUSISTEITT ELCM3TT ITOmL 

F0ECE8 FOR AIT IITCLIITED BEAM ELEI'IEITT 

Only the Morison theory will be considered here. The equation 

for the spectral density of the normal force per unit length on 

an inclined cylinder is equation (3.38) : 

TT 

^ (4.30) 

where in this case, S and 8.. refer to the normal 
' w w 

velocity and acceleration on the cylinder, respectively, and 

are given by : 

8 ^ ( W ) - 8^ ^ (UJ) 
n n 



2 2 2 2 
W cosh kz Bin 0 - 2 (/j sinh kz cosh kz sin (9 cos & 

2 2 2 
+ sinh kz cos & ' J " ) 

Binh kd 

(4.31) 

S„(1A>) . ^5 4 ( " ) n n 

2 2 * 
cosh kz sin 6 — 2 sinh kz cosh kz sin 0 cos 0 

2 2 
4" Binh kz cos 6 (4.32) 

sinh kd 

The cross spectral.density of two consistent nodal forces 

P. and P is then given by ; 
^ j i . 

'Zf =2 

5p(i,j,w)) - sj-i) Ej(Sj) 
TT 

0 , O . R ^ U . X R U . P 

X 8 (i,j,W) + K K 8. . (i,j,W) 
' n n 1 J % n 

(4.33) 

da.da. 
. 1 J 

in which 

n n 
ooBh kz cosh kz . sin 6, sin 

^ J 1 L, 

+ Binh kZĵ  Binh kẑ  ooe 0^ ooe ̂  

( sinh kZĵ  oosh kz . sin 6 cos 6% + sinh kz . coeh kz. sin 0. mln 0 ) 
^ * J 3» 1 ^ 

X w 

2 
Binh k d 

COB k( Zj - ) (4.34) 



and 

S 4 4 (i,3.<^) • 
n n 

cosh kz. cosh kz . s i n ^ . B in ^ 
i J 1 J 

+ sinh kz. sinh kz, COB cos O 
i j 1 j 

( einh kz. cosh kz . Bin 0, cos 0. + sinh kz . cosh, kz sin G gin ) 
i 0 0 i 0 ^ ^ J 

11)̂  8 (UJ) \ 
.3^ \ooB k(%/-]c ) (4*35) 

Binh^kd j' 1 

Clearly, equation (4.33) will reduce to equation (4,27) in 

the case in which the cylinder is vertical ( sin = I , cos B « O), 

since in this case the components of S ^ ( w ) and 
n n 

S. ^ ( W ) which are due to the vertical velocity of the wave 
% n 

particles then vanish . 

The problem of integrating equation (4.33) is an algebraic 

headache . This is done in Appendix 7 . 

9T 



21./;. 3 THE OVERALL JIODAL FORCE SPECTRAL DEIISITY FOE 

THE COMPLETE STRUCTURE 

Equation (4.33) gives the spectral density of tw^ nodal 

forces i and j taken from two elements ( possibly 

the same' element ) . For the overall nodal force cross 

spectral density "between two forces i and j , it 

is necessary to sum terms such as these over all the elements 

meeting at the nodes corresponding to i and j. 

This gives : 

Sp(i,j,to) - ^ ^ Sp( i , j' , LC) (4.36) 

n m 

in which S^( ((O) is giveh.by equation (4.33) , 

and represents the cross spectral density of nodal force 

i from element n and nodal force j from element 

m . 

Some results from a programme based on the consistent force 

theory are given v̂ ith the rest of the computational results 

in Chapter 5 

=1̂  



4.5 'LUI.IPED' FOECB SPEGTEAL DENSITIES FOE BEAR ELEMENTS 

4.5.1 GEHEEAL 

In the previous section, consistent nodal forces for team 

elements were considered, and it was seen that veiy 

complicated algebra arises when deriving the spectral densities 

of these forces. This is principally because of the occurence 

of the interpolation functions in some of the expressions that 

have to be integrated. 

An alternative approach is to lump the force on each beam 

element at it's nodes. Three different ways of doing this, 

of varying degrees of approximation, are now considered. 

In all cases, the modal decomposition technique, described 

in sections 4.I - 4»3 , is used. Progressing from section 

4.5.3 to 4.5.6 , the three methods are of increasing 

simplicity, and it is hoped that it will be possible to show 

that the simplest of the three methods is sufficiently accurate 

to be useable in subsequent analyses. Computer programmes 

based on the three methods are given in Chapter 5 • 



4.5.2 'LUMRKr EUQmNT ]%EC^ FOR A BBWl EUQEBT 

Before cosidering each of the three methods in turn, 

let us cosider again the force on a typical beam element, 

say element r , of a structure. 

Rewriting equations (3»2l) and (3.22) , we get fo3? 

the force per unit length F ( z ) normal to the cylinder a t 

height z above the sea bed ; 

I \ 
(1.25') 

where 

V = u sin B - w COB 
n r r 

(4.26) 

u = COB (kx:-u>t) 
sinh kd 

w . ^ Bin (kx-m) 

Binh kd 

Typical Element r 

w Velocity Components 

^ îiii u 

X 



Inserting equation (4»26') into equation (4 ,25') gives 

F (z) = r K a W 

sinh kd 
cosh kz sin (kx-Urt) sin 0^ + 

sinh kz cos (kz- vJt) cos (?. 

r fi 
b / \ 
^ cr;.(z) a w 

sinh kd 
cosh kz COB (kz- vDt) sin 0 

sinh kz sin (kx- W t ) cos 0 (4.27") 

The total force F„ on the r^^ element is found ty 

integrating F (z) over the length of the element, and 

dividing this by 2 gives the total normal force which 

th 

may he considered concentrated at each node of the r 

element : 

P. 
IT 

a tO 

2 sinh kd 
sin (kx--u>t) sin 0_ 

kz. 

cosh u du 

kz r 

r* kz. 

+ cos (kx- U?t) cos Q sinh u dli 

a uo 

2 sinh kd 
cos (kx- wjt) sin © 

1=2 

(z) cosh u du 

kz^ ^ 

sin (kx— W t ) cos © 

kz. 

^-^(z) sinh XL du 

kz. 

(4.28) 



in which u = kz . Performing the integrations yields s 

E a K) 

2 sinh kd 
sin (kx- W t ) + cos (lac- u3t) 

An- ̂  ̂  

2 sinh kd 
cos (kx- vOt) - sin (kx™ W t ) (4.29^ 

where 

= Bin ( sinh kz^ - sinh kz^ )/ k - sin (1^) 

Q a cos G ( cosh kz- - cosh kz ) / k « cos Q (l ) 

E 

2 -"I 

((Tg- 0^ ) 

k 1 

_ , (cr^ro;) 
COS ((frlT + 21 

* ^ ^ k l 

r \ 2' 

kz. 

u sinh u - cosh u 

u cosh u — sinh u 

kz. 

kz. 

kz^ 

(4.3d) 

From this, the horizontal and vertical components of 

F-j are given hy ; 

K a u) 
Fg (VJ) . -2 

H,V 2 sinh kd 
^r ^r u>t) + A cos(kx- u>t) 

(4.31^ 

r »lT\ a w 

2 sinh kd 
E^ cos (kx— W t ) — A sin (kx- W t ) 



where 

A 
sin 0 ^ , for the horizontal component, suffix H 

cos @ , for the vertical component , suffix ? « 

F, 
N, 

(4.32') 

F, 
N. 
H 

Horizontal and Vertical Nodal Force Components 

Having derived an expression for the element nodal forces, the 

following three section's will he devoted to different ways of 

combining them in a spectral analysis . 



.̂5.3 'LUMPED' FORCE Aj'Ĵ nOACM. IGNORING OFF-UlAGOfrAL 

TKKM8 IN B^UATlOM (4.21) ( Programme 8PECTAI In Chapter 5 ) 

Having icloaliGGcl the forces on a Btructuro by a-pplyinc 

thorn at the nodes the host representation of those forces 

will presima'bly "be given "by consiclering the cross-spectral 

densities of all these forces . With this in mind , we can 

start with the force at each node of element r , as given 

"by equation (/I.Sl") , and wo can say that the force at any 

node i of the completo stmctnro is given by adding together 

the contributions from all the elements such as r mooting at 

that node i . 

P. ( w ) = 
,̂11 2 sinh kd 

W sin (]=K- UJt) + 008(1=:-Wt)j 

V. COS (kz- wjt) - W. sin (]cx- Wt) 

in which 

T. 

j=I ' s ' 

j=I J J J 

• ' • & ' ' 
j=]: 

c4 



IT. 

W 
1 ^ ^ 

and N is the number of elements meeting at node i . 

Collecting sine and cosine terms , equation (4.33*) may be written; 

F (LU) 
*H,V 2 sinh kd 

W^A?) sin ( kz- W t) 

( — ir̂ u) ) cos (kz-wJt) (4«33a) 

which may now be written in terms of a single sinusoidal wave &s s 

îjj 2 sinh kd """i 
sin (kx-tOt + ) (4.33d) 

where 

X. =» 
^ M 

( T. 
1 

^ Wj.) ̂  + ( n, + 

" Tan ^i 
"g' 

1 ^ 

T. 
1 H 1. 

The cross-spectral density of two nodal forces F. and F, 

is now given by ; 

k 

8pp(i,k, W ) = 
7 3 1 '1 

(4.35^ 



/1.5.4 LUMPED FORCE EEPEBSEifTATIQ]: , C0N5inBE]3G BACH DEGREE 

OF FREEDOM I17DEPEIJDEITTLT ( Programme SPECTA2. Chapter 5) 

Equation (4*31') gives an expression for the nodal forces on 

a typical element of a structure . Proceding as in the previous 

section , the horizontal and vertical components of the i th 

nodal force can "be written down in the form : 

- 2 Binh kd ( ta- u>t + T. ) 

where 

^i 
UJ ( 

^ P 
— w.) + ( u . w + 
If 1 1 , I V ' 

T, • Tan 
1 

-I 
U. VO + 
1 N 

? V 
IT 1 

''i - j l "i 

and ; in this case , are due to the contribution 

from one element only and are given "by r 

"r ''r 

^ 

"r 

w. \ ^ °r 



As "before , t i and 

are given by equations (4»30^) and (4,32^) . 

Hence the spectral density S^(i,i,tO) of is 

given "by : 

Spp(i,i, W ) . — ^ x / 8__(vQ) (4.3^) 
4 sinh kd ^ ?? 

We can consider the response of the structure to this forcing 

spectrum alone , and then repeat the process for all the other 

degrees of freedom of the structure over all the other elements 

( a total of 4 X ( The number of elements) times ) , In 

this way , we can compare the analysis using the fully-coupled 

force spectra , as described in the previous section , with the 

analysis using uncoupled spectra , as described in this section . 

In order to appreciate the resulting simplifications that arise 

in the theory by using the uncoupled force spectra , let us return 

to equation (4.23) , which gives the matrix of displacement 

spectral densities S in terms of the matrix of force 
-cc -

spectral densities 5̂ , : 

C 



4, - A 

A 
.T 

(4.37^ 

For the tincoupled analysis , we replace 8̂g,( lO) "by : 

0 
o 

0 

o 

( 4 . 3 d ) 

0 

This gives for the matrix of spectral densities of the 

generalised forces : 

2(3 - i " ' S p A 

^11 ^21 A31 

^12 ^22 A32 

^13 ^23 

O 

0 

O 

Sp(i,i) 

^11 ^12 ^13 

^21 ^22 ^23 

^31 S 2 

-t t 
^Bt gna 

Mode Mode 

Shape Shape 

Og 



^11 ^12 ^13 

^12 ^il *i2 ^12 ^12 ^13 

^13 *il ^13 ^12 ^ 3 ^13 
X 8p(i,i,u)) 

(4.39^ 

Hence the matrix of spectral densities of the generalised 

displacements ^ is : 

^ 2 

A.3^1 C4j2 

I Sp(i,i) 

(4.4d) 

where we have ignored off-diagonal terms in ^ and . 

Finally, the matrix of spectral densities of the original 

displacements 8^ is given "by : 

S " A S A 
—X — ~°Q — 

which when expanded leads to 



s 
—I 

^11 ^12 ^13 

^21 ^22 

r 
A 
il '̂ 11 *2I *3I 

'I2 ̂ 22 3 2 X 8g,(i,l) 

(4.41*) 

The diagonal terms of S are the ones needed for the 
—X 

nodal point displacements . These are given "by : 

S^(k,kj to) h a ^ / ^il -^\2 W 

2 2 
+ A. A. 

loi in 
oL 
n 

X 8 ^ ( 1 , 1 , W ) (4.42^ 

n 

A , / I "Cl 

j.I 

S^(i,i, w) 

( ) 

where n is the number of sicnificant natural froquencjOB 

of the structure ( dependent on the sea spectrum S^^(VA?) ) . 

Integrating 8 (k,k, W ) with respect to ^ gives the 

variance of the displacement at coordinate k due to a forcing 

epectrun at coordinate i . procsGB mtmt Tx; repeated for 

forces P at each coordinate i and the results 

superimposed . 



4.5.5 A *DIEECT TEAIISEEE MJITCTIOIT' TEGIETIOUB ( Profrramme 

8PECT3 in Chapter 5 ) 

(a) The previous two sections dealt with methods of analysis 

in which the spectral density matrix of the forces is first computed 

and this is then used to evaluate the spectral density matrix 

of the required displacements. 

In this section , we solve the equations of motion 

explicitly at a frequency uo and from this , attempt to find 

a transfer function Z^(tO ) connecting the displacement 

with the wave amplitude î ( x^ , W ) for each degree of 

freedom i , i.e. 

X. ZjCk*) ]}( X, , W ) (4.53) 

or in terms of the two spectra 

8^ 2 ( U») W ) 8 ^ ( W ) (4.54) 

(b) A modal decomposition technique will be used , where 

in this case we need to know the form of the forcing function 

exactly. Starting with the equations of motion for a structure 

composed of inclined members ( equation'(4»7) ) • 



M X + C % + E % = P (4.55) 

where the force vector P is composed of forces F. at 
— 1 

each coordinate i . is made-up of the contributions 

from all the elements meeting at coordinate i and has 

already "been derived in equations (4*33') and (4»34') 

2 sinh kd 
JT. sin(lac-ujt) + U. cos(kz-u3t)n 

(4.56) 

cos (kx- W t ) - sin (kx~ vJt)^ H . , , . , 
I t T 

Due to vertical components Due to horizontal 

of vel. and acceleration components 

Decomposing equations (4.55) using a modal technique , 

we arrive at equation (4.12) t 

T 
A M A a. + 

T 
A C A a + A'' K A 

-

a - F = g ( 4 . 5 7 ) 

which leaves n uncoupled second order differential 

equations of which the i th is*: 

"i Si + '"i "i - & (4.58) 

where is in this case given "by 

U z 



This may in turn be written : 

F. - \A) 
1 

Bin (kz- W t) + Q cos (k%- v)t) 

+ W R. sin (kx- vJt) + S. cos (kx- vJt) (4.59) 

in which n 

j=I 

Q; 

j=I 

R. 

n 

^1 

3-1 

n 

3-1 

V "3 

^ " 3 

V "3 

V '3 

X 

2 Binh kd 

2 sinh kd 

2 sinh kd 

T 

2 Binh kd 

(4.60) 

("b) Instead of Fourier transforming equation (4.58) , let us 

solve it for the case of a forcing function given hy equation 

(4*59) • In this way , we can hope to derive a 'transfer function' 

"between displacements and wave amplitudes. 

The solution to equation ( 4 . 5 8 ) will consist of a 

transient response ( the solution to the homogeneous equation ) 

and a steady-state response (due to the forcing function ) « 

Considering just the steady-state response , we look for a 



solution of the form : 

^i ^i ( k i - w t ) + Bin (kx-cot) (/3.61) 

Inserting equation (4.6I) into equation (/].58) and. 

equating coefficients of sin (lex- vOt) and cos (ics-U't) 

2 2 
ra. tO A. — vOc.B. + Ic. A. = vu Q. + w j S . 
1 2. D L X X X X 1 

2 2 
m. vu D. + uJc.A. + k. B. - uO P. + vJE. 
X X X X X X X X 

Solving these two equations for A. and B. and. 

(4« 62) 

simplifying the results gives : 

w 
+ W Qi ) ( I- TT? ) + + vO ) 

W 
uo 

c / LO^ + k. ( I - ^ ) 
Ui (4.63) 

w 
k. ( R. + w P. ) ( I 5" ) - c ui ( 8 + to Q. ) 

1 1 
W 

2 2 . / T \ 
c. Wv •? ( ^ "p' / 
1 1 

Inserting A and into equation gives 

the required, response q̂ ^ which may now be written : 

114-



(kz-iot + 0 ) 

in whioh 

g 
1 f\j 

\ • 

A.^ + and. G - Tan \ ) 
B. 

In the eipresBione for A. and B. , W . is the 
1 1 1 

i th natural freguoncy of the structure and. is related, to 

the genoralised. BtiffnesB and. masB "by the equation 

W 2 . A 
i m 

Equation (4.6/̂ ) gives the generalised. d.isplacement q̂^ 

corresponding to a surface d.istur'bance rj = sin ( l ac - uot) 

In spectral form , wo can therefore write : 

s ((^) = (T.(Lo) s ( w ) (4.65) 
i j J 

( for i , j =1,2,3, . . , , n^ ) 

Finally, the original displacements % are given hy 

the diagonal terms of S : 

8 = A 5 ( since z = A q ) 
X X — —rrq — ^ ^ . 

(4.66) 

15" 



4.6 SING^ DEGm# OF fTmBDWI STS!n&B 

4.6.1 INTRODUCTIOIT 

Some offshore structures may conveniently "be idealised as 

single degree of freedom systems • This enables the designer 

to do a hand calculation in order to check his more 

sophisticated analytical techniques . Typical of such a 

structure is the single leg platform , one of which is 

analysed in section 5«4 , example I , using the three 

computer programmes of chapter 5 • This will now he analysed 

manually . 

4.6.2 EXAI'IPLB : 12 m DIAPIBTBR 5IITGLB LEG PLATFOEI-I 

The characteristics of the platform are given in Example I 

of section 4.5 • We first need the mass M and stiffness K 

of the equivalent single degree of freedom system . Assuming a 

quadratically varying deflected shape for the structure , i.e. 

f ( Y ) " ( Y ) ̂  

the mass M is given "by : 

M =» ( m + m ) 
a V 

nd pi . 

( Y dg + m I { ~ dz + Mp ( Y )'̂  
0 ^ J a 1 | z = l 

. 6.990 X 10^ kg 

where m = mass per unit length of concrete (kg) 

m = mass per unit length of displaced water ( k g ) 

Mp a mass of platform (kg) 



The stiffness K is : 

E B I 

l3 V 

•i 

a. 

o 
1.10 X 10 F/: m 

Hence the natural frequency W of the system is 

V/O K 
M 

1,25 rad/sec 

The damping constant % is then given by 

B 2 M W 
d 

in which G„ - C 
D 

T 
TT (r^(z) ( Y ) ̂  

0 

^ ^ is the structural damping , in this case O.O5 

°d /"w ^ 

D 

<r^%) 

" 6150 kg/m'' 

LO^ COGh kz g 

0 sinh kd 

and 5 (vu) is the wave amplitude spectrum , in this 

case the Pierson-Moskowitz spectrum ( Fig 3*3) 

Clearly , we need to use numerical integration to find 0^(2) , 

which is then inserted into the expression for , which in 

turn is inserted into the expression for ^ . Curves of (r^(z) 

against z and (T* (z) against 0 are given subsequently , 

From these , we obtain : 



6150 
8 
IT 

H (130)4 V 

r ioo 

0 

. 1$ II 

5^ (T (z) dg - 1.226 I Io5 

0 . 0 5 0 0 + 0 . 0 0 8 1 - 0 . 0 5 8 1 
® 2 M W 

( c.f. 0.0574 in the computer programme ) 

Using the above values of K / and "6 , the frequency 

response function oL ( w ) 2 is now calculable : 

( I - (4^ ) ) ̂  + ( 2^ 
% u> 

n 

Depth , z(m)l 

100 

Depth , z(m) 
100 

Area= 3*569 X 10 sq 

2.5 X 10 
V J z ) 

V 



We next calculate the force spectrum S^(cO) which is 

found from the formula : 

- 1 
Cj w'* 

2 
sinh kd u V 

cosh kz f ( Y ) ̂  

sinh kd 

Inertia 

2 Term 

Drag 

Temj^ 
2 

cosh 

L~0 

kz (r^(z) f ( Y ) (^ 

X 

N,.B» Caution is needed with the inertia and added masB 

coefficients • In the notation of this thesis , G„ = 2 

( inertia coefficient ) and = I ( added mass coeff, ), 

The added mass joins the structural mass on the left hand side 

of the system of equations . Thus = 0^ in the above 

expression » Other authors take = I , = I , in 
k 

which case we need to take C_ » C. + C„ in the expression 
I A H 

above . I 
Inserting the appropriate numbers , re get : 

sinh lOOd 
^^(u> ) + <^Drag Term^ 

where td^ p ?nn 
I " ( sinh lOOk ) ( — — + —5— ) — ( cosh 100k ) — r 

k k^ k^ 

A diagram of Spp( ̂  ) against 10 is shown overleaf • 



0 . 2 5 I 10 

Multiplying the curve above with the frequency response 

curve for ^ = 0 , 0 5 8 , shown on the following page , gives 

the spectral density of the displacement , i.e. 

V " ) " oC{ u?) S f ] , ( ) 

and hence the variance of the displacement is : 

,00 

0 

Clearly , 8 ^ ( W ) and |ol( vO )j have to he 

evaluated for a series of values of W , and then the above 

2 
equation has to be numerically integrated to find (T^ • 

The final result for or is 

cr q 0 . 8 5 2 m 
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DISPL.C: 

'LO.OOO 

BZSPCySE SP3CTBA TOE J.LBICUE D^JIPirG 

(hirve Danpirg 

I O.OI 

2 0.02 

3 0.03 

4 0.04 

5 0.05 

6 0.06 

• 7 O.OT 

8 0.08 

9 0.09 

10 O.IO 

0.217 0.435 0.G52 0.870 1.304 
V ( R A D / S E 7 

1.522 1.739 

Jz &_ 

1.957 2.174 2.391 2.G09 



4.7 MEMBER STRESSES 

From a design point of view, one of the most important 

things to know is the member loads, from which member sizes 

can be deduced. Sections 4.3-4.5 were concerned with the 

calculation of the standard deviations of the displacements 

at each degree of freedom, but clearly this information is 

insufficient in itself to enable the designer to evaluate 

the member stresses, since the standard deviations do not 

take into account the direction of the displacements. 

Accordingly, the analyst can proceed in several different 

ways. 

One way is to return to the mode shapes of the structure, 

which do take account of the directions of the displacements, 
S 

and to use these, together with the standard deviations of 

the displacements as scaling factors, to calculate the 

required stresses. In practice, it has been found that all the 

structures considered in this thesis respond almost entirely in 

the first mode, so that the displaced shape of the structure 

is practically a scaled first mode shape. If other modes are 

important, the modal participation factors, which are found 

early on in the analysis, can be considered. 

Alternatively, one can consider the relationship between 

member stresses and displacements. For any member of the 

structure, there exists a relationship connecting the loads in 

the member with the nodal point displacements. This is of the 

form : 



P = B X 
—e —e —e 

(4.67) 

where and X are vectors containing the element 

loads and displacements, respectively. For a beam element, 

such as the one used in this thesis, both vectors contain 

6 elements. The spectral density containing the covariances 

of the element loads is therefore given by : 

Sn = B S« B 
e e 

(4.68) 

The standard deviations of the element loads are now 

given by ; 

jSp duo 
Ai e^ 

( 4 . 6 9 ) 

( 1=1,2,. . . ,6 ) 

The elements of the matrix have been derived earlier, 
0 

and equation (4.69) therefore gives the required solution. 

In practice however, the computer core store required to 

perform the operation of equation (4.69) is often prohibitive. 

2-4" 



CTLiPTEB 5 : TIZ: CCI Ar..LY2T5 OP PL'J:]) FR/iIZ:: 

SUBJlGiaD TO B.ITDCi: ..AVE LOIDIT-Q 

5.1 Introduction 

5.2 Oonoral Programme DoBcriptions and Plor Chart: 

5.3 User Instnirtionc 

5.4 Lzaraplcs and Results 

^./.I A Gin[;le-Leg Platform 

5.<^.2 j'our-Loc Platform ( AI'JOC typo ) 

5./, 3 Stool-Pramod Platform 

5.5 Comments 
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5.1 TITTEODUCTIOTT 

Chapter 3 concomocl rith methods for evaluating; the 

forcG on a Gtructure due to a cea state doGcrihod by a rave 

amplitude spectrum . Chapter 4 then considered the effect 

of applying such forces to multi degree of freedom syctems , 

which one has vihen using the !?inite Element Lothod . 

Several computer progrcmiuos have been written , based on 

this theozy . Results from these programmes is given in 

condensed form in the Tables in section avoid 

confusion only two programmes vrill be considered in detail , 

but a complete list of all the programmes used is as follo"G : 

(i) A '^rcruency Domain' method ( see Introduction to 

Chapter ^ ) , in rhich the element nodal forces are 

evaluated 'concistently' ( section /./] ) « 

The other three programmes all ararme the element nodcl 

forces to be Irrord at the nodes ( r,ection . 

(ii) A 'Prcguency Domain' method in which all the element 

nodal forces are assumed to act simultaneously ( section 

4.5.3 ) . This method is similar to that used by 

I'lalhotra and Penzien ( Eefs. 5 ) . In our case , 

off-diagonal terms in th^ frequency response matriz 

( equation /.20a and section 4*3,3 ) P-re ig::orod . 

This is called pro{;ramme 5PLCTAI in section 4*5«3 » 

(iii) A 'Froguency Domain' method in which all the element 

nodal forces are applied independently and then superimposed 



( section ) . This UEos similar theory to the proviouE. 

programme is called . 

(iv) A 'Direct 'francfor lAinction' method ( see Introduction 

to Chapter 4 ^̂-zid Loction ) « Zlcnent nodal forccG 

aro asoiimed to he It/inped at the nodes . This i& progranuo 

SPUCTAS . 

The cozsiGtcnt force projranne , prorrcnro (i) , hac "been 

fotnid to jive very similar results to programme SPZJCTAI ( T O 

Table 5.1 ) , and 5P:;CTA2 is a simplification of SPLCTAl . 

Thus , the main comparison is between the 'Froc;iioncy Domr.in' 

method SPZCTAI and the 'Direct Transfer Function' nothod 

5PZCTA3 . To avoid proliferation , only those tro i.icthods rill 

be discussed in detail . Results from all the pro[,rammos are 

however ^iven in the Tables . 

5.2 pRCGiiiirz: :r:&C2i?Ticy5 Aip ?LC.. c:: 

The logic of the two programL'ios considered , SPUCTAI and 

8P2;CTA3 , is best described by flow charts . The programmes 

are written in POETlL/JJ and have been run on the University 

of Southampton ICL IpO? and ICL 297O . 



FLOWCHART . PROGRAMMES 5PECTAI AND SPECTA3 

This page applies to both SPECTI and SPECT3 . For the 

remainder of SPECTAI , proceed to the next page , and for 

SPECTA3 proceed two pages . 

( START J 

Input Data ( see user's data sheet ) 

Initialise Global Mass, Stiffness and Damping Matrices 

Calculate Added Mass per Unit Length, and Total Drag 

_and Inertia Coefficients, For Each Member (EquationO.Ia)) 

Y 

Calculate Standard Deviations of Fluid Particle 

Velocities at Each Node ( Subroutine SI6VEL ) 

Assemble Global Mass, Stiffness and Hydrodynamic 

Damping Matrices, M, K, and C, respectively . 

Apply Boundary Conditions ( Section 4.2 ) 

Evaluate Highest Natural Frequency That It la 

Necessary To Consider, F^ ( Dependent on #ave 

Amplitude Spectrum ). Find Natural Frequencies 

( up to ) and Mode Shapes ( An Iterative 

Procedure, Subroutine EIGEN ) . 

Normalise Modes With Respect To Mass Matrix ; 

Diagonalise M, K, and C . ( Section ) 

Add Structural Damping To Damping Coefficients 

and Change To Proportion of Critical Damping 

Move on I page for programme SPECTAI 

Move on 2 pages for programme SPECTA3 

V 



5PECTAI 

ir I loop Over The Number of Significant Frequencies 

V 

I Evaluate Integration Points, According To Natural 

} Frequencies 

A 

laiop Over Integration Points 

Calculate Spectral Density Matrix S^^ At Frequency u> 

( equation (4.35') 5 subroutine SPECT ) 

^ = A * SpF * A Form Triple Product 

( equation (4.21) ; subroutine SFSTAR ) 

Form Matrix of Spectral Densities of Generalised 
T 

Displacements S^ = A S^ A 

( equation (4.22) ; subroutine SUU ) 

Numerically Integrate Diagonal Terms of 

Give Variance of Response in Each Degree of Freedom 

8^ TO 

No 
End of Integration Points? 

lYes 
No 

End of Significant Frequencies? 

^Yes 

Print Standard Deviations of Displacements 

L_ Calculate Standard Deviations of Member Stresses 

END 



5PECTA3 

Evaluate Integration Points 

I Loop Over Integration Points 

Evaluate Nodal Forces ( i.e. coeffs ; 

equation (4.34') ) for Each Nodal Degree of Freedom 

Evaluate Generalised Forces ( i.e. coeffs ^ j [ » % » j _ » 

equation ( 4 . 6 0 ) ) 

Evaluate 'Transfer Function' q̂ ^ ( W ) ^ 

( equations (4.6l), ( 4 .63 ) , (4 .64 ) ) 

Evaluate Matrix of Spectral Densities of Displacement 

Responses ( equations (4.65),(4*66) ) 

( » ) = [q^Cw) 

5% = A Sg A 
T 

Numerically Integrate Diagonal Terms of Z 

Give The Response In Each Degree of Freedom 

To 

No ' "\ 
; End of Integration Points 7 

Yes 

Print Standard Deviations of Displacements 

Calculate and Print Standard Deviations of Member 

Stresses 

( End 



5.5 USER INSTRUCTIONS . PROGRAMMES SPECTAI M P 8PECTA3 

The input data is identical for both programmes . 

DATA 

I. Single Card Containing : 

Number of elements , NEL 

Number of nodal points , NNP 

Number of reactions , NREAC ( see 3 below ) 

2, Single Card Containing The Problem Title 

3. One Card For Each Nodal Point ( NNP cards in all); 

containing : J 

Node number { 

x~coordinate ( parallel to sea bed ) in metres | 

y-coordinate ( vertical from sea bed) in metres: 

i 

if. Two Cards For Each Element ( NEL times in all ) j 

containing : i 

(i) member number | 

node number of end I ! 
I 

node number of end 2 I 
2 

Young's modulus of the material, E (N/m ) 

second moment of area, I (oA) 
2 

cross-sectional area of concrete, A (m ) 

mass per unit length, m (kg) 

( i.e. cross-sectional area X density ) 

displaced volume of water per unit length, 
% 

V (m ) ( zero for members above the 

water surface ) 

FORMAT 

3II0 

20A4 

110 

2FI0.3 

3II0 

$FI0.3 

(ii) sheltering factor ( i.e. the length ; 

between the element under consideration FID.3 

and the one that is assumed to be causing 

a sheltering effect - see section 3»6 ! 



DATA FORMAT 

5. One Card For Each Reaction ( NREAC cards in all ) 

containing ; I 

number of fixed node ' 

direction of fixity ( fixity specified by : { 

1 - x-direction I 

2 - y-direction I 2II0 

3 - rotation { 

6. Single Card Containing : > 

water depth (m) i 

parameters A and B of the Pierson-Moskowitz j 3FI0.3 

spectrum ( see Fig 3.3 ) 1 

7. Single Card Containing : j 

added mass coefficient , C i 
' am I 

inertia coefficient, C^ | 3FI0.3 

drag coefficient , C^ j 

8. Single Card Containing : | 

proportion of critical damping due to structural j FI0.3 

action , 
I 

9. Single Card Containing : 

number of additional sea spectra to be analysed for 110 

NSP 

10, One Card For Each Additional Sea Spectrum ( NSP 

cards in all ) , containing : ! 2FI0.3 

Pierson - Moskowitz parameters A, B | 

1 
The maximum allowable number of elements, nodal points, etc., 

is determined by the dimension statements and data statement at 

the begining of the master segment. For a structure with 66 

nodal points the listing is as given in Appendix 9, and the 

programme then occupies ^8K of core store on an ICL 190? 

computer. 

3 2 



5.4 EXJmPLES AND RESULTS 

The computer programmes described in this chapter 

will now be examined by considering three examples = 

a single-leg concrete platform , a four-leg platform 

idealised as a plane frame , and a steel framed platform , 

The first two examples are used to provide a comparative 

study of the different methods of analysis ( described in 

chapter 4 ) , and of the diffraction theory against 

Morison's theory ( described in chapter 3 ) • The third 

example is more complete ( for which thanks are due to 

Halcrow-Ewbank Ltd., London ) , and allows for the 

utilisation of the theory for inclined cylinders ( Chapters 

3 and 4 ) . The descriptions of , and results from , the 

three examples occupy the remainder of section 5*4 , and 

the conclusions derived from the results are presented in 

section 5.5. . 

The single-leg platform is described in section 5.4*1 

and is included for several reasons . Firstly , being 

very simple , it is cheap and easy to run , and it is 

very easy to check by hand . It therefore provides a check 

on the validity of the methods used . Secondly , many 

offshore structures respond primarily in the first mode , 

and therefore a single-degree-of-freedom system may well be 

sufficiently accurate , at least for a preliminary analysis. 

Thirdly , some single-leg platforms have been built in 

their own right. 



The four- leg platform described in sect ion $ .4 .2 

provides a useful t e s t for the importance of the drag 

force r e l a t i v e to the i n e r t i a force , and of shel ter ing , 

as well as the e f f e c t of cross-corre lat ion terras in the 

response , which are c lear ly more important in the 

four- leg platform than the s i n g l e - l e g platform . 

The s t e e l framed jacket described in sect ion 5»4«3 i s 

included primarily to make use of the inc l ined cylinder 

theory , but the r e l a t i v e contributions of the drag and 

i n e r t i a terms can also be estimated for t h i s case . 

Some results from studies of the three structures 

of the following three sections are given in Appendix 9 , 

together with a listing of programme SPECTA3 ( section 4*5*5 ) 

,34 



A SII7GLE-LEG PL/iTFOEM 

This f i r s t example i s a s ingle- log concrete platform, similar 

to the 'Konopod' platform in Fig 1.4 , some of which have teen 

built in shallow rater. In s e c t i o n 4*6, this structure was 

analysed using a single degree of freedom approximation, ifhich gives 

a crude check on the val idi ty of the computer programmes. The 

structure and i t s f i n i t e element idealisation are shoim in Pig 5.1, 

together with other necossary data. The platform consists of a 

cylindrical concrete column with oxtemal diameter 12m and a 

concrete or s tee l deck, and has teen divided into 6 hoam elements. 

The objective i s to ma]:e a comparison hetroen the /) computer 

programmes summarised in section $.1 , for ono particular coa Ltate 

described by the Pierson-i'IoBlzoritg ;'ave amplitude spectrum I'ith 

A=2«56 and 3=0.0299 (see Fig3.3) , which corresponds to & 

signif icant wave height of iS.^m . The standard deviation of 

displacement at the top of the platform i s used for the comparison, 

and i t s value i s computed by the Korison theory and the diffraction 

theory, both including the drag force and neglecting i t . The 

principal results are summarised in Table and Pigs 5 .2 - 5*5 , 

where bending moments, shears, etc . are i l lus trated . 

In a l l cases, the structure responded almost entirely in the 

f i r s t mode, the contribution from the second mode being about 2̂ .̂ 

A comparison between the Morison theory and the dif fract ion theory, 

and an estimate of th" ef fect of the drag force, i s dealt with in 

section $.$ . 

^5 
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Jf Mean Later Level 

100m 

X V V V V V Sea 3od 

J I , 

12n 

, - 1 7 
6 

4 

3 

2 

1 

Wave height spectrum ; Pierson-Moekowitz , S (uj) = A_ exp(-B ) 
9% u>4 

Concrete : 

w i t h A = 2 . 5 6 , B = 0 . 0 2 9 9 

density , f>̂  =2.503 X 10^ kg/m^ 

cross-sectional area , = I8.I m* 

mass per unit length , ra = = 4.53 X 10^ kg 

Second moment of area , I = 380 m^ 

Displaced volume of water per unit length ( submerged section 

only ) = 113.0 

Drag coefficient , = I 

Inertia coefficient , = I ( 'Added mass' coefficient 

also assumed to be I , i.e. overall inertia 

coefficient = 2 ) 

Structural critical damping ratio ^ = 0.05 

II , _ 
Young's modulus , E = O.I6 X 10 

Pig 5 .1 : Slnjle-Leg Concrete Platform - Ideal ioation And 

Gonoral Data 



' - ' I Dicplacencnt 3tai icLard. Deviation at Top, (r) Pondan^ntal 

ITatural 

Freruercy 
1 r^tbo& 

Incl'u.c'.in.c Drar; 
( Korison Chsozy ) 

I'ithoTit Drag 

Pondan^ntal 

ITatural 

Freruercy 

1 

Incl'u.c'.in.c Drar; 
( Korison Chsozy ) ^orison Diffraction. VO ( Zcc/s ) 

1 

1 'Direct Tr&nsfer 

Bhmction' Ilethod., 

1 Projrarinie SPZCTA2 

1.430 1.245 0.643 

' 

1.0772 

I'Frcruorcy Dorain I'rtho "' 
, f]:ojrc,C3e 6fZ]C?AI 

t(ljtL-3oJ_ Blonr^at PorcGS, 
Conc/idezecl Tojoth^r ) 

o.9<]: 0.819 0.491 1.0772 

'Prcrncncy Dorain I'ethc'' 
, Pro^ra. ire SF".C7A2 

' (lrr.pe&. Zlenent Foicec , 
' ConaiAcroJ. In.c'epenl.or'?.-
1 

0.809 0.704 0.402 

' 

1.0772 

! 'Treruency Dcrain I.ethn '' 

' (Coneictent nriit Poic" 
1 

:) 0.951 
0.827 0.495 1.0772 

I 

I Tccice of 

?reoCon ^i-rozi^ction 
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Displacement 
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Fig 5,3 ; Bending Moment Distr ibut ion, Single Leg 

Platform ( Programme SPECTA3, Including drag, see Appendix 9) 



1.43m 

Fig 5.4 : Displacement Shape, Single Leg Platform 

( Programme SPECTA3; Including drag; See r e s u l t s Appendix 9) 
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Shear Forces (N) 
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X ^ " X 

Fig 5-5 : Shear Forces, Single Leg Platform 

( Programme SPECTA3; Including drag; see results Appendix 9) 
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5./1.2 A FOUR-LEG PLATFOBI 

In this example, a fo-ur-lec concrete platform of the AI7D0C 

type is conBidered, StructurrB of this form have "been built for 

the ITorth Sea, as well as other parts of the world, and operate 

typically in waters having a depth of about l^Om. The structure 

and the idealisation used to analyse it are shovm in Pig $.6. The 

platform columns are fabricated from reinforced concrete and a r e 

based on a laz-ge concrote 'caicson', which distributes the loads 

over a large area. The structure is here assumed to be rigidly fired 

at the sea bed. The deck is made of reinforced concrete , In order 

to utilise the theory of Chapter 4, it is necessary to idealise the 

platform as a plane frame. Fig $.6 illustrates this. A random sea 

state represented by the Piorson-IIoskowitz spectrum 

V " ' " i s ) 

with A = 2,56 and 3 = 0.02^9 ( see Pig 3*3 ) is used. 

The objective of this example is to compare Morison's theoi;̂ '̂  

with the diffraction theory for the cases in which the drag force is 

included and neglected. Two programmes SPECTAl and 8PBCTA3 

( see section 5.I ) , are used. In addition, an attempt is made 

to estimate quantitatively the effect of sheltering using the theoiy 

of section 3»6. It is therefore necessary to input with the ĉ ata a 

sheltering factor ( i.e. the distance between the legs ) for each 

element of one of the legs ( see user instructions, section 5*3 )« 

The principal results are summarised in Table $.2 and Pigs 5*7-5*10 , 

and detailed computer results are in Appendix 9 * A discupsion of 

the results is given in section 5.5 and in the conclusions. 

4-2. 



^ 40 

5m Internal Diaa. 

6m External Diam. 

13m Internal Diam. 

15m External Diam. 

Modulus of Elasticity of concrete E = 2.00 x 10^® N/m^ 

Density of concrete P : 2500 kg/m? 

Coefficient of Added Mass: C^ - 1.0 (Overall Inertia Coeff. is 2.0) 

Coefficient of drag; 1.0 

Structural Critical Damping Ratio K ** 0.03 

Platform Mass M^ (divided by 2 for half the complete frame) s 9 x 10® kg 

Figure S.6 Four Leg Platform 
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ronciĉ erecL ) I 

'Urtiivalcnf 3tatic 

i^nalycie [ 

( Ilrzciruji I^xpoctcd wave) 

0.280 

0.128 1 .12 1.53 

0 . 0 6 9 0 . 6 0 1 . 3 3 

I.O]) 1.74 

0.73 

"blc siiH :CC PI: 



Wj"l.55 rad/s. Wg"5.71 rad/s .17 rad/s 

w^"7.84 rad/s Wg"18.87 rad/s 

Fig 5'7 • Natural Frequencies and Mode Shapes , 
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JK" Jxr" 

Bending: Moment(Nm) 

.2.3E8 

.0.728 

0.4E8 

X - ^ ^ jx" \ 

9.3828 

12.6828 

IMLfs 5.8 : lieridULng Moment Diatribution, ANDOC Platform 

( Programme SPECTA3; Including d r a g ; See results in Appendix 9 ) 
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r0.32m 

5'9 : Displacement Shape, ANDOC Platform 

( Programme SPECTA3; Including drag; See results,Appendix 9 ) 



Shear Fbrcesfn) 

1.03B7 

Fig 5.10 : Shear Forces, AIIDOG Four-Leg Platform 

( Programme SPSCTA3; Including drag; see results, Appendix 9 ) 



5.4.3 HAICROW-EWBANK STEEL-FRAMED PLATFORM 

The previous two examples were concrete structures, 

and enabled some conclusions to be drawn about sheltering 

and drag , and about Morison's theory compared with the 

diffraction theory . However , both examples included only 

vertical members , This third example is included in order 

to utilise the theory for inclined cylinders , given in 

chapters 3 and 4 . 

The general configuration of the structure is shown in 

Fig 5.11, and detailed elevations and member sizes follow 

in Figs 5.12- 5.l6. Thanks are due to Halcrow-Ewbank 

( London ) for supplying the drawings , which have since 

been reduced from A3 size to A4 . 

The computer programmes developed in this thesis are 

written for plane frames , and accordingly the analysis 

of the Halcrow-Ewbank platform is dealt with by considering 

two principal elevations , as shown in Figs 5.12 and 5.13. 

The structure is treated as a plane frame for each of the 

two elevations . The nodal point numbering scheme and 

element connectivity for the finite element analysis are 

shown in Fig 5. 17, while the element properties ( obtained 

from Figs 5.12- 5.16) can be seen in the computer results 

in Appendix 9 • The mass of the deck is 26800 tonnes 

( rather high to be typical ) and equivalent masses have 

been associated with the beam elements used to idealise the deck. 
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Elevation Through Lines I and 4 

Element numbers are ringed 

N o d a l point numbers are unringed integers 

Elevation Through lines A and B 

Decimal numbers are x-coordinates of nodal points 

FlK 3.17: Nodal Point Coordinates end Connectivity 
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Fundamental 
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Natural 
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Jave Spectrum I 

A = 2.56 

2 = 0.0299 

0.1695 0 . 0 6 2 6 3.8054 10.714 0 . 1 8 9 X i o 9 

7a?e Spectrum < 

a = 0.779 

3 = 0.0035 

i 

0 . 1 2 1 4 0.0591 3.8054 10.714 0.060? X Io9 

Zslcrow-Zwbank 

1 ltd. 
( 

3.70 

Results were obtained using programme SPECTA3 ( section 4.5.5 ) . 

I%ie amplitude spectra I and 2 w&re Pierson-Moskowltz spectra 

with A {Hid B as Indicated . 

Table 5.3 : Results, lalcrow-Ewbank Steel Platform 



^ J = 3•8l rad/s 

Fig 5.18 : Fundamental Mode Shape, Halcrow-Ev^Taank Platform 
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Moment s (ITm) 

0.35E6 

0.I9E7 

0.I9E9 
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Fig 5.19 : Bending Moments in Legs, Ealcroir—Eiibank Platform 

( Programme SPBCTA3; Including Drag; See resuitB in Appendix p ) 



^Top 

'O.I71' 

Fig 5.2Q : DiBplacement Shape, Ilalcror-E^'bank Platform 

( Programme.SPIi;CTA3; Including Drag; See reBulte, Appendix 9 .) 
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Pig 5.21 : Shrar Forces, nalrrovT-Bi'bank Platform 

( Programme SPECTA3; Inclncling Drag; See resultB in Appendix 9 ) 



5.5 COMMENTS 

A summary of the principle results is given in the tables 

of the previous section . Some observations based on these 

results follow, and an alternative view is given later in 

the conclusions . 

(I) MORISON THEORY v DIFFRACTION THEORY 

The Morison theory and the diffraction theory are 

compared in the examples of sections 5.4.I and $.4.2 , 

and a more general comparison is given in section 3»5»6 and 

Appendix 5 . The wave amplitude spectrum peaks at 0.4 rad/s, 

and the two examples considered here have first mode frequency 

response functions peaking considerably higher than this 

( 1.08 rad/s for the single-leg platform , and 1.55 rad/s 

for the 4-leg platform ) . Figs 3.6 and 3.7 indicate that , 

in this case , a much higher response should be predicted by 

the Morison theory than by the diffraction theory ( the 

Morison theory probably overdesigns the structure ) , The 

results given in Tables 5-1 and 5.2 bear this out , the 

Morison theory response being over twice as large as the 

diffraction theory response in both examples , 

(II) 'DIRECT TRANSFER FUNCTION' METHOD v CONVENTIONAL 

FREQUENCY DOMAIN ANALYSES 

Again r e f e r i n g to Tables 5 . I and 5 . 2 , i t w i l l be 

seen that the ' D i r e c t Transfer Funct ion' method , a s i n 



programme SPECTA3 > which effectively takes account of force 

cross - correlations in equation (4.20a) , predicts a larger 

response than the conventional method of programme SPECTAI , 

which in this case ignores off-diagonal terms in equation 

(4*20a) . This amounts to approximately I.4 times as large 

for the single-leg platform , and 1.8 times as large for 

the 4-leg platform , in which cross-correlations are 

clearly going to be more important . 

Programme SPECTA2 , which treats each nodal force 

independently and then superimposes the responses , yields 

a response which is approximately 15% lower than that given 

by SPECTAI for the single-leg platform , and 5% lower for 

the 4-leg platform . 

(Ill) THE EFFECT OF DRAG 

The percentage effect of drag can be seen by considering 

any one of the methods summarised in Tables 5.1 - 3 • It 

can be observed that drag accounts for less than 5% of 

the total response in the case of the 4-leg platform, and 

about 12% in the case of the single-leg platform. Both of 

these two examples are fabricated in concrete and consist of 

large diameter members. The Halcrow-Ewbank steel platform 

suggests that drag can account for about 50% of the total 

response for structures with smaller diameter members. 



( i v ) THE EFFECT OF SHZLTERING 

Refering to Table $.2 , she l ter ing accounts for 

about of the t o t a l response of the 4 - l e g platform. 

The reasons for t h i s e f f e c t being so small are dealt with 

in more de ta i l in sect ion 3 .6 . B r i e f l y , with a l e g 

spacing of 40m , a structure with a fundamental natural 

frequency of 0 .8 rad/s would be most a f f e c t e d by 

she l ter ing ( the maximum being about ) . 

(v) IIATUBLL iriGO.UEITGIZS 

Rofeziiij- to the tro principle elevations shovrn in j?ir 5.17, 

it- ic forjiu. tliat the elevation through the lines A and 3 is 

nucl: stiffor than the elevation throU;?!̂ ! the lizck 1 aiid /. 

'J'.ic Li_riCanent.al natural frrrruc^icios are 0.6 c.r.c:. 0.6 opa, 

rccpcctivoly. In both cacos only one natural frcruonrj" is 

ric::ifirant ( in the sense of being vithin a ceitain dictarce 

of the rave aniplituCc spcctiiin poal: ), and tho rosponEn ic 

Rl=OE,t entiz'ciy in t'le first ( cantilever ) node ( sec Tirs 

S . l j a n d 5 . 2 0 ) . 
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CONCLUSIONS AND CLOSING REMARKS 

This t h e s i s has been mainly concerned with the response to 

s tochast ic wave loading of ocean structures that can be 

i d e a l i s e d as se l f -support ing plane frames. The conclusions 

reached w i l l be looked at under 4 main headings : 

1. Overall Structural Response 

2. Wave Forces On Vertical Cylinders 

3. Wave Forces On Incl ined Cylinders 

4. Closing Remarks 

I . OVERALL STRUCTURAL RESPONSE 

(a) General 

The three structures considered here - a s i n g l e - l e g 

concrete platform, a four- leg concrete platform, and a 

s t e e l platform - a l l responded almost ent ire ly in the 

f i r s t mode of vibration, which seems to indicate that 

with a su i table choice of parameters, a s ingle degree of 

freedom approximation may be a useful guide to the behavior 

of many ocean structures . 

(b) 'Consistent' versus 'Lumped' Element Nodal Forces 

Results indicate that the response of the structure 

i s almost i d e n t i c a l whether the nodal forces in the f i n i t e 

element analys is are distr ibuted ' cons i s tent ly ' or are 

/ 6 6 



'lumped' at the nodes ( sect ions 4 .4 and 4»5 )• Owing to 

the r e l a t i v e s impl ic i ty of the 'lumped' method over the 

' cons i s tent ' method, i t i s recommended that t h i s method i s 

used i n t h i s type of analys i s . 

(c) 'Direct Transfer Function' Method versus 

Conventional Methods 

Two main methods are considered for evaluating the 

response of multi degree of freedom structures to random 

wave loading ( sect ion 4«5 ) • Of these, the one termed 

here the 'Direct Transfer Function' (DTF) method i s thought 

to be better than some conventional methods for the 

fol lowing reasons : 

( i ) Owing to the approximations which are usually 

made i n the two methods, the DTF method y i e l d s a safer 

design than the conventional methods. This i s largely 

because of the fact that the force cross-correlat ion 

terms in the s t a t i s t i c a l representation are better 

dealt with by the DTF method. In the case of the 

s i n g l e - l e g platform of sect ion 5*4 » the DTF method 

gives a displacement response of about 1 ,4 times that 

predicted by the conventional method ( in which diagonal 

terms in the complex frequency response matrix are ignored ) 

In the case of the 4 - l eg platform, the e f f e c t of force 

cross -corre lat ions i s c lear ly more important, and the 

DTF method gives a response which i s 80% or more greater 

than that given by the conventional method . 



(ii) The DTF method is algebraically simpler than the 

conventional method and is more likely to appeal to 

a practicing engineer, both for its relative ease of 

manipulation and the form of its logic. 

(d) Two Conventional Methods - A Comparison ^ 

Another way of the effect of force cror.B-

correlations io attempted in a compnter programme called 

SPECTA2 ( Sect /].5»4 ) , in which the loads are all 

applied to the structtire individually and the results 

superimposed . Compared vrith the method described under (i) 

above , this method gives a response that is appro:di.iatoly 

I5'/o lower for the single-leg platform , • and 0̂̂ ' lo'-rr 

for the ^-leg platform , which appears to indicate thrt 

this method is sufficiently accurate for structures like 

the former , "but insufficient for more complicated 

structures . 

2. WAVE FORCES ON VjCilTICAL GYLIITDEBS 

(i) Diffraction Theory v I''orison'n; Theory 

(a) Having compared Ilorison's theory (IIT) vrith the 

diffraction theory (DT) for vertical cylinders \:ith 

radii ranging from 0,1 to 19 m ( Sect. 3.5.6 ; A'.̂ penf'i::. 5) 

it appears that : 

• A. for cylinder radii less than 4 m the liT .irr dirt-e 

a larger response than the MT , where eve jr I'lu' 

frequency rosponne function curve occurs rcl. .tive 

to the forcing function 

2. for cylinder radii greater than 4 m , the 
f G S 



I'lT rnnponue is larger than the 3JT rmponro 

vrherocvor the freguoncy responnc' function for the 

cylinder occurs , except near the force spechrun 

peak' , where in any ease resonance ''onld occur . 

Pi/;s (3«<j) and (3.7) nxirnmari&e thofe find-ini'/r. 1 

The results vojld. therefore appear to shor that for 

cylinder radii less than about 5 M , the diffraction 

leads to a safer design . For radii fi'eater 'than 5 m , 

the KT io likely to "be overdesirninf; the structure , 
V 

since it ignores the siae of the cylinder . 

(b) The sinclo-lec platform analysed in cections and.' 

5.4 yielded the following results when analysed by 

the DT and the KT ( using the direct transfer 

function formulation ) : 

Standard deviation of displacement at the top 

" 1 - ^ 3 0 6 5 m ( IIT ) 

TTOP ' 0.64327 m ( DT ) 

/ 

(c) The 4 leg platform of section yielded the 

following results vrhen analysed by the DT and the I T 

( using the Direct Transfer Function formulation ) ; 

= 0 . 2 2 m ( HT ) 

G^op = 0 ' 1 3 m ( DT ) . 

G9 



(d) Inspecting the r e s u l t s from the two computer 

examples , given in (b) and (c) above , with 

the more general analys is summerised in (a) , i t 

i s clear that the two examples f i t the general 

theory well . Refering to Tables 5.1 and 5.2 , 

and Figs (3 .6) and (3.7) , i t i s seen that the 

f i r s t mode frequency response functions for the 

s i n g l e - l e g platform and the 4 - l e g platform occur 

at 1.08 rad/s and 1.55 rad/s , respect ive ly , 

which i s considerably higher than the peak of the 

wave height spectrum , which occurs at 0 . 4 rad/s . 

One would therefore expect the Morison theory to 

lead to a much higher response in t h i s case than 

the d i f f rac t ion theory . 

( i i ) Sheltering 

The e f f e c t on nodal forces of one member on 

another i s considered in sect ion 3.6 , and the 

4 - l e g platform of sect ion 5 .4 was re-analysed to 

estimate quant i tat ive ly t h i s e f f e c t , An increase 

in the top displacement of about 1% was observed . 

The reasons for t h i s e f f e c t being so small in th i s case 

are examined in sect ion 3 .6 > the two main variables 

being the leg spacing and the posit ion of the f i r s t 

mode frequency response function. Section 3 . 6 . 3 

describes how a designer can decide how to get a 

9-0 



f e e l which l eg spacing w i l l be most a f fec ted given 

the fundamental frequency of the structure , or 

a l t ernat ive ly , which fundamental frequency to 

avoid given a particular l eg spacing . 

( i i i ) Drag 

The r e s u l t s obtained with and without consideration 

of drag for the computer examples are summerised in 

the Tables in sect ion $ .4 • In the case of the 4 - l eg 

platform , drag accounted for about 5% of the to ta l 

response , and in the case of the s i n g l e - l e g platform , 

about 12% J rhile for structures conpoDed of 

, smaller (e.g. steel ) menbers, drag can account for over 

50^ of the total response. 

3 . 1-.AVB gOEGES or: ir .CLIIISl) GYLIUBEIS 

(i) Consistent v Lumped. Forces 

In sections 4»4 and 4«5j it seen how to treat 

element forces as 'consistent' and 'lumped/. The 

examples used to compare these two approaches show that the 

two methods give almost identical results (section 5»4) • 

In practice the consistent method is much more difficult 

to programme, particularly for inclined members, and it 

is recommended that the lumped, approach be used. 

(ii) Equation (3.33a) gives an expression for the spectral 

density of the normal fluid particle velocity S 
11 U ' 
n 11 

in terms of © ,the angle of inclination of the 



member, from which it is possible to deduce the relative 

mamitudes of 8 at various angles u u 
11 11 

( see Appendix 8 ) . 

(iii) The Ila 1 crow-Eiibaiik platform ( section 5•4*3 ) 

illustrates the use of the inclined member facility in 

the computer programmes. 

4 CLOSING REMARKS 

The theory described in this thesis has been 

modified by the author to give a random response 

analysis of plane frames under wind loading. This 

has been used to analyse self-supporting masts, 

such as radio and television transmission towers, 

an example of which is shown overleaf ( the diagram was 

obtained from a graph-plotter routine, written by the 

author, which generates the mesh automatically, 

given the height, top width and bottom width ). The 

theory might equally well be used to analyse an oil 

rig gantry, although obviously in this case the tower 

cannot be considered to be on a fixed foundation. An 

interesting structural problem arises if one considers 

the platform jacket subjected to random water waves. 

11-2. 



and the gantry subjected to random wind. A topic 

for future research might be to see i f the so lut ions 

for the two loads acting independently, can be combined 

to give an overal l solut ion; and i f so, what the 

cross-corre lat ion e f f e c t s between the two loads are, 

and in part icular, whether the load in one part of the 

structure can cause resonance in the other part . 

4 3 



ijrmf I 40 r M'.i'H iu/1 
0111 f r TONiMUli H'-UT 

A Typical Solf-SupportiiiiT Mast 

( may "be analysed "by the methods described in this thesis ) 

1 9 - 4 



< * . . . . X ' . M ( jy 

I K 

KggNmgg 
Af i 

3^%. (Mki: 

'<' Af., 

| C \ . " W k ^ 

M' ^ :a k : ,<* 

1 * K W 

f f ' f * I jSRS ^ 11 ax^ ^ *La ''f 4 

% 

mmm #gm • * ! 4 » 

3%! 

( * % 
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A p n & n n x i : i n a a n A A r p inwG c o K p n c c i E m B S 

AI.I THE HYDRODTI7AMIC OR ADDED M S B FORCE* 

Considering a body with volume V in an ideal fluid 

flowing with uniform speed u , one can equate the wo!A 

done on the fluid due to the resisting force on the body, 

to the rate of increase of kinetic energy of the fluid , 

The resisting force is given by and the rate of 

work being done on the fluid is therefore u . 

The kinetic energy of the fluid is given by : 

E.E. - I dV - j g l L 
2 2 

( f ( x , y , z ) - I ) dV 

where the integration is over the volume of the fluid, and 

V is the fluid particle velocity, which i s proportional 

to u . 

Hence 

" - - d , ( K.E. ) 
d t 

r 

or 

- / ) 2 u d u 

2 d t 
J 
V 

" ^AM Z' ^ ^ 
dt 

( f(z,y,3) - I ) dV 

w h e r e - 1 j ( f ( % , y , z ) - I ) dV 

7 



Here i s the h y d r o d y n a m i c or 'added' mass 

coeff ic ient . Clearly, i t i s dependent only on the shape 

of the body , Since i s proportional to the 

acceleration of the "body, the term ^ can 

be thought-of as an 'added' mass leading to an increase in 

the inertia of the body ^ 

AI.2 TEE I%aSSUEE (MUJnEnT 

Using Euler's equations, the pressure gradient caused 

by acceleration in the z-direction only i s given by ; 

0 P = — / c d u = — / f f Q u + u ^ u + w ^ u ) 
dt ^ t 0 z 9 z 

The force due to the pressure gradient in the x-direction 

i s : 

K 

r-
0 P d7 
0 X 

V 

In the case in which the convective acceleration terms 

u c) u and w u are small compared with the acceleration 

3 P reduces to 'Pp = - /? 9 u and F_ i s 
I F t 19% 19% f a t ^ 
now : 

F - / 0 7 9 u 
p f a t 



AI.'^ A LINEARISED DAMPING COEFFICIimT. C 

Morison's equation was given in equation (3 .1) as : 

9 9 i i * 
P " Cg ( v-u ) + C ( v-u ) v-u + Cp V 

( A . I ) 

in which the damping term 

( v - m ) v-u 

i s non-linear , One way to solve the problem i s to attempt 

to l inearise the damping term, and to th is end one can write 

equation (A.I) as s 

F - Cg ( v-u ) + C ( v-u ) + Cp V + Cjj ( v-u )jv-u[ - C (v-u) 

in which the term C ( v-u ) has been a d d e d and subtracted. 

The term C ( v-u ) i s a linear damping teim and i t i s now 

necessary to find C by minimising the expression in square 

brackets , This was done by Malhotra and Penzien ( Bef 5 ) 

using a least squares technique . Letting 

A " Cg ( V - U ) I v-u I - C ( v-u ) 

gives 

/ ^ Â  v= - 2 ^ ( Cjj (v-u)j v-u I - C (v-u) ) (v-u) ^ 
3 c 

0 

in which ^ ^ refers to a time average 



Hence 

C " 
</ (v-u)^ |v-n | y 

(A.2) 

<( (v-u) ]> 

Asstiming a l l the quantities have zero-mean Gaussian 

distributions, the required quantities in equation (A.2) 
are given by : 

^ (v-u) )» = {T 

< | Y - * | > 

^ ( v - u ) ^ I V-U I y 

v-u 

- Q~ TT v-u 

7^ ^ v - u 

Equation (A.2) then reduces to : 

D 
N 

— *7" Tf v-u 

A I . / l IITEETIA AITD DRAG C0EPPICIEIIT5 FOR VAEIOUS OBSTACLE SHAPES 

coeff ic ient and the drag coeff ic ient C 

Tables AI and A2 show the values of the inertia 

^ , respectively, 

for a variety of obstacle shapes, C„ refers to the sum of 

the added mass coef f ic ient C, 

coef f ic ient X • € < 

AK and the pressui?e gradient 

°AM 



TABLE A1 

Values of Inertia Coefficient, C, 
M 

The tabulated values below are for two dimensional flow. 

Values for three dimensional flow may be approximated by multi-

plying by the correction factor, K. 

With elliptical and rectangular shapes, h is the dimension 

parallel to the flow, b is the breadth normal to the flow and 

1 is the length normal to the flow. The "lb' plane is the plane 

normal to the flow. 

Cross Sectional On the 

Shape Surface 

Submerged On the Bottom 

Flat plate (with 
cross sectional 
area "Tfb /4) 

Circle 
Small Diameter 
Large Diameter 

Ellipse 

Rectangle 
With 1 horizontal 
With 1 vertical 

1.0 

1.0+b/2h 
1.0+b/Zh 

1.5 
2.0 

1.0+b/h 

1.0+b/h 

1.0+b/h 
1.0+2/h 

\L 
Correction factor, K • ^ 



TABLE mZ 

Values of Shape Coefficient, C 

Length/Width Ratio 

1 5 CO 

Plat plate (perpendicular to flow) 1.16 1,20 1.90 

prism (axis perpendicular to flow) 

Square 2.00 

2:1 (long side parallel to flow) 1.50 

Cylinder (axis perpendicular to flow) 
5 

Reynolds No. « 10 0.63 0.74 1.20 

Reynolds No. - 5 x 10^ 0.35 0.33 

American Bureau of Shipping Design Values 

cylindrical Shapes 0.50 

Surface ship hulls, deck house 
sides, underdeck areas (smooth 
surfaces) 1.00 

Rig derrick (each face) 1.25 

Underdeck areas (exposed beams 
and girders) 1.30 

Isolated structural shapes 
(cranes, angles, channels, 
beams, etc.) 1.50 



A p n & n n x 2 : IME DIPF&kCgnCM TECOKr - S O M B AI^EBBA 

A 2 . I BE5SBL AIO HAIJICBL FUITCTIOITS 

( i ) T h e n t h o r d e r B e s s e l f u n c t i o n J ^ ( % ) , w h e r e n 

i s a n i n t e g e r , i s g i v e n b y : 

n 

J j x ) 
X 

2" n! 

X 

2 ^ l!(n+l) 2 ^ 2 ! ( n + l ) ( n + 2 ) 

2 ^ 3 ! ( n + l ) ( n + 2 ) ( n + 3 ) 
( A 2 . I ) 

( i i ) The W e b e r f u n c t i o n Y ( x ) i s g i v e n , i n t e r m s o f 
n 

, l y : 

T ( x ) - Lira 
v - ^ n 

(%) cos (OIT) - J_^ (%) 

B i n C v i r ) 

(12.2) 

( i i i ) T h e n t h o r d e r I l a n k e l f u n c t i o n s o f t h e f i r s t a n d 

s e c o n d k i n d a r e g i v e n b y : 

(12.3) 

- J ^ ( i ) - i T ^ ( z ) (A2.4) 

( l ) 
( i v ) T h e d e r i v a t i v e o f t h e H a n k e l f u n c t i o n ( x ) i s : 

i ? % ( = ) (12.5) 



where the prime denotes di f ferent iat ion with respect to x 

Equation (A2,5) leads to : 

(A2.6) 

Using the recurrence relations 

(A2.7) 

or 
X 

T ^ ( i ) - 2 1 
T,(l) 

(A2.8) 

equation (12,6) gives : 

R ( l ) ( k a ) 
J_(ka) T (ka) 

( A 2 . 9 ) 

Equation (A2,9) expresses 

suitable for computation . 

in a form 
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APPENDIX 3 : SOXj STATISTICAL DEFINITIONS 

A?.I FOUEIZR ANALYSIS AND SPECTRAL DSUSITY 

The random behavior of wind velocity distributions 

causes the waves produced to be essentially random in nature. 

One method of quantifying the wave profiles is to consider 

the wave profile as being built up by a linear combination 

of components of many different frequencies. Any curve can 

be described by a Fourier series which adds the contributions 

of frequencies in multiples of some basic frequency w , 

and if oc is made inflnlteslmally small , the series 

becomes a Fourier integral of the form : 

p(t) = ^ A(ivJi>) e^^^ dĉ  (A3.I) 

where A( î J') = j p(t) dt 

The two functions p(t) and A( i(/U) are a Fourier 

transform pair, and express the same curve in the 'time' 

and 'frequency' domains , respectively . However , this 

representation will only define one specific curve , and 

with a random process such as wave height, we wish to 

describe an infinite number of different curves , all of 

which have the same relative contributions from each element 

of frequency A ̂  , but v/ith the phases of the frequency 

distributions randomly distributed . The elimination of 



phase is achieved by considering a spectral density function 

defined by : 

where 

'S (CO ) = Lim 
Tf T 

(ikj) 

(ikC) = p(t) dt 

J-T 

(A3.2) 

The spectral density function therefore depends on 

An (ikJ) which is independent of phase, and is the saae 

for many similar functions p(t 

A 5.2 MEASURED DATA JUfD TH ,'AVZ AMPLITUD3 SPECTRUM 

The relationship between a wave amplitude spectrua 

and other measured parameters can be deduced from 

probability theory based on assumed statistical properties 

of the sea . The usual assumption is that the variation of 

water surface elevation at any point can be considered as a 

stationary random process whose statistical properties are 

defined by the spectral density S (k3) and a probability 

distribution function . The probability distribution of 

the water surface elevation is approximately Gaussian .vith 

probability density function : 



f 1 p ( ^ ) = 2Tr c-Z 3xp ( ) (A3.3) 

2 V 

^0^ 

in which cr ^ = f S (^) is "Wie v̂ ^̂ aace of 
% J o 4 9 

This ceases to be valid for large values of when wave 

breaking occurs . 

Equations (Â .2) and (A3.3) completely describe the 

statistical properties of the randoa process . It is now 

simply necessary to CLt measured data to these equations . 

For exaaiple, Cart\7right and Longuet-Higgins (Eef 14) 

have shown that the significant wave height ( defined 

as the average height of the highest third of all the waves ) 

and the mean wave period T., are given by : 

^s = 4 %o 

. ^ N m-, 

(A3.4) 

= 2 / 

in which m = 
n 

vv ̂  s (v\)) d w 
Jo 'H' 

The application of the above theory to the Pierso: 

Moskowitz wave amplitude spectrun is dealt with in 

Appendix 4 . 
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APPEITDIX ^ : WAVE DATA AITD MATE SPECTRA 

A^.I PEOPEETIES OP THE PIER80IT KOSKOHITZ SPECTRUM 

SIGniFICAITT WA7E HEIGHT H AFP MEAIT UA7B PERIOD T. 
M 

The Pi era on-Mo skowit z spectrum is defined ty : 

(A4.I) 

The n th moment is defined hy : 

m 
n 

r«0 

S (vk)) dW 
' 49̂  

(A4.2) 

Substituting for S (u?) and integrating gives 
ip), 

for the first few moments : 

""O " 
A 
4 B 

0.^06 A (A4.3) 

m. 
A 

4 

IT 
B 

Then the significant wave height H_ and mean wave 
5 

period T are given hy ( Ref 14 ) : 

H, 

T, 

4 mg* 

m. 

2 
A 

A 

i 
m. 

I 
IT B 

l i 
(A4.4) 



Inverting equations (A4»4) » we get for the constants 

A and B : 

B 
16 TT" 

T. 4 
M 

T 

A 
"s' ^ 124 

T. 
M 

(A4.5) 

A4.I.2 MOST GOmiONLT OCCUEINC WATS PEEIOD T 
0 

Tg is the wave period which corresponds to the peak 

frequency lUg of the wave spectrum , Differentiating 

equation (A4.I) with respect to VAi gives : 

and 

0 
4 B 

5 

A 

(A4.6) 

4 B 
5 . 

-5/4 
ezp ( ) 

It follows that ! 

T, 2Tr 

W o 
= 2TT 4 B 

5 . 

4 
( A 4 . 7 ) 



and since, in equation (A4.4) » 

T, 
K 

2Tr 
I i 

we get 

T. I.41 (A4.8) 
M 

.14.2 C0KPARI50K IHM\n3aT 0303 FIEESOB-MOSKCWnZ AJH) 

WAVE 8FBCTEA 

Expressions for the two spectra are given in equations 

(3.25) and (3.26) , and the spectra may be seen in 

Figs (3. 2 ) and (3.3 ) • Considering just the highest 

peak of the \rri-cclrcic.or spcctic, for which T = 20 secondB, 

Eg - I metre , the corresponding Pierson-Moskowitz 

parameters are : 

16 IT 
B - / - 3.1026 X 10 

T, 
M 

A 
3 3 

— - 1.984 % 10 J 



The peak frequency occurs at 

0 
4 B * 
5 

0,22319 radns/sec 

and the corresponding spectrum peak is 

4 B 
5 

-5/4 
exp ( - 4 ) " 1.0253 m^sec 

4 

i-c'-zrc: spectrum peak occurs at 

S (wuL) = 10,5 ft^sec = 0,9941 m^sec 

The agreement between the two spectra is good , After 

some of the early attempts, most authors are now agreed 

that the best representation of wave height spectra is to 

have the spectrum inversely proportional to W and 

to have as an argument within the exponential 



AA.'̂  WA7E DATA 

The two items needed to find the parameters A and 

in the Pierson-Moskowitz spectrum are the mazimim wave 

height in a given interval ( say 50 years ) , ^ a x ' 

and the most commonly occuring wave period • The 

national Institute of Oceonography ( Ref 6 ) has 

compiled such data, a little of which is given helow . 

Latitude ITorth 

( Degrees ) (m) 
^0 

(sees ) 

52.5 15 II 

55.0 20 13 

57.5 28 15 

60.0 29 15.5 

62.5 30 16 

Selected Have Data For The ITorth Sea ( 50 year period ) 



APHMOKX 5 : IHB DIFFMCTSOH M0EI8(m'8 MBXmT 

Figures (A5.I ) - (A5.14) show the diffraction theory 

and Korison theory force spectra and response spectra for 

cylinders with radii a ranging from 0,1 m to 20 m • 

All the cylinders were assumed to have the same frequency 

response cu3?ve, peaking at I.07 radns/sec.. 

Using the abbreviations D,T. for diffraction theoiy, and 

M.T. for Morison's. theory, the following points can he 

observed from the curves : 

(i) At a " O . I m ( this might be a leg of a self-standing 

mast , for example ) , the force spectra are almost identical 

and the response spectra are inseparable . 

(ii) At a = 0,5 m , the D.T. force spectrum has crossed 

over the M.T. force spectrum at a frequency Uo^ = 2,8 radns/seo. 

The D . T . displacement spectrum peak is slightly higher than 

the M.T, displacement spectrum peak . 

(iii) At a = I.Om , the cross-over frequency is 

reduced to 2,2 radns/sec.. The D.T, displacement spectrum 

peak is still greater than the M.T, displacement spectrum 

peak . 

(iv) At a = 2,6 m , = 1,4 radns/sec., and the D.T. force 

spectrum is still greater than the M.T'. force spectrum over 

the range of interest ( in this case, 1,07 radns/seo , the 

peak o f the frequency response curve ) , 



(v) At a = 5*5 m , w = 0,8 radns/sec , which is less 

than the peak of the frequency response curve . The M.T, 

M.T, displacement is therefore greater than the D.T, 

displacement ( even though the D.T, force spectrum peak 

is higher than the M.T/, force spectrum peak ) . 

(vi) Up to a = I6 m , continues to get smaller ; 

the D.T, force spectrum peak is still greater than the M.T, 

peak , "but elsewhere over the frequency range, the M.T, 

spectrum is much larger than the D.T. spectrum . This 

leads to a larger response "by the M.T. t h a n "by the D.T. 

for all cylinders with a response function peak outside a 

narrow band near the force spectrum peaks . 

(vii) At a = 19.0 m , the M.T. force spectrum is greater 

than the D.T. force spectrum over the whole frequency range, 

including the peak values , The force spectrum peaks do not 

now occur at the same frequency ( 0.35 for the D.T. and 

0 , 5 radns/sec for the M.T, ) , 

GOnCLUSIOIT 

We can conclude that the D.T, leads to a larger response 

than the M.T. for cylinders with radii "between 0,3 and 

4,0 m , For larger r a d i i , the M.T. response is larger over 

most of the frequency range, except near the force spectrum 

peaks, where i n any case resonance would occur if the 

frequency response curve also peaked there , 
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AHMOnnZ 6 : MASS. JKO DAMPDTG MATEI#B FOE A 

E&&M ELQimmT 

A6.I STRUCTURAL STIFMrsSS AITD MASS mTBICES^ k and 

The beam element used throughout this thesis has six 

degrees of freedom, numbered 1 - 6 ifi the figure • 

y 

JV 
-5̂  4 

The displacements at any point are given in terms of the 

nodal point displacements by the equation : 

u 

u 

u, 
e. 

4) 

u 
3 u 

U, 

u 

u 
7r 

u 

(A6.I) 

where is an interpolation matrix , given overleaf 



4) 
T 

. X 

0 

T 
0 

X-

0 

=2 =3 

^ .. x" 
"i 

X 

- 6 - n + 6 1 

: 1 a 

1-4 r +3 ~p' 
J. 

6 ~p —6 —_ 
1 1"̂  

2 
- 2 ^ + 3 - 2 

J. 

(A6»Ia) 

The derivation of the structural stiffness and mass 

matrices is standard ( see for example Przemientecki, Eef 15 )< 

They are given hy equations (4*2) , which when evaluated 

result in : 

k 
—s 

r r 

M w 

B D B d(Tol) 

k 
a 

EA 
1 

12 EI 

8TMMETEIG 

0 

4 EI 

4 EI 
1 

EA 

1 

0 

0 

EA 
1 

12 E I 

6 EI 
, 2 

0 

12 EI 

6 EI 

1^ 

2 EI 
1 

0 

6 EI 
.2 

1 

( A 6 . 2 ) 



m 

m 
B 420 

140 

0 

70 

4 ^ d ( 7 o l ) 

156 

22 1 4 1 

0 

5 4 1 3 1 

- 13 1 - 3 r 

STmETBIC 

140 

0 156 

- 22 1 4 1 

( A 6 , 3 ) 

30 1 

36 STKMETBIC 

0 3 1 4 1 

0 

- 36 - 3 1 0 36 

3 1 - 1 ^ 0 - 3 1 4 1 ^ 

w h e r e f A is t h e mass per unit length of the beam . 

The terms containing t h e moment of inertia I represent 

rotary inertia , w h i l e the first matrix represents translational 

mass inertia. Shear deformation effects arc not included , 

a l t h o u g h i n p r i n c i p l e t h e r e i s n o d i f f i c u l t y i n d o i n g t h i s , 

( Ref 15 ) . 



A6.2 TUB nTDEODTirAIIIC IIISS KATBIX . ci 

The hydrodynamic or 'added' mass matrix is obtained 

by treating the hydrodynamic inertia force as a body f o r c e 

transverse to the element 

E AM 

— 

0 0 0 0 u 
X 

• • • • 

°AM 0 I 0 u 
Y 

•• 

_0_^ _ 0 . 0 0_ 

(AG-4-) 

" /'n - -

Hence 
% 

r r 
/°H " m ^ i ® 

or 

m 

m 1 
a 

S 420 

0 

0 

0 

156 

22 1 4 if 

0 

54 

0 

1 3 1 

8TMMBTEIC 

156 

1 3 1 - 3 0 - 22 1 4 

( A 6 . 5 ) 

where 
E 

m 

is the density of the water ( 1027 kg/ c u m ) 

is the water displaced per metre of the 

cylinder . 



A6.3 TUB HTDRODYITAMIC DAtlPIITG tlATEIZ , C 
' H 

The hydro dynamic damping can "be thought of as -a force 

transverse to the element ( see section ( 3*2.3 ) ) , 

equal in magnitude to : 

c = I % (16.6) 

The hydrodynamic damping matrix is then given 

by : 

r i 

i T 

0 

0 0 

0 c 

0 

0 

0 0 0 

^ di (A6.7) 

The standard deviation of the fluid particle velocity , 

O^ix) f is here t a k e n to be linearly v a i y i n g , i.e. 

(r;(z) " ) 5 (A6.8) 

w h e r e - ( 7 ^ ( 0 ) a n d <7^ - « 

The resultant expression for is given 

overleaf . 
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APrr^TDIX 7 : TIIE 8PCCTIL1L DEIIBITT OF CO^SIST^illT ELl^'HIIT 

ITODAL ]?0KCE8 FOR All IITCLIITED CTLIIIDIIR 

A 7 . I 

The objective is t o solve equation (4.33) for 

8 , t h e o r o B G - s p e c t r a l d e n s i t y b e t w e e n c o n s i G t e n t 

nodal forces a n d P . 
0 

% i s w i l l b e d o n e f o r a n 

inclined c y l i n d e r , from which t h e results for a vertical 

c y l i n d e r may b o d e d u c e d b y i n s e r t i n g s i n 0 = 1 , c o s 0 - 0 , 

where 0 is the inclination of the cylinder to the 

horizontal , ^ 

I 

F i e ( A 7 . I ) : T h e i t h E l e m e n t 



F o r a p r i s m a t i c m e m t e r , s u c h a s t h a t shoym i n F i g ( A 7 « I ) , 

consistent element nodal forces in local coordinates ( ) 

are given lay ; 

0 

iT 
A ( ) 2( 3:, ) d3L (A7.I) 

The 6 n o d a l f o r c e s a r e n u m b e r e d I t o 6 i n t h e 

f i g u r e , and the interpolation matrix £ is the same a s 

t h a t u s e d f o r g e n e r a t i n g t h e e l e m e n t m a s s a n d s t i f f n e s s m a t r i c e s 

( equation ( A6.Ia) ) . 

M a k i n g t h e a s s u m p t i o n t h a t t h e n o r m a l c o m p o n e n t o f t h e w a v e 

f o r c e i s t h e o n l y r e l e v a n t o n e ( i n o t h e r w o r d s , a s s u m i n g 

t h a t t h e t a n g e n t i a l d r a g c o e f f i c i e n t 
D, 

i s s m a l l 

c o m p a r e d w i t h t h e n o r m a l c o e f f i c i e n t s ) , t h e o n l y n o n - z e r o 

, a n d e q u a t i o n ( A ? . I ) "becomes : 

1 

force term is ) 

(A7.3) 

w h e r e i s the second r o w o f 

We must now c o n s i d e r how to i n s e r t t h i s expression into 

e q u a t i o n ( 4 « 3 3 ) . R e s t a t i n g e q u a t i o n ( / ] , 3 3 ) f o r e a s e o f 

reference , we have ; 

z^ 

S p ( i , j , w ) -

( A T . 4 ) 

i o . 

n n ^ n n 
d z . d z . 

1 J 



i n w h i c h 

cosh kz. ooGh kn. sin 0. Bin 0. 
^ J ^ J 

Binh kz. Binh kz . coB^. cos G. 
1 j 1 J 

( B inh kz coBh k?, c i n ^ c o s 6 + B i n h Izz . c o s h k z . c i n ^ . c o o 
J j l J 1 1 1 

X 
S ((^) / \ 
ipy COB k( X. - X. ) 
LZ J (A7.5) 

;inh2]< ci 

and. 5 . . ( i , j , W ) i s t h e same w i t h W r e p l a c e d 

. n n 
lay W . I n s e r t i n g e q u a t i o n ( A 7 . 5 ) i n t o ( A Y , / | ) , 

( A ? . 4 ) c a n h e r e - w r i t t e n a s : 

8 p ( i , j , W ) 
0' 

TT 

Bin^e + COB <9 

r 

+ ein^^ 4. 000^6) 
n m 

( ) ̂ m( ) w i n ^ COB 0 
n" ' 'm' 

X 0 ( w ) COB k ( z . — X. ) 
W ^ J 1 

(A7.6) 

where 
n 

1 nC^) 
(Ai 

B i n h kd 

n - ( z . ) <%-" ( z . ) COBh Icz. ( Iz . 
2i^ 'v 1 1 1 

n 



n 

c 
K. 

Binh led 

C. 
1 

sinh kd 

sinh led 

n 

( z . ) coBh k g . d z . 
2i^ i' 1 1 

n 

r z. 
n 

#«.(z.) QT (z.) Binh kz. dz. (A?.y) 
121^ 1 1 , ' ^ 

^ _ . ( z . ) B inh k g . d z . 
r2i 1 ] 

n 

^ i 

for i = I , 2 , . . . , 6 . Here t h e "bar over ^ , 

e t o . , indicateB t h a t t h e r e l e v a n t gnantities a r e i n g l o b a l 
coordinates ( t h e z - z coordinates ) « 

A i 2 

T h e p r o b l e m h a s b e e n r e d u c e d t o t h a t o f integrating t h e 

expreBBionB i n e q u a t i o n s ( A ? . ? ) . One way o f procooding 

iB t o r e p l a c e by t h e corresponding exproBBion i n 

t h e l o c a l coordinato syBtem . T h u s , t h e i n t e r p o l a t i o n 

f u n c t i o n s a n d i n g l o b a l and l o c ^ l -2 aig , 

c o o r d i n a t e s , r e s p e c t i v e l y , a r e r e l a t e d b y : 



w. 

^21 

^22 

^24 

S 

^24 

^25 

^26 

— — — 

C 8 0 0 0 0 OoT 0 0 
21 

-8 C 0 0 0 0 
^22 

0 0 I 0 0 0 
^23 

0 ' 0 0 c B 0 

0 0 0 -B c 0 
^25 

0 0 p 0 0 I 
^26 

(A7 .G) 

w h e r e C a , S = e i n ^ ^ , 

R e p l a c i n g t h e b y t h e i r e q u i v a l e n t i n t e r m s o f 

t h e ^ 2 i * e x p r e c s i o n B ( A ? . ? ) c a n t h e n h e e v a l u a t e d 

c L i r e c t l y u s i n g t h e s t a n d a r d i n t e g r a l s g i v e n i n s c c t i o n A ? . ^ 

An a l t e r n a t i v e m e t h o d o f e v a l u a t i n g e q u a t i o n s ( A Y . ? ) i s 

t o e v a l u a t e ^ ^ ^ , a n d ^ i n 
n ' / n ' / n ' « n 

l o c a l c o o r d i n a t e s , a n d t h e n t r a n s f o r m t h e m t o t h e g l o b a l 

c o o r d i n a t e s y s t e m . 

Considering the first method , the coordinate 

transformation : 

= Zj + Xj sin 0 (A7.9) 

( see Fig ( A 7 . I ) ) will be needed , in order to replace 

in equation ( A 7 . 7 ) . 

The form of CT^Cz) will also have to be decided on « 

For the purposes of this thesis , a linear variation of 



CT y(z) is assumed between the two ends of each element 

i.e. 

(Ty(z) = (Tj + C (7̂ 2 - cTj ) Y (A7.I0) 

where and (r'2 are the values of (z) at 

ends I and , 2 of the element , respectively , and 

are known . 

Inserting equations(A7.9) and (A?.10) into equations 

(A?,7) , and using the integrals in section A7.3 » it 

is possible ( after a considerable amount of laborious 

algebra ! ) to evaluate equations (A7.7) . Hence , the 

cross-spectral density of the nodal forces i and j can 

be found via equation (A7.6) . 



A7.3 SOME mSIC IITTEGEAL5 

cosh ui du " sinh b - sinh a 

f 

u cosh u du a u sinh ui - COBE , U 

b 

a 

sinh UI du = cosh b - cosh a 
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"b 
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APPBITDIX 8 : 7AEI0US WATER PARTICJB VELOCITT 8PECTEA 

In PigB (A8. I ) - (A8,6) , the graphs of S ( w ) , 

and S , as given "by eq-oations (3.31) , 

are shown , together with their appropriate transfer fiHictions 

In all cases, the wave height spectrum W ) is the 

Pierson-Moskowitz spectrum ( equation (3-26) ) with 

A = 2,56 and B «« 0,0299 • It is seen that the transfer 

functions are almost identical in the three cases , except 

for low values of W 4% This clearly confirms the "belief 

that for large values of kz , cosh kz = sinh kz « 

In Figs (A8,7) - (AB. 12 ) , the graph of S ^ ( W ) 
n n 

( equation (3.33) ) is given f^r various values of 0 , 

the angle of inclination of the member to the horizontal . 

In terms of its transfer function , S is given by : 

^ (WJ) . T ( W ) 8 ( W ) (A8.I) 
V n V n W 

where 

T (w) 
V n 

cosh^kz sin^O + sinh^kz cos^0 

2 sinh kz cosh kz s i n © cos ̂  
(A) 

2 

2 
sinh kd 

(A8.2) 
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APPENDIX 9 : COMPUTER LISTING ( PROGRAMME SPECTA3 ) 

AND RESULTS 

(i) Listing , programme SPECTA3 ( section 4.5.5 ) 

(ii) Eesults from SPEGTA3 for 12 m diameter single-leg 

platform ( section 5.4.1 ) 

(iii)Results from SPECTAI ( section 4.5.3 ) for 12 m 

diameter single-leg platform ( section 5.4.1 ) 

(iv) Results from SPECTA3 for the 4-leg ANDOC concrete 

platform ( section 5.4.3 ) 

(a) including the drag force 

(b) excluding the drag force 

(v) Results from SPECTA3 for the Halcrow-Ewbank 

steel-framed jacket ( section 5.4.3 ) 

(a) including drag 

(b) excluding drag 
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**************** ST4NDA<3 d e v i a t i o n s OF ELEMENT FORCES 

EL; lENT WO 
10412 
C 

END 
VERT 
( i) 

MOMENT 
(NM) 

HORIZ 
(N) 

end 2 
VERT 
(N) 

MOMENT 
(NM) 

1 ^ 0 , 7 Z 9 l [ 0? Oc 07 3 ,89706 09 
z 0,72^1E . )? 0,461 OS 07 0,897OE 09 
3 •3.601 .TE 07 9. 3',056 07 0,6633E 09 
4 U,6o1]E U7 n,86gSE 07 0,6633% 09 
5 0,4193E 07 0 ,83965 07 0.2932E 08 
6 U,619?E 07 0 ,33965 07 0,2932E 08 
7 0 ,J674E U7 0,3592E 07 0.5483E 08 
a u , 3 6 / 4 5 07 0 ,85942 07 0 ,54836 08 
9 O.DOUjE 03 0 ,31a^E 07 0,1633E 09 

0.7Z91E 07 
0,7291E 07 
U.6610E 07 
0 ,6610E 07 
0,4199E 07 
0 ,41996 07 
0.3674E 07 
0,367AE 07 
O.OOOOE 00 

0,8610E 07 
0,#610E 07 
0,86051 07 
0,»605E 07 
0,45966 Of 
0,#596E Of 
0.B592E 07 
0 ,85926 07 
0 ,81896 07 

0 ,67836 09 
0 ,67836 09 
0 .23496 07 
0 .25496 07 
0 .54666 08 
0 .54666 08 
0 .16506 09 
0. '16506 09 
0 .16586 09 

ES^ECTED EXTREME ELEMENT 1,0A05 
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OPd^ATION FINISHED ^ITM cONTSOL IN EIGG^VAL^R 4 
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<uî 4>i\jro U4ru-^«* MS^OO ^ca A,o^9»-yo^w$u:ww^Wfvi\j 

o 

m 
o 

c X 
m 

o 
c 

fr 
o ; 

Cty U' O- W: f" IM f̂  Ui fv —̂  ' -% <_i N j C J M 'wJ - J ;̂- ui tm f * w 
IV 

o o o o o o o o o o o o o o o o o o o o o o o o o o o o o 

rvr̂ rwrLT\.i\.7vrwivirvfv.A.rk,iVA.fN.<xr̂ rLrcivr\.ivr\.i\]vr\.iviv 
oooo.-3 0 0 0 - 0 0 0 0 0 0 0 0 3 O 3 0 0 0 0 0 0 3 0 0 0 
c c o c o c o o o o o o o o o o o o o o o o o o o o o o c 
C C C C C C C C C C . C C C C C C C . C C C CC. CC. C.C.C.C c 
n>rnrnmnt*ii irnrnrrni*n*Tirnnjrnfn(rnni«ifn4ri irn*Ti iTimiTtim<rn«i 

f\i fV f\« fV fU IVI i\j rw ro rw IV ru rw IV fv r\i oj rw JV JV JV JV JV rw JV JV JV JV IV 

o o o ^ o o o o o o o o o o o o o o o o o o ^ o o o o o 

KM 04 M a» —M •A ̂  OS OO OO IV ru -» -* w rv flv w 
LT v* a. Gw U* Wi un C OC OL e oc oc -» c c a v̂  un c x: <3 c a O fL -«> *• o o a c <̂1 ^ O 'i> JV Ow' CL JV V V o VI V o 
03 ru JO 30 PJ ̂ o -o Ou JO O w W 00 ua OJ v< w o 4> C* 30 00 N 
m m m m m m m m m m m m m fn m fn fn m m an m fffi fn m fn m m m m 
% J J J J M 4 o <3 c c c o o o <= c o c o o o O O o o o o o o o c o c 
o O o o -» -» o o o o -A ̂  O O o o -» o o ro o o IVI 

o o o o o o o o o o c o o o o o o o o o o o o o o o o o o 

3V av -» < < *• JV JV —• JIV IV ̂  V IV IV V JV JV 
U) ru fU ̂  VI tn-» ru rw -» u L* O o ru fv O C~"̂  00 OL ̂  VI VI w 
l\i ex. Ut iM oc Ai f>i iM w Ui o* O V4 W n> v̂  ̂  ^ Vjr V* o o c 
w Oc oc w v v U! a oc V VI o JV #V VI V5 N — 
m fn nt rn fn m m m fit n% (ftl fn m m fn m fn fn 4m fr fn fn jn m fn m jn fn fn a 1 a 
o o o o o o o o o o o o o o o o o o o o o o o o o o o o o 

c c c o —» -a o c c o c o c o o o o o o o o o o o -» o o 

o c c c c C <= C o c c o c: c c c c c c c. c c c c c c o c c 

-»l -Nj W -» w 0# ^ Vd -o o fM IVi fV IVI > 
-N -> IV "S IN. c C O "S -N oc < V C C V f J> -* c c —m t/1 o v% «J1 o •M vr W 4̂  "N ̂  Oc \r v> oo VI VI VI VI VI Jp̂  ̂  VI ( / ) 

N Oo f- CO N -y o ^ Qs w w re rv Ui w 00 -& —& GO o rv o o l\J m ffl m m m m m m ffl m m m m fn m tm im fn fn *n fn m m fn fn fn fn fn fn 
o c: c c c c c c c c c c o c. c o c: o c c c c c c c c c c c 
w * - M M «> ^ ^ ^ IP* w w ^ ^ 4̂  ^ VI VI 

< 

o o o O O o o o o o o o o c o o o o o o o o o o o o o o o 

O 
r~ 

fV. tfv IV «v —» —a W 4V N V SV JV -N av 9v ̂  IV JV o # - # 

o O f--» -* o Ch o •oo^rjvMBv^oc^o^-o o O V? V7 V! VI 
U 

N v# N -w w N N 'N "S Ch N N o ">1 -̂1 -» "S ̂  VT V* N r-
m m ftl m m (11 m m 411 tn tn nn m vn m m fn fn fn fn fn mjn fn fn m m fn fn 

< 

JB 

1! 
3U 
O 
X 
«n 
JU 

IVI 
— <3 O" W f-
ni 
w 

o» ^ 
o o* w o 

«3 C O ^ C O -W 
O O O CO O - • " O 
o o o •o o -• -«i 
c o o c c c c 

—A 
-N V V V V 
-y VI VI V? VI 

c c o o G o o 
o o o G o o o o o o O o o o 
o o o O o o o 

o o o o o o o o o o o o o o o o o o o o o o o o o o o o O 
IV 

O O O O O O O O O O O O O O O O O O O O O O O O O O O O O 3: 

G C O O C C O O C G O C O C O a C C G C C - C C O C O O O C 
O O O O O O O O O O O O O O O O O O O O O O O O O O O O O M 
00>000000000000000000000000000"«*x 
mnimninifnnininiinninimnifnn'immfitnimrnnirnrnnininifii^m 

r» •— 
O O O O O O O O O O O O O O O O O O O O O O O O O O O O O - * -H 
O O O O O O O O o O O O O P O O O O O . O O O O O o o o o o • 



o o o o o o o 
o o o o o o o 

til IL» Ul III UJ Ul Ul 
o o o o o o o 
o o o o o o o 
o o o o o o o 

o o o o o o o 

r» r- ir- r- 3 O 
O O O o o o o 

iU U> LU Ul tu tu Ul 
K. Ki o o 

ooo r\i fv 00 o p 
^ \0 >c >#• o o 

r- M Nf M M O 
o o o O O O O 

o o o a o o o 

W Ul Ul Ul UlUI Ul 
NOO ̂  sf CO O 
N-O J\ LTV >0 > CK 
^ r— *— "O ̂  

=>=>=» o O O o 
> -

V o o o ofM rsi 
0 0 o o o o o 
1 
Ul Ul Ul UJ UlUI Ul 
lAXJ * O O rsiaO K% cc O O 
lA f\i rj o o 
>. r Nl \f r- r r— 
O O O O O O O 

*-o 
o o 
t 
Ul Ul 
OfV 
fM 

.n #n 
fO 

o o O ^ 
o o o o o 

Ul UJ UlUi Ul 
00 00 rvj o o 
O -O 'V o o 
ro "O "n O 

o o o o o o o 

M fM f\i P\f rvrvi fv 

Ul Ul Ul Uf Ul Ul Ul 
o o o o o o o 
c. C O O Q C O 
\f V M V M M M 

o o o o o o o 

r- ch o O Q s . 

Mr-- M 

CO 

a 
Of 

O 
zr 
o 

#— 
u 
LU 
OC 

o 

o 
z 

UJ 
o 

» • M r - M 

• r- «r- M f\f fV 

(X 
o (X o 
o >t o o o «o 

o o o o o o 
m 

(A lA fM o fV o 
r— n 

r O r 1' 1 r 1 t w 
r- 1' r # V # V m 
t Ul r r f t t r 1 
K • # # r r 1 K 
Ul X 1' r t t V t t 
o w- r # r # ' # O 

QC % V f m f 
Ul # - 1 r r r 1 r &— 
oc < " r r r r t t 
Ul r r r r r r or 
u. t r z t t 1 
u. U) 1 2» 3 r r t o 

r/5 r or rs t r r 
o ux ff p- » - CA r r »—• 

r u o cn t r O. 
CJ kJL 1 LLT Ul < t 1 X 

U. r A e. -T r 
r W> xn 1 a 

oc » - r Q # - • 
Uf (O UJ LU tu Of o -J 

o LU <T -r 
T" u. <r <r a ar 
? ' 3 IT T T f —# a #—# 

Z •— # -
ac C u. u. 14. Li. u. 

# - Ul O O 3 3 ar 
Ck o c_> 

<c ca # - •— # -
c or _i 

ri; LLP nr Uf Ul or 
Ul Ul 

<c 4r 1— # - o o CJ o 
" » • fJJ MJ »-Ht 

r T- ir u_ o. L> 
#—# *r u. Ul. u. 

-f mr QC UJ Ul lU . nr 
•T w LU r rr h-TT cn a. a o u o m 

O (fk m N. 

O 

:/» 

O f- f\! ̂  -O 
m m m *n pnm m 



lA. iJL 
LU o 
L? 

O 
ac 
a 

'V'V'v'sarvfVfsjrM'V'V'VJV'v o o 
aoc-cxo 

m ji£ ^ ^ wr m ^ iM m m AS m \u ss m jtx 'jj[ ^ jj- 'M M m 'AS m m m <is m m m m ^ 

^ O O ^0000«—QOJO «—iAiA «r-300D^«-«-OaCJX" O f\] "̂I'lAQO OO-tAfMIVi/TfeaOaOiA- O O 
p^>0O*-OOrf\Ff\fcc O O o ( } % A ( f \ L n o < x : n * — o o 

o o o o o o o o o o o o o o - o o ' o o o o o o o o o o 

o 

u_ 
LL <? O *jr ̂  m <r .n sir jn •S' :r, ̂  -s--e m f sf sf <f o 
if 3 3 O 3 O O O o ?> 3» "3 c 3 3 O O o 3 3 o o 3 o ? o O o 3 3 %) 

c: u: u; UJ Uf tU BU U' w LJ UJ w w LU W UJ W &L' l&f »u ;Af IJ u: LU w W w LU Uj Et; It* CL* GJ LU u* OJ O 3. a "O jn S. C JY fl c > > 3. /I /% 2. fk O %: 22 ft /% O % o 
"\J TO ̂  ̂  "C "O wi T\ * > IC 33 'X ̂  V5 n 3* * > -c TO r> :C "X) o 
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