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Abstract
The scalar mixing time scale, a key quantity in many turbulent combustion models, is inves-
tigated for reactive scalars in premixed combustion. Direct numerical simulations of three-
dimensional, turbulent Bunsen flames with reduced methane-air chemistry have been analyzed
in the thin reaction zones regime. Previous conclusions from single step chemistry studies are
confirmed regarding the role of dilatation and turbulence-chemistry interactions on the progress
variable dissipation rate. Compared to the progress variable, the mixing rates of intermedi-
ate species can be several times greater. The variation of species mixing rates are explained
with reference to the structure of one-dimensional flamelets. According to this analysis, mix-
ing rates are governed by the strong gradients which are imposed by flamelet structures at high
Damköhler numbers. This suggests a modeling approach to estimate the mixing rate of indi-
vidual species which can be applied, for example, in transported probability density function
simulations. Flame turbulence interactions which modify the flamelet based representation are
analyzed.

Introduction
Predictive models for turbulent premixed and partially premixed combustors are of increas-

ing practical interest. The trend towards more dilute combustion in gas turbines, reciprocating
engines and other burners limit the scope for high Damköhler number approaches. Advanced
turbulent reactive flow models which may be necessary for practical applications typically re-
quire turbulent mixing frequencies or dissipation rates. In the transported probability density
function (PDF) approach [1, 2], for example, the chemical reaction rate appears in closed form
and closure must be achieved by modeling the molecular mixing processes.

The scalar dissipation rate for species mass fraction Yi and its turbulent mixing time scale
τ−1

i are given in Eq. 1 and Eq. 2,

ρ̄ǫ̃i = ρDi∇Y ′′

i .∇Y ′′

i (1)

τ−1

i = ǫ̃i/Ỹ
′′

i Y
′′

i , (2)

ρ is density, D is molecular diffusivity, and Y′′i is the fluctuation about the Favre averageỸi.
At high Reynolds number, the rate of scalar variance decay isstrongly dependent on the large
scales of the turbulence [3]. In addition, species gradients are affected by reaction and diffusion
processes. Where reaction-diffusion generated species gradients persist at high Reynolds num-
ber, such as in the flamelet combustion regime, a range of mixing frequencies may be expected



among the different species. More generally, mixing modelsusing a single turbulence parame-
ter are unable to capture effects of preferential diffusionor dependence on the length scales of
the scalar fields [4, 5]. Despite the possibility of differing mixing rates, PDF mixing models
commonly assume all scalars mix at the same rate [6, 7].

The customary closure of the scalar dissipation time scale is to scale it with the integral
turbulent timescale,

τ−1

i =
Cφ

2

ǫ

k
=

Cφ

2
τ−1

t , (3)

whereǫ is the dissipation rate of turbulent kinetic energyk [8] and Cφ is an empirical constant.
Closures for the scalar dissipation rate also have been derived based on its transport equation, by
Zeman and Lumley [9], Jones and Musonge [10], and Mantel and Borghi [11], among others.

The transport equation for the Favre averaged dissipation rate presented by Swaminathan
and Bray [12] is written below for speciesi, Eq. 4.
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In this equation u is velocity;ω is the chemical production rate; j and k are spatial coordinate
indices such that Y′′i,k indicates∂Y′′

i /∂xk. ejk is the stress tensor [8]. Note that this equation
approximates fluctuations of gradients by gradients of the fluctuating quantity,(Y,k)

′′ = (Y ′′),k.
This is inexact in variable density flow. The final term,O(Di), which arises due to transport
of species diffusivities, is neglected in the subsequent analysis. These simplifications do not
lead to significant imbalance of Eq. 4 in the flames consideredin this paper. The left hand
side terms represent the temporal and convective changes ofρ̄ǫ̃, its transport, and its dissipation
due to molecular diffusion, respectively. Swaminathan andBray consider the dissipation rate of
a premixed flame’s progress variable and conducted an order of magnitude analysis of Eq.4’s
terms using scaling based on laminar flame quantities [12]. This analysis suggests that the
dissipation term, dilatation effects T2, turbulence-scalar interaction T32, and reaction T4 will
show first order scaling with Damköhler number, Dac = (SL.lt)/(δL.u′). SL andδL are the laminar
flame speed and thickness, lt and u’ are the integral turbulent length scale and root mean square
velocity fluctuations. This implies that the remaining terms will become less important during
turbulent combustion in the flamelet regime. In the absence of reaction, scalar gradients are
controlled predominantly by a balance of the dissipation term and the enhancement of scalar
gradients by compressive strain, T32. The flamelet based order of magnitude analysis results in
similar Da scalings for the minor flame species with the caveat that the Damköhler numbers can
differ vastly among species. The species time scale ratio Dai/Dac=(ωi/Yi)/(ωc/c) is presented
in Table 1. Dai/Dac was evaluated in an 800K, 1atm,φ=0.7, strained, planar laminar premixed
flame computing the numerator and denominator at the locations of maximum reaction rates
ωi andωc. The tangential strain rate at used was 1.5τ−1

f , where the characteristic flame time
τf=δL/SL. These conditions are representative of the flames studied later in this paper.



Table 1. Lewis numbers and Damköhler number ratios for selected species.

Species O2 CO OH H2 H
Lei 1.08 1.07 0.70 0.29 0.17

Dai/DaO2 1.0 2.7 21 82 510

In constant density flows T3 represents the increase of scalar gradients, and hence dissipa-
tion rate, by compressive strain aligned with the scalar gradient. The modeling of this term
presented by Borghi and coworkers [11, 13], neglecting the other terms of Eq. 4 results in an
algebraic model similar to Eq. 3. For premixed turbulent combustion in the flamelet regime
thermal expansion in the flame can modify the strain field suchthat T3 dissipates gradients of
progress variable [12, 14–17]. The relative magnitude of the dilatation effect increases with
both the density ratio across the flame and the Damköhler number [15, 16].

By considering the reaction-diffusion balance in premixedflame propagation, Mantel and
Borghi [11] showed that the reaction term T4 cancels with part of T3 corresponding to dissipa-
tion in the direction normal to the flame. The remaining portion ofT3 is associated with flame
curvature. Borghi and coworkers [11, 13] provide modeling for the flame curvature which intro-
duces a dependence of Cφ on u’/SL. Other studies [18–20] have indicated that a scaling based
on the ratio the Kolmogorov velocity to flame propagation speed better represents the effects
of turbulent flame curvature. Assuming that all species profiles in the flame exhibit the same
characteristic radius of curvature, Mantel and Borghi’s argument maintains that mixing of ev-
ery high Da species would have the same dependence on flame propagation. This assumption
needs to be examined for real flames subject to curvature where preferential diffusion acts to
focus species concentrations [21] or in the thin/broken reaction zone regimes in which turbulent
eddies penetrate and perturb the reaction-diffusion layers.

Swaminathan and Bray [12] find that T2 provides a source term for the progress variable
dissipation rate which is dependent on the dilatation through the flame [22]. The role played by
term T2 for intermediate species, whose concentrations do not varylinearly with temperature
does not appear to have been studied.

Models designed to account for the different dissipation rates among species have been con-
sidered in the context of non-premixed combustion. Chen andChang [21] account for differen-
tial diffusion, effectively adjusting species mixing rates according to their individual diffusion
rates in a hypothetical one-dimensional mixing layer. Thisapproach has some success in dif-
fusion flames, but may be limited by its neglect of the effectsof reaction on mixing. Cha and
Trouillet [23] use the mapping closure for non-premixed combustion (neglecting preferential
diffusion) to relate species mixing frequencies to that of mixture fraction. Use of the map-
ping closure works because, by computing a flamelet solutionin the mapping variable space,
gradients of mixture fraction can be transformed into gradients of the reactive scalars. While
mapping the one-dimensional flame solution onto mixture fraction is promising, extensions of
the mapping closure for premixed combustion, or for differential diffusion, do not appear to be
available.

The present work considers the scalar mixing time-scales occurring in premixed methane-
air combustion and how they might be modeled for use in transported PDF calculations. Three-
dimensional, reduced chemistry DNS data for turbulent premixed Bunsen flames in the thin
reaction zones regime [24, 25] have been analyzed to assess previous findings regarding the
progress variable dissipation rate which were based on two-dimensional turbulence or single
step chemistry. In this work the mixing rates of intermediate species are also analyzed, leading



to a model which relates their dissipation rate to that of theprogress variable.

Configuration
Three-dimensional turbulent, premixed Bunsen flames A and C[26] have been analyzed in

this study. The configuration simulated by Sankaran et al. [26, 27] comprises a planar jet of
unburned methane and air at 800K, 1atm and equivalence ratioφ=0.7 issuing into a coflowing
atmosphere composed of the products from adiabatic combustion of theφ=0.7, 800K mixture.
The elevated temperature approximates that seen in some engine applications, meanwhile it is
sufficiently low that flameless combustion does not occur. The piloted jet configuration permits
high levels of mean shear while ensuring the flame can not blowoff. At these conditions the
unstrained planar laminar flame speed, SL is 1.8m−1, and thermal thickness,δL=0.3mm, give a
flame time scaleτf=0.17ms. Flame specific parameters are given in Table 2.

Table 2. Simulation parameters. The Karlovitz, Ka=(α/SLηk)2, and Damköhler numbers shown
were evaluated at x/Lx=0.25

Slot width Jet velocity Coflow velocity Domain size Lx,Ly,Lz Ka Da
Case A H=1.2mm uj=60ms−1 15ms−1 12H×12H×3H 2.3 0.23
Case C H=1.8mm uj=100ms−1 25ms−1 13H×12H×3H 5.2 0.15

Chemical reaction was modeled using a mechanism reduced from the detailed GRI-1.2
scheme [28]. Details of the reduction methodology and validation of the reduced mechanism
can be found in Ref. [27]. The molecular viscosity is temperature dependent [29] and constant
Lewis number transport [30] is employed. A selection of the Lewis numbers used are included
in Table 1.

The composition at the inlet plane was specified with reference to a premixed laminar flame
solution using a progress variable look-up table. An hyperbolic tangent function was used to
obtain a smooth variation of progress variable between the jet and the coflow. A turbulent veloc-
ity field was synthesized by specifying the length scale (2H), magnitude of velocity fluctuations
(uj /3) and spectral energy density [31]. The resultant velocity field was added to the mean in-
flow velocity profile of the jet, but not the coflow, and used as the velocity inflow boundary
condition based on Taylor’s hypothesis.

Navier-Stokes characteristic boundary conditions [32] were used to prescribe the boundary
conditions. The boundary conditions were periodic in the spanwise direction (z), non-reflecting
inflow and outflow in the streamwise direction (x), and non-reflecting outflow in the transverse
direction (y). Further references regarding the numericalimplementation are given in Refs.
[26, 27].

Based on the mean jet velocity and the domain height, all three cases have a jet flow through
time of 0.24ms. Only data from after the first flow through timehave been analyzed to enable
artifacts from the initial condition to gracefully exit thedomain. Where averages have been
reported, they are evaluated using 61 equally spaced time instants over the course of one flow
through time and by integrating over the homogeneousz-direction.

Scalar mixing characteristics
The characteristics of flames A and C have been presented previously [26, 27]. The progress

variable used in the subsequent analysis, with c=0 in the reactants and c=1 in the products, varies
linearly with YO2

so thatτ−1

c =τ−1

O2
. In summary, wrinkling and flame-flame interactions increase



from flame A to flame C. Occurrences of flame pinch-off become significant beyond x/Lx=0.5,
as seen for case C in Fig. 1. The majority of the flame area is convex towards the products,
with cusps orientated towards the reactants. This is contrary to Huygens-type self-propagation,
providing evidence that flame topology is strongly influenced by turbulent straining. The sim-
ulation Karlovitz numbers, Table 2, and previous analyses [26, 27] indicate that flame C is
characterized by the thin reaction zones regime [24, 25], inwhich turbulent eddies penetrate
the flame’s preheat layer but are too large to disrupt the reaction zone. Case A shows weaker
thickening of the preheat layer and appears to be closer to the corrugated flamelet regime [27].
Figure 1 shows the Favre averaged progress variable field. The mechanical turbulent mixing
frequencyτ−1

t and the progress variable mixing frequencyτ−1

c are compared at three axial lo-
cations through flame C in Fig. 1. As discussed above, assumption of proportionality between
momentum and species mixing rates is generally inaccurate in turbulent premixed combustion.
The strong discrepancy that arises towards the edges of the jet, where progress variable and
velocity variances become small, may be of limited practical relevance.
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Figure 1. Instantaneous iso-surface of the progress variable (c=0.65) representing the flame
surface (left), 2D x-y contours of̃c with the c̃=0.65 iso-line drawn in black, c=1 (red) in the
coflow and c=0 (blue) at the jet nozzle (center), and cross-stream profiles of the progress vari-
ableτ−1

c (solid lines) and mechanicalτ−1

t (dashed) mixing frequencies at three axial positions
x/Lx=0.25, 0.5, 0.75 (right). Data are for flame C.

The ratio of mixing frequenciesτ−1

CO, τ−1

H2
, τ−1

H and τ−1

OH to τ−1

O2
are plotted in Fig. 2 for

flame C. The cross stream variation is shown at three axial locations. Except for OH the ratios
differ markedly from unity, exceeding ten in the case of H2. The most diffusive species H and
H2 exhibit the greatest mixing rates, however Lewis number does not appear to be the only
consideration since the ratios vary considerably through the flame with the less diffusive H2
mixing faster than H in many regions.

The processes governing the reactive scalar dissipation rates may be investigated with ref-
erence to the balance of Eq. 4. The terms contributing to the rate of change of the O2, OH, CO
and H scalar dissipation rates are plotted in Fig. 3 for flame C. While the absolute magnitudes
differ, the resulting balance for flame A is extremely similar and is not shown. The imbalance
of Eq. 4, which is due to limited statistical convergence andapproximations in the derivation,
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is small compared to the dominant terms and is not shown.
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Figure 3. Balance of the scalar dissipation rate Eq. 4 for O2, OH, CO, and H. Data are plotted
at x/Lx=0.5 for flame C.

In accordance with the order of magnitude analysis of Swaminathan and Bray [12], the
dominant processes governing theO2 dissipation rate are the dilatation T2, turbulence-scalar
interaction T32 and reaction T4 source terms balancing the dissipation of scalar gradients. The
fact that T32 acts as a source of YO2

gradients indicates that at these conditions, the Damköhler
number and flame density ratio are sufficiently small that turbulent straining overrides thermal
expansion effects [16]. The dilatation term T2 and reaction term T4 have a similar magni-
tude, approximately half that of T32. While validation or development of the existing models
[13, 15, 16, 33] is still required for realistic multi-species chemistry, molecular transport and
shear generated turbulence extending into the thin reaction zones regime, it appears that they
do represent the dominant physics. The remainder of this study focuses on the dissipation rate
of other species which do not vary monotonically with progress variable, and for which the



existing models are not necessarily applicable.
In contrast with the progress variable dissipation rate, the dissipation rate for intermediate

species OH, CO and H is governed by a predominant balance between the reaction term T4 and
the dissipation of scalar gradients. The so-called dilatation term T2 appears to be negligible
for these species which are weakly correlated with the density. The scalar-turbulence interac-
tion term T32 acts to generate scalar gradients, as it did for the progressvariable, however its
importance is reduced significantly. The dominance of the dissipation-reaction terms results
from the intrinsic reaction-diffusion balance present in the structure of premixed flames. The
species Damköhler numbers (Table 1) measure the relative chemical time scales, such that the
importance of T32 is reduced most for the most reactive, highest Damköhler number species, H
atom.

Model development
The conclusion that intermediate species dissipation rates are controlled by the reaction-

diffusion balance in premixed flame structures suggests that flamelet based models for the in-
termediate species dissipation rates could be used under appropriate conditions. Assuming that
the progress variable mixing frequency can be modeled satisfactorily we propose a model that
relates it to the mixing frequency for some other reactive scalar i. Using 〈· | ζ〉 to indicate
averages conditional on the sample space progress variableζ = c, and neglecting fluctuations
about the conditionally averaged densityρζ [34], the ratio of mixing frequencies is given by,
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Ỹ ′′
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If the model is to be used in computations with transported scalar PDFs the scalar variances̃c′′2,

Ỹ ′′

i
2, the progress variable PDFP (ζ), andρζ are available without further modeling. Closure for

the conditional dissipation rate is achieved by expressingthe diffusivities and scalar gradients
as functions of progress variable,

ǫc | ζ ≈ ǫ∗c(ζ) = Dc(ζ)|∇c(ζ)|2

ǫi | ζ ≈ ǫ∗i (ζ) = Di(ζ)|∇Yi(ζ)|
2.

(6)

Di(ζ),Dc(ζ),∇c(ζ) and∇Yi(ζ) are then obtained from laminar premixed flame solutions. The
asterisk is used to denote estimates based directly on the laminar flame structure. Integrating
over progress variable space provides initial estimates for the Favre average dissipation rates
ǫ̃∗i , ǫ̃

∗

c and mixing frequenciesτ ∗−1

i , τ ∗−1

c . The scalar gradients used up to this point are exactly
those obtained from the laminar flame, although it is known that the gradients in the turbulent
flame are subject to turbulence-scalar interactions as discussed in the previous section.

Having obtainedτ−1

c , from either an appropriate algebraic model [12–14, 16] or from solu-
tion of a transport equation, the final modeling proposal forthe minor species mixing frequen-
cies is,

τ−1

i ≈
τ ∗−1

i

τ ∗−1
c

τ−1

c . (7)

Implicit in Eq. 7 are neglect of any intermediate species gradient components which are not
aligned with the directionxn of the progress variable gradient. Equation 8 indicates that neglect-
ing the possibility that the angleα betweenxn and∇Yi may be finite results in a systematic
underestimate of|∇Yi|. Scalar alignment characteristics are discussed below.

|∇Yi| =
1

| cosα|

∣∣∣∣
∂Yi/∂xn

∂c/∂xn

∣∣∣∣ |∇c|. (8)



Additionally it has been assumed in Eq. 7 that any turbulent stretching of the conditional
progress variable results in a proportionate change to the intermediate species gradients.

The premises of this modeling approach have been tested using the current DNS data. The
laminar flame gradients required have been obtained from strained reactant-versus-product [35]
laminar flame calculations with tangential strain rates at=0.05τ−1

f , 1.5τ−1

f and 3.0τ−1

f . The latter
strain rates correspond to the mean strain rate conditionedon ζ=0.65 in flames A and C, Table
2. The fluctuations of strain rate in these flames are, however, many times greater than the mean
values.
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Figure 4. Conditionally averaged flame normal gradient of (a) O2, (b) OH, (c) CO and (d) H,
plotted at x/Lx=0.5 for flames A and C. Laminar flame values are shown for atτf=0.05, 1.5, 3.0.

A comparison of the conditional flame normal gradients,〈∇Yi.∇YO2/|∇YO2| | ζ〉 evalu-
ated from the DNS data, with the gradients observed in strained laminar flames is given in Fig.
4. The O2 flame gradients for both A and C show turbulent flame thickening compared to the
laminar solutions. Meanwhile the effect of applying the mean strain rates from flames A and C
to the laminar flame is to significantly steepen the O2 gradients. Conversely, strain reduces the
magnitude of gradients of intermediate species with peaks within the flame, acting in the same
sense as the turbulent flame thickening. The shape of the gradient profiles is best captured by the
least strained laminar solution. However, the magnitude ofthe gradients is not predicted accu-
rately. This indicates that direct use ofǫ∗, found by integrating Eq. 6 over P(ζ) is unlikely to be
accurate since it does not account for the turbulent stretching and thickening in the flame. Figure
5 shows that the ratio of conditional flame normal gradients,〈∇Yi.∇YO2/∇YO2.∇YO2 | ζ〉, is
modeled by the laminar flame profiles better than the individual Yi and c gradients. This ob-
servation supports the assumption that turbulence-flame interactions modify both the progress
variable gradient and the minor species gradients approximately in proportion to one another.
Again, the atτf=0.05 flame provides the best agreement.

The conditionally averaged alignment〈cos(αi) | ζ〉 between progress variable and the OH,
CO, H and H2 gradients is presented in Fig. 6, a magnitude of unity indicates perfect alignment.
Each of these quantities peaks in the reaction zone leading to a reversal of the flame alignment.
Statistically, the alignment is poor in the preheat layer, where eddies are thought to perturb the
flame structure. Focusing of preferentially diffusing species in regions of flame curvature also
contribute to the imperfect alignment. The associated gradients parallel to the flame, however
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Figure 5. Conditionally averaged flame normal gradient ratios,〈∇Yi.∇c/|∇c| | ζ〉, shown for
(a) OH, (b) CO, (c) H and (d) H2, plotted for x/Lx=0.5. Laminar flame values are shown for
atτf=0.05, 1.5 and 3.0.

are typically much smaller than the peak magnitude of the flame normal gradients for any given
species (not shown).
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Figure 6. Left: Conditional scalar-progress variable alignment〈cos(αi) | ζ〉 for OH, CO, H
and H2 in flames A (thin red lines) and C (thick black lines). Right: Ratios of the conditional
dissipation of H and O2 for flames A and C, and their approximation considering only the flame
normal gradients. Data for x/Lx=0.5

The neglect of gradient components normal to the progress variable gradient results in the
following approximation for the ratio of conditional dissipation rates,

〈ǫi | ζ〉

〈ǫc | ζ〉
=

Lei
Lec

〈∇Yi.∇Yi | ζ〉

〈∇c.∇c | ζ〉
≈

Lei
Lec

〈(∇Yi.∇c/|∇c|)2 | ζ〉

〈∇c.∇c | ζ〉
. (9)

This ratio and its approximation are plotted in Fig 6 for H only, although similarly good agree-
ment is found for other species. The poor alignment, for example in the preheat layer, does
not appear to result in a large difference between the exact and approximate evaluations of the
ratio of conditional dissipation rates. The reason may be that occurrences of poor alignment are
associated with very low gradients of either progress variable or the other scalar such that they
contribute little to the average.

Predictions for the ratios of scalar mixing rates given by Eqs. 5-7 evaluated with the
atτf=0.05 laminar flame solution are compared to the measured values in Fig. 7. The model pre-



dicts the shape of the time scale ratio variation correctly at every position shown. At upstream
positions the intermediate species mixing rates are greatly over predicted, while excellent agree-
ment is achieved further downstream at x/Lx=0.75 where the center line Damköhler number in
flame C is 0.47.
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Figure 7. Intermediate species-progress variable time scale ratiosshowingτ−1

CO, τ−1

H2
, τ−1

H , and
τ−1

OH divided byτ−1

O2
, comparing predictions of Eqs. 5-7 (lines) with DNS measurements (sym-

bols). The variation in the cross stream direction is shown for flame C at (a) x/Lx=0.25, (b)
x/Lx=0.5 , (c) x/Lx=0.75.

The over-prediction of the intermediate species mixing rates is associated with the high
tangential strain (lower Damköhler number) region close to the nozzle. Increased tangential
strain has the effect of decreasing the ratio ofǫ∗i /ǫ

∗

c , Fig. 4, suggesting that use of a more
highly strained laminar flamelet would improve predictionsin this region. In the low Damköhler
number limit passive scalar mixing is recovered and the usual assumption that all species mix
at the same rateτi/τc = 1 becomes more acceptable. This suggests the use of Damköhler
number as an indicator of when the present modeling is valid or when alternative models should
be selected. Modeling of scalar mixing rates in the distributed combustion regime is an area
requiring further attention.

Conclusions
The processes governing the progress variable dissipationrate have been analyzed using

three-dimensional turbulent Bunsen flame data with reducedmethane-air chemistry. The dis-
sipation rate is controlled by a balance between molecular dissipation and gradient generation
due to flame propagation, dilatation and compression of scalar gradients by turbulent strain.
This confirms previous findings from two-dimensional and simple chemistry analyses.

The mixing rates of intermediate species which do not vary monotonically with progress
variable were up to a factor of ten greater than those of progress variable. They are not well
modeled by existing models for mixing rates of either the progress variable or of passive scalars.
Effects of the so-called dilatation term appear to be negligible for the intermediates. The ef-
fect of turbulent straining is also of reduced importance, becoming negligible for the highest
Damköhler number species, H atom. Instead, a reaction-dissipation balance dominates the in-
termediate scalar gradients, driven by the premixed flame structure.

A new model for the ratio of intermediate species and progress variable mixing rates is pre-
sented. The model employs the species gradients obtained from laminar flames to estimate the
relative magnitude of the species dissipation rates in the turbulent flame. The implied align-
ment of the species and progress variable provides a good approximation since scalar gradients
parallel to the flame make only small contributions to the dissipation rate. The use of laminar
flame data also provides a good approximation for the relative magnitude of the species gradi-



ents, even in the thin reaction zones regime. The result is accurate prediction of the variation of
intermediate-progress variable mixing frequency ratios across the flame.
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