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Abstract

Direct Numerical Simulations of an igniting non-premixed flame are analysed in order to assess the
accuracy of the gradient diffusion model for the conditional turbulent flux term in the CMC equa-
tion. This term may become important in realistic combustion situations involving stabilisation,
ignition and extinction. The results show that the edge flame probably cannot be treated with
first-order CMC and that its structure involves a balance between chemistry, molecular mixing,
and spatial transport. The usual gradient diffusion approximation for the conditional turbulent
flux seems to be adequate for high turbulence intensity relative to the laminar burning velocity of
a stoichiometric mixture, but there is strong counter-gradient transport at weak turbulence. An
analysis of the major terms in the conditional scalar flux equation shows that the pressure fluctu-

ation is mainly respounsible for the counter-gradient transport.
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1 Introduction

The Conditional Moment Closure is one of the most advanced turbulent combustion models [1].
It aims to solve transport equations for the conditionally-averaged mass fractions and temperature
defined as Qa(n,z,t)=(pYa(z,t)|&(2,t)=n)/py and Qr(n,z,t)={(pT(z,t)|{(x,t)=n)/py, where a
denotes a species, T' the temperature, £ is the mixture fraction, 7 is the sample space variable for
the conserved scalar, (-|{=n) denotes ensemble averaging subject to the condition that {&=n; in short
Qa=(Ya|n). py is the conditionally-averaged density (p|{ = 7). The symbol (-) denotes in this paper
unconditional average. A double-prime denotes a Favre fluctuation about the conditional average
@, while a single prime an unconditional fluctuation. The governing equation for the conditional
average species mass fraction is [1]

0Qa 0Qq 0?Qq 1 0

o =t o + (NI 558+ plival) = s (Y lmaP(on) (1)

]5(77) is the density-weighted probability density function of &, p is the mean density, w is the

reaction rate, and N is (half) the scalar dissipation. A similar equation is available for the enthalpy
(or temperature) with added terms due to radiation and pressure work [2]. Equation (1) is a 5-
dimensional partial differential equation and therefore its solution is a formidable task. However,
often the spatial dependence of @) is weak or the flow allows a volume integration to be performed
to reduce the dimensionality of the problem [1]. Hence, CMC has been used extensively for non-
premixed jet flames [3, 4] with a cross-stream average formulation, resulting in a parabolic equation
where the last term in the r.h.s. of Eq. (1) is absent.

CMC is currently being used for problems of increasing complexity. In many technological
applications, it is common to encounter flames that involve significant variations of the conditional
averages, for example in regions of ignition and stabilization, and this requires accurate models for

the conditional mean velocity and turbulent flux. The latter term is usually modelled as [1]

(ui Y"|n) = =Dy~ (2)

where D; is an eddy diffusivity. Lifted flames [5, 6], autoignition of gas jets and sprays [2, 7, 8],

bluff-body non-premixed flames [9], and fires [10] have been examined using the model of Eq. (2).



In some of these, it has been found that the turbulent flux term is important for the overall success
of the prediction. For example, a balance of terms in the CMC equation in the stabilisation region
of a lifted flame [5, 6] shows that this term contributes significantly and hence it was concluded
that it is important to examine its modelling. A similar conclusion was reached after exploring the
results from two-dimensional solutions of Eq. (1) in an autoigniting spray [2], which showed that
CMC could possibly be used for all the phases of diesel engine combustion (autoignition, premixed,
non-premixed), as long as the spatial transport terms are captured correctly.

Motivated by these trends and suggestions concerning these CMC sub-models, in this paper, we
examine Direct Numerical Simulations of a turbulent non-premixed flame with a propagating edge,
a situation of practical interest in terms of spark-ignition of gas turbine flames and of autoignition
in diesel engines. The simulations are designed to produce spatial gradients of the conditional
averages and the results are analyzed in terms of Eq. (1) and aim, in particular, to examine the
validity of Eq. (2). The transport equation for the conditional turbulent flux is also used to assist

in the interpretation of the results.

2 Formulation

2.1 Direct Numerical Simulations

An inert mixing layer of partially premixed fuel and air is allowed to interact with homogeneous
isotropic decaying turbulence at time ¢ = 0. The simulations have been carried out using a three-
dimensional fully compressible DNS code, SENGA[11, 12]. A single-step irreversible reaction is
considered with an Arrhenius expression and the stoichiometry of methane (£5; = 0.055). The
conservation equations of mass, momentum, energy and mass fractions of fuel and oxidiser are
solved in dimensionless form. The specific heats for all species are assumed equal and independent
of temperature, Fick’s law was used, and the Lewis numbers of all the species were unity. All first
and second order derivatives are evaluated using a 10**-order central difference scheme, with the
order of differentiation gradually dropping to second order one-sided finite difference near the non-
periodic boundaries. The boundaries in the direction of inhomogeneity (z-direction) are taken to be

partially non-reflecting using the NSCBC technique. The transverse directions (y and z) are taken



to be periodic. Time advancement is carried out using a third order Runge-Kutta scheme. The
initial turbulent velocity field is generated according to the Batchelor-Townsend spectrum and gives
a characteristic velocity scale of v’ and a lengthscale L;. For all simulations, the grid spacing was
smaller than the Kolmogorov length scale and about 10 grid points were placed within the thermal
thickness of a stoichiometric unstrained laminar premixed flame § = (Thy — Ty)/maz | VT |,
where 7,4 is the adiabatic flame temperature of the stiochiometric mixture, 7, is the unburned gas
temperature, and 7' is the dimensional temperature. The domain is a cube of length L (L/L; =~ 6)
and all the simulations have been carried out on a grid of 1283 points with equal spacing in
all directions. The non-dimensional temperature T used here is given by (T —Tw)](Tea — T)-
All lengths are non-dimensionalised by L and velocities by the laminar burning velocities of the
stoichiometric mixture Sy, [11, 12].

The spark was modelled as a thin cylinder spanning the domain in the z direction in order to
form averages over the z direction. A power source in the energy equation lasting ¢,, was used,
with ts, = 0.20/S% to ensure ignition, where « is the thermal diffusivity. The source term followed
a Gaussian distribution around the spark centre with an 1/e thickness of 1.56. For the spark
duration, energy, and size used here, it was possible to have successful self-sustained combustion in
quiescent homogeneous stoichiometric fuel-air mixture. Spark ignition implementation is discussed
in detail in Ref. [13]. The initial mixture fraction distribution in the inhomogeneous direction is
described by an error function and the fuel and oxidiser mass fractions follow inert mixing given by
Yr = Yroo, Yo = Yooo(1 — €) where the fuel mass fraction in pure fuel Ypo = 1 and the oxygen
mass fraction in pure air Yoo, = 0.233. To improve resolution across the flame zone, the maximum
mixture fraction was 0.1. The spark centre was at y = 0.5 and at the z where £ = &;. Two
simulations were run for weak (u'/Sr, = 4) and strong turbulence (u'/Sr = 12) lasting at least 1.5
L/4'. For both simulations L;Sy,/a = 3.4, and the flame Mach number Ma = S, /ay = 0.014159
where ag is the accoustic speed at the reference conditions. In the present study p,/py = 4 for the

stoichiometric mixture, where p, and p, are the burned and unburned gas densities respectively.



2.2 CMC equations

A transport equation for the conditional turbulent flux for a reacting scalar Y can be derived
from the decomposition method and the derivation confirmed from the PDF method [1]. Start-
ing from the transport equations for u; and Y, equations for py,(u;|n), py(Y'|n), py(u;Y|n), and
pn{uiln)(Y|n) are derived. These are then used to give the transport equation for p,(ufY"|n). The

resulting equation becomes:
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reaction

with sj; = (Ouj /0z; + Ouj /Ox;) and Sc = pu/(pD). There are two additional terms that have been
neglected under a high Reynolds number assumption given by e; = (uaaTi % (a(“"" ) Y”|n) and
ey = (pDa%.% ( (gnm ) "|n). The physical interpretation of the various terms in Eq. (3) is as
follows. The first and second terms on the 1.h.s. signify unsteady accumulation and advection. The
first term in the r.h.s. denotes turbulent transport of (uY"|n) and the following two terms signify
transport of conditional flux due to conditional mean velocity and scalar gradients. The remainder
of the r.h.s. contains contributions due to the mean and fluctuating pressures, molecular diffusion,
chemistry, and the correlations between the velocity and scalar and the scalar dissipation N. It is
instructive to compare Eq. (3) with the more familiar unconditional scalar flux (pu,Y”) transport
equation (e.g. [14, 15]). That equation contains terms of similar nature and structure, but lacks

the n-space derivatives that are present in Eq. (3). The magnitude of the various terms in the

conditional scalar flux equation has been measured from the DNS data and is presented later.



3 Results and Discussion

3.1 Flow patterns

Assuming that the mixture fraction obeys a gradient diffusion process, an effective diffusivity
D, has been calculated from the evolution of the (p€) profile in the z-direction (averaging being
performed over y — z planes) by measuring (pv’¢’) and dividing by —98(p€)/0z. This always gave a
positive number that changed very little in time and space. In a calculation, this eddy diffusivity
would be used in Eq. (2) and hence we can now test the gradient diffusion model. Some details on
the flame patterns examined are given next.

Figure 1 shows that the thin spark cylinder creates a broadly cylindrical flame that expands
in the z and y directions and gets distorted by the turbulence. High temperature zones at fuel
rich (€ > &) and lean (¢ < &) locations in Fig. 1b correspond to rich and lean premixed flames
respectively whereas the high temperature zone on the &;; isosurface originates due to a diffusion
flame. More details on flame structure can be found elsewhere [13]. The flame expands in the
y-direction along the &, iso-surface, while it expands in the z-direction across mixture fraction
contours.

Figure 2a and 2b show the measured unconditional turbulent flux and the one estimated from
the gradient diffusion hypothesis. The data are for u'/S = 4. It is clear that some evidence of
counter-gradient diffusion is visible at a few locations. This is not the case for u'/Sp = 12, where
(pv'T") and —D;0{pT) /0y always have the same sign (not shown). The fact that counter-gradient
diffusion is evident at weak turbulence but not at high u'/S, has been thoroughly analyzed in the
context of premixed flames (e.g. [16]) and the present data suggest that the same mechanisms may

also apply in the context of partially-premixed and edge flames.

3.2 CMC equation analysis

In this Section, we present conditional averages and the balance of terms in the CMC equation.
To improve statistical convergence, the following procedure has been used. First, the conditional
averages of a scalar ¢ using data along a z line are used to get a first estimate of the conditional
average, (¢|n)1(z,y), which is a function of z and y. Usually, there isn’t enough data to populate

all n space. Then, a cross-stream average is calculated by [1]



J{lm (2, y) P(n, z, y)dx
[ P(n,z,y)dx

The resulting cross-stream averaged CMC equation, for example for the conditional mass fraction,

{Blm(y) = (4)

has a dependence in space only in the y-direction:

BQ BQ aQQ . 1 0 "y 1 D
5 = _<”|’7>a_y + <N|n)8—nz + py{|n) — B % ((v Y In)pP(n)) (5)

The conditionally-averaged temperature is shown in Fig. 3a. It is evident that the thickness of
the flame brush in the y-direction (i.e. the main direction of propagation of the edge flame) is not
small (of the order of L;) and that it increases with time from the spark. It is also evident that the
flame edge at the high turbulence case propagates slower than the flame at the lower u'/Sy,. This
is consistent with the finding from laminar triple flames that high strain rates decrease the flame
propagation speed and can also make it negative relative to the local flow speed (i.e. a retreating
front) [13, 17]. The pressure increases at the centre of the spark as a result of the sudden increase
in temperature. The pressure decreases from the hot region in the centre of the domain, with the
pressure gradient becoming smaller with time (Fig. 3b). The pressure gradient in 7 space in the
present case is found to be negligible compared to the pressure gradient in physical space.

The situation studied here is statistically unsteady and hence the sum of terms in the r.h.s. of
Eq. (5) is not zero. Figure 4 shows the distribution of these terms in the y-direction for n = &, for
the fuel mass fraction. The lack of complete symmetry around y = 0.5 is due to the limited sample
size. The role of the turbulent flux term differs between the low and high turbulence cases. For
u'/Sr, = 4 the turbulent flux acts to move fuel from the burnt side of the flame to the unburned
side, against its mean gradient. In the higher turbulence case, Figs. 5b,d, the reverse is true and
the turbulent flux is seen to increase the fuel concentration within the burned region. In all cases
the molecular mixing counteracts the chemical consumption of fuel. Its magnitude, relative to the
chemistry term, increases with the turbulence level and with time. In the high turbulence case,
the profile of the reaction, molecular mixing, and turbulent flux terms through the edge flame is
qualitatively the same as that found in the leading edge of a lifted jet flame [6]. Since the only

mean flow is that induced by the expansion of the kernel, the convection term is relatively weak



and it is noted that it opposes the turbulent flux term in every case.

It is interesting to assess the accuracy of the first-order CMC model for this problem because
most elliptic CMC calculations have been performed to this level. Figure 4 also contains the
distribution of the reaction rate evaluated at the mean conditional species mass fractions and
temperature. It is evident that the first-order closure gives a large error in the reaction rate
compared to p,(w|n), particularly in the flame fronts where the conditional temperature fluctuations
are high, with the normalized variance (T"? | n = &) /(Taq(1 — T,aq)) = 0.6 (not shown here). This
discrepancy suggests that second-order closure or double-conditioning may be necessary for this
problem [18-20].

It is evident that a complex spatial structure emerges in turbulent non-premixed edge flame
propagation. In order to successfully capture these phenomena, the conditional velocity and con-
ditional flux terms must be adequately modelled, in addition to the mean reaction rate. Various
models for (u;|n) have already been tested [21] and hence we focus here on an evaluation of the

usual conditional turbulent flux model of Eq. (2).

3.3 Conditional fluxes

Figure 5a,b shows a comparison between (v""T"|n) and the gradient model —Dyd(T'|n)/dy for
n = &s as a function of y, and Figs. 5c,d show the same terms in y = 0.5 as a function of 1. It
is evident that the low turbulence case shows evidence of counter-gradient diffusion at early times
and at some 7. In contrast, the gradient diffusion model is adequate for the high turbulence case for
all mixture fractions. We conclude that the usual model in Eq. (2) is adequate for high turbulence
flames. Note that the present observation that u'/S;, = 4 shows counter-gradient diffusion, but
u'/SL, = 12 does not, is quantitatively consistent with the premixed flame data of Ref. [16] that
give the same behaviour at u//Sy = 3.6, but a gradient flux at «//Sy = 8.8. We may conjecture
that the turbulent edge non-premixed flame propagation involves qualitatively similar dependencies
of the fluxes to the better-known fully premixed flames.

The major terms in the conditional flux equation, Eq. (3), are shown in Fig. 6 for the temper-
ature. The terms not shown are consistently very small. The terms that remain are the mean and

fluctuating pressure terms ( —(T"|n)d(p|n) /0y and —((T"dp" /dy)|n) respectively), the conditional



temperature gradient (—(v"v"|n)0(T|n)/dy), and the chemistry-velocity correlation ((w"u;"|n)).
The way these plots have been made, together with the conditional mean temperature profile in
Fig. 3, imply that a negative (positive) contribution in the region 9(T'|n)/dy > 0 and a positive
(negative) contribution in 9(T'|n)/dy < 0 suggest gradient (counter-gradient) transport. Only the
y-dependence in i = & is shown, however the main qualitative features are the same in all 7.

An examination of Fig. 6 shows that, in general, the fluctuating pressure term is usually the
largest. In both high and low '/ Sy, cases, the temperature gradient contribution promotes gradient
transport. The pressure fluctuation contributions act predominantly in a counter-gradient way in
the flame fronts, however it can promote gradient diffusion in the burned gas. In the high turbulence
case the mean pressure term acts predominantly in the direction of gradient transport, whereas in
the low turbulence case it promotes counter-gradient transport, especially in the reaction fronts.
The chemistry term is counter-gradient in the low turbulence case and it is gradient in nature for
the high turbulence case, but for both it is important only in the reaction front. Figure 5 shows
that the degree of counter-gradient transport in the low turbulence case decreases with time. This
is because in these simulations, the spark energy initially increases the temperature above the
adiabatic flame temperature, which enhances the effects of heat release and thereby enhances the
counter-gradient transport. Indeed Fig. 3 shows that in the simulations where the maximum (7T'|n)
is high, counter-gradient transport is strongly promoted. In general, the reasons for the presence
of counter-gradient diffusion in Fig. 5 revealed by Fig. 6 are similar to those in fully premixed
flames [14, 22]. In Ref. [14], the parameter 7.5, /u’ was used qualitatively to distinguish between
counter-gradient (7S /u’ > 1) and gradient (751 /u’ < 1) transport, where 7 is equal to p,/pp — 1.
In the low turbulence flame 757 /v’ is nominally 0.75, but in reality it is higher because the spark
energy increases the burning velocity and u' decays at the flame front. This parameter is much
smaller than unity in the high turbulence case. Hence the present non-premixed edge flame data
are qualitatively consistent with the expectations from premixed flames.

We conclude that modelling the propagation of turbulent non-premixed edge flames must involve
a more sophisticated model than that in Eq. 2, if the model is to be valid for a wide range of u'/Sy,.
However, for realistic combustors where u'/Sy, is expected to be high, for example 10, the current

CMC modelling approach may be an acceptable approximation.
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4 Conclusions

Direct Numerical Simulations of an igniting non-premixed flame are analysed to assess the ac-
curacy of the gradient diffusion model for the conditional turbulent flux term in the CMC equation.
The results show that the first-order model for the conditionally-averaged reaction rate is not ac-
curate at the edge flame, indicating that more advanced closures may be required. The edge flame
structure involves a balance between chemistry, molecular mixing, and spatial transport, which
implies that modelling the conditional convection and diffusion are important for capturing flame
establishment following ignition, e.g. in diesel engines or gas turbines. The usual gradient diffusion
approximation for the conditional turbulent flux seems to be adequate for high turbulence intensity
relative to the laminar burning velocity of a stoichiometric mixture, but there is strong counter-
gradient diffusion at weak turbulence. An analysis of the major terms in the conditional scalar flux

equation shows that the pressure fluctuation is mainly responsible for counter-gradient transport.
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(a) t = 0.0525ts, (b) t = 2.1t

Figure 1: The stoichiometric iso-surface (blue) and the iso-surface of T'= 0.5 (red) for u'/Sy, = 4.
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Figure 2: Contours of unconditional flux in the y-direction and of the usual gradient model at
t = 2.1t and for u'/St = 4.
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Figure 6: The spatial distribution of the various source terms in the CMC conditional flux equation
for n = €u. (a): v'/Sp = 4,t = 2.1t5; (b): «'/SL = 12, = 1.05tsp; (c): u'/SL = 4,1 = 4.725t4y;
(d): w'/SL = 12,t = 3.15t,.
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