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UNIVERSITY OF SOUTHAMPTON
ABSTRACT
FACULTY OF ENGINEERING AND APPLIED SCIENCE
DEPARTMENT OF CIVIL ENGINEERING

Doctor of Philosophy

SOME ASPECTS OF THE ANALYSIS OF OFFSHORE STRUCTURES

by Michael Ebert

In this thesis, a study is made of the effect of random
wave forces on self-supporting steel and concrete oil drilling
platforms., Various methods of estimating the forces on the
structure, and various ways of idealising both the forces and
the structure itself, are comparéd, the. objective being a

realistic and safe design.

The sea is here represented by a wave amplitude spectrum, from which
spectra for the forces on the structure are derived using a
linear wave theory, in two ways. Firstly, using the well-i;nown
Morison equation, which requires experimental drag and inertia
coefficients; and secondly by considering wave diffraction from
the structural members. A quantitative comparison is made of the
two methods. Using the diffraction theory, it is possible to
guage the effect of sheltering -~ i.e. the effect on the forces on

one member due to the presence of another.

The principal structures considered here are idealised as
plane framed structures ( though the theory is applicable for
structures with, say, plate elements also ) , and in this
connection wave forces on inclined frame members are considered.
This is particularly useful for steel structures. A comparison
is made between the results obtained by evaluating the forces

‘consistently' and by 'lumping' them at element nodal points.

In addition, a comparison is made of solution methods which
ignore certain cross-correlation terms in the equations of motion
for the response with ome that includes such terms, in an attempt
to show that a fuller analysis is no more difficult, and is likely

to be safer, than the more approximate methods.
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AZverything gathers unto iltself some things,

And 1t 1s & law, that all things must modify, change and

S 3,

alter to that which is its host or hostess.

Now I say and make known to you that you are, and have been,

within the realms of the most high.

And for yourseld, try to xnow that you are being made again
new, but in a new way.

Understanding will come to you, and clarity will be yourx
daily companion; purpose, your beacon.

And in the peace and trancuillity that aust come, 1t will be

your strength and znowing.

THAT IT CANNOT HAPPsK THAT YOU WILL ©NOT UKRDERSTAXND

WILL BE MAD= PLAIN . BE PALTIZNT, AND GROW .
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SUIMARY

This thesis is concerned with the analysis of any ocean
structure that can be idealised as a plane frame », Such
gstructures include steel framed structures , as well as

single-leg and multi-leg concrete structures .

Chapter I gives a general appraisal of ocean engineering,
in order %o emphasise some of the points to be bourne in

mind when designing an offshore installation .

-

Chapter 2 considers various wave theories , and chapter 3
deals with the application of such theories to the determination
of wave forces on a structure . Tvo main methods are considered :
an empirical approach as used by liorison et al , and an
analytical wave diffraction theory . Certain conclusions
are reached about the range of validity of each off the two
methods « The sheltering effect of some members on others

is also taken into account .

Having derived expressions for the forces acting on a structure,
one must then solve the equations of motion of the system ,
which is the subject matter of chapter 4 o+ In this thesis ,
the forces are evaluated statistically in terms of a spectrum
of wave amplitudes. It is shown how the ecuations of motion
can be golved for consistent element forces ( section 4.4 ) H
and three methods are indicated for 'lumped® forces ( section

4e5 ) « One method treats the coupling between the forces at



each degree of Trecedom of the structure ; &nother treats cach
degree of freedom independently and superimposes the resulis ;
and the third is called a direct transfer function method ,
because egsentially it comnsists of finding a 'transfer function?
connecting displacements with wave amplitudes directly . This
method appears to avoid some of the epproximations involved in

2ll the other methods, All the methods are capable of dealing

with inclined members ag well as vertical ones .

A comparitive study of the various methods of analysis is

made in chapter 5 , where the computer results are presented ,

Lo summarise , four main noints are considered in-this

thesis .

Pirstly ; & comparative gtudy is made of conventional
frequency domain analyscs and a 'Direct Transfer Function'
technigue .

Secondly , a comparative study is made of two vays ol cstimating
the forces on a structurc — a wave diffraction theory and the
standard Norison approach .

Thirdly , the effcet of waves on inclined frame members is
considered .

Pourthly , the cffect ol sheltcring is considered ( i.c. the
effcet on the forces on a member,of neighbouring members ) .

The results are presented in Chapter 5 , and the conclusions

follow .
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I.I GENERAL

The sea contains wealth in abundance., The chart on the
following page shows that each cubic $ile of sea water contains
up to 25 tons of gold alone and immense gquanitities of other
valuable minerals., The chart does not show that the total
weight of a cubic mile of sea water is about 4 X 109 tons,

and it does not show the large reserves of wealth under the sea.
Both these points highlight one!fact, namely that while the
wealth is abundant, man is still left with the problem of

extracting it.

This thesis is concerned just with the extraction of oil
from under the sea, and to narrow the field down further, just
with the design and analysis of structures capable of fulfilling

this objective.

I.2 Al APPRAISAL OF THE DEVELOPMEIT OF OFFSHORE DRILLING

PLATFORMS

As early as 1900 drilling for oil was attempied in the Gulf of
Mexico using wooden platforms and w?oden piles., The depth of water
was limited to about 3 metres, and the procedure was that mobile
platforms were used for exploration and fixed platforms for

development,

In 1947, the first steel template platform was erected in the
Gulf of Mexico, this time in about 6 metres of water., By I967
there were some 2000 platforms in the Gulf of Mexico, and the

greatest depth being drilled in was about II0 metres,

Z



Approximate Amounts of Minerals in One Cubic Mile of Sea Water

Sodium Chloride...............;..... 128,000,000 tons
Magnesium Chloride.sssssssssessesces 47,900,000 tons
Magnesium Sulphat@essesssesssosocsns 7,800,000 tons
Calcium Sulphat@iceessssoscssscnssoss 5,900,000 tons

Potassium Sulphateessssccssosecsnves 4,000,000 tons

Calcium Carbonat@ecesesssseassassses 578,832 tons
Magnesium Bromid@eesesesccosscsesoose 350,000 tons
BrOMiNGeescesesvosessncsssvososscsca 300,000 tons
StrontiUMecssossescessssascssssanssssns 60,000 tons
BOXONesssossssossosssnnssssnssonesensy 21,000 tons
CPlUuOYinGssssesscssssssscsssssnossasce 6,400 tons
BariUMessssessecssssossessssosssossns 900 tons

Iodine...‘.‘.l.'.OI‘..CQ'.'I...."'.lOOO to 1200 tons

AYSeNIiCessesessscesssssnssssscssssees 50 to 350 tons

RUbi1GiUMe s essoosvossncsvsossonsoccsss 200 tons
' SillVerevsoossossescvssssosssvsnsssnsosns up to 45 tons
Copper, Lead, Manganese, ZinCesesvses 10 to 30 tons
Gold....;.,......................... up to 25 tons
UranilMessscecsesssssssssecsnssssens 7 tons

From "Treasure from the Sea" by J. W. Chansler.
Included in "Science and the Sea", U. S. Naval
Oceanographic Office, 1967,



/
Water
Depthzbo
(m)

150
100
50

i J 1 1

1940 1950 1960 1970 1980

Year

Fig 1,1 ¢ Vater Depth Records By Year

( production drilling )

Failures due to collisions and hurricanes amounted to 22
collapsed platforms and 1I0 platforms severely damaged. When
attemptirg to assess these collapses, it has been said that

gsome had been designed with a calculated risk for a gtorm with -

return period only 25 yeard. 0thers were designed before

adequate design procedures were known., Only 3 had been



designed for today's accepted maximum storm conditions - a storm

with a 50 —~ I00 year return period.

Today drilling is taking place in depths of some 200 metres,
and it is likely that the same procedures as are now being used
will continue to be used to the limits of the Continental Shelf,
where depths do not exceed about 250 metres. Beyond the Continental

Shelf, depths increase rapidly, and new design methods may well be

needed.

1.3 TYPES OF OFFSHORE PLATFORM

I1.3.1. CENERAL

One can classify offshore structures according to a variety of
criteria — for example, equipment carried, mobility, method of
installation, method of support, and so on, From a structural design
point of view, perhaps the most useful division is ‘o distinguish

between bottom-supported structures and floating structures

I.3.2s BOTTON « SUPPORTED PLATFORNS

Examples of bottom-supported structures are given in Figs(I.2) -
(1.5) o They consist essentially of a three-dimensional framework
which rests on the sea bed and through whose legs piles are driven
and made integral, They are usually Ffloated to the site. In this
class of siructure one should include gravity platforms, which are

gimilar in design to the 'Monopod' platform shown in Fig.(I.q,) N
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I1.3.3. SUBMBRSIBLE PLATRORNS

Submersible rigs initially consisted of barges which were sunk
in shallow water. INowadays their distinguishing feature is that
they heve a buoyant hull which is used to float the rig to the
site. On site the hull is sunk to the bottom, leaving a fixed _
platform above. This type of rig is expensive to tow, is limited
to a confined area, and is limited also to shallow depths of water

( around 60 metres ) . See Fig (1.6 ) .

I.3.4, SEMI — SUBNEGRSIBLE PLATFORMS

A; their néme might imply, semi-submersible rigs were designed
for use as submersible units in shallow water or floating units in
deep water. When floating, the primary buoyancy is well below the °
surface to minimise the effects of wave action (see section 1.5
on design criteria ) . But they are difficult to tow , and

expensive to build, transport and insure. Depth capabilities are

limited to 500 metres. See Fig (I.7 )

I.3.5, SELF — BLEVATIIG OR JACK-UP PLATFORIS

The advantage of jack-up rigs is the relative ease of towing
them into position, by floating them on their platform-hull
structure. On site, hydraulic jacks or similar lower the legs to
the sea floor and then 1lift the platform out of the water. In
the absence of piles, a large mattress-like structure may be
needed if the sea bed is unstable. These rigs are very stable in
operation and can drill to depths of about I00 metres,

See Figs (1.8 ) and (I.9) .
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T.3.6. PFLOATING PLATFORHS

Floating platforms are likely fo be used extensively for
drilling in waters off the Continental Shelf ( 200 metres ).
They have been used for some time for production drilling up
to 200 metres. The main stability criterion is that the drill
does not deviate more than some 3 degrees from the vertical
( see section I.5 ), and this condition is most easily met
in deep water rather than shallow water, despite the fact that
better mooring is possible in shallower waters. Floating
platforms can be towed to position or can be self-propelled,

( See Fig (I.I0)) .

I.3.7. THE FUTURE

Without a crystal ball or Churchillian foresight, it is
hard to know what developments are likely in the future.
One possibility for drilling in deeper waters is the submerged .-
pressure vessel platform, which would be moored +to the botitom.
However, maintenance and habitability ( if applicable ) are

the iwo big problems inthis area,
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1.4, THE PRINCIPAL LOADS O OFPSHORT IISTALLATICIS

I.4.I' TJ:H}RA.L

Before looking at the main design considerations, we will

look at the loads that might be expected on an offshore structure.

I.4.2. WAVE LOADIUG

Considerable attention is devoted to the subject of wave
loading in Chapter 3. THssentially, waves are generated by the
frictional drag of the wind on the sea surfice, and their
properties depend on the time the wind blows for, the strength of

the wind, the distance over which the wind blows ( the fetch ),

and the locality.

IT.4.,3. VIYD LOADING

Wind loading usually amounts to about I0% or less of the wave
loading, although in the case of hurricanes ( winds with speeds of
about 200 = 2I6 km/h ) it is possible that the wind loading mey
account for a larger percentage of the total loading, particularly
before a steady state is reached., The wind force mey be estinated

from the formula :

P =0 & vp ((1.1)

where C is a drag cocfTicient
. . . o L 2
A is the projecloed crea of ihe obstacle ( m™ )
P is the density of air ( I.295 lg/cu.m at O deg C,sca level)

g is the acceleration due to gravity ( 9.8057 m/scc” )

v ig the wind velocity

I+



I.d.4. CURREIT LOADIUG

Current loads can be estimated using an expression similar to
equation ( I.I ) with # now replaced by the density of sea water
( 1025 kg/m3 )e The shear force due to variations of the current
with depth can be considerable ( produced, fpr example, by the

Coriolis force due to the Earth's rotation ) .

l1.4.5. ICE LOADING

In Alaska, ice loading is regarded as more important than
earthquake loading. It can take three forms - thermal, dynamic
or static. The static loeding case simply reguires an estimate
of the amount of ice on the structure, which can then be treated
as a vertical load, The dynamic loading case is due to the movement
of lerge masses of ice through the water, causing collisions with
the structure. The thermal loading case is due to temperature

gradients set-up by the ice,

I.4.6. INPACT _LOADING

It may be necessary to design against various types of impact
loading. The berthing of a servicing vessel is an example.
Movement of submarine land masses is another. Tidal waves is

yet another,

I.4.7. EARTHQUAKE LOADING

In California, where much of the research on offshore structures
has centred, earthquake loading has been a major consideration in

design. The procedure seems to have been to analyse the structure

| %



for wave loading and earthquake loading independently. This
thesis is mainly concerned with the analysis of structures for
the Horth Sea, and earthguake loading will not be considered

further.




1.5, BASIC DESIGI CONSIDERATIONUS

I.5,1, INTRODUCTION

It has been a natural first step to approach the design of
offshore installations by looking at ship design, since ship
design has a long history. Ship stability hos been extensively
studied, but new problems arise if the structure has to remain
stationary rather than move efficiently. A platform does not need

greas mobility, and therefore does not need to be ship-shaped,

The six degrees of freedom for a ship are shown in Pig (I1.1I),
and these will be used to describe the movement of platforms also.
Ship designers concentrate on eliminating heave, since they place
gsome emphasis on their product staying afloat. Roll and pitch
are also not welcome,hecause they cause a list or heel or trim,
In the case of a platform one is interested in eliminating surge
and sway also, The bagic criterion encompassing all these points
is that the drill should not deviate from the vertical by more
than a pr;;cribed amount —~ often 3Adegrees. There are other

criteria = the structure must be functional, structurally sound,

easy to maintain, habitable (if applicable ), and so en,

Firstly, a closer look at the factors determining the minimisation

of the six components of motion,

1,502, MINIMISATION OF HEAVD, ROLL AND PITCH Y

There are two ways of minimising heave., Firstly, if the structure

is large in horizontal directions, the forces exerted by waves
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Fig 1.1

Six Components of Motion of a
Typical Moored Vessel



tepding to 1lift one portion will be out of phase with those tending
to 1lift another, and the structure will not respond to the waves.
Unfortunately, the wave energy is such that the necessary
horizontal dimension is 200 -~ 400 metres, which is too large for
nogt applications. Alternatively, since the wave field varies on

a smaller scale in the vertical direction, heave can be minimised
by providing a large vertical extent to the structure. Spar buoys
are designed on this principle. In addition, the structure should
have as small a surface area at the water surface, and as large a
surface area at the bottom, as possible, This is to balance vertical
pressure forces, and to increase the period of vibration in heave.
In this way, the period of vibration can be removed to the low
energy area of the wave spectrum. This can be assisted by the

~use of horizontal fins, which increase the viscous drag, and hence

the effective mass of the structure, and lead to a lower natural

fregquency.

Roll and pitch are also greatly reduced by having a large

ve;tical extent.

I.5.3. MNINIMISATION OF SURGE AID SWAY

The methods used in the previous section for reducing heave,
pitch and roll are ineffective in sufficiently reducing surge
and sway. In this case, a large horizontal extent to the structure
is useful. DMNulti-legged structures can be effective in reducing
surge and sway, provided that it is possible to arrange for
cancellation of tbh~ principle exciting forces. Alternatively,

multiple~point moorings may have to be used, but these are

Az



difficult to arrange in deep water. Propeller systems have been

used, for example in the MOHOLE project (Speiss, Ref I ).

I.504. EXANPLES

(a) FLIP (Floating Instrument Platform ) (Speiss, Ref I ).
FLIP is a spar buoy which was designed with mobility in
mind. Accordingly, it is towed with its long axis
horizontal, and at the site it is rotated so that its
long axis is vertical. It is tuned to reduce heave, and
has a natural frequency of 27T seconds, which is well
ingide the low—energy area of the wave spectrum. It is
not moored, and over a 27 day period with winds in
excess of 25 km/h, it deviated 64 km from its starting

position at an average speed of 0.1 km/h .

(b) SEpcO 135 (Speiss, Ref I )
SEDCO I35 is a triangular drilling platform with IO00 metre’
sides and supported by three large cylindrical legs, on
the bottom of which are large foot-like tanks. This
providés small waterplane area relative to large underwater
volume, and hence gives a low natural frequency in heave

and pitch., SEDCO can drill up to 200 metres,

I:5¢5. TOWING

An additional point to remember when designing a structure
that needs to be towed to its site position is that in tow it

will be subjected to forces quite unlike those it will receive in'use

A
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1,6, MISCELLANEOUS DESIGH CONSIDERATIONS

In addition to the points made in section 1.5, the

following points may need consideration during the design

process

(a) Pile~Structure Interaction

Are relationships available fcr predicting the behavior
of a structure~pile system under dynamic loading? 1In
connection with this, we need to know some information
on dynamic soil properties, with particular reference
to the site in gquestion. What percentage effect do
different sites have on the results? Are we justified

in treating the pile as a beam on an elastic foundation?

(p) Resolution of the Dynamic Results

for easy use by the designer. Is it possible to obtain
an equivalent static load, or is it necessary to perform

a full dynamic analrsis every time?

(¢) Fatigue Failure

Fatigue due to an ocean environment is a relatively new
fielde In the case of framed structures, fatigue failure

at the joints is particularly important.

(a) Corrosion

What is the effect of corrosion on structural strength,

as a function of time?




CHAPTER 2, SURFACE GRAVITY WATER WAVES

2.I. Introduction
2,2, Conservation of Mass and Momentum
2,3, Airy Linear Wave Theory
2,4. Stokes Finite—-Amplitude Wave Theoxry
2.4el. DBasicec Equations
2.4.2. Linear Theory

2+4+.3. BSecond Order Theory



2.1, IITRODUCTION

This chapter is’ not intended to be an exhaustive treatment
of surface gravity waves., There are several good standard
texts which provide thig. The aim here is t0 set down the
relevant equations eoncisely, so that the assumptions used
for each wave theory can clearly be seen in ‘elation to

one-another,

2,2, COUSBRVATION OF MASS AUD MONEBUTUM

In common with other systems, sea water obeys the Prineiples
of conservation of mass ( matter cannot be created or destroyed )
and conservation of momentum ( Newton's second law of motion ).
Defining a two~dimensional coordinate system as shown, these

two laws can be written asy

LAY () +9(M (2.1)
ot ?x

Conservation of llass

>< _i_r>q> 0 Tz _ ')k* \4§§:ﬁ e M/‘gji

I
-5 DX oz |
ax oz bl: | (2.2)
2>vv
7 -1 >?+9’Z’xz :'bw_\_wﬁ ‘
oL T ot '
Conservation of Momentum
[/
z=d A Mean Water Level

Depthydd

2=0 FTTTTITUTITT T ST TS 77 R
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Here u and w are the horizontal and vertical components

of velocity,respectively

x and &z are the horizontal and wvertical coordinates

/9 is the flyid density

X and 2 are external body forces in the x and 3
directions, respectively

P is the fluid pressure

’E&i.and't;x,are shear stresses on fluid faces normal

to the x and z directions, respectivély

In the case of sea water, all wave theories assume that
the fluid is incompressible ( which means that %¥é== 0 in
equation (2.I) ) ; and the majority of theories assume that
the fluid is inviscid (which means the shear stress terms in
equation (2.2) are zero ), and that the only body force is
that due to gravity ( which means that X = 0, Z2 = =g, in

equation (2.2) ). Under these assumptions, equations (2.I)

and (2.2) now become:

_b_‘i—g- oW _ 0

Conservation of Mass, Incompressible Fluid
i
dDuw Y 4 wow = -L 2P |
R Y | “+ — =
ot o 32 € o i
' (2.4)
g - VP
WL w W W W = g |
Py (2 oz |

Conservation of Momentum, Inviscid Fluid (Buler's Bguations )
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For irrotational flow ( i.e. ?ﬁﬁ= ?Eﬂ) y equations (2.4)
?Z 0x

become:

2 |
?_Ei—\-,\—?,t‘:)_\.’\b\«/z:._,\_z?_ ,
ot 2\ o 2 \ % P ox |

|

2
M—\—L(éi PR A -,3-__\_3‘21
Pt N0 2 ?z f oz |

Euler's Equations, Incompressible, Inviscid Flow

The continuity and irrotational flow conditions, equations
(2.3) and (2.4), can be combined using a velocity potential <&
defined by:

‘0 2z
to give Laplace¥s equation
}11# 7§L¢ - o
v S (2.52)

Dot z

Using the velocity potential, equations (2.5) can now be

integrated to give Bermoulli's equation:

L1 R S P (z-d) = Consk
A N LV R VN B B T SO oo z = LonsSt (2,6)
ot 1( ) r J

Bernoullis Equation, Steady, Irrotational, Inviscid Flow

A
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263, AIRY LINTZAR WAVE THEORY

Airy developed a linear theory for waves whose amplitude
is small compared with their wavelength and the water depth,.
Assuming zero vorticity, the egquations to be satisfied are
equations (2.3) and (2.5), in which, because of the small

2
amplitude assumption, the convective acceleratiof terms L QDK)

AN
and 4;(%%5} are zero. Iguations (2.3) and (2.5) then

reduce tos

CE - (2.7)
Dx DZ
Continuity
Pu o _ 1 9P '
ot F ox l
| (2.8)
ow _ —1 9F l
ot f oz !
Momentum

-

(k)

/////////’F”~N\é<\\\\\\\ Mean Water Level

z=d

w Velocity

Components

w
r/r///////f//////'x



Equations (2.7) and (2.8) have to be solved subject to the

following boundary conditionss

At the free surface

( z = 0, for small amplitude waves )

p=p, +pfen l
2 u (249)
W o=
Pt :
On the sea bed ( 2 = 0 ) |
|
w=20 |
where n(x,t) is the wave profile.
Airy assumed that q(x,t) wag ginuvsoidal and therefore
expressible in the form:
n(x,t) = a cos(lkx—wt) (2410)
in which Xk = %? is the wave number. Egquations (2.7) = (2.9)
then lead to the following expressions for the fluid particle
velocity components u and w and the pressure p at depth z ¢
u=2a w cosh(kz) cos(kx—wt) '
sinh kd |
I (2,11)
W =3 wsinh kz sin (kx-uwt) |
sinh kd
p=p +pa W cosh kz cos (kx-wt) + pg(d-z) (2.12)
a I sarasy e
k sinh kd
Using equation (2.I2) and the second boundary condition
we can now,obtain the dispersion relation connecting w and k¢
2
w- = gk tanh kd (2413)



The velocity potential 4},used in Laplace's equation,

equation (2.5a), can easily be shown to be:

4> = - a ¢ cosh kz cos (kx—wt) (2.14)
sinh kd

and equations (2.II) immediately lead to the fluid particle
acceleration components U and W ¢

= = a wo cosh kz sin (kx—wt )
sinh kd

(2.15)

W = = = 5 w> sinh kz cos (kx—wt)
sinh kd

For any fixed value of x, the velocity aﬁd acceleration
components are in phase for all values of z. By observing
equations (2.II) and (2.I5), it will be seen that they vary
with z according to cosh(kz), which is essentially an
exponential decay with increasing depth. Thus longer wavelengths

penetrate more deeply than) shorter wavelengths. The fluid particle

Jro

paths are clilistical, %7 e cllip cg Meceoriszs gmalleor -3t dnmczrogis o

depth,

Simplifications arise when d is large or small. This is
illustrated in Fig (2.1 ), wh?oh shows tanh kd plotted against w.
If w or d is small ( %<%’6 ), tanh kdA%kd (shallow water waves )
while if w or d is large ( say % > L ), tanh kd I (deep
water waves ), In the first case , w° = gk and in the second
W = g d ¥® . From the curves in Fig (2.1 ), it would appear
that one is justified in using the deep water assumption (tanh kd % 1)
for water depths greater than 25 metres over a large part of the

frequency range.
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2.4, STOKES FINITE ANMPLITUDE WAVES

2edel., BASIC TQUATIONS

The linear wave theory predicts closed fluid particle paths,

and therefore no net transport of the fluid. Observations
suggest, however, that there is some overall displacement
of the fluid in many cases. The finite-amplitude wave theory

can be taken to any desired degree of"accuracy to account for

this e
If the amplitude of the surface disturbance is not small
relative to the depth of the water or the wavelength of the

disturbance, the basic equations are:

%_‘:2 + %—"if- © (2.16)

Continuity

a—

2w —_TW 0O
nZ  ox (2.17)

Irrotation

ot ox o2 F ox

(2.18)
OW 4w W g w oW o ——j*-__\.'?_f
2t DR Pz € vZ

Momentum (Buler)

or alternatively, equetions (2.I6) and (2.I7) ocan be replaced
by Laplace's equation, and equation (2.I8) can be replaced by

Bernoulli's equation to give ¢



ot -+~ ,?:"2_ =0 (2.19)

Vet Dz?

L= gt -y [() ()]

2.4.2. LINCAR THEORY

The Stokes first order approximation to the solution to
equations (2.,I9) and (2.20) duplicates the results of section 2.3

for the Airy linear theory. The results are summarised below for

ease of reference @
n!x,t)

cos (kx-wt)

]
@

a ¢ cosh kz sin (kx- wt)

ginh kd
(2.21)
u =a w cosh kz cos (kx—wt)
sinh kd
w=a W sinh kz sin (kx-wt)
sinh kd
2e4e3. STOKES SECOID ORDER THEORY
The Stokes second order theory assumes a wave profile
containing sine and cosine terms in 2(k%-w%). The free
surface boundary condition now has the form:
P L w2 L wRoo (2.22)

ot Ox T

where the free surface means that p(x,n,t) = p, = constant,

f" %4



The resulting expressions for the wave profile, the
velocity potential, the fluid particle velocity components,

the pressure and the dispersion relation are :

n{x,t) = a cos (kx-wt) + k a® (2_+ cosh 2kd)cosh kd cos 2(kx-wt)
4(sinh kd)?

(2.23)

C;) = —ac cosh kz sin (kx-wt) - 3l:a2c cosh 2kz sin 2(kx-wt)
sinh kd 8(sinh kd )*
(2.24)

u = awcosh kz cos (kx~wt) + 3(ak)20 cosh 2kz cos 2(kx—wt)
ginh kd 4(sinh kd )%
(2.25)

W = aWsinh kz sin (kx-wt) + B(ak)zc sinh 2kz sin 2(kx~wt)
ginh kd ‘ 4(sinh kd)*

(2.26)

P=p, - pPe(z=d) - £ (a w)zsinh kz + @€ ga cosh kz cos (kx—wt)

2 sinh kd cosh kd
+ (a w)2 [3 cosh 2kz = 1] cos é(kx—uot) (2.27)
4(sinh kd)L (sinh kad)

w2 = gk tanh ka (2.28)

o
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3,1 INTRODUCTION

In the previous chapter , various wave theories
were considered , the objective being to predict the
behaviour of surface waves through such information as
fluid particle velocities and accelerations , pressures ,

etcC..,

The next objective is to try to apply this information
in order to determine the forces on a structure when it is
subjected to such waves . A commonly used deterministic
method 1s to select a 'significant wave'! ( Sverdrup and
Munk , Ref 2 ) , which has a height H, defined as the
average height of the highest third of all the waves
considered , and to evaluate defterministically the forces
corresponding to this wave . Statistical expressions can
be formulated to connect ’Hs with Hm , the average

height of all the incident waves .

Alternatively , the designer can start with the
spectrum of wave energies ( Pierson, Neumann and James,
Ref 3 ) , and evaluate the forces probabalistically .

This type of approach is used in section 3.5 .

In both methods of analysis , wave information has to
be translated into force information before the response of
the structure can be determined . This is looked at in
section 3.5 . But first, let us consider the main forces
on an obstacle in a fluid . Fluid dynamic forces may
broadly be divided into two categories = those

due to inertial effects , and those due to

24



viscous effects, In the case of water, compressibility

effects can be ignored.

These forces will now be derived using two different
methods - an empirical approach, as used by Morison et al,

and an analytical approach, a wave diffraction theory.

Je2 WAVE TFORCSS O VERTICAL CYLINDIRS = MORISOL 'S HMETHOD

30241 MORISCH'S BASIC EQUATION

Morison et al ( Ref 4 ) produced an equation for the

horizontal force on a stationary vertical in a fluid,

Modifying this for the case of a moving cylinder, +the force

at depth z takes the Torm :

F(z) = Cq (v-2) + Cy (v-u)lv—ul +Cp v (3.1)
where CH is a hydrodynamic mass coefficient
CD is a drag coefficient
CP is a pressure gradient coefficient

to be defined later, and

vy ¥ are the velocity and acceleration of the fluid

u, & are the velocity and acceleration of the cylinder .

By suitably modifying the coefficients CH' CD and CP

cylinder 'shapes other than circular can be analysed.

Y5
L



Equation (3.I) can also be written slightly differcntly by

expressing the coefficients CH ’ CD and CP in terms of
three more fundamental coefficients. These will be defined
by consideration of the inertia and drag forces in the

subsequent two subsections.

32,2 TIIUCRTIA FORCES BY MNORISON'S NETIOD

It is found that of the two types of force under

: . . . P . e e
conpiferetion here -~ inertia end drogp lorccs = the irextic Jorces

e}

5 L 54 ~ - 4 . PR o ke g e .
cre the more simmificent Jor lerge Jiesnetcr concrete Lirvctvres, but
. - . . . -
thet the Trns forces Mmconc as dmmoriert rg the dincxtiz forceces

wrieller Jisneter oteel otzuchtus-e (;ea results, recis §¢§§;,§}¢ The
inertia forces are represented by the terms containing CH

and C, in equation (3.I) « The term containing C, is

known as the hydrodynamic or added mass, and is due to the
pressure produced by the relative motion between the fluid

and the cylinder. In Appendix I it is shown that the added

mass force FAM per unit length of the cylinder is given by @

Py = = o PV (1) (3.2)
where c is an added mass coefficient

AN
F is the fluid density

V is the volume of the cylinder per unit length .

It is also shown that for a circular cylinder this force

becomes ¢



FAMa-PV(*'r-—ﬁ)

In other words, = 1 in this case. Added mass coefficients

Cam

for other shapes of cylinder are given in Appendix I .

The term containing CP is due to variation in the pressure
within the accelerating fluid. This effect is analogous to the
gravitational buoyancy force and is independent of the acceleration

of the structure. In Appendix I this force is shown to be given

by ¢
F,=pPV % (343)

Bquation (3.I) can now alternatively be written :

F(z) = ( cpp * I Jeve - c,y PV + cp@Dd (v—u)‘v—ul (3.12)
2
for circular cylinder, In Chapter 4, it will be shown that
the terms in u and ® in equation (3.Ia) merge with the terms
in u and ® in the equations of motion for the cylinder,

thus leaving only the terms in v and Vv in %he force term.

3s2.3 DRAG FORCES BY MNORISCI'S NETHOD

The drag force term in equation (3.I) is the term

containing C and is proportional to the square of the

D ¥



relative velocity between the fluid and the structure, As
such it is nonlinear, Some authors ( Malhotra and Penzien,

Ref 5 ) have replaced the drag term
¢y ( v—u )lv-u‘
by an'equivalent' linear drag term

¢ (v-u) (34)

where ¢ # CDETv—u .

The method used to obtain ¢ , and the rationalisation used
in the minimisation of the errors ifivolved , is given in

Appendix I

The drag coefficient C is empirical and varies rith +the

D

Reynolds number ( Re = %% ) along a curve similar to that
given in Fig (3. I) . PFor low Re , the drag force is almost
entirely due to skin friction , which exists because of the
viscosity of fthe fluid + ¥or high Re , form drag dominates,
form drag being due to the loss of pressure between the upstream

and downstream faces of the bodye.

CD A

I.0

0.5

Fig 3.1

10° 10° 4x1c’>z
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In addition to the drag force parallel to the direction
of the fluid motibn y there will be a force in the direction
perpendicular to the flow, which is commonly known as the
lift force. Some bodies, such as aerofoils, are designed
for maximum lift and minimum drag, but usually the 1lift
force is much less than the drag force for regular bodies.
Another case in which there is a force perpendicular to the
flow is when vo?tices are set up in the wake of the body.
Vortices are shed alternately from side to side, +the shedding
frequency £ of pairs of vortices being given in terms of the

Strouhal Humber 5 by ¢

f = gv

d

where v  is the fluid velocity

d is a dimension of the structure ( e.g. diameter,

for a circular cylinder ) .

The 1ift force FL due to vortex shedding is then

P =C AF)VZ sin 27t
L 2

L

in which CL is an experimentally determined lift coefficient.




g e
R - [

J

CCTECT

I

40

H

i

L

o~

LA Lo

et A

I DChell

b

:

o
]

¢

ytion

JOR
i

)

oo
[ g

-

ER
WL

s

oL EN
S e R O B

e

LU

-

A

ce Ly

CIr
ILC T

7
e

s Sk e
G IUCSLO

chL

coLz
ooz

[FEE

PN
-

i

TR
LLEIITey

10T

Py e T2 o
TUCTUIE LIllCLB

o
w

- g
-A—S il‘,e

cer

.

I

cyl

of a

EEC,

Tne ¢

rnot

L]
bt

I

- .
. A
o A e e ke W

9]

=

T
yLLAlCD

h

G

T~
ne

~ ;
L L
N 02

e 3
v Ot

L

3

S R

-

o~

o

LoD

Rt et i ial
urbw.x.wa

e
e b

rece

.
Sea iy e
Crons o

ilec

s on

eV

v

LCoTy

L
ek

o e
Aol

ract

e g
{
L

s

'
A

N
7
e

W o st w

Qd

o

oy

SRR

i

SECr

e
’.x.‘}' -

GG

¢
'

bl

T

e

v id

171

e}
-

Tal

[PPSVS

3

J . T T
UL S 0 X S S

sacond O

I
[

Iy
L

PRPRS
e

T
wlL CrC

P
PO

- s
T e e
SOIaC COQILLTE WL

ha!

.
L

o n

2
o ddd

v -
[
w L)

iz, onc

i

it i



N D
1N ?
@ m;«u
£y M
_— TN {1
3 B o
o &
a1 as _m\f
G4 ] & @}
N 3 Ve TR
< “ 9
By i1 §3 b} S
- @ [0 mn ° Py
e o4 <) -1
O ~ 3 O © o
O 43 [ T4 [} [0} -
e o 3 o) 42
(8] o] Y o 42 -
B et o} aw 42 O 0 3 2
[0} "3 - %] = ol
) & Q3 Cy 0 w ) wd et 1
ol o3 o ) 8] £ e v
1> =~ e 0 =l A o ¢
© 3 - 3 ] o
N & 4% el \ o o
o &3 g [®) » ~ﬁ »
@ o X 't o 4 ~ v
wrl - 9 | O &) e Y
% = RS o3 ¥ 4o o = 3
3 [} L] S 4% w1
I > > y S 42 n £ o
I oo [ w1 o o] 1,
[ ¥ - o o] L2 U ’
AN I8 v ol el ¢l o
[ [®) e [0} 0 01 £3 e i
oo ed el s 1 EE i -
= + “ I 3 - -
i Sk S 9 . o
a2 o O e o] o N ‘O
i O > o) Lited O 5] i o O
3 4 [N Nt 1 . [
o 43 @ Mo 04D 2 "l
3 O I mu O s 33 L
i o) Ll g R o i~
S R ala . B v 43 B s :
1. ot %) Y] o) o o o 1) Y . i
o "3 v £l 3 O I i o
o~ o { o3 = N 1« i
w3 & < iy O Q : o % :
© o} H w =) R &4 i I o oy @ s
0 Gy & R G = 3 = xw e by e
+ 3 -3 ol [ @ _v wd " )
8] 0] ] ~ e af RS — w (9] BE]
6wl S i ER i o0 @ ; ; & r
@ e O i W i o
P 43 wilda €y oS . a 42 43T T T e e e e I3 e
© 3 @ 4 © 0 0 ] I S -}
S A ) - i 0 P R B ” Y
43 4 101 ° £ ool o~ " J 1) o
s M o J “ > B
&) 5 a o] et £ (o] o mm
o) 4 © 13 -+ Q v e - )
G0 o g 3 o i1 £
L] 124 43 . L— s 3] ks o



sy

Nt

0
bR

Tuneivio

cl

[0}
mn
©
o

oo

Ul e

O

2

o T
e e

¥

sIchaien

S
B

~
LN

oI

. .
L o
o i b U e

-

[Sente]

——

Toiloving

8]

I

.
cgpect

-

e~

K
=

i
S
N ,m 1t
s,m. i
Ol
Qm ot
U B

(5]
O
Lh

d

A T
ek ARE U D

g

1 7 PR, ROV SR R S
the bouwndlony condilicn

.

o
v

ocitu

i

-

e

-

5
93

o

Cho

e T

i
VIR SN
¥ DS

o

L
C G

e

surfeace ©

[N
o

o]

-
o Ty
e h e D

.
v
oL

)
[FSke

I
o\ e

anlicl

-

o .
[t

o}

S

&

<5

]

v

Taem oy ren g
———eTT b

-
13

>(Z::’}

“y
-

o]

r
[

- L -
CLCIE

nc

1

L

e

e
[SEPEE Y]

B e S PO
e BS U DG

4G



i

C

7

[ERUR.

e
LS

W

T

P
VIR

-~y

rane
axls

Z}.‘

0y

L R B}
oL TAC

o
he B34 52

-
wC

-
s

[CNAR

-
G

Cy

&

o

<
LG

[
[0

A
o{nd

[

¥

.

[0

'
oyt
G

-
-
.

olac

WLING

*la

~ e
ES

A S

[VRNUSR IR SRV

OB

o~
Py

.
cix 2

:{‘s

.. ODC

-
LLERW v

TN
CLaLe

T <
Ry

oy e

o

N

Co.

%
/oy

oz {I.o

w

e mae
0T

o

N e
«) [

.
et L
LIASTNLO

e

od S
okl U (S

1
o

s

e e

on,

et

Rl U e

c

sives

A e
LG

T

—2

Far
Llswmn

1
P
i
KR
w
shs w
[
PN
-~ O]
L+ g
5 3
N [QUE
¢ “
Lo
o =
Lot Y
N (SN
it il
™~ EaN
) -
E 3
-y N
e N
&3 £1
S ~— N
™y [
'
b

P

o de e e



o
e

SOV L

H

ic

&

common aszstant

fo Yo Niard
7
L.‘-‘a./\.la-u ?

s

O

PR
[ SRR

oy

SontL LA

SO

~
o

N e e S T
LCDIVEL S

B T

T ey s

- — PP
s ey e gen
el Lo ALY

*
i

c G

—
W

LoLve

carl

5

C

e

onou

over the 1

[Y

p—

Fon

~
PRORS )

RN

C:-h‘

P
1l

N

| P
ol Ty
& )

31
L)
N
LU Y g
e
S S
S
{ | ORI
™y
I
“ 2f.
N Y
il

4.5



N
(054

o

20001,

J—
T
F S

[

s
e

- Po——
L [Py

oo
(S

j
i
4
i

-
&

“

e
[OVR

incic

oo
O TWIiC

o srell

.
o

t

[ A R
ITunetTLom

it 7

[ SV

~

I

©

:

e ponale

—rael,

-
3

Cohe

Q

s.

o

i

LY

3

/o

g
{
&3

c

"~

5
ay

Tt

o4 wu

&,

1
o nmam
. LY

LR R L L T

s ey




3.4 WAVE TFORCES Ol Al IICLIIED CYILIIDDR

3e4e1l IORMAL FORCES ON Al INCLINILD CYLIUDER

Morison's eguation, eqguation (3.I), gave an expression
for the force per unit length on a vertical cylinder at a

height 2z above the sea bed., This was of the form :
F(z) = Cy (=) + Cp (v=u) lv-—u i +C, 7 (3.19)

If the cylinder is inclined at an angle © to the

horizontal, equation (3.I9) may be modified to :

+C, ¥ (3.20)

v =-u
n P n

n

Fn(z) = Cy (x'rn-ﬁn) + € (vn—un)

where the suffix n denotes +the component normal to the

cylinder in each case .

For example, if the cylinder is stationary and has

circular cross-section, equation (3.20) becomes :

2 .
Fn(z) = CM-f‘ﬂ'z) vt CD 'ge" D v % v, I (3.21)

where D is the cylinder diameter and CH ig the inertia

coefficient, often taken as two .

In terms of © , +the normal component of the fluid

particle velocity, Voo is given by :

v_=u g8in © - w cos © (3.22)

Uy
<



where u and w are the horizontal and vertical componenis

of the fluid particle velocity, respectively .

Fluid Particle Velocity Components

Local Coordinate System

Xy vy
Yo ¥,
Global Coordinate System
Zy W

3.4.2 TAIGDUTIAL FORCES ON AV INCLINED CYLIUDER

The fluid particle velocity component tangential to the

cylinder is given in terms of u and w by :

vy = U cos © + w sin B (3423)

and in terms of vt y the tangential force per unit length

of the cylinder is given by

Ft(z) = CD;Z%E.D v, lv~t l (3.24)

Oy



where CD is a tangential drag coefficient.
.b

This applies to a stationary circular cylinder., An equation
analogous to equation (3.20) is applicable to a moving

rnon-~circular cylinder,

References are few on the subject of flow past inclined
cylinders. Skjelbreia and Hendrickson ( Ref 8 ) use a
concept similar to the tangential drag coefficient one, but
give no mention of how to find the drag coefficient. Clearly,
it is best found experimentally, and, equally clearly, most
designers probably ignore the tangential force term on the basis

that the normal force is very much larger ( expectedly ) .

SZ



3.5 BSTATISTICAL RUPRESEITATION WAVE FORCES

3.5.1 TITRODUCTION

The sea is very difficult to describe analytically, even
with very simple models, and modern philosophy accepts that
it is probably not too important to be able to do so., Today's
designer of offshore insitallations has concepts that are perhaps

more intuitive than the purely deterministic ones.

It is useful to think of the irregular sea surface as the
sum of many ideal sine waves of different lengths and heights,
from which it is possible to count the number of waves of a
certain height and freguency. The sea is then described by
a wave height spectrum, compiled from many such observations,
from which the designer can see the fregquencies at which most

of the sea's energy occurs.

This spectral characterigation of the sea is now videly used,
since it emphasizes precisely those statistical properties that
distinguish one irregular seca state from another. It ié also
useful in calculating the propagation of waves from the

generating area to the object area.

The problem is how to relate a wave height spectrum to a
spectrum describing the force on the structure. This will be
looked~at in section 3.5.4, et seq , but first we will examine

the wave height spectrum,

5%



3,502 WAVIL HEIGHET SPUCTRA

A considerable amount of work has gone into collecting
data on the sea, and one of the first things to be done
was to try to fit the data collected to an empirical
formula, so that for any given set of conditions ( wind
speed, locality, fetch, etc. ) it would not be
necessary to keep taking a lot of measurements. Two of
the most popular wave height spectra formulae are those due
to Drotschneider ( Ref 9 ) and Pierson and Moskowitz
( Ref I0 )., Dretschneider wave spectra are shown in Fig (3.2 ).

For unit §ignificant wave height, the spectra are given by :

SI’LTL(W) = 1012 exp ( = 1035 [L\)TJ% ) ~ (3.25)

w?
where Ts is the significant wave period.

Pierson-Noskowitz spectra are shown in Fig (3. 3 ) and

are given by the expression :

s. (W) = 4 exp (=B uw? ) (3.26)
w 5
W
The Pierson-lioskowitz spectrum is +the one which will
be used throughout this thgsis, and its properties are
analysed in Appendix 4, Wwhere it is also shown that the

Dretochrelder spectrum agrees well with the Pierson-~Noskowitsz

spectrum .
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The following are some general observations on the form
L

of the spectra shown in Figs (3.2 ) and (3.3 ) :

(i) Wave periods range from about 5 +to 30 seconds .
The energy distribution varies smoothly across the
spectrum with a principle peak in the period range
I.5 - 6 seconds ( dependent on wind speed, fetch,

wind duration, etc. ) .

(ii) The total wave energy ( area under the curve )
increases rapidly with the wind speed . Some authors
replace 3B by qggr'in the Pierson-Moskowitz spectrum,
equation (3.26), wwhere W is the wind speed . There
is therefore a dependence on w4 inside the'expcnential

of the Pierson-loskowitz expression .

(iii)There are many waves with frequency greater than the
peak freguency, but very few with frequency less than

the peak value .

(iv) Waves at peak frequency travel slightly faster than the
wind speed, Dbut the majority of the wave energy appears

as waves travelling with speeds less than the wind speed,

(v) Tnergy does not appear to be correlated from one fTegquency
another, which leads to an approximately Gaussian

distribution of wave amplitudes ,

Having noted some general properties of the wave spectra in
rigs (3.2 ) and (3.3 ), we will now look more closely at the

properties of the Pierson- loskowitz specirum .

B
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3.5.5 THE PIERSON =~ MOSKOWITZ WAVE HEIGHT SPECTRUM

The Pierson ~ Moskowitz spectrum will later be used with
the theory of Chapter 4 in a computer programme for
analysing framed structures subjected to random wave loading.
The spectrum is described by equation (3.26) and the main
problem is how to determine the constants A and B . 1In
Appendix 4 it is shown that A and B are related to the
significant wave height HS s defined as the mean height of
the highest third of the waves , and the mean wave period TM

by the expressions :

B = &9—[6; |
TM }

I (3.27)
. 124:182 g
Ty |

The significant wave height Hs can be estimated , for

a narrow band spectrum , from the most probable maximum wave
height in a I0 minute interval , HMax » from the expression:
HMax 7~y 1.6 HS (3.28)

The mean wave period TM is related to the most commonly

occuring wave period To by the expression :

To = I.4I Ty (3.29)

i
&%



T and H are available in contour map form from
0 Max

The MNational Institute of Oceonography ( Ref IT ) ,
and so via equations (3.28), (3.29) and (3.27) +the

constants A and B of the Pierson-Moskowitz spectrum

can be obtained .

3.5.4 FLUID PARTICLE VELOCITY AI'D ACCELERATLON SPLCTRA

In the previous section, the wave height spectrum Snn(uj)
was discussed, and it will now be shown how this can be used
to find spectra for wave forces . Some statistical definitions
are given in Appendix 3 , PFirstly, it is necessary to
consider the fluid particle velocity and acceleration and to

see how they relate to the wave height.

The horizontal and vertical components of fluid particlse

velocity are given, according to the linear theory, by

se

equations (2.II)

u=a W cosh kz cos (kx—wt)
sinh kd

a W ginh kz sin (kx-uwit)

(3.30)
or u= A p{x,w)
wa= B n{x,w)

3

(
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where n(x,w) is the wave profile ., It is known that if
u and 1n, are related by an equation of the form of equations
(3.30) , then their spectral densities are related by an

equation of the form :

2 V2 2
S, (W) = A sm(vo) = W cgsh k2 5 (w0)
sinh“kd Wy |
Likewise !
2 w2 ginh’kz .
%m“”)’ B gmhu)= 5 sméun |
sinh "kd
l(3.31)
Similarly, a cross-spectral density Swu(VO) can be defined :
I
2 . |
Swu(“’) Y cosl12kz sinh kz Sm,("") |
sinh kd
In a like manner, equations (2,1I5) for the horizontal
and vertical fluid particle accelerations yield the following
acceleration spectral densities :
4 2 |
Sﬁﬁ(vd) L W gosh kz s (w) ‘
sinh“kd e
|
4 . .2 |
w nh "k «32
S (W) = Sk 5 (w) o e
sinh“kd Y
l
I

4 .
N sinh kz cosh kz s (W)
ny

S.-(W) =
wa sinhkd

l

We can now consider the spectral density of the normal

fluid particle velocity w t0 a cylinder inclined to the

™
Oy



horizontal at an angle ©. Recalling equation (3.22) of

section 3.,4.1 , we know that :

u =usin® -wcos® =u-w, say (3.22a)

Fluid Particle Velocity Components

The spectral density of u ~can then be written @

Sunun(w) - Su' u'(w) -2 Su’w;w) + Sw'w‘w)
a[c.oacoshzkz sinze -2 wzsinh kz cosh kz sin® cos®

__gnang £3.33)

+ wzsinhzkz cos
sinh kd

Similarly, +the spectral density of the fluid particle

normal acceleration ﬁn is given by :
sﬁnﬁn(w) = Sp,efW) = 2 8,,.(W) + 5., .(w)

=[ 4coshgkz sin28 -2 w4sinh kz cosh kz sin & cos ©

+ W4sinh2kz GOSZQJ_ﬁmé_"ﬂ (3.34)

sinh kd

™



Graphs of 8 (w), 5 _(w) . ana s (W)  are

1201
given in Appendix & along with graphs of Su u (w)
nn
for various values of o , the angle of inclination.
The graphs of S ’ S and S conTirm
uu Ty v
the fact that if =z is large compared with a , then

sinh kz = cosh kz ( i.e. tanh kz =I ) , since all the

spectra are the same .

Using this assumption in eguatiocn (2,33 ve can write 3
& CI o [

2 .2 ' %
S (bd)"'—"- W sin2 g - 2 sin (—;‘, cos @ o cos2@j
uu .
n n sinh kd

X Sw(w)
2 . ~

- w? cosn®rz {—sinle 5 (W)

sinh°xd ] ¥y
(3.332)

m o oy sy - - Fed Lod o 1 e g = -1 o
Vhe exdreceion {om TR cav be ovbaincd by
- ]
2 -
. " .8 » v -
voaloeins 9] Ty U in ermeiion {3,3;&} .



Equations (3.3I) = (3.34) will be used in the next section

to find the necessary wave force spectral densities .

3655 WAVE FORCE SPECTRAL DENSITIES

In sections 3.2, 3.3 and 3.4, various expressions were
derived for the force per unit length on a cylinder immersed

in a fluid ( equations (3.I), (3.I2) and (3.2I) ).

Consider first the Morison expression, equation (3.I) .
To avoid over—complicating the notation, +the cylinder will be
assumed to be stationary, and in Chapter 4 it will be seen
that if the cylinder is moving it does not affect the theory

of this section . Thus the Morison eguation can be written :

F=KV+Cv|v| (3435)

where K =C, PV , C=.§.CDPV y and C, is the
inertia coefficient ( containing the added mass coefficient ) ’

which is often taken as 2 .

Borgman ( RefI2 ) derived an expression for the
autocorrelation function RFF(QZ) of the force ¥ as given

by equation (3.35) » This is of the form :

Rl T) = b a(r_(T)/ 0% ) + & n () (3:36)

( statistical definitions are in Appendix 3 )

a0y

G: .



in which G (r) = [( 2+4:c2 ) arcsin () + 6r ]I~r2]h/1r

” o
and g = jsw(w) dws .
o

This reduces to :

2 2 2 ,
Rep(T) .,__%_ ¢® &, R (T)+ K R(T) (3.37)
on making the approximation ¢ (r) = 8 .
Tr

Transforming equation (3.36) gives the spectral density

of P :

2

(m) 2 2
Spp (W) = 8 ¢ g "5 (W) + K 5,,(w) (3.38)
v
Drag Inertia

S. (W) and S..(tW) were discussed in the previous

vv 2
section . For an inclined cylinder, va(vo) and S%#(vd)
are given by S (W) and s, , (W), respectively

n n Ui

( equations (3.33) and (3.34) ) . For a vertical
cylinder, +these expressions can still be used, although
in this case they reduce to the simpler expressions

suu(ua) and Sﬁﬁ(uo) , respectively ( equations (3.3I)

and (3.32) ).

G”\
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(%) Consider next the diffraction theory expression for the

force on the cylinder , eguation (3.I2) :

4 6002 cosh kz M, W) (3-39)
12 ] H](:I)’(ka) [ sinh kd

F_(W) -

where for simplicity only the inertia term is being
considered here ( This is thought to be a reasonable
assumption. In most ocean engineering applications, the
inertia term dominates quite considerably over the drag
terms Bgquation (3.39) leads to a force spectral density

given by :

(D) 16 pz‘ w?  coshiz
SroH(w) = = s (W) (3.40)
FF x| H:([x)(ka)lg sinhka M

Superfixes D and m denote spectra for the diffraction

theory and Morison's theory, respectively .




35,6 A COMPARISON BETWDEN THE MORISON AND DIFFRACTION

THEORY FORCE SPLECTRA

(a) It is interesting to compare equations (3.38) and (3.40)
for the force spectral density by Morison's eqguation and the
diffraction theory, respectively. Rewriting equation (3.38),
taking only the inertia term, and replacing K by 2§17 a.2,

we get, for a vertical circular cylinder :

2 4.2 4 2
S(m)(w)= 4@° a M- W cosh'lz (W) (3.41)

F¥ sinh®kd W

while the diffraction theory gives ¢

(D) 16 (7 2wt ooshzkz
s = s__(w) 3.42)
(W) 1 IHI(I)'(ka) 2 sinh®kd Wy (

These are the spectral densities of the force per unit
length of the cylinder., The corresponding expressions for

the total force on the cylinder are obtained fwrom equations

(3.13a) and (3.I4) and are :

2
16 /2 g2 tanhzkd

(D) )
SFTotFTot(W) K lH§I)’(ka)lz Sf}f*(w)
(3.43)
o 22_2
SémitFTot(w) = 4 p%° ot tam’xa sm}(w)

(v) The two force spectra given by equations (3.4I) and (3.42)



have been plotted on a graph plotter for a range of cylinder radii
a from 0.1 +to 20 metres . The force spectra have then been
multiplied by a response function ’cl((AJ)IZ with a peak at

I1.07 radns/sec to yield a displacement spectrum corresponding

to each force spectrum. In this way we can attempt to identify
some of the parameters affecting the response. Some of the

curves may be seen in Figs ( A5.,71 ) = ( A&iﬂ‘) together with
a detailed discussion of the curves in  Appendix 5 . The curves
for one particular cylinder radius, 5.5 m , are given overleaf
in PFigs (3.4 ) and (3.5), and these will serve to illustrate
the main points to be made . Refering to the force spectra in

Fig (3.4) , it has been Ffound that

(i) for cylinder radii up to 4 m , +the diffraction theoxy

response is larger than the MNorison theoxry response.

(ii) the Morison theory response is larger over most of
the frequency range, except near the force spectrum
peaks, vwvhere in any case resonance would occur if the
freguency response curve centred there. In the curves
given, only one frequency response curve was used, and
that had a peak at 1,07 radns/sec., but from the curves
it is clear that the displacement response depends
mainly on the position of the peak of the frequency
response curve, rather than the peak of the force

spectrum,

™~
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(e) Returning to equations (3.4I) and (3.42), Walker
( University of Southampton, private discussion ) suggested
comparing the two force spectra by dividing one by the other,

thus eliminating the dependence on the wave height spectrum

S (W) . This gives :

)y
- (D) — -~ (ka) ,HI (ka)|© (3.44)
Tot Tot

Clearly, if Y & I for some ka , then the diffraction
theory force spectrum is greater than the Morison force
spectrum . Curves of (ka) against W for various
cylinder radii are given in Fig (3.6 ) ; and in Fig (3.7 ),
a curve of VOC against W is given, where W, is the
fregquency at which the MNorison spectrum and diffraction

theory spectrum cross over.

The curve of Wg(ka) against W is of little value on
its own, since it merely tells the designer which of the two
force spectra is the greater. This is of no use without
knowing the absolute value of one of the spectra at the
frequency under consideration, and how the absolute value
compares with the peak value. Accordingly, one needs the
force spectra curves as in Fig (3.4 ) in addition to the
curves given in Figs (3. 6) and (3.7 ) before proceeding
with the design. In most cases, it is likely that the

structure will be overdesigned using the MNorison force spectrum.
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3.6 THE IFFCT  OF  SIELTLRING

3,6.,1  GICICRAL

In section 3,3 , a diffraction theory was presented
which was able to predict the inertia force on a single
vertical cylinder in a fluid . As an extension of the single
cylinder case , Spring and Lonkmeyer ( Ref 20 ) considered
the interaction of planc vaves with tvo vertical cylinders ’
for varying ansles of incidence of the waves with the line
of ccentres of the two cylinders ., These authors presented
non-analytical curves giving the force ratio ( i.e. the
force on one cylindexr due to the presence of the other ,
divided by the force on the same cylinder in the absence of
the other ) against a spacing porameter ( i.e. the cyliider
spacing multiplied by the trave number of the incident vave ) .

3,602 AL STALYTICA PCRCYE  RWIT0  CUDVE  CR PLALTG  FRLLLD

oy L

*

This study is limited to plane frames , end it vas thourht
to be of intcrest to sec vhat offect sheltering hes in this case.
In order to apply the diffraction theory to practical examples ,
it is best to fit an analytical curve to the force ratio vorovs
spacing paramcter dats . Spring and Lonkrmeycer observe that their
graphs appear to be 'not unlike Dessel Functiong' , and a very good
fit to their graph of the force on the front cylindex duc to the

.

back one is found to be given by the curve 3

F( ks ) = 1.0 + I T, ((1.55 ks = I.45 ) (3.25)
3

m;v\
[N



vhere F (ks ) ig the force ratio as delined above

X ig the rave number
8 is the spacing bhetireen the ftro cylinfers
YO is a DBessel function , the zero

order weber function

( sce Fig 3.8 ) .

The effect of the front cylinder on the back one is an

order of magnitude less and will not Dbe considered further .

The first peak of the curve defined by equation (3.45)
occurs at ks = 2.5 , where F(ks) = I,IT « Thus if

s =40 m, as in the case of the 4-lcg platform of section 5.4.2 ,

2,5
then k = —Zé = 0,0625 and W = 0,78 rad/s . The
second peak occurs at ks = 6.7 s Ulhere Mks) = I1.10 .
if s =40 m , k= 0,0I7, and w = I1.28 rad/s .

Let us consider where these two peaks occur in relation to
the wave amplitude spectrum and the fregquency response function
peaks , in the case of the 4~leg platform cited above .

Refering to Figl.9 , it is clear that the Tirst two peaks of the

\

. Fig 3.9 Freg. Response [unction
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Torce ratio curve will not rcinforce either the wave amplitude
spectrum or the frequency response function . This is bournc—
out in the results ( see Table 5.2 , section 5.4.2 ) , vhere
it is seen that sheltering causes at most a IY increase in

the displacement response .

3.6.3 THE TINPORTAIICE OF SURLTERING

From Tigs 3.8 and 3.9 , 1e can predict that the effect
of sheltering vwill be most pronounced vhen the First peak of
Fig 3.9 coincides with the peak of either the wave amplitude

spectrum or the first mode freoguency response function .

Using the 4~leg platiform of section 5.4.2 as an example ,

we obgexve that :

(i) if the leg spacing is held fixed at 40 m , a
structure with a fundamental freguency of about 0.8
rad/s will be most affected by sheltering

(ii) if the fundamental frequency is held fixed at 155
rad/s , a structure vith a leg spacing of about 10 m

will be most affected by sheliering

In general ; a designer can get a feel for the problem by

using the two eguations :

u&z = gk tanh kd
(3.46)
I{S = 2'5 ] 607 ) e'tC
from which ] can be found knoving W y OT

W can be found kmowving B e

oy

Here W  may be ecither the wave amplitude spectrum peal

or the freoguency response Ffunction peak .
7%



2.6.4 FOUR = LEG PLATFORMS

This thesis is mainly concerned with the analysis of
plane frames , and Fig 3.8 shows that sheltering can
account for as much as I7% of the force on the front cylinder

in the presence of the back one , 1in a plane frame situation ,
y

Similar curves can be drawn giving the ratio of the force
on one cylinder in the presence of another for situations
other than plane frame ones , notably 4-leg platforms , such
as the one shown below ,
5 @ Q 4

S
Dired%ion of
Wave Incidenc

S~
L

Plan View of
L=leg Platform

W

N
P

1 (B Oa

The interaction of cylinders I and 2 , and cylinders

3 and 4 , has been mentioned in the preceeding sections .

A curve representing the interaction between cylinders I and
3, and cylinders 2 and 4 , shows that this interaction
effect is an order of magnitude less than that existing
between I and 2 , over most of the frequency range ,

which suggests that a plane frame idealisation is a reasonable

one , at least as far as the sheltering effect is concerned .

( Thanks are due to S. Walker of the University of Southampton

for valuable discussions on the sheltering problem )
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4,1 INTRODUCTION

In this chapter, consideration will be given to the response
of framed structures to random wave loading. Frames are a
particularly important type of oceon structure, and in this

thesis they will be idealised as multi degree of freedom plane

frames.,

In 1963 , Harris ( RefI3 ) approached the problem of
random loads on multi degree of freedom systems when he
considered wind gust loading on a line-like structure. His
method was to decompose the equations of motion using a normal
mode approach. Malhotra and Penzien ( Ref 5 ) used"a
gimilar approach in considering the response of offshore
structures to random wave loading. In this approach, the
dynamic deflections of the structure are broken-down into a
number of elementary deflections or normal mode shapes, each
of which behaves as a single degree of freedom system. It is
possible, +therefore, %o see what contribution to the total

response comes from each mode.



This chapter , then , starts by considering the equations
of motion of the structure , and outlines the normal mode

method for solving them.

Consideration is then given to the representation of the
force system on the structure . Section 4.4 looks at consistent
nodal forces for beam elements and how they can be related %o
the force spectral densit@es that are needed for the solution
process of section 4.3. Section 4.5 looks at three different
Wayé’of treating the forces by considering them to be 'lumped'
at the nodal points of the structure., Two of these are similar
to the consistent force representation in that we attempt to
form force spectral densities for use in the theory of section 4.3.
The third method avoids doing this by solving the decoupled
equations of motion explicitly for a particular forcing fregquency
W, and using the 'transfer function' thus obtained to provide a
direct link between the unknown displacements and the known wave
amplitudes » The method appears to avoid most of the assumptions

made in section 4.3 for the other two methods.

The chapter closes with a single degree of frecedom example ,
vhich serves to illustrate the multi degree of freedom theory
and also to act as a useful test example for the chapter on the

computational results .




4,2 THE EQUATIONS OF MOTION

Using the finite element formulation, a multi degree of
freedom system can be represented by its equations of motion

in matrix form :

(4.1)

f=
>4 %
+
o
< o
+
=
b
[
i

The global mass, stiffness and load matrices, M , K
and P , wrespectively, are made up from the element mass,

stiffness and load matrices, which are of the form :

k = ng DB d(vol)

J‘f o a(ve1) (1.2)

L= fSﬁT p ds

giving n o X+c %4 Es x=1 (4.3)
where &g is proportional to a linear combination of

X and .

=5 =g

The load vector p is in this case the vector of all the
hydrodynamic forces, which according to equation (3.20) is

of the form :

p = CH ( G-L ) + ¢y (veu) ’v—u l+ Cp v (3.20)

( considering only the component of force normal to the element )
%A



For notational reasons, the cylinder velocity and
acceleration wu and ; y Tespectively, have been changed
to ; and ; e HWriting the element velocities and
accelerations _é and ;é in terms of the nodal point

. v

velocities and accelerations ﬁn and xn

and assuming that fluid velocity and acceleration v and

&

v follow the same variation, equation (4.3) gives :

f= n,v =m_ X +¢. .V =¢c_X +n
- _.H ) =} =n =] =n =] =n —

(4.4)

p <n

The matrices Moy Moy ES y Oy and Sy are)all given

in Appendix 6. Substituting equation (4.4) into equation
e o

(4.3) and taking terms in x, and x Yo the left side

of the equation, the equations of motion for the element

are 3

feo ] [ X
(mg +vmy )z + (g rep )z +k x=(my+mp)y, +oy 0

(405)

or nx+ox +kx=1 (4.6)
in which the force term f now contains only the fluid
velocity and acceleration terms and no terms involving the

motion of the cylinder .



For the complete structure, equation (4.6) is summed over all

oo

the elements to give

HX+CE+KX=F (4.7)

403 THE NORMAL MODE FNETHOD, LBADING TO THE DISPLACEMENT

SPECTRAL DEUSITY TN THERMS OF THE FORCE SPECTRAL

DENSITY

4e3,1 GEHERAL

The normal mode technigue has been used for some time for
a variety of problems, and has some big advantages over other
methods., Perhaps the biggest is that it enables the designer
of a structure to get a 'feel' for its behavior, since the
reponse of the structure is considered to be a sum of the

responses in the normal modes ,

In random vibration analyses, not all methods require the
eigenvalues of the system ( for example, 'step~by-step!
methods ) , but in practice the eigenvalues are a useful

preliminary guide to a structure's behavior .

Bl



4.3.2 THE HORMAL MODE METHOD FOR THE DISPLACEMENT

SPECTRAL DENSITY

The normal modes and natural frequencies of a multi degree
of freedom structure are found by considering equation (4.7)

with no damping term and no force term, i.e.

(4.8)

I=
o]
+
=
>
I
fo

The siructure will oscillate at its natural frequencies W

if

I3
?
&

2]

in which case equation (4.8) becomes :

(k- wiE)E=0 (4:9)

The response of the structure X is then given by ¢

=
L=4Ag fé Zqi 'A'i (4.10)
[2Y)

where g; are generalised coordinates and A  is the
matrix whose columns éi are the eigenvectors of the system
of equations . TFor offshore applications, only the first two
or three vibration modes are important, so that s =2 or 3

in equation (4.I0) ( in fact, +the first mode usually contributes



L o4 so

over 85 % of the total response ) . Replacing X by Ag,
X b Ag, and X by A g, and premultiplying each term

f]
by AP , equation (4.7) can be written :

[ATEAJQ“fJ‘ATQ&]g*“[&TKA]g - A" F (4.11)
or Ng+Cg+Kg=FE (4.12)
where ﬁ ¥ § , and E are diagonal matrices,

( Here the assumption is made that the damping matrix C

is orthogonal with respect to the eigenvector matrix A )

Bquations (4.I2) are now uncoupled and can be written
down as separate second order differential equations for

each mode :
M.g, +C. g, + K. . = F. (4.13)
Taking the Fourier transform of equation (4.I4) gives :

2= T LT
( -w M, +1WC, + K, )Qi = G (4.14)
in which Qi and Gi are the Fourier transforms of qy
and Fi ¢ Tespectively . Equation (4.14) holds for the

i th generalised coordinate, and similarly for the j th

generalised coordinate we find :

( -w? i, +iwC, + K )a, = O, (4.15)



Taking the complex conjugate of equation (4.I5) yields :

2 = = = A VA
b M.—iWC.+K. . == G. 016
(- w" T, g+ E5) G ; (4.16)
A A
where Qj and Gj denote complex conjugates of Qj
and Gj s Trespectively. Using the usuval notation for a
single degree of freedom system, we can write :
- E
w.2=E{‘j€"‘ ; w.2= —""'J"
oom J M.
i J
(4.17)
_ y K, _ -
C, = — H = 20, —d
i 24 W, ! CJ J wy
J
and express equations (4.14) and (4.I6) in terms of two
A
transfer functions o(i(bﬁ) and o(j(vﬂ) thus
Ql - 0(i Gl
(4.18)
~ é(\ !G\
°; i
i w2 -]
where ol (W) = (-1 +2:wi +WVi )E
i vy :sg i
.
N (4.19)

- :

A 20 -1

o (W) = | (-1 -2 + g ) E,
SVO \A‘)z

. >

Multiplying equations (4.I8) +ogether gives an expression

for the cross spectral density of the generalised coordinates

1



i and J o
A
so(isd) = oLy 54(1,3) o

or in matrix foxrm :

EXCEIRERCIIIFN R M ENC 2 SR MR
s.(2:1) 5.(2,2) « .| . 0¢2. 54(2,1) 54(2,2) .
_ B
AN
§Q = .°_<. _S_G_‘D_(_.

{

The spectral density matrix Sq is related to the

“

spectral density matrix of the untransformed forces by

the transformation :

(4.20)

. 3

(4.20a)

(4.21)

Inserting equation (4.21) into equetion (4.20a), the

spectral density matrix of the generalised coordinates

g

is found . The spectral density matrix of the displacements

X in the original coordinate system is now given by the

transformation :

[

=

8,

S
-x

(4.22)




If we choose, we can write equations (4.20) - (4.22) as :

5, = A [gtf S A Q] A’ (4.23)

which comnects the original forces to the original displacements .

4e3.3 A DIAGONAL FORM FOR THRE SPUCTRAL DENSITY MATRIX

OF THE GEUBRALISTED DISPLACEMENT 0

Returning to equation (4.20a), considerable simplification

results if only the diagonal elements

A
K, 84(144) o(i

i
are considered , The off-diagonal terms
N
Ly sglind) L (i43)
will in general be small, since for an offshore structure,

the peaks of the frequency response curve are very well

separated, In this case, therefore, equation (4.20)

reduces to 3

SQ(i,i) = 'Ic(ilz 5q(1si) (4.24)



in which

i 212
W
K, ||1- [—-— + [2Y w0 | 2
1 w‘ Sty
Wi
S is now diagonal and the solution of equation (4.23)

Q

is much simpler .

However, we still need to compute the force spectral
density S, in equation (4.21) . Consistent nodal force
spectral densities for beam elements are the subject of the
next section, and there is no reason in principle why force

spectral densities for other elements should not be included

in the same way . Three ways of 'lumping' nodal forces are

discussed in section 4.5 .



d.4 CONSISTENT ITODAL FORCE SPECTRAL DENSITIRS FOR

DEAM _ELENENTS

In Chapter 3 , it was shown that one can express the
spectral density of the wave force per unit length on an
immersed cylinder in terms of the spectral densities of
the fluid particle velocity and acceleration, and
ultimately in terms of the wave height spectral density.
e will consider the itwo methods used - the diffraction
theory and HNorison's theory - side by side, firstly for
a vertical cylinder and secondly for an inclined cylinder,
and use them to derive expressions for the cross spectral
density of two consistent nodal forces . A consistent
element nodal force Pi for a prismatic beam element is
defined by integrating the force per unit lengti at depth
A F(Zi) ( as given by either the diffraction theoxy
or Morison's theory ) , over the submerged length of the

element, with an interpolation function gi(zi) ag 8

weighting function .

Hence

= . 02
Py = | Flzy) e(s;) dmy (4425)
i
%1
where Zi ie measured in element local coordinates

( along the beam ) ,

Equation (4.25) will now be used to derive expressions
for the cross spectral density of two consistent nodal

forces P, and P. .
1 |



4.4, THR SPICTRAL DENSITY OF COHUSISTENT TLEMENT IODAL

FORCES FOR A VERTICAL BEAM ELEMENT

The spectral density of the force per unit length on a
vertical beam element, SFF(UJ), is given by equations

(3.38), (3.40) and (3.41) :

(m) 2 2 2 .
Shi (w) = K SH_( w) + 8 ¢ T, sw(w)
m
- 2
= 4P2a41r2 wh e 8 Lot \A)ﬂ cosh ke 5 (w) (4.26)
v -J S-S 1)
i ™ sinh kd
s{0(w) - | x?w? + Drac ERH COShzkzlfs (w)
T | T "] einh®ka.

From these, +the cross spectral density of two consistent

nodal forces P, and Pj ( as given by equation (4.25) )

is @ _ ‘
e zg
(m),. . ,
sp (1131 W) = . &'i<zi) g:j(zj) %Ei Cj G;(Zi) G;(Zj)
1 J
1 %1 (42.27)
X va(i,j,w) + K, Kj. Sﬁ(i,j,v\)) dzidzj
i3
“2 n%2
(D),s . - ] ]
Sp‘ (iy3, W) gi(zi) gj(zj) j iiKé C?i% in gosh gzj
z% Zg K'a"Tr Hy (ka) “sinhkd
X SQW(MJ) cos k( xj-’xi ) dz, dzj (4.28)

9+



in which

. F 2
S W) = -
vv(l'j' ) =|w" cosh kz, cosh kz. |S (w) cos k(x'j xi)

sinhzkd
- "
~ (4.29)
. | 4 -
Siﬁ(l,J,VJ) =| Wi’ cosh kz  cosh kzj anguJ) cos k(xjN xi)
sinh°kd J

4.4.2 TEE SPECTRAL DrNSITY OF CONSISTENT BLOMEUT HODAL

FORCES FOR Al IINCLIIED BEAM FELEMENT

Only the Morison theory will be considered here. The eguation
for the spectral density of the normal force per unit length on

an inclined cylinder is equation (3.38) :

(m) 2 2 , 2
Spp (w) = .8 ¢® g7 s (w) + K% 8,. (W) (4.30)
where in this case, S and S,. refer to the normal
vv v

velocity and acceleration on the cylinder, respectively, and

are given by :

s, (W) =5 (w)

el
S



2 2 3
= | W cosh kz sin26 - 2w2 sinh kz cosh kz sin® cos ©

+ \«\52 sinh°kz coszel va(w) (4.31)
J sinhzkd

sw(w) = S. 0 (w)

2.
= |cosh kz sinze -2 sinh kz cosh kz sin © cos ©

* sinhzkz 00826' \;’04 Smp(w) (4632)
sinhzkd

The cross spectral density of two consistent nodal forces

Pi and P;j is then given by :

1 .
%o zg
iy je W = 3 2 8
8,(113,w) g;(2;) 85(2 ) = ¢; ¢, 0,(z;) 7 (z,)
J
S (4.33)
X8, 5 (13 W) + X K8y 4 (1,5,W) (a5,
nn nn
in which

o

Sunun(l, W) =| cosh kzi cogh lczj gin ei pin 93

+ pinh kz, sinh ke, cos éi cos €,

J J

- ( sinh kz, cosh kz, sin €, cog € 2 ¢
( i y 9in €4 cos € 4 cinh kzj cosh kz, sin 91 sin 6;; )

2 _ i
x w ")nnf(uu)

pinh®l q

cos I( xj N ) (4.21)

Ie



aqd

S & (i,3,W) = cosh kz, cosh Iczj sm'@i s:m@j
nn
i . &1 & cos ©
4+ ginh k?i ginh kzj coB N cos s

- ( sinh kz, cosh kz, sin ©. cos @ + sinh k2, cosh kz, sin©, gin €
\ i J J i J i i - J

3
H

4
s (W) \
X W 21 cos k(x

— ) (4.35)
ginh kd

i T

Clearly, equation (4.33) will reduce to eguation (4.27) in
the case in which the cylinder is vertical ( 8in® =1 y COB 0 = 0),

since in this case the compoments of § (w) and
n n
Sg 1 (wW) which are due to the vertical velocity of the wave
n n
particles then vanish .

The problem of integrating equation (4.33) is an algebraic

i

headache ., This is done in Appendix T .



dod.3 THE OVDRALL TODAL FORCE SPECTRAL DEISITY FOR

THE COMPLEDTE STRUCTURE

jquation (4.33) gives the spectral density of two nodal
forces i and J taken from two elements ( possibly
the same element ) . For the overall nodal force cross
spectral density between two forces i and 3 s 1%

is necessary to sum terms such as these over all the elements

meeting at the nodes corresponding to i and e

This gives :

Sp(i,j,"vo) = é 2 Sp( i 5 W) (4.36)
n m

m’ V‘)) is givei';’l,'by equa,‘hion (4.33) 1

in which Sp( i
and represents the cross spectral density of nodal force
i from element n and nodal force J from element

m .

some regults from a nrogramme based on the consistent force
theory are given vith the rest of the computational results

in Chapter 5 .

P
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4.5 'LUHPED' FORCE SPECTRAL DRUSITIES FOR DBRAF BLEMENTS

4,5, GENERAL

In the previous section, consistent nodal forces for beam
elements were considered, and it was seen that very
complicated algebra arises when deriving the spectral densities
of these forces. This is principally because of the occurence
of the interpolation functions in some of the expressions that

have to be integrated.

An alternative approach is to lump the force on each beam
element at it's nodes. Three different ways of doing this,
of varying degrees of approximation, are now consigered.
In all cases, the modal decomposition technigue, described
in sections 4.1 - 4.3 , 1is used. Progressing from section
4.5.3 to 4.5.6 , the three methods are of increasing
gimplicity, and it is hoped that it will be possible to show
that the simplest of the three methods ig sufficiently accurate
to be useable in subsequent analyses. Computer programmes

based on the three methods are given in Chapter 5



4.5.2 'LUMPED" ELEMINT FORCES FOR A BRAM ELEMEHNT

Before cosidering each of the three methods in turnm,
let us cosider again the force on a typical beam element,

say element »r , of a structure,.

Rewriting equations (3.2I) and (3.22) , we get for
the force per unit length Fn(z) normal to the cylinder at

height =z above the sea bed :
F(z) =k ¢ +0_ |8 g(a) v (4425)
n T n r J7T Vv n *

where

v, =usin G} - W coB E; (4.265

u = a W cosh kz cos (kX—Wt)
gsinh kd

we & W sinh kz sin (kx-Wt)

sinh kd

Typical ZElement =

Velocity Components

<
(@]



i

Inserting equation (4.26) into equation (4.25) gives &

2
F(2) = 52%  loosh kz sin (kx-wt) sin e, +
& sinh kd

sinh kz cos (kx- WwWt) cos Gr]

C. l:%‘ 0"v(z) a w
N cosh kz cos (kx- wW1t) sin Gr

sinh kd

- sinh kz sin (kx- Wt) cos C (4.27)

The total force T on the I‘th element is found by _

N'l‘o*b

integrating F_(z) over the length of the element, and

dividing this by 2 gives the total normal force which

may be considered concentrated at each node of the r‘bh

element
Kr a 002. (M kzg
FN= e | gin (kx=- 3%) sin O cosh u du
2 sinh kd ¥ k
v kg
T
sz?
+ cos (kx- Wit) cos Q sinh u du
r k
u kZI?
C ‘% a W k""z
+ cos (kx- wWt) sin © q"v(z) cosh u du
2 ginh kd o g k
¥
k22
. . )
- sin (kx—- W1t) cos @r O-—V(z) sllx;h u du (4.28)
kZI

1ot



in which u = kz , Performing the integrations yields

K_a V\)2
Fy = e P sin (kx=- W1) + Q. cos (kx= c0t)
2 sinh kd

!8(

CT e w

+ B_ cos (kx- wt) = S_ sin (kx~- wt) | (4.29)
2 ginh kd r o

where

P_ = gin é;r ( sinh kz, - sinh kz_ )/ k = sin E;r (ii) :
|
Q. = cos Qr ( cosh kz, - cosh k. )/ k = cos 9::' (12):

- I
(C-a ) 1| =21 ‘
R_ = sin © (Q"III + —=z—=—| u sinh u = cosh u | (4630)
: K1 * kg

Hy

- kz
(¢~ G377 A
5 u ¢osh u = sinh u |
k1 - dlkz

S = cos GT(O"&II +

From this, +the horizontal and vertical components of

B

N are given by :

K aw ’
F, (W) = fe— [P A_ sin(kx= wt) + Q_ A_ cos(kx~ wt)]
Vv 2 sinhka| T T T r

[}
b R A cos (kx=wWi) =5 A sin (kx- wt)
2 sinh ka T

(4.21")



where

sin @T y for the horizontal component, suffix H

A =
ol cos @T y for the vertical component , suffix V ,
(4432)
R
Nv
FNH
Horizontal and Vertical Nodal PForece Components
Hv
P
NH

Having derived an expression for the element nodal forces, the
following three sections will be devoted to different ways of

combining them in a gpectral analysis .

)
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4uDe5 'LUMPED' TORCH AIPROACH, IGHORING OFF-DIAGONAL

TiRMS IN  BEQUATION (4.21) ( Programme SPECTAI in Chapter 5 )

Having idealiged the forces on a structure by applying
them at the nodés , the best representation of these forces
will presumably be given by considering the cross-—zpectral
densities of all these forces . With this in mind , we can
s%art vith the force at each node of element r , as given
by eguation (4.31Y) , ond ve cen say that the force at any
node 1 of the complete gtructure is given by adding together

the contributions from all the elements such as r meeting at

that node i

Fi (W) = e 032 tT. sin (lx—- wWi) + U, oos(l:&«UJ*tﬂ
H, ¢ 2 sinh Id * o
(222

B
nfi-v?[?i cos (lkx—- wt) - Uy gin (Joze- uot)}

-

in which

]
L
J \ [\P;

—
e
H

D

=
~

<
i
N
b
v}
H
(@]
p —4



I,
i

W, = (A s_ ¢ )
* jé Ty Ty

and Ni is the number of elements meeting at node i.

Collecting sine and cosine terms , equation (4.33% may be written:

F, (w)=__ ° (T, w’- l%—- W) sin (kx-Wt)
H,V 2 sinh kd * 1

which may now be written in terms of a single sinusoidal wave as @

a
. ) '
F, (W) = oo ng Xy sin (kx= ot + T, ) (4.33p)
R,V
where
: 8 2 8 2
X, =~?J(Ti -J:Twi) +(Ui +J—; vi)
8
U, + = T,
Y. = Tan ~* 1 RS
. m -J@-w
i ™ i

The cross~spectral density of two nodal forces Fi and Fk

is now given by :

I

X, X

% Spp(w) (4.35)

Som(ik, W) =
FF 4 sinh%kd

o)
(W)



4.5.,4 LUMPED TFORCE REPRESEIIMIICIT , CONSIDERING TACH DEGREE

OF FROEDOM IUDEPENDENTLY ( Programme SPECTA2, Chapter 5)

Bguation (4.31') gives an expression for the nodal forces on
a typical element of a structure . Proceding as in the previous
section , the horizontal and vertical components of the i th

nodal force can be written down in the form ¢

a

F, (W) = 5 oinh kA Xi sin ( kx=- wit +Yi)

8
I Uiuo +J;; vi
, o

L, o=lx ¥

and , in this case , Ti ’ Ui ’ Vi y W, aTe due to the contribution

from one element only and are given by =



As before , Ar ' Pr ' Qs Rr ' Sr ’ Kr and Cr

are given by equations (4.30) and (4.32") .

Hence the spectral density SFF(:'L,i,UO) of F, is

given by :

I
xi?‘ sm}(w) (4.36)

Somligi, W) =
FF 4 sinhzkd

We can consider the response of the structure to this forcing
spectrum alone , and then repeat the process for all the other
degrees of freedom of the structure over all the other elements
( a total of 4 X ( The number of elements) times )} o In
this way , we can compare the analysis using the fully-coupled
force spectra , as described in the previous section , with the

analysis using uncoupled spectra , as described in this section .

In order to appreciate the resulting simplifications that arise
in the theory by using the uncoupled force spectra y let us return
to equation (4.23) , which gives the matrix of displacement
spectral densities §x~ in fterms of the matrix of force

spectral densities Sp ¢

o



-

For the uncoupled analysis ,

'S"F( VO) =

A
S=£Ff%&4f

we replace

sp(w) by

This gives for the matrix of spectral densities of the

generalised forces §G :
TC"
%"AABFA
- -~

Ayp Bop Byp o o e

AI3 A23 s s s

A__ A__ A .
O IT "12 "13

Agy Bpp Bpy e

Sp(i,1) Ay Agp .
Ist an

lode Mode
Shape Shape

oY

(4.37)

(4.38)




i1 Aix i1 A0 i1 243

iz A1 Mo Byp Byp My e e
1381 Ay hyp By Ay e e o X OSg(E,5,w)

] ' . (4.39)

: : : |

Hence the matrix of spectral densities of the generalised

displacements §Q ig @
r- ty
A Az;‘z
8q = %8y k= o
2|2 X s_(i,i)
AiZ’Z, P
2 2 g
23,7 o (4.49)

A
X and 0( o

where we have ignored off-diagonal terms in

t

Pinally, the matrix of spectral densities of the original

displacements §x is given by @

which when expanded leads to @



}!‘m

2 2
Ay Arp Apy e e o] Mg iokll Apg Ay A3I . e .
A A . A, 2 lo( |2 A, A A X s.(i,i)
21 "22 ° e i2 2 I2 722 %32 ° ° ¢ JOAR
4 o °
. . ) (4.41Y
" o L J —o L] - ._J

The diagonal terms of éx are the ones needed for the
nodal point disgplacements . These are given by :

2 2; ,2
A12 9(2 + o o o

) 2 )
Sx(k,k,w) =| A " A ‘oLII + A,

2 . 2 2 , \
* Akn Ain IN%J X SF(l,i,DU) (4-42)
n
s
< 2 2 L2
N ; a 3
- éﬂk;j Aij IO(JI SF(lalvw)
JI

( k=1,2,3, ¢« o o ,n )

where n is the number of significant natural freguencics

of the structure ( dependent on the sea spectrum an(uO) ) .

Integrating Sx(k,k,bd) with respect to W gives the
variance of the displacement at coordinate k due to a forcing
spectrvm at coordinate i .« The process must be repeated for
forces Fi at each coordinate i  and the resulis

superimposed .



4.5.5 A 'DIRECT TRAUSFER FUICTION' TECHNIQUE ( Programme

SPECT3 in Chapier 5 )

(a) The previous tvo sections dealt with methods of analysis
in which the spectral density matrix of the forces is first computed
and this is then used to evaluate the spectral density matrix

of the required displacements.

In this section , we solve the equations of motion
explicitly at a frequency w and from this , attempt to find“u
a transfer function Zi( W ) connecting the displacement Xi
with the wave amplitude 1z X, g W ) for each degree of

freedom i , iees

x, = 2.(w) n( x ,w) (4.53)

or in terms of the two gpecira

Sxixi( w) & ziz(w) Sm}(w ) (4454)

(b) A modal decomposition technigque 1ill be used , where

in this case e nced to know the form of the forcing function
exactly. Starting with the equations of motion for a structure

composed of inclined members ( equation‘(4.7) ) :

el
.
o



(4.55)

=
R
+
o
I o
+
i
fed
f
55

vhere the force vector F 1is composed of forces F& at
each coordinate i . F& is made~up of the contributions
from all the elements meeting at coordinate i  and has

already been derived in eguations (4.33) and (4.34)

Fi(w, t) = {‘I‘, sin(kx- wWt) + Ui cos(kx= W t) w2

T (4.56)

, !
+ Ew{v;cos ({:cxf- wt) = Wy s:‘m1 (ll:x— wt) :l

Due to vertical components Due to horizontal

2 sinh kd

of vel., and acceleration components

Decomposing equations (4.55) using a modal technique ,

ve arrive at eguation (4.1I2) :

&TJAJQ+[ATQ.ALJ§.+[ATKA]E= B'r- F (4.57)
which leaves n uncoupled second order differential
equations of which the i th is‘:

¢ 13 — ( 8
Mooy t o9y tkay = By 4.58)
where 32 is in this case given by @
n
§.==£§£ A, F
i ST ji 73



This may in turn be written :

F, = w? [Pi pin (kx—-wt) + Q; cos (kx—Wt)]

+-uq[£i sin (kx— Wt) + S, cos (kx- vﬂt%} (4.59)

in which

n a
P, =2 A T X
il vl 2 sinh kd |

B} ] )
> a (4.60)
Q; =é A, U.| X ,
= i 2 sinh kd
R, = é AW, | X Aw |
i 3 2 sinh kd
| 3=1 J ;
= n 4 . 8 l
S, =é. A, V., |X LS
= i 2 sinh kd |

(p) 1Instead of Fourier transforming equation (4.58) , let us
solve it for the case of a forcing function given by eguation

(4.59) . 1In this way , we can hope to derive a 'transfer function'

between displacements and wave amplitudes.

The solution to equation (4.58) will consist of a

transient response ( the solution to the homogeneous equation )
and a steady-state response (due to the forcing function ) .

Considering just the steady-state response , we look for a

.
Lnd



solution of the form :

q; = A, cos (kx=-wt) + B, sin (kx= wt) (4.61)

Inserting equation (4.61) into equation (4.58) and

equating coefficients of sin (kx— wt) and cos (kx—-wot)

. 2 .
-mi\,o Ai -—WciBi +k.i Ai = W Qi +u581
(4.62)
- sz + we, A, +k, B = ‘2P+“R |
3 g Twoghy vk B = w By o W
Solving these two equations for Ai and Bi and
simplifying the results gives :
w2
< S, . - - . w
Ai = i
2
ci2w2 + X, (1 —fj—z-)
i (4.63)
— 2
k. ( R 4wP)(T--——é—)-—oiw(S +le)U°
B, = =
* c 2 +k (I - "\"'bﬁ &
i W i ;2

Inserting A, and B,  info equation (4.61) gives

v

the reqguired response as which may now be written 3



9 = gy sin (kx- w1t + Q) (4.64)
in which

q. = |4, "+ 3B and & = Tan

In the expressions for Ai and Bi ’ uojl ig the
i th natural freqgquency of the structure and is related to
the generalised stiffness and mass by the equation
) k
w? . i
i om
i

Bquation (4.64) gives the generalised displacement a9
corresponding to a surface disturbance n = sin (kx- wit) .

In spectral form , wec can therefore write :

s 0 (w) = 'c’fi(w) Ej(w) Sm(w) (4.65)

( for i y j =2 1,2,3, o o o g n )

B
Finally, +the original displacements x are given by
the diagonal terms of Sy - ¢
S = AS AT ( since x=Ag )
£ X - Tag T -



4,6 SINGLE DEGREE OF FREEDOM SYSTENS

4.,6,1 INTRODUCTION

Some offshore structures may conveniently be idealised as
single degree of freedom systems . This enables the designer
to do a hand calculation in order to check his more
sophisticated analytical techniques . Typical of such a
gtructure is the gingle leg platform , one of vhich is
analysed in section 5.4 , example I , wusing the three

computer programmes of chapter 5 . This will now be analysed

manually .

4e6.2 EXANPLE : 12 m DIAMETER SIIGLE LLG PLATFORIL

The characteristics of the platform are given in Txample 1
of section 4.5 . We first need the mass M and stiffness K
of the equivalent single degree of freedom system . Assuming a

quadratically varying deflected shape for the structure , i.e.

the magss M is given by ¢

1
)4 4z +mjd(?1-)4dz +MP(-§-)4

i d
’ z
M=(m+ ma)jo( T .
= 6.990 X 10° kg
where m = mass per unit length of concrete (kg)
m = mass per unit length of displaced water (kg)

M, = mass of platform (kg)

to



The stiffness K 4ig :

2
K = E—% ('3-3-—:?-2 )2 4z = 1.10 X 10° W/n
1 [e) 'aZ

Hence the natural frequency W of the system is ¢

w = % = I,25 rad/sec

The damping constant X is then given by :

C
¥ - !
o+ 7w
d
. . 8 7y 2
in which  Cp ¢ | j o'v(z) ( 0 ) © az
Y .
3 , is the structural demping , in this case 0.05
c D
- d Pw - 2
¢, = —— = 6150 kg/m
o 2
o 2(2) - \)ﬂ LOZ COSthZ g (w)
v 0 sinh“ka W
and Snn(u)) is the wave amplitude spectrum , in this

case the Pierson-Moskowitz spectrum ( Fig 3.3)

Clearly , we need to use numerical integration to find G}(z) '
which is then inserted into the expression for CH s which in
turn is inserted into the expression for ¥ . Curves of va(z)

4

against z and gz va(z) against z are given subsequently .

From these , we obtain :



F 100
6150 =

" (130)*

24 o (z) dg = 1.226 X 10°

CH

¥ - ¥ + —E— = 0.0500 + 0.008T = 0.0581

8

2 MW

( cefe 0.0574 in the computer programme )

Using the above values of X uon and B y the frequency

response function loi(uJ)|2 is now calculable ¢

l,x (w)’2 -

I

K2[<x-<—£—;>>2+<z‘6-;o“-’;>jz

Depth , z(m)
I00

| | | b
I 2 3 0, (z)
&‘"“"“—“*_*—*/_';'M
Area= 3.569 X 109/ig/;kif§’zgg;
—
2:.5){108
24 o (2)



We next calculate the force spectrum SFF(u)) which is

found from the formula @

5 4 d Inertia -
Cq z 2 ,Term
SFF(w) =y cosh kz £ ( T ) dz
ginh kd Drag
0

d /Te ,

cosh kz 0—1}(2) £ ( % ) dz

X Srm( )

r
LNQB. Caution is needed with the inertia and added mass
coefficients o In the notation of this thesis , CM =2
( inertia coefficient ) and c, =1I ( added mess coelfs ).
The added mass joins the structural mass on the left hand side
of the system of equations . Thus GI = CM in the above
expression o Other authors take C, = I , CA =I, in

H

which case we need 4o take C,_ = C, + C in the expression

I A M
above . ]

Inserting the appropriate numbers , 1ve get ¢

2 -4
SFF(W) = L2320(2>o L W_ 12 (w) +'{Drag Term}
sinh“1004 n4

where 4
I = (sinhIOOk)(-I-Q—--f--%—)-( coshIOOk)-z-Q‘g .
x X X

A diagram of SFF( W ) against W is shown overleaf .

W4



Spp(W)

A

0.25 X IOX4

Multiplying the curve above with the frequency response

-

curve for K = 0,058 , shown on the following page , gives

the spectral density of the displacement , i.ee.
2
Wi =
s = [ w) [ sp(w)

and hence the variance of the displacement is &

K
2
G‘q = ( SQQ(UO) dw
“o

Clearly , SFF( w) and 'oL( uo)‘ 2 have to be
evaluated for a series of values of w , and then the above

equation has to be numerically integrated to find 0"q2 .

The final result for o'q is ¢

/

|20
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L.7 MEMBER STRESSES

From a design point of view, one of the most important
things to know is the member loads, from which member sizes
can be deduced. Sections 4.3=4.5 were concerned with the
calculation of the standard deviations of the displacements
at each degree of freedom, but clearly this information is
insufficient in itself to enable the desigher to evaluate
the member stresses, since the standard deviations do not
take into account the direction of the displacements.
Accordingly, the analyst can proceed in several different

ways.

One way is to return to the mode shapes of the structure,

- which do take account of the directions of the displacements,
and to use these, toge%her with the standard deviations of

the displacements as scaling factors, to calculate the

required stresses, In practice, it has been found that all the
structures considered in this thesis respond almost entirely in
the first mode, so that the displaced shape of the structure

is practically a scaled first mode shape. If other modes are

important, the modal participation factors, which are found

early on in the analysis, can be considered,

Alternatively, one can consider the relationship between
member stresses and displacements. For any member of the
structure, there exists a relationship connecting the loads in
the member with the nodal point displacements, This is of the

form :

}MJ
UJ



where P and ge are vectors containing the element
loads and displacements, respectively. For a beam element,
such as the one used in this thesis, both vectors contain

6 elements. The spectral density containing the covariances

of the element loads is therefore given by :

S = B_ S §T (4.68)

The standard deviations EZP of the element loads are now

given by :
G"‘ 1
®1
( i=I,2’o Y . ’6 )
The elements of the matrix Sy have been derived earlier,
e

and equation (4.69) therefore gives the required solution,
In practice however, the computer core store reguired to

perform the operation of equation (4.69) is often prohibitive.
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FLOWCHART , PROGRAMMES SPECTAI AND SPECTA3

This page applies to both SPECTI and SPECT3 ., For the
remainder of SPECTAI , ©proceed to the next page , and for

SPECTA3? proceed two pages .
( START )

Input Data ( see user's data sheet )
~Initialise Global Mass, Stiffness and Damping llatrices

z
N
i

Calculate Added Mass per Unit Length, and Total Drag

and Inertia Coefficients, For Each Member (Equation(3.Ia))
Y

Calculate Standard Deviations of Fluid Particle

___Velocities at Each Node ”( Subroutine SIGVEL )

oo

Nt

i

Assemble Global Mass, Stiffness and Hydrodynamic
Damping Matrices, M, K, and C, respectively .
__ Apply Boundary Conditions ( Section 4.2 )

Y
i

Evaluate Highest Natural Frequency That It Is
Necessary To Consider, FMax ( Dependent on Wave
Amplitude Spectrum ). Find Natural Frequencies
(up to F, ) and Mode Shapes ( An Iterative
Procedure, Subroutine KIGEN ) .
Normalise Modes With Respect To Mass Matrix ;
Diagonalise M, K, and C . ( Section 4.3.2 )
¥

Add Structural Damping To Damping Coefficients
and Change To Proportion of Critical Damping

i

v/
{

Move on I page for programme SPECTAI

Move on 2 pages for programme SPECTA3

mv_?w e

Ay

%
9]

L



y SPECTAIL

-
T Loop Over The Number of Significant Frequenc1es

|
FREe—— PR o \i -

Evaluate Integration Points, According To Natural

3
i
i
i Frequencies
| - .

N

P

< _Loop Over Integration Points ,
i .‘!g

!
-

Calculate Spectral Density Matrix §FF At Frequency ua§
( equation (4.35') ; subroutine SPECT ) ’

Form Triple Product §G = AT * §FF * A f

( equation (4.2I) ; subroutine SFSTAR )

/ Form Matrix of Spectral Densiti

~
I's

tie
Displacements S, = A §Q AT E

( equation (4.22) ; subroutine sSUU )

Numerically Integrate Diagonal Terms of §x To

Give Variance of Response in Each Degree of Freedom

2

|
Ny
/
i

e 4 of s ) W‘M\

**\\ymnd of Integratlon P01nts?

gYes

No - T - -
Tm—— e End of Significant Frequencies? -

s i st i ey

EYes

et et o e e i 0 it i

Prlnt Standard Deviations of Displacements

bevamo e e ey e o s v e St e ot i e i et

|
v/

— E

Calculate Standard Deviations of Member Stresses

L e e T
|
v

[
|
i

.

i END )



SPECTA3

i

[T#Evaluate Integration Points
i o i

H

?”4 Loop Over Integration Points

i
I

©  Evaluate Nodal Forces ( i.e. coeffs T U Vi, g
equation (4.34') ) for Each Nodal Degree of Freedon

%

; Evaluate Generalised Forces ( i.e. coeffs P ’Qi’Ri’S

;  equation (4.60) )

s

Evaluate 'Transfer Function' [Ei(uo)

( equations (4.6I),(4.63),(Lk.6L) )

Evaluate Matrix of Spectral Densities of Displacement

! Responses S, ( equations (4.65),(4.66) )

5 \ - 2

| s, (w) = [T w)] 25 (w)

; a qu 0

i -

| S, =45, 4

i .

| Numerically Integrate Diagonal Terms of éx To
i

i, Give The Response In Each Degree of Freedom

o

I
P . ; N
™ End of Integration Points ?

N ’
%}

{Yes

|  Print Standard Deviations of Displacements

%I;
i

I

i
Calculate and Print Standard Deviations of Member

e -

Stresses

—

| SOR——

=

37
<
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5.3 USER INSTRUCTIONS , DPROGRAMMES SPECTAI AND SPECTA3

The input data is identical for both programmes .

DATA FORMAT

I. Single Card Containing :
Number of elements , NEL

Number of nodal points , NNP
Number of reactions , NREAC ( see 5 below ) . 3IIO

2, Single Card Containing The Problem Title [ 20A4

3. One Card For Each Nedal Point ( NNP cards in all):
containing :

Node number I10
x=-coordinate ( parallel to sea bed ) in metres % 2FI0.3

y-coordinate ( vertical from sea bed) in metres!
;

4L, Two Cards For Each Element ( NEL times in all )
containing :

(i) member number g

node number of end I

node number of end 2

Young's modulus of the material, B (N/ma)
4)

second moment of area, I (m
2
cross-sectional area of concrete, A (m“)

mass per unit length, m (kg) | 3110
( i.e. cross-sectional area X density )

displaced volume of water per unit length,, 5FIO0.3

v (mB) ( zero for members above the

water surface )

£
H

(ii) sheltering factor ( i.e. the length
between the element under considerationiFIO.B
and the one that is assumed to be causing

a sheltering effect - see section 3.6 |

19



6.

7

IO.

DATA

One Card For Each Reaction ( NREAC cards in all )
containing :
number of fixed node
direction of fixity ( fixity specified by :
I - x-direction
2 - y-direction
3 ~ rotation

Single Card Containing :

water depth (m)
parameters A and B of the Pierson~-Moskowitz

spectrum ( see Fig 3.3 )

Single Card Contalning :
added mass coefficient , Cam
inertia coefficient, CM

drag coefficient , CD

Single Card Containing :
proportion of critical damping due to structural

action ,

Single Card Containing :

T

I

'
[

number of additional sea spectra to be analysed for

NSP

One Card For FEach Additional Sea Spectrum ( NSP

cards in all ) , containing :
Pierson - Moskowitz parameters A4, B

%.._wm e i e s o

FORMAT

2IIO

3FI0.3

3FI0.3

FI0.3

IIO

2FI0.3

The maximum allowable number of elements, nodal points, etc.,

is determined by the dimension statements and data statement at

the begining of the master segment.
nodal points the listing is as given in Appendix 9,
programme then occupies 58K of core store on an ICL I907

computer,

For a structure with 66
and the



5.4 EXAMPLES AND RESULTS

The computer programmes described in this chapter
will now be examined by considering three examples =
a single-leg concrete platform , a four-leg platform
idealised as a plane frame , and & steel framed platform ,
The first two examples are used to provide a comparative
study of the different methods of analysis ( described in
chapter 4 ) , and of the diffraction theory against
Morison's theory ( described in chapter 3 ) . The third
example is more complete ( for which thanks are due to
Halcrow-Ewbank Ltd., London ) , and allows for the
utilisation of the theory for inclined cylinders ( Chapters
3 and 4 ) . The descriptions of , and results from , the
three examples occupy the remainder of section 5.4 , and

the conclusions derived from the results are presented in

section 5.5. .

The single-leg platform is described in section 5.4.1
and is included for several reasons . Firstly , being
very simple , it is cheap and easy to run , and it is
very easy to check by hand . It therefore provides a check
on the validity of the methods used . Secondly , many
offshore structures respond primarily in the first mode ,
and therefore a single-degree-of-freedom system may well be

sufficiently accurate , at least for a preliminary analysis.

Thirdly , some single=leg platforms have been built in

their own right.



The four-leg platform described in section 5.4.2
provides a useful test for the importance of the drag
force relative to the inertia force , and of sheltering ,
as well as the effect of cross~correlation terms in the
response , which are clearly more important in the

four-leg platform than the single-leg platform .

The steel framed jacket described in section 5.4.3 is
included primarily to make use of the inclined cylinder
theory , Dbut the relative contributions of the drag and

inertia terms can also be estimated for this case .

Some results from studies of the three structures
of the following three sections are given in Appendix 9,

together with a listing of programme SPECTA3 ( section 4.5.5 )




Sedsl A SINGLE-LEG PLATFORI

This first example is a single-~leg concrete platform, similer
to the 'lionopod' platform in Fig l.4 , some of vhich have been
built in shallow water., In section 4.6, this structure vas
analysed using a single degree of freedom approximation, vwhich gives
a crude check on the validity of the computer programmes, The
structure and its finite element idealisation are shomn in Fig 5.1,
together with other necessary data. The platform consists of a
cylindrical concrete column with cxternal diameter 12m and a

concrete or steel deck, and has been divided into 6 beam elements.

The objective is to0 make a comparison betreen the 4 conmputer
programmes summarised in section 5.1 , for one particular gea ctate
described by the Piergon-loslkowvitz vave amplitude spectrum vith
A=2,56 and B=0.,0299 (soe Fig3.3) y vhich corregponds to a
significant wave height of 18.5m . The stendard deviation of
displacement at the top of the platform is used for the comparison,
and its value is computed by the loxison theory and the diffraction
theoxry, both including the drag force and neglecting it. The
principal results are summarised in Table 5.1 and Pigs 5.2- 5.5

vhere bending moments, shears, etc. are illustrated,

In all cases, the structure responded almost entirely in the
first mode, +the contribution from the second mode being about 2'%
A comparison betveen the IHorison theory and the diffraction theoxy,
and an egtimate of th~ effect of the drag force, is dealt vith in

section 5.5,
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wd
with A =2,56, B =0.,0299

Concrete :

density , P, =2.503 X 10° kg/n’
cross-sectional area , A, = 18.1 me
mass per unit length , m = Pc A, = 4.53 X ot kg

Second moment of area , I = 380 mt

Displaced volume of water per unit length k submerged section
only ) = II3.0 m°

Drag coefficient , CD = I

‘Inertia coefficient , C, =1 ( 'Added mass' coefficient

M
also assumed to be I , i.e, overall inertla

coefficient = 2 )

Structural critical damping ratio 2 = 0.05

I
Young's modulus , E = 0.I6 X 10 N/m2

i

P 5.1 ¢ Single-Lep Concrete Platform - Idealication And

Cencral Data
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Moments Top Displacemen
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=N l 0.06
N _|0.53E9. )
“!\ 0.25
- \ . J.0.90® | __ __
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0.70
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’><§/><y)<\ Total Top
Displacement
= I.43 m

Mg 5.3 ¢+ Bending Moment Distribution, Single Leg

Platform ( Programme SPECTA3, Including drag,

[ 29

see Appendix 9)
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Pig 5.4 ¢ Displacement Shape, Single Leg Platform

( Programme SPECTA3; Including drag; See results Appendix 9)



Shear Forces (N)
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I.64E7

Fig 5.5 : Shear Forces, Single Leg Platform

( Programme SPECTA3; Including drag; see results Appendix 9)



Delde2 A TFOUR-LEG PLATFCRN

In +this example, a four-leg concrete platform of the AIIDOC
type is considered. Structures of this form have been built for
the Iorth Sea, as well as other parts of the vorld, and operate
typically in vaters having a depth of about 150m., The gtructure
and the idealisation used to analyse it are showvn in Fig 5.6. The
platform columms are fabricated from reinforced concrete and are
based on a large concrete 'caisson', which distributes the loads
over a large area. The structure is here assumed 1o be rigidly Tired
at the sea bed. The deck is made of reinforced concrete o In oxder
to utilise the theory of Chapter 4, it is necescary to idealise the
platform as a plane frame. Fig 5.6 illustrates this. A random snea
state represented by the Pierson-lloskowitz spectrum

o P —-'é'—.. Do'd -
°m}(w) == Bxp ( =B/ 4 )

with A = 2,56 and B = 0.0299 ( see Fig 3.3 ) is used.

The objective of this example is to compare lMHorison's theory
with the diffraction theory for the cases in vhich the drag force is
included and neglected. Two progranmes SPRECTAL and SPECTAZ
( see section 5.1 ) , ore used. In addition, an attempt is made
to estimate guantitatively the effect of sheltering using the theorxy
of section 3.6. It is therefore necessary to input with the Jata a
sheltering factor ( i.e. the dictance betuveen the legs ) for each
element of one of the legs ( see user instructions, section 5.3 ).
The principal results are summarised in Teble 5.2 and Pigs 5.7-5.10
and detailed computer results are in Appendix 9 . A discussion of

the results is given in section 5.5 and in the conclusgions.
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Coefficient of Added Mass: CM = 1,0 (Overall Inertia Coeff., is 2.0)
Coefficient of drag: 1.0

Structural Critical Damping Ratio § = 0,03

*  Platform Mass Mp (divided by 2 for half the complete frame): 9 x 10° kg

Figure 5,6 Four Leg Platform
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Fig 5.8 : Bending Moment Distribution, ANDOC Platform

( Programme SPECTA3; Including drag; See results in Appendix 9)
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Fig 5.9 : Displacement Shape, ANDOC Platform

( Programme SPECTA3; Including drag; See results, Appendix 9 )
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Fig 5.10 : Shear Forces, AIIDOC Four-Leg Platform

( Programme SPECTA3; Including drag; see results, Appendix 9 )
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2e4¢3 HALCROW=EWBANK STELL~FRAMED PLATFORM

The previous two exXamples were concrete structures,
and enabled some conclusions to be drawn about sheltering
and drag , and about Morison's theory compared with the
diffraction theory . However , both examples included only
vertical members . This third example is included in order
to utilise the theory for inclined c¢ylinders , given in

chapters 3 and 4 .

The general configuration of the structure is shown in
Fig 5.11, and detailed elevations and member sizes follow
in Figs 5.12- 5.16. Thanks are due to Halcrow-Ewbank
( London ) for supplying the drawings , which have since

been reduced from A3 size to A4 .

The computer programmes developed in this thesis are
written for plane frames , and accordingly the analysis
of the Halcrow-Ewbank platform is dealt with by considering
two principal elevations , as shown in Figs 5,12 and 5.13.
The structure is treated as a plane frame for each of the
two elevations ., The nodal point numbering scheme and
element connectivity for the finite element analysis are
shown in TFig 5. 17, while the element properties ( obtained
from Figs 5.,12- 5.16) can be seen in the computer results
in Appendix 9 . The mass of the deck is 26800 tonnes
( rather high to be typical ) and equivalent masses have

been associated with the beam elements used to idealise the deck.
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Displaceaent 3tandard Fundamental Second Bending
Deviation at Top, Katural Natural Moment at
qQnnL () Frequency, Frequency Base of Leg
= w . (rad/s) w, (rad/s) ()
Inc, Drag No Drag I 2 ( Inc. drag)
Fave 3pectrum I
—_ I
4=2.50 0.1695 0.0626 3.8054 10.714 0.189 X 10°
Fzva Specirum 2
1= 0.779 0.1214 0.059T 3.8054 10.714 0.0622 £ 107
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Results were obtained using programme

The wave amplitude spectra I and 2 were

with

Table 5.3 : Results,

——

(w) =

s
nI, wb

A and B as indicated .

Jalcrow-Ewbank

SPECTA3

Exp ( - B/uok)

( section 4.5.5 ) .

Fierson-Moskowitz spectra

-

Steel Flatforn
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Fig 5.19 : Bending Moments in Legs, Halcrov-Evbank Platform

( Programme SPECTA3; Including Drag; Sce results in Appendix 9 )
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5.5 COMMENTS

A summary of the principle results is given in the tables
of the previous section . Some observations based on these
results follow, and an alternative view is given later in

the conclusions .

(1) MORISON THEORY v _DIFFRACTION THLEORY

The Morison theory and the diffraction theory are
compared in the examples of sections 5.4.I and 5.4.2 ,
and a more general comparison is given in section 3.5.6 and
Appendix 5 . The wave amplitude spectrum peaks at 0.4 rad/s,
and the two examples considered here have first mode frequency
response functions peaking considerably higher than this
( I.08 rad/s for the single-leg platform , and 1I.55 rad/s
for the 4~leg platform ) . Figs 3.6 and 3.7 indicate that ,
in this case ; a much higher response should be predicted by
the Morison theory than by the diffraction theory ( the
Morison theory probably overdesigns the structure ) . The
results given in Tables 5.I and 5.2 Dbear this out , the
Morison theory response being over twice as large as the

diffraction theory response in both examples .

(i1) 'DIRECT TRANSFER FUNCTION' METHOD v CONVENTIONAL

FREQUENCY DOMAIN ANALYSES

Again refering to Tables 5.I and 5.2 , it will be

seen that the 'Direct Transfer Function' method , as in



programme SPECTA3 , which effectively takes account of force
cross = correlations in equation (4.20a) , predicts a larger
response than the conventional method of programme SPECTAI ,
which in this casé ignores off-diagonal terms in equation
(4,20a) . This amounts to approximately I.4 times as large
for the single-leg platform , and I.8 times as large for
the L4=leg platform , in which cross-correlations are

.

clearly going to be more important .

Programme SPECTA2 , which treats each nodal force
iﬁdependently and then superimposes the responses , yields
a‘response which is approximately I5% lower than that given
by SPECTAI for the single-leg platform , andi 5% lower for

the 4=~leg platform .

(iii) THE EFFECT OF DRAG

The percentage effect of drag can be seen by considering

any one of the methods summerised in Tables 5.1 -3, It

can be observed that drag accounts for less than 5% of

the total response in the case of the 4-leg platform, and
about I2% in the case of the single-leg platform. Both of
these two examples are fabricated in concrete and consist of
large diameter members. The Halcrow=-Ewbank steel platform
suggests that drag can account for about 50% of the total

response for structures with smaller diameter members,



(iv) THE EFFECT OF  SHALTERING

Refering to Table 5.2 , sheltering accounts for
about I% of the total response of the L~leg platform.

The reasons for this effect being so small are dealt with
in more detail in section 3.6 . Briefly, with a leg
spacing of 40m , a structure with a fundamental natural
frequency of 0.3 rad/s would be most affected by

sheltering ( the maxiwum being about I7?% )
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CONCLUSIONS AND CLOSING REMARKS

This thesis has been mainly concerned with the response to

stochastic wave loading of ocean structures that can be

idealised as self-supporting plane frames. The conclusions

reached will be looked at under 4 main headings :

=

I. Overall Structural Response
2. Wave Forces On Vertical Cylinders
3. Wave Forces On Inclined Cylinders

4., Closing Remarks

OVERALL STRUCTURAL RESPONSE

(a) General

The three structures considered here = a single-leg
concrete platform, a four-leg concrete platform, and a
steel platform - all responded almost entirely in the

first mode of vibration, which seems to indicate that

.with a suitable choice of parameters, a single degree of

freedom approximation may be a useful guide to the behavior

of many ocean structures.

(b) 'Consistent! versus 'Lumped' Element Nodal Forces

Results indicate that the response of the structure
is almost identical whether the nodal forces in the finite

element analysis are distributed 'consistently' or are



'lumped' at the nodes ( sections 4.4 and 4.5 ). Owing to
the relative simplicity of the 'lumped' method over the
'‘consistent' method, it is recommended that this method is

used in this type of analysis.

(¢) 'Direct Transfer Function' Method versus

Conventional Methods

Two main methods are considered for evaluating the
response of multi degree of freedom structures to random
wave loading ( section 4.5 ) . Of these, the one termed
here the 'Direct Transfer Function' (DTF) method is thought
to be better than some conventional methods for the

following reasons :

(1) Owing to the approximations which are usually

made in the two methods, the DTF method yields a safer
design than the conventional methods. This is largely
because of the fact that the force cross-correlation

terms in the statistical representation are better

dealt with by the DTF method. In the case of the
single-leg platform of section 5.4 , the DTF method
gives a displacement response of about I.4 times that
predicted by the conventional method ( in which diagonal
terms in the complex frequency response matrix are ignored ).
In the case of the 4-leg platform, the effect of force
cross-correlations is clearly more important, and the

DIF method gives a response which is 80% or more greater

than that given by the conventional method .
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(1i) The DIF method is algebraically simpler than the
conventional method and is more likely to appeal to
a practicing engineer, both for its relative ease of

manipulat;on and the form of its logic.

(d) Two Conventional Methods - A Comparison

Another way of gauging the effect of force crosg—
correlations is attempted in a computer programme celled
SE . € s S ) e e el e
applied to the structure individuvally and the results
superimposed . Compared with the method described wmdor (51)
above , this method gives a response that is approzimately
I5% lower for the singie—leg platformt s iiande 500 Totan
for the J-leg platform , which appears to indicate that
this method is sufficiently accurate for structures like
the formexr , but insgufficient for more complicated

structures .

‘2. UAVE TFORGCES ON VERTICAL CYLINDERS

(i) Diffraction Theoxy. v Momison's Theory

(a) IHaving compared llorigon's theory (MT) with the

diffraction theory (DT) for veftioal cylindors with

radii vanging from 0.I to: I9 m ( Sects 345.6 § Appendiz

it appears that :

A, for cylinder radii less than 4 m the WUI predicts

a larger response then the NT , whexreever the
Trequency rosponse function curve ocenre relotive
to the forcing function

B, for cylinder radii greater than 4 m the
(%) 7
[GR
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NT response is larger than the DT responge

whereever the frequency response’ function for the
Cylinder occurs , except near the force spectium
peak’, where in any case resonance would occur .,

Figs (3.6) and (3.7) summarise these Ffindings. /

The results would therefore appear to showr that for
cylinder radii less than about 5 m , the diffraction

leads to a safer design . lor radii greater than 5 m ,
the MNT ig likely to be overdesigning the structure ,

since it ignores the size of the eylindexr .

(b) The single-leg platform analysed in sections 4.6 and:
Sel4 yielded the following results when analysed by
the DI and the MNT ( using the direct transfer

function formulation ) 3

Standard deviation of digplacement at the top

il -

[ 4306 IT
Top 1.43065 m (M)

il

O.gizer | (

A
=
~

.<rTop

(¢) The 4 leg platform of section Sel yielded the

following results when analysed by the DT and the I

( using the Direct Transfer Function formulation )  :
. = @)z i
Top 0,32 m (Mo )
= DT
Uaop (0} 41157 m GDr)



(d) Inspecting the results from the two computer
examples , given in (b) and (c¢) above , with
the more general analysis summerised in (a) , it
is clear that the two examples fit the general
theory well . Refering to Tables 5.I and 5.2 ,
and’ FHiegs (5.6) and (3.7), it is seen that the
first mode frequency response functions for the
single-leg platform and the L-leg platform occur
at I.08 rad/s and I.55 rad/s , respectively ,
which is considerably higher than the peak of the
wave height spectrum , which occurs at 0.4 rad/s .
One would therefore expect the Morison theory to
lead to a much higher response in this case than

the diffraction theory .

(ii) Sheltering

The effect on nodal forces of one member on
another is considered in section 3.6 , and the
L-leg platform of section 5.4 was re-analysed to
estimate quantitatively this effect . An increase
in the top displacement of about I% was observed .
The reasons for this effect being so small in this case
are examined in section 3.6 , the two main variables
being the leg spacing and the position of the first
mode frequency response function. Section 3.6.3

describes how a designer can decide how to get a

|+0



feel which leg spacing will be most affected given

the fundamental frequency of the structure , or
alternatively , which fundamental frequency to

avoid given a particular leg spacing .

(1ii) Drag

The results obtained with and without consideration
of drag for the computer examples are summerised in
the Tables in section 5.4 . In the case of the 4=leg
platform , drag accounted for about 5% of the total

response , and in the case of the single-=leg platform ,

about I2% ) while for structures composed of
smaller (e.g. steel ) mombers, drag can account for over

50% of the total response.

o HAVE PFORCES O INCLINED. CYLINDERS

Congistent v TLumped Forces

examples used to compare these two approaches show that the

S

two methods give almogt identic
In practice the congistent method is much more difficult

to programme, particularly for inclined members, and it

-

ig recommended that the lumped approach be used.

Eguation (3.33a) gives an expression for the spectral
dengity of the normal fluid particle velocity S

T
in terms of e ythe angle of inclination of the



-~ me 1 ag (o L e -
magnitudes of ; at various an

A e fo)
(" see Appendix 8 ) .

{iii) The Halcrow—Ewbank platform ( section 5.4¢3 )

illustrates the use of the inclined member facility in

the computer programmes.

4 CLOSING REMARKS

The theory described in this thesis has been
modified by the author to give a random response
analysis of plane frames under wind loading. This
has been used to analyse self-supporting masts,
such as radio and television transmission towers,
an example of which is shown overleaf ( the diagram was
obtained from a graph-plotter routine, written by the
author, which generates the mesh automatically,
given the height, top width and bottom width ). The
theory might equally well be used to analyée an oil
rig gantry, although obviously in this case the tower
cannot be considered to be on a fixed foundation. An

interesting structural problem arises if one considers

the platform jacket subjected to random water waves,



and the gantry subjected to random wind. A topic

for future research might be to see if the solutions
for the two loads acting independently, can be combined
to give an overall solution; and if so, what the
cross=correlation effects between the two loads are,
and in particular, whether the load in one part of the

structure can cause resonance in the other part .
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APPEIIDIX I : INERTIA ALID DRAG FORCE CORFFICIENTS

AT,I THE HYDRODINAMIC OR ADDED INMASS TFORCE, EAM

Considering a body with volume v in an ideal fluid
flowing with uniform speed u , one can equate the wo&k
done on the fluid due to the resisting force on the body,

to the rate of increase of kinetic energy of the fluid .

The resisting force is given by FAM and the rate of

work being done on the fluid is therefore FAM U .

The kinetic energy of the fluid is given by :

K.B., = j gv2 v = gzuz f( f(x,5,2) -1 ) av
2
v

v

vhere the integration is over the volume of the fluid, and

v is the fluid particle velocity, which is proportional

to u °
Hence
F_u ==-4 (KB, )
AM =
=-p 22w | (f(xyyz)-1) v
2 at
v

or Foy == C,.. PV du

AM AM n
where C Gy = ( flx,5,2) =1 ) av

<



Here CAM isg the hydrodynamic or 'added! mass
coefficient « Clearly, it is dependent only on the shape
of the body . Since FAM is proportional to the
acceleration of the body, the term CAM/O v can

be thought—of as an 'added' mass leading to an increase in

the inertia of the body .

Al.2 THE PRESSURE GRADIFNT FORCE, FP

Using Euler's equations, the pressure gradient caused

by acceleration in the zx=direction only is given by

at °

H

P == pdu = - (Pu+ulu+w?u )
R AR A T

The force due to the pressure gradient in the =x~direction

is

o

av

F_ = - )

P e

e

¥

v

In the case in which the convective acceleration terms

wJdu and w Qu are small compared with the acceleration
x Pz

u P reduces to JP = -f Du and FP is
75-{ ox : ox ot

now 3

Fp-'(OY_@___: ;



AI.3 A LINEARISED DAMPING COEFFICITIT, c

Morison's equation was given in equation (3.I) as :

F = Cy ( v-u ) + Cp) ( v=u ) lv—u ’+ Co v (a.1)

in which the damping term

c,) ( v=u )l v=u

is non-~linear . One way to solve the problem is to attempt
to linearise the damping term, and to this end one can write

equation (A.I) as :

F = Cy ( v ) +C ( v=u ) + Cp v o+ [Cﬁ‘( v-u )tv—u‘ -C (vsu{l

in which the term ¢ (v-u) has been added and subtracted.
The term ¢ (v-u) is a linear damping term and it is now
necessary to find c by minimising the expression in square

brackets . This was done by Malhotra and Penzien ( Ref 5 )

using a least squares technigue . Letting
A =Gy ( v=u ) [v—u|=C ( v-u )

gives

¢ _2_&2 3= - 2<( ¢y (v-u)‘v-u’ - C (v-u) ) (v—u)>= 0
0T

in which <: ;> refers to a time average



Hence

5. L) > (1.2)
<>

Assuming all the gquantities have zero-mean Gaussian

distributions, the required quantities in equation (A.2)

are given by @

L)y =l

L=y - [,
<t ]y =[R2,

Equation (A.2) then reduces to :

- 8
C = CD %,CFQHu

AIl,4 INERTIA AND DRAG COZFFICIENTS TFOR VARIOUS OBSTACLE SHAPES

Tables Al and A2 show the values of the inertia

coefficient CM and the drag coefficient CD s Tespectively,
for a variety of obstacle shapes, CM refers to the sum of
the added mass coefficient C, and the pressure gradient

coefficient CP ’ iees CM = CAM + CP .



TABLE A4

" Values of Inertia Coefficient, CM

The tabulated values below are for two dimensional flow.
Values for three dimensional flow may be approximated by multi=-
plying by the correction factor, K.

With elliptical and rectangular shapes, h is the dimension
parallel to the flow, b is the breadth normal to the flow and
1 is the length normal to the flow. The "1U'plane is the plane
normal to the flow.

‘¢ross Sectional On the Subnexrged On the Bottom
Shape - Surface
Flat plate (with 1.0

cross sec&ional
area =Th /4)

Circle
Small Diameter 1.5
Large Diameter 2.0
Ellipse . 1.0+b/h
Rectangle
with 1 horizontal 1.0+b/2h 1.0+b/h 1.0+2/h
With 1 vertical 1.0+b/2h 1.0+b/h

2
Correction factor, K = {%{%%ETZ



TABLE A2

Values of Shape Coefficient, QD“

Length/Width
1 5

Flat plate (perpendicular to flow) 1.16 1.20
Prism (axis perpendicular to flow)

. Square

2:1 (long side parallel to flow)
Cylinder (axis perpendicular to flow)

Reynolds No. = 10° 0.63  0.74

Reynolds No. = 5 x 105 | 0.35

Anmerican Bureau of Shipping Design Values

Cylindrical Shapes 0.50

Surface ship hulls, deck house
sides, underdeck areas (smooth
surfaces) 1.00

Rig derrick (each face) 1.25

Underdeck areas (exposed beams
and girders) 1.30

Isolated structural shapes
(cranes, angles, channels,
beams, etc.) 150

Ratio

1.90

2.00

1.50

1.20

0.33



APPENDIX 2 : THE DIFFRACTION THDORY -~ SOME ALGEBRA

A2,T  BESSEL AND HANKEL FUNCTIONS

(i) The n th order Bessel function Jn(x) , where n

ig an integer , is given by

£ x2 =4

3 (x) - .
o) " 22 tl(1)  2F 2l (ne) (ne2)

6

X

T o) (o) oy | e

(ii) The Weber function Yn(x) is given, in terms of

Jn(x) y by ¢

(5, (x) cos (V) = _, (x)

Yh(x) = Lim (a2.2)
v-pn sin(v 7))
(iii) The n th order Iankel functions of the first and
second kind are given by :
H(l)(x) =J (x) +i¥Y (x) (A2.3)
n n n
H(Z)(x) =J (x) =1 7Y (x) (A2.4)
n n n

(iv) The derivative of the Hankel function Hgl)(x) is ¢

HiI)zx) =Jlx) +1 Yé(x) (a2.5)



where the prime denotes gifferentiation with respect to X e

Equation (A2.5) 1leads to :

P

‘Hff)’(x)fQ - [J;(x):l 24 LY;(X):]Z (42.6)

Using the recurrence relations

Jé(x) = % Jn(x) -3 (x)
(A2.7)
Yg(x) = % Yn(x) - Yn—I(x)
or Ji(x) = Jlix) - Jo(x)
(a2.8)
Y{(x) = Ylix) - T,(x)

equation (A2.6) gives :

: J_(ka) 2 Y_(ka 2
H§I’<kaf= [I -Jo<ka>} +[I' )-Yo(ka)] (12.9)

ka ka

2
in a form

Equation (A2.9) expresses IHéI)?ka)

suitable for computation .
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The random behavior of wind veloclity distributions
causes the waves produced to be essentially random in nalure.
One method of gquantifying the wave profiles is to consider
the wave profile as being bullt up by a linear comblnation
of components of many different frequencies. Any curve can
be descrived by a Fourler series which adds the contributions
of frequencies in multiples of some basic Ifrequency w ,
and 1f w  is made infinitesimally small , “The series

becomes a Fourler integral of the form :

- o
I 1 .
ws T, " -
p(t) = == i Aliw) e T dw (A3.I
i o
b
.S\;\‘}}-
where A( Lw) = w( o(t) et Y 4t
S

The two functions p(t) and A( iw) are a TFourier
transform palr, and express the same curve in the '"{timef
and ffrequency’ domains , respectively . However , thls

representation will only define one specific curve , and

with a random process such as wave height, we wish to

bty

describe an infinite number of different curves , all o

which have the same relative contributions from each element

o

of frequency A w , but with the phases of the Ireguency

¥, 3

distributions randoumly distributed . The elimination o

b1y



M ]
S, ,(@) = %ifﬁ’??ﬁ fAT (i»c)faf (43.2)
L J
rT
where Ay (2W) = % o(t) e EWt 4t
JnT

The spectral density funciion therefore devends on

- (Lw) whicih is independent of phase, and is the sane
Loy many inilar funcoiorn 4y
I0Y many sinliiar IUniiLlons PLC) .
A%.2 MEASURED DLTsH  AND TUE  WAVE  AMPILITUDE  S2aCTxu

The relationship hetween a wave amplitude spectrua
and other measured parameters can be deduced Ifron

provability theory based on assumed statistical proverties
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of the sea . The usua

water surface elevation &t any woint can be considered as a

deiined by the specirval density ST%<“3> and a probavility
Fir
distribution funciion . The probavility distribution of

-~

the water surface elevation i1s approxinately Gaussian wita
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f 2" 54 .
oy ) = |27 o Ixt ( = 5 ) (42.3)
N 2 g
o
BN
. - 2 . . . -
in which v = 3 (w) dw is the vaeriance of

4 Jo B
This ceases to be valid for Large values of b3 when wave

breaking occurs .

ations (43.2) and (A3.3) completely describe the

S Low

[

statistical properties of the random process . I
simply necessary to flt measured data to these eguations .

For example, Cariwright and ILonguet-Hizgins (Ref I4)

have shown that the significant wave height o_ ( defined
w3

as the average helght of the highest third of all

egnd the mean wave period T.. are given by :

i
R i ‘f
g = Lo
- (43.5)
i — 7/ f
M7 2 e )
2
~R
i -
. . i el oy s
in which m o= } w8 (W) dw .
el hehe
Yo} f}/
The application of the above theory to the Flerson -

4

Moskowitz wave ampiliude spectrun is dealt with in

E

Ly

LAppendix L .
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APPELDIX 4 ¢ WAVE DATA AID UAVE SPECTRA

A4,I PROPERTIES OF THE PIBRSOII MOSKOWITZ SPECTRUM

Ad.I.I SIGUIFICANT WAVE HEICGHT HS AND MNEAN WAVE PERIOD TM

The Pierson-Moskowitz spectrum is defined by :

A B -
sl}l}( W) = \/\,?5 exp ( - W4 ) (A4°I)

The n th moment m. is defined by :

o

n = L sw(w)‘dm‘) (24.2)

(]

Substituting for Sqn(uJ) and integrating gives

for the first few moments :

N
0 4 B

0.306 A (A4.3)

|
|
|
|
1 B4 |
|

A [m |
My 4 B |

Then the significant wave height HS and mean wave

period T,  are given by ( Ref14 ) :

(84.4)

e
Z



Inverting equations (A4.4) , we get for the constants

A and B :

3
B - 16T _ 496

4 4
TM TM
(84.5)
2 2
L - HS B 124 HS
TM

Ad,T.,2 MOST COMMONLY OCCURING WAVE PERIOD T

0]

'1‘0 is the wave period which corresponds to the peak

frequency w) of the wave spectrum , Differentiatiag

4]
equation (A4.I) with respect to W gives

(44.6)

4 B
and sm(wo) = A [.—5_

It follows that

1
S L L {5—3-3-] * (A4.7)



and since, in equation (A4.4) ,

Iy
T <
TM = 2TT{;‘_B]

we get T
-,59 = I.41 (24.8)
M

Ad,2 COMPARISON DETWIEI THE PIERSON-MOSKOWITZ Al

ARG ST OTY  WAVE  SPECTRA

Expressions for the two spectra are given in equations
(3.25) and (3.26) , and the spectra may be seen in
Figs (3.2 ) and (3.3) . Considering just the highest
peak of the "wrtocireicer spoctze, for which TM = 20 seconds,
H, = I metre , +the corresponding Pierson-loskowitz

3

parameters are :

3
B = 59—15— = 3,1026 X 1073
Tn
Hfsf2 B -3
A = = I.984 X I0




The peak frequency occurs at

1
4
w. = £2 7 . 0,22319 radns/sec

and the corresponding spectrum peak is

-5/4
S (w.) = 4 [532 / exp ( - % ) = 1.0253 mzsee

"= spectirum peak occurs at

sm(wo) = 10,5 £tsec = 0.9941 msec

The agreement between the two spectra is good » After
gsome of the early attempts, most authors are now agreed
that the best representation of wave height spectra is to
have the spectrum inversely proportional to WJ 5 , and

to have MJM4 ag an argument within the exponential ,



Ad,3 WAVE DATA

The two items needed to find the parameifers A and B

in the Pierson-Moskowitz spectrum are the maximum wave

height in a given interval

and the most commonly occuring wave period

Tational Institute

compiled such data,

( say 50 years ) ’ Hﬁax ’

To o The

of Oceonography ( Ref 6 ) has

a little of which is given below .

Latitude Iorth H Ty
( Degrees ) (m) (secs)
5245 15 1T
550 20 I3
57«5 28 15
60.0 29 I5.5
62.5 30 16

Selected lave Data For The

orth

Sea ( 50 year period )




(ii)

APPELDIX 5 3 THI DIFFRACTION THEORY VERSUS MORISON'S THEORY

Figures (A5.I ) = (A5.14) show the diffraction theory
and Morison theory foxce spectra and response spectra for
cylinders with radii a ranging from O0.I m to 20 m
All the cylinders were assumed to have the same frequency

response curve, peaking at I.07 radns/sec..

Using the abbreviations D.T. for diffraction theory, and
M,Te. for Horison's theory, the following points can be

observed from the curves :

At a=0,Im ( this might be a leg of a self-standing
mast , for example ) , +the force spectra are almost identical

and the response spectra are inseparable ,

At a=05m , the D,T, force spectrum has crossed
over the M,T. force spectrum at a frequency Lc% = 2,8 radns/sea.
The D.T. displacement spectrum peak is slightly higher than

the M,T. displacement spectrum peak .

(1i1) At a =7I.0m, the cross-over frequency W, is

(iv)

reduced to 2.2 radns/sec.. The D.T. displacement spectrum

peak is still greater than the M.T. displacement spectrum

peak .

A% a =2.6m, W, =TI.4 radns/sec., and the D.,T. force
spectrum is still greater than the M.%, force spectrum over
the range of interest ( in this case, I.07 radns/sec , the

peak of the frequency response curve ) .



(v) A% a=5.5m, w, = 0.8 radns/sec , which is less
than the peak of the frequency response curve . The M.T.
M.T, displacement is therefore greater than the D.T.
displacement ( even though the D.T. force spectrum peak

is higher than the MN,T, force spectrum peak )

(vi) Up to a=1I6m, i, oontinues to get smaller ;
the D.T, force spectrum peak is still greater than the MN,T.
peak , but elsewhere over the fregquency range, +the HN.T.
spectrum is much larger than the D.T. sgpectrum . This
leads to a larger response by the N.T. than by the D.T.
for all cylinders with a response funciion peak outside a

narrow band near the force specirum peaks .,

(vii) A% a =19,0m , the MN.T. force spectrum is greater
than the D.T, force spectrum over the whole frequency range,
including the peak values , The force spectrum peaks do not
now occur at the same frequency ( 0.35 for the D.T. and

0.5 radns/sec for the M.T. ) .

COIICLUSION

We can conclude that the D,T. leads to a larger response
than the M.T. for cylinders with radii between 0.3 and
4.0 m , Por larger radii, +the M.T. response is larger over
most of the fregquency range, except near the force spectrum
peaks, where in any case resonance would occur if the

frequency response curve also peaked there .
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APPENDIX 6 : MASS, STIFFURSS AIID  DAMPING MATRICES TFOR A

BEAM BLEMENT

A6,T STRUCTURAL STIFFNESS AUD MASS MATRICES, ks and me

The beam element used throughout {this thesis Has six

degrees of freedom, numbered I - 6 ir the figure »

6K >

(€3]
)
A |
i
N

—— e g

The displacemenis at any point are given in terms of the

nodal point displacements by the equation

-y
- ¢ wl

u

u

uy
@

(46.1)

where

-

is an interpolation matrix , given overleaf .



-0~
+3
i

O MM
o

(@]
T
i
[\
I
+
]

The derivation of the structural stiffness and mass

matrices is standerd ( see for example

They are given by equations (4.2) ,

result in 3

LA 0 0
1

I2 21 451

13 12
4 EI

1

k = '
s
SYMMETRIC

(A6.12)

Przemieniecki, Ref I5 ).

which when evaluated

d(Vel)
0 o
- 12 BT 6 TI
13 l2
- 6 &I 2 EI
12 1
0 0
I2 BT -6 EI
l: 12
4 EI
1

(26.2)



n, = Hféﬁﬁé a(vo1)

I40
0 156 SYMMETRIC
0 22 1 4 12
7
n, = Lot (16.3)
70 0 0 140
0 54 I3 1 0 156
2 2
.. O -I31 =31 0 -221 41
o
0 36 SYMMETRIC
Pz 0 31 4 12
+
301
0 0] 0 0
0 - 36 -31 O 36
o 31 -1 0o -31 417
where f7A. ig the mass per wnit length of the beam .
The terms containing the moment of inertia I represent

rotary inertia ,

magsg inertia,

while the first matrix represents translational

Shear deformation effects are not included ,

although in principle there is no difficulty in doing this ,

( Ref 1I5 )



AG,2 TIE HYDRODYIIANIC IMASS MATRIX , nm.,
Ll

The hydrodynamic or 'added' mass matrix My ig obtained

by treating the hydrodynamic inertia force as a body force

transverge to the element

by == g oy

Hence
or
mq 1
By = 720
where f’H
m
a

0] 0 0 0 u
X
u = - F’H ¢l © I 0 o
N Oq _ 0 0 9__1 m_'llg_‘
= - /%iGAM‘g u
m = oo 8 5 4 av
By " AN 2
0
0 156 SYMMETRIGC
0 22 1 4 1%
0 0 0 0
0 54 I3 1 0 156
0 ~131 =312 0 -221

(e-4)

2

4 17

(16.5)

is the demnsity of the water ( I027 kg/ cum )

is the water displaced per metre of the

cylinder



26,3 THE HYDRODYNAMIC DANMPING NATRIX , CH

The hydrodynamic damping can be thought of as .a force
transverse %o the element ( see section ( 3.2.3 ) ),

equal in magnitude to :

- 8
e b C P
c * % (S"'v(x) (46.6)
The hydrodynamic damping matrix CH ig then given
by @
1 0 0 0
D - X
E,H = ‘Q 0 c 0 i dx (A607)
/0 o 0 0
b el

3

The standard deviation of the fluid particle welocity ,

U;(x) ¢+ 1is here taken to be linearly varying , i.e.

q;r(x)--*q’l-l-(‘,/z-,fI);ig (A6.8)

where oL o= g“‘r(o) and 7, = a‘{r(l) .
The resultant expression for Q_H is given

overleaf .



o1

0 0 ) 0 o
- Hm .
55 10g 4 307, ) hmoﬁ 5qtTg, ) O EOZ‘H + 0, ) 7ot Toy + 6a3 )
0 0 0 0 (26.9)

m

1
—=( 37, + 10
35 i 2 Amoﬁ Tey + 156, )

SYMNETRIC

w

—ch




APTEIDIX 7 THD  SPRCTRAL  DEISITY  OF  COUSISTOIT  TLEIID!

JCDAL  TORCHS  TOR AL TUCLIIIED  CYLINDOR

The objective is to solve equation (4.33) for
Sp(i,j,ui) ’ the crogs-—spectral density between consistent
nodal forces Pi and Pj o This will be done for an
inclined cylinder, from which the results for a vertical
cylinder may be deduced by insexrting sin & =1 ’ cos B = 0,

where © is the inclination of the cylinder to the

horizontal .

g O

i T
Z
e == — - N
S,
A1
i
I-a——--—-._.-_.._.'_.—_—n.\
{ >
3 j\/‘

Pig (( A7.1 )t The i th TLlement




For a prismatic member , such as that shown in PFig (AT7.I) ,
consistent element nodal forces in local coordinates ( Xpy By )

are given by

M
T -
Bo= | & (= )alx) ax (A7.1)
/0
The 6 nodal forces are numbered I to 6 in the
ficure, and the interpolation matrix é is the same as

that used for generating the element mass and stiffness matrices

( equation ( A6.Ia) ) .

Faking the assumption that the normal component of the wave
force is the only relevant one ( in other words, assuming
that the tangential drag coefficient CD is small

t
compared with the normel coefficients ) , the only non-zero

force term is P (XI) , and equation (A7.I) becomes :
I
1
T
2 = _EZI(XI) § ax (47.3)
0
where ﬁz is the second row of Q .

e must now consider how to insert this expression into
equation (4.33) . Restating equation (4.33) for ease of

reference , we have :

Z 14
2
g (47.4)
5,(1,§, W) = | .gi(zi) e,(z,) fi. ¢, 0,0, (z;) 7, (5)
i
ZI ZI

nn nn



in vhich

S () =| cosh ks, cost X ‘sin ©, =in &.
L 1 J 1 J

+ ginh ]:zi sinh kz cosé‘). cog 9.
1 J

J

—

. : ‘ . 4 . ’ )
- ( sinh kzi cosh kp, sin 93. cos @i + sinh kzj cogh kzi gin 9. cos é.}
1 J

J

2

y 5 (w2)
X o nn. cos I( Xj - xi) (A?.B)
sinh2ka
and 54 1 (1,3, W) is the same vith W ° replaced
n n
by &04 . Inserting ecquation (A7.5) into (AT.4) ,

(A7.4) can be re-written as 3

2

§. %7;( W) gl’i( W) Sinz@ -+ /‘l‘;('\¢0)/"“§1(’&) cos &
y‘T -

- | )

- (f/t;;(w) {;(w) + /!-/:I‘i( w) g;(w) ) sin€ cos @J

SP(in‘l W) =

,
(- = - -
+1§ ;(W> 9%(“’) sinz@ + f;(vd)/’rg(vo) 9032{»}
.

- - - =, R b
S AH@ITI0) + Fw) W) ) 6in€ cos €]

Vg

L iye]

X anﬂud) cos k( Xio= % ) (a7.6)
n
vhere 72 |
? i ; - C. s n ezt < - ] x
2 n(vu) = i ¢ Zi(zi) "v(zi) cosh kz, dz, |
ginh kd | i
|



n

L2
. S w
’51(w) - —i Pzi(zi) cosh kz, da,
. sinh k z?
C. w
- i

P (W)

!
.2 o
i yw
f’n(vu) = @21(2,) sinh kz, dsz,
ginh kd + 1 1
D
I
for i=1,2, ¢« o o 4 6 . Here the bar over ;

etc., indicates that the relevant guantities are in global

coordinates ( the x = % coordinates ) .

AT.2

The problem has becen reduced to that of integraling the

expressions in equotions (A7.7) . One vay of procceding

%

the local coordinate systen .

%

respectively ,

is to replace by the corresponding expression in

Thus, the interpolation

functions and @2 , in global and locdl

coordinates, are related by s

‘:"1'1
“2
sin Icd Zn (le(zi ) ()_‘V(zi ) Slnh kzi dZi
I



o - o - e r iy
C )
@21 3 0 0 0 0 QZI
P22 = ¢ 0o 0 0 0 P22
[) o o I 0 0 0 0
23 | 23 (A7.8)
@24 0 0 0 C ) 0 024
¢25 0 0 0 -3 C 0 @25
L‘E% o o o0 0 o I Do
el Y J— o pro—
vhere C=cosfld , §=gin® ,
Replacing the %Zi by thelr equivalent in torms of
the ¢21 y expregsions (AY.?) can then be cvaluated

dircetly using the standard integrals given in gection AT.3 .

An alternative method of ovalusting cquations (A7.7) is

i P’ i i .
A and 4 in
7n 7 / n ! f

to evaluate y
n n

\/\r\‘\\

L
local coordinates, and then transform them to the global

coordinate system .

Considering the first method , the coordinate

transformation :

- z% + x; sin C] (A7.9)

( see Fig (A7.I) ) will be needed , in order to replace

z* in equation (A7.7) .

The form of G .(z) will also have to be decided on .
v

For the purposes of this thesis , a linear variation of



q‘v(z) is assumed between the two ends of each element ,

Lad 13

T2 = T+ Ty o)

where gy and G, are the values of ¢ (z) at
ends I and . 2 of the element , respectively , and

are known .

Inserting equations(A7.9) and (A7.I0) dinto equations
(A7.7) , and using the integrals in section A7.3 , it
is possible ( after a considerable amount of laborious
algebra ! ) to evaluate equations (A7.7) . Hence , the
cross~-spectral density of the nodal forces 1 and j can

be found via equation (A7.6) .




A7.3 SOME DASTC TUTEGRALS
)
II = j cosh w du =
a
b
12 = u cosh u du
a
b
13 = ginh w du =
a
b
I4 = n ginh w du
“a
f*b
15 - .J u2 cosh u du
a
f‘b
I6 = g u2 ginh uw du
(v
I7ﬂ= u3 cosh u du
b
18 = u3 sinh u du
¥ a
D
19 = u4 cosh u duw
ol g
b
‘ IIO = u4 sinh w du

ginh b - sinh a

b
= [u ginh uw = cosh #] a

cosh b = cosh a

[}

b
cosh u = sinh u} a

b

sinh u
ja

cosh u
b

sinh u
a
15

cosh u
a
b

sinh u
b’
cosh u a

-2 1

-4 18

-4 1



APPEIIDIX 8 : VARIOUS WATER PARTICLE VELOCITY SPECTRA

In Pigs (A8.1I) - (48.6) , the graphs of Suu(w) y
Sww(ho) and Swu(vﬁ) y as given by eguations (3.31) ,
are shown , +together with their appropriate transfer functions ,
In all caseé, the wave height spectrum Snnﬂvv) is the
Pierson-Moskowitz spectrum ( equation (3.26) ) with
A =2,56 and B = 0,0299 , It is secn that the transfer
functions are almost identical in the three cases , eiert
for low values of W ;g This clearly confirms the belief
that for large values of kz ’ cosh kg = sinh kg

In TFigs (A8.7) - (#8.12) , +the graph of 5 (W)

u
nn

( equation (3.33) ) is given fér various values of e,

the angle of inclination of the member to the horizontal .

In terms of its transfer function , S, u is given by :
nn

sunun(w) = Tunun(w) sm(w) (18.1)

where

T (w) = [coshzkz 5in°© + sinhkz cos” ©
uu
nn

w ?
sinhzkd

= 2 sinh kz cosh kz sine cos 9]

(n8.2)
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APPENDIX 9 : COMPUTER LISTING ( PROGRAMME SPECTA3 )

AND RESULTS

(1) Listing , programme SPECTA3 ( section 4.5.5 )
(1ii) Results from SPECTA3 for I2 m diameter single-leg
platform ( section 5.4.I )
(iii)Results from SPECTAI ( section 4.5.,3 ) for I2m
diameter single-leg platform ( section 5.4.1 )
(iv) Results from SPECTA3 for the 4=~leg ANDOC concrete
‘platform ( section 5.4.3 )
(a) including the drag force
(b) excluding the drag force
(v) Results from SPECTA3 for the Halcrow=-Ewbank
steel=framed jacket ( section 5.4.3 )
(a) including drag

(b) excluding drag
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c

0,1768E=07
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0,0302

0,2304g 00
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3 Uy 107JU0BEmNT1 0,365213Em=08 0,428453E=03
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