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A spectral MHD code for the non-linear study of
magnetic neutron stars
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Oliver Robertshaw

To study the ideal magnetohydrodynamic equations we present a spectral code that uses
finite differencing in radius and spherical harmonic expansions in the angles. Convolution
replaces spherical harmonic multiplication, giving us an infinite system of PDEs in radius and
time to solve; we truncate at some relatively low degree ¢ and may evolve with or without

non-zero m to simulate three dimensions or axisymmetry.

Our code crudely models the internal dynamics of a neutron star by placing a magnetized
fluid into a spherical shell of fixed radius, surrounded by vacuum. The spherical harmonic
decomposition makes it simple to both dynamically calculate the gravitational potential
and to use a magnetic vector potential to ensure a divergence-free evolution. A simple
friction method is effective at finding the equilibria of stratified stars in the absence of
exterior fields and/or rotation. We then investigate the stability of perturbed equilibria
by evolving non-linearly in time over many Alfvén time crossings, and briefly analyze the

resulting oscillation frequencies.
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Chapter 1

Anatomy of a neutron star

In 1932 Sir James Chadwick discovered an uncharged particle with approximately the same
mass as a proton, through his studies of the emissions of irradiated beryllium. Such particles
had earlier been predicted to exist as the binding of a proton and electron by Rutherford,
who called them neutrons. Less than two years later, Baade and Zwicky [6] postulated that
supernovae, which were poorly understood at the time, can transform an ordinary star into

a neutron star by removing all of the charged particles.

As our understanding of subatomic physics progressed, it soon became clear that neutron
stars, if they existed, would be extremely compact and very difficult to spot. The observation
of regular radio pulses from deep space — the emissions of a pulsar — by Bell Burnell and
Hewish in 1967 [11] led to increased interest in the study of neutron stars, and the associated

exotic physics that is still untestable in Earth-bound laboratories.

Although there exists a general consensus when it comes to many points of neutron star
phenomenology, various properties and processes are still poorly understood. This chapter
outline the birth and life of a typical neutron star, drawing on information from various
sources (for example, [I], 14, 139, [66] 72} [79]).

1.1 Neutron star formation

Up until their death, stars remain in a hydrostatic equilibrium: the inward pull of gravity is
chiefly opposed by outward pressure from nuclear fusion. This process continuously combines
nuclei within the core, mostly those of hydrogen, forming heavier elements and releasing
energy. As it ages the star forms layers of different elements at high concentrations, with
mostly hydrogen and helium towards the surface, iron and nickel at the core, and others

(such as oxygen and silicon) in between due to differing rates of fusion.

Iron and nickel nuclei have maximal binding energies: they cannot be used to create

heavier elements. The density and temperature of the core rises as quantities of these

13



14 CHAPTER 1. ANATOMY OF A NEUTRON STAR

Y X-RAY (CHANDRA)

Figure 1.1: Supernova remnant Puppis A and the neutron star formed at its centre, currently
moving at 10°m s~1. Credit: Chandra: NASA/CXC/Middlebury College/F.Winkler et
al; ROSAT: NASA/GSFC/S.Snowden et al.; Optical: NOAO/AURA/NSF/Middlebury
College/F.Winkler et al.

elements build up, with the pressure generated by fusion and electron degeneracyﬂ balancing
gravity at this point. The collapse of sufficiently massive cores may be triggered by electron
capture and/or photo-dissociation and occurs on a time scale of seconds. The former,
whereby electrons and protons are combined to form neutrons and electron neutrinos,
reduces the overall pressure from electron degeneracy. The latter breaks iron and nickel
nuclei into a-particles and neutrons, decreasing the temperature, and hence the thermal

support, at the core. Very strong magnetic fields may even accelerate this process [55].

Relatively low mass stars, such as our own Sun, slowly eject their outer layers as they
age and leave behind a cooling dwarf star, rather than collapsing. Dying stars between 8 —
20M account for about ninety percent of core collapse supernovae. This range of masses
typically results in the formation of a neutron star, with masses between 1 — 3M ) and radii
of 10 — 15km, that are gravitationally decoupled from the rest of the star's expelled mass.
Neutron star formation is also thought to occur for stars little above 20M ), but in-falling
matter (at least ten percent of the progenitor's mass) will likely cause delayed, accretion
induced collapse into a black hole. Stars between 40 — 100/ should rapidly collapse

straight into a black hole, bypassing any supernova event. The theoretical Eddington limit

A consequence of the Pauli exclusion principle: fermions (which include protons, neutrons and electrons)
may not occupy the same quantum state simultaneously. As the uncertainly in the position of the electrons
decreases as they are compacted, their momentum uncertainty will increase, and a pressure force results.
Neutrons are more massive than electrons and so can exhibit a much greater pressure than electrons when
compressed.
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should prevent stars more massive than 120M ) from ever reaching a collapse stage as

thermal pressure expels the outer layers early on.

The onset of core collapse is marked by a decoupling of the iron—nickel core into a
rapidly collapsing inner core and a slower moving outer core. Approximately 100 ms after
the collapse begins, matter is falling into the centre at a sizeable fraction of the speed
of light. Once densities comparable to those of an atomic nucleus are reached, on the
order of 101" kgm~3, nucleons are so closely packed together that the (usually attractive)
strong nuclear force between them becomes repulsive and prevents further collapse. A hot,
large (~ 100 km radius) proto-neutron star (PNS) is formed mere seconds after the collapse

began.

The remaining in-falling mass of the star, primarily the outer core, forms a pressure shock
wave as it falls onto the surface of the PNS which propagates outwards; this is commonly
referred to as a bounce event. It occurs several hundred milliseconds after the collapse
begins, heating and further compressing matter within the outer core. Energy is also lost to
dissociating the remaining heavy nuclei and the result is a stalled shock front. A number of
mechanisms, acting on their own or perhaps coupled to each other, are thought to be able
to revive the standing shock and yet give a supernova explosion, but the primary driver is
most likely to be neutrinos escaping from the collapsed inner core, depositing their energy
within the surrounding stalled matter. This process slowly cools the PNS, contributing in
part to its diminishing in size. Other properties of the parent star's core, such as angular
momentum and magnetic energy, are transferred to the neutron star, which interact and

strongly affect its subsequent evolution.

1.2 Neutron star structure

1.2.1 The interior

Much like how seismology reveals information about the Earth’s core, mantle and crust, the
oscillations of neutron stars are our best means of directly determining their inner structure.
(Other kinds of direct observations, such as the surface temperature or red-shift, help to
constrain the various models we care to construct.) These oscillations should be observabldﬂ
within the various signals emitted by pulsars, which are magnetized spinning neutron stars
that continuously emit a narrow beam of high-energy electromagnetic radiation powered by

energy from either the rotation, magnetic field or accretion.

It is the hope that gravitational waves from neutron stars, and other extragalactic
sources, will soon be spotted by various detectors such as Advanced LIGO, LISA and

VIRGO. These detectors operate by splitting a laser beam down paths at right angles to

20nly a handful of (quasi-)periodic oscillations (QPOs) have been observed to date, and are generally
considered to be intricately linked to either crust dynamics or the magnetosphere [62] [91], neither of which
are particularly well-modelled today.
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Figure 1.2: Frequency and amplitude detection ranges of LIGO, and the future LISA
experiment. (©NASA/JPL.

each other: passing gravitational waves will alter the distances travelled by both beams,
and an interference pattern should be observable in the recombined beams if the waves
are sufficiently powerful. Rapidly rotating neutron stars with large deformations [51] are
amongst the potential observation candidates at high-frequencies (figure due to the

large amounts of gravitational energy they emit, as well as the high detection rate.

The internal structure of a neutron star, or indeed any stellar body — from a rocky
asteroid to an entire solar system — is closely related to the equation of state (EOS) of
the matter within. A challenge for those constructing an accurate model is to determine a
physically realistic EOS, based on observation where possible, and as such there are various
different approaches to tackling how quantities such as temperature, entropy and pressure
are related. Our model initially adopts a particular simple (and somewhat unrealistic) EOS,
whereby the pressure is only dependent on the local density (section , before moving to
the concept of a stratified NS where thermal gradients are also important (section [5.6.2]).

Beginning at the surface, the one kilometre-thick crust can be described by a gradual
change from an outer to an inner region [25] with different properties. The composition of
the outer crust, including the surface, may vary widely depending on the initial composition
of the parent star or the amount of post-supernova accretion that occurred, but is most
likely a solid lattice of heavy elements (such as iron) at sub-nuclear densities. Deeper into
the middle of the crust these atoms are more likely to be ionized and neutron-rich, through

capture of free electrons.

The crusts of neutron stars with extremely strong magnetic fields, often referred to as
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magnetars [35], are thought to undergo regular cracking from the massive magnetic strain
that can build up, which leads to the release of giant v-ray flares [67, [78]. We do not
currently model any kind of crust more complicated than a container that does not couple
to the interior dynamics, except to prevent fluid escaping, although there is, in principle, no

reason why such a crust could not be added with more research.

Neutron star glitches provide evidence for a rapidly rotating neutron superfluid interior
[64] [71] threaded by strong magnetic fields. Observations of sudden spin-up in various
pulsars, followed by gradual recovery to the pre-glitch rotation over many days, is thought
to be caused by a freely-spinning interior temporarily coupling itself to a solid crust which is

also forced to rotate more rapidly before some braking mechanism kicks in.

To support an interior magnetic field, the neutron star bulk is comprised of a neutron
superfluid containing a small number of free protons and electrons. However, the composition
of the innermost core is unknown: various NS models exist which invoke special states
of matter, but many of these have yet to be confirmed or ruled out through observation.
Theories regarding the inner core range from the relatively mundane, such as the entire
interior being comprised of anisotropic superfluidic neutrons [54], to the exotic-but-plausible,
such as a small core of hyperon or quark matter [57, [63], to the purely theoretical, for

example the existence of a preon core [50].

1.2.2 The exterior

Due to their strong surface gravity, a typical neutron stars is likely surrounded by very thin
atmosphere, perhaps on the order of centimetres in depth. Its composition again depends
on the circumstances surrounding the NS formation, but there is evidence to suggest that a
typical young neutron star is surrounded by a thin layer of light elements, such as carbon
[53].

Observations of pulsar wind nebulae require both strong magnetic fields and rapid
rotation of the atmosphere region to eject matter from both the poles and equatorial
region. One thus expects to find a hot plasma surrounding many neutron stars, although
the dynamics of such a magnetosphere and its coupling to the NS interior are incredibly

complex and certainly less studied than the interior alone.

Alternatively, it is possible that some neutron stars are instead surrounded by a highly
charged but very tenuous electrosphere. In such cases, there are likely to be constraints [43]

on the rotation rates of this region.
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Figure 1.3: The Crab and Black Widow are both examples of pulsar wind nebulae.



Chapter 2

Spectral Method

A spectral expansion of a system of partial differential equations starts by writing the
dependent variables as an infinite sum of smooth basis functions of the independent
variables. The reason for doing so is to make the system simpler, and (potentially) faster to
solve numerically. The most well-known example of this technique, and certainly its first
documented application, is the use of Fourier series to solve the 1D heat equation. ldeally
the solutions to the systems under study are smooth, or else Gibb's phenomena will badly

affect the model near discontinuities.

There are various different ways one can go about using such expansions to solve higher
dimensional problems but this thesis will investigate a hybrid spectral approach, where
functions expressed in spherical polar coordinates (7, 6, ¢) have their angular terms expanded
over the spherical harmonics. We can then use the orthogonality of spherical harmonics to
remove all explicit dependence on 6, p, and we will be left with PDEs involving just the
radial coordinate and time. These will be numerically evolved in time through techniques

explained in chapter [3|

Spectral methods have been used to study fluid flow for quite some time, and there
are various different conventions and methods used to expand the angular components of
scalars and vectors using spherical harmonics [22], 56, [75]. Because of the difficulties that
the coordinate singularity at » = 0 can create, some authors adopt a fully spectral approach
by expanding the radial functions over a limited number of Chebyshev polynomials [15].
There has also been a recent Living Review article on the subject of spectral methods in

general relativity [45].

For MHD, spherical harmonic expansions have been used to study the magnetic fields
of both the Sun [2I] and the Earth [32], and other astrophysical bodies. A very similar
convolution technique to our own was perhaps first used by Bullard et al. [22] in a similar
context, by looking at a rotating dynamo as a simplified model of the Earth’s magnetic field.
Geppert and Wiebicke [41] later studied how heat flux crossing through the outer crust of

a neutron star affects the embedded magnetic field. They make various assumptions that

19



20 CHAPTER 2. SPECTRAL METHOD

decouple the hydrodynamics from the magnetic field and entropy, so their main concern is
with the evolution of the latter two quantities in a shell, rather than a spherical bulk. More
recently, Pons and Geppert [40] used the same method to study how the magnetic field in
neutron star crusts decay through nonlinear effects (Hall drift and Ohmic decay) over long

time scales.

This chapter will first define the spherical harmonics and explain how one can expand
scalar functions, and then it will introduce a coordinate-free spacetime on which we may
introduce derivatives and vector harmonics. Doing so leaves the possibility of extending this
formalism to curved spacetimes, and thus a relativistic formulation, even though we are only
concerned with flat Newtonian space in this thesis. It then describes how to multiply scalar

and vector spherical harmonic expansions, and briefly discusses the real spherical harmonics.

2.1 Spherical harmonics

Spherical harmonics Y™ (6, ¢) are complex-valued functions that arise when finding separable

solutions to Laplace's equation in spherical polar coordinates,
Af(r,0,¢) =0, (2.1.1)

where one rewrites
00 VA
f(r,0,0) = R(r)Y (0,0) = > > RIr)Y(0,)- (2.1.2)
=0 m=—¢

for integer degree ¢, mode m. The 4m-normalized spherical harmonics (used throughout)
are specifically defined by

r2AY™r = (0 + 1) (2.1.3)

/S Y/YM*dQ = anskoM  (dQ = sinfdf dy) (2.1.4)
0, Y™ = imY", (2.1.5)

¥") = (=0)"y, (2.1.6)

where * represents the complex conjugate, and the angles are represented by the polar
0 € [0,7) (co-latitudinal) and azimuthal ¢ € [0,27) (longitudinal).

We adopt the notation of [22] 46, 56] and define a multi-index ~ for a particular degree
and mode by

=0+ 1) +m. (2.1.7)

It is a unique integer for every permissible integer degree and mode, and is always represented
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by a lower-case Greek symbol in subscript. (2.1.2]) can now be rewritten in shorthand as

A fH()Y5(0,9) | =0. (2.1.8)
v=0

Furthermore, we introduce the symbol

L2 =—((+1) (2.1.9)

and define a negative multi-index by

—y =4,y + 1) —m, (Y_, =Y, ™) (2.1.10)

With this notation we rewrite (2.1.312.1.6)) as

r’AY, = L2Y,, (2.1.11)

/S Yo Y9 = dnba s, (2.1.12)
0,Y, = im, Yy, (2.1.13)
Yr=(—1)"Y_,. (2.1.14)

Spherical harmonics for a given degree and mode are calculated using the associated

Legendre polynomials P;" through

Ym0, p) = \/(2€+ 1)% P (cos ) €™, (2.1.15)
_1\m +m
Pz = (232!(1 ) dim (-1, @elL (2.1.16)

Various recurrence relations exist to calculate these polynomials, some of which are specified
in section . One may use (2.1.16|) to show that the spherical harmonics can be expanded

in terms of sine and cosine as
Y,/ "(0,¢p) =sin™ 6 (ag cos' ™™ 0 4 agcos ™20 + ) eime (2.1.17)

for some coefficients a; = a;(¢, m).
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2.2 Spectral expansion

The spherical harmonic expansion for a smooth function defined on a sphere, written in

terms of both the modes and multi-indexes, is

9] l 00
0,0 =5 S Y0, 0 B = SV F, (2.2.1)
v=0

{=0 m=—¢

where both Y, F' are complex functions. We adopt the shorthand of repeated multi-indexes

to often imply summation, for example
f=Y,E,. (2.2.2)

This notation is not strict in that we sometimes mean summation with only one index, and
sometimes not with two or more. Any inferred summation should be taken from the context,
for example by the indexes that appear on both sides of an equation, rather than through

any strict rules.

Conversely, expansion coefficients may be calculated from the original function, if known,

by integrating:

F, = 417r/ij Q. (2.2.3)

We need to set some maximum value ¢ < ¢,,, < oo for the expansion in order to carry
out computational work; this introduces a truncation error into our calculations. This error
will be seen in the recovery of the original variables, as well as the evolved variables in

situations where they are coupled. We write this truncated series as

b=l

f=> Y,F, (2.2.4)

5

Doing so introduces a truncation error

Er=f-f (2.2.5)

where we expect Er — 0 as /£, increases.

2.2.1 Products of spherical harmonics

The product of two (or more) spherical harmonics remains a function of (6, ) and thus has

its own spherical harmonic expansion,

VoY= Aas Yy, (2.2.6)
Y
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where A,y is a number that depends on the values of all of the £,m's involved. If we

multiply both sides by a particular Y.* and integrate, from (2.1.4]) and (2.1.6)) we have

/ Y, Y5V dQ = (—1)™ / Y, Y5Y_dS)

— Z Ay / Y, Y Q) = Z47rAa57576 = 47 Aupe, (2.2.7)
Y vy

where ¢, is a Kronecker delta function over both the degrees and modes involved. Hence,

—1)ym
Angy = ( 471 i /Ya Y3 Y., dS. (2.2.8)

This triple integral is often referred to as a Gaunt coefficient or Slater integral and may be
computed using Wigner 3j-symbols:

’ " e [l E/, ( gl E//
/Y;” Yo Y dQ = Am/ (20 + 1) (20 + 1) (207 4+ 1)
0 0 0 m m' m
(2.2.9)

The 6-entry brackets are the Wigner 3js, which can in turn be computed using the Racah
formula [93]:

e v _ (—pyetem” (0 —=0NE=0+N (=04 07)!
, (L+0+0"4+1)!

m m' m

/T m) L —m) (0 + m) (€ — m )L (€7 + m ) (07— m")]
(1)
th:t!(ﬁ”—£’+t+m)!(€”—€+t—m’)!(€+€’—é”—t)!(f—t—m)!(f’—t+m’)!
(2.2.10)

where the summation is over the ¢ which gives factorials of zero or positive integers. (Fortran
source code is given in appendix ) For the coefficients A,3, to be non-zero, we require
the following conditions to holdT}

m" = —(m+m’), (“zero-sum”) (2.2.11)
-0 <" <e+ 70, (“triangle inequality”) (2.2.12)
(+ 0 + 0" = even. (“even sum”) (2.2.13)

Some authors [20] prefer to express these triple integrals through Clebsch-Gordan (CG)
coefficients and refer to them as such. These originally arose in the field of quantum

mechanics when considering angular momentum and spin. They can also be used to

INot all integrals that satisfy these condition are necessarily non-zero: for example, it may be shown that
Sy Y2y dQ =0 forn > 1.

n+1 —2n
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calculate triple integrals [92] through

/ " g g
({0 mima |00 tm) = (-1)" V20 + 1 : (2.2.14)

mp Mmoo —M
where the term on the left is a CG coefficient.

The coefficient A,p, will be used to calculate various products of harmonics later on,

so we define

Copy = /Yayﬁywcm, (2.2.15)
_1 m~
Xy = ( 471 . (2.2.16)

Note that the summation over repeated indices rule does not apply to XVCA’OZg_7 . These

are separated in case one prefers a different phase convention or normalization.

Gaunt coefficients are real valued, as can be seen from the formula for Wigner 3j's. As

a result, they are equivalent to coefficients with the opposite sign on the m's:

/}/é_myvel_m/}/f;m// _ (_1)m+m/+m/// (nmnm/nwu) _ /YvemYZn/Y'éW”
(2.2.17)

2.2.2 Products of scalar functions

The foundations laid by the previous section allow us to find the product of two scalar

functions in terms of an expansion of spherical harmonics. Consider the multiplication

f(rt,0,¢0) =a(r,t,0,0)b(r,t,0,¢)

= D [V =) aabsYaVs, (2.2.18)
C a?/B

where the f etc. are expansion coefficients and functions of (r, ). If we multiply both sides

by Y,* and integrate,

Anfy = aabg / Yo Y5V, dQ =) agbs(—1)™ / Yo YsY_.dQ
o, o,

= [y =Y _ Xy Cap—r tabs. (2.2.19)
a7B
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2.3 Underlying spacetime

Following the notation first introduced by Gerlach and Sengupta [42] [46], we shall work on
a spherically symmetric spacetime but set up the appropriate framework before introducing

coordinates for numerical treatment.

A four-dimensional spacetime manifold M is split into 242 dimensions, M? x S2. M?
represents the 2-dimensional (1+1) reduced spacetime and S? the 2-spheres. Slots are
represented by Greek indicesEI on M (with the metric g, ), upper-case Latin indices on
M? (with the Lorentzian metric g4p), and lower-case Latin on S? (with the unit curvature

metric 745). Thus we write the metric on M as

guw = diag(gan, r*vab), (2.3.1)

where 7 is a coordinate on M?2. We introduce covariant derivatives by writing

Juvix = 0, 9AB|IC = 0, Yab:e = 0. (232)
on each of M, M? and S? respectively.

To define vectors we shall also require the totally antisymmetric covariant unit tensor on
Yab, defined by

€ab:e = 0, €ac ebc = ’Yab- (233)

On flat Newtonian space we will reduce M to a one dimensional manifold with coordinate
7, so that M = M' x §2. Since this thesis is not concerned with curved space (whilst
still laying the groundwork for such an extension) we implicitly assume a 142 split where

coordinates are concerned. The flat-space metric in spherical polar coordinates is
ds® = gdatds” = dr? +r? (d@2 + sin” § dgp2) , (2.3.4)

with components given by

AA

97" =gaa =1,
1 0 1 0

Yab = , = . (2.3.5)
0 sinZ6 0 ﬁ

2The Greek indices representing harmonic modes are not to be confused with slots on the manifold M.
However they never appear in the same expression in this work because of the spacetime splitting, and it
should be obvious from the context to which we refer.
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2.4 Vector harmonics in 142 split

For £ > 1 modes we may construct a basis for vectors on S? from the scalar spherical

harmonics, through

Zna = Yqa, (polar) (2.4.1)
Sya = €0’ Yo (axial) (2.4.2)

Note that this implies the relations

Sgsﬁa = 'YQb €’ Ead ZacZﬁd =€"€qq ZacZg =€“€qq ZacZg = ’ch ZacZg
= 78754, (2.4.3)

and
Z'ya:a = Yw:a:a = L?yy'ya S’ya:a = 6mb}f'y:ab = _eabYW:ab =0. (244)

Using v to shift indices, the contravariant components of Z, S are

1
sin? @

" o 1 -1
Z'Y == <89ny, aspyv) 5 S’Y - (Sinea@YFy’ m 89Y7> . (245)

It follows that the dot product Z2S3, is always zero in axisymmetry (m = 0), and zero in
3D iff a = .

A tangential, radial vector is formed by multiplying a spherical harmonic with the radial
unit vector e”. Hence, if v is the velocity field on M, we write it as

vl =uY,et @ (uy Z5 + w455, (2.4.6)

where v, u, w are functions of (r,¢) only, and @ is a direct sum of vector spaces. We adopt
similar notation for other vector fields. The covariant form is obtained by using g, to lower

indices:

v, =vyY,e4 @ r2 (UyZrya + WySya) - (2.4.7)

After reflection through the equator § — m — 6 all vector harmonics satisfy either of two

outcomes; following lvers and Phillips [56] we classify them as being dipolar or quadrupolar.

(f7) O (= 0,0) = £(f7) (0, )

, (d/a) (2.4.8)
(S = 0,9) = F(f7)9 (0, 0).

(d/a) (2.4.9)

For example, Zf are quadrupolar and Sf are dipolar; if m = 0 the classification is based
on transformation of the non-zero component. This naming convention likely follows from

whether or not a given harmonic transforms in the same manner as Z? or Zg, which are
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(d) ul

Figure 2.1: Poloidal motion inside a sphere for constant ..

easily seen to describe dipolar/quadrupolar fields (figures [2.1}[2.3)).
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(&) u (f) wi

Figure 2.2: Toroidal motion on the surface of a sphere for constant w,.
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L L L L L L L L L L
0.2 0.4 0.6 0.8 1.0 0.2 0.4 0.6 0.8 1.0

(a) Z% + 732 (dipolar) (b) Z3 — Z;3 (quadrupolar)

3 >/\; PP

.
PE S YK s
- ’
VRS

1 L L L 1 L L L L 1
0.2 0.4 0.6 0.8 1.0 0.2 0.4 0.6 0.8 1.0

(c) S2 + S5 2 (quadrupolar) (d) S5 — S5 (dipolar)

Figure 2.3: Slices of some nonaxisymmetric vector harmonics through ¢ = 0. Vectors
illustrate the f-component, and contours the ¢-component.
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2.4.1 Derivatives of vector harmonics in 142 split

To calculate covariant derivatives without introducing coordinates on S?, the relevant
Christoffel symbols must first be found. Starting with the definition of the covariant

derivative
V, vt =0,v* + %v’“g“/\ (Ougrk + Oxgry — OnGrv) (2.4.10)

we insert our metric (2.3.1)) and calculate derivatives for the combinations of radial and

angular indices. As an example, we show that

VBVA = 8BVA + %ngAA (GBgM + OxgrB — 8)\gnB)
— z)§‘|BY7 + AvRgAC (Opgos + Oxgon — Do gsB)
= v (2.4.11)

Derivation of the other quantities follows a similar method and leads to the following

useful relations:

Vvt =0l pY,, (2.4.12)
Vpv® = (uy g + rBUy) 2% + (W, g + TBWS)SY, (2.4.13)
VyvA = va,yb — 21wy Zopy + w0, Sp), (2.4.14)
Vv = rcvgYa,’yba + Uy Z5 4 wy STy (2.4.15)

It is important to remember to use the metric g to raise and lower indices so that derivatives

are cast into this particular form; for example, Vov# = ga“Vuvﬁ.

2.4.2 Gradient, divergence and curl in 142 split

Expressions for the gradient of a scalar V# f follow from the definition of the covariant

derivative of a scalar function:

Vif = 0,f (2.4.16)
5 1
. vy %Y% Vef = 5128 (2.4.17)

The divergence of a vector follows from adding ([2.4.12}[2.4.15)):
. 2
A A 2 2
Vvt = (v + 2ravy + Liu,)Y, = (U; + Uy + L,yuv) Y,. (2.4.18)
To find the curl

(V x v)! = €95V vy, (2.4.19)
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we need to find the totally antisymmetric unit tensor ¢'/% (the Levi-Civita symbol). In 2+1

dimensions, since the slot A only represents one coordinate r, we can write
A — f(r) e, (2.4.20)
which can then be permuted. Lowering the indices gives

€Aab = 6ACdg.»éhélgacgbd - T4f €ab- (2421)
Summation of their product over a, b lets us solve for f:
ZeAabeAab =21 = phf2eobe,, = 2 p f2
a,b
= f(r)=1/r% (2.4.22)
From this we can find the radial and angular components of the curl
(V x v)A = edobp2ny v, ve

1
= b (rUWY'y'Yab + Uy Za + wVSVb:“)

= —[2Y,w,, (2.4.23)
(v % V)a — EaAb’l“2’}/bCVAVC + EabAgAvaVC

= —%Gab (M eV ave — gacVpv©)

— _ab [(“,7 + 72"1@) Zyp + <w; + iwv) Syp — 70121)7271)]

= <w; + 7241%) Z3 + (:21)7 —ul, — iu7> S5 (2.4.24)
These expressions can be combined to find the vector Laplacian via the identity

AV = V{(V;v)) — (V x (V x v))". (2.4.25)

2.4.3 Products of vector harmonics (axisymmetric)

Consider the problem of finding, for example, components of the scalar f = V?U; or the
vector W = (V x U)? for some vectors V, U. It is clear that we will need to calculate

integrals involving the vector harmonics Z, S and their derivatives.

In axisymmetry this problem is made somewhat simpler due to orthogonality [ Z2Ss, =0
causing a large class of these triple integrals to vanish. Integration by parts over the 2-sphere

shows

/ 7885, = — / Yo S5dQ =0 (2.4.26)
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since the second integral vanishes due to (2.4.4)). The remaining integrals can be written in
terms of CA’a/BW, which we can calculate explicitly. Again integration by parts gives

Dagy = / Yo Z§Zyqd = — / V3 (23 Zya + Yo Zi5,) d2
= _/Yﬁ (2520 + Yo Zi) dQ
- _Dﬁva - Liéaﬁw
= Dwaﬁ + (Li - L%) Caﬂv
= 1 (12— 13— 12) Cupy, (2.4.27)

with the obvious special case

/ Z875,d0 = / S485,dY = —4m 20, 5. (2.4.28)

Other combinations of integrals follow through similar considerations:

/ YaS%Sya = Dagpy (2.4.29)

a n 1 2] A
/Zazﬁbzgza = Bagy = ; |14 = (12 - 13)*| Capy (2.4.30)
/ZgSm,S,l;:a = Aa[ﬂ (2.4.31)

. 1 1 2| A
/ SeSa 2l = Fogy = [2 (Lo+ L5+ L5) = 5 (LG + LE + L3)"| Casy (24.32)
/ S8 Z5S0.q = —Fapy, (2.4.33)

/ 84S0, =0 (2.4.34)

Symmetries in the integrals may be spotted by swapping the indexes on the L? terms, and
used to heavily simplify the expansions of systems of ODEs. Note that integrals containing
an odd number of S’s in them are identically zero in axisymmetry due to the presence of
the totally antisymmetric tensor €; in non-axisymmetry we must consider these separately,
although equations (2.4.29}{2.4.32)) will still hold.

2.4.4 Products of vector harmonics (non-axisymmetric)

Consider the integral

Grrap = / Y, Z285,dQ  (ma Vmg #£0)

== i/Y-\/ CSC(G) (maYa89Y5 - ngg@gYa) dQ, (2.4.35)
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which is obviously antisymmetric over «, 3, and zero in axisymmetry. The derivative of a

spherical harmonic satisfies
OpY™ = mcot(0)Y™ + e_w\/EYlmH, s=({l—-m)({+m+1), (2.4.36)

which lets us rewrite ([2.4.35)) as

Grap = i/(ew cschY,) (ma\/%Yg:“Yg;wH — mgw/saYZ’:aHYgﬁ) dQ

- [ (i) 2430

Here we choose m., > 0 without loss of generality: we know that at least one of the m's
must be positive and so we use the symmetry properties of G to place the positive m on the
first term in the integral. In this case ([2.1.17]) shows that dividing a harmonic by sin § ¢

gives a finite expansion in terms of descending modes,

m>0
Y,
1
Y

=aY)" +asY" + (2.4.38)

Multiplying by YfY[m and integrating gives the first coefficient through the triangle rule.
The remaining coefficients can be found by integrating over descending values of £ until
L<m—1:

AT = ay / VY, Ty, mde, (2.4.39)
0=ay / VY, AQ + as / VY Y, de, (2.4.40)

and so on to give a recursive relation for the a;,

m—1xr—m i—0+m)(i—1—(+m)
fyllye—i 1Yz-¢-1d9 \/( 4(@'*(@)2*1

G = Ty Ty om0 T i rm—i)
1P =i—2"L—i—1 \/ (1+2i—20)(3+2i—20)

. (2.4.41)

where a; is given by ([2.4.39)). It is possible to solve this recursion to write down a closed
form expansion for G in terms of ¢, m but the resulting expression is rather unwieldy. We
can now express ([2.4.37)) as a finite sum of Gaunt coefficients, and implement a recursive

function in most computer languages to find their values as per

recursive function g_hat(11,m1,12,m2,13,m3)
if(m1>0) ... //loop over a_i as outlined above
else if (m2>0) return -g_hat(12,m2,11,m1,13,m3)
else if (m3>0) return -g_hat(13,m3,12,m2,11,m1)

end function

An example Fortran function written for this purpose is described in appendix [B.2]
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The remaining integrals we need are

/ 88858 a = Hapy = 5 (L2 — L3 + L2) Gaps, (2.4.42)
/ 928 7. = g, (2.4.43)
/ 2885 Zan = Hagpe, (2.4.44)
/ 282580 = —Hpar, (2.4.45)

where the relation to G can be shown via integration by parts.

2.5 Products of three or more harmonics

Certain systems may contain cubic-order (or higher) terms, and we should be prepared to
handle these. The simplest case, a product of 3 spherical harmonics, is easy enough to deal
with:

YaY3Yy = [Xu Cas Ya| Yo = XXty Ca Gy i (2.5.1)

where of course repeated indices indicate summation over u,~y, and «, 3, v are all inter-

changeable in the final result. Similarly,
YaZ8Zua =Yo [xuD-psu¥is| = XXty Ca D (2.5.2)

and so on for other variants.

Taking products in a different order leads to interesting relations between integrals.

Consider the following polar vector:

1 N .

YQY/BZZ = (YaYﬁ> Zz = _ﬁXVX“/Ca,sz/ Dz/,u—fy Z,l; (253)
ol
1 A .

= Ya (YB Zﬁ) = WXVX’YDﬂU_V DOAI/—"}/ Zs, (254)
vy
This implies
o . 1 - .
Capv Dunry = =75 D Dy (2.5.5)

v

into which (2.4.27)) can be substituted. This leads to a cyclic property over «, 3, u within

products of Gaunt coefficients:

Caﬁ_yéyu—'y x CA'IBH_VCVO(—'y. (2.5.6)

From these considerations it becomes clear that some products can be written in different
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ways, and it is possible that certain choices may be more desirable than others; the problem
is briefly mentioned by Brizuela et al. [20]. However one will still get the same number

regardless of the order, so insofar as a computer code goes the order is almost irrelevant.

Our technique is to reduce products of three or more terms into groups of products of
two terms, such as through a x b x ¢ x d x e = [(a X b) X (¢ x d)] x e. This means that,
if we were to write out the coefficients, the choice of order of multiplication depends on

how we group together the terms involved, and sometimes there is a clear choice for this

grouping.

One must be careful to include all multiplications when the spectral sum is truncated.
For example, consider the cubic product u = a x b x c. If we expand functions and consider

the couplings between ¢ = 1 modes, then one such term is

9
up = (apby + albo)CO + <aobo + 5a1b1> c1. (2.5.7)
If we define a pre-multiplication ' = a x b and truncate at ¢,, = 1, then
up = Fico + Foer = (aoby + arbo)co + (apby + a1by)cy, (2.5.8)

which is different to (2.5.7). However if we calculate and insert F, for up to ¢, = 2, then

2 4
uy = Ficg + Fyer + ﬁFQCl + .= (aobo + albl) + galbl c1+ ...
9
= 5(116161 + .., (2.5.9)

which is now correct.

In general if we have I’ = a x b then we need to calculate the coefficients F, for up to
20, and then use it for up to 2¢,, to properly calculate F' x ¢. Doing so would change the

skeleton spectral code we present in section [3.9| and significantly lengthen run-time.

Instead, if we were to write

L
uy =Y G, (2.5.10)
where
20l . 2, bm . .
GQ) = Z FgCop—ry = Z Z asbeCse—CBa—r, (2.5.11)
B B e

then the main loop of the code, represented by ([2.5.10f), only requires summations up to



36 CHAPTER 2. SPECTRAL METHOD

L. G can be computed up to 24, before this loop. In our example,

w = Gyleo +GVer, (2.5.12)
G(()l) = I = agby + a1b, (2.5.13)
2 9
W = Fy+ “_Fy = aghy + —aib 2.5.14
1 0+\@2 CL00+5a117 ( )
9
- U1 = (aObl + alb())Co + <aobo + 5albl> cy. (2.5.15)

In practice we see such cubic terms in the MHD equations (section . However we do
not yet use this technique, since writing the evolution equations in this new manner would
require some effort. The terms that we lose are multiples of the higher modes, which are
typically set to be small, and the code is unlikely to differ much (at least in the lower modes
that we are most concerned with) without them. One should test a result that is dependent

on cubic interactions with a higher ¢, to determine if this truncation is important.

2.6 Real spherical harmonics

It is possible to define real-valued spherical harmonics through

Yy, (m = 0)
w'=9 (Y['m' + (—1)mY€'m') . (m>0) (2.6.1)
5 (" = ey <o)

They too form a basis for spherical functions, and one may also construct vector harmonics

from them.

They have the benefit over the complex-valued counterparts in that calculations need
only be performed with real numbers and so should achieve savings in memory and run-time.
Although real spherical harmonics are often considered as being harder to manipulate, we
only require knowing their actual form for visualization and for calculating the required

real-harmonic Gaunt coefficients, defined by

Capy = /ya Ys Yy dS2. (26.2)

We should now like to know what requirements there are on the modes that give non-zero

integrals.

Firstly, the triangle inequality and and even-sum conditions of the £'s should hold. The
real harmonics are concerned with changes to the mode numbers; if we were to write (2.6.2)

in terms of CA’Ot/g_aY then the conditions on / are the same.
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There are seven permutations of signs on the m’'s that we need to consider: all positive,
one negative and two positive, two negative and one positive, and all negative, as well as

the three permutations with a zero mode.

Let us consider the second case, where M, M’ > 0, M" < 0 and with M +M'+ M" = 0.

The integral of three such real harmonics is given by
/yé” ' ypr dQ
— 23@/<}/EM+ (—1)MYV€M> (nTM/ + (_1)M/}/£/ /) ()//NV// _ (_1)M//)/£;M//>

7 ’ ’ 7 m!~,— VIV
= NG / ((_1)M+M YMyMyM" — (-1) Y, MYZ’ M }/g//]\/[ )
=0 (2.6.3)

Of the initial eight terms, six have vanished after integrating as they do not satisfy the
condition on the sum of M’s. The remaining two cancel each other, since (—1)M" =
(—=1)M+M" and because the integral of three spherical harmonics is invariant under a sign
change on all the M's . Ultimately it should be obvious from comparing real and
complex components of that this integral must vanish. For this very reason, we can
conclude that an integral of real spherical harmonics with an odd number of negative m's is

Zero.

For the remaining combinations of modes, we can reduce a triple-integral of real
harmonics into three triple-integrals of complex harmonics, of which only one can satisfy

the zero-sum condition.

The condition on the modes for integrating real spherical harmonics is thus: given m, m’
we find the m” that satisfy {m +m/ —m” =0, m+m” —m’ =0, m" +m' —m = 0} and
choose from these so that there are not an odd number of negative modes in total. This

gives one or two choices for m”. The general form of this integral, for |mq| < |mg| < |m,|,

is
. Almalfmsl,~Im-| 1 ifm=0,
CaBy = (_l)mvf(ma)cza,eﬁ,gwﬁ ! f(m) = . (2.6.4)
7 otherwise.
For example, the combination m = —1, m/ = 2 gives the options m” = 1,3, —3, and we
pick m” = —3 so as to have two negative m's. Their integral is

_ _ 1 _
/yé 1y%/ye,,3 == ﬁ/}/glyvﬁ}/w,?) = /yl}y?/yg)// (265)

As such, if one were to consider real spherical harmonics as a basis, there is a different,
more complicated condition on the values that m can take, but one would expect to

achieve further savings in memory (half) and computation time (quarter in axisymmetry,
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half otherwise if there is a reality condition to impose). However for ease of manipulation,

this thesis concerns itself with the complex harmonics.



Chapter 3

Numerical Toolbox

The systems of equations that we will be interested in are time evolutions of hyperbolic
systems: changes in quantities over time are related to the physical (spatial) properties,
which are initially prescribed and go on to provide a unique solution. In our case, the
spectral expansion we use will reduce these systems so that they only evolve over one spatial
dimension, the radial direction r. To do this, we initiallyE] generate a grid of N points over
the range 0 < 7 < rmax, with constant grid spacing h = rmax/N. We update the values
of scalars and vectors on the grid at V; time steps. This chapter will describe a variety of

well-known techniques for writing evolution codes on such a fixed grid.

3.1 Numerical differentiation

To calculate derivatives numerically we will use a finite difference method of some kind.
Taylor's theorem approximates a function at a point if derivatives nearby are known; for

some small, fixed h,

fr+h) = f(r)+hf'(r)+ $h2f(r) + ..,
—hf’('r)—i—%th"(r)—l—.... (3.1.1)

Rearranging these expressions lets us evaluate f'(r), as well as higher-order derivatives, in

several different ways:

f(r)= + O(h) = ——=—2, (forward difference) (3.1.2)

—_— (backward difference) (3.1.3)

(central difference) (3.1.4)

We later consider a staggered grid at half-integer spacings

39
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A central difference operator ¢j, is the most efficient of these, since it is the only two-point

stencil giving O(h?) accuracy: it is second-order accurate.

Essentially, using one of these finite difference methods lets us approximate derivatives
to any order of accuracy. Adding more grid points by decreasing h in turn decreases the
error, but it does not change the order of the error. A higher order scheme should give
a more accurate approximation to the real solution for far less work than increasing the
resolution. To do this we need to use more points to calculate derivatives. For example,
first derivatives that are fourth-order accurate are given by

Ploy = LCEM BN S D L) op0 (315

and second derivatives by

fr+h)=2f(r)+ f(r—h)

f(r) = 2 +O(h?) (3.1.6)
—f(r+2h)+16f(r+h) —30f(r) + 16f(r — h) — f(r — 2h)
— o + O(hY).
(3.1.7)

3.2 Numerical integration

We may also need to calculate the integral of various quantities, for example the energy of a
fluid (section |5.5.2)), or perhaps to solve the Poisson equation for the gravitational potential.

There are a number of different techniques that allow us to do this

One of the simplest ways to numerically integrate is via the trapezium rule, whereby
the area under a curve is approximated by the area of a trapezium. The same result can
be derived by integrating the Taylor series expansion about the lower limit, which has the

benefit of giving an error estimate:

a+h a+h
/ £(r) dr :/ [f(a) + (r — a)f'(a) + 5(r — a)2f"(a) + ..] dr
hf(a)+ 5h*f'(a) + Gh°f"(a) + ...
= 3hf(a) + 3k [f(a) + nf'(a) +..] + ..
= Lh[f(a) + f(a + h)] + O(R®). (321)

By repeating this process for the interval between each grid point, one has the composite

trapezium rule:

/Ormx frydr=nh

~ LR[f(0) +2f(h) + 2f(2h) + ... + f(rmax)] - (3.2.2)

f(0) + f(rmax) — .
s + Z f@ih) —|—(’)(h2)

=1




3.3. GHOST POINTS 41

The error estimate has changed since there is a cumulative error NO(h3) ~ O(h?).

Many more techniques of numerical integration are known. For example, the composite

Simpson's rule has a higher order of accuracy:

N/2-1 N/2

Am”ﬂmdr:yzfmy+2§:j@i@+4§)ﬂ%h—n+fvmg oY
i=1 i=1
~ gh[f(0) +4f(1) +2f(2) +4f(3) + .. + f(rmax)] - (3.2.3)

3.3 Ghost points

In order to evaluate derivatives at and close to 0 and rmax, we introduce a number of ghost
points on either end of the grid, so that now —G <7 < rmax + G. The range —G <r <0
is usually referred to the left ghost zone, and the range rmax < 7 < rmax + G as the right
ghost zone. We may sometimes refer to the rest as the physical part of the grid. To avoid
the obvious recursion of having to add points to evaluate derivatives at the new end-points,
we look for alternative ways to calculate the value of f inside these regions, and only bother

to find derivatives f’ on the physical grid.

For the left ghost zone it will be the case that we deal only with functions that are either

even or odd in 7, and it should be simple to set f(—r) = +f(r) as required.

The right ghost zone will be more complicated since there is (usually) no symmetry
condition. One needs to consider what physical conditions may hold for various systems,
and then how to express them mathematically: that is, how to turn a continuum boundary
condition into a numerical boundary condition. For example, a vibrating string with
displacement u(r,t) may have the boundary conditions u(0,t) = u(L,t) = 0 imposed if it
is fixed at both ends.

The particular conditions that we use are explained in more detail in the relevant chapters.
Having a boundary condition is necessary for the well-posedness of the problem, that is,

that a solution exists, is unique, and depends continuously on the initial data.

3.4 Runge-Kutta methods

We will use a forth-order accurate Runge-Kutta method to calculate time derivatives.
(Note that, in the following explanation only, the subscripts refer to discrete time steps:

up, = u(r,ty).) For the problem

W= f(t,u), (3.4.1)
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the RK4 method is given by

h
Unt1 = U + o (k1 + 2k + 2ks + k), (3.4.2)

where

f (tnyun),

f (tn + 36t un + Shky),
I

!

tn + 36t un + Shks),

(tn + Ot, un + hks) . (3.4.3)

The error per time step is O(h*) which will be much smaller than that from a second-order

accurate finite differencing code.

Another reason as to why we use RK4 is that we only need one set of initial data for a
high-order of accuracy. Although a typical RK4 methods requires 4 iterations for each time
step, and 4 levels of storage, it is relatively simple to implement and it only requires one set
of initial data.

A basic computer implementation of RK4 may actually require 5 levels of storage, due
to each of the w, + hk; terms. However, true 3-level schemes are well known [24], such as

the following which is equivalent to (3.4.3)):

U=u,
G=U
P:f(tn>U)>
U=U+ 3hP
G=P

P = f(t, + 36t,U),

U=U+ih(P-G)
G=13iG
P = f(tn + 36t,U) — 1P,

U=U+hP
G=G-P
P = f(t, +6t,U) + 2P,
Unt1 = U + 0t(G +  P). (3.4.4)
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In our code the size of a time-step dt is proportional to the grid spacing (the Courant
condition). In addition our equations deal with non-dimensional units set to one, so we
evolve with §t = %h. Multiplication by the total number of time steps gives another
non-dimensional number that represents the real time simulated (section[5.2.2)). If we double
the resolution, we need to double the time-steps to represent a synchronous evolution, and

should expect to see a four-fold increase in run-time.

3.5 Convergence

The most important check that should be made of a numerical code is that of convergence.
Essentially, increasing the grid resolution, truncation limit, etc. should mean our numerical
solution gives a more accurate representation of the actual solution of the PDE. Convergence
can be defined more exactly by saying that we require a numerical solution u representing
the exact solution U at any point (z;,t,) to satisfy

ilblg%)dltlglo |U(xj,tn) — u(xj,tn)|| = 0. (3.5.1)

There are three sources of approximation error in our numerical code: truncation error,
from neglecting terms in the series where ¢ > /,,; discretization error, from representing a
continuous function as a discrete one; and round-off error, from floating point arithmetic.
It is the first two of these which are the most important to analyse, since the latter we
can more or less estimate and is usually unimportant when working in double precision

arithmetic.

A numerical method is said to be stable if it dampens these approximation errors, and
consistent if the discretization errors tend to zero as the resolution is increased. The Lax
Equivalence theorem states that a stable and consistent scheme for a linear initial value
problem is convergent, although it can be extended to show the same is true for non-linear
systems. For a given system of PDEs, it is difficult to construct an argument to prove that
a particular numerical solution does converge to the actual one. Thankfully it is easy to test

if it does by comparing the difference between solutions at different levels of resolution.

An n-th order accurate discrete representation of a radial function can be Taylor expanded

in some small i as
N n
for+h)y=fr)+> Hf(") (r) + O(RN*Y). (3.5.2)

Double the resolution, and then double it again:

Flr+ 3 = £+ o fO() + O,
flr+53h) = f(r) + %ﬂ") (r) + O(R™H). (35.3)
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These expansions should therefore satisfy
f(r+n)—f(r+3h) =€(f(r+ih)— f(r+31h)), e=2" (3.5.4)

where € is often referred to as the convergence factor. For a second-order accurate differencing

scheme its value is 4, and for fourth-order, 16.

To check the radial convergence of an evolution code, one could simply run it 3 times at
differing resolutions, writing the output to disk at appropriate (i.e. ‘shared’) time steps and
grid points. Post-processing and then plotting the differences allows for visual inspection of

convergence. A tool such as gnuplot makes this simple, as one can use a command like

plot "< paste resl/data res2/data" u 1:($2-$4),\
"< paste res2/data res4/data" u 1:(4*($2-%$4))

to check for second-order convergence without any post-processing. Convergence testing
in such a manner allows us to do more than simply check that a certain finite differencing
scheme is n-th order accurate: it also lets us ensure the boundary conditions we apply are

indeed consistent and stable.

The angular convergence of our code should simultaneously be tested by measuring the
difference (at fixed h) between numerical solutions found with increasing ¢,,,. One expects

to see exponential angular convergence as a consequence of the spectral method used.

3.6 Artificial dissipation

A form of artificial dissipation may be included in order to suppress fast growing, high
frequency components (i.e. oscillations with a wavelength < h) that may appear in our
numerical solution after a finite number of time steps. To remove them in a way that does
not affect convergence, we typically implement a Kreiss-Oliger scheme [48] whereby a higher

order derivative is subtracted, at some or all physical grid points, at every time step.

The general idea for Kreiss-Oliger dissipation is, for a (2r — 2)—order accurate scheme,

to add a term
i = f(u) 4+ A(=1)"h¥1u), (3.6.1)

Subtracting this term is consistent as it tends to zero as h does.

For a second-order accurate code, we should subtract

U= f(uvu(n)) - S(u)a
A
S(u) = 6h (Uire — 4uipr + 6u; — dui1 +ui—a,) = Nh3 U + O(h?) (3.6.2)
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where 0 < A < 1 and is the same value for all variables. It is made smaller for higher order

accurate finite differencing schemes; in our code we typically set it to be approximately 0.1.

3.7 Finite differencing the wave equation

As we shall see in chapter [4] the wave equation in spherical harmonics can be written as an
infinite set of first order PDEs,

o, = H/w (3.7.1)
. 2(0+1)
I, = <I>'7 + TCI),Y. (3.7.2)
Finite differencing this kind of term on a regular grid becomes unstable at the origin with
increasing spatial resolution and ¢ (section |4.3)). Since stable numerical treatment of this
term is later necessary for the hydrodynamic equations (section there are a number of
alternative methods we can employ, with a summation—by—parts (SBP) technique the one

we ultimately use.

A second-order accurate, two-point-stencil operator can be written by considering

rewriting (3.7.2)) in the form

. a(r2£+2 (I)'y)

the RHS of which can be finite-differenced through applying a second-order central differ-
encing scheme to both the numerator and denominator:

0 Y
I B T%i:f)(q’v)(iﬂ) - 7"(2;12)(‘1)7)(2‘—1)
( 7)(1') - 20+3 20+3
Tavr1) — T-1)

(3.7.4)

This scheme cannot be extended to a higher order of accuracy as it would give a zero

denominator.

An SBP scheme conserves the energy of a system given appropriate boundary conditions,
which eventually allows one to calculate r-dependent weights gives to terms in an n-point
stencil. Full details are presented in [47]; our code currently employs a 3-point, second-order
accurate SBP scheme whose stability for high ¢ or low h is comparable to the two-point
operator above. The SBP method can be extended to higher-order accuracy, although the
weights are difficult to derive and so left to later work.

3.8 Calculation of spherical harmonics and Gaunt coefficients

For visualization we require expressions for Y, Z%, 5%, either in Cartesian or polar coordinates.

As such we need the following identities and recurrence relations for associated Legendre



46 CHAPTER 3. NUMERICAL TOOLBOX

polynomials:

PY(cosh) =1, PY(cos ) = cos ¥,
(20 + 1) P} (cos 0) cos @ — (£ + m)P;™, (cos 6)

Pl (cos0) = ot o ,
P (cos ) — (¢ —m)Pj*(cos @) cosf — (¢ +m)P;™ (cos 0), Pgm#)(il) o,
V1 —cos?0
dP*(cos®) . adPZm(cos o) . (P (cos ) cos — (£ 4 m)P™(cosB)
db - o d(cosf) S cos?20 — 1

(3.8.1)

These may be used with (2.1.15) to calculate explicit values of Y,;™.

In order to calculate Gaunt coefficients we use the method of Wigner 3j symbols, as
is relatively simple to implement (and because we do not need the coefficients in
closed-form). We pre-calculate these before running any time evolution, storing their values
in a 3-dimensional array where slots are referenced using the multi-indexes. Doing so is
somewhat memory inefficient since it does not take advantage of the symmetry of Gaunt

coefficients but it is less memory-intensive than allocating a sparse five-dimensional array.

3.9 Skeleton of a simple spectral code

For systems of PDEs that are first-order in time, we shall aim to write down the time
derivatives 11, on the left-hand side. For each of these y—modes, of which there are O(¢2))
to compute, there is a quadratic product on the right hand side, of which there is a sum
containing O(¢3)) terms. Hence we expect the code to scale approximately as O(¢3,) in full

3D as more angular resolution is added.

In order to avoid zero-valued Gaunt coefficients, we should take account of section [2.2.1
when picking the values of the ¢'s. We will also handle couplings with the 0-mode separately
as these expressions will often reduce. Finally, we sum over the degrees and modes because
they may appear explicitly in the equations. As such, a pseudo-code (in the style of Fortran)

using complex spherical harmonics may read as follows:

//Calculate "background" and apply boundary conditions: udot(0) = {0,0}
DO 11 = 1,1 _max
DO mi = 0,11

gamma = multiindex(11,ml)

gammaneg = multiindex(1l1,-ml)

//Linear terms: udot(gamma) = {0,gamma}

//Quadratic changes to background: udot(0) += {gamma,gammaneg}

DO 12 = 1,1 _max

DO m2 = -12,12
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alpha = multiindex(12,m2)
m3 = ml-m2
lower_13 = MAX(1,11-12,ABS(m3))
IF(is_odd(11+12+lower_13)) lower_13 = lower_13 + 1
upper_13 = MIN(1_max,11+12)
DO 13 = lower_13,upper_13,2
beta = multiindex(13,m3)
//Call or calculate relevant C3 Gaunt coefficients
//Quadratic couplings: udot(gamma) += {alpha,beta}
END DO
END DO
END DO
//Similar loop to calculate G3 Gaunt coefficients
//Apply boundary conditions and dissipation to u(gamma)
//If m1=0: udot(gamma) = REAL(udot (gamma))
//If m1>0: udot(gammaneg) = (-1)"m CONJG(udot (gamma))
END DO
END DO

This algorithm only deals with the € integrals: G requires very similar loops over odd sums
of £'s.

If one requires axisymmetry, or only positive m, then the code is easily modified to

accommodate this with a switch that returns 0, —¢ or ¢:
DO mn = axisymmetry_switch(-1n),axisymmetry_switch(ln)

Similarly, the multiindex function should return ¢ if axisymmetry is required to achieve a

significant memory saving.

At first glance this set-up looks well suited for parallelization. If the code is written in
such a way that the mode calculations are parallel £,m inner loops to a serial outer time
loop, the standard API for Fortran parallelization (OpenMP) incurs serious overhead in
creating multiple new threads at every time step. One would prefer to initially create a
number of threads equal to the number of available processor cores and pass them work, but
this does not seem possible with the current OpenMP API. In any case, we are ultimately
interested in comparing evolutions with different parameters and it may be desirable to

instead run multiple instances of code on different cores at the same time.






Chapter 4

3D Wave Equation

Before launching straight into fluids and MHD, we first investigate a simpler system whose

analysis will help us later on. Consider the linear wave equation in three dimensions,

od =0,
which can be re-written as

o =11,

I=A®=V;Vi®e=(VV,+V"V,).

We now decompose II, @ as
= ZYZ"(@, (b) HT(Tv t) = YVH’W
fm

=) "Y/"(0,9) O (r,t) = Y, D,
lm

and insert them into (4.0.2) to give

b, =11,
: 2, Ll+1)

- Y/ !
I, = @ + @) — =0,

4.1 Regularization

(4.0.1)

(4.0.2)

(4.0.3)

(4.0.4)

To remove the coordinate singularity in (4.0.4) consider a transformation into Cartesian

coordinates:

x = rsinf cos g, y = rsinfsin g,

49

z=rcos0.

(4.1.1)
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. from (2.1.17)) the highest order terms in

We may also set m = 0 without loss of generality
Y are (cos6)’, and thus, to highest order,
l
(4.1.2)

z
P =Y, 0, ~ (cos0)‘®, = %y

Hence we should rescale as
o, =rd,, (4.1.3)
where it should be clear why we only need the highest power of cosf. This is a process we

repeat for all scalars, including II, which transforms (4.0.2)) into

Il
=

i,

o8)
o, 200+ 1)
My = & + =@, (4.1.4)

for each v-mode.
Parity of spherical harmonics explains why the barred variables are even functions of

r. Consider the rotation of a point around the origin to its opposite position, and then a

reflection back to the original point:

f(r,0,0)=f(=r,m— 0,71+ p). (4.1.5)
Using the identity
Y, (0,0) = (1), (m = 0,7 + ), (4.1.6)
expanding for some ~-dependent power x gives
(4.1.7)

1Yo (0, 0) = (—r)"Ys (1 — 0,1 + ) = (1) FrY, (6, ),

and hence z = ¢ plus even integers. The regularization of vectors, which follows in a similar

fashion, will be demonstrated in section [5.2.1]

4.2 Reality condition

Physical variables should remain real valued. If we enforce ® € R,

® =Y, .,
OF = V50, = (1) Y, b, (4.2.1)
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Equating these two implies
O, =(—1)"d," (4.2.2)

This condition is true for all real variables and can be exploited for memory and time savings
(section [3.9) if summations are run only over positive m-modes. It must also be adhered to
when generating nonaxisymmetric initial data. We therefore treat all m # 0 components as

complex-valued functions; the m = 0 modes must be real.

4.3 Second-order in space, first-order in time linear code

To evolve the linear wave equation, following the groundwork laid in chapter [3| we create a

physical grid over r, time evolve via RK4, and central finite difference the right hand sides

of (4.1.4]) for each y-mode:

P (ria)(j) = U5

g = 26D = 286) £ 61 | 200+ 1) i) = PG
(RK&)(5) = (6r)2 20r '

(4.3.1)

Recall that ®,II are even functions. The left ghost zone can be populated using the
simple scheme ®(—r,t) = ®(r,t), and similarly for II. The singular point at the origin can
be removed by applying I'Hdpital’s rule to ®'/r, so that

IL, (0, ) = (20, + 3) 7(0,1). (4.3.2)

For the right ghost zones, we may for now apply a linear extrapolation scheme to the
majority of them. For j > N, set

Oy =) + (7 — N) (B(v) — P(v-1)) - (4.3.3)
and similarly for II. We can of course extrapolate to higher order if necessary.

We wish to derive boundary conditions that are non-reflecting, so that returning waves
do not interfere with the system. To derive such a boundary condition one may investigate

the series solution of the linear wave equation. Consider P waves travelling at a speed of 1:

P
Oy =Y enpyrt N (r £ 1), (4.3.4)

n=0
Inserting into (4.1.4)) and dropping the ~'s gives

> en {2f("+1) PR L ke )+ T2 () (14 b+ 20+ n)} =0.

n

(4.3.5)
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By equating the coefficients of the powers of r to zero we get the following:

n=0:k(1+k+20) =0, (4.3.6)
n=1:21+i+k+0c;+1+i+k)2+i+k+20)ciq =0, (4.3.7)
n=P:l+k+(+P=0. (4.3.8)

Combining the first and last expressions gives {k = 0, P = —¢—1} and {k = —1—-2(, P = (}.

Since P must be positive only the latter of these is valid. Thus,

‘
Oy = cpqr T (1 1) (4.3.9)
where the ¢, , are given by the recurrence relation

2(i — 1)

Ci+1 = m@', (4.3.10)

which clearly truncates the series at ¢ = £. This relation can be solved to give the ¢; in

terms of the Gamma function.

For the v = 0 mode, the series reduces to

i)o = Cofo(rrit), (4311)

which can be differentiated once:

_ _ D
[ =4Iy — 70 (4.3.12)

This form is suitable for a central finite differencing scheme for { = 0 modes. We take

outgoing waves, and apply the following scheme to the first ghost point only:

] ®
By 41) = 207 (—H(N) - (TN)> + Dy (4.3.13)

For higher modes it might be possible to derive similar boundary conditions; for example,

- cof cf @ I
$, = 0L _ =__=0 4.3.14
=73 r2 2 ( )
which could be used to give ®; at the first ghost point. An implementation of proper
boundary conditions on higher modes [2| [10] is perhaps unnecessary for this sandbox-code.
We can of course place the boundary at a sufficient distance away from the initial data
for certain problems under consideration. For simplicity we apply (4.3.13)) to all /~-modes,

keeping in mind that convergence may not be guaranteed for higher modes.

When all of these elements are combined into a Fortran program to evolve the linear
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time 0.0000000s -- (IL,m) = (2, 0)

time 0.500000s - (l,m) = ( 2, 0)
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Figure 4.1:

An instability at the origin is seen to arise for the second-order linear wave

equation code where ¢,,, > 2. Changing the grid spacing, ratio §t/dr, or adding artificial
dissipation, do not remove it.

wave equation with Gaussian initial data

®,(0,r) = Ay e V7 TI(0,7) =0, (4.3.15)
we do indeed see a travelling Gaussian wave that will reflect off both boundaries (but only
very slightly on the right hand side). Unfortunately, instabilities arise at the origin for ¢ = 2
and above (figure[4.1)). It is not immediately clear why this should be, so we shall try to

write the equations in such a way that there is no singularity (or special treatment required)
at the origin.
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4.4 First-order in space linear code

To remove all second-order derivative terms and the necessity of employing |I'H6pital’s rule,

define a variable ¢ = ®’; time evolutions can now be written as

®, =11, (4.4.1)
. o 2042

IL, = (20, + 3) g(rﬂ j)” ) ; (4.4.2)
)y =1L, (4.4.3)

To finite difference this, consider taking derivatives with respect to a non-uniform grid, i.e.
u = 2043,

a(f(r)) _ df /dg

d(g(r))  du/ du

2042 2042

T(i:1)¢(i+1) - T(ijl)w(i—l)
20+3 20+3
"i+1) T T(i-1)

= ;) = (20+3) (4.4.4)

This is regular at the origin as 2¢ 4 3 is always odd. Reducing to first—order in space also

means we do not need values of I’ in the ghost zones, which would otherwise be required

for .

We now want to build suitable boundary conditions for the right hand side. Trying a
solution of the form ® = f(r — t)/r, which is only approximate for £ > 0, and calculating
@' from it, leads to the relation

1
H/‘i_w/:_

ST 20+ 1)yl (4.4.5)

A central finite differencing scheme leads to

or
Miwvsy + Yven) = Moy +dv-n) — 2~ [Ty + 2004 D)o - (4.4.6)

This is applied through a method shown to improve stability [23]:

1 1

_ 1 1
¢(N+1) 2 (H(N+1) + ’l’ZJ(N'Fl))(Wave) T2 (H(N""l) B 1’/}(N+1))(extrapo|ated) ’ (448)
The first set of brackets are given by (4.4.6]), and the second by a simple linear extrapolation,
as outlined earlier. For the left ghost points, we note that ®,II are even functions and

therefore 1) = @' is odd.

As hoped, simulations with £,, <9 and Gaussian initial data (figure [4.2)) do not show
any problems at the origin. However reflections from the outer boundary seem to introduce
numerical oscillations, even if artificial dissipation is introduced. Since we have been applying

an approximate solution for high /—-modes, Gibbs-like behaviour is seen: the £ =9 mode is



4.5. NONLINEAR QUADRATIC CODE 55
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Figure 4.2: Initial data for the £ = 0 mode, within a first-order code. The wave immediately
breaks into left- and right-travelling components that move with the same speed. It is
centred close to the origin so it reflects from there before any part can reflect off the outer
boundary and reach it again.

even observed to oscillate about the origin but not travel along the grid after finite time. It

should be possible to derive better behaved boundary conditions from the series solutions.

4.5 Nonlinear quadratic code

Thus far we have not considered any quadratic terms added to the wave equation. We add

such a term now so we can use the skeleton code from section [3.0
0P = ko ®?. (4.5.1)

The spectral coefficients satisfy

I
=

®., =1L, (4.5.2)

21, +1) - . _
M@Q + kg rte Tty Chp . ®,®p, (4.5.3)

=]

I, = 3 +

"
v r
where we sum over the multi-indexes «, 8 and generate the coefficients C,5_, in some

manner.

There is evidence that such a system will blow up in finite time [58] so we shall look for
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time 2.000000s -- (I,m) = (0, 0)

2 T T T
Re(Pi) —+—
f&\w‘ Re((eF(’hg
7] Re(Psi) -
15 | o .
P

2 1 1 1

0 0.5 1 15 2

Figure 4.3: Finite-time blow-up in the system O® = 10®? after the wave has reflected from
the origin. Setting k2 = 1 takes a very long time for blow-up to occur, whilst with k3 = 100
it is seen very quickly, before a wave-front has reached one of the boundaries.

this behaviour in the code.

To gain extra efficiency, we could consider calculating and storing only the positive
m-modes, since ®,II are real-valued. This is simple enough to do with the time derivatives
(i.e. calculating udot for positive-m only) but somewhat more complicated for the right
hand sides. Using where negative m's appear, the quadratic term can be written

2 _ Lo+lg—L F0 FMy A—m~y,0,my
(@%)y = E , Xy {‘béa oy, Cev,za,zﬁ
Loylg

+ Z [Xoéa @Zw*ma Cf*m'yyma:m'y*ma + Xa(i)a E)Z-y‘i’ma C«*m’yy*ma:m7+ma

z'yaga ,ZB e'yyzomzﬁ

ma >0

(4.5.4)

This is somewhat unwieldy, and may be excessively difficult to apply properly to the fluid

equations. We thus leave it as a possible method to save time and memory in this instance.

With the same Gaussian initial data and outgoing wave boundary condition as previously
considered, we see a blow-up in finite time (figure 4.3]). This blow-up is only dependent
on the value of ko — the larger, the faster — and is independent of ¢, or how far away the

outer boundary is placed.

)
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4.6 Nonlinear cubic code

We employ the same trick as before, to maintain efficiency and ‘recycle’ code for the set of

equations satisfying

0P = kz®3 (4.6.1)

with
@3 _ Z T‘l gzn i/vlm _ Z rl/+l//+l/ll ,lnl,L/ ;_/’}/I ?}/’H ZZTLI lﬂl// lm/// (462)
= Xy Capr ha®ys (4.6.3)

where hj" is understood to be given by (4.5.4). We can precalculate all the required A,

products in their own loop before using them in the main loop to find time derivatives.

With the same initial data and boundary conditions, similar but faster blow-up (for equal

values of k2, K3) is seen as in the quadratic case.






Chapter 5

Newtonian Fluid Equations

The Navier-Stokes equations describe the motion of a fluid, which we are (crudely) assuming
constitutes the interior of a neutron star. They may be derived by considering the flux
of mass and momentum across the boundary of a control volume, and applying Green's
theorem to turn surface into volume integrals. For a compressible, inviscicE] fluid they reduce

to the Euler equations:

% _ g
dvt 4 .
pd—”t = —V'P - pV'®. (5.0.2)

These represent the conservation of mass and momentum, where p is the mass density, v
the velocity of a fluid element, P the pressure, and ® the gravitational potential, given by

the Poisson equation
AP = 4nGp. (5.0.3)

The discussion in section will introduce the polytropic equation of state, which defines

the relationship
P=Kp". (5.0.4)

where K is a constant. Because of this EOS there is no need to include an equation for the
conservation of energy. One can now divide the equation of momentum conservation by the

density:

o'
ot

= —/V,u' —=TKp' 2Vip - Vid. (5.0.5)

For simplicity we shall set I' = 2 throughout this chapter to keep the equations in polynomial

form, that is, as a nonlinear system whose variables are raised to integer powers. Non-I" = 2

'No resistance to flow, so no dissipative terms.

59
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laws, including non-integer laws, are more difficult to handle; one would have to substitute
a new variable R = p' =2 in (5.0.5)), and either specify how R evolves in time (section [5.6.2]
introduces the concept of stratification), find a (truncated) spherical harmonic expansion of
the function, or perhaps even iterate if it can be assumed that p is mostly spherical (section
6.2.3).

For our spectral expansion and subsequent time evolutions, we shall place a fluid whose
motions are described by the Euler equations into a rigid spherical container fixed at
Tmax < 1. This container is a numerical necessity as we cannot model the discontinuities
that a surface/atmosphere interface would introduce with a spectral scheme, or a non-
spherical outer boundary formed by rotational or magnetic effects without more mathematical

framework, but it can perhaps be thought of as approximating a rigid crust,

5.1 Polytropic equation of state

A simplistic EOS — the polytrope — has been studied for some time. 19th century physicists
such as Lord Kelvin, Emden and Zeuner began by trying to understand gaseous stars by
assuming they had a constant specific heat: changing the pressure or volume of the star
would not change the amount of energy needed to increase its temperature. Chandrasekhar
[27] explains the derivation: consider an amount of heat energy ) being added to a system,

which is equal to the change in internal energy minus the work done:
Q= U-Uy) —W. (5.1.1)

If this work is applied to changing the volume of the system, then one can represent an

infinitesimal change of heat energy by

d@Q) = dU + PdV. (5.1.2)
An ideal gasE] is one that obeys the equation of state

PV =RT, U=U(T), (5.1.3)

where R is referred to as the gas constant and 1 is the temperature. For such a gas, the

heat energy will change when work is done as per

dU
— Y ar+p 14
dQ = 7 dT + PV, (5.1.4)

However the equation of state implies that infinitesimal changes in quantities are related by

PdV +VdP = RdT, (5.1.5)

2Under certain conditions fluids can be accurately modelled as a perfect gas.
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which can be substituted into (5.1.2)) to give

d
dQ = <dg + R> dT — V dP. (5.1.6)

If we now define the specific heat ¢, of some physical variable « that is held constant to be

d
Co = (Q) , (5.1.7)
dT a=constant

then from (5.1.4)) and ((5.1.6]) we can define the specific heat at constant volume and pressure
(i.e. dV =0 and dP = 0) by

dUu dUu
Cy = ﬁ’ Cp = ﬁ + R, (518)

which is useful because their difference gives R. Using this and the equation of state again,

we can rewrite (5.1.4]) in the form

T
dQ = cy dT + (cp — Cv)vdv. (5.1.9)

If a process is adiabatic there is no heat transfer to or from the fluid from its surroundings
(dQ = 0). In this case, if we divide by T" and integrate ([5.1.9) then

cyInT + (cp—cy)InV = C(s) (5.1.10)
for some function C that is a function of entropy. One can rearrange this into the form
T oc VL, (5.1.11)

where I = cp/cy is the (constant) ratio of specific heats and is called the adiabatic index.

This may also be written in the form
PVY = constant <= P = K(s)p" (5.1.12)

for some function K (s) dependent on the entropy s. If we assume that entropy is constant
everywhere, then a fluid that satisfies ((5.1.12)) with K a constant is referred to as being
both polytropic (one encounters different types of thermodynamic process with varying )
and barotropic (since the pressure is only a function of density). Otherwise, with varying

entropy (which we hold constant for a given particle) we have a stratified equation of state

(section [5.6.2)).

There is also a relation between the internal energy and the volume and pressure:

dU
dU = Z5dT = cydT (5.1.13)

= U =cyT, (5.1.14)



62 CHAPTER 5. NEWTONIAN FLUID EQUATIONS

where the constant of integration has been dropped as we have U = 0 at T'= 0. From the

ideal gas relation ((5.1.3)),

U:%PV = P=(y-1)U. (5.1.15)

This relation lets us calculate the enthalpy, defined to be

P
h=U+ — (5.1.16)
p
v P
_ r 5.1.17
o ( )

5.1.1 The Lane-Emden equation

The gravitational equilibria of stars with a polytropic equation of state have been studied for
some time, beginning with Lane (1870). The Lane-Emden equations give the equilibrium of
spherical fluid bodies acted on by pressure and gravity. Using the Poisson equation ((5.0.3))

for the gravitational potential, equilibria are given by combining

P' + p® =0, " + 20’ /r = 4nGp, (5.1.18)
so that

1 d (r?d(Kp")

—— | — = —4nGp. 5.1.19

r2 dr (p dr ) =P ( )

(5.1.19) has analytical solutions only for I' = 6/5, 2, 0o and can be rewritten in the form

1.d (,d0&) n_
7 <g I >+0(g) 0, (5.1.20)

where

(n+ 1)K pL—2

1
I'=1+4+— = p0" =
n’ p= Pl r=¢ ArG ’

(5.1.21)
to which numerical solutions are easier to calculate. A set of Mathematica routines to
achieve this are given in appendix [B.4]

Since it is one of the most basic EOS that arguably gives a good description of certain
astrophysical interiors, the I' = 2 law is one of the most popular and is still in modern
research [0, 34, 82]. The I' = 4/3 or I" = 5/3 laws [12] 18] B3] are chosen when it is
suspected that electron degeneracy is the main contributor towards internal pressure, and

whether the electrons are moving relativistically or not.

It is more realistic to assume that the pressure depends on both the density and a
thermodynamic quantity such as temperature or entropy. Tabulated EOS are often employed

in complex core-collapse simulations [66], and further still one can include effects from
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particle physics, such as how entropy is affected by neutrino flux [72].

5.2 Spectral evolution in the 142 split

Inserting expansions of scalar and vectors ([2.2.2} [2.4.6]) and their derivatives (section [2.4.1)

into the Euler equations, and then integrating, gives the following system that must be

satisfied for every ~:

A~

{ By [Pa (v +2v8/1 + L5u5) + phvg] + D_up pauﬁ} (5.2.1)
{C’ By Va Vg + D—vaﬁ [uaqvg — 1 (Uaug + wawg)]} —2Kpl, (522)

Xy
Q'LW = { ~ Va Uﬁ + 2U,3/7') + Effyaﬁ UqUp — F ~aB wawﬁ} _ 2[(70—2p77
(5.2.3)
Xy [ ) )
Wy = L—g {Daﬁ—w Vo (w}; +2wg /1) + (E_yap + Frap )uawﬁ} ) (5.2.4)
5
Note that we have written v = v4 = v, time derivatives v = 9, and radial derivatives
v = %
=

5.2.1 Regularization

Equations ([5.2.115.2.4)) do not appear to be regular at the origin. In order to regularize
vectors one needs to ensure that their components are continuous and finite valued, and
to do this we shall rewrite vector components in terms of Cartesian coordinates. The

regularization of scalars is the same as in section |4.1]

The directional derivative’| for the axisymmetric case m = 0 is

0 0 0
v.v=Y [Umar 20 54w, SO (5.2.5)
Y

where Z(@) represents the polar component of the vector Z¢, and S(#) the axial component
of S*. The Oy term is not discarded as it may be the case that we are differentiating a

non—axisymmetric term; without it we would be unable to find how to regularize w. From
the metric , transforming to Cartesian coordinates gives

0
i 20y + Y0y + 20,

rsm@% 2 (x0y + y0y) — (m2+y2) 0.,

d
90 = 20y — YOy. (5.2.6)

3The frame coefficients for spherical polar coordinates are v,-9, + v9$69 + 'ug,ﬁ@w, and is useful for
setting initial data and visualization.
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In the 142 split, we have

1 1
ab
[ab] Ve [abl (5.2.7)
All spherical harmonics with m = 0 are polynomials of cos 8:
l
= Z an(cos@)". (5.2.8)
n=0

However we need only consider the highest power n = ¢, because when we rewrite (cos )" =
2™ /r™ this gives the 'worst' powers of 7 in the denominator that need to be cancelled. Thus

we approximate by

Y, ~ (cos 0)",
ZSYQ Y(v0) g = —sin 6 (cos ),
S —ewe(y;?),g {(cos 0)L. (5.2.9)

Equation ((5.2.5]) with £ > 1 can thus be written

¢ ZZ—I

z°1 1
VU (x0y + yOy + 20,) — €u7ﬁ; [z (20, + y0y) — (xz + y2) 0. |
ZZ—I
+ lw,y 1 (20y — yOs) - (5.2.10)

Making use of the relation 2 + y% = 2 — 22, the rescaling

v, =g, wy = 24, wy = r o, (5.2.11)
leads to
5 — 0a
V-V (W) (20, + y0y + 20.) + Liy 210, + 0,2 (2D — yOy).
(5.2.12)

The first term is only regular at the origin r = 0 if

v, = b, +O(r?).  (0y,0, = O(1)) (5.2.13)

By separately considering the case ¢ = 0, an argument following the above shows that
vo must be O(r), and hence vy = O(r?).

Thus far we have shown how to regularize for m = 0. It is perhaps reasonable to assume
that, since the fluid equations do not contain explicit appearances of m except in the Gaunt
coefficients, everything regularizes in a manner dependent only upon the degree £. We have
been unable to prove this, but it could be helpful to note that the #-dependence of all

spherical harmonics can be written in terms of (cos 6)* or sin (cos )1
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The regularized hydrodynamic equations are given by the following system:

By == x0T Gy [patly + Hla+ £ + Dady + o]
+1 (Dsap +L3Capr ) patis} (5.2.14)
Uy = — prgaMﬁ_ev_l {éaﬁﬂ Va [%(8/5 —1)vs + ﬁlﬁ]
+D_sap [FUalip — Fuals — rBatg] }
9K (41 (5.2.15)

= XY latlg—0,—1 [ P 1y - _ 17 -
Uy =m0 {Daﬂ—v Vo (70sUp + 1) + 3 Eyap Ualls
¥

1Py Wailp | — 2Ky, (5.2.16)
iy =gt~ Do 5, [L(65 + 1)ig + 1))

+L(E g + Fap )aawﬁ} : (5.2.17)

5.2.2 Dimensional analysis

So far we have been working with dimensionless quantities without properly writing down
the equations in a dimensionless form. We should like show that what we have been doing
so far is reasonable, and to be able to set parameters corresponding to physically reasonable

values. Let us temporarily express dimensionless quantities through hatted variables:

r= 7"/ [T] ) t= t/ [t] ) p=r/ [:0} ) (5'2'18)

and so on, where the bracketed variables are appropriate scales chosen so that hatted

variables are (usually) order 1.

From conservation of mass, non-dimensionalized as

op _ _[v][t]

i = VY, (5.2.19)

we choose to scale time as [t| = [r]/[v]. Conservation of momentum using this scaling can

be written

‘Z =—(v-V)v-2k [[S][f] Vi — [ﬁ]ﬁq@, (5.2.20)
and, from this, Poisson’s equation is

26 = arc ) W,a = 4 Gp, (5.2.21)

and we shall usually set G = 1. We shall also use the central density p. as the density

scaling, and the radius of the neutron star R as the radial scaling. Hence time has units of
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1/\/Gpe.

Let us only assume that we know the mass (1.5M)) of a non-rotating neutron star
with a polytropic equation of state whose main constituent is non-relativistic neutron
degenerate matter. By integrating over the whole volume of the neutron star we estimate
a central density p. = 7 x 107 kg. By using this as the density scale and setting G=1
this implies a time scale of 0.15ms, which will be equivalent to one unit of time in the
code. Finally, the velocity scaling is closely related to the sound speed and is
approximately 10 ms=1 (0.3 ¢).

5.3 Linear perturbations of static, spherically symmetric stars

Since Y =1 the £ = m = 0 mode describes spherical symmetry. For now we shall retain
the odd velocity component vy instead of writing down the regularized version; this will
be useful for when we later describe a necessary change of variables (section [5.4). For a

spherically symmetric NS the hydrodynamic equations reduce to

- 2_ _ _
Po = = Povo — Povy — Poos (5.3.1)
Vo = —UOU6 — 2Kf)6 — qZ_)f), (5'3'2)

where the Poisson equation in spherical symmetry is
oy + 24 = 4nGpo. (5.3.3)

Recall that scalars p, ¢ are regularized with r‘. We shall wish to find static equilibrium
solutions to these equations so as to perturb them later on. Note that rotation involves

higher /-modes and is a non-linear effect, so it is discussed later on in section [5.7]

It should also be mentioned that, because of the way we have regularized p, the central
density of the star is given by the value of py at the origin. We often refer to pg as the

background density because p(;>1) modes will typically be small in comparison.

5.3.1 Spherically symmetric equilibrium solutions

In the absence of a gravitational potential, a simple solution of (5.3.15.3.3)) is
po = constant, vy = 0. (5.3.4)

We henceforth refer to this as the flat background.

A more relevant, well-known case can be derived by considering a non-zero gravitational
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Figure 5.1: Plots of spherically symmetric Lane-Emden n = 1 solutions against radial
distance for different surface fractions X\. We never set A > 7 to avoid zero/negative density.

field, leading us to the Lane-Emden solution for a v = 2 polytrope. Setting vp = 0 gives
po=0,  2Kpy=—g, (5.3.5)
so that the Poisson equation is now
2K pjj + %ﬁg —Gpo = 0. (5.3.6)

This second order ODE is easily solved through substituting pop = f(r)/r For a po that is

finite at the origin, we have solutions

G _
o = %sin Varer | do=2EKm, (5.3.7)

where « is an an arbitrary constant that relates to the central density. When we refer to

star-like initial data, we mean setting
_sin(Ar)

PO - IOC AT’ )

Vo = 0, (539)

(\ = Fr) (5.3.8)

where F' is a surface fraction defining how much of the star is inside our box, and p,. is a

central density scaling: both of these parameters are typically (but not always) set to one.
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Figure 5.2: Convergence plots of £ = 0 density and velocity components; rhol represents the
density evolved at twice the resolution of 7ho2. A spherically symmetric star in equilibrium
will be slightly perturbed by the addition of artificial dissipation to every point, but the
effect is second-order convergent. The density wave starts at the outer boundary, and then
bounces between the two boundaries: each frame shows the wave halfway through a crossing,
so the wave is travelling left in the top-left frame. The outer boundary appears to cause a
linearly-growing error in the density; a smaller surface fraction greatly reduces this error.

5.3.2 Finite differencing the background equations

One may now try to introduce spherically symmetric perturbations and time-evolve the
system, which will of course remain spherically symmetric. Whilst the background equations
are regular at the origin, a second— or forth—order accurate finite differencing of these
equations on a regularly spaced grid, using I'Hé6pital’s rule at the origin, is unstable, just as

we saw with the wave equation.

Thankfully we can apply our experience with the wave equation and re-cast equation

(5.3.1) into the form

. _ 0(r*vg) B
Vo = —3[)0W - ’U(]pé). (5310)

which we then finite difference using one of the schemes described in section

To keep this equilibrium code stable for an unlimited number of time-steps, one should
initially set % from pf, at grid points, rather than differentiating the analytical solution.
This way, in the absence of artificial dissipation, the right-hand sides will exactly cancel out.

With dissipation the method is certainly stable for at least four wave crossings (2000 time
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steps on an N = 200 grid) with convergence shown in figure .

5.3.3 Non-spherical linear perturbations

We shall now introduce non-spherical ¢ > 0 perturbations upon these spherical, stable
backgrounds. Assuming that these modes are always small in comparison to the background,
we can neglect any couplings between non-zero modes since they will be quadratically small.
By linear order we mean that £ = 0 modes are of O(1), with higher modes being O(4) for

some small parameter §. Products of O(§2) are neglected.

Since the harmonic degrees must satisfy the triangle inequality [y — | < lg < £y + {4,
setting /3 = 0 gives one solution for non-zero Gaunt coefficients: ¢, = ¢,. Thus, we only
have 0,0,0 and ~,~, 0 couplings to consider. Consequently, since Xv(i’%,%o =1, and the
evolution equations for £ = 0 are unchanged, we need to find the linear yv-mode evolutions.
It is a simple matter to find the linear products from equations ((5.2.145.2.17]).

Furthermore we will employ Cowling’s approximation whereby perturbations of a spherical
gravitational potential are neglected and where the potential is fixed in time. Doing so
saves us having to solve Poisson’s equation at every time-step, and should be a reasonable
approximation to make if the functions p, are small. In the non-linear code we shall look
again at non-spherical potentials, and later on solve Poisson’s equation dynamically. With

this the linear evolution equations for non-zero + are as follows:

N [ _ 1, 1, 4, +2_ _ (v, —Llyu
Py = — | Pyvo + Phvo + ;pov’7 + ;,061)7 + Vprvo + (6, +1)po <7r277>} )
(5.3.11)

= [ / — —/ E’y -1 — — —/

Uy = — |Ugly + voUs + T voUy | — 2K (0ypy + rpA/) , (5.3.12)

. : ¢

Uiy = — |volll, + Vvouv} —2Kp,, (5.3.13)
T

. [ 1

Wy = — |vow!, + i vown,] : (5.3.14)

These equations are seen to be regular at the origin as vog = O(r). Since 0,7 is the only
coupling, modes can only affect themselves and do not filter through into others, and as

such we need only ever evolve the modes with non-zero initial data.

On the flat, static background with vg = 0 we have that pg,79 = 0. The linear
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perturbations on this background reduce to

. 1 1 Uy — Ly

Py = — ;ﬁoquly + ;ﬁ{ﬂ_’v + (&y +1)p0 (W)] ) (5.3.15)
Uy = —2K (Cypy +10) (5.3.16)
iy = —2Kp,, (5.3.17)
i = 0. (5.3.18)

By taking the time derivative of ((5.3.15)) one can observe this system obeys the (sound)
wave equation:

. o 200, +1) _
py = 2K po pg—I—(vr)p’7 . (5.3.19)

Note that we impose different boundary conditions to those in the wave equation code we
previously considered, so we would not expect density waves to behave in the exact same

way.

5.3.4 Boundary conditions

The inner boundary, near the origin, is handled with ease, as we have rescaled variables to

be even functions of 7. Thus we set p(—r) = p(r) etc. for the left-hand ghost zones.

The continuum condition on the outer boundary we apply is to have no fluid escaping
the container, imposed by setting 0 (7max) = 0. Numerically we implement this as v, = 0
at 7 = Tmax With compatible initial data. The container is otherwise assumed to be slippery,
so we do not impose any stress-related conditions on %, w. To calculate derivatives at and
close to the outer boundary we extrapolate to some order, and would likely do the same if

we were considering a spherical shell of fluid instead of a sphere.

It is quite common in any stellar modelling to include an atmosphere whereby the density
is set to be some small, positive constant in a region outside of vanishing pressure, but we

have already pointed out that this is an unworkable scheme within our numerical framework.

5.4 New fluid variables

A central differencing code written to evolve the regularized linear system (5.3.11}5.3.14)
is seen to exhibit a numerical instability at the origin even for low ¢-modes, very similar
to that seen in the wave equation code. To solve this issue, we can attempt to recast the
equations into a form resembling that of the wave equation and then finite difference over
a non-uniform grid. There are two ways in which we could try to achieve this: either by

generalizing the finite difference method, or by making a change of variables.



5.4. NEW FLUID VARIABLES 71

For the first method, recall that we can write derivatives in the form

0 (rf(r)

S (5.4.1)

P+ ) = (N 4 1)

and then finite difference the right-hand side, assuming f(r) is an odd function. To evaluate

this at the origin we require N to be even, but not all the terms in (5.3.1115.3.14]) have

even coefficients. However, it is possible to split the terms in the following manner:

a(rN f(r 1 A(rNFLf(r
(S0 1 [y 200

L 2

(N + 1) 8(TN+2) 8(7"N)

(5.4.2)

So if N is odd, we can turn it into two derivatives that we can evaluate at the origin. As an

example, one could rewrite

A
4y + 1)M, (£ even)

vy + o = O Dy et (543)
r Lig, 4220 w) )| (g odd)

2 A(rtt2) Th o(rt)
Unfortunately, applying this ‘shifting’ to every possible term does not help with stability.

The code fares no better than when finite differencing on a regularly spaced grid.

We now resort to trying to find a change of variables that naturally gives us wave

equation-like terms. The following choice,

Uy — Lylly

Uy = B (o = vo)

fy = % - o (5.4.4)
reduces the linear evolution equations on a flat, static background with pg =1 to

Py =— |0+ 2(&:1)@7 + 0 fy| = —(20, + 3)% — Uy [y

Uy = —2Kpl),

£y =0, (5.4.5)

which we recognise as the linear wave equation in first-order form. It is important to note

that ¢ is an odd function of r, whilst f is even. More generally, the linear evolution equations
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now read

- o . D B | 200, +1) . oh . B

py = — {vépy + UOP/V + 70(57 +2)py + po [U/V + wvv + Eva] + % [roy + 6“7]} )
(5.4.6)

N _ (o) g . . o9 . N

/U’Y = — {fu-y |:TO - ',"2:| + U{)/U»y + UO/UZY + 7€'YU’Y + 2K,0/7 9 (547)

B ~ @0 _

Wy = — {Uowv + 7(67 + 1)“}7} ’ (5.4.8)

) A R o
Fy == {obs, + oty + 26 45, ). (5.49)

5.4.1 Discussion of the linear fluid code

One may first ask why we bother to introduce f when it should be possible to finite difference
terms such as ¢0/r + ¢’ in ways similar to that used in the wave equation example. But it
seems to be necessary for stability to coax out the travelling-wave part of the density: a
code using just 0, or a variable representing (v — @) /r?, almost always becomes unstable
near the origin after a reflection there. More dissipation, increasing with £ will dampen the

effect, but this will become physically unrealistic at some point.

Run-time scales linearly with ¢,,, as expected. Running on a 3GHz Pentium D processor,
a double-complex accurate Fortran code compiled with the Intel Fortran compiler requires
about 5ms per time step per mode (without disk activity or dissipation) on an N = 200
grid. Using optimized compiler parameters for the particular machine, this figure can be cut
to just 1ms. A table of run-time results is listed in section |5.5.1}
Initial data for £-modes is usually set to be a double-Gaussian of the form
2 2)\2 4
ﬁ'y _ A’Ye—(r —c?)? Jw 7
2 2)2
—C 2 2)2 4
) —(2 =) fw

Uy = —(r2 — cz)ﬁ'7 = 4Avr(r e

- , (5.4.10)

where A, w, c are coefficients representing the wave amplitudes, width and centre. u, w

may be set in a similar way, and f is derived from them.

5.4.2 Flat background

Starting on a flat background pg = 1, figure [5.3 shows a density perturbation on ¢ = 1 with
200 grid points and artificial dissipation. It immediately breaks into two pieces, one travelling
outwards and one inwards, and is shown to be convergent for the first few reflections. 100

time steps at this resolution represents a non-dimensional time of 0.25 (0t = %h = 0.0025).

The failure of finite differencing on a regular N = 200 grid with the same initial data

and no dissipation is shown in figure [5.4] where an instability always occurs at the origin.
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Adding dissipation prevents the code from crashing, but the amount needed to suppress this

effect increases (to unphysical quantities) with ¢.

For higher modes the non-uniform finite differencing scheme begins to lose convergence
at this resolution, as demonstrated for ¢ = 5 (figure [5.5)). Doubling the resolution to
N = 400 remedies this (figure [5.6)).
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Figure 5.3: An £ = 1 density perturbation on a flat pgp = 1 background is shown in the plots
on the left, before and after a reflection off the outer boundary. Corresponding convergence
tests are on the right demonstrating at least second-order convergence.
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Figure 5.4:

Finite differencing an ¢ = 1 perturbation on a regular N = 200 grid fails

without artificial dissipation. Small oscillations near the origin in p1, 01 blowup as the wave

approaches this region.
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Figure 5.5: A perturbation with ¢ = 5, N = 200 finite differenced on a non-uniform grid.
We begin to encounter problems with convergence after reflections at the origin, as shown
in the convergence plots on the right.
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Figure 5.6: Convergence of the same perturbation as in figure

but with the resolution

increased to N = 400. Convergence is observed for a period of at least two sound crossings.
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5.4.3 Star-like background

On a star-like background py = sin(Ar)/(Ar), figure[5.7]shows reflections of a py perturbation
with N = 200, A = 0.97. Note that the outgoing waves take longer to reach the outer

boundary than on the flat background, since the speed of sound in a material is given by

cs = (ZP = /2Kp. (5.4.11)
p

Figure [5.8 shows the same ¢ = 1 perturbation but with A = 0.957. After a reflection the
evolution is no longer second-order convergent, but this can be remedied by increasing the
resolution (not shown). At A = 0.97 a single sound crossing takes 500 time steps (¢ = 1.25),
whilst at A = 0.957 it takes 550.

Convergence of an ¢ = 5 density perturbation with A = 0.957 is shown in figure [5.9]
The evolution looks similar to ¢ = 1 so it is not shown. Convergence is lost at the origin

when the initially outward-travelling wave piece reaches the origin.
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Figure 5.7: An £ =1 perturbation on an N = 200, A = 0.97 star-like background, shown
at the same times as figure and with convergence plotted in the right-hand column. The
density wave takes longer to reach and then reflect off the outer boundary than it would do

on a flat background, but is still convergent.
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Figure 5.8: The same p; initial data as in figure
takes even longer to reflect off the outer boundary.

but with A = 0.957. The density wave
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Figure 5.9: Convergence tests of a p5 perturbation on an N = 200, A = 0.957 star-like
background. Waves returning from a reflection at the outer boundary lose convergence
when reaching the origin. These are plotted for a timescale of just under two sound crossing
times.
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Figure 5.10: Convergence tests of a p5 perturbation on an N = 400, A\ = 0.957 star-like
background, i.e. double the radial resolution of that in figure
boundary closer to the physical boundary requires a higher resolution to maintain convergence.

. Placing the numerical
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5.5 Non-linear system in new variables 0, f

With a working code for the background and linear perturbations, we now include the

non-linear terms. The evolution equations over all modes are thus:

—/ A~

Py = — xriette=ty {C*ag_7 [pa@’ﬁ + Plig + palpfs + %Eﬁalg + (24 by + 208) pa—
u
+(lalpCap—y + D-rap )pa B} : (5.5.1)
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This system contains terms with powers of r as low as ¢, + g — £, — 4, so there are
two special cases that need taking into consideration to properly regularize. The first
are the terms in the series that satisfy ¢/, 4+ {3 — £, = 0, and the second are those with
lo+1Lg — Ly =2. (Since lo + {3+ Ly is even, £, + {g — L, is also even, and we need only

consider these two cases.)

It can be shown that coefficients of terms divided by r either remain regular, have
vanishing coefficients, or cancel with cross-terms because they are antisymmetric over «, 5.

These terms will need I'Hépital’s rule or some other scheme to evaluate the origin.

The variable u is still present in these equations, since we have only replaced its derivative.
We can either choose to recover @ by integrating f, or we could time-evolve it alongside
the other variables (and perhaps derive f from it instead). Our code time-evolves all five
variables as this is easy to do with the current framework, although an integration should,
in theory, be faster since there it avoids having to compute a large number of non-linear

couplings.

Another issue with this choice is that numerical error and dissipation may cause 'drift’
between the derived and time-evolved values of %, and in the absence of some variable
constraint we should monitor both. The easiest way to do the comparison is just to output

and display them both graphically.

Finally, we can see from the zero-sum property of the Gaunt coefficients (2.2.11]) that
a system will remain axisymmetric if it is initially axisymmetric. This is true for the fluid

equations, or MHD, or any other time evolution that we can write in this manner.

5.5.1 Discussion of the non-linear fluid code

A non-linear, nonaxisymmetric RK4 code with compiler optimizations and copying negative-
m modes ([4.2.2)) scales with time roughly as ¢£2:6 for modes up to £ = 9. This is a slightly
lower figure than we would expect (£3), most likely because of the triangle inequality for
the ¢'s. Figure lists run-times on the same machine for comparative purposes. We
would expect /,,, = 10 to take about 13 seconds per time step with this resolution, about 5

minutes with £, = 20, and, in theory, several days with ¢,, = 100.

Further optimizations can be made to the nonaxisymmetric code by only considering the
modes whose m is a multiple of the lowest present in the initial data: for example, m = 2
initial data will only lead to even m. Problems where m ~ £ in initial data scale more like

the axisymmetric code if £, is not set too high above the initial data maximum £.

Since the quadratic changes we have so far tried have been small, convergence properties
are similar to the linear scheme. Setting any kind of initial data on modes ¢ > 0 will excite
other modes. For example, an £ = 1 perturbation will induce perturbations in the ¢ = 2
mode through self-couplings, which in turn will couple with itself and £ = 1 to induce still

higher modes, and so on. For a non-linear evolution we see wave-like behaviour for all modes
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Axisymmetric Nonaxisymmetric
£y, |l Linear | Non-linear Non-linear
1 1.7ms 1.9ms 3.4ms
2 2.7ms 4.5ms 19ms
3 3.7ms 9.0ms 70ms
4 4.8ms 17ms 220ms
5 5.8ms 28ms 570ms
6 6.9ms 44ms 1.3s
7 8.1ms 65ms 2.6s
8 9.0ms 92ms 4.8s
9 10.4ms 126ms 8.4s
~ Ll ~ (26 ~ (36

Figure 5.11: Approximate run-time required per time step on an N = 200 second-order
accurate evolution with dissipation, optimized to run on a 3GHz Pentium D processor under
Linux. Each was run several times over more than 1 time step, and the fastest time recorded,
to take account of any background processes.

up to ¢, and with it convergence for low modes and a loss after reflection for the higher

modes, just as we did in the linear evolutions.

Figure shows the value of p; at different timesteps on an N = 200 grid with
different values of /,,. Increasing ¢,, > 2 shows a larger but fixed difference, although
the figure only demonstrates this for ¢,, = 2,3. It seems that £ = 2 is important to the
evolution in this case, whilst higher modes are relatively unimportant. Typically we observe

that it is most efficient to set ¢, equal to the highest initial data mode plus one.

The non-linear code is unstable for O(1) initial data in ¢ > 0 velocity terms, regardless
of resolution or the values of other parameters, unlike the linear code. As a result we are
forced to set initial data that is small compared to the background, and thus perturbations
using the non-linear code will generally gives us small, unremarkable differences to evolutions
that we have already seen. We should now investigate some important non-linear effects

that we could not in the linear evolutions, such as rotation, and later on, magnetic fields.
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Figure 5.12: Convergence of a non-linear p; evolution with increasing ¢,,,. The plots show
the difference with a linear evolution having the same initial data; the difference is smaller
with £,, = 1 but for ¢ = 2, 3 the curves almost exactly overlay each other.



5.5. NON-LINEAR SYSTEM IN NEW VARIABLES 87

1=025 1=025
2005 T T
Imax=1— 1e07 | Imax4 - Imax2 — |
Imax =2 Imax5 - Imax3
1.5e-05 |- Imax = 3 1 1008
608 | 1
1605 |- g 1008
609 | 1
50-06 1 1e-10 1
o —— fe-11 1
1e-12 1
-56-06 g
1e-13 1
1e-05 - g
te-14 4
15005 - g
1e-15 4
-20-05 . . . . g
0 02 04 06 08 1 .
t=05 t=05
26-05 T T T r T T T T
Imax=1— o007 L Imax4 - Imax2 — |
Imax =2 Imax5 - Imax3
1.50-05 Imax = 3 g -
o-08 | 1
1605 |- B 1008
o
5e-06 |- 1 1e-10
|~
ol / \\ - N /N 1e-11
N/ \/
\ / fe-12 v
5006 [ / B
\ /l
/ 1e-13
-1e-05 - B
te-14
1.5e-05 - B
1e-15 - g
. . . .
-26-05 L L L L 0 02 04 06 08 1
0 02 0.4 06 08 1 B
1=0.75 1=0.75
2605 T T
Imax=1— 1e07 | Imax4 - Imax2 — |
Imax =2 Imax5 - Imax3
15005 - Imax = 3 100
e08 |
1605 |-

‘ 1e-09

5e-06 |- 1e-10
N | .

- |
0 — \ /\\, S J te-11 1
|
-/ |
| | te-12 1
-5e-06 - L
|
|| 1e-13 ]
“1e-05 | | ‘L
\| 1e-14 B
U
15005 | 4
1e-15 |- J
. . . .
-2e:05 . . . . 0 02 04 06 08 1
0 0.2 04 06 08 1 .
t=1 t=1
2e-05 T T T T
Imax =|f| — 1e07 ]
Imax =2
1.56-05 |- Imax =3 1
“ \‘ 1e-08 4
1605 |- || g
| 1e-09

N

50-06 \ [ 1 1
| | 1e-10
[
0 ————" | | [ te-11

\/ \ \/
-56-06 “ “ R 1e-12 R
|
.
1e-05 - | | 1 1e-13 1
| |
“ | 1e-14 - 4
1.50-05 - | | B
|
| 1e-15 B
-26-05 I I I i I L L L
4 02 04 06 08 1 0 02 04 06 08 1
r r

Figure 5.13: Plots demonstrating the convergence of a non-linear p; evolution with increasing
£p,. The left column is the difference between the linear and non-linear evolutions of the same
initial data with increasing £,,; for £,,, > 2 this difference is negligible. The right column shows
the difference between non-linear evolutions [(£,,, = 4) — (b, = 2)|,(lr, = 5) — (b, = 3)|.
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5.5.2 Energy

A good test of a fluid code is to ensure that, in the absence of sources or sinks, energy

conservation is obeyed. The conservation of energy can be written in the form

09 ;

where D is the energy density and § the energy flux across surfaces. It can be shown [13]

that the energy of an ideal fluid is described by

0

5 [P (%v2+U+<I>)] +V; [pvj (%U2+h+<1>)} =0, (5.5.6)

where the pressure
P=(y—-1)pU = Kp" (5.5.7)

gives the following expressions for the internal energy U, from (5.1.15)), and enthalpy h, for
a polytrope:

——p L (5.5.8)

These expressions can be combined to show

_VvP
-

Vh (5.5.9)

To find the total energy € we integrate the energy density over the (fixed) volume of
the star and apply the divergence theorem, noting that the energy flux across the outer

boundary is zero:
qz_/ (Lpv? + Kp? + p®@) dV = T + 4 + 20, (5.5.10)
\%4

where T, 3,2 are the kinetic, internal and gravitational energies, respectively.



5.5. NON-LINEAR SYSTEM IN NEW VARIABLES 89

To calculate these energies we need to find the spherical harmonic expansions of the

integrands:

1

T = Q/pvde

1
=3 /prv [YaYﬁvavﬂ + 72 (Z§ Zgyuaug + Sgsﬁbwawlg)] r2dr dQ

1
=5 / ritets o [(YeYaY3)0als + (Y3 28 Za)latlg + (Y4 S5 S )r watg) dr d)

1 2 A
= 5 /T‘E’y+£a+gﬁﬁ’\/ |:Ca6—’7 l_)aﬁﬁ + D—’YOéB (ﬁaaﬁ + 7"2’@&’117,3)} d’l”, (5511)
U= /KdeV

= K/YaYng/prg r2dr

— AT (1" b0y [ 1 g0 dr

= 4K (—1)™ /r%“w}_7 dr, (5.5.12)
1
W=7 / p ®dV
=27 (—1)™ /r%”p@7 dr. (5.5.13)

We can then use some of the techniques mentioned in section[3.2]to integrate these quantities
numerically over 7.

The energy of a test system, a linear p; perturbation on a flat background with artificial
dissipation, is shown in figure The kinetic energy ¥ initially grows through pressure
differentials between high and low areas of density. It then decreases as one part of the
density wave hits the outer surface and matter builds up on the outer shell. A local minimum
appears to be reached halfway through the reflection, just before the rebound, but it does
not drop to zero as there is still matter travelling towards the centre. The total energy
slowly decreases because of the artificial dissipation, but varies on the order of 107 over the
time scale shown (figure , a small change even when compared against the O(10~%)
kinetic/internal energies.

Without artificial dissipation the energy curves look almost identical. The total energy

remains constant to one part in 107% and does not appear to globally increase or decrease.
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Figure 5.14: Plots of the kinetic and internal energy (top) of a flat star with an initial

¢ =1 density perturbation. The evolution of the £ = 1 mode is shown for the shaded region
underneath.
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Figure 5.15: The total energy of the same system shown over twice as many time steps.
Numerical dissipation is clearly removing energy from the system but apparently not in a
way that affects the evolution.
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5.6 Improvements to the model

5.6.1 Solving Poisson’s equation

Up until now we have used gravitational potentials that remain fixed in time, and which are
often spherical. We now show how to solve Poisson's equation to find ¢: its expansion in

spherical harmonics gives

o 2 +1) _
h =0, = 4nGp,, (5.6.1)

for every 7. In vacuum (presumably the region outside R) this has solution

¢ oc 26 (5.6.2)

on the condition that ¢ — 0 as r — .

By writing 1, = gb;, the solutions can be written as

p—(20,42) pr
() = 4nG g [ (563
(1) = /0 Ty dr. (5.6.4)

The two boundary conditions we need are 7,(0) = 0 and (5.6.2), which means setting

¢4(R) = ﬁnw(R). Numerically this would suggest that one starts by integrating (5.6.3))
up from r = 0, apply the boundary condition to find #(R), and then integrate (5.6.4) down
from r = R, as per

R
6 =(R)~ [ (56.5)
One can evaluate these integrals by using the trapezium rule:
20+3 2043\ P+1) + PG)
C(i—i—l) = g(i) + (T(ii_l) - 7“(1.)+ ) 9 (5.6.6)
QK)\QC(Z‘) 1
"0 = ey s) 2 (567)
- - Ni+1) + N
PGy = Pli+1) — h%()' (5.6.8)
where one may set
0, (regular grid)
Co) = (5.6.9)

r?g;r?’ﬁ(o). (staggered grid)
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5.6.2 Stratification

A wider range of equations of state are available for study if we consider some kind of
stratification where the neutron star is not barotropic, but its pressure additionally depends
on some other quantities such as the entropy or chemical composition. Stratification implies
the presence of some composition gradient which provides a buoyancy force. Neutron stars
are expected to be stably stratified [73], meaning that an object in equilibrium will oscillate

around its initial position at the Brunt-Vaisald frequency if perturbed.

In our framework the stratification K is set via a modified equation of state
P = K(s)p", (5.6.10)

where initial data for X can be set using the numerical solution of the corresponding
Lane-Emden problem P = Kp' for a given K,I'. The requirement for stable stratification

[73] comes from the polytropic relation (5.1.12)) which can be rearranged as

Ko pt (5.6.11)
If ' < A then an increase in KC gives a decrease in the density. Note that if ' ~ A then K
is close to constant, and the stratification is weak.

The Euler equation is now

P
Vp = AKpA2Vp + pAIVK, (5.6.12)

and so we shall continue to set A = 2, and initially specify C from some numerical solution
to the I' < 2 Lane-Emden equation. The stratification is advected with the fluid since

entropy is constant for a particle (22 = 0):

K4 v'V;K =0. (5.6.13)

5.7 Cylindrically symmetric rotation and equilibrium

In section [5.3] we investigated the equilibria of static stars. By now introducing rotation,
one now needs to balance the outwards-acting centrifugal force with pressure and gravity.

For now we shall concern ourselves with relatively simple rotation laws in axisymmetry.

Consider a rotation profile where the angular velocity 2 depends only on the distance
from the rotation axis @ = rsinf. The conservation of momentum equation ([5.0.5)) can be
integrated in this case because the centrifugal force is given by the gradient of a potential
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[49, [83] B4], giving
1 2
¢+ | —dP — [ Q°w dw = constant. (5.7.1)
p

There are at least three well-known examples of w-dependent rotation:

Qe, (rigid)
Qw) = ﬁ, (j-constant) (5.7.2)
Vo

————. (v-constant
VA2 4 w2 ( )
The latter two are named for the limit of 2 as w > A; for j-constant, one has constant
specific angular momentum (L = w?2Q), and for v-constant, one has constant linear velocity
(v =w). These can all be inserted into (5.7.1)) and integrated, using the v = 2 polytropic

EQS, to give closed-form expressions:

d+2Kp— VU =, (¢ = constant)
1022 (rigid)
2
_ —Jo .
U= DTV (j-constant) (5.7.3)

213 In(A% + @w?) (v-constant)

To translate these expressions into a spectral form, we need the expansions for ®, p, as

well as w:
2r? Yy
w? =7r2(1 — cos? §) = il (YO - 2) . (5.7.4)

In addition one should be aware of how to set the axial component of the velocity given some

rotation profile. Ignoring other components, and in axisymmetry, the velocity derivative is

1 0 0
.V = rQsi Z )l -0
vV =rQsing (rsin& 8(p> 0y

= i1, 8 . (5.7.5)

If one assumes a system is rigidly rotating, nondimensionalizing the Euler equation gives

the unit-less quantity

o 02

=g (5.7.6)
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This in turn gives us the rotation period

2 27
t=—=—I|t .
o~ o (57.7)

implying that the time units for one rotation are simply given by 27T/QC. To get an idea
of physically reasonable rotation frequencies, PSR J1748-2446ad is the fastest (confirmed)
spinning pulsar so far observed; at ~ 2Mand rotating at 716Hz [52] we could model this

with Q. = 1/v/3.

5.7.1 Rigid rotation

Through equation 1} and noticing that Sf“o) = /3, rigid rotation Q(w) = Q.
corresponds to setting w; = ./v/3. To seek equilibrium solutions, we expand the density
and gravitational potential terms in ((5.7.3]) and then equate the coefficients of spherical

harmonics:

¢+ 2Kp =

— Y (¢y+2Kp,)r0Y, =
Y

Ow? + ¢ (5.7.8)

<YO - \Y;g) + ¢YY. (5.7.9)

Using Poisson’s equation to remove p, gives second-order ODEs to be solved:

2,.2

v

The homogeneous problem has solutions that can be written in terms of spherical Bessel

functions,
¢y = —2KCyr~*Jo(Ar),

py = Cyr™ Jo(Ar). (a=1%+¢) (5.7.11)

The modes with rotational terms (¢ = 0,2) admit the following solutions, which are

regular at the origin:

7202 2(22 sm()\r)
= — 2K
07 73 A2 G5
02 A
fo = ke g, Snlwr) (5.7.12)
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and

- Q2 Cov2[3rAcos(Ar) + (r2A% — 3)sin(Ar)]

= _ , 5.7.13
#2 35 VA5 ( )
_ 3rxcos(Ar) + (1?22 — 3) sin(Ar)

= C! 5.7.14
=G Krvane (5714

We now need to find the constants C, and ¢, and we start by setting Cy so that po(r =
0) = pc. The remainder (one for each mode) must be found by matching to the exterior of
the star (section [5.6.1]), where the gravitational potential E satisfies

E/+E!=0 (5.7.15)
B F—1-2¢

We then set A = 0 so that hm E = 0. In a more realistic model the surface of the star
would be given by the functlon (0, p) but we match the potentials at the spherical shell

=1, where

By=6y E,=4, (5.7.17)
— ¢, =20, +1)p, (atr=1). (5.7.18)

This constraint lets us determine the remaining constants:

02 Q2 7 sin(Ar)
K)\Q pC_K)\Q )\T ’ (7_0)
—— 3Ar cos(Ar) + (r2A% — 3) sin(Ar)]
pr=1 Vel —2 (5.7.19)
! V2 6K75X2(Acos A —sin \)  (r=2)
0. (otherwise)

An oblate-contoured star generated from this profile with p. = 2, Q. = 1/3/2 is shown in
figure [5.16]

One must be careful to avoid setting a negative density, which is lowest at the poles.

By reconstructing p(r, ) from (5.7.19)), one can see that

92)\(5)\2+6cos)\+9)\cot/\ 9) — 6sin A

7.2
6K A\2(Acos A —sin \) (5.7.20)

for the condition p > 0 to hold in the spherical shell.

A numerical issue arises when trying to set p» initial data, because of the division by 7°
near the origin: round-off error gives 'kinks' in the data, which dissipation fails to remove.

The effect is obviously worse at higher resolution, which hampers convergence.

Rather than devising an elaborate interpolation scheme for the first few grid points, one

could instead approximate pa2 by its Taylor expansion about » = 0 up to some desired order
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for the first few grid points, and then blend it with the analytical solution:

b2 — e~ 7/ Series(py, 1 = 0) + (1 — e~ /ODY) 5, (5.7.21)

5.7.2 Perturbing rigid rotation

Figure shows an £ = 1 density perturbation and its convergence on a rigidly rotating
N = 400 star, with £,,, = 4 and artificial dissipation, Q. = v/3/2, A = 0.9, p. = 2(T/|W| ~
0.06), for a few hundred time steps. (Section [5.2.2 will determine how many rotations this
represents.) We then show similar data and convergence plots for the other modes.

We observe that f, develops problems at the origin quite early on for £ > 2 (figure
which is not removed by dissipation. The major contributors to the evolution are
terms in the summation terms that satisfy ¢, — £, + {3 = 0, which we briefly referred to in
section . The evolution of f3 is dominated by a term w;w}/r, where w9 is dominated
by w01 /7, which in turn is generated by the p; perturbation. These terms use I'Hépital’s
rule to evaluate the origin, and if ¥ is small, 0/r will start to diverge near the origin from
its expected value. Under second-order accurate finite differencing one immediately gets
non-smooth first, and higher order, derivatives of wy, which cause problems in f3 and higher

modes.

We have investigated writing such terms as derivatives over a non-uniform grid where

possible, for example as

3 |

1
— 5@’. (5.7.22)

Doing so does not make a significant difference to convergence.

This problem appears to have little effect on the £ = 1 mode: the system is still
convergent even after a few reflections, and similar to what we saw earlier (section [5.5.1) it
turns out that there is little change to this mode if one sets ¢, > 2 anyway. It is not clear

to us how to modify the code to fix this error, other than by setting very slow rotation.

We also show the absolute difference between the values of p;(r) with increasing ¢,,
in figure on an N = 200 grid: that is, we plot |p1 (¢, = 2) — p1 (¢ = 3)| and so on.
The figure, and similar plots of other variables, suggests that higher odd modes are more

important to the evolution of py in this case and there is little point in setting even £,,.
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Figure 5.16: The density contours of a polar slice through a rigidly rotating star in
equilibrium (p. = 2,9, = 0.5) is shown at the top. The contours are cut off at r = 1
because of the spherical shell. Underneath is a 3D visualization using Vislt, available from
http://visit.lInl.gov, which includes arrows to show the direction and magnitude of the
velocity field.
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Figure 5.17: An ¢ = 1 density perturbation of a rigidly rotating star, showing the variables
p1,01,u1. Plots of second-order convergence of these variables are shown on the right.
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5.7.3 j-constant differential rotation

The differential rotation profiles in (5.7.3]) are not immediately expressible as series of sin f
and cos f. We shall now look at how we can approximate j-constant differential rotation,
although the analysis is similar for other types. If d = w/A is small, i.e. the rotation is

almost rigid, then

do v n (@\2"  Jo 4
b=~ p2Y (3) =% [1_/12“9(6”]
n=0
2 2 a2
~Jo r r<cos” 0
A2 |:1 — E + T =+ :| . (5.7.23)

Compare this expression with the general expansion of the axial component of the velocity,
from (5.7.5)):

v:wWSA(faﬁ* [\[wl—l-S\fwgcosQ%-\[r w3(—3 + 15 cos? 0) + 8(?,0
(5.7.24)

Thus corresponding axial velocity modes we should set for up to O(A~%) are

_ Jo 4r? _ _ 2J0

W, = 342 <1 — W) , wy = 0, w3 = m. (5.7.25)
When integrated, gives

: 2 4 6
v 2% (jz N % . jﬁ) ' (5.7.26)

We do not discard terms of O(d*) or smaller here; the equation for #o contains a term row3

which needs to be balanced for equilibrium. Because of the underlying reason for this, if w,
is set up to a mode &, p, needs to be found for modes up to and including 2« for any kind

of rotation profile.

Putting these pieces into the equilibrium condition, we have

_ Lr20+1) o )\ e jart (1 4r? 8t
— Y, = EAVRNENY . — N 7
;[‘b”v( p GG = et (3T A T osar )| Y0
B j§r2[ I N 8r }
AV |35 21VBA% | 63644
45t [ 1 2r? 8j5r°
- = o | VAT o = Y6
AS 105  285A2 69311348
(5.7.27)

With matching to a vacuum exterior, solutions are lengthy; suffice to say, even density modes

up to £ = 6 go as functions of sinc(Ar) and cos(Ar) and once again give oblate stars. There

20+1

is more division by high powers of up to 7““™", so once again one needs to be careful to set
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initial data that is smooth to prevent artificial dissipation creating problems near the origin.

This analysis may be repeated for a general Q = C + C1ww? + ... cylindrically symmetric
differential rotation law, where C; are arbitrary constants. One could set these parameters to

calculate the density profiles for v-constant rotation, or contra-rotating shells, for example.

5.7.4 Generic rotating equilibria

We shall now describe a method by which we may attempt to evolve an arbitrary (i.e.
not necessarily cylindrically symmetric) rotating configuration to equilibrium by including

artificial friction terms. Consider the velocity evolution equations ([5.0.2)), re-written as
vi=(V+ A (5.7.28)

where V, A are the advection and total acceleration operators. We shall subtract a friction

term proportional to the velocity as
vi=(V+ A — Ap(v' —vh), (5.7.29)

where Ap is a friction parameter that is to be set, and vy is the initial data for the velocity
field, usually the toroidal rotation profile. ldeally this term will cause both the accelerations
and velocities to vanish, rather than just the former: if the friction balances itself against

other forces then we end up with a situation analogous to terminal velocity.

Since we have analytical solutions to rigid rotation, we can investigate what the optimal
values of A\ are for varying rotation. Initial data is a spherically symmetric Lane-Emden
solution with constant w; = Q/\/§ rotation painted on. We have set /,,, = 2 as we know
from the analytical solution that this is sufficient to describe rigid rotation. In addition we

use 4th-order dissipation and 2nd-order extrapolation at the outer boundary.

For rapid rigid rotation £ = 0.4+/3, fastest relaxation is achieved by Ap ~ 5, although
Ar =~ 20 is best for longer relaxations (figure . Similar values also seem to hold for a
wide range of 2. The system can become over-damped for values much larger than this,
with large residual velocity components and longer relaxation times. At twice the radial
resolution the residual velocity is smaller by a factor of four at later times (¢ ~ 50) but the

relaxation time scale does not change.

One caveat of this method is that we are usually left with a different central density
to that desired, although the relative change in total mass is typically small (O(1073)).
Taking a spherically symmetric background that is in equilibrium and suddenly spinning it
will noticeably alter the ¢ = 0 density distribution, which the friction eventually freezes into
place. The relaxed pg solution that we find with 2 = 0.4 approximates an analytical solution
with p. = 0.92 with a maximum relative error between them of 102, independently of the

value of A. Smaller © will of course give solutions closer to p. = 1, and different initial pg
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configurations will lead to drastically different central densities.

The scalar virial test [59, 80] is a popular technique for evaluating the accuracy of
numerical equilibria: by integrating the product of the Euler equation with the position
vector, over the entire volume of the star, one can equates a sum of energies to the second
time derivative of the moment of inertia, which is zero for a system in (analytical) equilibrium.
A numerical equilibrium code encompassing an entire star should find the sum equal to a
relatively small number that converges to zero. Our model does not include a surface with
vanishing pressure, so instead we could measure

2% 4 20 9L gy
yoo Bt Enf'”@r <o (5.7.30)

In the case of both analytical and relaxed rigid rotation for 2 = 0.4, N = 80, we find
VC =0(1073).

However, we prefer to take a measure of the size of acceleration terms as a gauge of
equilibrium accuracy, as these are what we are trying to minimize with the relaxation method.
Again in case of rigid rotation 2 = 0.4, a freely-evolved analytical solution has A;, ~
O(1075), while for freely-evolved relaxed solution where A\ = 5, then Az, ~ O(1079). At
t=1, As, ~ O(1072) on the analytical solution, while it remains ©O(1079) for the relaxed

state. Doubling the resolution still reduces the acceleration by a factor of 4.

It should now be clear that this relaxation method works very well for finding the
equilibria of rigidly rotating polytropes, although the initial central density parameter should
be scaled appropriately. We have also checked the method against j-constant differential
rotation and it appears to work just as well, and so we conclude that this method is a fast

and relatively robust method for finding the rotational equilibria of polytropes.

The same cannot be said for rotating stratified equilibria. The system takes longer to
relax: whilst p, v were observed to decrease exponentially for a polytrope, the stratified
n = 3/2 star takes logarithmic time. The free evolution oscillates with an amplitude
that grows approximately linearly in time: after relaxing up to t = 100 with A\p = 10,
Ag, ~ O(1073) at t = 101, Ap, ~ O(1072) at t = 120, and Az, ~ O(1071) at t = 300.
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(a) The evolution of p2 with friction Ar = 5 and rigid rotation Q = 0.41/3. It has approached the analytical
solution in a time shorter than it takes for one rotation (¢t = 9).
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Figure 5.21: Varying the friction parameter A for a rotating polytrope with = 0.4y/3.
A moderate A\ = 5 is best for short evolutions, but larger parameters are better over
longer times. In any case this method rapidly gives equilibria that are close to the analytical
solutions.



Chapter 6

Newtonian ldeal MHD

Consider a fluid, similar in nature to that used in the last section, but which can interact
with a magnetic field. The governing equations are a combination of the fluid equations

and Maxwell’s equations:

op

% —V(pv), (6.0.1)
OB’ j i j i i j 1 j i
ot = B/V;v' —v/V;B" — B'V,v) + Lok V,;V/' B, (6.0.2)
dvt 1 . . . : . ,
P = - [BIV;B = V(B B)] - Ve - VP, (6.0.3)
VIV;® = 47Gp. (6.0.4)

In order, these represent the conservation of mass, the induction equation for a magnetic
field B with non-zero conductivity k., momentum conservation with magnetic permeability
1o, and a Poisson equation for the gravitational potential. Note the addition of a Lorentz
force £ (the combination of magnetic terms) to the Euler equation ([6.0.2). The magnetic

field has no divergence and is thus constrained by

VB’ =0. (6.0.5)

When the approximations of an inviscid, perfectly conducting fluid medium are made, we
refer to the ideal MHD equations. The conductivity is set to be infinite, and the induction

equation now reads

OB’
ot

= B'Vv' —vIV;B' — B'V v, (6.0.6)

This approximation is made throughout.

107
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To non-dimensionalize the system, we need the unit-less number

(6.0.7)

flo = —

in addition to the previously defined K,G. In vacuum, po = 47 x 107" mkgs~2 A=2, giving
a typical field strength of 10™G when jig = 1.

6.1 Quadratic form of the equations

We should recast the momentum equations into quadratic form, for insertion into
our spectral code. Currently there are three terms multiplying each other in the Lorentz
force term; we have seen that a cubic term is easiest handled through a temporary variable
storing all of the multiplications of two of the terms, although the method we use does not
take account of all the possible mode couplings (see the end of section . We will also
need to fix an equation of state: we may either choose a polytropic P = K p?, producing a

linear pressure term, or a stratified P = ICp? with a quadratic pressure term.

We can reduce the momentum equations to quadratic order by introducing a rescaled
magnetic field variable
b=B/p (6.1.1)

= ' = —/Vj0' = V'® - 2KV'p — m [b;V'B? =V V;B'], (6.1.2)
0

where the division by p is non-problematic as the vacuum exterior is excluded from our

evolutions. It is also possible to write down induction equations for this rescaled variable,
b= Vvt — IV, (6.1.3)
which must be divergence-free:
Vi(pt) =0. (6.1.4)
Alternatively, it is possible to calculate the Lorentz force terms and place them into

temporary storage before multiplying by 1/p.

One must now ask which variables should be evolved in time, and which should be
derived from others. One approach that does not involve dividing by p would be to time
evolve b, deriving B = pb at every time step. However one then needs to find an initial
field satisfying , which becomes a complex problem for anything not on a spherically
symmetric background.

An alternative method would be to time-evolve B and calculate 1/p in some manner.
An iterative method to find this quantity is outlined in section [6.2.3] The main benefit of
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using the original field variables is that finding a divergence-free field consists of choosing
some B profile and calculating C' quite easily from it (6.2.5]).

However both of these approaches do not remove the concern over the divergence of B.
When we set initial data, although it may be divergence-free in the continuum, the numerical
evolution may violate this condition. For example, dissipation and truncation ¢, will give
non-solenoidal evolutions, although these are expected to converge. Various techniques exist

to help with this issue, for example, some kind of divergence cleaning mechanism [3] [61].

A third approach, which could also be considered as an extension to the second, is to

evolve a vector potential; by writing
B=VxA, (6.1.5)

it is automatically true that the divergence vanishes. The choice of gaugeﬁs irrelevant to
the evolution, and we shall see that the time evolution equations for the components of
A are easily derived. In fact this approach turns out to be exactly the same as solving
V - B = 0 for the polar component and inserting into the equations. It does however give a

term involving a third-derivative in the equation for f.

6.2 Spherical harmonic expansion

In order to write the MHD equations in terms of spectral coefficients, one starts by defining

a magnetic field in a similar way to the velocity field:

B = BY,e" & (C,Z5 + D,S9) . (6.2.1)

The conservation of mass equation is of course unchanged with the addition of a magnetic
field. We neglect to write the Lorentz terms in the Euler equation here due to length, but
the components of the ideal induction equation are

. 2B . A A
B7 = —X~ { <Bﬁ + B) — UQC[gDag,y + uaBg (LiCaﬁf’y + Dag,,y >} ,

(6.2.2)

C.'7 = L2 {B UBD*'YGB — <CB+ Cﬁ) D*'yaﬁ v;CgD,mg
+1uaCs (B = B yap = L2D 0 )} (6.2.3)
Dy = —?% {Bawfeﬁvaﬁ +waCp (E—waﬁ —Frap ) <D5 + 2D6> D_yap

—U;Dﬁf)_fyaﬁ + uaDB (F—'yaﬁ - E_,ya/g - Laf)_,yoéﬁ )} . (6.2.4)

!Since the curl of a gradient is zero, it must be the case that one can add an arbitrary function V¢ to A
and get the same field.
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The divergence-free property of the magnetic field requires

2B
L0+ B+ == =0 (6.2.5)

for each ~.

6.2.1 Magnetic vector potential

As previously mentioned, writing B = V x A and evolving A ensures the magnetic field is
always divergence-free. Writing this expression in terms of spherical harmonics is relatively

straightforward; without the introduction of coordinates, the curl of a vector A is
B'=*"VAr,  A=AY.e' @ (B2 +1,55). (6.2.6)

From the curl ([2.4.24]), we can equate components as

2 1 2
By = —L2,, Cy =1l + s Dy = Ay - B, — ~B;, (6.2.7)
with regularized components
By= —L20,, )= (ly+ 00,400, D.=——4-28_1g (628
Y YEY v Y & Y r2 Y r2 Y ro 7 e
This is easily verified to give a divergence-free field, since
V,Bi| =120, + B.+ B
[ J }7 = L0y + 5y + el
21) 2
=L <¢; + g) + (= L3 + ;(_Liwv)
=0. (6.2.9)

In fact, equations ([2.4.23|2.4.24)) are identical to the expression of Vij = 0 in spherical
harmonics (6.2.5). Solving the latter and replacing C' with B, B’ is synonymous with

evolving the vector potential.

The gauge freedom in choosing a potential is demonstrated through the transformations

= Ay, A+, By By G/ Uy by, (6.2.10)

It is easy to verify that the components of B are invariant under these.



6.2. SPHERICAL HARMONIC EXPANSION 111

6.2.2 Regularized MHD equations using a magnetic vector potential

We should now regularise the equations for use in a spectral code, retaining the fluid variables

0, f as defined in section 5.5 Using the standard vector regularization as derived in section

[5.2.1] we have

by =r""10,, ¢y =r""%e, dy=r""'d,, ¢,=r""1T,, D,=r5"'D,
(6.2.11)
For the rescaled magnetic field, we introduce a new variable
. by — 0.
by = 21— = O(r), (6.2.12)
r

which we use in place of b, to simplify the equations for the case £, = £, +{5. The magnetic

field components evolve as follows:

= Xy lottlg—0y [~ T ) )
. A (L RN
¥

Uy A R
e [«%(&3 +1)°Cagy = (g +1)Dsas }
oV R .
+ TB [eanw/ﬁ — Lalp(lg + 1)Cap—y }

UV A .
+ 6;.2 - [gaéﬂ(fa - 6/3)(65 + 1)Caﬁ—7 + (‘ga - gﬁ)(gﬁ + ]')D—’yoc,B :|

_ iaDsg - o U .
+0aDsGapry + P laCGlapry + 505+ 1)Casry } (6.2.13)

D,y = —&’ré"‘—’—éﬁ_&’ {—(@O(D,/g + ﬁ&Dﬁ)Daﬁ_,\/ — fafaDﬁEag_y

o aaD/leaﬁaB—v + %Ea“a + 1)Da5—7

+ E’Qf’fj (Evap —F rap ) — %Dy (1+20o +€5)Dog—r

+ uo;lz)ﬁ [Ea(l - gﬁ)f)aﬁ—v —E_yap + F—vaﬁ

+ % [Ea(gﬁ —1)(la + 1)Daﬂ—7 + (o + 1)(E_Wa5 - F—vaﬂ )

+ (3D terms involving Gap_ )} , (6.2.14)

where a number of terms that reduce to zero in axisymmetry have been omitted from

(6.2.14)) for brevity.

It is interesting to note that one cannot generate a poloidal field from a purely toroidal
one in axisymmetric ideal MHD, regardless of the velocity or density profile, because ((6.2.13)

only depends on W. This has been pointed out by Chandrasekhar [26]; as he put it,
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“There is ... no ‘feedback’ from the toroidal to the poloidal field. However,
there is a feedback from the poloidal to the toroidal field through a coupling
with the rotational motions ... [which only exists] in the case of non-uniform

rotation.”

The last part of this is true in the sense that coefficients of w; in ((6.2.14]) can be shown
to always vanish, and setting @} = 0 removes the other poloidal couplings. Of course in
non-ideal MHD such couplings can occur and results in twisting of field lines: certain types

of sunspots are thought be created by the so-called «a-effect [69].

Using this vector potential to evolve the magnetic field also trivializes the resistivity term
present in (6.0.2)). The vector Laplacian ([2.4.25]) reduces to adding terms in the induction

equation as per

. 1o, 200+1)
by =t [\yg + T\lﬂw} , (6.2.15)
. 1 [, 200+1) -
Dy =t [D;' n TD;} . (6.2.16)

6.2.3 Calculating the rescaled field variables b = B/p

This formulation requires the components of b be calculated at every time-step. Although
we do not have a simple way to divide spherical harmonics, there are two potential ways we

could calculate the quantity 1/p, one of which is an iterative scheme.

Consider the quantity ¢ = 1/p, which satisfies

ap=q(po +p) =1, (6.2.17)

where p is expected to be small. This can be arranged into the form

1 -
q=—01-4qp), (6.2.18)
Po
and then written in terms of spherical harmonics as

1 .
Yooy = - (Yo — YaqaY3pp) - (6.2.19)

It therefore suggests an iterative scheme based on the Jacobi method:

i 1 A i) ~ ~ P35 B 7é 0
gt = o |9v0 =X Cas—y ] where =4 P P70
0, (B=0)
1
¢\ = 5%0%. (6.2.20)

To save time one could considering using the previous calculated value of ¢ at the start of
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Figure 6.1: The differences between the iterated g2 with increasing iteration steps. The
density profile being divided is the analytical solution for a rigidly rotating polytrope.

the iteration. This method can also be written in terms of differences between successive
iterations, which makes it easier to write an efficient stopping rule (for example, when
the L2-norm of the d¢'s becomes sufficiently small). The iterative procedure converges at
different rates, as shown in figure [BLI] and one sees the largest error at the outer boundary,

vanishing at approximately a linear rate and expected because of the vanishing density.

It is also possible, and perhaps more efficient, to time-evolve this quantity. If we first

notice that
. .9 1
¢=—p/p*,  Vjg= —;Vjp, (6.2.21)
manipulating (5.0.1)) gives
i = a0 —viV,q (6.2.22)
- — A Al — _ @ q A
== 4y = Xy pletts=h { |:'an/,8 - U&Qﬁ - Eafoz‘]ﬁ + (Eﬁ — 2o — 2) ar ﬁ:| 0065—7

Uads
r

+ =L baCapy + 257 (CalsCapy +Dsas ) } . (6.2.23)

However it would still be necessary to use the iterative method to generate ¢ initial data,

and our code chooses to use the iterative method at every time step.
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Regardless of the method one chooses to use, the last step in the process is to generate

b,é,d from g, ¥, D as follows:

A . 0,Dos ~ _, 4,Dys
b’Y:ereaMﬁ o [ - 6(5[34'1) (gﬁcaﬁ—v + = 7>‘|‘Qa\1’,/8 roeg )

- L2 L2
(6.2.24)
e = —%reﬁeﬁ*gv (@0 P5(Ls + 1) + 1Ga¥] Dop—s (6.2.25)
Y
d, = _%Ma+fﬂ%qaﬁﬁﬁaﬁ_7 , (6.2.26)
Y

One may prefer to write a code to find B, C from W first to find components of b and other
quantities, such as the magnetic energy (section [6.2.5)).

6.2.4 Exterior field

As our model is surrounded by a spherical shell, with cut-off at non-zero density, the simplest
boundary condition on the magnetic field we could impose would be B = 0. In the absence
of dissipation, such initial data would automatically satisfy B = 0; although we may not
apply dissipation to the magnetic variables (section [6.3.2]) we still use this relation at the

outer boundary.

Although this buried field is relatively straightforward to model, theoretical and observa-
tional evidence [43] generally points towards neutron stars having strong exterior magnetic

fields coupled to the interior through field lines frozen into the crust.

Suppose instead that the NS was surrounded by a vacuum atmosphere (section [1.2.2)),
where there are no charged particles that could carry an electric current. Such a situation is
unlikely to exist in nature, as it is widely believed [43] that the electric fields generated at
the NS surface by rotation and magnetism would generate a force along field lines several
orders of magnitude stronger than that provided by gravity. It would thus be impossible to
maintain an equilibrium (in the absence of some exotic physics in the crust). Nonetheless,

the non-rotating vacuum-exterior model is still a starting point for our considerations.

In this vacuum exterior, j = V x B = 0 and hence B¢ is given by a scalar potential
V f satisfying

V-B =Af=0. (6.2.27)

The radial component of B€ should vanish at infinity; although the curl of the vector
potential is zero in the exterior, we may still equate B; = —L%\Il;, and so from (6.2.27]) we
find

I, € —(20+1
W (r) oc r~ D, (6.2.28)
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Figure 6.2: The contours of an ¢ = 1 streamfunction u (section [6.3.1)) including the exterior,
dipolar component.

The constant of integration is fixed with the value of the interior field on the boundary as

B () = (%)_(%H) V. (R), (6.2.20)

DS (r) =0, (6.2.30)
where of course we now have W, (R) # 0 to avoid triviality. This falloff is easily implemented

in the outer ghost zone, replacing extrapolation. As we shall see in section [6.3.3| constructing

equilibrium exterior fields requires extra numerical considerations within our model.
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6.2.5 Magnetic energy

The total energy of the (interior) magnetic field is given by

1
B = / B[*aV 6.2.31
2#0 | | ( )
1
= % [YoY3BaBgs + 1 (28 Z5,CaCp + S2SgaDoDp)] rdr dS2
0

1 _ ~ = _
=5 /YaYlng/r“”ﬂ [BaBg +l3(lg+1) (Can + rQDQDﬁ)] dr
Ho

1 _ _ _
= (—1)mwﬁ /r% [ByB_ + (b, +1) (C,C—y + 12Dy D_,)] dr.  (6.2.32)
0

This has a lengthier form when written in terms of the vector potential.

A similar integral gives the energy contained in the exterior field, which we know to
vanish at infinity ((6.2.28)):

1 o0

= BPav 6.2.33
2410 r:R‘ ’ ( )
= TR+ D3 +20) + R+ T+ 29) (1 (R) (6.234)
0
_ 47 9\ = )
~ 35Ru (5 + 14R7) (W1 (R))” + ... (6.2.35)

6.3 Magnetic equilibria

Finding magnetic equilibrium states of stars, physically realistic or otherwise, has long
been a challenge faced by astrophysicists [29, [30, [76]. The structure and evolution of
magnetic fields of the Sun and Earth themselves are still poorly understood, let alone those
of more exotic extrasolar bodies. Early attempts at solving a linear equilibrium problem
started by assuming structures described by incompressible polytropes, and an important
magneto-rotational instability effect (MRI) was first realized through a model of cylindrically

symmetric accretion disks [7].

Our interest lies in numerically finding stationary solutions to the non-linear problem,
where there is no velocity field except perhaps for some axial rotation. The problem is to
balance gravity, the centrifugal force, fluid pressure and magnetic pressure, with the latter
typically being the smallest in magnitude. We discuss the stability of these equilibria to

various perturbations in section [6.4

Force-free fields (£ = 0) are known to be mathematically given by spherical Bessel
functions [31], although their astrophysical significance is dubious. We note a recent
argument by Reisenegger [74] that such configurations should simply not exist. If the
Lorentz force is integrated over some spherical volume that contains the star, one obtains

an expression involving the total magnetic energy and a surface integral that vanishes as
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the volume increases towards infinity. From this it must be the case that the Lorentz force
is non-zero if there is any magnetic energy, unless there are infinite Lorentz forces on the

stellar surface (i.e. a delta function in the original integral).

Techniques have been developed to model the simplest possible NS models, i.e. polytropes
with axisymmetric magnetic fields. From the numerically-derived equilibria one may go
on to investigate the stability properties and oscillation modes (section and chapter
7)) although we will later review evidence to suggest magnetized barotropes cannot be in

equilibrium.

6.3.1 Grad-Shafranov formalism

There are various self-consistent field methods used to iteratively find the equilibria of
axisymmetric, rotating polytropes [49]. Recently these have been modified to include the

Grad-Shafranov equation [44] to find rigidly rotating, magnetic equilibria [36], (59, [90].

Starting by writing the equilibrium condition in the form

P
i —~Vh = V& + 3V(rQ sin6)? =0, <Vh = Vp) (6.3.1)
where h is the enthalpy (section [5.5.2)) and the centrifugal term has been written as a

potential, then the curl can be taken and integrated to give
L = pVM, (6.3.2)

where M is some scalar function; since B- VM = 0 it is constant along field lines. Next,

by introducing a stream function u(r, ) defined through

1 Ou 1 oOu

1
= S0 T o B =— Bge,, 3.
r2siné (%?e rsiné Or 0 + bee, qu X €p + by, (6.3.3)

it is automatically true that V- B = 0 (using the standard spherical basis). In addition
B - Vu = 0 so that u is constant along field lines, and thus M = M (u). In terms of vector
potentials it is easy to show that the toroidal component of A satisfies u = wA,. Taking

the curl of B gives the current

.1 1
Amj = wV(wB@ X e, wA*u €y, (6.3.4)
where
d*u  sinf 9 1 Ou
A= a2 2 90 (sinH@@) (6:35)
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which can also be expressed as the Laplacian of a three dimensional term:

1 1 i 1
“Au=-—A <“Slw> = A(A,siny). (6.3.6)
w sin ¢ w sin ¢

We may now rewrite the Lorentz force as
. 1 1
drL = 4mj x B = —— AuVu — —B¥VF(u) = 4mpV M (u), (6.3.7)
w w

giving the standard form of the Grad-Shafranov equation

dM

1 dF

Interestingly, this equation can be used to replace the GS operator in (6.3.4)) to give

1 dF dM
=418 90 e 3.
J 47 du —i—pwdue (6.3.9)
dM

Equating (6.3.9) with (6.3.4) and inverting the Laplacian as per ([6.3.6) gives an integral

form of the GS equation which is used as the basis for an iterative procedure (see e.g. [59]

for more details). The values of fl—fj, % are respectively related to the poloidal/toroidal

field strength, and the distortion of the star due to magnetic and centrifugal forces, and are

(independently) specified.

Although this procedure requires the use of spherical harmonics in evaluating the integral,
it also requires vanishing enthalpy on the outer boundary which is not satisfied in our
numerical model. In addition, the pressure term cannot be rewritten as the gradient of
enthalpy if the fluid is stratified.

Regardless of this, the poloidal components of B, j are parallel if the toroidal component

of the Lorentz force vanishes (assuming that the field is mixed). It follows from comparing

(63.376.3.4) that
wBy, = F(u) (6.3.11)

for an arbitrary function F'. This is an important condition on axisymmetric magnetic
equilibria first noted by Chandrasekhar and Prendergast [30], who express it in terms of

frame components,

@w?BW¥) = F(w?AW), (6.3.12)
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6.3.2 Equilibria through relaxation

We shall now describe the steps we take to relax a buried, mixed field to equilibrium with
stratification and without rotation by subtracting an unphysical friction term (section [5.7.4)).
Consider an ¢ =1 field with a toroidal component that is a constant multiple of the poloidal

part,

Ui(r,0) = 1 (R* —r?) [e_(T—C)Q/w2 + e—(r+c)2/w2} ,

D1(r,0) = dy (R — 12) [e*“*c)z/wz + e*(’““)z/ﬂ . (6.3.13)

where we shall set R = 0.8, w = 0.1,¢ = 0.4. Such a field initially satisfies (6.3.11]). Our
aim is to be determine the stability of a variety of different field configurations, and to

generate stable backgrounds on which to study nonaxisymmetric modes (section [7.3)).

We first note that this relaxation does not work for unstratified fluids: the density and
magnetic field still evolves significantly at several hundred ¢ with strong friction, and the
system oscillates violently, blowing up if the field is strong enough. Typically we observe
that mixed fields with a strong poloidal component slowly sink towards the origin, eventually
crashing the code if the field is initially (and thus always) zero at the origin. Strongly
toroidal fields do not appear to sink to the same extent, but the friction method still fails
to find a stable configuration. While we do not rule out the existence of special “islands”
of stability for magnetic fields embedded in unstratified media [59] with unknown stability
properties, it certainly seems unlikely that one can time-evolve arbitrary configurations into

stable equilibria without extra physics or unphysical numerical tricks [19].

For stratification, we first set the / = 0 background from the Lane-Emden solution
with n = 3/2 (section [5.6.2)). A buried field following with ¢; = 0.01,d; = 0.1
is painted on top. Approximately 45% of the magnetic energy of this profile is contained
within the toroidal component, which is very small in relation to the total internal energy
(B/4 =5 x 107°). We evolve this system with some A\ up to t = 100 with varying £,,,
applying forth-order dissipation (with dissipation coefficient 0.02) to all variables except
the magnetic field and extrapolating to second-order at the outer boundary. Higher order
schemes are observed to sometimes cause boundary instabilities (with our spherical container

preventing radial escape of fluid) at late times.

We find that setting Ap = 5 for t < 10, A\p = 1 for t > 10 is a good choice for
minimizing p, vy, Lz at ¢ = 100 when compared to a fixed A\p, although we do not
claim that it is optimal. During the evolution the magnetic field sinksE], recentering itself
at 0.38, with final energies at ¢,, = 2,4,6 of Br/B = 0.51,0.51,0.51 and B/U =
2.7 % 107°,4.6 x 107°,6.4 x 107°. The final state is illustrated by figure[6.3]

Continuing the evolution without friction appears to be stable for up to ¢ = 100 + 400,

2|f the field is frozen during the relaxation stage, it sinks in a similar manner as soon as the friction term
is switched off, although the resulting oscillations are larger in magnitude.
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(a) The even-£ unregularized density components after relaxation, compared with the
(rescaled) derivative of W;.

(b) Contours of the deviation of the relaxed density distribution from the spherically sym-
metric background (p— po at £,,, = 8) with red/blue areas indicating a positive/negative
difference.

Figure 6.3: The density at t = 100 after evolving a mixed field with friction.
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regardless of whether or not the velocity is reset to 0, so long as f is set from 0, % often
enough (for example after every time step). Freely evolving the 4, = 2,4, 6 relaxed states
gives a maximum |vs| amplitude of 1073,3 x 1074,4 x 10~% in 100 < ¢ < 100 + 200. At
ly, = 4, the final energy ratio is B /B = 0.53, and there has been a relative mass increase
of 0.006 and relative total energy increase of 0.002. These figures are little different if
the field is relaxed over some longer ¢ > 100. The residual velocity field is proportional
in magnitude to the square of the background field (and inversely proportional to the
resolution) during both the relaxation and subsequent free evolution indicating that these
relaxed states represent linear-regime equilibria. These non-linear oscillations are actually
observed to become damped (their time derivatives globally decrease in magnitude) after
around t = 100 + 150.

We may apply the same relaxation and subtraction techniques to test the stability of
generic magnetic fields, including non-mixed forms, to axisymmetric perturbations. The
relaxed density distribution of the purely poloidal field 11 = 0.01 has a very similar density

distribution to the mixed field we previously looked at, and a range of py profiles are shown

in figure [6.4]

All of these fields, including the purely poloidal (red) and toroidal (purple) fields, are
stable to free evolutions (i.e. with no residual acceleration subtracted or perturbations)
tested up to ¢t = 100 4+ 400. Their evolutions are typically characterized by initially large

oscillations in velocity terms near the origin, which are eventually (¢ = O(100)) damped.

6.3.3 Equilibria through relaxation: exterior fields

We now turn to the equilibria of exterior fields. Braithwaite [18] [19] found equilibria by
evolving arbitrary initial configurations and applying a hyper-diffusion operator, with the
aim of studying the stability properties. To be able to study neutron stars with realistic (and
important) external fields we should like to see if our friction method lets us evolve to an

equilibrium.

First recall that an ¢ = 1 poloidal field suffers an =3 fall-off in vacuum.
Gaussian initial data can not not have smooth derivatives at the outer boundary with this
constraint. Since we require derivatives of W up to third order (f contains such a term) to
avoid large unphysical numerical quantities, and want to prescribe both the radial location of
the field maximum and its magnitude, we set ¥; from a polynomial with five free parameters

as per

Uy (r) = Ar® + art + br® + er® + dr'?). (6.3.14)

For example, the polynomial

Ty~ \(r? —5.297% +11.147° — 10.78 7% + 3.98710) (6.3.15)
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Figure 6.4: A range of relaxed ps profiles with fixed Dy and varying ¥;. The density profile
for a purely poloidal field is shown for comparison (red).

has a maximum at r = 0.4 and matching derivatives to an exterior field (up to third order)

when the surface is given by R = 0.8.

Toroidal fields are set from a Heaviside function to avoid surface/exterior currents:
wB¥ = H(x/xg — 1)(x — o) (/20 — 1), (x = wA?) (6.3.16)

where xg is some minimum value of & where the toroidal field exists. The maximum of
wA, using our example Uy is found at » = 0.8,0 = 7/2 and we should set x( to greater
than or equal to this. D., is found through numerical integration of (6.3.12)): using

wB? = wQTK_lD,YSf = F(wA¥) (6.3.17)
implies
_ 1 1 g ©
Y= 573 7 ; F(wA?)0pYdb, (6.3.18)
gl

where we have used the identity S, = —sinf0yY . The toroidal field may now be rescaled
through multiplication by an arbitrary constant. Figure [6.5] shows this process, along with
the first few D., returned by this particular choice of W1, F'. This function can be verified
to give toroidal Lorentz components that converge to zero with both /,,, and resolution (at
second-order), as shown for ¢ = 2 in figure [6.6]
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We now relax this magnetic field, with appropriate boundary conditions ([6.2.29)), again
with a changing friction Ap =5:¢t <10 and A\p =1:¢ > 10.

The background density and magnetic field configurations change very little, with the
majority of poloidal magnetic energy remaining in the £ = 1 component. Figure shows
the total accelerations acting on ¥o, wo at different times. Although the initial poloidal
accelerations shrink by several orders of magnitude, the toroidal acceleration (i.e. the
Lorentz force) at £ = 2 grows, reaching a maximum at about ¢t = 150. The higher ¢ toroidal

accelerations (tested with ¢ = 4,6, 8) roughly halve in amplitude from their initial states.

Continuing an evolution without friction leads to global blow-up of the velocity com-
ponents. Similar blow-up is observed in axisymmetric perturbations to these states, where
the initial (unperturbed) acceleration is subtracted at every time step to create an artificial
equilibrium, with a time scale independent of the perturbation amplitude. Unfortunately
we are forced to conclude that our relaxation technique does not find (stable) equilibria in
this case: given the similar issue we have with stratification and rotation, it is possible that

friction and the outer boundary conditions are somehow incompatible.
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(a) To avoid large unphysical derivatives at the boundary, exterior magnetic
fields can be initially set to exhibit the correct fall-off up to third derivatives.
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(b) A plot of wA,,wB, (rescaled) along the equator 6 = w/2. The box
illustrates why we have chosen a Heaviside function.
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(c) D, can be found from the numerical integration of F(wA,). The
first few unregularized functions are shown above.

Figure 6.5: Satisfying the equilibrium condition (6.3.12]) with external fields.
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(b) Convergence with increasing ¢,, at N = 80.

Figure 6.6: The initial toroidal Lorentz acceleration converges to zero with increasing spatial

resolution.



126 CHAPTER 6. NEWTONIAN IDEAL MHD

0.0015 T T T T T T

'TAV (t=50) ——

0.001

0.0005

-0.0005

-0.001

-0.0015

_0002 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Figure 6.7: The radial and toroidal accelerations at different time steps during relaxation.
The former has decreased in magnitude from that given by the initial data by a factor of
1072 and the latter has increased by 10.
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6.4 Stability

Tayler [86, 87, 89] showed, using an analytical method, that purely poloidal and toroidal
fields should (usually) be unstable to certain kinds of perturbations over an Alfvén time scale
tg = Rm, even within stably stratified stars. In recent years there have been several
numerical models built to study these results; in particular a series of papers by Braithwaite
[17), 18, [19] confirm the existence of these instabilities for various stratified configurations

with and without exterior field components.

Various instability effects are known for magnetized stars with rotation or thermal effects
included, for example, the magneto-rotational instability [7]. Spruit [81] showed that the
so-called Tayler effect is perhaps the most important class of toroidal instability: purely
toroidal fields are subject to kinking, where circular, horizontal field lines are displaced in
different directions. The effect is often compared with the displacement of vertebrae from
spinal cord compression. Toroidal fields should always be unstable to |m| = 1 perturbations,
with stability to other m's if the density and field configuration satisfies a particular condition

relating to the potential energy [17].

Poloidal fields should also exhibit a similar vertical kink effect when perturbed by |m| > 2,
but adding a toroidal stabilizes the configuration at some point (usually quoted as B /B
being somewhere between 20% and 30%). Tayler showed that mixed field stability requires
the magnetic pressure to be weak compared to the fluid pressure, comparable toroidal and

poloidal field strengths, and no current flowing along the magnetic axis.

Given the estimated ages of some pulsars — PSR B0531+21, lying at the heart of the
Crab Nebula, is the pulsar remnant of a supernova observed in 1054 CE, and the current
closest known neutron star, PSR J0108-1431, may be over 200 million years old [85] — it is
likely to be the case that a typical neutron star magnetic field is of mixed configuration. Any
that are wound up to have a too-strong (and thus unstable) toroidal component perhaps

lose energy in the form of powerful ~y-ray flares |35} 60].

However the stability properties of generic mixed fields embedded in polytropic stars are
not well known, despite a wealth of literature dealing with such configurations. It is perhaps
the case that polytropes have no stable equilibria: Reisenegger [74] has pointed out that
there is no known mechanism to stop a perturbed toroidal field from rising vertically out
of the star as strong fluid pressure displaces it. Additionally, a simple comparison of the
number of independent functions indicates that balancing A, B, against a single variable
p gives, at best, only a particular subset of all possible configurations. A stratified fluid with
P(p, s) generating a positive buoyancy effect should be able to maintain a stable, long lived

mixed field.
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6.4.1 Axisymmetric perturbations

To test the stability of the relaxed mixed field discussed in section we evolve non-linear,
axisymmetric perturbations to the ¢,,, = 4,t = 100 relaxed background. We indeed find that
this configuration is stable to various perturbations when evolved freely or with unwanted

background oscillations artificially removed.

We achieve the latter by subtracting the initial time derivative of the unperturbed,
frictionless, relaxed state, from every subsequent time-step of the perturbed evolution. We
shall refer to this method as subtracting the residual acceleration. As we saw in section [5.7.4

residual acceleration decreases with increasing resolution so this subtraction is consistent.

In addition we only consider adding perturbations in modesEr] that are not naturally
excited by this mixed-field configuration in order to reduce the search-space. For initial data
where the density/velocity components have even-¢ and the magnetic field components

odd-/ this means we perturb in odd-¢ fluid and/or even-¢ magnetic terms.

In evolutions of this mixed field background with the residual acceleration subtracted,
we find perturbations of any variable with initial amplitude set to 1073,107%,10~° remain
stable and perfectly proportional by a factor of 10, whilst the even-¢ velocities and odd-/¢
field perturbations remain proportional by a factor of 102, indicating that they are driven by
quadratic source terms. These evolutions remain stable until at least ¢t = 100 + 400. Small
¢ = 1 fluid oscillations of O(10719), ©O(10~!!) are proportional although the quadratic ¢ = 2

components are noisy and O(10719) indicating they are overwhelmed by floating-point error.

6.4.2 Nonaxisymmetric perturbations

On purely poloidal axisymmetric backgrounds, w3 perturbations cause significant decay of
the poloidal component. Mixed fields with a sufficiently strong toroidal component are stable
to such perturbations; the purely toroidal fields we evolve are unstable only to perturbations
w}.

The poloidal instability occurs over a time dependent on both the background field
strength and the perturbation amplitude, rather than simply one Alfvén time crossing. For
example, with ¢; = 0.01 and w3 = 1073,107%, the field begins to noticeably decay at
around t = 25,50 and has somewhat settled into a new configuration at around ¢t = 70,95
(ta =~ 13). Perturbations of p3 and D3 do not cause this decay, or even dampen it when
w3 is present. We have already seen that axisymmetric perturbations do not lead to similar

behaviour.

Varying the dissipation amount and order, the friction coefficient, the resolution (in
radius or angles) ¢,,,, or the extrapolation order at the outer boundary makes little, if any,

difference to the decay time scale and so we conclude that we are observing a physical effect.

3In referring to modes we exclusively refer to the £, m harmonic numbers involved.
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Figure 6.8: Evolution and decay of ¥? when a constant perturbation w2 = 10~% is applied.
The field has no £ = 1,m = 0 toroidal component but a D3 term grows to a similar order.

The decay of ¥9 to a w3 = O(10™%) perturbation is shown in figure 6.8} Evolving without
subtracting a residual acceleration speeds up the decay but does not appear to affect the

stability of any of the fields we study in this section.

Additionally, it is not just £ = m = 2 toroidal modes that lead to the poloidal instability
but apparently any quadrupole-led w-perturbation (section , e.g. w%,wg,wj,wi. Since
these modes induce Dﬁl terms, it is expected (and observed for ¢ = 2,m = 2) that

£ =1,m = 0 poloidal fields are unstable to dipolar D perturbations.

We define the quantity Zy,(r,t) = ¥{(r,t)/¥{(r,0) and record the decay time as
Z(0.4,t) < 0.99 for varying perturbation modes. This particular fraction is chosen simply
because it gives a rough estimate as to when the field is noticeably beginning to decay.

Modes that do not decay within time ¢ = 400 are marked as such.

Figure lists such decay times for £ = 1 poloidal fields with rotation @wj" = O(1074).
The indications are that quadrupolar perturbations of w are stable, unlike dipolar modes,
which, for a given ¢, collapse faster at higher m. This higher-m-faster-collapse result appears
to be in agreement with a result from Tayler and Markey [89], although more tests with
higher modes (and hence higher ¢,,,) are necessary to rigorously confirm this. It is not clear
to us why quadrupolar perturbations are stable, and if this is an inherent property of the
perturbation, or rather the couplings with the background density and/or magnetic field;

perhaps it it the case that these perturbations, satisfying () (6, ¢) = —f (7 — 6, ¢), are
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£ | m || Decay time
111 167
2|1 N/A
212 48
312 N/A
313 42
41 2 77.5
4|3 N/A
41 4 41.5

Figure 6.9: Decay time of a purely poloidal £ = 1 field (¢ = 0.01) at £,, = 6 to
W = O(10~%). The figures for m = 1 were found with ¢, = 4. The Alfvén time for this
field is approximately 30; the fields that did not decay were tested up to a time of 400.

suppressing the usual poloidal field kinking that gives the instability (figure 2.3} and figure 2
of [16]).

3—dimensional visualization helps us to observe a strong toroidal component is quickly
generated during these evolutions (figure [6.10)), through the excitation of (exclusively)
quadrupolar DE” terms, for example D%, D3.

Purely toroidal fields, centred at » = 0.4, appear to be stable to wg»l perturbations,

in the same sense that the value of Zp(t) = D1(r = 0.4,t)/D1(r = 0.4,t = 0) oscillates
around some value close to one, irrespective of the perturbation being dipole- or quadrupole-
led. Evolving a field perturbed by w3 without subtracting the residual acceleration does
lead to a gradual shrinking of DY (Z(100) = 0.95, Z(200) = 0.91) but the perturbation
does not grow at an exponential rate. The effect is illustrated in figure Those m =1
perturbations with a lower ¢ collapse the field faster but as we are using w = constant
perturbations it is not easy to tell if this is due to larger w o . Lander and Jones [60]
recently investigated a similar background with linear m = 1 perturbations, finding decay
over one Alfvén crossing, and went on to confirm that adding rotation increases the time

taken to decay without ever stabilizing the star.

To investigate the poloidal /toroidal energy proportion a generic mixed field requires for
stability when subject to w3 perturbations, we again record the quantity Z,, with varying d;
(figure . As with the purely poloidal case, those fields that are unstable are generally
observed to collapse and oscillate around a new configuration, which remains closer to
the initial data with a stronger toroidal component. Larger amplitude perturbations cause

unstable fields to decay faster and do not cause otherwise stable fields to collapse.

The results indicate that, for a stratified star initially set from a range of different

polytropes, and with a magnetic field dominated by £ = 1 components, an initial fraction
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Figure 6.10: Some (truncated) field lines of an evolution of an initially poloidal magnetic field,
with colours indicating |B|. When subjected to an O(10~%) w2 perturbation a substantial
nonaxisymmetric toroidal term D% is rapidly generated. By ¢ = 50 the ¥{ component has
started to noticeably decay.

Br/B > 0.3 is stable to £ = m = 2 toroidal perturbations. This appears to be a linear
instability: poloidal fields still collapse with w3 = O(1071%) perturbations (which grow

exponentially in time) and when all modes with |m| > 2 are discarded.

In section [7.3 we shall look at the oscillation modes of (stable) nonaxisymmetric pertur-
bations to some of the same magnetic fields. Although some basic stability properties have
been investigated there are still many questions that could be addressed using this spectral
framework: for example, how varying the radial- and angular-profiles of these magnetic fields
might alter their stability properties (particularly with regards to toroidal fields), what (if
any) differences there are with linear evolutions, and if the same toroidal/poloidal energy

proportions required for stability hold for all toroidal perturbation modes £, m.
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(b) ¢ =200

Figure 6.11: Some streamlines of an initially toroidal magnetic field that pass through the
equator, subsequently evolved non-linearly with a w; perturbation. Due to an instability the
background field decreases in strength whilst a strong £ = 2, m = 1 poloidal field component
is generated. This is the Tayler instability: field lines remain circular but are displaced from
the horizontal.
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Decay time
dy Initial B /B | Relaxed Br/B n=15
0 0 0 78
0.01 0.032 0.036 81
0.02 0.117 0.131 90
0.03 0.229 0.252 121
0.0325 0.259 0.283 143.5
0.035 0.288 0.314 210
0.0375 0.317 0.344 00
(a) ¥1 = 0.005
Decay time
dy Initial B7/B | Relaxed Br/B [ n=11|n=15|n=2
0 0 0 58.5 49 41
0.02 0.032 0.042 60.5 50 42.5
0.04 0.117 0.150 70.5 57 48
0.06 0.229 0.282 105.5 80 67.5
0.065 0.256 0.315 135.5 98 82
0.07 0.288 0.347 256.5 161 124.5
0.075 0.317 0.408 00 00 00
(b) ¥1 = 0.01
Decay time
dy Initial B7/B | Relaxed B7/B || n=1.5|n=2
0 0 0 31 26
0.1 0.171 0.255 435 36.5
0.14 0.288 0.398 116 88.5
0.144 0.300 0.411 2345 | 1315
0.145 0.303 0.414 00 161
0.146 0.306 0.416 241
0.147 0.309 0.420 00
(©) ¢1 = 0.02

Figure 6.12: The time it takes U9, with a varying toroidal component, to decay in magnitude
by 1% when perturbed by w3 = O(10™%). Increasing the stratification (greater n) lowers
the mass of the modelled NS, and hence shortens the Alfvén time, which is approximately
halved between the n = 1.1,2 models (for ¢; = 0.01,d; = 0.07 it is approximately 31,18

forn =1.1,2).






Chapter 7

Oscillation Modes

As we have already noted, the oscillation modes observable in X-ray or -ray signals from
pulsars and magnetars are important for tuning NS models. Whilst we are not overtly
concerned here with the phenomenology of neutron star models, it is still worthwhile to

adapt the mathematical apparatus for the analysis of modes to our spectral framework.

To quickly outline the process we follow to find oscillation frequencies with our code, we
start by finding a background equilibrium through relaxation, then set p or w perturbations
for a particular £, m and save the output of a sufficiently long evolution every few time steps.
Finally we take the 1D discrete Fourier transform (DFT) of these complex data at various

points in 7 using the free and widely used FFTW libranyl]

7.1 Method

7.1.1 Transforming from the inertial frame

Our evolution equations are described in the inertial frame, yet oscillation frequencies of
rotating neutron stars are almost always given in a co-rotating frame (denoted here by
hatted variables). Noting that such a transformation shifts coordinates ¢ = ¢ + Qt, and any
oscillation with frequency w can be written in terms of spherical harmonics as e(m¢+wt)

for some perturbation ((r, ) we have a relation

Ceilme+t) _ ¢ pilme-tut) (7.1.1)

= 0 =w+m =271f+m, (7.1.2)

where f is the normal frequency returned by a DFT.

! Available from http://www.fftw.org
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7.1.2 Background equilibria

To investigate the inertial mode frequencies of unstratified polytropes with our code, we
first need to find the unperturbed axisymmetric equilibria of a range of rotation frequencies
Q= \/Ewg’. These are straightforward to find by starting with the known analytical solution
and then relaxing for some time with a small friction coefficient to find a better numerical

equilibrium.

For the length of time the code is subsequently run, typically tens of thousands of time
steps, an evolution of the unperturbed background might evolve significantly away from
the starting configuration — that is, our supposed equilibria are not stable for as long as we
require — and the rotation rate can increase greatly. To remedy this we remove the friction
and evolve by subtracting a residual acceleration at every time step (section . Setting
a low truncation ¢, = 2 for rigid rotation is sufficient to find the background.

7.1.3 Frequency analysis

To calculate oscillation frequencies we will need to perform multiple one-dimensional DFTs

in the time domain. These are defined as
N 2mi p,
Xk:ane_Tt " k=0,.., N, (7.1.3)
n=0

where Ny + 1 is the total number of time steps and the z,, are complex-valued dataE] sampled
every few time steps at some particular value of r: if the modes we are interested in are
global then it should not matter what r we choose. For example, the input may be the values
of w3 at the first grid point sampled every 10 time steps. The x,, are of course assumed
to be representative of a continuous function, but as they are not necessarily periodic we
may choose to multiply by a window function to reduce edge noise. Using a fast Fourier
transform algorithm means this operation can usually be performed in O(NV; logy N;) steps,
instead of O(N?) [33].

The complex-valued discrete points in the frequency domain X} need to be rescaled to
give the angular frequency spectrum. FFTW returns positive frequencies, with each point
k= g—: in the region k € [1 : N;/2], and negative frequencies N; — k = 5—7‘;’ in the region
k € [Ny/2+1: Ny¢], where T' = §t Ny is the run-time and w is the angular frequencyE]. DC

offset is returned at Xj.

The DFT of a real-valued sinusoid returns equal amplitude positive and negative

2Recall that our mode components are complex valued, c.f. section so we find the complex transform
of every variable and mode pfn,ﬁfn etc. at sampled r,t.

3 Another way of saying this is that FFTW returns frequencies in the range [07, Ny] in the first half of the
output, and [Ny : 07] in the second half where Ny is the Nyquist frequency (half the sampling frequency).
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frequencies, since, for example,
f(t) = cos(wt) = §(e™" + e ™). (7.1.4)

Complex valued-sinusoids can of course return purely positive or negative frequencies which

correspond to clockwise or anti-clockwise motion in time.

7.2 Inertial modes

Inertial modes are axial-led modes [65] that appear in rotating stars as a result of the
Coriolis force. In particular, the r-mode is the lowest frequency of these, as well as the most
interesting. It was first identified in an astrophysical context by Papaloizou and Pringle [68]
who named it after the recently discovered Rossby waves. Recently it was found that the
r-modes should become unstable in the relativistic regime through what is known as the
CFS instability [4] 5, 28] 37], 38] which we explain below. In particular, hot, rapidly rotating
proto-neutron stars may well emit detectable gravitational waves through this instability,

although various damping mechanisms have been proposed.

Passamonti et al. [70] recently developed a code to investigate the oscillation modes
of both stratified and unstratified non-magnetic neutron stars. This code differs from ours
in a number of ways: it includes the stellar surface by working on coordinates adapted
to contours of constant pressure, it makes the Cowling approximation, and it operates in
the linear regime. Nonetheless a comparison will help highlight some of the strengths and

weaknesses in our approach.

It is possible to show [68] [77] that the r-mode frequency is, to O(£2), proportional to
the rotation rate when observed from a co-rotating frame:
2mS
W=+ O(QP). 7.2.1
Y=gy TOW) (7.2.1)
The rapid-rotation corrections are odd order in €2 because the observed frequencies should
not depend on the orientation of the observer [5]. From (7.1.2)) the inertial frame frequency

IS

(L—-1)(t+2)

m_ im0
R (S

(7.2.2)

which is always negative for positive m. We can also derive these frequencies directly from

the spectral expansion without taking a curl. The term of interest is

. - €a+£§—£5(1+€5)+L3+

by = 1t Gag sy Watls 212
Y

Wry

(7.2.3)
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which reduces to

.o (=1 +2) A -
Wy = <\/§L% Oxy le—v) v (7.2.4)

if we ignore all other coupling terms, including the polar velocity components. Since S

only has a ¢ component, the antisymmetry of G gives

Giyry = / VP Z4S_qdt = — / Y_,Z%57,dQ (7.2.5)
= —im,V3 / Y., Y,dQ
= dmim, (—1)™ V3. (7.2.6)
Hence
(0 —1)(t+2)

Wey =~ —ims) = {wry (7.2.7)

(L+1)
which has an r-independent frequency and is thus a global mode.

These modes travel around the star with a pattern speed [5]

NG ()

o; = w0+ (7.2.8)

This concept is illustrated in figure and elsewhere [5, [77]. Since 0? = 2Q2/3 <
(prograde motion) it is the case that a co-rotating observer will notice the pattern moving
in a direction opposite to rotation (retrograde). Consider a passenger jet flying eastwards:
it will appear to be moving west according to an inertial observer because it is travelling

slower than the Earth's rotation, which is about 30% faster than the speed of sound.

It is this feature that leads to the CFS instability in GR. Angular momentum is clearly
positive for prograde motion, and negative for retrograde motion. If the oscillation mode is
prograde in the inertial frame, some mechanism (such as gravitational wave emission or MRI
[7, 18]) could cause a loss of positive angular momentum from the neutron star. As a result
the angular momentum of the retrograde mode becomes more and more negative, which
boosts the oscillation amplitude, which in turn increases the amount of angular momentum

being shed. Thus this acts as an unstable feedback mechanism.

7.2.1 Non-magnetized, non-stratified modes

Naively the first mode to investigate could be perturbations of wi, but these will have

zero frequency according to ([7.2.2)), as well as ([7.2.4]). It has been long known that such
perturbations are stationary convective currents. This makes for a good sanity-check in any

3D code.
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Figure 7.1: r-mode frequency and relative power for perturbations in varying £, m at
Q) =0.45,¢, =6.

The next mode of interest are perturbations in £ = m = 2. To investigate these
we set w% = 107% with 4, = 4,N = 90,7max = 0.9. In addition we use a forth-order
dissipation scheme with second-order accurate extrapolation at the outer boundary: higher

order methods lead to instabilities at the outer boundary in increasingly shorter time-scales.

Figure shows how the evolution initially progresses with high rotation as ¢, is
increased, with figure [7.3| displaying the angular frequencies returned by the code at different
rotation rates. We note that setting ¢,,, = 2 gives the O(2) frequencies exactly, and ¢,, > 3
results in equivalent frequencies with differing amplitude. We have chosen /,, = 4 in
particular as it appears to be a good trade off between accuracy and speed. In addition

there appears to be a low-frequency, high-¢ amplitude modulation of these modes.

Figure shows the £ = m = 2 r-mode frequencies given by our code, transformed
into a co-rotating frame, against those of Passamonti [70]. Although their code is linear it
does still take into account the O(3) terms, hence the deviation as one approaches the
breakup velocity. Our code is obviously not exhibiting this behaviour, i.e. our inertial-frame
frequencies are higher than expected, most likely due to the spherical boundary: applying the
Cowling approximation and/or altering the surface fraction changes the observed frequencies

very little.

We can analyze the frequencies of higher £,m modes by looking again at the Q2 =
0.45, £,,, = 6 evolution. Higher £ components oscillate at higher frequencies, some of which
are quite noisy (most of the polar terms) and only some of the axial terms (e.g. w3, w3, wY)
have a very strong signal at, or close to, a single (negative) frequency. The r-mode is
primarily visible in ’LD% at 0 ~ —1.1, and all of the w%i have peaks at the same frequency,
with decreasing power (1, .., .. relative to the w3 power). The higher £, m components that
are excited appear to have strong signals at a particular multiple of the r-mode frequency,
for example wé exhibits a frequency~ 20 and wg at around ~ 4o (figure .
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Figure 7.2: An illustration of the pattern speed at which the { = m = 2 r-modes move
across spherical surfaces of a star, correct to O(£2) and with rotation about the vertical axis.
These are shown for one half of a complete rotation and seem to have angular frequency

20)/3, agreeing with (7.2.8)).



7.2. INERTIAL MODES 141

0.01 [

0.001 |

0.0001 |

Power

1e-05 |

1e-06 |

16'07 1 1 1 1 1
-1.5 -1 -0.5 0 0.5 1 1.5

0.01

0.001

0.0001

Power

1e-05

1e-06

16‘07 1 1 1 1 1
-1.5 -1 -0.5 0 0.5 1 1.5

c

(b) ¢ = 4 frequencies

Figure 7.3: Power spectral density of the w3 evolution with £,, = 4 and varying Q. The
highest amplitude peaks correspond to the r-modes and have are of fixed frequency when
by > 3.
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7.3 Non-rotating magnetic modes

Although we are unable to investigate the effects of rotation on magnetic stability and modes
due to the failure of the friction method to properly relax to equilibrium (section [5.7.4)), the
modes of a non-rotating (w? = 0) stratified star are still of interest as an approximation
to those neutron stars whose rotation is relatively small. This could include, for example,

young magnetars whose rotational energy has been mostly deposited into the magnetic field.

7.3.1 Toroidal background

In section we re-derived the frequencies of linear-order r-modes . In a similar vein we can
naively attempt to find the linear order inertial frequencies of stars with a generic equation
of state and an ¢ = 1 toroidal field: such a field can, mathematically at least, satisfy an

equilibrium condition.

Consider the couplings with @ = Q/+/3, DY = A(r), and where we simplify 1/p ~ 1/p0

as the background field is sufficiently weak. Perturbed quantities would evolve as

. L(+1)—2 (V3AD, _
W~ > 4M — Qw 7.3.1
7 €(£+ 1) < 10 Po v ( )

Dy = im (V3aw, - D, ). (7.3.2)

It is not difficult to find the (lengthy) solutions to this system, which admits frequencies

(1—1¢—1?) 02 A(r)?2 (L—=1)(¢(+2)
= mS + +3 . 7.3.3
g=m (L+1) 2(041)2 wopo(r) L€+ 1) ( )
In the limit of no background magnetic field,
W, = wo(r)e™!, D, = Do(r)e ™ (7.3.4)

where w is the r-mode frequency (7.2.2)) and wy, Dy are some initial data. Note that D,
has a vanishing frequency when observed from a co-rotating frame. Without background
rotation, one recovers m-independent frequencies proportional to A/, /uopo, i-e. Alfvén

waves, which are
A
v/ H0pPo

for £ = m = 2 perturbations. These frequencies are however r-dependent — there is a
continuum of modes — unless A(r) o< v/ po(r).

o5 =2 (7.3.5)

Unfortunately this analysis is invalidated by the reintroduction of the poloidal ¢ + 1
velocity terms, which we have observed to grow to the same order of magnitude as w,

through couplings with €2. Nevertheless the frequencies of w, will be strongly A-dependent
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with weak/no rotation, and so we will look at perturbations to the relaxed states of section

to investigate this relationship and how close it may come to our axial-only analysis.

We investigate a constant w3 perturbation to a non-rotating star with a relaxed Gaussian
toroidal DY field of the form

A= DY = dy(R? - r?) (e—<’”—0>2/w2 + e—<7”+0>2/w2) (7.3.6)

where R = 0.8,¢=0.4,w = 0.1,d; = 0.1. As usual we evolve with the initial time derivative
of the unperturbed, relaxed state subtracted at every time step, and then take the Fourier

transform over time at varying 7.

Despite the non-constant background field, w3(0.3 < r < 0.5) appears to oscillate at a
single, fixed frequency that is proportional to Max(A/,/topo), as shown in figurefor
varying background field strength. Only the oscillation amplitude is A(r)-dependent. The
frequencies of the excited \ng component are harder to discern as its evolution appears to
be damped, and thus it is difficult to ascertain if these ¢ + 1, m polar magnetic modes scale

linearly with field strength (as per Lander et al. [61] figure 3).

D3 perturbations evolve with almost identical amplitude and frequency to the corre-

sponding w3. For either class, A(r) or its derivatives does not explicitly appear in the

expression for the time derivative, although it is perhaps worth noting they each evolve as

W3 = ... + aws + Cws',
D} = ..+ B3D2+ (D} (7.3.7)
where
. 1 2,0 2 _0
a#ﬁa C:UO_?\/g’I" Uy —?\/57421:2- (738)

Gaussian W2 perturbations to this toroidal background oscillate weakly around their
initial configurations, and as such the Fourier transform of this variable is dominated by
the 0-frequency component (figure [7.7)). This is a different result to the findings from non-

stratified stars [59], but perhaps a result of the stable stratification. The m = 2 components

that are excited are w3, ,,¥3,. Higher m components are those with Pj*_ Dyt -

for even m/2 and Way, 1> \I’%Zm for odd m/2 (P represents polar fluid terms p, v, a, f),

i.e. poloidal-toroidal fluid-field components, and vice-versa, in alternating m.

When a toroidal field is perturbed by p3, magnetic and f-modes can be observed in the
DFT of the D2 component, (figure [7.8). The double-spikes give a somewhat large error,
but it appears that the lowest frequency magnetic modes oscillate at approximately 504.
We have not evolved for sufficient time steps to determine the shift in f-mode frequency
with increasing field strength; Lander et al. [61] suggest any shift would be less than 1% for
our field strengths.
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Figure 7.6: w3 oscillations (top) on Gaussian DY backgrounds with amplitude between
~ 10~% (yellow contours) and —10~* (light blue). The normal frequencies of the central
oscillations are approximately &3 D1(0.4)//po(0.4), i.e. around half the Alfvén frequency.
The excited W2 components are also shown (bottom, O(10~%) non-constant colour scaling)
although these oscillations appear to be damped.
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Figure 7.7: A U2 perturbation to a Gaussian DY background oscillates weakly around its
original configuration (top). The DFT of the excited w3 component has several shared
frequency peaks.
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7.3.2 Poloidal and mixed backgrounds

As previously observed, (non-rotating) poloidal backgrounds can be wound up into mixed
fields with a strong nonaxisymmetric component by a certain class of w, D perturbations.
Stable, quadrupole-led D perturbations oscillate at a fixed frequency proportional to WY as
illustrated in figure[7.9] It thus appears that D perturbations on both toroidal and poloidal

backgrounds oscillate at approximately half the Alfvén frequency.

Interestingly, on mixed-field backgrounds a D3 perturbation will excite a ¥3 component
to oscillate at the same frequency, which is approximately three times the Alfvén frequency
(figure . We studied a small range of varying poloidal and toroidal background field
strengths and found the same ratio, but more simulations are necessary to determine the

full picture, particularly the transition to purely toroidal/poloidal backgrounds.

Other evolutions that would be worth investigating include studying the frequency of
w3 perturbations on backgrounds that tend towards being purely-poloidal, increasing the
perturbation £,m mode, and a comprehensive survey of how low frequency magnetic modes

may vary over such backgrounds.
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both oscillate at approximately three times the Alfvén frequency.






Conclusions

We have demonstrated a hybrid spectral approach to nonlinear MHD, using coordinates
in the radial direction and convolution for angles. Although this hybrid technique is not
new [22] 40, 56] we have been the first to apply it to the general problem of finding (and
investigating the stability of) nonlinear rotating and/or magnetic equilibria of Newtonian
neutron stars, and consider it to be fast and flexible, despite several (hopefully solvable)

problems.

One of its biggest drawbacks is that the outer boundary is handled by a crude spherical
cut-off, implemented for both technical limitations and to avoid singularities; other techniques
[59] fully implement a boundary for situations that a typical desktop machine has sufficient
computational power to handle in reasonable time. It is also much harder (if not sometimes

impossible) to adapt existing analytical and numerical methods [80, [90] into our framework.

On the other hand, various linear and nonlinear problems can be configured with ease
and, in the case of high radial resolution and low angular resolution, executed with incredible
speed. The same could potentially be said for situations involving very high ¢, m if one
could justify discarding distant modes to these. The convolution technique lets us study the
behaviour of individual modes, and leads us to a system apparently excellently suited for

multi-core parallelization.

In order to overcome an instability observed at the origin for the wave equation — other
authors do not report seeing such a phenomenon, or instead evolve in a shell, or use spectral
methods in radius — we have found a simple technical solution for second-order systems;
work on gaining higher-order accuracy is ongoing [47]. By re-casting the Euler equation in

new variables to make it more wave-like, we prevent the same instability from occurring.

We have also recast the MHD equations using a vector potential so that the divergence-
free constraint of magnetic fields is inherent. The vector Laplacian of the magnetic field
is greatly simplified by this and leaves the door open for future studies of non-ideal MHD.
Exterior poloidal fields, embedded in vacuum, can also be handled as they reduce to simple
{-dependent functions of radius with matching conditions on the boundary. The extra

derivative that using a vector potential introduces does not seem to cause any issues.

The method scales very well for linear problems (O(Ng ¢,,)) and accurate rotating

equilibria were found for non-stratified, non-magnetic stars, using a novel relaxation technique
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with very low radial and angular resolution. These equilibria are found without approximations
made to the gravitational potential, as the convolution technique reduces Poisson’s equation

to a (relatively) easily solved linear equation.

Our investigations into nonlinear axisymmetric problems (O(Ng/3))), involving magneti-
zation, stratification and rotation, met with varying success. We found that non-stratified
magnetized stars could not be stabilized with the relaxation technique, perhaps indicating
that such equilibria are impossible [74]. We were unable to stabilize stratified, rotating
stars (magnetized or not), although we do not know if this is due to an inherent instability
mechanism, somehow related to the boundary conditions, or indeed a problem caused by
the spherical boundary. We attempted to relax a system with a different stratification (i.e.
trying some DIC/Dt # 0) and found that, although we can not justify any of these choices,

the relaxation appeared to work.

We were able to stabilize stratified, non-rotating, magnetized stars given arbitrary initial
data [18] and by perturbing in nonlinear, nonaxisymmetric modes (O(Ng/2,)) we could
roughly investigate their stability characteristics and oscillation frequencies. By only evolving
the necessary harmonic modes, and using the exponential convergence properties of the
spectral method, these problems can be made to scale much better than O(£2)), although

the time evolution of some magnetic configurations can still take several hours to run.

We looked at (and compared with existing results) the r-modes of rotating, non-stratified,
non-magnetized stars and found some difference due to the outer boundary, although the
spectral method does often mean these mode frequencies can be calculated by hand. As
already mentioned we are currently unable to go any further with regards to investigating
stratified rotating configurations, unless we attempt to modify our pressure law or boundary

conditions.

We found that certain purely poloidal/toroidal fields are linearly unstable, only becoming
stable when mixed with sufficiently strong counterpart fields with the amount of mixing
in broad agreement with results [88]. We observed that £ = 1, m = 0 toroidal fields were
only unstable to toroidal perturbations with m = 1, as expected [60], and stable for m > 1.
Various ¢ = 1, m = 0 poloidal fields were unstable to dipolar toroidal perturbations, yet
stable to all of the poloidal perturbations we tested. The stability of pure fields to certain

perturbation modes is somewhat surprising and do not appear to be predicted [87, [89].



Appendix A

Spherical Harmonics

A.1 Table of Scalar and Vector Spherical Harmonics

As per the definition (2.1.15]) we do not work with orthonormal spherical harmonics. The

first few values of Y;*(0, ) are

Yy =1,

Y = V3 cos¥, Y = —\/gei‘p sin 6,

Yy = %\/5(3 cos® 0 — 1), Vi = —;\/§62iw(60820 - 1),
Yy = %\f? (5 cos® f — 3 cos 0), Y3 = —%\/ﬁsin?’ 3%

The vector harmonics are given by definitions ([2.4.2)). We typically work with the contravari-
ant forms; on a 2-sphere in a (6, ¢) direction (ignoring the radial components) the first few

of these are

mya m 1 m
(Zé) = (aQYZ vmawyﬁ >7

3 3
7Y = (—V/3sin#,0), 7Zi = (—\/;ew cosd, —2'\/;9“" csc 0) ,

79 = (—3V5sinf cos 6, 0),
79 = <3\2ﬁ sinf [1— 500520] ,O) .
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Figure A.1: The #-component of Z?.

and

1 -1
mya __ m m
(590" = (g7 g 007"

sin

SY = (0,V3), S = (—i\/gew, \/gcot 9) ,

S9 = (0,35 cos b)),

59 = <0,—3T\/7 1 —500529]) .

In axisymmetry, noting that S¥ = ﬁZG is useful for plotting in 3D.



Appendix B

Code snippets

B.1 Fortran C’ag_7 calculator

This Fortran code calculates the Gaunt coefficient C’ag,,y by finding Wigner 35 coefficients
(2.2.10]). One needs to write a factrl function to calculate factorials.

FUNCTION wigner3j(11,12,13,m1,m2,m3)

IMPLICIT NONE

REAL*8 :: wigner3j

INTEGER, INTENT(IN) :: 11,12,13,m1,m2,m3

REAL*8 :: ssum,tsum

LOGICAL :: found_t

INTEGER :: numsum,j,t,tl,t2,t3,t4,t5,check

IF(m1==0 .AND. m2==0 .AND. m3==0) RETURN wigner3jzero(11,12,13)

!Triangle co-efficient

wigner3j = ((-1.d0)**(11-12-m3)) * SQRT( factrl(11+12-13)&
*factrl(11-12+13)*factrl (-11+12+13) /factrl (11+12+13+1) )

wigner3j = wigner3j * SQRT(factrl(lil+mil)*factrl(lil-ml)*factrl(12+m2)&
*factrl (12-m2)*factrl (13+m3)*factrl (13-m3))

!There are "numsum" terms in the sum, given by the smallest of:

numsum = MIN(11+m1,11-m1,12+m2,12-m2,13+m3,13-m3,11+12-13,11-12+13,&
-11+12+13) + 1

INeed to find allowable t that we can sum over; numsum of these.

tl =ml + 13 - 12

t2 = 13 - 11 - m2

t3 =11 + 12 - 13

t4 =11 - ml

t5 = 12 + m2

tsum = 0

t=-1

!Loop over permissible t
DO j = 1,numsum
t=t+1
found_t = .FALSE.
check = 0
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DO WHILE(found_t .EQV. .FALSE.)
IF(t+t1 < 0 .OR. t+t2 < 0 .OR. t3-t < 0 .or. t4-t < O .OR. t5-t < 0) THEN
t = t+l
ELSE
found_t = .TRUE.
END IF
check = check+1
IF(check>1000) STOP ’ERROR Cannot find t’
END DO
ssum = factrl(t) * factrl(t+tl) * factrl(t+t2) * factrl(t3-t)&
* factrl(t4-t) * factrl(ts-t)
IF(ssum==0) STOP ’ERROR Found ssum = 0O’
tsum = tsum + ((-1.d0)**t)/ssum
END DO
'Return the answer
wigner3j = wigner3j * tsum
RETURN
END FUNCTION

FUNCTION wigner3jzero(11,12,13)
IMPLICIT NONE
REAL*8 :: wigner3jzero
INTEGER, INTENT(IN) :: 11,12,13
INTEGER :: 1,k

wigner3jzero = 0

1 = 11+12+13
k=1/2
IF(MOD(1,2) == 0) then

wigner3jzero = ((-1.d0)*xk) * SQRT( factrl(l-(2x11))*factrl(l-(2%12))&
*factrl(1-(2%13))/factrl(l+1) )
wigner3jzero = wigner3jzero * factrl(k) / ( factrl(k-11)*factrl(k-12)&
*factrl(k-13) )
END IF
RETURN
END FUNCTION wigner3jzero

FUNCTION chat(11,12,13,m1,m2,m3)
IMPLICIT NONE
REAL*8 :: chat
INTENGER, INTENT(IN) :: 11,12,13,m1,m2,m3
IF(MOD(11+12+13,2) /= 0 .0R. (m1+m2+m3) /= 0) THEN
chat = 0.d0
ELSE
chat = 4.d0*pi*SQRT(DBLE( (2*%11+1)*(2%12+1)*(2%13+1) ))&
*wigner3j(11,12,13,m1,m2,m3)&
*wigner3jzero(11,12,13)
END IF
RETURN
END FUNCTION



B.2. FORTRAN G-HAT CALCULATOR

B.2 Fortran G, calculator

This function returns the non-axisymmetric integral Gaﬁ”y using the method described in

section The function chat (x,y,z) returns C,., ..

RECURSIVE FUNCTION g_hat(11,m1,12,m2,13,m3)
IMPLICIT NONE
DOUBLE COMPLEX :: g_hat
INTEGER, INTENT(IN) :: 11,m1,12,m2,13,m3
DOUBLE COMPLEX,PARAMETER :: ii = (0.d0,1.d0)
INTEGER :: 10,zeta,oneone
REAL*8 :: coef_a,c_hat_one
g_hat = 0.40
IF((12 == 13 .AND. m2 == m3) .0OR. (11 == 0) .0OR. (12 == 0) .0OR. (13 == 0)&
.OR. (m2 == 0 .AND. m3 == 0)) THEN
RETURN !Axisymmetric integral
ELSE IF(m1 .LE. O .AND. m2 .LE. O .AND. m3 .LE. 0) THEN
STOP ’ERROR All m are negative’
ELSE IF(m1 .GE. m2 .AND. ml .GE. m3) THEN
oneone = multiindex(1,1) '!ell=m=1 <=> zeta=3
c_hat_one = c_hat(oneone,multiindex(11-1,m1-1) ,multiindex(11,-m1))
IF(c_hat_one == 0.d0) STOP ’ERROR c_hat = 0’
coef_a = 4.d0*pi/((-1.d0)**ml*c_hat_one)
!Jump down through non-zero c_hat’s
DO 10 = 11-1,0,-2
zeta = multiindex(10,m1-1)
IF(m2+1 .LE. 12) g_hat = g_hat + coef_a*m3*SQRT(DBLE((12-m2)*(12+m2+1)))&
*c_hat(zeta,multiindex(12,m2+1) ,multiindex(13,m3))
IF(m3+1 .LE. 13) g_hat = g_hat - coef_a*m2*SQRT(DBLE((13-m3)*(13+m3+1)))&
*c_hat(zeta,multiindex(12,m2) ,multiindex(13,m3+1))
IF(10-2 .GE. mi1-1) THEN

coef_a = -coef_a*c_hat (oneone,zeta,multiindex(10-1,-m1))&
/c_hat (oneone,multiindex(10-2,m1-1) ,multiindex(10-1,-m1))
ELSE
coef_a = 0.d0
END IF
END DO

'Rescale Y11
g_hat = -ii*g_hat*SQRT(3.d40/2.d0)

ELSE IF(m2 .GE. ml1 .AND. m2 .GE. m3) THEN
!Sort the m’s
g_hat = -g_hat(12,m2,11,m1,13,m3)

ELSE IF(m3 .GE. ml1 .AND. m3 .GE. m2) THEN
!Sort the m’s
g_hat = -g_hat(13,m3,12,m2,11,m1)

ELSE
STOP ’ERROR Unexpected loop’

END IF

RETURN

END FUNCTION
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B.3 Fortran/Silo integration

Our three dimensional plots were made by writing data to the Silo format E] and visualizing
in Vislt E] The following code shows how one may write a single precision scalar field to a
10 x 10 x 10 3D mesh, although it is also possible to save vector and tensor information. The
code should be compiled using the ~1silo compiler flag, which requires the file silo.inc

to be in the library path.

PROGRAM silowriter
IMPLICIT NONE
INCLUDE °’SILO.INC’

INTEGER :: err,nx,ny,nz,dims(3),ndims,silofile,i,j

PARAMETER (nx = 10)
PARAMETER (ny = 10)
PARAMETER (nz = 10)
REAL*4 :: x(nx),y(ny),z(nz), sp_var(nx,ny,nz) !We write single precision to disk

REAL*8 :: dp_var(nx,ny,nz)

DATA dims/nx,ny,nz/

ndims = 3

!Set the mesh somehow

set_mesh(x,nx,y,ny,z,nz)

!Set the data somehow

set_data(dp_var,nx,ny,nz)

!Then convert to single precision

sp_var = REAL(dp_var)

!'Now create the Silo file

err = DBCREATE(’out.silo’,8,DB_CLOBBER,DB_LOCAL,DB_F77NULL,0,DB_PDB,silofile)

IF(err /= 0) STOP ’ERROR Could not create file’

err = DBPUTQM(silofile, "quadmesh",9,"x",1,"y",1,"2",1,x,y,2,dims,ndims,DB_FLOAT,&
DB_COLLINEAR,DB_F77NULL,ierr)

IF(err /= 0) STOP ’ERROR Could not write mesh’

err = DBPUTQV1(silofile,"var",3,"quadmesh",8,sp_var,dims,ndims,DB_F77NULL,0,DB_FLOAT,&
DB_NODECENT,DB_F77NULL, ierr)

IF(err /= 0) STOP ’ERROR Could not write sp_var’

err = DBCLOSE(silofile)

END PROGRAM

! Available from http://wci.llnl.gov/codes/silo
2 Available from http://visit.lInl.gov
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B.4 Mathematica Lane-Emden solver

This Mathematica script calculates numerical solutions to the Lane-Emden equation with
index n (5.1.20). The quantity start defines how close to zero the solver begins (typically
the value of h) as the numerical integrator cannot handle the removable singularity at the
origin. stop defines the maximum value of ( to integrate out to (typically 2¢ 4 3). It starts
by series expanding 6 and finding the coefficients near the origin, then inserts back into the

ODE which it then numerically integrates.

LESolver([n_, start_, stop_] := Modulel[
{degree = 6, expansion, series, unknowns, expression, coefflist, coeffsolvel},
series = 1 + Sum[Subscriptla, i] \[Zeta]l"i, {i, 2, degree, 2}] + 0[\[Zetal]l (degree + 1);
unknowns = Table[Subscriptla, i], {i, 2, degree, 2}];
expression = Expand[(1/\[Zetal "2 D[\[Zeta]l "2 D[\[Theta] [\[Zetal]l, \[Zetal]l, \
\[Zetal] + \[Thetal [\[Zetall"n) /. {
\ [Theta] [\ [Zeta]] -> series,
\ [Theta] >’ [\[Zetal] -> D[series, \[Zetall,
\[Thetal’’ [\[Zetal]l -> DI[series, \[Zetal, \[Zetall
11;
coefflist = CoefficientList[Normal [expression], \[Zetal]l;
coeffsolve = Solve[Thread[coefflist == 0], unknowns] // First;
expansion = {Normal[series], D[Normal[series], \[Zetall} /.
coeffsolve /. \[Zeta] -> start;
Return[\ [Theta] [\[Zetal] /. NDSolvel[{

SetPrecision[
1/\[Zeta] “2 D[\[Zetal "2 D[\ [Thetal [\[Zetal]l, \[Zetall, \[Zetall \
+ \[Theta] [\[Zetal]]l]"n == O,

24],

\[Theta] [start] == expansion[[1]],
\[Theta] ’ [start] == expansion[[2]]
1,
\[Thetal [\ [Zetal],
{\[Zeta], start, stop},
AccuracyGoal -> 24, PrecisionGoal -> 12
1 // First
1;
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