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UNIVERSITY OF SOUTHAMPTON

ABSTRACT

FACULTY OF PHYSICAL AND APPLIED SCIENCES

SCHOOL OF ELECTRONICS AND COMPUTER SCIENCE

Doctor of Philosophy

Modified transmission and fluorescence in aperiodic

and biomimetic photonic crystals

by Michael E. Pollard

Complete photonic bandgaps (PBGs) are more readily achieved in highly-symmetric photonic
crystals (PhCs). Aperiodic crystals (quasicrystals) with arbitrarily high orientational order are
promising candidates to lower the dielectric contrast necessary to open PBGs. This thesis in-
vestigates the connection between the structural and optical properties of four PhC lattices by
studying the effects on transmission and fluorescence spectra. In order of increasing structural
isotropy these lattices are: hexagonal, Archimedean-like, Stampfli, and a biomimetic ‘sunflower’.
High structural isotropy is associated with weaker diffraction. The sunflower’s Fourier spectrum
is defined by a dense ring of weak reciprocal lattice vectors. Its local morphology, which is
everywhere unique, continuously transforms between localised 4- or 6-fold symmetry. All other
crystals are spatially uniform with pure point spectra. Although structurally similar to the
Archimedean, the Stampfli improves isotropy without sacrificing diffraction efficiency.

TM gaps of high-contrast (∆ε = 8.61) rod-type PhCs are shown to be nearly independent of
the lattice geometry by FDTD simulations. The primary gaps are sensitive to random rod
sizes, which disrupts the coherent coupling between the individual rod resonances. Transmission
spectra for TE polarisation or hole-type PhCs are more dependent on Bragg reflection due to
weak or non-existent Mie resonances. In small samples, the TM gap is typically wider in less
isotropic crystals. Much larger samples demonstrate the importance of structural isotropy and
long-range interactions in low ∆ε PhCs. The sunflower’s 21% TM gap is, to date, the widest
TM PBG reported for ∆ε = 1. The Stampfli also supports a TE gap in the same range as
its 14% TM gap, thus yielding a 4.6% absolute PBG. Further band diagram calculations on
an ‘approximant’ of the sunflower reveal the presence of intrinsic dipolar and monopolar defect
states.

Microwave characterisation of rod-type samples (∆ε = 8.61) showed complete TM PBGs (>
60dB) with gap ratios ranging from 37.28% (hexagonal) to 25.85% (sunflower). Low-contrast
samples (∆ε = 1.6) showed complete TM PBGs (> 30dB) with gap ratios rising from 10.37%
(hexagonal) to an ambiguous value of either 10.48% or 20.95% for the sunflower due to the
unusual spiral structuring of the transmission spectra. The Stampfli also supports a complete
TE gap (> 10dB) that coincides with its 14.19% TM gap for a 3.55% absolute gap that, to
the author’s knowledge, represents the first conclusive demonstration of an absolute PBG for
∆ε = 1.6. A larger sunflower sample was shown to have an extremely large experimental
(simulated) TM gap of 33.33% (23.16%), erroneously broadened by the non-parallel rods.

A new approach to enhance the efficiency of upconversion pumping in RE-doped media is pro-
posed based on PBG suppression of emission from intermediate levels. Preliminary results indi-
cate that visible emission from hexagonal and sunflower PhC slabs in 0.2 wt% Er:GLSO pumped
at 808nm is enhanced by up to 1.6x at 550nm, or up to 4.5x at 525nm. Subsequent analysis
appears to rule out suppression of IR emission, and suggests modified thermal properties as the
cause.
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Chapter 1

Introduction

The laws governing classical electromagnetism - Maxwell’s equations - rank as one of the

most influential scientific achievements of all time. Without this knowledge, we would

not have world-changing technologies such as television, mobile phones, and the optical

fibres powering the internet. All of these rely on our ability to generate, control, and

detect electromagnetic fields. It stands to reason that further disruptive technologies

could be developed if we can find novel ways to manipulate light. Many research groups

around the world are actively pursuing this goal, typically by creating composite materi-

als with entirely different optical properties. Even today, fundamentally new behaviour

is being discovered that remains consistent with Maxwell’s original theory, such as a

negative refractive index and sub-diffraction-limited imaging.

1.1 Taking control of light

Two of the continuing trends in photonics are the drive towards dense integration of

optical components to create mass-producible multi-functional devices, and the devel-

opment of materials for optical signal processing. The conventional method of guiding

light in integrated optics makes use of high index contrast waveguides to provide strong

confinement of the field. The drawbacks of this approach include Fresnel reflection and

mode mismatch at external interfaces, exacerbated scattering from structural inhomoge-

nieties, greater susceptibility to nonlinear effects, limited bend curvature, and minimal

options for tailoring waveguide dispersion. Most methods currently used to process

optical signals exploit the dispersive and nonlinear properties of materials such as sili-

con, lithium niobate, and the chalcogenides. Although these properties can be modified

by poling the material (LiNbO3) or altering its composition, we can radically change

their behaviour by structuring the material on a sub-wavelength scale. A particularly

important class of structured materials are photonic crystals.

1



2 Chapter 1: Introduction

Photonic crystals (PhCs) are materials with a periodically modulated refractive index

in one or more directions. The period is typically about half the desired operating wave-

length in the material.1 These crystals can possess nonlinear dispersion and photonic

bandgaps (PBGs) which, in analogy with the electronic properties of semiconductor

crystals, forbid the propagation of light in any direction within a certain spectral range.

In the one-dimensional case, PhCs have long been known as dielectric mirrors. In two

and three dimensions they are a relatively recent phenomenon, popularised by the inde-

pendent works of Yablonovitch [1] and John [2].

Photonic bandgaps have the potential to solve many of the issues surrounding optical

waveguides. In theory, light can be guided losslessly along line defects in otherwise per-

fect cystals, with bends up to 90◦. Light can even be guided in a core with a lower

effective index than the cladding, which is impossible in conventional dielectric waveg-

uides. This is exemplified by air-core PhC fibres that can deliver high-power beams

without Fresnel reflections or nonlinear distortion. The compatibility of integrated op-

tics with standard optical fibres would be improved by using planar lightwave circuits

(PLCs) based on PBGs in low index-contrast structures. Furthermore, the mode mis-

match between the fibre and PLC can be minimised by locally modifying the structure

at the coupling interface. PhCs also offer advances in processsing optical signals. For

example, we can make add-drop filters from resonant cavities combined with linear

waveguides, or optical multiplexers from ‘super-prisms’ with extraordinarily large angu-

lar dispersion. These dispersive properties can also generate an extremely high group

index and therefore slow light down to a fraction of the vacuum phase velocity. Slow

light enables much stronger light-matter interaction and significant enhancement of the

intrinsic material nonlinearities used for optical signal processing. However, perhaps

the most disruptive potential application of PhCs is to control spontaneous emission in

light-emitting materials, i.e. the application originally envisaged for PhCs more than 20

years ago [1].

PhCs initially offered huge promise, with some in the field predicting the advent of optical

computers. However, they have yet to fully deliver. The most commercially advanced

devices are highly efficient LEDs patterned with PhCs, and the aforementioned PhC

fibres. Real-world progress in integrated optics has been much slower. One of the biggest

issues facing PhCs in PLCs is the lack of wide absolute PBGs in low index materials.

High-index semiconductors are typically used as demonstrators for PLCs, but suffer from

even higher scattering losses than conventional waveguides; losses that are particularly

sensitive to non-vertical sidewall angles and surface roughness. So far, PhCs have also

had a limited impact on signal processing. Although slow light promises reductions in

either scale or power for nonlinear optical devices, it cannot solve the fundamental issue

that, unlike electrons, photons do not strongly interact with each other.

1At long wavelengths, PhCs may be classed as metamaterials, which derive their macroscopic per-
mittivity and permeability from artificial sub-wavelength structures.
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Solid-state electronic circuits use semiconductor materials that are largely fixed by what

Nature provides. The struggle to develop their optical equivalents using PhCs can be

somewhat attributed to the enormous parameter space. For example, deciding what

lattice geometry, basis, or materials are best for a given application. This parameter

space needs to be explored in order to determine what structures are particularly suitable

for PhC-based devices.

1.2 Forbidden crystals

Up until the 1984 discovery of a metallic phase with long-range order, it was assumed

that translational symmetry was a necessary condition for crystallinity [3]. All crystals

were therefore limited to rotational symmetries of n = 2, 3, 4, or 6. The observation of

an axis of forbidden 5-fold symmetry in Dan Shechtman’s stable metal alloy prompted

debate over the exact definition of a crystal, eventually forcing the International Union

of Crystallography to redefine a crystal as “any solid possessing an essentially discrete

diffraction diagram” [4]. Crystals are now classed as periodic if they possess transla-

tional symmetry, or aperiodic if they do not. The latter are commonly referred to as

quasicrystals.

Since PhCs are artificially engineered, we are free to use any lattice geometry we wish.

The search for ‘optimised’ PhCs has led some to adopt highly-symmetric quasicrystals in

a bid to achieve more isotropic effective Brillouin zones and band frequencies. The im-

plied benefit is that PBGs in photonic quasicrystals (PhQCs) are also isotropic, making

it possible to obtain complete PBGs in much lower index contrast structures.

The fields of higher-dimensional PhCs and quasicrystals are relatively new, dating back

only as far as the 1980s. One of the earliest demonstrations of stopbands in a 2D PhQC

was for an octagonal quasicrystal in 1998 [5]. This proof that PBGs can be achieved in

quasicrystals without discrete translational symmetry means that the structural possi-

bilities of PhCs are essentially infinite. There is therefore a need to characterise PhQCs

with successively higher orders of rotational symmetry and determine the structural

features responsible for useful optical properties.

1.3 Nature leads the way

Scientists first became aware of PhCs when Lord Rayleigh published his description of

1D crystals in 1887 [6]. However, these periodic microstructures have existed in Nature

for millions of years. A wealth of natural objects and biological organisms have evolved

optically functional microstructures for a variety of reasons. Many of these are direct

equivalents of man-made PhCs.
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For example, natural opals consist of silica nanospheres arranged in a face-centred-cubic

(FCC) lattice. It is well-known that an FCC lattice of dielectric spheres does not have

a complete PBG for all directions [7]. Furthermore, natural opals are not perfect single

crystals, but are arranged in randomly sized domains. As a result, PBGs appear for

different angles and wavelengths so that different colours are reflected as the opal is

rotated, thus leading to its colourful irridescence. A widely studied example of PhCs

in biological organisms are the lamellar ‘Christmas tree’-like structures on the surface

of many species of butterfly; a commonly cited example are the morpho butterflies [8].

These structures behave like dielectric mirrors (1D PhCs). More recently, Galusha et al.

[9] showed that the exoskeleton of one species of beetle (lamprocyphus augustus) con-

tained a diamond-like lattice, often considered to be optimal for periodic 3D PhCs. Even

natural ‘photonic crystal fibres’ have been discovered in the setae of polychaete worms,

although the absence of central defects suggests that the purpose of these structures is

for visibility rather than longitudinal waveguiding [8]. But not all natural structures are

PhCs. The most notable exceptions are the anti-reflection surfaces of moth-eyes and

moth-wings currently being investigated for applications in solar cells and photodiodes

[10]. In both cases, the anti-reflection properties are derived from the graded effective

index of the deeply sub-wavelength structures.

Figure 1.1: A field of sunflowers under the Tuscan sun

The field of optical biomimetics aims to copy the optical functionality found in Nature

for our own purposes. Natural PhCs are typically limited by both their tendency to

approximate periodic lattices and their low refractive index contrast. Chitin, the main

component of microstructures in most biological organisms, has a refractive index of

just 1.57. However, man-made variants can replicate these structures in a wide range

of high-index or active materials. Natural designs that have no optical functionality at

all can also prove helpful in the search for new photonic materials. In this work, we
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analyse a structure based on Fibonacci phyllotaxis, which is neatly demonstrated by the

arrangement of seeds in the head of a sunflower (helianthus annuus).2 The structure

is strikingly similar to that of many species of diatoms (e.g. coscinodiscus wailesii),

although the purpose of their optical functionality remains unknown [11].

1.4 Motivation and organisation

The aim of this thesis is to investigate the structural and optical properties of photonic

quasicrystals, with emphasis on a biomimetic design mimicking the appearance of a

sunflower. In particular, we aim to explore the properties of quasicrystals that are critical

to the formation of PBGs, determine what low-index contrast structures can support

PBGs, and uncover new potential applications exploiting the isotropic properties of these

lattice geometries.

This thesis is divided into two literature reviews and four chapters of original results.

Chapter 2 introduces the reader to the theoretical background of photonic crystals and

describes the real-space structure of all four lattices studied. Chapter 3 reviews recent

progress in the fabrication and applications of 2D and 3D photonic crystals and qua-

sicrystals. Chapter 4 provides an in-depth analysis of the Fourier space properties of

each lattice and the predicted effect on their optical properties. Chapter 5 compares the

optical properties of all four lattices using FDTD and PWE simulations and determines

their sensitivity to structural and material changes. Chapter 6 presents the experimental

microwave transmission spectra of each lattice for both alumina (ε = 9.61) and PMMA

(ε = 1.67) rods. Chapter 7 presents preliminary demonstrations of enhanced upcon-

version emission in rare-earth doped chalcogenide PhCs. Chapter 8 summarises the

results of this thesis and provides suggestions for further work. Finally, the Addendum

describes the substantial body of work required to develop the rare-earth doped glass

used in Chapter 7.

2Phyllotaxis literally translates as ‘leaf’ (phyllo-) ‘arrangement’ (taxis). However, it is also used to
describe the seed growth mechanism.





Chapter 2

Photonic crystal theory and

lattice definitions

In this chapter, we describe the theoretical background of photonic crystals (PhCs) and

analyse the real-space structure of the four lattices studied in the chapters that follow.

Particular attention is paid to the physical mechanisms and structural properties that

affect the formation of the photonic bandgap (PBG). This fundamental property of

PhCs is introduced in one, two, and three dimensions, starting from an analogy with

their electronic counterparts. The important features distinguishing real-world 2D PhC

slabs from infinitely tall 2D crystals are highlighted. Aperiodic PhCs, also known as

photonic quasicrystals (PhQCs), have been investigated as a means to enable wider

PBGs in low index media, and more isotropic gap frequencies at all index contrasts [12].

Methods of creating these quasicrystals and the theoretical complications they present

are discussed.

Detailed descriptions are given for the structure of all four PhC lattices. These include

a pattern mimicking the appearance of a sunflower’s inflorescence that is the focus of

this work and which, unsurprisingly, we refer to as ‘the sunflower’. The three alternative

crystals are a hexagonal lattice with 6-fold rotational symmetry, an Archimedean-like

lattice with locally 12-fold symmetry, and a Stampfli-inflated lattice with true 12-fold

orientational order. The chapter concludes with a primer on the use of Fourier analysis

to examine the properties of crystals in reciprocal space.

2.1 Wave propagation in periodic media

Photonic crystals are structured media with a periodic modulation of the permittivity

in one or more directions. The propagation of electromagnetic waves through a PhC

is largely analogous to the motion of electrons in a crystalline solid. In solid-state

7
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physics, the allowed energies of an electron in a potential function V (r) correspond to the

eigenvalues of the scalar time-independent Schrödinger equation, where the Hamiltonian

operator acts on the wavefunction Ψ(r). A formally analogous eigenvalue equation can be

constructed for the vectorial Maxwell’s equations. Combining Faraday’s and Ampere’s

laws we have,

∇× 1

ε(r)
∇×H(r) =

(ω
c

)2
H(r) (2.1)

where the eigenvalues are given by
(
ω
c

)2
, and we assume time-harmonic modes of the

form

H(r, t) = H(r)eiωt (2.2)

It should be noted that equation (2.1) makes no assumptions regarding the nature of

the permittivity distribution ε(r). An infinite number of variations are possible but for

now we restrict ourselves to a material with discrete translational symmetry along x̂, i.e.

a 1D periodic dielectric material. In this case, a primitive lattice vector a = ax̂ may be

defined such that ε(x) = ε(x +ma) for any integer m. The resulting optical properties

of even this extremely simple structure can be quite extraordinary.

2.1.1 Brillouin zones and Bloch states

In 1928, Felix Bloch proved that electrons in a perfect atomic lattice are not scattered

by the periodic potential of the ionic nuclei. The eigenstates Ψk(r) of Schrödinger’s

equation can be expressed as the product of a spatially periodic function Un(k, r) and

a plane wave eik·r. This surprising result also showed that the energy eigenvalues are

periodic in reciprocal space, and therefore eigenstates with wavevectors differing only

by a reciprocal lattice vector G = 2π/a must be degenerate. Consequently, the range

of unique solutions in k is restricted to a subset known as the first Brillouin zone (BZ),

which is defined as the Wigner-Seitz cell in reciprocal space.1 Further reductions are

possible by exploiting the symmetry of the BZ itself.

Applying these results to an electromagnetic wave propagating in our periodic medium

ε(x), the eigenstates of equation (2.1) are of the Bloch form,

Hn,k(x) = eik·xUn(k,x) (2.3)

1A Wigner-Seitz cell is the subspace bounded by planes bisecting the primitive lattice vectors. The
concept applies to both the real and reciprocal space lattices.
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If the function Un(k,x) shares the periodicity of the lattice, solutions with k = k +mG

are again redundant, and for this simple one-dimensional case we find that the BZ has

a range of −π/a < kx 6 π/a. By introducing time-reversal symmetry, the irreducible

BZ ranges from 0 to π/a [13].

Solving (2.1), with Bloch states described by (2.3) for all k in the irreducible Brillouin

zone, gives the associated frequencies ωn(k). A plot of ωn(k) is commonly referred to

as a dispersion relation in the parlance of classical optics, while solid-state physicists

generally prefer the term E − k diagram. The dispersion relation completely describes

the band structure of the photonic crystal, with bands indexed by n in order of increasing

frequency.

2.1.2 The photonic bandgap

As Lord Rayleigh observed, any 1D periodic structure with ε1 6= ε2 has a photonic

band gap, i.e. a range of frequencies where the propagation of light with a wavevector

component normal to the dielectric stack is forbidden [6]. To explain the existence of this

gap consider a homogeneous medium such as air (ε1 = 1) with an artificially imposed

period, a. The dispersion curve for this medium is simply the ‘light line’ ω = ck, but

due to the artificial periodicity we may define the first BZ from −π/a to π/a. Knowing

that all wavevectors outside this domain may be reached by adding integer multiples of

G = 2π/a we are free to translate (‘fold’) solutions for |k| > π/a back into the BZ, as

shown in Fig. 2.1.

Figure removed for
copyright reasons

See the print edition for the original
figure, or slide 22 of reference 14 for
the source material it is adapted from

Figure 2.1: The first Brillouin zone and irreducible BZ (highlighted) for a 1D system
with an artificial period, a. Solutions for ω(|k| > π/a) are translated by in-
teger multiples of the primitive reciprocal lattice vector G = 2π/a. Adapted
from Johnson [14].
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After translation, it is clear that the mode at −π/a is equivalent to the mode at π/a.

This degeneracy only holds true while the periodicity is artificial. For a truly periodic

1D system (ε2 = ε1+∆ε) with ∆ε 6= 0 the degeneracy breaks down and a bandgap opens

up, at either k = 0 or |k| = π/a. The mode profiles at the edges of the bandgap are

standing waves with two possible field distributions; one concentrates its field in the high-

ε material, and the other in the low-ε material, as shown in Fig. 2.2. Since the energy

of a mode is minimised in regions of high permittivity, the high-ε mode corresponds to

the lower frequency band edge, and the low-ε mode to the higher frequency band edge.

For this reason, the upper and lower bands are often referred to as the air and dielectric

band respectively, and are analagous to the valence and conduction band in solid-state

electronics. To produce scale-independent values, the band structure is usually plotted

in normalised frequency units of ωa/2πc, or equivalently a/λ, where a is the lattice

period. The width of the PBG between the air and dielectric bands is quantified by the

gap ratio ∆ω/ωc, where ∆ω is the difference between the lowest frequency of the air

band and the highest frequency of the dielectric band and ωc is the mid-gap frequency.

This metric is independent of the frequency range of interest and is generally preferred

to the absolute gap width.

Figure removed for
copyright reasons

See the print edition for the original
figure, or slide 25 of reference 14 for
the source material it is adapted from

Figure 2.2: Standing waves at the edges of the bandgap where ε2 = ε1+∆ε. The cos(x ·
π/a) solution corresponds to the low-frequency mode in ε2, and the sin(x ·
π/a) solution to the high-frequency mode in ε1. Adapted from Johnson
[14].

The photonic density of states (DOS) within the PBG is zero and therefore no optical

modes exist. Instead, the complex-valued wavevector becomes completely imaginary,

forcing external radiation incident on the crystal’s surface to undergo exponential decay.

A 1D PhC is essentially a perfect dielectric (Bragg) mirror at normal incidence. If

defects are introduced into the perfectly periodic lattice, allowed states are created

within the bandgap that support localised modes, which decay evanescently into the

surrounding structure. These defects may take the form of a missing layer, or a layer

with different thickness or material properties. If a defect is buried inside an otherwise

perfect infinite lattice, light with frequencies within the bandgap of the crystal cannot

escape and becomes trapped. In the ideal, lossless case, this is indefinitely. The strong

light localisation suggests the possibility of extremely high-Q resonant cavities, and

waveguiding by linear defects in higher dimensional crystals.
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2.1.3 Photonic bandgaps in higher dimensions

The extension to two dimensions is natural, though not entirely trivial. For normal inci-

dence propagation in a 1D PhC the polarisation states are degenerate. In 2D, assuming

the PhC is defined in the xy-plane and extends infinitely along ẑ, there are two distinct

polarisations to consider. The transverse-magnetic (TM) polarisation has E ⊥ x, y,

while the transverse-electric (TE) polarisation has E ‖ x, y. The E-field is therefore

either parallel (TM) or perpendicular (TE) to the dielectric interfaces of the PhC.

It should also be noted that k now extends over all in-plane directions (k|| = a1x̂ +a2ŷ)

within the irreducible BZ. Consequently, a PBG for one value of k|| may not exist along

all other directions, thus resulting in partial (directional) gaps. A complete 2D PBG for

all in-plane wavevectors is only possible if the gaps along different directions overlap to

some extent. This generally imposes a minimum index contrast to ensure sufficiently

wide gaps [15]. However, since the position of the mid-gap frequency ωc depends on the

period of the lattice, this constraint may be relaxed by employing a lattice with a more

isotropic periodicity, i.e. with high rotational symmetry. Furthermore, PBGs can be

widened by choosing a unit cell with low point symmetry, which breaks the degeneracy

of modes at the high symmetry points of the lattice [16].

Γ
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Figure 2.3: A 2D square lattice of dielectric rods in air. The irreducible BZ (grey area)
and polarisation conventions are shown.

The square lattice of dielectric rods in air pictured in Fig. 2.3 is one of just five Bravais

lattices in 2D. Its corresponding band diagram, computed by the plane wave expansion

(PWE) method, is shown in Fig. 2.4a for an array of GaAs (ε = 11.4) rods. Although

complete PBGs exist for each polarisation, there are no overlapping frequencies and

therefore this lattice does not support an absolute PBG. On the other hand, Fig. 2.4b

shows that a hexagonal lattice of holes in a dielectric host does support a theoretically

absolute PBG, given a suitably large index contrast. This property partly explains why

the hexagonal lattice remains a popular choice in the literature.

Of course, there are many other structures possessing an absolute PBG. Some of these,

such as the graphite (honeycomb) lattice [13], may even maintain the absolute gap over
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a much wider range of lattice parameters. It is also possible to achieve wider absolute

gaps in PhCs consisting of anisotropic dielectrics, designed so that each polarisation

experiences a different index contrast [17].
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Figure 2.4: TM (blue lines) and TE (red lines) band structure for (a) a square lattice
of GaAs (ε = 11.4) rods in air where the period a = 1µm and the radius
r = 0.2a and (b) a hexagonal lattice of air holes in GaAs where a = 1µm
and r = 0.48a. Complete PBGs (red/blue shading) and absolute PBGs
(yellow shading) are shown.

Three-dimensional PhCs include both structures with true three-dimensional periodic-

ity, and the real-world 2D PhCs with finite thickness discussed in § 2.2. PhCs with

3D periodicity often take the form of one of the 14 three-dimensional Bravais lattices,

most commonly the face-centred cubic (FCC), which occurs in both man-made colloidal

crystals and naturally irridescent opals [18]. Unlike the infinitely extended 2D lattice,

the electromagnetic field components in 3D PhCs remain coupled and are not separable

into distinct TM and TE polarisation states. However, for incidence along a particular

direction it is often possible to elicit a different response for s and p polarisations [19].

A 3D structure with an absolute PBG represents somewhat of a ‘holy grail’ for PhCs.

Unfortunately, they are much harder to come by than their 2D or 1D counterparts as the

gap must prevail in all directions. The diamond lattice, which gives silicon its electronic

band structure, was also the first lattice found to have a theoretically complete 3D PBG

[7]. This discovery came in spite of earlier suggestions [1, 2] that the FCC lattice was

favoured for complete 3D PBGs; a reasonable choice since, of the 14 Bravais lattices, the

FCC’s BZ represents the closest approximation to a sphere, and therefore the greatest

potential for an omnidirectional gap.2

Although an FCC lattice of isolated dielectric spheres can only support a pseudogap [7],

the inverse structure of spherical voids does produce a complete PBG, albeit only 3.88%

2Note that the diamond lattice is not a Bravais lattice. It is usually described as two interpenetrating
FCC lattices, separated along the diagonal of the cubic cell by one quarter of the length of the diagonal.
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wide for a high-contrast silicon-air matrix.3 Indeed, despite the theoretical preference for

diamond lattices, the first experimental 3D PBG was confirmed at microwave frequencies

with an FCC arrangement of non-spherical holes; a metamaterial dubbed ‘Yablonovite’

[19]. The non-spherical shape of the holes lifts the degeneracy of modes at the high

symmetry points of the BZ and thus enables a complete PBG. Following this initial

proof of concept, absolute PBGs have been demonstrated in a variety of 3D structures

including inverse opals [18], layered 2D crystals [20], and the ever-popular face-centred

tetragonal (FCT) ‘woodpile’ lattice [21–26].

The terminology of PBGs in the literature can be highly variable. For clarity, this work

adheres to the gap definitions introduced above, which are summarised as follows:

• A partial PBG exists for a single polarisation along a certain direction.

• A complete PBG exists for a single polarisation along all directions.

• An absolute PBG exists for all polarisations and directions.

2.2 Photonic crystal slabs

All real-world 2D PhCs naturally have a finite thickness, which is typically comparable

to the lattice period. These 3D variants of the infinite 2D lattice are known as PhC

slabs. As with the infinitely tall lattice, we can create either isolated regions of a high

index dielectric in a low index host (rod-type slab), or low index regions in a high index

host (hole-type slab). The hole-type slab is far more common in the literature as it has

both optical and mechanical advantages over the rod-type slab.

The lack of periodicity in the third dimension necessitates that PhC slabs confine light

to the plane of the crystal by index guiding. This fundamental change from the infinite

lattice results in the appearance of the light cone in the band diagram, i.e. the set of

propagating modes above the light line. PBGs only exist for the discrete guided modes

of the dielectric slab, as seen in Fig. 2.5. These guided modes are labelled either TM-

like or TE-like depending on whether they are mostly polarised along the equivalent

directions of an infinite 2D PhC. Any PBGs are likewise labelled TM- or TE-like. It is

only at the midpoint of the PhC slab that the modes are clearly defined as 100% TM

or TE polarised, and then only if the PhC slab possesses mirror symmetry in ẑ about

this point. Breaking this mirror symmetry leads to mode-mixing and disrupts or even

completely destroys the PBG. It is therefore desirable to maintain mirror symmetry in

ẑ by either capping a supported PhC slab with the same material as the substrate, or

by creating the PhC in an unsupported membrane.

3A pseudogap is defined as a complete PBG existing for a single frequency and should not be confused
with the term partial bandgap, which indicates an incomplete PBG along one or more directions.
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Figure 2.5: TM-like (blue lines) and TE-like (red lines) band structure for a hexagonal
lattice of air holes in a slab of GaAs where a = 1 and r = 0.3a. The TE-like
bandgap (red shading) lies within the range of guided modes beneath the
light cone (grey shading).

The introduction of the light cone limits the range of frequencies where it is possible to

obtain a guided mode PBG. For an unsupported membrane with a cladding index n = 1

this corresponds to modes below the light line ω = ck. The presence of a high index

substrate lowers the frequencies of the light cone and restricts the range further still.

One of the main advantages of hole-slab structures is their connected material network,

which makes fabrication of suspended air membrane PhCs possible [27]. The hole-slab

design is also more robust than the rod-type structure, and amenable to fabrication by

a combination of e-beam lithography and reactive ion etching, or direct milling with a

focused ion beam (FIB). In both cases it is crucial to achieve vertical sidewalls within

the holes to minimise out-of-plane scattering losses. Tanaka et al. [28] showed that even

a sidewall angle of 1◦ can induce losses of 5dB/cm in linear defect waveguides.

Losses are also affected by the thickness of the PhC slab, with an optimal thickness that

depends on the slab type. If the slab is too thick, the gap can disappear entirely. Again,

the hole-type slab is preferable as it typically requires a thickness of approximately half

the lattice period, while the rod-type slab requires a thickness about twice the lattice

period [13]. A thinner slab of material results in faster deposition, less material costs,

but most importantly makes it easier to obtain the vertically etched walls necessary for

low losses.
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2.3 Photonic quasicrystals

Prior to the works of Shechtman et al. [3] it was assumed that discrete translational

symmetry was essential for crystallinity. Furthermore, the crystallographic restriction

theorem stated that all crystals were limited to rotational symmetries of order n = 2, 3, 4

or 6 [29]. These well-established principles became questioned when Shechtman et al. [3]

discovered ten-fold rotational symmetry in a stable Al-Mn alloy. As a result, the IUC4

redefined crystals as ‘any solid having an essentially discrete diffraction diagram’ [4].

Crystals are now divided into two categories: periodic crystals with discrete translational

symmetry, and aperiodic crystals, also known as quasicrystals [30], without.

2.3.1 Methods of generating quasicrystals

There are four commonly used methods of generating quasicrystals: matching rules,

substitution, cut-and-project from a higher dimensional space, and multigrids [31]. Many

quasicrystals, such as the Penrose tiling, can be generated by any one of these methods.

The biomimetic aperiodic crystal that is the basis of this work is unique in that it is

defined by a compact mathematical expression.

Matching rules are a conceptually simple construction method to understand. An infinite

tiling of the plane is created by a tessellation of two or more base prototiles that includes

restrictions on which edges are allowed to meet. The edges are typically illustrated with

matching ‘lock and key’ details, as shown in Fig. 2.6a for the kite-dart and rhombic

variations of the Penrose tiling.

Substitution tilings are generated by successive inflation of the base prototile by a con-

stant factor followed by dissection of the inflated tile by instances of the previous result.

This method can be used to generate both the Stampfli quasicrystal shown in Fig. 2.6b

and the pinwheel lattice introduced in § 3.6.1. In the case of the Stampfli quasicrystal

the inflation factor is 2 +
√

3.

Projection from a higher dimensional space, also referred to as cut-and-project, has been

used in several studies of photonic quasicrystals [33, 35, 36]. The method is applicable

to any nD quasicrystal, where n is the dimensionality. However, for n = 2 or more

it is necessary to project from spaces with n > 3, which makes the concept difficult

to visualise. It is therefore best illustrated by the 1D case shown in Fig. 2.6c. In

this example, the vertices of the 2D square lattice within a set distance (red lines) are

projected orthogonally onto a line making an irrational angle with the lattice axes. To

produce a truly infinite 1D quasicrystal this angle has to be the most irrational angle

possible; the golden angle, which is defined exactly as g = π(3−
√

5). The intersections

of the line and projected points describe a 1D Fibonacci quasicrystal with two set lengths

4International Union of Crystallography
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Figure 2.6: Methods of generating quasicrystals. (a) Prototiles of the kite-dart and
rhombic variations of the Penrose tiling with matching rules on the bound-
aries [32]. (b) The Stampfli substitution tiling based on a (fractured) do-
decagonal prototile. (c) A 1D Fibonacci quasicrystal (LSLSLL...) created
by projection from a higher dimensional space [33]. (d) The generalised
multigrid method, showing the original N -grid and the dual transformation
[34].

(L and S). For any angle other than g, the line will eventually pass through a point of

the square lattice, and the projection will yield an ‘approximant’ of the true quasicrystal.

Examples of 2D approximants are described in § 3.4.

The multigrid method is comparatively underused in photonics, even though it is capable

of generating quasicrystals with arbitrary orientational order [37, 38]. The basic method

is illustrated in Fig. 2.6d for the rhombic Penrose quasicrystal. A ‘multigrid’ is formed by

overlaying n sets of equidistant parallel lines, with the jth set rotated by (2πj)/n. Dual

transformation of the multigrid then produces a quasiperiodic tiling of parallelotopes,

where each vertex of the dual tiling corresponds to the centroid of the tiles of the

multigrid. The method can be generalised to include multigrid lines with aperiodic

spacing and a spatial offset (shift) relative to the origin.
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2.3.2 Theoretical complications

Unlike their periodic cousins, quasicrystals cannot be defined by integer combinations of

primitive lattice vectors. The absence of primitive vectors extends to reciprocal space,

thus precluding the definition of a Wigner-Seitz cell and making it technically impossible

for a photonic quasicrystal (PhQC) to possess a Brillouin zone. However, an analagous

region is often defined as the reciprocal subspace bounded by the bisectors of vectors

from the origin to the dominant Fourier components. This region is variably labeled in

the literature as either the effective Brillouin zone [36] or the pseudo-Jones zone [39, 40].

In this work, we adopt the former term.

Many theoretical treatments, such as plane wave expansion (PWE) [41], rely on period-

icity and the existence of the Brillouin zone. Clearly, these methods cannot be applied

directly to PhQCs. Instead, many groups adopt ‘brute force’, and numerically evaluate

the transmission and reflection spectra of the real space lattice using tools such as the

finite-difference time-domain (FDTD) method [42]. These methods have their own lim-

itations. In particular, they cannot directly yield the photonic band structure ωn(k),

which is an indispensable tool for predicting and explaining a crystal’s optical response.

A number of alternative methods can be used to determine ωn(k). For instance, using

FDTD coupled with periodic boundary conditions it is possible to extract the eigenfre-

quencies from the spectral peaks present in the impulse response. This method yields all

eigenfrequencies for a particular wavevector at once, but suffers from spurious (or absent)

modes and indeterminate bands. Other approaches include finite-difference frequency-

domain (FDFD) techniques such as the transfer matrix method (TMM), and a photonic

analog of the solid-state Korringa-Kohn-Rostoker (KKR) method [43]. Perhaps the most

appropriate alternative currently available is the extension of PWE to include all recipro-

cal lattice vectors associated with non-vanishing Fourier coefficients, which nevertheless

represent a minimal subset of the complete quasicrystal [44]. An even better method,

currently in development, is the solution of Maxwell’s equations in a higher-dimensional

superspace via a generalised version of Bloch’s theorem [45].

Despite these theoretical complications, PhQCs remain appealing because of their un-

restricted orders of rotational symmetry. If we consider a hole-type hexagonal PhC slab

with 6-fold rotational symmetry, we find that it supports an absolute PBG for a suitable

choice of material and hole diameter (Fig. 2.4b). The higher symmetry of the hexagonal

lattice, with respect to the 4-fold square lattice, helps maximise the overlap of partial

gaps and ensures a complete gap. If we can further increase the rotational symmetry

of the lattice the mid-gap frequencies will tend to align across all in-plane wavevectors,

and the minimum index contrast required to open a PBG may be dramatically reduced.

The arbitrarily high rotational symmetry of PhQCs offers a route to both isotropic gap
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frequencies, and wider gaps in low index contrast structures [12]. Isotropic gap frequen-

cies generally indicate extremely flat bands, which also makes PhQCs particularly useful

in slow light enhanced nonlinear optics.

Another distinguishing feature of PhQCs is the unique nature of individual lattice sites,

which provides an unlimited variety of point [46] and line defects. This allows engineers

the freedom to design defects with desired optical properties, but at the same time

makes it impossible to produce two absolutely identical defect modes [47]. In addition,

the isotropic bands of PhQCS mean it may be possible to realise high-Q defect modes

in relatively low index materials.

2.3.3 Calculating the band diagram of quasicrystals

For many years, plane wave expansion (PWE) has been the numerical method of choice

for calculating the band diagram of periodic PhCs. The method relies on discrete trans-

lational symmetry, which seemingly rules out application to PhQCs.

To some extent, this restriction can be lifted by tiling a complex unit cell on a 4- or 6-fold

parent lattice. This unit cell can be either a rational approximant (§ 3.4.1.1) or a section

of the actual quasiperiodic lattice (§ 3.5.2). The properties of the true quasicrystal are

increasingly recovered as larger and more complex unit cells are used. Several groups

have employed this method for calculating the band diagram of both 2D [12, 35] and 3D

[48] PhQCs. The Archimedean-like tilings described in § 3.5.1 represent a special class

of periodic lattices based on complex unit cells. Tiling these cells completely recovers

the original lattice and makes PWE calculations on such structures essentially exact,

albeit with significant band folding.

As with any numerical method, accuracy is directly related to how well the structure is

resolved. For periodic lattices analysed using PWE, it is common to use at least a 1000

plane waves to represent the unit cell. Generally, this amounts to a ‘grid’ of N ×N =

32× 32 = 1024 plane waves; a power of 2 (25 = 32) is chosen to ensure computationally

efficient DFTs. To maintain this resolution in a 5× 5 unit cell ‘supercell’, often used for

studying localised modes, the number of plane waves increases to (32× 5)× (32× 5) =

25600. Standard PWE methods use a direct matrix solution requiring O(N2) time in

2D and O(N3) in 3D. Fortunately, this can be reduced to ∼ O(N) time using iterative

eigensolvers [14].

In this work, the ‘supercell’ is the complex unit cell of the infinite quasicrystal. The

larger this cell is, the greater the computational burden. As an example, consider the

square lattice of dielectric rods in § 2.1.3 where a wide TM gap exists between band

0 and band 1, with bands indexed from zero. If we now increase the domain size to

N ×N = 5× 5 = 25 unit cells, the square Brillouin zone shrinks by N2 to have limits of

−π/Na < k < π/Na. This causes the resulting band diagram to exhibit band folding,
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i.e. bands that would normally exist outside the first Brilluoin zone become visible. The

TM bandgap, which previously appeared after the first band, now appears after the

25th band (5× 5× 1) making it necessary to solve for at least 26 bands in order to see

the PBG. The additional constraint that modes in subsequent bands remain orthogonal

to all modes below causes computation time to rise exponentially with the number of

bands.

For defect mode analysis, PWE has a distinct advantage over time-domain methods

in that the eigenfunctions and eigenfrequencies are determined simultaneously, rather

than requiring a separate steady-state simulation. It is therefore simple to view the

mode profiles, which can help identify the structural elements in the complex unit cell

responsible for particular defect states.5

2.4 Mechanisms of gap formation

2.4.1 Bragg diffraction and Mie resonances

The physical origin of PBGs is based on the complex interplay of two distinct mecha-

nisms: Bragg diffraction and Mie resonances [33, 36]. In real space, Bragg diffraction

occurs when the incident and reflected waves scattered from the lattice planes of a crystal

constructively interfere, leading to the formation of standing waves for perfectly in-phase

waves. The condition for this situation to arise is most elegantly expressed in reciprocal

space. For first-order diffraction, the incident wavevector, k, must satisfy

k ·G =
1

2
G2 (2.4)

where G is a reciprocal lattice vector. This expression is equivalent to stating that k

points to a plane bisecting G, i.e the wavevector points to the edge of the Brillouin zone.

An alternative expression, commonly used to estimate the mid-gap frequency, is

νc ≈
c

2
√
εea

(2.5)

where a is the period and εe is the effective permittivity defined in § 2.4.5. A PBG

centred on νc opens up as a result of the energy difference between the localisation of

the standing wave solutions. To a first-order approximation, the width of this PBG is

proportional to both the dielectric contrast and the magnitude of the strongest Fourier

5Note that all point defect states in a finite lattice are resonant, not localised, modes. While localised
modes are completely bound, resonant modes couple weakly to propagating modes via their evanescent
tails, and are therefore lossy. Of course, the loss rate can be made extremely low by surrounding the
defect with more PhC layers [13].
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coefficients in reciprocal space [12]. Higher order gaps are possible if the Fourier co-

efficients associated with high-k lattice vectors are large enough. One of the oft cited

benefits of PhQCs is their higher orientational order, which leads to isotropic mid-gap

frequencies. However, this comes at the expense of the magnitudes of the Fourier co-

efficients, which are inversely proportional to the number of reciprocal lattice vectors

defining the lattice [12]. It therefore follows that to maximise the PBG for a given dielec-

tric contrast there is a trade-off between increased orientational order and the strength

of the Fourier coefficients.

Mie resonances are strongly associated with the formation of PBGs in structures where

the electric field can efficiently localise within the dielectric material, i.e. TM polarisa-

tion in 2D rod-type PhCs, and isolated dielectric inclusions in 3D PhCs. The effects of

Mie resonances can be interpreted in two ways [49]. In the scattering regime, the scat-

tered radiation is out of phase with the incident wave thus inhibiting wave propagation

[36]. In the hopping regime, the coupled Mie resonances of individual rods support the

propagation of Bloch modes. As the frequency approaches the Mie resonance there is

a transition from the scattering to the hopping regime. Both the spectral position and

size of PBGs are correlated with the Mie resonance of the individual rods or spheres,

which can be tuned by adjusting either their radius or permittivity [50].

The overlap of Bragg and Mie resonances in PhCs of isolated resonators is generally

believed to produce maximised PBGs [36, 49], with the maximum width reached when

the Mie resonance frequency coincides with the lower edge of a gap associated with Bragg

scattering. Although TE Mie resonances exist in rod-type PhCs, their contribution to

the PBG is minimal since the higher-order Mie coefficients are non-zero at the resonant

frequency of the lower coefficients; Bragg diffraction is therefore the dominant gap-

forming mechanism [50]. Similarly, connected lattices possess weak Mie resonances and

thus Bragg diffraction is again the dominant mechanism.

2.4.2 The effect of lattice geometry and size

It has been clearly demonstrated that photonic bandgaps are achievable in quasiperiodic

structures, thus calling into question the importance of the lattice geometry [5, 51–53].

Indeed, the TM gaps of disconnected 2D rod-type PhCs appear almost independent of

the lattice as they are strongly associated with the coupled Mie resonances of the isolated

rods, rather than Bragg scattering alone [33, 50]. Furthermore, it has been shown that

contrary to previous claims [54], PBGs do not require any form of point symmetry at all.

This theory was proven by comparing the band structure of a quasicrystal approximant

with and without a single phason-like (tile flip) defect to break the symmetry [35].6

6A phason is a quasiparticle which is associated with atomic rearrangement, much like phonons are
associated with atomic vibrations.
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Investigations of short and long-range order in PhCs created by tiling elements of parent

quasicrystals suggest that PBGs in quasicrystals are formed by their short-range order

[5, 55, 56]. However, this is a gross generalisation as the authors neglect to consider what

happens as the dielectric contrast is reduced. To this author’s knowledge, only Cheng

et al. [57], who also studied tilings based on quasicrystal elements, make the distinction

that the gap width is increasingly sensitive to the lattice geometry at lower dielectric

contrasts. Compared to periodic crystals, PhQCs possess wider gaps at low dielectric

contrasts and more isotropic gaps at any contrast [12].

In some quasicrystals, a sufficiently large sample may be necessary to open a PBG, as

suggested by Roper et al. [58] for a 2D PhC of holes in an AlAs (ε = 9) slab based on the

approximants of an octagonal quasicrystal. Villa et al. [59] give further evidence for the

importance of long-range interaction in a finite rod-type (ε = 12) sample of the Penrose

quasicrystal. The expected exponential decay of the fields within the secondary PBGs

was only observed for a minimum sample size, while the primary gap followed that of a

periodic crystal.

There is also some controversy over the appearance of bandgaps at very low frequencies

relative to the lattice period [60, 61]. Many authors, including Wang et al. [35], argue

that such gaps are definitively impossible since the primary PBG is associated with the

dominant reciprocal lattice vectors, which are related to the average distance between

lattice ‘planes’ [36]. A similar conclusion was reached by David et al. [62] who calculated

the band structure of a tiled 181-hole cell formed of the first parent of the Stampfli

quasicrystal. However, the existence of low frequency gaps might be explained by very

long-range interactions between the self-similar inflated components of fractal lattices

[62, 63], or by resonance-induced gap formation [33].

Zito et al. [64] studied the TM and TE gaps of 8-, 10-, and 12-fold quasicrystals generated

by both geometric rules and interference lithography for index (dielectric) differences

of 0.4 (0.96), 0.6 (2.56), and 0.8 (3.24). By comparing the transmission spectrum of

quasicrystals with the same rotational symmetry but different geometry, the authors

concluded that it is tiling design that ultimately determines the optical properties rather

than the lattice symmetry.

2.4.3 Orthogonality and field localisation

Analysing the field profiles of the modes on each side of a PBG provides further in-

sight into the gap formation. The requirement that all higher frequency modes remain

orthogonal7 to those below restricts the field profiles and lifts the degeneracy at the

edge of the Brillouin zone [13]. The physical consequence is that lower frequency modes

7Two functions are said to be orthogonal if their inner product (dot product for simple vectors) is
zero. For one-dimensional functions this can be written as

∫
f(x)g(x) dx = 0.



22 Chapter 2: Photonic crystal theory and lattice definitions

concentrate their energy in the higher dielectric material, while higher order modes are

increasingly forced to distribute their energy within the low dielectric. Naturally, higher

dielectric contrasts increase the field localisation and corresponding field fraction, leading

to progressively wider bandgaps.
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Figure 2.7: Features of (a) hexagonal and (b) honeycomb lattices that help support an
absolute PBG. The dielectric material is coloured light blue and the rhombic
unit cell of the honeycomb’s parent 6-fold lattice is outlined. Image (a) is
adapted from Joannopoulos et al. [13].

In both infinite 2D crystals and PhC slabs, it is well-known that TM gaps are favoured in

structures with isolated dielectric inclusions, while TE gaps are favoured in a connected

dielectric network. The ability of a connected hexagonal lattice to support complete

gaps for both polarisations is rooted in its resemblance to both rod-type and hole-

type crystals. The dielectric ‘spots’ and ‘veins’ indicated in Fig. 2.7a contribute to the

formation of TM and TE gaps, respectively [13]. Similarly, the honeycomb (graphite)

lattice of rods in Fig. 2.7b can be viewed as the superposition of two interpenetrating

lattices of rods and holes, and supports an absolute PBG for a wide range of rod radii

[13].

2.4.4 Bandgaps in metallodielectric PhCs

PBGs in metallodielectric PhCs are extremely sensitive to the lattice type; in particular,

whether the lattice is connected or not. For isolated metallic spheres (3D PhCs), or for

metal rods under TE polarisation (2D PhCs), the lower edge of the PBG is consistent

with the Mie resonance condition of the individual scatterers and the transmission spec-

trum is like that of dielectric crystals [65]. Conversely, connected 3D metal mesh PhCs

and metal rods under TM polarisation display a gap extending from zero frequency up

to a reduced ‘plasma’ frequency that is sensitive to the metal fill factor [66]. Clearly,

the physical origin of this gap is not related to the classic Mie or Bragg conditions of

dielectric PhCs, but to the screening effect of the long-range conduction currents of the

metal itself. The first passband in such crystals occurs at the same frequency that a
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dielectric PhC with equivalent dimensions displays its first stopband [41], while at higher

frequencies the spectra are alike [33].

There are further differences between metallodielectric and purely dielectric PhCs in

terms of where the electric field is localised. In metallodielectric PhCs the field cannot

penetrate the metal8 and therefore the field concentrates almost entirely in the low

permittivity host medium. The rejection of the field from the metal cores produces

greater backscattering and therefore stronger unit cell attenuation and wider gaps than

dielectric crystals [65].

2.4.5 The effective permittivity

In order to estimate the position of a primary PBG caused by Bragg scattering, we

require an expression for the polarisation-dependent effective permittivity, εe. This

property also finds use describing the optical properties of PhCs at long wavelengths,

i.e. in the effective medium approximation. In the low-k limit, where λ � a, PhCs

behave as non-diffracting metamaterials with the linear dispersion relation ω = ck/
√
εe.

Robertson et al. [67] give the effective permittivity for TM and TE polarisations as,

εe = fεd + (1− f)εm (TM) (2.6)

εe =

[
f

εd
+

1− f
εm

]−1

(TE) (2.7)

where f is the dielectric fill factor, and εd and εm are the permittivity of the dielectric

inclusions and the host matrix, respectively. In this work the host is always taken to be

air (εm = 1). These expressions assume that the electric field is either parallel (TM) or

perpendicular (TE) to all dielectric interfaces, and are the limiting cases for an interface

within a 1D system. A 2D lattice of infinitely long rods completely satisfies the TM case

but not the TE for which the number of interfaces perpendicular to the electric field

depends on the rod cross section.

εe = εm + εm
2f(εd − εm)β

2εm − f(εd − εm)β
(2.8)

Eqn. 2.8 is an alternative expression in the vein of Maxwell-Garnett theory, which is

suitable for TE polarisation in 2D PhCs with a lattice basis of circular, square, or

equilateral triangle elements [68]. If we restrict ourselves to PhCs with a circular lattice

8More specifically, the field can only penetrate as far as the skin depth δ defined as
(

2ρ
ωµ

) 1
2
. For good

conductors (low ρ) at GHz frequencies the skin depth is a couple of microns or less.
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basis we can use the analytical form of the local field correction factor β, i.e β =

2/(εd/εm+1). However, caution should be exercised when applying Eqn. 2.6 or Eqn. 2.8

for high dielectric fill factors, where the validity of the effective medium approximation

breaks down.

2.5 Real-space photonic crystal lattices

In the following four subsections, we describe the real space structure of four PhC lat-

tices; a 6-fold hexagonal, locally and globally 12-fold Archimedean and Stampfli lattices,

and an original design based on the appearance of a sunflower’s inflorescence. For sim-

plicity, the lattice basis is restricted to a circular cross section, with the radius defined

as a fraction of the period, e.g. r = 0.5a. Structural details of the sunflower are largely

derived from Bursill et al. [69], Xudong et al. [70], Bolliger et al. [71], and Rivier [72, 73],

with figures and additional details contributed by the author of this work.

2.5.1 Hexagonal

The hexagonal lattice is one of just five Bravais lattices in 2D. It has an axis of 6-

fold rotational symmetry with reflection about this axis, and therefore belongs to the

dihedral crystallographic point group D6.9 The high rotational symmetry helps produce

an absolute gap for sufficiently large ∆ε, thus making the hexagonal lattice, along with

the similar honeycomb and kagome lattices, preferred for 2D PhCs. The periodic lattice

provides the enormous analytical benefit of compatibility with fast simulation codes

exploiting periodic boundary conditions.

Figure 2.8: Real (a) and reciprocal (b) space lattice for a hexagonal photonic crystal.
The primitive (a1,a2) and reciprocal (b1,b2) lattice vectors are indicated,
along with the rhombic unit cell in (a) and the irreducible Brillouin zone in
(b).

9A point group denotes the set of rotations and reflections about a fixed point that leave the lattice
unchanged.
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An infinite hexagonal lattice is constructed by translating the lattice basis along integer

multiples of the primitive lattice vectors a1 = ax̂ and a2 = (a/2)
(
x̂ +
√

3ŷ
)
. Together,

they define the rhombic primitive unit cell shown in Fig. 2.8a. The corresponding

primitive reciprocal lattice vectors are determined to be b1 = (2π/a)
(
x̂− ŷ/

√
3
)

and

b2 = (2π/a)
(
2ŷ/
√

3
)

using the formulae given by Joannopoulos et al. [13].

The rhombic unit cell makes it easy to derive an expression for the dielectric fill factor.

For a system of dielectric rods in air the fill factor is given by Eqn. 2.9. The maximum

possible fill factor is 90.69% for hexagonally close-packed (HCP) rods, i.e. when the

radius-to-period ratio is r/a = 0.5.

f =
2π√

3
(r/a)2 ≈ 3.628(r/a)2 (2.9)

2.5.2 Archimedean and Stampfli

The “12-fold” lattices shown in Fig. 2.9b and c are both based on repetition of the

dodecagonal tile in Fig. 2.9a, which is itself composed of 18 smaller polygons; 6 squares

and 12 equilateral triangles, all with side length a. The reason for stating 12-fold in

quote marks will become clear as their properties are revealed. To the untrained eye,

the tilings may appear identical. However, there is an important distinction between

the two in how the infinite tilings are generated.

Figure 2.9: (a) The base dodecagonal tile. (b) A “square-square” Archimedean tiling as
per Hiett et al. [74] with the non-primitive unit cell outlined. (c) Stampfli
inflation of the base tile.

The tiling in Fig. 2.9b is a periodic repetition of the dodecagonal tile. Tiles are placed

at the vertices of a parent 6-fold lattice with lattice vectors a1 = 2a
(
sin(π3 ) + 1

)
x̂

and a2 = a
(
sin(π3 ) + 1

)
x̂ + 2a

(
sin(π3 ) + 0.75

)
ŷ. The dodecagons are all oriented such

that the boundary between any pair of dodecagons is formed of two squares. This

arrangement yields the “square-square” tiling investigated by Hiett et al. [74]. A 30◦

rotation of all dodecagonal tiles would produce the alternative “triangle-triangle” tiling

where the boundaries are formed by triangles. These tilings are similar to both the
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3.122 Archimedean tiling studied by Ueda et al. [75] (with each dodecagon decomposed

into squares and triangles), and the ‘real triangular’ Archimedean-like lattice studied by

David et al. [62].10 For this reason, we label the “square-square” variation of this tiling

as the ‘Archimedean’ lattice.

As with the hexagonal lattice, the periodic basis of the Archimedean lattice permits

a simple expression for the dielectric fill factor. There are 13 points contained within

the Archimedean’s non-primitive unit cell outlined in black in Fig. 2.9b. Assuming a

structure of dielectric rods, the dielectric fill factor is given by Eqn. 2.10. The maximum

possible fill factor is 84.65% for r/a = 0.5.

f =
26π

(12 + 7
√

3)
(r/a)2 ≈ 3.3858(r/a)2 (2.10)

The second tiling in Fig. 2.9c is a substitutional (fractal) tiling generated by iteration

of the non-random Stampfli inflation rule. The maximally random implementation of

the Stampfli inflation rule calls for random 30◦ rotations of each dodecagon to produce

a tiling with statistically improved isotropy. To generate a complete tiling of the plane

the following steps are repeated ad infinitum [76].

1. Create a parent tile by scaling the existing tiling, i.e. the dodecagonal tile for the

first iteration, by the Stampfli inflation factor λ = 2 +
√

3.

2. Centre dodecagonal tiles with unit side length on the vertices of the parent tile

and subsequently delete the parent tile.

3. If using the random implementation, apply random (50-50) 30◦ rotations to each

dodecagon.

This process is demonstrated by the dashed parent tile shown in Fig. 2.9c. In our case

there is no need to explicitly tile the gaps between the dodecagons as only the vertices

are required to construct PhCs.

Though it is theoretically possible, the derivation of an expression for the dielectric fill

factor is complicated without a unit cell. Instead, we adopt a simpler method based

on numerical pixel-counting analysis of high resolution images. Applying this method

to an image of a 24a × 24a section of the Stampfli lattice with r/a = 0.5 and a pixel

size of 0.005a gives a maximum possible fill factor of 85.33%, converged to 2 decimal

places. While this is slightly larger than that of the Archimedean lattice, the true value

is actually slightly less due to the introduction of additional square tiles. This difference

will increase with the size of the tilings.

10See § 3.5.1 for the full set of Archimedean tilings and a description of the numeric labelling scheme.
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The Stampfli lattice is one of many aperiodic tilings that can be obtained by substitution.

A far more famous example is the 10-fold Penrose tiling, which uses a particularly special

inflation factor - the golden ratio - discussed in more detail below [76].

2.5.3 The sunflower

The arrangement of florets in the head of the sunflower shown in Fig. 2.10 represents

an optimal two-dimensional packing of points. It is optimal in the sense that the points

are distributed uniformly, with the highest possible fill factor for a point set evolving

from a polar origin. The sunflower is based on a parabolic (Fermat) spiral and therefore

belongs to the more general class of spiral lattices, for which the generative spiral can

be expressed in cylindrical coordinates as,

r = Aθs (2.11)

where A is a scalar, and the exponent s determines the form of the spiral. A variety

of generative spirals can be produced by a suitable choice of s including Archimedean

(s = 1), reciprocal (s = −1), parabolic (s = 1/2), and golden (s = 1/φ) [69]. Here,

φ is the golden ratio given by φ = (1+
√

5)
2 ≈ 1.618. The golden ratio is closely related

to the Fibonacci sequence Fn+1 = Fn + Fn−1 with F0, F1 = 1; the ratio of consecutive

Fibonacci numbers Fn and Fn+1 converges on φ as n → ∞. The golden angle, g, is

defined as the smaller of the angles obtained after sectioning a circle in the golden ratio,

and has a value of 2π
φ2
≈ 137.5◦.

Figure 2.10: Close-up of the florets in the head of a sunflower (H. annuus). Two of the
counter-propagating parastichies are highlighted, with parastichy numbers
34L and 55R. L and R indicate left and right-handed chirality.

A discrete point set can be obtained by quantizing the coordinates of the generative

spiral according to,
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r(n) = Ans (2.12)

θ(n) = nθd (2.13)

where A and s are as above, {n ∈ 0 : N} is the point index, and θd is the divergence angle,

i.e. the angular separation between lattice points n and n+ 1 [77]. The ‘handedness’ of

the generative spiral results in point sets with left or right-handed chirality; a property to

be elucidated in § 4.3. The right-handed parabolic generative spiral shown in Fig. 2.11a

is populated by points distributed at integer multiples of θd = g. Choosing θd = g yields

‘the sunflower’ which for a large enough sample, such as that pictured in Fig. 2.11b,

clearly resembles the structure visible in Fig. 2.10. Note that the generative spiral is not

obvious in the discrete lattice.

Figure 2.11: (a) A right-handed parabolic generative spiral populated by points dis-
tributed at θ = ng, and (b) a larger sunflower (A = 1, N = 500) based on
a right-handed spiral.

To obtain the highest packing efficiency it is critical that the divergence angle is g. Using

a contact disc model, Xudong et al. [78] showed that the sunflower’s head radius was

minimised, and thus fill factor maximised, when θd = g. If the divergence angle is chosen

to be a rational fraction of 2π the point set takes the form of a star, as shown in Fig. 2.12a

for θd = π
3 . A closely packed point set is only possible if θd is an irrational fraction of

2π. It is for this reason that g - ‘the most irrational number’ - is the ideal choice. Even

minute deviations of θd from g result in remarkably different structures. Fig. 2.12b, c,

and d show point sets obtained for θd = g, 0.999g and 1.001g. The cumulative error in

θ (recall: θ = nθd) inevitably affects high index (large n) points more, and leads to the

pattern degenerating into a series of spiral ‘arms’.

Although the parabolic generative spiral is not visible, the sunflower still displays spirals

evolving in both clockwise and counter-clockwise directions, which botanists refer to as

parastichies. Two sets of parastichies are highlighted in Fig. 2.10; 34 in the clockwise
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(left-handed) direction and 55 in the counter-clockwise (right-handed) direction. These

correspond to consecutive Fibonacci numbers.

Fig. 2.13a shows the Delaunay triangulation of Fig. 2.11b. The Delaunay triangulation

of a point set yields vectors linking each point with its nearest neighbours.11 In most

cases, each point in the sunflower has six nearest neighbours, and consequently three

parastichies passing through it. While they can all can be traced back to the origin

[69], it is the two steepest parastichies that are most visible to the naked eye at any

given point. These are highlighted in Fig. 2.13a with parastichy numbers 8L (black),

13R (blue), 21L (red), 34R (yellow), 55L (green), and 89R (violet). The L and R suffix

indicates left or right-handed chirality.

Figure 2.12: Point sets (N = 100) obtained using a right-handed parabolic spiral com-
bined with divergence angles of (a) π/3, (b) the golden angle, g = 2π

φ2 , (c)

0.999g, and (d) 1.001g.

The most prominent parastichies appear to change direction at fixed radial distances,

jumping from parastichy numbers Fn/Fn+1 to Fn+1/Fn+2, and creating lattice disloca-

tions as a result. Fig. 2.13b shows the Delaunay triangulation of Fig. 2.13a with the

shallowest (third) parastichies removed, and the lattice dislocations indicated. Each

chain of dislocations consists of both isolated and paired triangular cells enclosing an

annular grain containing roughly rhombic cells with more or less equal area, but unique

geometric shapes. Curiously, the arrangement of the triangular cells forms a 1D Fi-

bonacci quasicrystal [72].

A Fibonacci quasicrystal follows a concatenation sequence (Fibonacci word) based on a

two-letter alphabet, i.e. Sn = Sn−1Sn−2 with S0 = A, and S1 = AB. Here, we make the

substitution A = NN and B = N. Starting from the cells outlined in bold in Fig. 2.13b,

and proceeding in the direction suggested by the cell orientation, each dislocation spells

a Fibonacci word. For example, the ring of red cells spells S6 = ABAABABAABAAB

in an anti-clockwise direction.

The rhombic cells of the sunflower suggest similarity to both 4- and 6-fold periodic

lattices, which is reflected in the local symmetry discussed in § 4.1.4. Fig. 2.13b shows

two interpretations of the local structure as either a distorted square (A) or hexagonal

11More precisely, a Delaunay triangulation is a tessellation of triangles for which the circumscribed
circles are empty.
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Figure 2.13: (a) Delaunay triangulation of a 500 point sunflower, overlaid with spi-
rals highlighting the dominant parastichies. (b) Delaunay triangulation
with the shallowest parastichies removed. The coloured cells indicate the
annular grain boundaries. (c) Histogram representing the lattice pitch
distribution (1000 bins).

(B) lattice. The square lattice has its [11] (Γ-M) direction oriented along the radial

axis. By applying skew to one of the primitive lattice vectors, it is possible to transform

a 4-fold unit cell to a 6-fold, and vice versa. In a sense, this transformation occurs

continually throughout the sunflower, creating smooth variation in the local morphology

as the position vector r becomes large. As r →∞, the dominant parastichies’ increased

radius of curvature makes the local structure favour the 4-fold lattice.

Despite the variable geometry, the distance between neighbouring points (pitch) remains

almost constant. Point sets based on other generative spirals have a pitch that increases

(logarithmic, reciprocal, Archimedean) or decreases (exponential) with r [69]. Golden

spirals produce point sets much like the parabolic, albeit with a significantly higher fill

factor in the vicinity of the origin.

The pitch distribution shown in Fig. 2.13c was derived from analysis of Fig. 2.13a. The

mean and modal pitch is 1.996 and 1.678 units respectively, to four significant figures.

Extreme outliers (Λ > 3) in the triangulation data do not correspond to adjacent lattice

points and were omitted. The modal pitch for significantly larger samples is similar,

suggesting that convergence is reached for N ≥ 500. Predictably, reducing the sample
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size produces a variable distribution due to the increasing influence of the non-uniform

central region. The distribution in Fig. 2.13c is clearly dominated by the modal pitch,

a fact that becomes more obvious with a narrower bin width and larger point set. We

therefore assign the unscaled sunflower (A = 1) an effective ‘period’ of Λ = 1.678 units,

with the required period a obtained using a scale factor A = a/Λ. If the radius of the

circular lattice basis is then set to r = 0.5a, the circles touch at points following the

direction of the shallowest parastichies. In this configuration, the fill factor is maximised,

with no overlapping circles besides the central points (n = 0, 1). Using the same pixel-

counting method as for the Stampfli lattice the maximum fill factor is found to be

approximately 71%.

In real space, two properties of the sunflower connect it to the wider field of quasicrystals:

the golden ratio, and self-similarity.

The golden ratio frequently appears in quasicrystals. For example, the ratio of thin to

thick rhombic tiles in a 10-fold Penrose tiling is φ, and the tiles themselves can be split

into two isosceles triangles proportioned by φ [34]. Furthermore, quasicrystals created

by projection from a higher dimensional space often use the golden angle to obtain the

most irrational slope. Projection from a square grid onto a line intersecting the grid at

an angle θ = g generates the 1D Fibonacci sequence found embedded in the sunflower.

In addition, it is possible to partially imitate the sunflower using the generalised dual

method with a suitable shift factor.

Self-similarity exists in the sunflower by virtue of the jumps from one set of parastichy

numbers to the next within the grains, and to longer Fibonacci quasicrystals at the grain

boundaries [72, 73]. In both cases, the self-similar inflation is rooted in the sunflower’s

use of the golden ratio.

2.6 Basics of Fourier analysis

Lattice symmetry and (quasi-)periodicity each play critical roles in the formation of

complete PBGs. It is therefore instructive to examine these properties with the appro-

priate analytical tools. The rotational symmetry and effective periodicity of a point

set is most readily examined via its discrete Fourier transform (DFT). A permittivity

distribution ε(r) may be expanded into its Fourier components by

ε(r) =
∑
i

fi(Gi) exp(iGi · r) (2.14)

where fi are the Fourier coefficients, and Gi the reciprocal lattice vectors, indexed by i.

The absolute value of the DFT is equivalent to the far-field (Fraunhofer) diffraction pat-

tern, while the measurable quantity, i.e. the power of the diffracted spots, is proportional
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to |fi|2. The transmission spectrum of a PhC is closely related to its diffraction pat-

tern. Sizeable spectral gaps are associated with wavevectors Gi coupled to large Fourier

coefficients. For any Gi, the PBG width will shrink as the corresponding |fi| → 0 [79].

In general, a Fourier spectrum is composed of both discrete and continuous components.

Discrete components (Dirac deltas) with well-defined spatial frequencies indicate order,

while the continuous components indicate disorder [80]. The complete Fourier spectrum

is described by,

F (k) = Fpp(k) + Fsc(k) + Fac(k) (2.15)

where the components are ‘pure point’ (discrete), ‘singular continuous’, and ‘absolute

continous’ [33]. Singular continuous components are broad peaks which lie between the

extremes of continuous and discrete functions. According to the IUC definition of an

“essentially discrete diffraction diagram”, a crystal is any point set with predominantly

pure point diffraction. Crystals with n-fold rotational symmetry contain pure point

components with n-fold symmetry for even values of n, and 2n-fold symmetry for odd

values of n. Some aperiodic tilings, such as the 10-fold Penrose, display pure point

diffraction while others, such as the pinwheel (§ 3.6.1), do not. Under the current

definition, only those with pure point spectra can be classified as true aperiodic crystals

(quasicrystals). Bragg diffraction in PhCs is primarily associated with the pure point

spectra, with weaker contributions from the singular continuous components. Absolute

continuous components produce incoherent scattering and therefore have little influence

on the formation of PBGs.

2.7 Summary

The theoretical background of PhCs was described, along with the structure of the

PhC lattices studied in this work. Photonic bandgaps can be achieved in both periodic

and aperiodic crystals given a sufficiently large dielectric contrast. Aperiodic crystals,

otherwise known as quasicrystals, permit wider gaps at low dielectric contrasts and

more isotropic gap frequencies by virtue of their arbitrary orientational order. However,

the lack of periodicity significantly complicates theoretical analysis. PBGs are formed

in these crystals by a combination of Bragg diffraction and Mie resonances. Those

dominated by Mie resonances (isolated spheres in 3D PhCs, TM gaps in 2D rod-type

PhCs) are almost independent of the lattice geometry, while those dominated by Bragg

diffraction are highly sensitive to it. In general, tiling design is more influential than

orientational order alone in low dielectric contrast crystals.

The four lattices studied are hexagonal, Archimedean, Stampfli, and the sunflower.

Both the Archimedean and Stampfli lattices are based on a 12-fold dodecagonal tile,
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with the critical difference being the construction method used; 6-fold periodic tiling

(Archimedean) versus substitution (Stampfli). Consequently, the Archimedean lattice

is not a quasicrystal but the Stampfli lattice is. The sunflower belongs to the general

class of spiral lattices which, unlike other aperiodic crystals, are defined by a simple

mathematical expression. It is an optimal packing of points about a polar origin with

a modal pitch Λ = 1.678 units, and is closely connected to other quasicrystals via self-

similarity and the golden ratio. The reciprocal space of all four lattices is explored in

§ 4.1 using the Fourier methods described here.





Chapter 3

Review of progress in photonic

crystals

In 1887 Lord Rayleigh published a seminal paper on the unusual reflective properties of a

periodic multi-layer stack with alternating refractive indices [6]. For light of a particular

spectral range and incident angle it was shown that reflection is ultimately total, even

for an infinitesimally small ∆n. This property is now known to result from the formation

of a photonic bandgap (PBG), where the propagation of electromagnetic radiation with

a wavelength comparable to the period of the structured media is prohibited. Although

both Bykov [81] and Ohtaka [82] discussed PBGs in higher dimensions, it was only after

the independent works of Yablonovitch [1] and John [2] were published that the research

community realised their true potential, and the term ‘photonic crystal’ was coined.

This chapter reviews the progress made applying the unique properties of photonic

crystals (PhCs), and their potential to solve real-world problems. Most applications

of 1D PhCs, commonly known as dielectric or Bragg mirrors, are well-known. We

therefore begin by reviewing the applications of 2D PhC slabs, which are typically

between 0.5 and 2 times the lattice period (a) thick. The benefits of true 3D periodicity

and the substantial fabrication challenges presented by such structures are introduced.

In most applications envisaged for PhCs, it is possible to replace a periodic lattice

with a quasiperiodic crystal. These photonic quasicrystals (PhQCs) are discussed in

detail, with an emphasis on the fundamental properties of the structures themselves. For

completeness, we also discuss alternative photonic structures based on periodic tilings

of complex unit cells, and highly isotropic patterns that do not fit the current definition

of a crystal.

35
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3.1 Applications of 2D photonic crystal slabs

The most obvious applications of PhC slabs rely on the existence of the PBG. For ex-

ample, a PBG material can be used as a spectral filter or a ‘perfect’ mirror to reject

wavelengths within the bandgap. Alternatively, if the PBG only exists for a single

polarisation then the PhC can be used as a polarising element. The attenuation for

wavelengths within the PBG can be controlled by varying the number of unit cells along

the propagation direction. Furthermore, the operating frequencies of these applications

can be tuned by fabricating the PhC in an elastic polymer, or a nonlinear optical ma-

terial. The position and width of the PBG can be changed by either straining the PhC

to alter the lattice constant of a polymer PhC [83], or by exploiting electro-optic [84]

or thermo-optic [27] effects. Third-order (Kerr) nonlinearities are generally too weak to

cause a pronounced shift of the gap frequencies, although they may find use shifting the

resonant frequency of microcavity defect modes [85].

These microcavities find use in both basic and applied research and are typically formed

by point defects in otherwise perfect PhC slabs. Through careful design, we can realise

defect modes with extremely high Q factors. Most importantly, it is necessary to tailor

the environment surrounding the cavity to ensure defect modes with spatial frequencies

lying outside the light cone [86, 87]. This can be achieved by smoothly grading the

fill factor, and therefore effective permittivity, between the cavity and the surrounding

lattice. Applications of point defects include modifying the radiation dynamics of emis-

sive materials [88], bistable optical switches [89], add-drop filters [90], and low-threshold

defect-mode lasers [91, 92].

Linear defects, i.e. a chain of point defects, can be used for theoretically lossless waveg-

uiding around sharp 90◦ bends [93]. Microwave characterisation of bent waveguides

has shown that near-100% transmission is possible, even for a bend radius of less than

one wavelength [94]. The dimensions of these waveguides are comparable to the wave-

length, creating enormous potential for highly integrated optical components including

Y-splitters [95], directional couplers [96], and Mach-Zehnder interferometers [97]. We

can also tune the group velocity (vg = ∂ω/∂k) of modes in these devices by spatially

separating the point defects to form coupled-cavity waveguides [98–100]. Values of vg as

low as 0.01c have been reported for coupled-cavity waveguides [101], allowing significant

reductions in either scale or power for nonlinear optical devices.

To maximise the device packing density it is preferable to use high index contrast PhC

slabs, such as Si:SiO2 or Si:air structures. The high unit cell attenuation ensures defect

modes with rapidly decaying evanescent fields, which limits crosstalk between adjacent

devices. However, the higher refractive index also results in stronger scattering from

structural inhomogeneities and therefore greater radiative losses. Silicon in particular

has several advantages for 2D PhCs and integrated optics. It exhibits transparency in
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the optical telecommunications window around 1.55µm, permits refractive index mod-

ulation via weak and fast Kerr nonlinearities (n2 ∼ 4× 10−14cm2/W at 1.54µm) or the

stronger but slower free carrier processes [102], benefits from extensive knowledge of

semiconductor processing, and is directly compatible with electronic integrated circuits.

A commercially available use of PhC slabs is to increase the extraction efficiency of

LEDs.1 Although the internal quantum efficiency of standard LEDs can exceed 90%, the

external ‘wallplug’ efficiency typically ranges from 3-20%, simply because most emitted

photons remain trapped within the high-index material and are eventually reabsorbed.

Basic techniques such as roughening the semiconductor surface can increase extraction to

around 30% [103]. The highly engineered properties of PhCs allow consistently enhanced

light extraction by inhibiting emission into waveguide modes. Additionally, the far-field

radiation pattern can be modified [104, 105] to produce directional emission tailored for

a specific use, such as matching the NA of an optical fibre for higher coupling efficiencies.

These PhC LEDs are currently used in both compact projectors and LED backlight units

for LCD displays.

Even without a bandgap PhC slabs can be extremely useful as a means of controlling

dispersion and the density of states. In fact many, if not most current applications of

PhCs do not exploit the PBG at all, and instead rely on the properties of the bands

themselves. For example, a defect-free PhC can guide light by the phenomenon of self-

collimation, whereby propagation through the crystal is permitted only along directions

normal to the isofrequency contours of the band surfaces [106, 107]. We can also ob-

serve negative refraction in regions of anomalous dispersion where the group velocity is

negative (vg < 0). This property has been demonstrated at microwave frequencies in

both dielectric [108, 109] and metallic [110] 2D PhC slabs, and employed as a ‘perfect’

lens in sub-wavelength imaging of two point sources spaced just λ/3 apart [108]. It

is important to note that negative refraction in PhCs differs from the negative index

recently demonstrated in metamaterials, which is achieved by a simultaneously negative

effective permittivity and permeability [111].

Strong band curvature in PhCs can also create ‘super-prisms’ with high angular dis-

persion of more than 1◦/nm [112], which are potentially useful for wavelength division

multiplexing in integrated optics. On the other hand, extremely flat bands (vg → 0)

can create ‘slow light’. These flattened bands are commonly observed at saddle points

and the edge of PBGs for a limited range of k, or across a wider range of k in particu-

lar geometries, such as the kagome lattice [113]. In general, a higher index contrast

leads to flatter bands for all PhC lattices. Light pulses entering a slow light PhC

experience spatial compression and a corresponding rise in energy density, producing

enhanced light-matter interaction and a greater nonlinear response [114]. The increased

shift ∆k(ω) for vg ≈ 0 also leads to larger phase shifts within an interaction length L

1See, for example, PhlatLight LEDs from Luminus Devices, Inc. (http://www.luminus.com)

http://www.luminus.com
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(∆φ = ∆kL), therefore allowing reductions in scale for phase-sensitive devices such as

directional couplers [27].

At frequencies where vg ≈ 0 there is a corresponding rise in the density of states.

This effect can be exploited to produce band-edge lasers where the gain achieved in

conventional lasers by optical feedback is obtained by the long effective optical path

length of the standing waves [115–118]. Pulsed and CW band-edge lasers have been

demonstrated using both semiconductor [119–123] and organic [124–127] gain media.

Improvements to the basic design include fabricating the 2D PhC laser on top of an

optimised 1D PhC, which can dramatically reduce the lasing threshold [128].

3.2 Benefits of 3D periodicity

There are many applications of PhCs where periodicity in the third dimension is either

beneficial or required. For example, truly ‘lossless’ waveguiding is only possible in 3D

PhCs, despite the impressive transmittance of 2D PhC slab waveguides [129]. This also

raises the prospect of 3D integrated optical circuits that guide light in any direction,

as demonstrated by Rinne et al. [130]. The benefits of theoretically lossless waveguide

modes should also apply to point defects. High-Q cavities [86, 131, 132], defect-mode

lasers [91, 92], add-drop filters [90, 133], and optical buffers [114] have already been

realised using 2D point defects. Fully 3D counterparts should dramatically reduce un-

wanted scattering losses and decay of localised modes, in addition to offering greater

design flexibility. However, unlike 2D cavities, there is a lower theoretical limit to the

volume of a lossless 3D cavity [13].

Perhaps the most intriguing use of 3D PhCs is to control the radiation dynamics of

emissive materials; the application originally envisaged for PhCs [1, 134]. Like the

Purcell effect, the periodic structure of PhCs modifies the local photonic density of states

and allows frequency-dependent enhancement or suppression of the radiative source.

Again, 2D PhCs have shown some progress in this area, most notably in the inhibited

waveguide modes and directed emission of PhC/PhQC LEDs [135, 136]. With 3D PhCs

it is possible to completely suppress emission at certain frequencies and, for example,

observe radiative transitions in rare-earth ions that are otherwise inaccessible.

3.3 Fabrication of 3D photonic crystals

Two-dimensional PhC slabs are readily fabricated using methods adapted from decades

of research in semiconductor processing. On the other hand, the fabrication of 3D PhCs

operating at optical frequencies remains incredibly challenging. Current approaches

generally fall into one of three categories: colloidal, direct write, and layer-by-layer.
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3.3.1 Colloidal synthesis

Colloidal synthesis exploits the ‘self-assembly’ of nanospheres in solution by sedimenta-

tion or evaporation. The methods are simple and cost-effective, with the potential to

mass produce large area samples. Their major drawbacks include limited structural op-

tions (typically restricted to the FCC lattice), and a tendency for high defect densities.

Furthermore, to obtain a complete PBG, colloidal crystal templates must be inverted

by backfilling with a high index material [18, 137].2

Large FCC crystals with much lower defect densities have been created by modifying the

growth process in a variety of ways. At its simplest, this involves adjusting evaporation

or sedimentation conditions by, for example, applying pressure [140, 141] or spincoating

[142]. More advanced techniques employ patterned substrates to trap spheres at specific

points [143, 144]. By patterning the surface with the cubic (100) plane of the FCC lattice

it is possible to avoid the stacking faults formed by twinning of the (111) hexagonal close-

packed (HCP) planes. In the most advanced growth methods, these templates may be

combined with either electrophoresis [145] or monolayer deposition [146]. One of the

most interesting aspects of the templated approach, sometimes referred to as ‘colloidal

epitaxy’, is the potential to grow arbitrary, non-close-packed crystals.

3.3.2 Direct write lithography

Some of the earliest attempts at making 3D PhCs for optical wavelengths used ion beam

milling to scale down the first 3D PBG material (Yablonovite) to nanoscale dimensions

[147, 148]. The quality of ion-milled crystals is compromised by the difficulties of milling

high-aspect-ratio holes, such as restricted mass transport and unsuitable beam profiles.

A far more promising direct write technique for fast production of large, defect-free

crystals is interference, or holographic, lithography. Periodic patterns can be exposed in

resist using the interference pattern generated by a minimum of three (2D PhC) or four

(3D PhC) intersecting laser beams. For example, Campbell et al. [149] produced an FCC

lattice in SU-8 (Fig. 3.1b) by directing beams along reciprocal lattice vectors of the BCC

(body-centred cubic) crystal. The same group also analysed the production of diamond-

like lattices using the holographic method [150], which has since shown partial bandgaps

in experimental low index contrast samples [151]. Even more intricate structures with

higher resolution features may be possible by replacing UV lasers with X-ray sources

[152].

The fabrication of near-perfect crystals by interference lithography also has its limita-

tions. Most importantly, defects can only be created in the lattice with an additional

2An as-deposited FCC crystal of metal or metallo-dielectric spheres can support a complete PBG for
an appropriate choice of metal, albeit with significant absorption [138, 139].
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post-exposure step. This, along with the bespoke optical setups, can make holographic

lithography expensive, although the initial setup cost can be reduced by using a single

laser combined with suitable optics for simple phase tuning [153, 154].

Figures removed for copyright reasons

See the print edition for the original figures, or for figure 3.1

(a) see figure 1a of reference 18
(b) see figure 3a of reference 149
(c) see figure 2a of reference 155
(d) see figure 3 of reference 156

Figure 3.1: 3D photonic crystals fabricated by (a) colloidal synthesis [18], (b) holo-
graphic lithography [149], (c) micromanipulation [155], and (d) glancing
angle deposition (GLAD) [156]. All scale bars are 5µm.

The second commonly used direct write approach is two-photon absorption (TPA) in

photosensitive materials. Kawata et al. [157] demonstrated the high accuracy of TPA

lithography with their convincing nanoscale 3D sculptures. One of the first PhCs pro-

duced using TPA was a woodpile lattice written in SU-8 by Deubel et al. [26]. The

authors also proposed a two step inversion process to achieve a higher index contrast.

Wong et al. [158] were able to avoid this inversion step by directly writing a ‘woodpile’

lattice in a chalcogenide glass (As2S3, ε ≈ 6.25). The exposed areas were chemically

modified by the process to resist a subsequent wet etch, which removed the as-deposited

material, leaving a 3D PhC behind. TPA lithography is extremely flexible and has

been used as a complementary tool to incorporate defects in otherwise perfect crystals

fabricated by other means [130, 159].

3.3.3 Layer-by-layer crystals

Layer-by-layer (LbL) is the third commonly used 3D fabrication method. In most cases,

LbL is appealing because it can be implemented using mature semiconductor processing

techniques. Complete 3D PBGs at near-IR wavelengths have been demonstrated in a

woodpile lattice created using chemical-mechanical planarisation (CMP) combined with

either standard etching [23] or a novel ‘fillet’ process [160]. Johnson and Joannopoulos

[20] proposed another LbL structure resembling a stack of 2D hexagonal PhC slabs,

which possesses a 21% gap for a dielectric contrast of 12:1. A unique benefit of this

design is the ability to incorporate simple point and line defects within a single layer,

which possess similar properties to those of PhC slabs [161].
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3.3.4 Novel fabrication techniques

Several other unusual fabrication methods have been reported. For example, diamond

lattices have been created through careful micromanipulation of silica and latex spheres

(Fig. 3.1c). The latex spheres serve to support the lattice while the silica spheres are

sintered. Dissolving the latex and backfilling with silicon produces a high quality 3D

PhC [155, 162]. Unfortunately, the serial nature of micromanipulation precludes this

method from being anything more than scientific curiosity.

A conceptually similar micromanipulation technique called optical trapping has the po-

tential to be a much faster, even parallel, process. The basic method of trapping colloidal

particles near a laser beams focal point is well established. Combined with computer-

generated holograms, it is now possible to create simultaneous pre-configured traps for

arranging nanospheres into 3D PhCs [163, 164]. The lattice can even be rotated in

real-time, or ‘locked-in’ by photopolymerisation of the colloid solvent. Alternatively, a

high-speed serial scanning laser can be used to emulate the effect of multiple traps [165].

Glancing angle deposition (GLAD, Fig. 3.1d) and ‘autocloning’ are slightly more con-

ventional techniques based on physical vapour deposition. GLAD angles and rotates a

patterned target substrate in a vacuum evaporator to produce tetragonal square-spiral

PhCs with a double unit cell [156, 166], while autocloning replicates a substrate grating

multiple times by simultaneously sputtering and etching to create a LbL 3D PhC [167].

3.4 Photonic quasicrystals

Photonic quasicrystals are aperiodic crystals that produce essentially discrete diffraction

patterns. They are of interest for their isotropic bandgaps [36], wide variety of defect

modes [46, 168], and potential to lower the index contrast required to open a PBG [12].

These benefits are a result of the relaxed geometric constraints, which permit rotational

symmetries expressly forbidden in periodic crystals [31]. Transmission stopbands have

been confirmed in PhQCs at both microwave [51, 52] and optical frequencies [53], thus

proving that PBGs, or at least a heavily depleted density of states (DOS), can be

achieved in the absence of periodicity.

3.4.1 2D photonic quasicrystals

A wide variety of aperiodic tilings have been used as the basis for 2D PhQCs. Examples

in the literature include octagonal [5, 51], decagonal [52], and dodecagonal [52, 53] tilings

displaying 8, 10, and 12-fold rotational symmetry, respectively. Images of tilings with

these orders of rotational symmetry are given in Fig. 3.2.
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a b c

Figure 3.2: Quasicrystals with increasing orders of rotational symmetry. (a) An 8-fold
octagonal tiling [5], (b) a 10-fold rhombic Penrose tiling [169], and (c) a
12-fold Stampfli-inflated square-triangle tiling [53].

3.4.1.1 Approximants

Before reviewing PhQCs it is worth considering the two analytical approaches; either

we consider a finite (real-world) sample, or impose an artificial periodicity so as to make

the structure compatible with the favoured plane wave expansion (PWE) method. The

non-primitive ‘unit cell’ of the latter approach is typically a rational approximant of

the parent quasiperiodic lattice. Approximants can be obtained via projection from a

higher dimensional space by substituting a rational value for the irrational argument

of the shear transformation. The closer this value is to the irrational number, the

larger the unit cell, and the better it represents the parent lattice. For example, since

the 10-fold Penrose lattice is based on the golden ratio, the number series producing

successively larger and improved approximants is the Fibonacci sequence, i.e. the three

lowest-order approximants have arguments of 2/1, 3/2, and 5/3 [36]. Unlike non-rational

‘approximants’, which are simply truncated segments of the quasicrystal, periodic tiling

of rational approximants inherently minimises defects at the unit cell boundaries.

The key motivation for using approximants lies with the analytical benefits of periodic-

ity, which allows calculation of an approximate band diagram, albeit with heavy band

folding. Given a reasonably large index contrast, even relatively small approximants can

retain the properties of the parent quasicrystal, including isotropic PBGs [35]. However,

long-range interactions present in the parent quasicrystal are excluded, thus raising ques-

tions about accuracy. These long-range interactions can be recovered by using high order

approximants at the expense of a computational time that scales with O(n2) (PWE).

Other practical advantages of approximants include the ability to produce real-world

samples by ‘step-and-repeat’, and the identical nature of defect modes at equivalent

lattice sites.
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3.4.1.2 8-fold

A non-rational approximant of the 8-fold octagonal tiling, resembling the 2/1 rational

approximant [35], was shown to theoretically possess TM gaps that were largely depen-

dent on the short-range order of the lattice (alumina rods, ε = 10) [5]. Subsequent

microwave experiments revealed a 16.5% isotropic TM gap in a lattice with 23 rows of

alumina rods (ε = 8.9, f = 0.49) embedded in a styrofoam template [51]. The gap re-

mained for much smaller samples thus confirming the dependence on short-range order

hypothesised by Chan et al. [5]. However, long-range order can play an important role in

opening or widening PBGs in low dielectric contrast PhQCs [12, 56]. Using FDTD sim-

ulations, Zito et al. [64] confirmed that an octagonal tiling of rods (r = 0.18a) supports

an isotropic TM-only gap for dielectric contrasts of 3.24:1 (14.4%) and 1.96:1 (2.4%).

Calculations on the inverse structure of air holes in AlAs (ε = 9) found TE gaps for vari-

ous fill factors and supercell dimensions [58]. Although gaps were present in the smallest

supercell, they became noticeably wider and more isotropic for larger cells, reaching a

maximum of 9.4% for a cell with 82 holes and f ≈ 0.22.

Both Rechtsman et al. [12] and Florescu et al. [36] present results of theoretically ‘opti-

mised’ TM PBGs in 8-fold quasicrystals of dielectric rods. In the former, optimised gaps

are obtained at dielectric contrasts from 2 to 12 by iteratively adjusting the amplitude

and phase of the Fourier components describing the lattice. At dielectric contrasts below

4, the 8-fold lattice shows a marginally wider gap than an optimised 6-fold (hexagonal)

lattice, while at ε = 12 it is noticeably less (45% cf. 47%). In Florescu et al. [36], a

near-optimal gap (42%) is obtained by adjusting the rod radius for rational approxi-

mants created by projection from a 4D hypercubic lattice using a continued fraction

series (7/5 approximant, r = 0.189a, ε = 11.56). This gap appears between bands Np

and Np + 1, where Np is the number of points in the lattice.

Near-optimal TM gaps are generally easy to achieve at frequencies where the Bragg and

Mie scattering mechanisms reinforce each other [33, 36]. However, the TE case is not

so straightforward. Florescu et al. [36] also consider how a near-optimal TE lattice can

be constructed, although the authors fail to mention that their method is simply the

Voronoi tessellation (dual tiling) of the TM structure. A near-optimal TE gap is then

obtained by varying the cell wall thickness (39.2%, w = 0.106a). This gap still appears

between bands Np and Np + 1, but in the TE case Np represents the number of Voronoi

cells. The authors achieve an optimised 13.5% absolute PBG in the 8-fold tiling by

placing rods at the vertices of the TE cell structure (r = 0.167a, w = 0.014a).

3.4.1.3 10-fold

The Penrose tiling appears in three different forms; the original solution based on four

prototiles, a kite-dart tiling, and a tiling of two different rhombs with equal side lengths,
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which occur with relative frequencies in the ratio of the golden mean [170]. The sym-

metry properties of all three tilings remain the same, possessing statistically 10-fold

rotational symmetry.3 To the author’s knowledge, only the rhombic tiling, illustrated in

Fig. 3.2b, has been investigated optically. Although there are other tiling designs with

10-fold symmetry [52, 171], the Penrose is easily the most commonly encountered.

Kaliteevski et al. [44] used a modified PWE method to determine the bandstructure

of Penrose PhQCs from a reduced set of reciprocal lattice vectors extracted from the

diffraction pattern. Unlike approximant models, their method does not impose artificial

periodicity. The calculated optical properties of the structure approaches that of the

true quasicrystal as the number of lattice vectors is increased. However, the authors

note that by adding more lattice vectors the density of states within the gap becomes

non-zero. Indeed, despite the common usage of PBG as a term to describe the stopbands

of PhQCs, it is not formally recognised that the DOS in these gaps is simply heavily

depleted, rather than exactly zero.

The importance of long-range interactions in PhQCs was highlighted by Villa et al. [59],

who studied the TM local DOS in finite samples of the Penrose lattice using the scatter-

ing matrix method (r = 0.116a, ε = 12). The results were compared to a square lattice

with period d = 0.77a so as to maintain the same dielectric fill factor and rod radius.

Although the primary TM gaps of both lattices display the expected exponential decay

in the LDOS and exist even for small samples, the secondary gaps of the Penrose lattice

require samples with a minimum number of rods. The same authors also investigated

the unusual localised modes of a Penrose quasicrystal with the same parameters as their

earlier work [168]. Rather than being the result of defects, these modes were found to

be intrinsic to the natural order of the lattice. These observations concur with those of

Notomi et al. [172] who showed that the lasing modes of a defect-free Penrose PhQC are

localised, not extended. However, these similarities should be taken with caution due to

the diametrically opposed forms, i.e. high ∆ε rod-type vs. low ∆ε hole-type crystals.

Narrow FDTD-calculated TM gaps were reported for Penrose rod-type lattices (r =

0.18a) for dielectric contrasts down to 3.24:1 (9%) or even 2.56:1 (3.7%). Like the

octagonal PhQC, it was determined that tiling design, more than lattice symmetry, plays

a critical role in opening gaps [64]. No substantial gaps were found for TE polarisation.

On the other hand, a hole-type lattice in silica (r = 0.15a, ε = 1.96) was shown to have

isotropic stopbands (2% and 5%) for both polarisations [169]. The weak attenuation of

these gaps - approximately 0.4dB a−1 - precludes their definition as true PBGs.

At high dielectric contrasts, the Penrose rod-type quasicrystal (5/3 approximant, r =

0.177a, ε = 11.56) has a near-optimal TM PBG of 39%, which is lower than both the

6-fold and 8-fold tilings [36]. This trend is typical of high-index PhQCs, i.e. as the

3The Penrose tiling is sometimes assumed to possess 5-fold rotational symmetry. While this can be
true for localized regions, it is the equally frequent 10 orientations of these regions that provides the
Penrose tiling with “statistical 10-fold symmetry” [32]
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orientational order increases, the gap width is reduced [12]. Florescu et al. [36] also

determined an optimal Penrose lattice (w = 0.103a) for TE polarisation with a gap

width of 42.3%; the largest ever reported for a PhQC. Furthermore, the Penrose was

shown to have a 16.5% absolute gap (r = 0.157a, w = 0.042), comparable to the best

efforts of periodic PhCs (≈ 20%).

In free-space microwave experiments, a rhombic Penrose PhQC (a = 1.2cm, f = 0.14)

of 236 square alumina (n = 3.1) rods was shown to have an isotropic TM gap from

9.9GHz to 13.3GHz (28.57%) with approximately 50dB mid-gap attenuation [173]. Sin-

gle rod point defects in a reduced 98 rod sample exhibited Q-factors as high as 817,

and both continuous and coupled-cavity waveguides displayed near-100% transmission.

An isotropic PBG was also experimentally proven in a generic 10-fold pattern of 339

alumina rods (ε = 8.9, r = 0.186a) embedded in a Styrofoam template (ε = 1.04) [52].

The experimental gap from 9.8GHz to 13.36GHz (30.74%) closely matched the theo-

retical gap from 9.5GHz to 13.36GHz (33.77%). The same authors also measured the

resonant frequencies of point defects, which vanished when the defect was extended as

a line perpendicular to the incoming radiation.

At optical frequencies, Notomi et al. [172] have demonstrated a Penrose PhQC laser.

Circular holes were etched into a 1µm thick SiO2 layer on Si at the vertices of the dual

Penrose tiling and a 300nm thick film of DCM:Alq3 evaporated on the surface. The

lasing wavelength scaled with the tile length (180nm-660nm), as it does in periodic

band-edge lasers. However, PhQC lasers have a far greater variety of potential lasing

modes than PhC lasers due to their dense reciprocal space.

3.4.1.4 12-fold

Unlike 10-fold quasicrystals, there are several true 12-fold quasicrystals that have been

studied for photonic applications. One of the most common is the Stampfli tiling, which

is based on successive inflation of a dodecagon composed of squares and triangles with

equal edge lengths [76]. The long-range order of the lattice is easily perturbed by intro-

ducing random 30◦ rotations of individual dodecagons [174]. Other 12-fold quasicrystals

have been generated by the standard multigrid method [38], and by simulating the

process of multi-beam interference lithography [42, 64].

One of the most cited, if controversial, reports of a 12-fold PhQC is that of the Stampfli

quasicrystal (a = 260nm, r = 0.288a) fabricated in a planar Si3N4 waveguide by Zoorob

et al. [60]. The supporting FDTD simulations suggest absolute gaps from a/λ = 0.158→
0.190 (18.39%) and a/λ = 0.408 → 0.418 (2.4%), although the higher order gap is

not immediately apparent in the corresponding figure, largely because of the restricted

dynamic range of the linear transmission axis. The primary TM (20.5%) gap is shown

to reside entirely within the primary TE (33%) gap. Their low mid-gap frequencies
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(a/λ ≈ 0.175) are highly unusual, as is the fact that the experimental spectrum shows

even stronger in-gap extinction (10−3) than the simulations. Given the low effective

permittivity (εe << 4), the primary gap is clearly not a result of Bragg diffraction as

it is well-established that the first (Bragg-induced) PBG is associated with reciprocal

lattice vectors bearing the strongest Fourier coefficients [12, 35]. An alternative cause

of these low frequency gaps may be incompatible symmetry of the modes either side of

the PhQC interface, though this is tyically only true of higher-order modes [107]. A far

more intriguing suggestion is that the low frequency gaps are a result of extremely long-

range wave-lattice interaction between the inflated (fractal) levels of the quasicrystal

[62]. Gaps at similarly long wavelengths with respect to the lattice pitch have been

reported for a 1D Fibonacci quasicrystal [63]. However, in the case of Zoorob et al. [60],

the experimental sample is only 13.92a thick, which effectively rules out this possibility.

The work of Zoorob et al. [60] was subsequently challenged by several authors [35, 61,

62]. In particular, Zhang et al. [61] presented simulations of the non-random Stampfli

quasicrystal via the multiple scattering method and found that the radiation power

spectrum of a circular sample (Rs = 12a) only displayed a narrow TE gap around

a/λ = 0.35 for the same parameters.4 Further simulations on 9 and 17 ‘layer’ rectangular

sections showed several localised states within the TM gap, the number of which varied

with the sample size. The authors therefore concluded that there was no absolute gap.

A spatial field map for a frequency inside the TM ‘gap’ also did not show the expected

exponential decay. However, as previously noted for the Penrose [59], a sample size much

greater than 9 layers may be required to allow long-range interaction. The author’s use

of the non-random inflation rule could void their dismissal of the TM gap on the grounds

of localised states as it was later found, albeit in a phononic crystal, that randomising

the structure can alter the low frequency response and eliminate localised states [174].

Despite the controversial low-contrast PBGs, the Stampfli 12-fold PhQC remains an

excellent choice for absolute bandgaps in both rod- and hole-type (∆ε > 6) lattices.

Later calculations of the LDOS in small (157 rods) Stampfli PhQCs designed for mi-

crowave radiation (ε = 8.9, a = 5mm, f = 0.34) confirmed a wide (27.32%) TM gap

between 15.36GHz and 20.22GHz [79]. Experimental verification of such gaps in generic

12-fold PhQCs was provided by Jin et al. [52]. The 333 rod sample used similar param-

eters (ε = 8.9, a = 11mm, r = 0.186a) and possessed a gap from 9.8GHz to 13.49GHz

(31.69%). Supporting simulations closely matched the experimental observations with

a gap from 9.9GHz to 13.2GHz (28.57%).

Arbitrary 12-fold PhQCs were generated by Gauthier and Mnaymneh [42] using simu-

lated interference lithography, i.e. 6 dual-beam ‘exposures’ with rotations of 30◦. The

interference pattern produces 2D quasicrystals with unusual arrangements of the dielec-

tric material, including a central cavity that the authors later exploited for the design of

4Note that although Zoorob et al. [60] clearly state that they use the random-Stampfl inflation rule,
the necessary 30◦ tile rotations are conspicuously absent from the lattice diagram.
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unique PhQC optical fibres [175]. The 2D quasicrystals were analysed by FDTD for a

wide variety of dielectric contrasts and fill factors, although their definition of fill factor

differs from the conventional interpretation. Rather dubious PBGs were reported for

dielectric contrasts between 13:1 and 2:1 and, crucially, the authors did not state the

dielectric contrast for the gaps they highlight. However, they did demonstrate linear

waveguiding and Y-splitters suggesting that, for TM polarisation at least, these gaps

are genuine. Far more conclusive gaps in interferential PhQCs were reported by Zito

et al. [64]. The authors considered two quasicrystals with the same 12-fold orientational

order but different tiling designs; the Stampfli, and a lattice of rods placed at the max-

ima of a 12-fold interference pattern. The average lattice pitch (a) of the interference

pattern was also used to generate the Stampfli quasicrystal (r = 0.18a). Narrow TM

gaps were found in the Stampfli tiling for ∆ε = 2.24 (10.3%) and ∆ε = 1.56 (5.7%).

However, no gaps were found for the interferential quasicrystal, providing further proof

of the importance of tiling design.

There are very limited reports of the unique advantages of PhQCs in an applications

context. One of these advantages is the stronger and more numerous opportunities for

stimulated emission in emissive materials than in periodic crystals. Xu et al. [176] de-

termined the potential lasing modes of a 12-fold quasicrystal generated by the multigrid

method and fabricated in a material with a complex permittivity of ε = 11.4 − 0.08i

(189 rods, a = 330nm, r = 0.212a). The simulations used the multiple scattering

method. Strong, sharp peaks were found at frequencies coinciding with low group veloc-

ity modes, and depended sensitively on the sample size. A quasicrystal’s dense reciprocal

space yields many more k-points satisfying the standing wave condition than periodic

crystals, although at some frequencies the light becomes strongly localised, as previously

noted by Notomi et al. [172].

Stimulated emission was experimentally observed by Kim et al. [132] using a single-rod

defect in a Stampfli quasicrystal etched into the surface of an InGaAsP wafer containing

quantum wells (n = 3.4, r = 0.25a). The results were backed up by full 3D FDTD

simulations, which showed an extraordinarily large 90.5% TE gap and a maximum Q-

factor of about 2× 104. The cavity Q-factor was optimised by tuning the radius (r′) of

the 6 nearest-neighbour holes; an approach originally taken by Akahane et al. [86] for

periodic PhCs. Lasing via the lower loss hexapole mode was achieved for a sample with

a = 370nm, r = 0.33a, and r′ = 0.27a.

Negative refraction and subwavelength imaging in PhCs is a relatively new phenomenon,

which has also been demonstrated in a 12-fold Stampfli quasicrystal (r = 0.3a with

a = 10mm) of alumina (ε = 8.9) rods [177]. The authors first measured a PBG between

7.8GHz and 10.5GHz (29.51%) in a rectangular sample. A wedge-shaped sample was

then made with an angle of 30◦ that showed all-angle negative refraction (n = −1.06)
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for a frequency of 11.82GHz. Subwavelength imaging of a point source was also demon-

strated with a FWHM of 0.4λ and an image distance dependent on the thickness of the

PhQC.

In terms of commercial applications, the most advanced is the PhQC LED. Tillin et al.

[178] patterned GaN LEDs with the non-random Stampfli tiling to enhance extraction

efficiency and direct emission into wide angles; a ‘bat wing’ emission profile. The PhQC

was etched into the 2µm thick n-GaN layer by ICP. Angular-resolved photoluminescence

and electroluminescence spectra showed enhanced extraction and a narrower emission

profile. The supporting 3D FDTD simulations indicate that PhQC LEDs can provide

emission at glancing angles, where it would normally undergo total internal reflection

and be reabsorbed. For an optimal device, the overall power extraction efficiency could

be improved by 72%.

3.4.2 3D photonic quasicrystals

Given the nascent state of PhQC research, it is hardly surprising that very little work

has been published on 3D PhQCs. The lack of a definitive theoretical tool for analysing

3D PhQCs has led some to take a direct approach and test structures in microwave

chambers. For example, Man et al. [179] examined a stereolithographically fabricated

3D PhQC with the same icosahedral symmetry as the Al-Mn of Shechtman et al. [3],

and found a nearly spherical effective Brillouin zone.

A scaled down icosahedral 3D PhQC (Fig. 3.3a) was fabricated for infrared wavelengths

by direct UV laser writing in SU-8, followed by silicon infiltration to yield a high contrast

structure [180, 181]. However, the most promising method for large-scale 3D PhQC

fabrication is the use of holographic lithography with more than four beams. Wang et al.

[171] produced 3D PhQCs for the optical domain with quasiperiodicity in the plane, and

periodicity normal to the plane, using ten-beam interference lithography. More recently,

Xu et al. [182] fabricated an icosahedral quasicrystal for the visible spectrum using 7-

beam interference lithography (Fig. 3.3b), although the spectral gaps were incomplete

due to the low index contrast.

Published theoretical results of 3D PhQCs are extremely limited, but at least one group

have tackled this problem using 3D approximants. Dyachenko et al. [48] recently pub-

lished PWE results based on low order approximants of an icosahedral quasicrystal.

Even using these relatively small approximants, a complete bandgap was predicted for

∆ε = 11 with a gap width of 17.6%. A complete gap was shown to persist down to a

dielectric contrast of 6:1 for the lowest order approximant and 5:1 for a higher order ap-

proximant. However, this remains greater than the 4:1 contrast required for a standard

diamond lattice [150].
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Figure 3.3: FIB cross sections of 3D icosahedral photonic quasicrystals fabricated using
(a) direct UV laser writing [180] and (b) interference lithography [182]. All
scale bars are 1µm.

3.5 Periodic tilings of complex unit cells

This section is reserved for structures that can never be extended to create an infinite

quasiperiodic tiling of the plane, i.e. approximants of real quasicrystals are treated in

the section on 2D quasicrystals above.

3.5.1 Archimedean and Archimedean-like tilings

One of the ways isotropic PBGs can be achieved without resorting to true quasiperiodic-

ity is by using a set of periodic structures known as the ‘Archimedean tilings’. There are

11 possible Archimedean tilings of the Euclidean plane; 8 are based on a combination of

two regular polygons as shown in Fig. 3.4, while the standard uniform tilings (square,

triangle, and hexagon) complete the set [75]. Each tiling is labeled with a numeric ID

that indicates how many sides the polygons forming each vertex have. For example, in

the (33.42) tiling there are three triangles and two squares surrounding each vertex. A

useful feature of some Archimedean tilings is that despite their underlying periodicity

they possess locally high rotational symmetry. Like approximants, the periodic basis of

Archimedean tilings permits analysis of the lattice with PWE.

The results of Ueda et al. [75] showed that many of the Archimedean tilings support

PBGs for both rod- and hole-type lattices (∆ε = 12). All of the 63, 4.82, 4.6.12, and

32.4.3.4 tilings display large TM (TE) gaps for lattices of rods (holes), which is typical

of PhCs. Absolute gaps were reported for the 4.6.12 (9.3%) and 32.4.3.4 (5.1%) rod-type

lattices, and the 32.4.3.4 (6.6%) hole-type lattice.

Further studies on Archimedean tilings were performed by David et al. [47]. In truth,

only one of their three tilings is Archimedean. The other two are the 3.4.6.4 and 3.122
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Figure 3.4: The eight Archimedean tilings based on combinations of two regular poly-
gons. The additional three Archimedean tilings are the regular triangular,
square, and hexagonal lattices. Adapted from Ueda et al. [75].

tilings, completely decomposed into squares and triangles, and are therefore Archimedean-

like. These tilings only possess local 12-fold rotational symmetry, despite claims of true

12-fold symmetry. Bandstructure calculations for all three hole-type tilings (ε = 12,

fair = 0.75) reveal nearly equal gaps of 11.6%, 11.4%, and 12.5%, which become more

isotropic as the cell complexity increases. Follow-up work by the same authors [62]

found reasonable agreement of the mid-gap frequency and gap width in the 32.4.3.4

tiling (37%) compared to previous results (32%) on a 12-fold PhQC [52]. More impor-

tantly, the authors tried replicating the low index PBGs of Zoorob et al. [60] by using

a 181-hole hexagonal unit cell (fair = 0.28, ε = 4.1) corresponding to the first iteration

of the Stampfli inflation rule. No gaps were found, leading the authors to suggest that

extremely long-range interactions may be responsible.

The decomposed 3.122 Archimedean-like tiling was further investigated in two forms,

labelled either “square-square” (S-S) or “triangle-triangle” (T-T) depending on whether

squares or triangles formed the boundaries between dodecagonal tiles [74]. The authors

assumed that these tilings are identical to the Stampfli quasicrystal; the Fourier trans-

forms in § 4.1 clearly prove otherwise. Unsurprisingly, they fail to reproduce the absolute

gap reported by Zoorob et al. [60]. Gap maps are presented as a function of r/a for

various rod- and hole-type lattices in either Si3N4 (ε = 4.1) or GaAs (ε = 11.4). For

T-T tilings in GaAs, the largest absolute PBGs are approximately 16% for air holes and

21% for dielectric rods, not the 58% suggested by the gap frequencies given in the text.

Like the Stampfli quasicrystal, the locally 12-fold Archimedean-like tilings have been

used as the basis for both semiconductor lasers and enhanced extraction in LEDs. A
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516-hole T-T variation of the 3.122 Archimedean-like tiling (a = 610nm, r = 0.36a),

incorrectly described as quasiperiodic, was etched into the surface of an InGaAsP laser

with multiple compressively strained quantum wells [183]. Lasing at 1.6µm was observed

from the whispering gallery modes supported by the centrally-located hexagonal (7 hole)

cavity. By shifting the pump spot, it was also possible to obtain lasing from the defect-

free PhC at frequencies corresponding to the edge of the PBG. For a 50% improved

light extraction in GaN LEDs, David et al. [135] etched the Archimedean-like 3.4.6.4

tiling of squares and triangles (a = 190 − 215nm) 250nm deep into the GaN surface.

The isotropic geometry and coincidence of the strong reciprocal lattice vectors with the

air cone increases the range of azimuthal angles efficiently diffracting into air. Angle-

resolved electroluminescence spectra were converted to band diagrams by using the

in-plane component of the incident wavevector. The results suggested that the entire

first BZ lies within the air cone and therefore all guided modes can be extracted to air.

3.5.2 Tiling segments of an infinite quasicrystal

Many of the crystals discussed in this section are similar, or even identical, to the

Archimedean-like tilings described above. However, the Archimedean-like tilings are

based on small unit cells that poorly approximate true quasicrystals, whereas for the

tilings described here the approximation progressively improves with larger and more

complex segments. The method is also distinct from rational approximants in that the

chosen segments are, by definition, present in the infinite quasicrystal, and that defects

at the cell boundaries are eliminated [56].

The 12-fold Stampfli quasicrystal is the most common parent lattice for these tilings,

perhaps due to the relative ease in which polygonal segments can be extracted. Wang

et al. [55] arranged square and triangular segments derived from the first iteration of

the Stampfli inflation rule into 4- and 6-fold rod-type lattices, respectively. The TM

transmission spectra and bandstructure calculations revealed almost-identical highly

isotropic gaps (ε = 8.9, a = 4mm, r = 0.28a). A single unit cell of the periodic

structure showed gaps at the same frequencies, leading the authors to conclude that

the optical properties of PhQCs are governed by the short-range order. However, they

neglect to consider the importance of dielectric contrast, and the fact that the TM gaps

of any high-contrast lattice of rods are essentially independent of the lattice geometry

[33, 36, 50].

A similar mistake was made by Zhao et al. [56], who created various tilings from three

sets of square and triangular segments of the Stampfli quasicrystal; the smallest being

the squares and triangles of the actual lattice, the largest being from the first iteration

of the Stampfli inflation rule, and therefore the same as Wang et al. [55]. The authors

also consider square and rhombic segments of a generic 12-fold quasicrystal, which they

incorrectly label as a Penrose lattice. Bandstructure calculations for hole-type lattices
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(ε = 12, r = 0.3a) showed narrow gaps (6.35% and 11.76%) for the true Stampfli PhQC,

and similar gaps for the higher order segment tilings. Once more, the authors conclude

that PBGs in PhQCs are reliant on the short-range order, without considering the low

index case. However, the geometry should have a stronger influence in their examples as

the contribution of Mie resonances to the gap formation is weaker in connected lattices.

The only group to include the effects of dielectric contrast on segment tilings was Cheng

et al. [57], who calculated the band diagrams of 14 tilings derived from small segments

of the 12-fold square-triangle tiling. Several tilings match structures investigated else-

where.5 The TM gaps of rod-type lattices were calculated for both Si (ε = 12) and glass

(ε = 2.1) with near-optimal fill factors of 0.12 and 0.32, respectively. As expected, the

gaps for all Si rod crystals are essentially identical (≈ 47%), while in glass rod crystals

there is significant variation from 1.63% up to a maximum of 4.99% for a lattice with

4-fold symmetry. The authors recognise that PBGs in high-index PhCs are determined

by the local environment, whereas those in low-index crystals are sensitive to the long-

range order. All 14 structures support a TM gap for ∆ε < 1, with the gap in the S-S

PhC prevailing at ∆ε = 0.44. To conclude, a comparison was made to the results of

Zoorob et al. [60] using the Archimedean-like S-S and T-T tilings of Hiett et al. [74].

The lower limit for absolute gaps to appear was found to be ∆ε = 2.9 (S-S, fair = 0.564)

and ∆ε = 3.1 (T-T, fair = 0.443).

To this author’s knowledge, other than the 12-fold quasicrystal, only an 8-fold quasicrys-

tal has been taken as the basis for segment tilings. David et al. [62] tested periodic tilings

formed from small segments of the 8-fold rod-type quasicrystal (f = 0.3, ε = 10) studied

by Chan et al. [5]. The resultant TM gaps - 28% and 15% - compare favourably with

the previous results thus further confirming the dominant effect of short-range order on

PBGs in high-contrast PhCs.

3.5.3 Unit cells via inverse Fourier transforms

A novel method of producing finite-size n-fold rotationally symmetric structures was

initially reported by Kaliteevski et al. [184] for modified Penrose tilings, and later in-

vestigated by Lee et al. [185]. By discretizing the inverse Fourier transform (IFT) of an

n-point rotationally symmetric ‘diffraction pattern’, a spatial structure is obtained that

approaches the desired symmetry. Even n produces n-fold symmetry, while odd n pro-

duces 2n-fold. These structures are only approximations to real quasiperiodic lattices

[33] as the IFT cannot produce infinitely extended tilings without discrete translational

symmetry. True quasicrystals based on a conceptually similar approach can be readily

fabricated via multi-beam interference lithography. Two-dimensional patterns have been

fabricated with up to n = 60 [186]. However, the process becomes progressively more

5Fig. 2a appears in [74]. Fig. 2b appears in [47, 62, 74]. Finally, Fig. 2h appears in David et al. [62].
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difficult at even higher orders, requiring tight control of the threshold dose and the use

of high-contrast resists

There are three parameters controlling the resulting IFT lattice: number of Fourier com-

ponents, magnitude of the associated Fourier coefficients, and the discretization thresh-

old. The fourth parameter dictating the spatial frequency (k) is essentially redundant

due to the scale invariance of Maxwell’s equations.

For an appropriate choice of variables, it is often possible to obtain patterns compatible

with unit cells. Many of these patterns, particularly those with 12-fold symmetry, are

familiar. The 12-fold symmetric pattern in Fig. 3.5 is similar to both the Archimedean

and Stampfli tilings, which are created using well-defined rules in real space. Here, the

tiling was obtained using the completely general IFT method, which may be extended to

produce spatially periodic patterns with higher local rotational symmetry. The ability

to define a non-primitive unit cell permits straightforward band diagram calculations

using a supercell PWE approach.

a b

Figure 3.5: Real (a) and Fourier (b) space representation of a locally 12-fold aperiodic
lattice generated from a discretized inverse DFT. The red square in (a)
highlights one possible choice for a non-primitive unit cell.

By increasing the number of non-zero Fourier components in the ‘diffraction pattern’ it

becomes clear that an empirical limit of ∼ 30 points exists. If the number of compo-

nents is raised far beyond 12 it is increasingly difficult to discretize the continuous IFT

image. The size of intrinsic defects in the resulting lattice also grows with the number

of components, and complicates the creation of intentional defects. For out-of-plane

propagation, these intrinsic defects may find use in radially symmetric structures such

as novel aperiodic microstructured optical fibres [175]. Although it is difficult to obtain

discrete patterns when n becomes large, it is worth noting that for certain parameters the

continuous IFT displays spiral features reminiscent of the sunflower pattern described

in § 2.5.3.

As there are no fundamental restrictions extending DFTs to higher dimensions, the IFT

method can produce a 3D spatial structure from a spherically symmetric 3D ‘diffraction
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pattern’. While the 2D diffraction pattern merely requires evenly spaced points on a

ring, the 3D pattern requires an even distribution on the surface of a sphere. There are

several ways to achieve this.

The first method defines n points along lines of, ‘lattitude’ and ‘longitude’, and is a

poor approximation to the evenly distributed ideal. A structure generated from the IFT

of this pattern inevitably displays periodicity normal to each plane of rings. Mapping

points on one eighth of the sphere using a variation of the sunflower achieves more

uniform spacing, and a truly quasiperiodic spatial model. The third potential method

uses Archimedean polyhedra, such as the truncated icosahedron (buckyball), as the

basis for the reciprocal space model. The buckyball has full icosahedral (Ih) symmetry.

Structures within the same symmetry group have been tested at both microwave [179]

and optical frequencies [182, 187].

The freedom afforded by the IFT method permits engineers to design an infinite variety

of highly symmetric structures. In practice, the most useful of these will be a compro-

mise between high rotational symmetry, strong diffraction peaks, and packing density.

IFT lattices with lower n-fold symmetry and larger Fourier coefficients are likely to dis-

play PBGs more dependent on the local structure, which is preferable for dense optical

integration.

3.6 Non-crystalline structures

Whether it be periodic or aperiodic, a crystal must have an “essentially discrete diffrac-

tion diagram” if it is to comply with the currently accepted definition [4]. Nevertheless,

there are many other structures with potentially useful spatial properties that do not.

For example, curvilinear lattices fall into this category [188, 189], as do completely ran-

dom arrangements of arrangements of dielectric rods [50]. Both of these have been

shown to support PBGs, and the curvilinear lattices are notable for their similarity to

the sunflower pattern in this work.

In the following sections, we summarise the properties of two more non-crystalline struc-

tures that have gathered interest for their promising optical properties. Note that all

Fourier transforms are plotted with power relative to the peak power of the hexagonal

lattice to ensure fair comparison with those of Chapter 4.

3.6.1 Pinwheel

The pinwheel tiling illustrated in Fig. 3.6a is constructed by decomposition of a 1:2:
√

5

triangle into five self-similar congruent triangles. Iterating this substitution rule pro-

duces a complete tiling of the plane with each triangle existing in any one of an infinite
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number of possible orientations [190, 191]. This unique property suggests that the struc-

ture possesses extremely high (statistical) rotational symmetry. Indeed, for an infinite

lattice it is mathematically proven that the autocorrelation function is circularly sym-

metric and thus, by definition, the Fourier transform is circularly symmetric as well

[191, 192].

Unfortunately, this property is not retained in finite samples. Examining the diffraction

pattern in Fig. 3.6b reveals two faint rings corresponding to two of the base prototile’s

side lengths. There are also 8 sharp peaks, which can be interpreted as the superposition

of two 4-fold lattices [33]. This relatively low rotational symmetry of the finite lattice

suggests that any PBGs will have anisotropic gap frequencies. The corresponding Fourier

coefficients are reasonably large, which is typical of low symmetry patterns and suggests

that the per ‘period’ attenuation may approach that of periodic structures.

a b

Figure 3.6: Real (a) and Fourier (b) space representation of an aperiodic pinwheel lat-
tice.

The engineering and analysis of defect states in the pinwheel is complicated by the many

intrinsic cavities. For example, waveguiding linear defects are subject to severe cavity-

coupled losses. On the other hand, these naturally occurring cavities could help the

pinwheel find application for slow light mediated by either resonant cavity coupling, or

flat bands at the PBG edge.

It is also possible that the pinwheel could efficiently localise light. For complete localisa-

tion, the pinwheel would need to be extended to the third dimension. To this end, a 3D

analog of the pinwheel known as the quaquaversal tiling has been presented by Conway

and Radin [193], who originally proposed the pinwheel. However, like the pinwheel,

the quaquaversal tiling would require an inordinately large sample to demonstrate a

spherically symmetric effective Brillouin zone.
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3.6.2 Moth wing

Most of the natural structures in optical biomimetics are from creatures displaying

either structural colour, or broadband antireflection [11]. One example of a natural

broadband antireflection coating is the nanoscale protuberances on the wing of the moth

species cryptotympana aquila. The structured surface provides a graded effective index

to facilitate a smooth transition between the permittivity of free space and the biological

material. From a PhC perspective, our interest lies in the structural symmetry.

a b

Figure 3.7: SEM image (a) and Fourier transform (b) of the wing of the night-flying
moth species cryptotympana aquila. Scale bar in (a) is 500nm. SEM image
courtesy of Dr. S. Boden.

Fig. 3.7b shows the Fourier transform of the moth wing SEM image, which appears

similar to that of the sunflower in § 4.1.4, albeit with an increased range of spatial

frequencies and lower peak coefficient. The protuberances are arranged in a slightly

disordered fashion but with almost equidistant spacing. Like the sunflower, this only

remains true when studying relatively large wing sections, as it is clear from the inset in

Fig. 3.7a that the structure within an individual ‘domain’ is roughly 6-fold symmetric.

Combining the random orientation of protuberance domains with a central section of the

sunflower could yield a hybrid pattern with high orientational order at all fields of view,

so long as the edge dislocations could be effectively removed. The resulting structure

straddles the line between deterministic and stochastic arrangements.

3.7 Summary

Planar photonic crystals are promising candidates for a wide range of applications, using

either the photonic bandgap or highly dispersive bands, in combination with intentional

defects. The most commercially advanced use is the patterning of LEDs to increase

extraction efficiency or achieve directional emission. In some cases, applications are

limited by the lack of 3D periodicity. True 3D PhCs have yet to be realised with
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sufficient quality to conclusively demonstrate their unique benefits, such as lossless 3D

optical circuits and full control over spontaneous emission. Fabrication of high-quality

3D PhCs has been attempted by colloidal, direct write, and layer-by-layer techniques.

Photonic quasicrystals possess numerous advantages and disadvantages over periodic

PhCs. Their high orientational order enables wider PBGs in low ∆ε crystals, and more

isotropic gap frequencies for any ∆ε. PBGs have been demonstrated, both theoretically

and experimentally, in quasicrystals with 8-, 10-, and 12-fold (statistical) rotational

symmetry for a broad range of ∆ε. However, there remains much confusion surrounding

the importance of long-range order and dielectric contrast, and the existence of absolute

PBGs reported in experimental low contrast crystals. Many authors fail to clearly distin-

guish between true (finite) quasicrystals, and periodic structures based on either rational

approximants or complex unit cells. These structures typically emulate the properties

of PhQCs at high ∆ε when the short-range order is most influential, but require much

larger unit cells to approximate true quasicrystals at low ∆ε. The published applications

of PhQCs include band-edge lasers, negative refraction, and LED enhancement.





Chapter 4

Structural analysis of photonic

crystal lattices

The frequency and width of photonic band gaps are intrinsically linked to the properties

of the crystal lattice in reciprocal (Fourier) space. Using the condition for first-order

Bragg scattering and the lattice period, we can estimate the mid-gap frequency of the

primary PBG. The period, or for quasicrystals the effective period, is readily derived

from the magnitude of reciprocal lattice vectors defining the strongest peaks of the

Fourier spectrum [35]. Furthermore, it is known that the width of a PBG is, to first

order, proportional to the value of the corresponding Fourier coefficients [12].

In this chapter, we analyse the magnitude and Fourier coefficients of the dominant peaks

in reciprocal space for the four crystal lattices described in § 2.5. The distribution and

symmetry of these peaks is also discussed. From this analysis, the optical response of

each lattice is predicted. We conclude with a brief discussion of chirality in the sunflower,

which is expected to have unique properties in out-of-plane transmission and photonic

crystal fibres. For the basic principles of Fourier analysis, see § 2.6.

4.1 Crystal properties in reciprocal space

For each lattice, a 24a×24a irrational (square) approximant was reproduced on a 1200×
1200 matrix for a fixed spatial resolution of 0.02a. Truncating the real-space lattice

results in some distortion of the Fourier coefficients, but this effect is most pronounced

for large k-vectors with weak Fourier coefficients, which are less influential. To obtain

sharper features in reciprocal space we used a reasonably large lattice basis of circles

with r = 0.4a.1 The approximant’s DFT was calculated numerically using a customised

1In a manifestation of Heisenberg’s uncertainty principle, a real-space lattice with small points, i.e.
precisely defined positions, transforms to a reciprocal lattice with a broad range of spatial frequencies.

59
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implementation of MATLAB’s fourier2 function. Zero padding of the matrix (up to

212 points in each dimension) was used to improve visibility of fine details, and the

DC component fi(0, 0) was suppressed by subtracting the mean from each point of the

input matrix. The resulting power spectrum - log(|fi|2) - is plotted alongside a reduced

spectrum highlighting those Fourier coefficients with a logarithmic intensity greater than

75% of the peak value.

In order to classify the k-vectors associated with specific features of each crystals trans-

mission spectrum we adopt a symbolic vector notation similar to that introduced by

Kaliteevski et al. [54]. This notation is based on the observation that the key points of a

quasicrystal’s reciprocal space can be indexed by combinations of a set of basic vectors

corresponding to the strongest Fourier coefficients.

4.1.1 6-fold hexagonal

Although any reciprocal lattice vector of the 6-fold lattice can be reduced to a sum

of two primitive vectors, we use the symbolic notation to uniquely identify points in

the 6-fold reciprocal lattice so as to demonstrate the labelling scheme and maintain

consistency with the 12-fold crystals. Instead of reciprocal lattice vector, we use the

term Fourier space vector (FSV) in an attempt to avoid confusion with conventional

(primitive) reciprocal lattice vectors. Following this scheme we obtain the three-vector

set of basic FSVs ±Gi for i = 1, 2, 3. Larger magnitude FSVs are expressed as vector

sums in a concatenated form, e.g. G1 −G2 −G2 = G12G2, where the overbar indicates

the antiparallel instance of Gi.

G1 = (cos(π/6), sin(π/6)) (4.1)

G2 = (cos(π/2), sin(π/2)) (4.2)

G3 = (cos(5π/6), sin(5π/6)) (4.3)

The basic FSVs are labelled in Fig. 4.1b, along with those FSVs confined within the 30◦

angle subtended by the irreducible BZ. Table 4.1 lists these FSVs and their associated

magnitude and Fourier coefficients. All other FSVs are related by symmetry. Some

discrepancy appears between the calculated and real values of |G| as a result of the

finite numerical resolution of the DFT. Using the definition of the primitive reciprocal

lattice vectors given in § 2.5.1, and noting that the DFTs are plotted in units of inverse

length, i.e. 1/a as opposed to 2π/a, we expect a hexagonal lattice with a = 1 to possess

primitive reciprocal lattice vectors with |G| = 2/
√

3 ≈ 1.1547. In comparison, the

calculated magnitude of the basic FSV G1 is 1.1480.
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Figure 4.1: (a) Logarithmic power spectrum (FFT) of a 24a by 24a section of a hexag-
onal PhC with r/a = 0.4. Inset depicts the corresponding Brillouin zone.
(b) Dominant Fourier components extracted from (a) with symbol size pro-
portional to |fi|2. FSVs within the cone of the irreducible BZ are labelled.

FSV |Gi| a = 1/Gi |fi| |fi|2 (×103) log10

(
|fi|2

)
G1 1.1480 0.8711 168.9788 28.5538 4.4557
G1G2 2.0029 0.4993 100.5463 10.1096 4.0047
2G1 2.3083 0.4332 70.4697 4.9660 3.6960

2G1G2 3.0532 0.3275 40.6645 1.6536 3.2184
3G1 3.4685 0.2883 42.1420 1.7759 3.2494

Table 4.1: Magnitude and Fourier coefficients of the FSVs lying within the 30◦ cone
subtended by the irreducible BZ of a hexagonal lattice.

As we would expect of a periodic structure, the diffraction pattern shown in Fig. 4.1a is

both sparse and strictly pure point. Every point with a non-zero Fourier coefficient can

be reached by integer combinations of the two primitive reciprocal lattice vectors b1 and

b2 given in § 2.5.1, or alternatively our basic set of FSVs, ±Gi. The 6-fold rotational

symmetry of the hexagonal lattice is evident in the arrangement of these innermost

FSVs.

Primary PBGs are formed at the edge of the first BZ, which is clearly delimited by the

bisectors of ±Gi. While this is a poor definition of the first BZ for periodic structures, for

which there are formal expressions [13], it is useful in the analysis of aperiodic structures.

In this case it is known as either the effective Brillouin zone or the pseudo-Jones zone,

in common with the terminology of solid-state quasicrystals. Second and third order

PBGs are associated with multiple scattering from FSVs with greater magnitude, e.g.
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2G1G2. These FSVs are spaced periodically at higher spatial frequencies, albeit with

progressively weaker coefficients, which serve to limit the width of corresponding gaps.

4.1.2 ‘12-fold’ Archimedean

A dense Fourier space indicates a broad range of spatial frequencies and is therefore

common to most aperiodic structures [35]. Although it is based on a periodic parent

lattice, the Archimedean lattice is no exception. Compared to the hexagonal’s DFT,

Fig. 4.2a shows a multitude of sharp peaks that, while they are no longer periodically

spaced, help the Archimedean lattice retain an essentially pure point Fourier spectrum.

The related Fourier coefficients are significantly weaker than for the periodic structure,

as is typical for an aperiodic lattice [12].
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Figure 4.2: (a) Logarithmic power spectrum (FFT) of a 24a by 24a section of a do-
decagonal Archimedean lattice with r/a = 0.4. Inset depicts the corre-
sponding effective Brillouin zone. (b) Dominant Fourier components ex-
tracted from (a) with symbol size proportional to |fi|2. Basic FSVs Gi

(i = 1, . . . , 9) are labelled with white numbers. Other FSVs within an
irreducible 30◦ cone are labelled in black.

The complex distribution of the dominant FSVs plotted in Fig. 4.2b makes our choice

of a basic set somewhat arbitary. Unlike periodic lattices, the number of basic FSVs

in an aperiodic crystal does not necessarily equal the number of physical dimensions

[31]. Here, we have chosen a set of 9 FSVs with the two largest Fourier coefficients:

±G1−6 (|fi| = 98.4138) and ±G7−9 (|fi| = 86.8660). These basic FSVs are indicated in

Fig. 4.2b by the numbered points. All other FSVs can be reached by integer combinations

of G1−9. For the hexagonal lattice the complete set of unique FSVs are those lying

within a 30◦ cone marked by the irreducible BZ. A lattice with true 12-fold rotational

symmetry in reciprocal space would restrict unique FSVs to those within a 15◦ cone.
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The underlying 6-fold periodicity in the Archimedean lattice means that it is not a true

12-fold quasicrystal. It is therefore necessary to consider a 30◦ cone in order to include

all unique FSVs. The full set of unique FSVs present in Fig. 4.2b is listed in Table 4.2.

G1 = (cos(4π/45), sin(4π/45)) (4.4)

G2 = (cos(11π/45), sin(11π/45)) (4.5)

G3 = (cos(19π/45), sin(19π/45)) (4.6)

G4 = (cos(26π/45), sin(26π/45)) (4.7)

G5 = (cos(34π/45), sin(34π/45)) (4.8)

G6 = (cos(41π/45), sin(41π/45)) (4.9)

G7 = (cos(π/6), sin(π/6)) (4.10)

G8 = (cos(π/2), sin(π/2)) (4.11)

G9 = (cos(5π/6), sin(5π/6)) (4.12)

FSV |Gi| a = 1/Gi |fi| |fi|2 (×102) log10

(
|fi|2

)
G5G6 0.5374 1.8609 27.1557 7.3743 2.8677
G7 0.9282 1.0774 86.8660 75.4571 3.8777

G1G2G7 1.0747 0.9305 74.5127 55.5214 3.7447
G2 1.1114 0.8998 98.4138 96.8527 3.9861

G6G8 1.2335 0.8107 40.8976 16.7262 3.2234
2G7 1.8564 0.5387 24.6771 6.0896 2.7846
G3G7 1.8808 0.5317 22.0459 4.8602 2.6867
G2G3 2.1373 0.4679 71.7849 51.5308 3.7121
G1G2 2.1617 0.4626 69.1080 47.7591 3.6791
G1G2G3 3.0410 0.3288 25.4662 6.4853 2.8119

Table 4.2: Magnitude and Fourier coefficients of the irreducible set of FSVs in the re-
ciprocal space of a locally 12-fold Archimedean lattice.

The underlying 6-fold periodicity manifests itself in Fig. 4.2a as the set of very faint FSVs

closest to the centre (|G| = 0.3103), which are too weak to feature in Fig. 4.2b. Their

associated length (1/G = 3.2227) closely matches the effective period along the Γ-M

direction of the parent lattice, i.e. a2ŷ = 2 (sin(π/3) + 0.75). The 6-fold periodicity also

has a strong effect on the ring of FSVs comprising our basic set. Together, ±G1−6 form

an irregular dodecagon with 6-fold rotational symmetry and two unique side lengths

of 0.5334 (G1 → G2) and 0.6127 (G2 → G3). The effective Brillouin zone depicted

in Fig. 4.2a is the same shape as it is constructed using the bisectors of ±G1−6. The

other half of the basic set (±G7−9) form a regular hexagon with 6-fold symmetry. Two

more sets of FSVs with magnitudes close to |Gi|, i.e. those equivalent to G1G2G7 or

G6G8, also display 6-fold symmetry. It is only when we move to the outer ring of
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dominant FSVs (≡ G1G2, G2G3) that we observe 12-fold rotational symmetry. Their

higher spatial frequency indicates that the 12-fold symmetry only exists on a local scale.

The Archimedean lattice is therefore an intermediate structure combining properties of

both 6-fold crystals and true 12-fold quasicrystals. Its rotational symmetry is globally

6-fold, but locally 12-fold.

4.1.3 12-fold Stampfli

The Archimedean and Stampfli tilings can be difficult to distinguish by a cursory inspec-

tion of the real space lattice. However, the differences are clear in the Fourier domain.

Unlike the Archimedean tiling, the Stampfli’s reduced Fourier spectrum in Fig. 4.3b

shows true 12-fold rotational symmetry on the ring of dominant FSVs, which we have

labelled as our basic set ±G1−6. The shape of the corresponding effective BZ is therefore

a regular dodecagon. This important difference is accompanied by the increased density

of weak Fourier components seen in Fig. 4.3a with |G| ≈ |G1−6|. In spite of this, the

spectrum remains essentially pure point.
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Figure 4.3: (a) Logarithmic power spectrum (FFT) of a 24a by 24a section of a fractal
Stampfli-inflated 12-fold lattice with r/a = 0.4. Inset depicts the corre-
sponding effective Brillouin zone. (b) Dominant Fourier components ex-
tracted from (a) with symbol size proportional to |fi|2. Basic FSVs Gi

(i = 1, . . . , 6) are labelled with white numbers. Other FSVs within the
suggested irreducible 15◦ cone are labelled in black.
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G1 = (cos(π/12), sin(π/12)) (4.13)

G2 = (cos(π/4), sin(π/4)) (4.14)

G3 = (cos(5π/12), sin(5π/12)) (4.15)

G4 = (cos(7π/12), sin(7π/12)) (4.16)

G5 = (cos(3π/4), sin(3π/4)) (4.17)

G6 = (cos(11π/12), sin(11π/12)) (4.18)

The six innermost FSVs in Fig. 4.3a (Ga) hint at an underlying 6-fold symmetry. Strictly

speaking we should therefore examine all FSVs lying within a 30◦ cone, as we have for

the hexagonal and Archimedean lattices. However, we only include FSVs lying within a

15◦ cone since it is expected that the weaker FSVs nestled between the stronger peaks

will have a limited impact on the optical properties of the crystal. Although they are

excluded from our basic set ±G1−6, the properties of the three weaker FSVs (Ga−c) are

listed in Table 4.3 for completeness.

It is worth noting that there is a negligible difference between the strongest Fourier

coefficients of the Archimedean and Stampfli lattices, which in both cases are associated

with the basic FSV sets. The nearly equal Fourier coefficients suggest that the Stampfli

lattice improves orientational order without a reduction in diffraction efficiency.

FSV |Gi| a = 1/Gi |fi| |fi|2 (×102) log10

(
|fi|2

)
G2 1.1236 0.8900 98.1061 96.2481 3.9834
G2G3 2.1495 0.4652 72.5422 52.6237 3.7212
G2G3G4 3.0410 0.3288 24.9783 6.2392 2.7951
Ga 0.5740 1.7422 21.1791 4.4855 2.6518
Gb 0.9893 1.0108 36.3771 13.2329 3.1217
Gc 1.1602 0.8619 26.9667 7.2720 2.8617

Table 4.3: Magnitude and Fourier coefficients of the irreducible set of FSVs in the recip-
rocal space of a Stampfli-inflated fractal lattice with true 12-fold statistical
symmetry.

4.1.4 Highly isotropic sunflower

The Fourier spectrum of various spiral lattices, including the sunflower, was studied

briefly by Xudong et al. [70]. Here, we examine a sunflower constructed on a left-handed

parabolic generative spiral with a divergence angle of 2π−φ. A centrally-located section

(24a× 24a) is used to calculate the power spectrum and dominant Fourier components

shown in Fig. 4.4a and b.
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The power spectrum appears to be singular continuous, without any obvious discrete

peaks. The absence of these peaks makes classifying the sunflower as a quasicrystal

somewhat of a misnomer since the IUC defines crystals, including their aperiodic vari-

ants, as ‘any solid having an essentially discrete diffraction diagram’ [4]. The dominant

FSVs, which have much smaller Fourier coefficients than those of the 6 and 12-fold

lattices, are distributed isotropically across a narrow band of spatial frequencies, thus

forming what may be initially mistaken for a continuous ring. Apart from this ring

of dominant FSVs (‘Bragg ring’), and a second, much fainter high frequency ring, the

Fourier spectrum is flat.
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Figure 4.4: (a) Logarithmic power spectrum (FFT) of a 24a by 24a section of the sun-
flower centred on the origin (r/a = 0.4). Inset depicts an approximation
to the true effective Brillouin zone. (b) Dominant Fourier components ex-
tracted from (a) with symbol size proportional to |fi|2. The slight 4-fold
symmetry in (b) is an artifact of the 2D DFT.

Closer inspection of the Bragg ring reveals that it is not continuous. Rather, it is

formed by a series of short spirals resembling the parastichies of the real space lattice.

The number of counter-propagating spirals - 68 clockwise, 75 counter-clockwise - is equal

to the sum of the first 10 Fibonacci numbers. This self-similarity between the real and

Fourier domains is often evident for any given point set. For instance, the hexagonal

lattice transforms to a π/6 rotated variant of itself. Nevertheless, the finite resolution of

the Fourier transform raises the possibility that the spiral detail is a numerical artifact.

To eliminate these concerns an optically diffractive sample was produced. The exper-

imental sample shown in Fig. 4.5a was fabricated by e-beam lithography in a 300nm

thick polymethylmethacrylate (PMMA) film on a borosilicate glass substrate, and sub-

sequently coated with a 50nm layer of sputtered gold. The patterned area is 56µm in

diameter and contains 500 holes with a radius of 0.54µm. The modal pitch was found to
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be a = 2.2µm from Delaunay triangulation of the SEM image (r/a = 0.245). Fig. 4.5b

and c show the calculated and experimental diffraction patterns of the fabricated sam-

ple. The experimental result was acquired in reflection using a HeNe (λ = 543nm) laser

beam focused on the surface at an angle of 30◦ off normal. Excellent agreement with

the calculated pattern proves that the spiral structure of the Bragg ring is not caused

by the limited resolution of the DFT.

Figure 4.5: (a) SEM image of a 500 point sunflower in PMMA. Scale bar is 10µm
(b) Calculated and (c) experimental diffraction patterns of the fabricated
sample. The faint 4-fold symmetry in (c) is an experimental artifact due to
the square tiling of the test patterns.

If we neglect this spiral detail, the closest relative of the sunflower appears to be an

infinite set of periodically spaced concentric rings. When centred on the origin, the

corresponding Fourier transform is a continuous ring with a very narrow (ideally a δ-

function) frequency band. The distribution of scattering over all angles reduces the peak

Fourier coefficients to less than a third of the hexagonal lattice, or approximately half

of the Archimedean and Stampfli tilings. A similar structure consisting of a discrete

arrangement of rods in concentric rings was experimentally investigated by Horiuchi

et al. [189]. The peak Fourier coefficients of samples both with and without phase shifts

between consecutive rings have been investigated here and found to be on par with the

set of continuous rings. By combining both an isotropic Fourier spectrum and a variable

nearest-neighbour pitch, the sunflower has the lowest peak Fourier coefficient of all. For

samples larger than the 24a× 24a sections considered here, the sunflower’s modal pitch

is more prominent and provides a Fourier spectrum with a slightly narrower Bragg ring.

However, there is a negligible increase in the peak Fourier coefficient.

The sunflower’s isotropic Fourier spectrum seems to suggest ‘infinite’ rotational symme-

try. On the contrary, Bursill et al. [69] note that spiral lattices based on highly irrational

divergence angles are devoid of rotational symmetry. Although the parastichies of the

sunflower may display rotational symmetry, the lattice itself does not. The sunflower

therefore belongs to the trivial cyclic point group C1 [73] and is best described as an

aperiodic lattice with extremely high orientational order.
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4.1.5 Spatial uniformity

For a periodic hexagonal lattice it does not matter what part of the lattice we choose

to take the Fourier transform of; anywhere we choose it will be the same. The periodic

Archimedean tiling is similarly invariant, provided a suitable number of unit cells are in-

cluded. The Stampfli lattice is a fractal tiling with a consistent local environment, albeit

with minor local variations between adjoining tiles. Again, its Fourier spectrum remains

essentially the same at all points, even if tile rotations are introduced by implementing

the random Stampfli inflation rule. In contrast, localised regions of the sunflower can

show dramatic variation in reciprocal space.

5

4

3

2

1

∆f
i m

ax

2420161284
Domain size

 Hexagonal
 Archimedean
 Stampfli
 Sunflower

100

80

60

40

20

f i 
m

ax

483624120
Offset

 Archimedean
 Stampfli
 Sunflower - 24a
 Sunflower - 12a
 Sunflower - 6a

a b

Figure 4.6: (a) Peak values of fi for 24a sections of Archimedean, Stampfli, and sun-
flower lattices, along with 12a and 6a sections of the sunflower. (b) Differ-
ence between peak fi of variably sized sections of each lattice with either
zero offset or an offset of 24a. Domain size is in units of a.

To analyse this behaviour further, we consider the variation in the magnitude of the

peak Fourier coefficients as a function of lateral offset from the origin. As the rotational

symmetry of a lattice increases there is a concomitant increase in the density of the

Fourier space, and a decrease in the magnitude of the individual coefficients. Periodicity

is therefore associated with large maximum values of |fi|. In Fig. 4.6a the value of |fi|max

is plotted as a function of lattice offset in number of periods. The spatial uniformity of

the Archimedean and Stampfli lattices is clear from the small variation in |fi|max. On

the other hand, the sunflower’s peak Fourier coefficient shows a significant rise as the

offset increases due to the locally 4- or 6-fold lattice.

This behaviour is reflected in the arrangement of the dominant Fourier components.

Fig. 4.7 shows the DFT of six 12a× 12a sections of the sunflower taken at radial offsets

of 0, 8a, 16a, 24a, 32a and 40a. The ratio r/a = 0.4 remains fixed. These DFTs

show that the sunflower’s high orientational order rapidly disintegrates away from the

origin. By the time the offset reaches 40a, the dominant FSVs are concentrated along

directions normal to the spiral parastichies. The Bragg ring approaches 6-fold symmetry,
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as opposed to the near-continuous distribution of Fig. 4.7a. Four of the six (broad) peaks

are stronger than the remaining two. These are associated with the two steepest sets of

counter-propagating parastichies most obvious to the naked eye. The tendency towards

6-fold symmetry is greatest in regions just beyond the quasicrystalline grain boundaries

where the third set of parastichies is most prominent.

a b c

d e f

Figure 4.7: Fourier space representation of a 12a by 12a sunflower domain (r/a = 0.4)
with centre offsets of (a) 0, (b) 8a, (c) 16a, (d) 24a, (e) 32a and (f) 40a.
Darker shades correspond to larger Fourier coefficients. Insets depict the
corresponding spatial structure.

High orientational order can be restored for offset sections if the Fourier transform

encompasses a much larger area. The curvature of the parastichies is then taken into

account, once more producing a highly isotropic diffraction pattern. This distinction

between the high orientational order of large samples, and low point symmetry of small

samples has important implications for the sunflower’s optical response.

4.2 Inferred optical properties

Here, we briefly consider how the aforementioned properties in real (§ 2.5) and reciprocal

space will affect the optical response of each lattice. A comparison of the dominant FSVs

of each lattice and their respective Fourier coefficients is given in Table 4.4.

The optical properties of hexagonal PhCs are well documented [13]. Primary PBGs along

the cardinal directions Γ-M and Γ-K are associated with Bragg diffraction from the basic
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6-fold Archimedean Stampfli Sunflower Con. rings

|Gi| 1.1480 1.1114 1.1236 0.9404 0.9770
|fi| 169.1573 98.4138 98.1061 37.9931 55.8010

Table 4.4: Magnitude and Fourier coefficients of the dominant FSVs for four discrete
lattices and a set of concentric rings.

FSVs defined in § 4.1.1. The large Fourier coefficients and pure point spectrum result

in high diffraction efficiencies. In a lattice of dielectric rods, complete TM gaps remain

open down to dielectric contrasts as low as 2:1 (3.9% gap). The strong periodicity

also indicates that both the absolute mid-gap attenuation and per period (unit cell)

attenuation of high contrast crystals will be high. Second and third order gaps may be

found in high contrast lattices via multiple-scattering and larger FSVs. However, the

formation of complete gaps below ε2/ε1 = 2 is limited by the hexagonal BZ. For a lattice

with period a, the difference in magnitude between Γ-M and Γ-K is (1/a)(4π/3−2π/
√

3),

which results in anisotropic gap frequencies.

The Archimedean’s Fourier spectrum indicates locally 12-fold symmetry in a lattice with

globally 6-fold symmetry. Its large number of additional FSVs will support Bragg re-

flection for a much greater range of k, thus raising the possibility of not one but several

‘primary’ PBGs. The magnitude of the strongest Fourier coefficients is significantly

weaker than the hexagaonal lattice (168.9788 c.f. 98.4138); deep mid-gap attenuation

will therefore require larger samples [59]. The 6-fold arrangement of the dominant FSVs

suggests little or no benefit in terms of achieving isotropic gap frequencies. However,

the numerous FSVs with similar magnitude may partially compensate for this by sup-

porting the overlap of many narrower gaps. In practice, the Archimedean lattice has

an important advantage over the true aperiodic lattices in its compatibility with plane

wave expansion.

Making the transition to the true 12-fold symmetry of the Stampfli lattice should yield

primary PBGs with highly isotropic gap frequencies, and a mid-gap attenuation compa-

rable to the best offered by the Archimedean lattice. The net effect of increased spatial

isotropy and large Fourier coefficients should be complete PBGs with widths potentially

exceeding those of the hexagonal lattice. Despite the true 12-fold symmetry, the con-

sistent local environment limits the additional complexity when creating and analysing

defect states.

In optical biomimetics, most biological specimens display optical functionality; some-

thing the sunflower itself lacks. The most similar optically active structures in Nature

are found in the silica cell walls of certain species of diatoms. Indeed, their likeness

has led some authors to mistakenly label nanoscale sunflowers as diatom replicas [11].

Even though its origins are not optical, the sunflower has spatial properties that are

favourable for PhCs.
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Intuitively, the ideal Fourier spectrum for 2D PhCs is a circle. If we impose the constraint

that the lattice be discrete, only an infinite pinwheel tiling (§ 3.6.1) can produce such

circular symmetry.2 The most valuable property of the sunflower is therefore its highly

isotropic Fourier spectrum, which is a good approximation to the circular ideal. The ap-

proximation is limited by the fine spiral detail and broad spectral content. Nevertheless,

the dominant FSVs forming the isotropic ring should support almost perfectly isotropic

gap frequencies and make the sunflower a promising candidate for complete PBGs in

low permittivity materials. Furthermore, the lack of rotational symmetry eliminates

degenerate modes [194] and creates potential for strong single-moded resonances.

If the sunflower’s Fourier spectrum was a perfect circle, we would expect a PBG for

∆ε→ 0. This property can be demonstrated for a set of circularly symmetric concentric

rings with a centred dipole source, which is hardly surprising given that they represent

a ‘rolled up’ Bragg mirror.3 As r → ∞, the curvature of each layer tends toward zero.

The combined Fresnel reflectance from each interface results in a narrow stopband. The

sunflower may be able to emulate this and support complete PBGs for an extremely low

dielectric contrast.

Unfortunately, the sunflower’s broad spectral content results in a much smaller peak

Fourier coefficient than both the lower-symmetry crystals and the set of concentric rings.

Diffraction efficiency will be reduced and any PBGs may be narrow with weak ‘unit cell’

attenuation. Strong attenuation would be restricted to exceptionally large structures

allowing sufficient long-range interaction, similar to weakly-modulated fibre Bragg grat-

ings, or the cylindrical dielectric mirror considered above.

Requiring large samples to form PBGs can be either beneficial or detrimental depending

on the intended use. Fabrication of PhCs at nanoscale dimensions inevitably yields

structural imperfections such as dimensional inaccuracy, and sidewall roughness. With

a variable pitch distribution and extended optical feedback, the sunflower could be far

less sensitive to fabrication errors. On the other hand, the weak exponential decay

of localised modes may cause problems such as crosstalk between adjacent devices via

evanescent coupling.

The suggested isotropic gap frequencies imply flat bands bordering the gap with ex-

tremely low group velocity for all k‖. Slow light, irrespective of direction, finds use

where light-matter interactions are crucial, such as nonlinear optical devices, and sens-

ing. Typically, the flat bands would also impose a restricted operational bandwidth; a

trade-off usually quantified by the delay-bandwidth product.

2Statistically, an infinite set of randomly positioned points can produce circular symmetry if there
are limits on minimum and maximum separation. See, for example, the moth wing in Fig. 3.7.

3Radial multilayer structures find commercial success in fibre geometries where they are aptly named
Bragg fibres. One such example is the Omniguide fibre for CO2 laser delivery.
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With respect to linear defect waveguides, the sunflower’s dense point packing is particu-

larly favourable. Many aperiodic structures, particularly those with the highest symme-

try [186], have numerous cavities acting as loss centres. Apart from the inherent central

defect, the sunflower is free of such cavities. However, it would be difficult to engineer

defects with desired properties because of the variable spacing between points. The task

may be easier at locations where the structure adopts locally 4- or 6-fold symmetry, at

the expense of the benefits of high orientational order. For practical applications, it

may be preferable to consider sections of the sunflower located at, or close to, the ori-

gin, in order to preserve the high orientational order. Tiling randomly oriented central

sections could produce a pattern with high orientational order at all points, albeit with

the detrimental impact of lattice dislocations.

4.2.1 Estimated mid-gap frequency

As with periodic structures, the position of the primary PBG in an aperiodic lattice

can be predicted by considering the Bragg reflection from each ‘plane’ of lattice points.

The distance between planes is given by an effective period derived from the magnitude

of the dominant FSVs in reciprocal space [35]. Expressions for the dielectric fill factor

of the hexagonal and Archimedean lattices were given in § 2.5. Equivalent expressions

for the Stampfli and sunflower lattices are not so trivial. In these cases the fill factor

was determined using pixel-counting of high resolution images. Applying this method

to an image of a 24a × 24a section of the sunflower with r/a = 0.2 and a pixel size of

0.005a gives f ≈ 0.1151, converged to 2 decimal places. If we now assume alumina is

the dielectric, with εd = 9.61, the effective permittivity for TM polarisation determined

from Eqn. 2.6 is 1.9910. The corresponding normalised mid-gap frequency is obtained

from Eqn. 2.5 as νa/c ≈ 0.3544, which is a reasonable estimate for a first-order TM gap.

4.3 Chirality of the sunflower

A pattern is said to be chiral if its mirror image cannot be superimposed upon itself,

in essence leading to a left and right ‘handed’ copy. The sunflower is one such pattern.

Interestingly, the sunflower already has two separate versions, obtained by choosing a

divergence angle of either Ψ = g (≈ 137.5◦), or ψ = 2π − g (≈ 222.5◦). However, these

do not form an enantiomorphic pair. Each version is itself chiral, which leads to four

distinct variations: a Ψ pattern, a ψ pattern, and their mirror images (Ψm and ψm).

Fig. 4.8a and b show the positive quadrant of a 2000 point sunflower’s Delaunay triangu-

lation for angles of Ψ and ψ. The difference causes the steepest parastichies to evolve in

opposite directions. Bold black lines highlight the boundaries within the triangulation

at which the Delaunay condition of empty circumcircles is broken by the shallow spirals,
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a b

c d

Figure 4.8: Delaunay triangulations of a 2000 point sunflower for divergence angles
of (a) Ψ and (b) ψ, both of the same I(+,+) quadrant. (c,d) Overlaid
patterns of (c) the disordered Ψ/ψ and (d) the Archimedean spiral-like
Ψ/ψm combinations.

i.e. the quasicrystalline grain boundaries. The jump from one set of parastichy numbers

to the next also constitutes a change in the direction of the next nearest point.

Fig. 4.8c represents the combination of two sunflowers with divergence angles of Ψ and

ψ. The resulting image appears disordered, even though it consists of two deterministic

patterns. Similar results are obtained for three more unique combinations of the four

sunflower variants. Only when we combine Ψ with ψm, as in Fig. 4.8d, or ψ with Ψm

do we obtain alternative Fermat spirals. Rotation of the patterns with respect to each

other reveals that, apart from the central region, they are identical. The pairs are there-

fore equivalent, though only after a rotary transformation. The various permutations

achieved with different angles provide clues as to how a layer-by-layer 3D sunflower may

be constructed.

While the sunflower’s chirality should not influence in-plane PBGs, it is important for

the out-of-plane transmission. Several studies cite giant optical activity in planar chiral

metamaterials [195] with applications in polarimetry. There is also potential for focusing

beyond the diffraction limit [196], and even a chiral negative refractive index [197].
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4.4 Summary

The reciprocal lattice of four crystal lattices has been analysed using the discrete Fourier

transform. As expected, the hexagonal lattice has both the largest Fourier coefficients

and the least isotropic FSV distribution. The large coefficients indicate high diffraction

efficiencies. The Archimedean lattice has considerably weaker peak coefficients. These

are associated with FSVs forming an irregular dodecagon that highlights the underlying

periodicity. True 12-fold symmetry is exhibited at higher spatial frequencies, i.e. for

localised areas of the real space lattice. Conversely, the Stampfli lattice shows true 12-

fold symmetry at all levels, without sacrificing diffraction efficiency. This implies that

the Stampfli will possess wider and more isotropic PBGs than the Archimedean lattice,

particularly at lower dielectric contrasts.

The sunflower is unique amongst the lattices studied as it is not strictly a crystal; a

fact borne out by the near-continuous nature of the power spectrum. The distribution

of power over all angles results in relatively weak Fourier coefficients, and suggests nar-

rower PBGs but with isotropic frequencies. These optical properties will depend on the

position in the lattice, which varies between locally 4- or 6-fold (distorted) symmetry.

High orientational order can be recovered by considering larger samples. The Fourier

properties suggest uses for the sunflower in low-index PBG materials and slow light me-

diated by flat bands. Furthermore, the sunflower is promising in applications requiring

long-range optical feedback and low fabrication tolerances.



Chapter 5

FDTD and PWE simulation of

2D photonic quasicrystals

Computing the electromagnetic properties of photonic quasicrystals (PhQCs) remains

far more challenging than for periodic crystals. More specifically, the lack of discrete

translational symmetry prohibits the use of plane wave expansion (PWE), often con-

sidered to be the ‘workhorse’ of photonic crystal (PhC) analysis. Many groups instead

determine the transmission spectra of finite samples using general numerical methods

such as finite element (FE) or finite-difference time-domain (FDTD) codes, or the semi-

analytical scattering matrix method (SMM). To the author’s knowledge, only two groups

have developed ways to accurately determine the bandstructure of quasicrystals; one

based on a modified PWE using a large subset of vectors from the full reciprocal lattice

[44], the other based on a generalisation of Bloch’s theorem in a higher dimensional

space [45].

In this chapter, we discuss the properties of the hexagonal, Archimedean, Stampfli, and

sunflower lattices using a combination of FDTD and PWE simulations, with a focus

on alumina rod-type lattices such as those tested in Chapter 6. The gap maps of all

four lattices are compared, before presenting band diagrams of the sunflower calculated

using a non-rational approximant-based PWE method. From there, we analyse the

sensitivity of the primary TM gap to structural changes and dielectric contrast, and in

particular demonstrate the importance of lattice geometry and long-range interaction in

low dielectric contrast crystals.

5.1 Gap maps by FDTD with a dipole source

Gap maps plot the complete and/or absolute PBGs of a PhC as a function of one or

more key parameters such as dielectric contrast, material loss or, most commonly, fill

75
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factor. Here, the sunflower’s transmission spectra is determined for dielectric fill factors,

f , between approximately 0.035 (r/a = 0.1) and 0.737 (r/a = 0.5) for a lattice of circular

rods, and 1−f (r/a = 0.1→ 0.5) for a lattice of circular holes. The results are compared

to a hexagonal lattice with fill factors between 0.036 (r/a = 0.1) and 0.907 (r/a = 0.5)

for rods, and 1 − f for holes. In both cases, the field radiating from a dipole current

source is sampled at points along the circumference of a circle with radius Rs. The

major benefit of this approach is that the transmission spectrum is determined for all

angles of incidence simultaneously thus any spectral gaps are, by definition, complete

gaps. Zhang et al. [61] and Kim et al. [132] used a similar method with a monochromatic

source. Note that for reasons of convenience, the results are presented in terms of r/a

rather than f .

5.1.1 Simulation parameters and considerations

A commercial FDTD package (RSoft’s FullWAVE) was used to determine the transmis-

sion spectrum of the 2D sunflower and hexagonal lattices over a normalised frequency

range, 0 < a/λ < 1. Both rod-type and hole-type lattices were investigated, each with

three dielectric permittivities; ε = 9.61, ε = 5.76, and ε = 2.79. These three values

correspond to alumina at λ ≈ 30cm [21, 22, 198], gallium lanthanum sulphide (GLS) at

λ = 1µm [199], and PMMA at λ = 30cm [200], respectively.1 Alumina and PMMA were

chosen to coincide with available materials for subsequent microwave characterisation,

while GLS is a potential candidate for active PhC devices (§ 7). The dielectric con-

trast between air and alumina is comparable to Si:SiO2 making these results relevant to

Si:SiO2 PhCs as well. It is assumed here that all media are linear, lossless and isotropic,

and that chromatic dispersion can be ignored (dn/dω = 0).

To eliminate the need for frequency normalisation, the sunflower lattice described in

§ 2.5.3 is scaled by A = 0.596 to obtain an effective period (a) of unit length. The

computational domain illustrated in Fig. 5.1 is a + 24a + a wide in both x̂ and ŷ.

The additional period on either side reduces potential interference between the PML

(perfectly matched layer)2 and field monitors, which are uniformly distributed at 0.5◦

increments along a circle with Rs = 12a to give a propagation length of 12a in all

directions. The 0.5◦ spacing results in an arc length between monitors of approximately

5 grid points at the resolution used. Each monitor records the temporal evolution of

the scalar field component at a single mesh point: Ez for TM polarisation, and Hz for

TE polarisation. A Fourier transform of the temporal data yields the power spectral

density, which is representativev of the photonic density of states.

1The reported microwave permittivity of alumina is also commonly reported as ε = 8.9 [51, 52, 94,
201].

2A PML width of 20 mesh steps was found to be sufficient to reduce reflections to less than 10−4 for
all angles of incidence.
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Figure 5.1: (a) Layout of the computational domain for FDTD simulations with a dipole
source. (b) Illustration of offsetting the computational domain along the x-
axis.

To accurately resolve the structure and fields, the mesh steps ∆x and ∆y should generally

be less than λ/10n, where λ is the shortest freespace wavelength radiated by the source,

and n is the highest refractive index. The mesh step is further constrained by the distance

between interfaces, and their curvature. Cylinder arrays with very high or very low fill

factors have small interfacial distances, and it is also desirable to avoid a ‘staircase’

approximation to the cylinder surface. For these reasons, and unless stated otherwise, a

uniform mesh with ∆x = ∆y = 0.02 is used for all simulations, which ensures that each

rod/hole, and the shortest wavelength (λ/3.1), are sampled by at least 10 grid points.3

Numerical stability is maintained by adhering to the Courant condition,

∆t <
1

c

√
1

∆x2
+

1

∆y2

(5.1)

which enforces the use of a small time step ∆t for a fine mesh. To maximise computa-

tional speed, a time step of 99% of the stability limit is used. A simulation length of 214

time steps allows sufficient decay of the launch field, and permits an efficient DFT with

a normalised frequency resolution δν < 0.004. The temporally and spatially Gaussian

current source (a non-ideal dipole) is located at the centre of the computational domain,

3Although non-uniform meshes are supported by FullWAVE, they can lead to unpredictable resource
requirements, and are of limited benefit to quasiperiodic structures due to the sheer number of dielectric
interfaces, and lack of open channels along co-ordinate axes.
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and given a centre wavelength of 2a and pulse width of 3.3fs, equivalent to a normalised

frequency bandwidth of ∆ν = 1. The spatial width (1/e) is set to a/2 to concentrate

power in the lower spatial modes.

5.1.2 Testing the validity of FDTD with a dipole source

Fig. 5.2 demonstrates the validity of the dipole FDTD approach compared to standard

PWE, and FDTD with a plane wave source and perfect electric conductor (PEC) lateral

boundary conditions. A hexagonal lattice of alumina rods (ε = 9.61, r/a = 0.2, TM

polarisation) in air is used as a test case. The PWE band diagram in Fig. 5.2a was

calculated with 210 plane waves and shows a primary TM gap centred at a/λ = 0.3884

with a gap-midgap ratio (∆ω/ωc) of 43.46%.

The FDTD transmission spectrum in Fig. 5.2c was computed on a 12a wide by 15a long

domain with the same spatial resolution as the dipole FDTD, but using a temporally

Gaussian plane wave source incident from free space, initially along the Γ-M direction.

Lateral PEC boundary conditions (E = 0) ensure that all of the source radiation either

leaves the domain through the PML at each end, or remains as a bound PEC waveguide

or PhC mode. The very low frequency transmission minima indicates the low frequency

cutoff of the artificial ‘waveguide’. Transmission is measured as the normal component of

the Poynting vector along a line L, parallel to and 12a away from the source, normalised

to the launch power. The time variation of this quantity can be written as,

S(t) =
<[
∫
L[E(t)×H∗(t)] · d~L]

S0
(5.2)

where S0 is the power in the launch field. The Fourier transformed data in Fig. 5.2c

represents the superposition of 13 simulations at rotations of 0◦ to 30◦ in 2.5◦ increments.

Logarithmic values are obtained using dB = 20 log10

(
Adetected
Asource

)
, where A are the field

amplitudes. A primary TM gap with a mid-gap attenuation of nearly 80dB is clearly

visible, in good agreement with the PWE band diagram.

The FDTD results for a dipole source shown in Fig. 5.2b share the same basic features

as those using a plane wave source, with transmission minima centred at a/λ ≈ 0.4, 0.6,

and 0.9. However, the primary gap’s peak attenuation is lower than 15dB and skewed

towards higher frequencies. Both issues are attributed to the incomplete sampling of the

transmitted radiation, which lowers the normalised power ratio, and favours the stronger

scattering at higher frequencies. Despite this, the position and width of the primary

PBG are consistent with both the PWE and plane wave FDTD data. The regions of

low transmission above the primary gap, while present in the plane wave FDTD data,

differ in both width and shape in the dipole FDTD spectrum. Furthermore, the PWE

band diagram shows that these ‘gaps’ are simply regions where the DOS is depleted,
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Figure 5.2: Comparison of simulation methods for a hexagonal lattice (r/a = 0.2, ε =
9.61, TM polarisation): (a) PWE, (b) FDTD with a dipole source, and (c)
FDTD with a plane wave source and PEC boundaries.

rather than being true PBGs. We therefore conclude that the dipole FDTD method is

a suitable technique for detecting primary PBGs, but that caution should be exercised

when interpreting the mid-gap attenuation, or determining higher-order gaps.

There are also a number of minor points to be aware of. Firstly, the source is a non-

ideal dipole with a finite width, thus not all higher order modes are excited. However,

this is of little concern since we are generally interested in the robust, low-frequency

gaps. The improved signal-to-noise ratio more than compensates for this drawback.

Additionally, the source is located at the origin, which is a point of high symmetry for

both the sunflower and the hexagonal lattice. It is therefore possible that only modes

with certain symmetries are excited. For the sunflower, this is difficult to avoid due to

the naturally high orientational order, hence the source remains at the origin. To be

consistent, the hexagonal lattice simulations are given the same source location. Placing

the broadband source at the centre of the PhC will also give rise to strong resonant modes

at the edges of the PBG. In most cases, this issue can be mitigated by considering a

suitably large sample, such that the exponential tails of these resonant modes decay

before they reach the time monitors. Finally, while the timestep is chosen to be 99%

of the stability limit to maintain a fast simulation speed, there may be slight numerical

dispersion (phase velocity shift) as a result.

5.1.3 Analysis of gap maps in 6-fold and sunflower lattices

Fig. 5.3 presents the gap maps of rod-type and hole-type hexagonal lattices with ε = 9.61

for both TM and TE polarisation. The white contours outline the bandgaps calculated

by PWE.
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In general, the agreement between the gaps determined by PWE and FDTD is strongest

at low frequencies, and when the displacement field is continuous within the dielectric

(TM for rods, TE for holes). The additional bands of reduced transmission present in

the FDTD data indicate that the local density of states is depleted, yet non-zero. The

biggest deviation from the PWE data occurs for rod-type lattices at higher values of a/λ

and r/a, where the transmission is significantly reduced for both polarisations. Analysis

of the final field profiles suggests that this is caused by stronger scattering (TM/TE)

and field localisation (TM only), both of which prevent the launch field reaching the

monitors within the simulation runtime.
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Figure 5.3: Gap maps of a 2D hexagonal lattice for ε = 9.61 and r/a = 0.1 to 0.5
computed using the dipole FDTD method, overlaid with equivalent PWE
results. Images are (a) dielectric rods for TM, (b) dielectric rods for TE,
(c) air holes for TM, and (d) air holes for TE.

The variation in gap width as a function of r/a is typical of PhCs [13]. For rods in air, the

gaps widen and shift to higher frequencies as r/a→ 0. The smaller rod radius increases

concentration of the displacement field in the rods, leading to a greater disparity between

the field fractions of the modes in the dielectric and air bands. This behaviour can also

be viewed in terms of the lower effective permittivity raising the mid-gap frequencies.
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Unsurprisingly, for holes in air, the gaps tend to get wider and move to higher frequencies

as r/a is increased.
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Figure 5.4: Gap maps of a 2D sunflower quasicrystal for ε = 9.61 and r/a = 0.1 to
0.5 computed using the dipole FDTD method. Images are (a) dielectric
rods for TM, (b) dielectric rods for TE, (c) air holes for TM, and (d) air
holes for TE. Annotations in (a) show the gap frequencies and value of r/a
associated with the maximum (43.7%) TM gap.

The same general trends are observed in Fig. 5.4 for the gaps of sunflowers with the

same material parameters. For the rod-type lattices, the maps bear an extremely close

resemblance to those of the hexagonal PhC, particularly for TM polarisation, where

the three lowest gaps at r/a = 0.3 mirror those in Fig. 5.3a. Each of these gaps were

confirmed to be true spectral gaps by simulating air-defect waveguides embedded in

the lattice and confirming low-loss propagation. The close similarity with the hexagonal

lattice is due to the strong contribution of Mie resonances to the formation of TM gaps in

rod-type lattices [50]. These resonances are typically much weaker for TE polarisation.

As a result, the influence of Bragg diffraction, and therefore the lattice geometry, is far

more important. This is evident in the clearly separated regions of low transmission in

the hexagonal lattice (Fig. 5.3b) compared to the sunflower (Fig. 5.4b).



82 Chapter 5: FDTD and PWE simulation of 2D photonic quasicrystals

Differences are more obvious in hole-type lattices, for which Mie resonances tend to

be either weak or non-existent for both polarisations. The large Fourier coefficients of

the 6-fold lattice result in significant Bragg scattering and the appearance of the low

transmission regions seen in Fig. 5.3c and d. On the other hand, the sunflower lattice

only possesses a dense set of low-k Fourier space vectors (FSVs) with much weaker

Fourier coefficients. This translates to gap maps that are largely featureless, apart from

weakly attenuating TM and TE primary gaps.

In both structures, the overall transmission at high frequencies is lower for large values

of r/a in rod-type lattices, and small values of r/a in hole-type lattices. It is suggested

that for hole-type lattices this is caused by a combination of the change in εe affecting

the Bragg condition, and the size and wavelength-dependent scattering efficiency of the

cylindrical resonators, i.e. as r/a → 0 the peak efficiency is pushed toward higher

frequencies. For rod-type lattices, the lower transmission may be a result of the shorter

distance between dielectric interfaces as r/a → 0.5. Further analysis is required to

determine the true cause in both cases.

Hex. (FDTD) Hex. (PWE) Sun. (FDTD)

Gap ωc ∆ω/ωc ωc ∆ω/ωc ωc ∆ω/ωc

1 0.3030 0.2733 0.2956 0.3106 0.2921 0.3581
2 0.5122 0.2468 0.5177 0.2308 0.4817 0.1719
3 0.7520 0.1566 0.7503 0.1413 0.7084 0.0923

Table 5.1: Comparison of hexagonal and sunflower mid-gap frequencies (ωc) and gap
ratios (∆ω/ωc) for rod-type lattices with r/a = 0.3.

Table 5.1 gives the relative mid-gap frequencies and gap ratios for all three TM gaps

of the rod-type lattices at r/a = 0.3. The sunflower’s primary TM gap (35.81%) is

considerably wider than that of the hexagonal lattice (27.33%), despite its weaker Fourier

coefficients. This may be explained if we consider that, in the rod-type lattice, TM gaps

are based on an optimal combination of Mie resonances and Bragg diffraction. The

isotropic distribution of FSVs in the sunflower is clearly preferable to a 6-fold symmetry

with larger coefficients. However, the weaker coefficients also result in narrower higher-

order gaps, suggesting that these gaps are more dependent on the higher-order Bragg

scattering, although it is known that Mie resonances remain important for second-order

gaps [50]. The larger primary gap of the perfect sunflower contradicts the conclusions

of Rechtsman et al. [12], and is explored further in § 5.4.

The similarities between the hexagonal and sunflower lattices do not extend to absolute

PBGs. A hexagonal lattice of air holes possesses an absolute gap for ∆ε > 7, while

a lattice of rods does not have an absolute gap at any dielectric contrast. Here, by

comparing Fig. 5.3c and d, we see that for r/a ≈ 0.45 there is a narrow range of

frequencies where the TM and TE gaps overlap. The equivalent maps for the hole-type

sunflower each have narrow gaps for 0.45 < r/a < 0.5, but at different frequencies. We
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therefore conclude that the sunflower does not support an absolute PBG for a dielectric

contrast of 9.61:1, which typically implies that the same is true for lower dielectric

contrasts.

5.1.4 TM gap maps for all four lattices of alumina rods

In this section, we compare the TM gaps of all four lattices described in § 2.5 for alumina

rods (ε = 9.61) and r/a = 0.1 → 0.5. It was previously noted by Rockstuhl et al. [50]

that the TM gaps of rod-type lattices are essentially independent of the lattice geometry

as they are strongly associated with the Mie resonances of the individual rods. As a

result, the gap maps displayed in Fig. 5.5 display an almost identical variation of the

gaps with r/a, albeit with some notable differences.4
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Figure 5.5: TM-only gap maps for all four lattices using rods with ε = 9.61 and
r/a = 0.1 to 0.5, computed using the dipole FDTD method. Images are (a)
hexagonal, (b) Archimedean, (c) Stampfli, and (d) the sunflower.

4The slightly different absolute attenuation of the hexagonal and sunflower stop bands compared to
Fig. 5.3a and Fig. 5.4a is caused by the lower spatial resolution of ∆x = ∆y = 0.04 used here.
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Firstly, the sunflower has slightly lower gap frequencies than all three of the simpler

lattices (Table 5.1). This is caused by its broad range of spatial frequencies, which

peaks at a frequency corresponding to the modal pitch, but also contains many lower

spatial frequencies. Clearly, using the modal pitch to represent the period is inadequate.

Although rescaling the gap frequencies by a different effective period has no effect on

the gap ratio, it would be preferable to employ a more accurate value derived from the

average magnitude of the FSVs with the strongest Fourier coefficients.

The sunflower is also unique in terms of the relative mid-gap attenuation. The atten-

uation of the sunflower’s primary and secondary PBGs is approximately equal, while

the alternative structures all show stronger attenuation for the secondary PBG. This is

highly counter-intuitive since the primary PBG is associated with the first-order Bragg

condition from the strongest Fourier components, which should produce the deepest

gap. As a result, the sunflower’s primary PBG is deeper than any of the alternative

lattices. However, these observations are inconclusive due to the dubious accuracy of

the absolute mid-gap attenuation determined by the dipole FDTD method (§ 5.1.2).

Further unidirectional simulations are required to clarify whether these properties are

genuine or an artifact of the simulation method.

The gap maps of the Archimedean and Stampfli lattices in Fig. 5.5b and c are almost

identical since the long-range inflational order of the Stampfli has little effect in small

samples. The main difference between these gap maps and those of the hexagonal and

sunflower is the structured high-frequency spectra for low values of r/a caused by the

wider range of FSVs with significant coefficients.

In contrast, the sunflower is more like the hexagonal PhC and has a much smoother

gap map; not entirely unexpected given the structural similarities described in § 2.5.3.

However, the overall transmission between spectral gaps is higher in the sunflower, par-

ticularly for r/a < 0.25, suggesting that the sunflower is useful for applications requiring

a single first-order PBG flanked by high in-band transmission.

5.2 Band diagrams of the sunflower

At the time of writing, it is not possible to determine the band structure of arbitrary

aperiodic lattices. The work of Rodriguez et al. [45] represents the closest to this ideal

with a method that is suitable for any quasicrystal generated by projection from a

higher-dimensional space. The methods typically used to obtain approximate band

diagrams include plane wave expansion (PWE) with either rational approximants [35]

or quasicrystal segments [57], and a modified PWE method using a finite number of

FSVs from the PhQC’s full reciprocal lattice [44].
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In this section, TM band diagrams are presented for a rod-type sunflower (r/a = 0.2)

that maximises the primary TM gap for ε = 9.61. The calculations are performed on

non-rational approximants (truncated sections) via PWE and eigenvalue extraction from

the FDTD impulse response.5 The minimum size of the approximants is chosen to be

just large enough to preserve the sunflower’s high orientational order.

5.2.1 Sunflower approximants using PWE

Fig. 5.6a shows the full-zone PWE-calculated band diagram for the TM modes of a

12a × 12a square approximant of the sunflower, centred on the origin. The number

of plane waves used is 16384 (1282) with a convergence tolerance on the calculated

eigenvalues of 10−8, which translates to a normalised frequency tolerance of ∼
√

10−8 =

10−4. The (12a)2 unit cell requires the solution of at least 144 bands to display a

potential first-order gap, and each band is determined at 121 k-points evenly distributed

throughout the effective Brillouin zone of the approximant, as illustrated in Fig. 5.6. The

path traversed through the pseudo-Brillouin zone is indicated by the blue arrows, i.e.

the labeled columns of 11 points are traversed in numerical then alphabetical order.

The completely asymmetric nature of the sunflower makes a full zone analysis of the

sunflower preferable, even though the extremely high orientational order allows PBGs

to be detected with reasonable accuracy along the standard Γ-X-M-Γ k-path alone.

The gap maps of § 5.1 suggest a potential bandgap at r/a = 0.2 from 0.3 < a/λ <

0.45. A similar bandgap appears in Fig. 5.6a between ∼ 0.296 and 0.427 (∆ω/ωc =

36.2%), although here the gap is occupied by a number of extremely flat bands (grey

lines). Each one of these corresponds to a single resonant point defect, which would

normally be absent in a perfect (infinite) quasicrystal. However, the centrally located

sunflower approximant has two sources of such defects; the central ‘defect’, inherent in

the mathematical definition of the sunflower, and the dielectric discontinuities at the

unit cell boundaries. These defects can be eliminated by offsetting the approximant of

the parent lattice to avoid the disordered region, and modifying the structure at the

boundary to minimise discontinuities. In the former, the approximant must stay close

enough to the origin to retain the sunflower’s high rotational symmetry (§ 2.6).

Fig. 5.6b shows the band diagram of the sunflower calculated using a 12a×12a approxi-

mant centred 8a from the origin. Again, it is clear that a wide (32.1%) gap exists between

∼ 0.303 and 0.419. The numerous defect states in this gap have different frequencies to

those of Fig. 5.6a, but most importantly the states associated with the central defect

are gone. However, the boundary defects remain. Fig. 5.6c shows the band diagram

of the same approximant, but with dielectric rods intersecting the periodic boundaries

removed. In this case, there are only six defect states supported by the rod vacancies,

5We use the term ‘approximant’ to refer to the truncated section of the sunflower used as the unit
cell for the calculations, even though it is not an approximant in the conventional sense (§ 3).
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Figure 5.6: Full zone band diagrams by PWE using a periodic 12a by 12a sunflower
approximant located at (a) the origin, (b) a radial offset of 8a, and (c)
a radial offset of 8a with boundary rods removed. Grey bands indicate
boundary defect states. Central defect states are shown in (a) as green
(dipole) and red (monopole) lines. Also shown, the 121 indexed k-points
used in the square effective Brillouin zone and the path taken through them
(blue lines).

thus making the gap edges easier to identify. Unfortunately, the gap itself is reduced to

∼ 30.5% due to the introduction of low group velocity coupled-cavity waveguide modes

at the upper edge of the original gap.

5.2.2 Intrinsic modes of the sunflower

Quasicrystals with high orientational order often possess intrinsic defects [175, 202].

Tilings generated with the dual grid method [38], or the IFT method described in § 3.5.3,

typically include cavities at the origin. Other quasicrystals, such as the Penrose, even

possess localised states without these cavities [168]. The sunflower contains intrinsic

defects related to the ‘disordered’ region at the centre of the lattice. In this section, we

analyse the properties of the optical modes supported by these defects and show how
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they can be modified by structural changes. We also look at the behaviour of the modes

at the upper and lower edges of the PBG.

Unlike linear defects, the eigenfrequencies of individual point defect modes are con-

stant for all k‖. In standard PWE ‘supercell’ simulations, the calculated eigenfrequency

rapidly converges as the supercell size is increased. Determining the defect modes we

would like to eliminate is therefore possible by extracting the mode profiles for a sin-

gle k-vector. The choice is completely arbitrary and in this case we take the Γ point

(kx = kz = 0).

negative positive

+ve x
limit

a b c

Figure 5.7: Displacement field amplitude Dz of three modes of the central sunflower
region corresponding to (a) the dipole-like central defect (a/λ = 0.313), (b)
the monopole-like central defect (a/λ = 0.424), and (c) a boundary point
defect (a/λ = 0.361)

Fig. 5.7a and b show the mode profiles of the two states associated with the central

defect. The amplitude of the displacement field Dz = εEz is plotted since it is a scalar

for TM modes. The lower frequency state (green in Fig. 5.6a) is dipolar, and clearly

related to the close proximity of the two central rods. The local effective permittivity

is higher, which minimises the mode’s energy and therefore its resonant frequency. We

can consider this state to be ‘pulled down’ from the air band. Conversely, the high

frequency, monopolar state (red in Fig. 5.6a) can be considered ‘pushed up’ from the

dielectric band; the higher frequency is a result of the lower effective permittivity at

the vacancy ‘defect’, adjacent to the central rod. These characteristics are typical for

dielectric and air defects [13]. The third mode profile in Fig. 5.7c is an example of one

of many boundary defects caused by truncating the structure.

As seen in Fig. 5.6c, removing the rods intersecting the boundary significantly reduces

the number of localised defect modes, but also leads to a reduced gap width. The states

just below the upper edge of the gap are associated with propagating coupled-cavity

waveguide modes supported by the rod vacancy defects (Fig. 5.8c). A wider gap with

less defect states can be achieved by selectively inserting new rods to optimise the unit

cell boundaries.
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Figure 5.8: Displacement field amplitude Dz of three modes of the offset and modified
sunflower approximant corresponding to (a) the dielectric band (a/λ =
0.284), (b) the air band (a/λ = 0.434), and (c) a coupled-cavity boundary
mode (a/λ = 0.413)

Looking at the gap edges we see that, like all rod-type PhCs, the displacement field

of the modes below the gap (Fig. 5.8a) is concentrated in the dielectric rods, while for

modes above the gap (Fig. 5.8b) a nodal plane passes through the rods and expels the

displacement field into the air. The large difference in displacement field fraction, and

therefore energy between these modes, gives rise to the PBG [13].

The equivalent modes in a hexagonal lattice border a primary TM gap between the

first and second band. Here, the sunflower’s first TM gap opens after ∼ 120 bands;

the uncertainty is caused by difficulty distinguishing leaky resonant modes from bona

fide extended crystal states. However, we expect the sunflower’s primary gap to appear

after the 144th (12× 12× 1) band (§ 2.3.3). This discrepancy arises because of the lack

of a well-defined lattice pitch. Nevertheless, given that the gap appears after a lower

than expected band and has a mid-gap frequency closely matching the first-order Bragg

condition, it is safe to conclude that this is the sunflower’s lowest possible spectral gap.

5.2.3 Larger sunflower approximants using FDTD

In addition to its inability to treat material dispersion and loss, PWE also suffers from

long computational times, which grow exponentially with the number of bands. For

larger unit cells, the number of bands required can be extremely high. These problems

can be avoided if we use FDTD with periodic boundary conditions, which extracts all

eigenfrequencies simultaneously at each k-point and allows modelling of dispersion and

loss. There are two major drawbacks of the FDTD approach. Firstly, it can intro-

duce spurious modes since the eigenfrequencies are extracted from the impulse response
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recorded at randomly distributed points. Secondly, the bands themselves must be de-

termined by visually inspecting the relationship between the modes from one k-point to

the next.

The FDTD method has specific advantages for studying truncated quasicrystals. For

instance, the modest computational requirements allow use of larger unit cells that better

approximate the parent lattice. It is also well known that the DOS tends to peak at the

edges of a bandgap due to the existence of standing waves with vg → 0. This gives rise

to higher peaks in the impulse response, making PBGs easier to identify because only

frequencies with power greater than a fraction of the peak value are extracted.

Unwanted modes, such as those corresponding to boundary defects, can also be largely

eliminated. Frequencies associated with a particular structural defect are only registered

if there is a field monitor in close proximity. As a result, using the FDTD method with

multiple monitors can be more resilient to unwanted modes, as it preferentially builds a

temporal profile containing spectral components related to the extended crystal states.

Furthermore, field monitors can be moved purposefully away from obvious defects, such

as the sunflower’s central region, to ensure that only extended modes are detected.
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Figure 5.9: Full zone band diagram of a 24a × 24a central section of the alumina rod
sunflower (r/a = 0.2) determined by eigenvalue extraction from FDTD
spectra. The k-points are equivalent to those in Fig. 5.6, albeit reduced in
magnitude by a factor of 2. Grey circles correspond to a single resonant
boundary defect state.

Fig. 5.9 shows the FDTD calculated band diagram of a 24a × 24a section of the gap-

maximising sunflower for ε = 9.61 (r/a = 0.2). The gap ratio of 35.3% compares

favourably with that obtained by PWE calculation on a 12a × 12a domain (36.2%).

Unlike the PWE diagrams, there is only a single defect state within the bandgap, with

a normalised frequency of ∼ 0.3984. Instead of viewing the mode profiles, which require
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further steady-state simulations, we can relate this defect state to a structural feature

by examining the field monitors’ spectra. The spectrum for just one monitor, close to

a boundary defect, contains a peak at the defect state’s frequency, with a width repre-

sentative of the resonance lifetime. This state is therefore associated with an artificial

boundary defect, rather than one of the two intrinsic defects.

The mid-gap frequency of 0.3559 is close to that of both the 12a × 12a PWE solution

(ωc = 0.3591), and the estimated value of 0.3480 (§ 4.2.1). For a lower dielectric contrast

sunflower with ε = 3 (e.g. lead silicate glass), we would expect a first order gap around

a/λ = 0.4516. An FDTD band structure calculation with ε = 3 does not display a clear

PBG, despite the fact that Fig. 5.13a suggests an ∼ 8% gap.

5.2.4 Benefits of highly isotropic bands

Highly isotropic bands are one of the most attractive features of PhQCs as they poten-

tially lower the minimum dielectric contrast required to open a complete PBG. Rechts-

man et al. [12] showed that the primary TM PBG in ‘optimised’ low contrast PhQCs

can be wider than that of periodic crystals. In addition, isotropic band frequencies can

be useful for other applications such as tailoring the far-field profiles of LEDs [136].

The bands bordering the primary PBG in Fig. 5.6 and Fig. 5.9 are extremely flat as a

result of the sunflower’s highly isotropic Fourier space. In order to quantify the isotropy

(I), the definition of Rechtsman et al. [12] is used, given as,

I =
mink,eBZ{ωh(k)} −maxk,eBZ{ωl(k)}
maxk,eBZ{ωh(k)} −mink,eBZ{ωl(k)}

(5.3)

The range of I is from -1 to 1, with -1 representing a homogeneous material, and 1 a

perfectly isotropic gap. The isotropy for the PBGs in Fig. 5.6 and Fig. 5.9 is shown in

Table 5.2, where it is clear that for all four diagrams I ≈ 1. However, similar values

of I can be achieved at ε = 9.61 for PhQCs with just 8-fold symmetry [12]. The key

advantage of the sunflower is the combination of high isotropy and wider TM gaps, for

any given dielectric contrast (Fig. 5.13).

Domain min{ωl} max{ωl} min{ωh} max{ωh} I

Zero Offset (PWE, 12a) 0.2911 0.2916 0.4266 0.4275 0.9897
Offset (PWE, 12a) 0.2983 0.2987 0.4207 0.4211 0.9935
Offset + Modified (PWE, 12a) 0.2969 0.2975 0.4178 0.4181 0.9926
Zero Offset (FDTD, 24a) 0.2911 0.2931 0.4187 0.4195 0.9782

Table 5.2: Minima and maxima of the bands at the upper (ωh) and lower (ωl) edge of
the bandgap for the band diagrams in Fig. 5.6 and Fig. 5.9
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Perfectly isotropic bands are also beneficial for subsequent analysis. For example, since

the gap frequencies remain constant for all k‖, the PWE method can be used to solve for

just a few k-points in much larger approximants. We can be confident that the width

of a gap for these k-points will be representative of the complete PBG, provided the

dielectric contrast is at least as high as that for a crystal with a known isotropic gap.

5.3 Sensitivity to structural changes

The optical properties of PhCs are inherently sensitive to structural changes. Here,

we examine the sensitivity to local variation in the sunflower and random structural

perturbations in all four lattices. All structures are rod-type lattices with ε = 9.61

and a value of r/a that maximises the ratio of the primary TM gap. Maximised gaps

are obtained for values of r/a = 0.172 (hexagonal), r/a = 0.204 (Archimedean), and

r/a = 0.2 for both the Stampfli and sunflower.

5.3.1 Effect of local variation in the sunflower

The sunflower is the only lattice studied where the local geometry is heavily dependent

on the distance from the origin (§ 4.1.5). This has a direct effect on the magnitude and

distribution of the FSVs, and therefore on Bragg-induced spectral gaps. In this section,

we show how the primary TM gap changes with location in the rod-type lattice by

offsetting the computational domain (26a× 26a), as shown in Fig. 5.1b. The simulation

parameters remain the same as in § 5.1.

Fig. 5.10 shows the first-order TM gap ratio (∆ω/ωc), mid-gap frequency (ωc), and

mid-gap attenuation for offsets along the x-axis of Ox = 0 → 64a in increments of 8a.

The Fourier transforms of the first six were studied in § 4.1.5 on 12a domains. FDTD

simulations were performed for each value of Ox, and the gap edges defined to be where

the normalised power spectrum drops below -3dB (50% attenuation).

The sunflower’s fill factor is insensitive to Ox due to the spatially uniform modal pitch,

even though the parastichies’ radius of curvature increases with Ox. This is reflected

in the stability of ωc. The higher mid-gap frequency at Ox = 0 may be explained by

the reduced effective permittivity around the central vacancy defect raising the mode

frequencies.

The TM gap is widest (43.7%) and deepest at Ox = 0. Beyond this, the gap ratio rapidly

deteriorates before levelling off at approximately 30%, albeit with a slight increase at

Ox = 40a. The mid-gap attenuation follows the same trend. If we compare this to the

corresponding diffraction patterns, we see that at Ox = 40a the first-order ‘Bragg peaks’

are stronger and sharper than at the origin, yet remain within a narrow range of spatial
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Figure 5.10: Variation of the mid-gap frequency (ωc), ratio (∆ω/ωc), and mid-gap at-
tenuation for the sunflowers primary TM gap, as a function of radial offset
in units of a. Images show the corresponding diffraction pattern for radial
offsets of zero, 40a, and 64a.

frequencies. The distribution of FSVs resembles a distorted 6-fold lattice. At Ox = 64a

the Fourier components along the diagonal (y = x) are stronger still, but the positive

effect on the PBG is suppressed by the anisotropic effective period.

5.3.2 Random structural perturbations

In disordered PhCs, Bloch’s theorem is no longer rigorously satisfied, which results in

wave-lattice scattering. This particularly affects higher-order gaps where the wavelength

is comparable to the feature size of structural imperfections. Nevertheless, Joannopoulos

et al. [203] found that their silicon 3D PhC maintained a greater than 20% gap even for

fabrication errors of up to 50% from the ideal structure (23% gap), effectively because

the defects were sub-wavelength for the frequency range of the PBG. In theory, the

inherent long-range order and variable lattice pitch of quasicrystals enables them to

withstand much greater levels of disorder without adverse effects. This is a currently

unproven feature of PhQCs that, if true, has the enormous practical benefit of relaxing

the tight fabrication tolerances. To the author’s knowledge, this work represents the

first time that the effects of disorder have been investigated in PhQCs.

The variation in the TM gaps of the four alumina rod-type lattices is studied as a function

of random errors in position and rod diameter. The effect of a systematic error in the
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rod diameter can be determined from the gap maps in § 5.1. TM gaps are expected to be

less sensitive to structural perturbations thanks to the contribution of Mie resonances to

the gap formation [50]. Here, we only consider the effect on partial gaps along a single

direction in the lattice, although the effect on complete PBGs may be more significant.

The launch direction is equivalent to the G1−3 (hexagonal), G7−9 (Archimedean), and

Gb (Stampfli) FSVs defined in § 4.1. For the sunflower, it is equivalent to the x direction

in Fig. 5.1.

All simulations use the plane wave FDTD method used in § 5.1.2, but with several

changes. The plane wave is launched from outside the structure onto a sample 12a

thick, centred on the lattice origin. The computational domain is 24a wide and 17a long

in the launch direction, with PMLs on all boundaries. The edges of the PBGs are taken

to be at the point where the normalised power spectrum is -10dB (90% attenuation).

Gap maps showing the complete transmission data used to create Fig. 5.11 and Fig. 5.12

are included in § A.2.

5.3.2.1 Effect of randomly displacing individual rods

Random rod displacement tends to increase the statistical isotropy of a lattice at the

expense of long-range correlation [33]. It is therefore possible that minor displacements

may actually yield improved structural isotropy with minimal reduction in the scattering

strength.

To estimate sensitivity to positional error the rods are given a random displacement,

defined as a fraction of the lattice pitch, a. The fraction, F , is determined by a pseudo-

random number generator, seeded by a combination of each rods numeric ID and ar-

bitrary values for ∆x and ∆y, which yields different displacements for each axis. The

returned values are {F ∈: −0.5d < F < 0.5d}, where the scaling factor d varies from 0

to 0.5 in 0.1 increments. The maximum deviation of each rods intended position along

either axis is therefore 0.25a.

Fig. 5.11 shows the gap ratio, lower gap frequency (ωl), and upper gap frequency (ωh)

for the primary TM gap of all four lattices, as a function of the maximum displacement

amplitude, 0 < aF < 0.25. The markers are used only to differentiate lines. Actual data

points are every 0.01a. To put the displacement amplitude into perspective, consider

the sunflower with r/a = 0.2 and ωc = 0.3793 shown in Fig. 5.4a. If we were to fabricate

this structure to obtain a TM gap centred at λ = 1.55µm, the required pitch would be

a = 0.3793λ ≈ 588nm. Thus, the displacement amplitude varies from 0 to 147nm. The

accuracy of nanofabrication processes not requiring alignment is typically much better,

on the order of a few nanometres.

The astute reader may notice that the gap ratios for the hexagonal and sunflower lattices

with zero displacement shown in Fig. 5.11a differ from those extracted from the TM gap
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Figure 5.11: Change in (a) the gap ratio, (b) the lower gap frequency, and (c) the upper
gap frequency for all four crystal lattices as a function of the maximum
displacement amplitude given to each individual rod.

maps in § 5.1. The hexagonal lattice has a much wider gap (47.3%) than the sunflower

(37.5%), whereas previously the sunflower’s gap was wider. This occurs for two reasons.

Firstly, Fig. 5.11a only shows the partial gap along Γ-M for the hexagonal lattice, which

is larger than the complete gap. However, more importantly, the disordered central

region of the sunflower is located only 6a from either edge of the sample, permitting

strong coupling to the localised defect states discussed in § 5.2.2. This in turn reduces

the complete gap width.

For small displacements up to 0.05a, the gap ratio of all four lattices is reduced by

less than 1%. Above 0.05a, both the hexagonal and Archimedean lattices show a rapid

decline in gap ratio down to a minimum value of ∼ 42% at 0.15a and 0.22a, respectively.

In each case, the lower gap ratio is caused by the introduction of localised states at

both edges of the bandgap. The change in gap frequencies is most obvious for the rising

value of ωl in the hexagonal lattice, suggesting that defects associated with locally higher

permittivity are more prevalent in the particular rod configuration tested here.

The aperiodic structures display a more complex behaviour. Indeed, they both show

a wider gap than the perfect lattice for certain values of maximum rod displacement

(Stampfli: aF ≈ 0.13, sunflower: aF > 0.13). However, the strong disorder for aF >

0.13 produces chaotic changes in the gap ratio, particularly for the Stampfli lattice. The

rising gap ratio of the sunflower for larger displacements is caused by the elimination of

the intrinsic defects (§ 5.2.2) and introduction of new defect states at higher frequencies.

Further simulations are necessary to both determine the effect on the complete PBGs

in these structures, and to average out the individual effects of many possible random

rod configurations.
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5.3.2.2 Effect of randomly varying the rod radius

Randomly varying the rod radius within realistic fabrication limits has a negligible effect

on the Fourier space properties of the lattice, and consequently on the Bragg diffraction.

However, for lattices supporting strong Mie resonances of the individual scatterers (rod-

type with TM polarisation) there will be shifts in the individual resonant frequencies.

The random shifts create multiple closely-spaced resonant states, suggesting wider PBGs

than a perfect lattice. Conversely, the lack of coherent coupling may result in weakened

collective resonances and therefore narrower gaps. The effects of random rod radii could

also be a useful model for approximating the effects of sub-wavelength surface roughness.

Ryu et al. [204] studied the effect of random changes in rod radius in square, hexagonal,

and graphite rod-type lattices for a fixed lattice period and found that the primary

TM or TE gaps remained reasonably unaffected (< 6%) for ‘realistic’ fabrication errors

(∆r = 0.01a). Here, the rod radius of each lattice is varied between the design value

and ±25% about this value. For example, a lattice with a = 200nm and r/a = 0.2 will

have a nominal radius of 40nm with a maximum deviation of ±10nm. The design values

of r are those that maximise the primary TM gap for ε = 9.61 (§ 5.3).
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Figure 5.12: Change in (a) the gap ratio, (b) the lower gap frequency, and (c) the upper
gap frequency for all four crystal lattices as a function of the maximum
deviation from the design radius. Design radii are: 0.172a (hexagonal),
0.204a (Archimedean), and 0.2a (Stampfli and sunflower).

The gap ratios in Fig. 5.12a show that all four lattices are more sensitive to variations

in the rod radius than rod positioning (Fig. 5.11a). The decline for errors greater than

0.05r is roughly linear, with a similar gradient for all lattices. Clearly, the effects of rod

radius do not depend on the lattice geometry. These results are consistent with previous

reports of optical properties that are independent of the lattice [50].
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Only the sunflower and Archimedean lattices show unusual behaviour. For the sunflower,

there is a minor rise in gap ratio for small variations in the rod radius up to 0.04r. Once

more, this can be explained by the modification of the sunflower’s intrinsic defect states.

As the radius changes, the effective index of the dipolar mode supported by the two

central rods is modified, resulting in the lower ωl observed in Fig. 5.12b. The rise in the

gap ratio of the Archimedean lattice for ∆r > 0.15r is not easily explained, and may be

an anomaly unique to the particular rod configuration simulated.

In the absence of positional error, the rotational symmetry of the underlying lattice is

preserved. However, the different rod diameters destroy the rotational symmetry and

produce completely asymmetric structures. Although this makes the optical properties

anisotropic, the random distribution of rod size creates statistical isotropy that minimises

this effect. Again, further simulations are necessary to test the effects on the complete

PBG, and to average out several possible rod configurations.

5.4 Sensitivity to dielectric contrast

Absolute PBGs in low dielectric contrast PhCs would open up a much wider variety of

materials as hosts. For example, polymer (n ≈ 1.3 − 1.76) PhCs could use air as the

secondary dielectric. These low index polymers improve compatibility with fibre optics

by minimising coupling losses due to Fresnel reflection and mode mismatch. Alterna-

tively, localised photodoping of chalcogenide glasses with metals can yield a positive

index change of up to ∆n = 0.3 [205], which eases the fabrication of rod-type PhCs.

The high intrinsic third-order nonlinearity of chalcogenides, and its enhancement by

metal doping, also makes such structures interesting for nonlinear optics.

Low-contrast PBG materials are also attractive for their tolerance to systematic errors

in the dielectric fill factor. For instance, varying the dielectric fill factor of a hexagonal

lattice from 0.2 to 0.8 (r/a = 0.23→ 0.47) changes εe by 50% (1.2 to 1.8) for εd = 2, but

by more than 206% (3.2 to 9.8) for εd = 12. The corresponding change in the estimated

mid-gap frequencies (a/λ ≈ (2
√
εe)
−1) is from 0.4564 to 0.3727 for εd = 2 and from

0.2795 to 0.1597 for εd = 12.

5.4.1 Maximum TM gaps as a function of dielectric contrast

Fig. 5.13a shows the maximum TM gap ratios over all values of r/a for hexagonal (6-

fold), Archimedean, Stampfli, and sunflower rod-type lattices with dielectric contrasts

(εd/εm) between 2 and 12. The results are compared to those of the ‘optimised’ PhQCs

presented in Fig. 5.13b. The graphs used to derive Fig. 5.13a are given in Fig. A.3.
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The agreement between the FDTD and PWE data for the hexagonal lattice is excellent

for 3 ≤ εd/εm ≤ 9. At higher contrasts, the FDTD gap ratios are wider; an error at-

tributed to the low transmission at the upper gap edge causing issues with the automated

gap frequency extraction. For εd/εm ≤ 3, there is a broader range of r/a over which a

TM gap can be obtained in the FDTD data, but the maximum gap remains within 2%

of the PWE values. Note that the 6-fold PWE curve in Fig. 5.13a exactly matches that

of the 6-fold in Fig. 5.13b as the optimal 6-fold lattice is a standard hexagonal PhC [12].
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Figure 5.13: (a) Gap ratio as a function of dielectric contrast (εd/εm) for hexagonal
(r/a = 0.172), Archimedean (r/a = 0.204), Stampfli (r/a = 0.2) and
sunflower (r/a = 0.2) PhCs of dielectric (ε = 9.61) rods in air. The
rod-pitch ratios correspond to the maximum TM gap over all r/a. (b)
Comparative results published by Rechtsman et al. [12] for the first TM
gap of ‘optimised’ n-fold structures.

The FDTD gap ratios for the Archimedean lattice are marginally larger than the PWE

values for εd/εm > 6. For lower contrasts, the FDTD data begins to track the 6-fold

lattice, up until εd/εm = 2, at which point it shows the widest PBG of all lattices

by approximately 1%. The difference between the two simulation methods at lower

contrasts suggests that the FDTD gaps are distorted by either frequencies where the

DOS is only weakly depleted, or by the resonance linewidth of the band edge modes

(§ 6.2.2). Indeed, for εd/εm = 2 there is no gap in the PWE data, yet the FDTD results

show the widest gap of all four lattices. The Archimedean is not equivalent to any of

the structures investigated by Rechtsman et al. [12].

The short effective propagation length (12a) means that the Stampfli lattice is both

structurally and optically similar to the Archimedean, even at very low dielectric con-

trasts where long-range interaction with the Stampfli’s fractal nature could come into

effect. Unlike the Archimedean, the Stampfli can be directly compared with the 12-fold

data in Fig. 5.13b, and for εd/εm ≤ 3 the gap ratios are extremely close. However,

the gap ratios in Fig. 5.13b rapidly saturate at ∼ 20%, whereas the gap ratios of the

Stampfli lattice in Fig. 5.13a are only slightly lower than the 6-fold values. The latter
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result is consistent with the observation that the TM gaps of rod-type lattices are largely

independent of the lattice geometry (Fig. 5.5). The behaviour in Fig. 5.13b may be ex-

plained by the fact that the ‘optimised’ structures of Rechtsman et al. [12] consist not of

circular rods with well-defined Mie resonances, but arbitrary dielectric shapes obtained

via a generalised plane wave method.

For εd/εm ≥ 7, the sunflower’s gap ratio is greater than all other lattices. However, for

εd/εm < 7 the gap ratio relative to the simpler lattices gradually declines, before rapidly

decreasing for εd/εm ≤ 4. The sunflower is the only lattice besides the Archimedean

(PWE) without a TM PBG at εd/εm = 2. The potential existence of a gap in the FDTD

data is complicated at lower contrasts by the weak confinement of the intrinsic defect

states, and their broader resonance linewidth. A similar effect occurs for high-contrast

lattices with low fill factors, which yields a low effective permittivity.

In general, the primary TM PBG becomes narrower and weaker as the orientational

order increases since the integrated amplitude in the Fourier domain is distributed over

a larger number of lattice vectors [12]. At very low dielectric contrasts the more isotropic

crystals can support wider gaps than periodic crystals thanks to their isotropic gap

frequencies. These trends are clearly observed in Fig. 5.13b, and to a lesser extent in

Fig. 5.13a by the relative behaviour of the 6-fold and Stampfli lattices. However, the

sunflower reverses this trend by displaying a wider PBG than periodic lattices at high

εd/εm, and no gap at all at low εd/εm.

The Mie resonances of the individual rods become weaker as the dielectric contrast is

reduced, making the TM PBGs far more sensitive to the lattice geometry. The sun-

flower’s extremely weak Fourier coefficients are not enough to support a Bragg-induced

spectral gap in such a small, low-contrast sample. On the other hand, at high dielectric

contrasts, when Mie resonances are strong, the isotropic distribution of the sunflower’s

Fourier components, combined with its local similarity to the 6-fold lattice, helps create

TM PBGs that are wider than any other lattice.

5.4.2 The importance of long-range interaction in low-contrast crystals

In § 5.1.3, it was shown that there is no absolute PBG in the sunflower for a dielec-

tric contrast of 9.61:1 and an effective propagation length of 12a. However, like many

published results [55, 56, 62, 74], this configuration neglects to consider the possible

advantages of long-range interaction in structures with a much lower dielectric contrast.

Furthermore, both 1D PhCs and PhQCs support PBGs with a width proportional to ∆ε

for any ∆ε 6= 0. In the quasiperiodic case, these gaps can occur at very long wavelengths

relative to the layer thickness [63]. Here, we determine the TM transmission spectra of

all four rod-type lattices with ε = 2 and a fixed value of r/a = 0.3, which maximises

the primary TM gap of the hexagonal lattice (Fig. A.3a). Apart from the size of the
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computational domain, which is increased to 162a×162a, the FDTD parameters remain

the same as in § 5.4.1. The time monitors therefore lie on a circle with Rs = 80a, giving

an effective propagation length of 80a in all directions.

Fig. 5.14 shows the logarithmic TM transmission spectra as a function of angle, along

with the corresponding distribution of the dominant FSVs. The gap ratios are measured

between points on the upper and lower gap edges where the intensity is -5dB relative

to the source. Most notably, the sunflower (Fig. 5.14d) possesses a very wide (21%)

complete TM gap, contrary to the results on a much smaller domain in Fig. 5.13a,

where there was no gap at all for εd/εm = 2. In comparison, the hexagonal lattice has a

5.6% gap, the Archimedean a 1.9% upper gap, and the Stampfli a relatively wide 14%

gap. The figures for the hexagonal and Archimedean lattices agree well with further

PWE simulations (5.3% and 2%, respectively), lending credence to the figures for the

Stampfli and sunflower.
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Figure 5.14: Logarithmic TM transmission spectra as a function of angle for glass (ε =
2) rods positioned on (a) hexagonal, (b) Archimedean, (c) Stampfli, and
(d) sunflower lattices. The corresponding diffraction patterns for each
lattice is also shown and consists only of those FSVs with the strongest
Fourier coefficients. Darker shades correspond to lower transmission.

The separation into upper and lower gaps for the Archimedean lattice is due to the

variable magnitude of the dominant FSVs, which is a by-product of the locally high

rotational symmetry and the underlying 6-fold parent lattice. Lattice vectors G1−6 are



100 Chapter 5: FDTD and PWE simulation of 2D photonic quasicrystals

primarily responsible for the appearance of the upper gap, while G7−9 are responsible for

the lower gap.6 This gap separation was not observed in high-contrast samples (Fig. 5.5)

because the width of the individual stopbands results in a single combined stopband.

As always, the contribution of Bragg diffraction to the formation of the PBG is clearer

at low dielectric contrasts.

The 6-fold symmetry of the hexagonal and Archimedean crystals is evident in the peri-

odic variation of the angle-resolved transmission spectra. The reduced gap width of the

Archimedean lattice, relative to the hexagonal, is a result of the division into two smaller

gaps. In contrast, the Stampfli lattice combines true 12-fold symmetry with comparable

Fourier coefficients and thus supports a wider low-contrast gap than the hexagonal lat-

tice. However, with its broad, dense, and isotropic Fourier space, the sunflower appears

to be optimal for a wide, low-contrast gap. Indeed, to the author’s knowledge, the sun-

flower’s TM gap is the widest known for εd/εm = 2, by improving more than 10% on

published figures [12], and furthering the possibility of low-index PBG materials.

Clearly, the sunflower’s low-contrast PBG depends on long-range interaction. The field

is therefore delocalised, implying less sensitivity to local perturbations and lower fabri-

cation tolerances in real-world devices. Furthermore, the gap frequencies in low-contrast

crystals are less sensitive to systematic error in the dielectric fill factor. To clarify the

sample dimensions necessary to obtain a deep PBG, we studied the evolution of the sun-

flower’s TM gap as a function of the effective propagation length by varying the radius

(Rs) of the circle of field monitors in increments of 16a. From Rs = 16a → 32a, there

is only a weakly attenuating dip in transmission. From Rs = 48a, there is a definitive

PBG populated by the intrinsic defect states, while for Rs ≥ 64a the exponential tails

of the defect states decay to the point where a wide, defect-free gap emerges. This gap

is based on scattering from the isotropic ‘Bragg ring’, which incorporates many spatial

frequencies to further broaden the gap. In contrast, Bragg diffraction in periodic PhCs

acts on a sparse pure-point Fourier space, thereby restricting the overlap of low-contrast

spectral gaps.

Briefly considering the TE case, we find that while the sunflower does not support a gap

for the same lattice parameters, the Stampfli lattice does (Fig. 5.15b). Moreover, this

gap coincides with the TM gap to yield an approximately 4.6% absolute PBG, which

warrants further investigation. Zito et al. [64] also studied the TM and TE PBGs of a

Stampfli rod-type lattice (r/a = 0.18, εd/εm = 1.96) but do not highlight the absolute

PBG that appears in their FDTD-calculated transmission spectra, perhaps because the

attenuation is so weak (< 102). However, they use a sub-optimal fill factor and a much

smaller sample of 900 rods, compared to the 21,745 rods used here. An absolute gap

also appears in the Archimedean lattice (Fig. 5.15a) but is much weaker and narrower

due to the splitting of the gap caused by the anisotropic distribution of FSVs.

6See Fig. 4.2 for a full description of the labelling scheme in the Archimedean lattice.
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Figure 5.15: Logarithmic TM and TE impulse response for (a) Archimedean and (b)
Stampfli lattices, with an effective propagation length of 80a, r/a = 0.3,
and εd/εm = 2.

5.5 Summary

The existence of PBGs in the sunflower and three previously studied crystals has been

demonstrated by a combination of finite-difference and plane wave simulations. For

alumina (ε = 9.61) rod-type lattices, there is strong similarity between the gap maps

of all four crystals, particularly for TM polarisation where the significant contribution

of Mie resonances makes the gap structure almost independent of the lattice geometry.

Nevertheless, the sunflower’s higher orientational order helps support a larger TM gap

of 43.7% (r/a = 0.2), representing a 4.5% increase over an equivalent hexagonal PhC.

This gap is reduced to approximately 30% away from the origin due to the sunflower’s

ever-changing local morphology. For hole-type lattices, Mie resonances are either weak

or non-existent. The PBG is therefore solely determined by Bragg scattering and, by

extension, the structural properties. A hole-type hexagonal lattice supports an absolute

PBG for ∆ε ≥ 7, whereas a hole-type sunflower lattice only supports shallow single-

polarisation gaps due to its weak Fourier coefficients.

Contrary to previously published results, the TM PBGs of all four rod-type lattices

are comparable at any dielectric contrast, with only marginally wider gaps in the more

complex crystals at low contrasts. The sunflower supports the widest TM PBGs for

∆ε > 6, although it is also the only structure not to have a gap at all for ∆ε = 1.

The importance of long-range interaction and lattice geometry in low-contrast crystals

is made clear by the wide 21% TM PBG that opens in the sunflower for ∆ε = 1 and an

effective propagation length 6.7 times longer (80a) than in the small scale simulations.

This compares with gaps of 14%, 5.6%, and 1.9% for the Stampfli, hexagonal, and

Archimedean crystals, respectively.
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The TM gaps of all four lattices are insensitive to small random displacements of the

rods up to 0.05a (< 1% change), but for larger displacements the Stampfli and sunflower

lattices can show wider gaps than the perfect structure. However, the gaps are far more

sensitive to structural perturbations at lower contrasts when the contribution of Mie

resonances is much weaker, and to random variation of the rod radii at all dielectric

contrasts.

PWE-calculated band diagrams on 12a × 12a non-rational square ‘approximants’ of

the sunflower support the FDTD data with a narrower 36.2% gap for the alumina rod

lattice (r/a = 0.2), though the gap width is limited by the introduction of artificial defect

states. More importantly, the calculations highlight the intrinsic dipolar and monopolar

defect modes associated with the central disordered region, and the sunflower’s highly

isotropic bands. Further band diagrams calculated by FDTD indicate a similar gap

width of 35.3%.



Chapter 6

Microwave characterisation of

photonic quasicrystals

Thanks to the scale invariance of Maxwell’s equations, the properties of PhCs measured

at one length scale are applicable to all. Provided the dielectric contrast does not change,

we are free to characterise structures that are convenient to make, safe in the knowledge

that the properties will remain the same as we scale down. The first structure shown to

possess a complete (19%) 3D PBG - Yablonovite - was designed to operate at microwave

frequencies, i.e. the GHz range. Since then, complete PBGs have been reported in both

2D and 3D periodic crystals of either dielectric [21, 22, 67, 198, 206, 207] or metallic

elements [65, 201, 208, 209], leading to demonstrations of waveguiding [94], switching

[210], and a negative refractive index [110]. More isotropic gaps exist in quasiperiodic

lattices displaying 8 [51], 10 [52, 173], and 12-fold [52] symmetry. An isotropic gap was

also demonstrated in a curvilinear lattice based on phase-shifted rings of rods that appear

extremely similar to our sunflower pattern [189]. To date, the only 3D quasicrystal

studied at microwave frequencies is an icosahedral quasicrystal [179].

This chapter describes the experimental characterisation of 2D PhCs and PhQCs at

microwave frequencies. High dielectric contrast structures (alumina rods) are measured

in a custom-made waveguide scattering chamber to determine TM PBGs and defect

modes. TE gaps are not considered because the waveguide does not support modes

with the E-field vector linearly polarised perpendicular to the rods. Much larger low

dielectric contrast structures (PMMA rods) are tested in a free space antenna setup

allowing measurement of both polarisations and the extraction of dispersion relations

from the phase response. These benefits come at the expense of a lower S/N ratio.

In each case, the spectral features are compared to simulated data, and related to the

Fourier components responsible for their appearance.

103
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6.1 Scattering chamber design and characterisation

For 2D PhC measurements, an enclosed metal waveguide offers the benefits of a well-

defined polarisation, and a high signal-to-noise (S/N) ratio. Transmission spectra of

high-contrast 2D PhCs were acquired with a 20.193mm high scattering chamber, based

on the ‘split-block’ designs of McCall et al. [206] and Jin et al. [201], and illustrated in

Fig. 6.1.

The maximum PhC dimensions were dictated by the size of the straight central segment

(430 × 290mm). Each end of the straight was coupled to standard WG131 waveguides

via 350mm long linear tapers. The three separate sections were milled out of aluminium

tooling plate and bonded together with conductive silver epoxy using two 20mm alu-

minium bars for support. A top cover consisting of a 4mm thick aluminium sheet

completed the chamber. The input and output waveguides were terminated by N-type

coaxial waveguide adapters (13094-NF10, Flann Microwave) and connected to a vector

network analyser (Agilent E8364B) capable of sweeping from 10MHz to 50GHz.

It should be noted that the scattering chamber design is not optimised. In particular,

low-loss microwave waveguides require that the cross section act as a single uninterrupted

conductor. Losses can be reduced in split-block waveguides by positioning joints at the

centre of the major (a) axis. An unfortunate consequence of our conveniently detachable

cover is that the joints appear between the chamber walls and the top plate. Initial tests

revealed that applying pressure to the chamber’s top plate provided a higher S/N ratio as

a result of improved electrical contact to the chamber walls. Further improvements may

be possible by optimising the tapered segments to minimise the impedance mismatch

and achieve a voltage standing wave ratio (VSWR) near unity, e.g. with a cosine taper

profile [211].

6.1.1 Modal analysis and chamber testing

The measured transmission characteristic of the scattering chamber is clearly a super-

position of the modes supported by a WG13 waveguide as the chamber is bounded by

such waveguides at each end. Cut-off frequencies for the TEmn modes of a rectangular

waveguide with internal wall dimensions a× b may be obtained using Eqn. 6.1.

fc =
c

2

[(m
b

)2
+
(n
a

)2
] 1

2

(6.1)

1WG13 is the standard UK RCSC (Radio Components Standardisation Committee) designation for
a rectangular waveguide with internal dimensions 40.39×20.193mm. The equivalent US EIA (Electronic
Industries Alliance) designation is WR159, where the 159 represents the length of the major (a) axis
(1.59 in.).
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a

b

Figure 6.1: Schematic of microwave scattering chamber with two linear tapers, WG13
waveguides, and N-type coaxial adapters. Expanded image indicates the
major (a) and minor (b) axes of the 50mm long input/output WG13 waveg-
uides.

m n fc (GHz) Polarisation

0 1 3.7138 TE
0 2 7.4276 TE
1 0 7.4283 TE
1 1 8.3049 TE/TM
1 2 10.5047 TE/TM
0 3 11.1414 TE

m n fc (GHz) Polarisation

1 3 13.3907 TE/TM
2 0 14.8566 TE
2 1 15.3138 TE/TM
2 2 16.6099 TE/TM
2 3 18.5701 TE/TM
3 2 23.4902 TE/TM

Table 6.1: Cut-off frequencies (fc) for the TE and TM modes of a standard WG13
waveguide from 0 to 24GHz

The allowed modes of a WG13 waveguide (a = 40.39mm, b = 20.193mm) are given

in Table 6.1 for frequencies up to 24GHz. Degenerate TE/TM modes exist when both

m and n are non-zero, e.g. TE11 and TM11. It is important to mention here that

the polarisation conventions peculiar to 2D PhCs are not applicable to their waveguide

counterparts. The transverse magnetic (TM) polarisation of PhCs, with the E-field

oscillating out-of-plane, corresponds to TE waveguide modes with m = 0.

The transmission spectrum of the empty scattering chamber is given in Fig. 6.2. To

prevent Fabry-Perot resonances distorting the PhC transmission spectra the chamber

walls were lined with ECCOSORB LS-30 (Emerson & Cuming) carbon-loaded foam,

with attenuation ranging from 24dB cm−1 at 3GHz to 46dB cm−1 at 10GHz. Adding

absorbing foam yields a smooth transmission spectrum at the expense of an additional

loss of approximately 20dB from 4.5-8GHz. Rising losses below 4.5GHz are attributed
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to the reduced group velocity of the TE01 mode as it approaches cut-off, and thus an

increase in the effective path length. The sensitivity between 4GHz and 8GHz was

measured to be better than 60dB.
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Figure 6.2: Transmission spectrum of the empty scattering chamber with and without
carbon-loaded foam to absorb cavity resonances

The importance of measuring within a frequency range supporting only the first three

waveguide modes (TE01, TE02, and TE10) is highlighted by the transmission spectrum of

square and hexagonal PhCs shown in Fig. 6.3a-d. In general, the low frequency edge of

the PBG is in good agreement with the theoretical values calculated by PWE. However,

in all cases there is strong mid-gap transmission starting at 8.3GHz. From Table 6.1 it

is seen that the TE11/TM11 modes share a cut-off frequency coinciding with the onset

of mid-gap transmission. Their transverse field profiles in Fig. 6.3h,i also indicate vector

components in both directions, permitting these modes to propagate within the TM

PBG. In contrast, both the TE01 and TE02 modes are linearly polarised parallel to the

alumina rods and thus cannot propagate. Although the TE10 mode has E⊥ to the rods,

there is a negligible effect on the PhC transmission as the parallel orientation of the

excitation source results in weak coupling to this mode.

Several attempts were made to broaden the useful frequency range by using resistive

vanes and judicial placement of carbon-loaded foam. More permanent measures to in-

duce losses in higher order modes were considered, such as milling slots in the waveguide

walls at periodic intervals. The commercial alternative for broader single-moded opera-

tion is a double-ridged waveguide. However, the modified cross section would complicate

both the scattering chamber fabrication and PhC characterisation.

The most significant advantages of using a waveguide to characterise PhCs are the high

S/N ratio, and the inherent maintenance of linear polarisation over a reasonable spectral

range. The trade-off is that the system is limited to TM (E‖ rods) measurements only.
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Figure 6.3: Transmission spectra of alumina rod PhCs. (a,b) A square lattice along
Γ−X with (a) a = 10mm (r/a = 0.3) and (b) a = 15mm (r/a = 0.2). (c,d)
A hexagonal lattice (a = 10mm, r/a = 0.3) along (c) Γ−K and (d) Γ−M.
Shaded regions indicate gap frequencies from PWE. (e-i) Transverse E field
vector plots of the first five WG13 waveguide modes.

Furthermore, the dispersive nature of waveguides causes the k-vector to diverge from

the paraxial ideal as a given mode approaches cut-off. The resulting non-linear phase

response prevents straightforward derivation of the crystal’s bandstructure.

6.2 Transmission spectra of high-contrast PhCs

All high-contrast PhC samples consisted of 20mm long alumina rods (ε = 9.61), 6mm in

diameter, embedded in a 250×250mm Styrofoam (ε = 1.04) template. The permittivity

of both materials is assumed to be constant and purely real over the frequency range of

interest. Following the results of the chamber analysis, a common period of a = 20mm

(r/a = 0.15) was chosen for all PhCs to help ensure primary TM gaps between 4 and

8GHz, where only TE waveguide modes can propagate. Holes were milled into the

Styrofoam using a table-top CNC mill controlled by the G-code output from CAM

processing of DXF CAD files. The CAD files were created automatically from pattern

generation algorithms programmed in C. Templates for the quasiperiodic structures were

produced with a range of pattern rotations in order to probe different directions through

the crystal lattice.

For each microwave measurement the results are compared to 2D FDTD simulations

with the same parameters as used for the normal FDTD run in § 5.1.2. While the LS-30

absorbing foam is not included, it is found that normalisation of the experimental data
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with respect to an empty foam-lined waveguide makes this omission insignificant. The

FDTD data is supported by PWE band diagrams and the FFTs from § 4.1. Unless oth-

erwise stated, the gap frequencies for the experimental and FDTD data are determined

as the points on the lower and upper gap edges where the attenuation exceeds 30dB.

The k-path for the Archimedean lattice has a natural definition as a result of the periodic

repetition of the rhombic unit cell. Here, we use the standard Γ-M-K-Γ path for a

hexagonal lattice, which results in some redundancy from band folding. In contrast, the

Stampfli and sunflower lattices are truly aperiodic and therefore lack any non-primitive

unit cell. The band diagrams are instead obtained by a full zone analysis of the Brillouin

zone associated with a 12a× 12a square complex unit cell.

6.2.1 6-fold hexagonal

To validate the waveguide system, and serve as a control for the aperiodic structures, a 6-

fold hexagonal PhC was measured along the Γ−M and Γ−K directions of the irreducible

Brillouin zone. A single template with 187 rods was used for both measurements by

rotating the template 90◦. Due to the 6-fold symmetry, a 90◦ rotation is equivalent to

a 30◦ rotation of the lattice. The agreement between the experimental and theoretical

data is excellent in terms of both gap frequencies and mid-gap attenuation, as seen

in Fig. 6.4c and d, and Table 6.2. Gaps in the calculated transmission spectrum at

frequencies beyond the primary PBG do not appear in the measured spectrum due to

the propagation of higher order modes. These modes also affect the accuracy of the

upper gap frequencies, particularly for the Γ-K direction for which the expected value

of 0.5734 exceeds the cut-off frequency of the TE11/TM11 mode (a/λc = 0.5537).

Compared to aperiodic crystals, the hexagonal lattice displays a relatively smooth trans-

mission spectrum with high in-band transmission. The crystal’s sparse pure point

Fourier space limits the number of wavevectors satisfying the Bragg condition and there-

fore the number of spectral gaps. A complete TM gap exists between a/λ = 0.3636 and

a/λ = 0.5302 for a gap ratio of 37.28%. This compares with theoretical values of 40.85%

by PWE and 43.68% for an ‘optimised’ 6-fold lattice [12]. For both directions, the

attenuation within the gap is limited by the sensitivity of the waveguide system.

As a first approximation for the position of the primary TM gap we use the lattice period

a, along with Eqn. 2.5 and an effective permittivity of 1.7028 (ε = 9.61, r/a = 0.15,

f ≈ 0.0816), to obtain a mid-gap frequency of 5.748GHz (a/λ = 0.3832). The agreement

with the simulated and experimental values in Table 6.2 is poor. A far better estimate

can be obtained if we connect features of the transmission spectrum with specific Fourier

space vectors (FSVs). The deepest modulation of the density of modes, and therefore

the transmission spectrum, is related to those FSVs with the strongest coefficients. The

dominant FSVs of the hexagonal lattice are the basic set ±Gi with spatial frequencies
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Figure 6.4: Calculated and experimental data for a 6-fold hexagonal lattice (a = 20mm,
r/a = 0.15). (a) PWE band diagram. (b) Reciprocal space lattice (DFT)
with corresponding Brillouin zone. (c,d) Measured and simulated transmis-
sion spectra along the (c) Γ−M and (d) Γ−K directions

|Gi| = 1.1480.2 The effective period for a = 20mm is therefore 20/|Gi| = 17.42mm.

Substituting the effective period in Eqn. 2.5 gives an estimated mid-gap frequency of

6.599GHz (a/λ = 0.4399), coinciding almost perfectly with the measured value along

the Γ-M direction, which points along Ĝi. There remains a noticeable difference for the

Γ-K direction, which is not oriented along one of the primary FSVs. Examining the

band diagram along the Γ-K direction shows that the lowest point of the air band is not

at the edge of the BZ where |k| = 2π(2/3), but at |k| ≈ 3/5. This point is indicated as

a dot in Fig. 6.4a.

6.2.2 ‘12-fold’ Archimedean

An Archimedean lattice was milled into four Styrofoam blocks with lattice rotations

(number of rods) of 0◦ (163), 5◦ (155), 10◦ (153), and 15◦ (153). These angles alone do

2The exact value of |Gi| is 2/
√

3, as given by the standard primitive reciprocal vector b2. 1.1480 is
the approximate numerical value determined from a DFT.
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Direction Method ωl ωh ωc
∆ω
ωc

(%) αc (dB)

Γ−M
PWE 0.3389 0.5389 0.4389 45.57 n/a
FDTD 0.3410 0.5400 0.4405 45.18 86.90
Exp. 0.3500 0.5302 0.4401 40.95 72.46

Γ−K
PWE 0.3561 0.5734 0.4648 46.76 n/a
FDTD 0.3540 0.5460 0.4500 42.67 79.40
Exp. 0.3636 0.5393 0.4515 38.92 73.20

Table 6.2: Calculated and experimental normalised gap frequencies (ωl, ωh, ωc), gap
ratio, and mid-gap attenuation (αc) for an alumina rod hexagonal PhC with
r/a = 0.15. All frequencies are normalised to the real-space lattice period,
a.

not cover the effective Brillouin zone because the 6-fold periodicity of the Archimedean

lattice requires measurement through 30◦. Measurements for 20◦, 25◦, and 30◦ were

made by rotating the 10◦, 5◦, and 0◦ templates, respectively, through 90◦. The resulting

incident directions are equivalent by the symmetry of the lattice. A rotation angle of

zero degrees corresponds to propagation along a2ŷ, i.e. the Γ-M direction of the parent

6-fold lattice. Rotation by 90◦ gives propagation along Γ-K. The measured transmission

spectrum for each angle is given in Fig. 6.5c and the corresponding gap frequencies in

Table 6.3.

Fig. 6.5b shows the labelling scheme for the dominant Fourier space vectors, previ-

ously given in § 4.1.2. The Fourier space ring formed by ±G1−9 helps produce al-

most perfectly isotropic gap frequencies despite the underlying 6-fold symmetry. In

general, the shape of the transmission spectrum is well described by the FSVs on

this inner ring. FSVs with the strongest Fourier coefficients (G1−6) are connected

with formation of the primary PBG, as expected. The effective period is given by

20/|G1−6| = 20/1.114 = 17.99mm, and the estimated mid-gap frequency is therefore

6.4774GHz (a/λ = 0.4318) for εe = 1.6560 (f = 0.07618). Unlike the hexagonal lattice,

the agreement with both the simulated and experimental values is good for all angles

thanks to the isotropic gap frequencies.

A complete experimental TM gap exists between a/λ = 0.3523 and a/λ = 0.5007 for a

gap ratio of 34.79%, compared to 35.63% (0.3541 → 0.5076) from the band diagram in

Fig. 6.5a. The gap appears between the 13th and 14th bands since the non-primitive unit

cell now contains 13 rods. Although the Fourier coefficients of G1−9 are weaker than

G1−3 in the hexagonal lattice, the gap attenuation is still strong enough to reach the

experimental noise floor. Gap isotropy is calculated to be I = 0.8542 for the experimental

data, which is significantly lower than the value of I = 0.9808 from the band diagram; an

error attributed to the coarse frequency resolution and difficulty establishing the exact

gap frequencies of the measured transmission.
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Figure 6.5: Calculated and experimental data for a locally 12-fold Archimedean lattice
(a = 20mm, r/a = 0.15). (a) PWE band diagram. Insets show the dis-
placement field (Dz) mode profile at the Γ point for the bands highlighted
in green (a/λ = 0.3518) and red (a/λ = 0.5124). (b) Dominant Fourier
components of the reciprocal lattice (DFT) with the basic lattice vectors
labelled. (c) Measured and simulated transmission spectra from 0◦ to 30◦

Towards the upper edge of the primary gap there is a sharp peak at 7.562GHz (a/λ =

0.5041). This peak is labelled as point A in Fig. 6.5c for θ = 15◦, although it is easily

identified for all angles of incidence. The measured frequency closely matches that of the

extremely flat band at a/λ ≈ 0.51, highlighted in red in the band diagram. Analysing

the mode profile for this band (inset in Fig. 6.5a) shows that the resonant peak is due

to localisation of the displacement field by formation of coupled hexapolar modes.

The lower (green) flat band in Fig. 6.5a at a/λ ≈ 0.35 is harder to identify in the

experimental transmission spectrum due to its proximity to the next lowest band. Small

peaks, labelled as B in Fig. 6.5c, are noticeable at a/λ = 0.3557 for an incident angle

of either 5◦ or 25◦. Like the higher frequency band, the mode profile at the Γ point

indicates that the displacement field is distributed in a hexapolar fashion. However,

whereas the high frequency modes contain nodal planes bisecting the rods and expelling

the displacement field, the field for the low frequency mode is highly concentrated within
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Angle Method ωl ωh ωc
∆ω
ωc

(%) αc (dB)

0◦
PWE 0.3518 0.5083 0.4301 36.39 n/a
FDTD 0.3430 0.5230 0.4330 41.57 91.72
Exp. 0.3591 0.5155 0.4373 35.77 71.12

5◦
PWE 0.3518 0.5083 0.4301 36.39 n/a
FDTD 0.3500 0.5230 0.4365 39.63 72.09
Exp. 0.3591 0.5019 0.4305 33.17 69.94

10◦
PWE 0.3518 0.5082 0.4300 36.37 n/a
FDTD 0.3520 0.5210 0.4365 38.72 78.66
Exp. 0.3613 0.5007 0.4310 32.34 74.62

15◦
PWE 0.3524 0.5080 0.4302 36.17 n/a
FDTD 0.3540 0.5200 0.4370 37.99 81.31
Exp. 0.3602 0.5019 0.4311 32.87 68.29

20◦
PWE 0.3533 0.5079 0.4306 35.90 n/a
FDTD 0.3530 0.5230 0.4380 38.81 78.43
Exp. 0.3591 0.5019 0.4305 33.17 74.35

25◦
PWE 0.3539 0.5077 0.4308 35.70 n/a
FDTD 0.3450 0.5230 0.4340 41.01 73.48
Exp. 0.3579 0.5007 0.4293 33.26 77.10

30◦
PWE 0.3541 0.5076 0.4309 35.63 n/a
FDTD 0.3460 0.5230 0.4345 40.74 70.12
Exp. 0.3523 0.5143 0.4333 37.39 68.72

Table 6.3: Calculated and experimental normalised gap frequencies (ωl, ωh, ωc), gap
ratio, and mid-gap attenuation (αc) for an alumina rod Archimedean PhC
with r/a = 0.15. All frequencies are normalised to the real-space lattice
period, a.

the dielectric rods. Such behaviour is typical for the modes at the upper and lower edges

of a PBG [13].

Both of the highlighted bands are characteristically similar to defect states in otherwise

perfect PhCs, yet in this case the structure is a perfect PhC. The maximum group ve-

locity for the high frequency band is 0.094c, which occurs midway between points M and

K, although it is generally much lower. For the low frequency band, the maximum group

velocity is 0.242c. These extremely low values are unusual for a defect-free PhC and

suggest that the Archimedean lattice is an excellent candidate for applications involving

slow light. The hexapolar nature of the modes is similar to that shown by Takeda et al.

[113] for the flat bands of an InSb (ε = 17.7) kagome lattice (r/a = 0.2).

Narrow additional gaps appear between the highlighted bands and the rest of the band

structure. At the lower edge of the primary PBG, there is a 1.27% gap (0.3449→ 0.3493)

in the band diagram, while at the upper edge there is a 1.40% gap (0.5124 → 0.5196).

Only the higher gap above point A is clearly visible in Fig. 6.5c.
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6.2.3 12-fold Stampfli

A Stampfli lattice was milled into four templates using lattice rotations (number of rods)

of 0◦ (157), 5◦ (155), 10◦ (153), and 15◦ (153). The true 12-fold rotational symmetry

of its Fourier space allows us to restrict our measurements to the irreducible 15◦ cone

of the effective Brillouin zone. Transmission spectra for each angle are given in Fig. 6.6

along with the PWE band diagram from § 5.2, which is based on a 12a × 12a square

approximant. Gap values by PWE are omitted from the gap properties in Table 6.4

because the Stampfli lattice is analysed throughout the entire ‘Brillouin zone’ of the

approximant, rather than along specific directions.
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Figure 6.6: Calculated and experimental data for a true 12-fold Stampfli quasicrystal
(a = 20mm, r/a = 0.15). (a) PWE band diagram. Dotted grey bands
are the artificial defect modes of the truncated cell. (b) Dominant Fourier
components of the reciprocal lattice (DFT). (c) Measured and simulated
transmission spectra from 0◦ to 15◦

The experimental transmission spectra show a highly isotropic primary TM gap based on

the set of FSVs ±G1−6 with |G| = 1.1236. Using an effective permittivity of εe = 1.6638

(f = 0.0771) the estimated mid-gap frequency is 6.5331GHz (a/λ = 0.4355), in good

agreement with the experimental values in Table 6.4. Here, the FDTD data does not

match as well as for the hexagonal or Archimedean lattices, showing both wider PBGs
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Angle Method ωl ωh ωc
∆ω
ωc

(%) αc (dB)

0◦
FDTD 0.3410 0.5320 0.4365 43.76 90.36
Exp. 0.3579 0.5041 0.4310 33.92 66.62

5◦
FDTD 0.3410 0.5260 0.4335 42.68 87.38
Exp. 0.3591 0.5121 0.4356 35.12 65.82

10◦
FDTD 0.3450 0.5250 0.4350 41.38 83.08
Exp. 0.3659 0.4973 0.4316 30.44 72.68

15◦
FDTD 0.3430 0.5170 0.4300 40.47 77.57
Exp. 0.3591 0.4973 0.4282 32.27 67.63

Table 6.4: Calculated and experimental normalised gap frequencies (ωl, ωh, ωc), gap
ratio, and mid-gap attenuation (αc) for an alumina rod Stampfli PhC with
r/a = 0.15. All frequencies are normalised to the real-space lattice period,
a.

and generally higher attenuation than the experimental results. To extract the upper gap

frequencies from the simulated data it was necessary to lower the transmission threshold

to -40dB, as opposed to the -30dB used elsewhere.

The complete experimental gap is restricted by the values for the 10◦ measurement and

therefore has a gap ratio of 30.44% (a/λ = 0.3659 → 0.4973), which compares well to

the 33.10% gap in Fig. 6.6a, and to the 29.51% gap recorded by Feng et al. [177] for

r/a = 0.3. Gap isotropy is calculated to be I = 0.8521. These figures are very close to

the Archimedean, even though the Stampfli lattice displays a far more isotropic Fourier

space. In each case, the accuracy of the figures is limited by the small range of measured

angles and the coarse frequency resolution. For a high dielectric contrast at least, it

appears that the Stampfli’s true 12-fold symmetry and comparable Fourier coefficients

do not enable wider or even more isotropic gaps than periodic tilings of complex unit

cells such as the Archimedean PhC. Real world applications may favour such tilings

because of the implications for simpler design and analysis.

It is remarkable that even with such a small sample (12a×12a) there is a noticeable dif-

ference between the Archimedean and Stampfli lattice. The absence of the low frequency

dip and generally smoother transmission beyond the PBG can be used to easily identify

the Stampfli lattice, more so than the slightly reduced gap width. Only the 15◦ mea-

surement breaks this trend by displaying a resonant-like transmission above the PBG.

Analysis of the steady state field profile from the corresponding FDTD run suggests that

this behaviour is linked to coupled-cavity propagation mediated by the irregular profile

at the edge of the rotated lattice. The Stampfli lattice also shows marginally sharper

gap edges, possibly due to the much weaker FSVs surrounding ±G1−6 in the Stampfli’s

Fourier spectrum compared to those surrounding ±G1−6 in the Archimedean.
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6.2.4 Isotropic sunflower

The sunflower is completely asymmetric, as shown in § 4.1.4. Without rotational sym-

metry we cannot exploit the symmetry of an effective Brillouin zone to reduce the

experimental range of angles. Therefore, a square section of the sunflower centred on

the origin was measured at angles from 0◦ to 180◦ in increments of 10◦. Measurements

beyond 180◦ are redundant due to optical reciprocity. Nine templates were milled with

lattice rotations of 0◦ to 80◦; all other angles are reached by a 90◦ rotation of these

templates. The number of rods per template varied between 127 and 131 rods.

The experimental transmission spectra are presented as a pseudocolour plot in Fig. 6.7b.

Five times cubic interpolation was applied to the transmission matrix along the angular

dimension to aid comparison with the band diagram in Fig. 6.7a. Like the Stampfli

lattice, the sunflower’s band diagram is derived from a full zone analysis using a 12a×12a

square approximant. Visually, the agreement between the upper and lower edge of the

PBG is excellent. Furthermore, the dipolar and monopolar defect modes are quite clear

in the pseudocolour plot and, as expected, none of the artificial modes (dashed grey

bands in Fig. 6.7a) appear.
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Figure 6.7: Calculated and experimental data for a sunflower quasicrystal (a = 20mm,
r/a = 0.15). (a) PWE band diagram with dipole (red) and monopole
(green) modes highlighted. Inset and arrow show the 0◦ template and di-
rection. (b) Measured and interpolated transmission spectrum from 0◦ to
180◦ in 10◦ increments. Points indicate the gap edges at the -30dB thresh-
old.

The complete TM gap ratio is 28.43% (0.3449→ 0.4592) for PWE and 25.85% (0.3511→
0.4554) for the experimental values. Simulations using the dipole FDTD method (§ 5.1)

indicate an overly generous 33.81% gap. The experimental gap is the narrowest of the

structures tested here due to the sunflower’s much weaker Fourier coefficients, which

limit the influence of Bragg diffraction in the gap formation.
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To match the experimental gap with the Fourier space representation we take the FSV

with the strongest Fourier coefficient (|G| = 0.9770). Using εe = 1.5614 (f = 0.0652)

the estimated mid-gap frequency is 5.8641GHz (a/λ = 0.3909), which comes close to

the actual value of 6.0489GHz (a/λ = 0.4033) for the complete TM gap. This error is

not unreasonable given that the sunflower contains a broad range of spatial frequencies.

Accuracy is actually improved in this case by replacing the effective period with the

standard 20mm ‘period’.

The gap isotropy is I = 0.9936 for the PWE and I = 0.8364 for the experimental data.

Even without rotational symmetry, the sunflower is expected to show the most isotropic

gap of all four lattices. While this is true for the calculated values, the experimental

isotropy is lower than both the Archimedean and Stampfli lattices. There are many

possible causes for this, including the finite sample size and variable termination of the

lattice at the edge of each template.

Fig. 6.7a gives the frequency of the dipole mode as 0.3646 and that of the monopole

as 0.4549. The corresponding measured frequencies were 0.3659 and 0.4486, although

for some angles the reduced coupling strength rendered the dipolar peak undetectable.

Resonant modes are often characterised by their Q-factor, defined as the ratio of the

energy stored to the energy dissipated per cycle or, equivalently, the ratio of the resonant

frequency to the resonance bandwidth. High-Q modes have a narrow resonance linewidth

and slow rate of decay. Q-factors for the sunflower’s defect modes were estimated as

approximately 161 (dipole) and 197 (monopole) using ωc/∆ω. These extremely low

values are due in part to the finite sample size and coarse frequency resolution. In

comparison, the FDTD calculated in-plane Q-factors for an infinite (periodic) tiling of

the sunflower approximant can reach 109. Theoretically it is only necessary to consider

the in-plane Q since our system is vertically bounded by the metal waveguide.

6.2.4.1 Spatial uniformity of the transmission spectrum

It was highlighted in § 4.1.5 that the sunflower’s high orientational order breaks down for

localised regions far from the origin. To examine the effect on the transmission spectrum

an extra template was milled with a lattice offset of 8a along the ‘x’-axis, i.e. normal to

the 0◦ direction shown in Fig. 6.7a. As indicated by the defect-free gap in Fig. 6.8, this

offset is large enough to completely avoid the central ‘disordered’ region.

The centred sample has a gap ratio of 25.85% compared to 22.17% for the offset, though

there is only a slight change in the mid-gap frequency from 0.4039 to 0.3993. Rechtsman

et al. [12] showed that for moderate dielectric contrasts (∆ε < 10) the gap width for an

optimised (square) 4-fold lattice is lower than that of even 10-fold quasicrystals. The

reduced gap width of the offset sample may be explained by the tendency towards 4-fold
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symmetry seen in the corresponding Fourier spectrum. We cannot state whether there

is a negative impact on the gap isotropy since only a single direction was measured.
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Figure 6.8: Experimental transmission spectra for a 12a× 12a section of the sunflower
(r/a = 0.15, ε =9.61:1) with radial offsets of 0a and 8a. Images show the
corresponding Fourier space (FFT) of the 12a square sections.

6.2.5 Relationship between PBG width and lattice symmetry

Fig. 6.9 shows that each lattice has a primary TM PBG with an in-gap attenuation

limited by the sensitivity of the experimental setup. The well-defined periodicity of

the hexagonal lattice produces the steepest gap edges and almost perfect out-of-gap

transmission while the sunflower shows a gradual onset of the PBG as a result of its

broader spatial frequencies. Despite its dense Fourier space the sunflower’s out-of-gap

transmission is relatively high (approximately -20dB), and compares well with both the

Archimedean and Stampfli lattices. Indeed, the Archimedean’s many significant FSVs

create further gaps above and below the primary PBG, which serve to lower the overall

transmission.

As the orientational order of the lattice increases the maximum partial gap width along

the 0◦ (Archimedean, Stampfli, sunflower) or Γ-M (hexagonal) direction is reduced.

There is a similar though less dramatic decline in the complete TM gap ratios in Ta-

ble 6.5. Rechtsman et al. [12] showed that this trend is typical for any reasonable

dielectric contrast (εd/εm > 5). In terms of gap width, it is only at low dielectric con-

trasts that the advantages of quasicrystals become apparent. The results in Table 6.6

indicate that at high dielectric contrasts the complete TM gap is only weakly dependent

on the lattice geometry, which follows the prior observations of Rockstuhl et al. [50],

Wang et al. [55] and Zhao et al. [56]. Strong scattering makes gap formation dependent
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on a combination of the local environment and the Mie resonances of individual rods,

which mitigates the benefits of high orientational order. The monotonically decreas-

ing gap width cannot be explained by the minor change in dielectric fill factor from

8.2% (hexagonal) to 6.5% (sunflower). Instead, it is attributed to the reduced Fourier

coefficients of the FSVs associated with the primary TM gap.
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Figure 6.9: Comparison of primary TM PBGs between (a) hexagonal, (b) Archimedean,
(c) Stampfli, and (d) sunflower lattices for r/a = 0.15 and ε = 9.61. Mea-
surements are along the Γ-M (hexagonal) or 0◦ (all other lattices) directions.

Lattice |G| ae (mm) fl fh ωc (a) ωc (ae)
∆ω
ωc

(%)

Hexagonal 1.1480 17.42 5.454 7.953 0.4469 0.3893 37.28
Archimedean 1.1114 17.99 5.285 7.511 0.4265 0.3837 34.79
Stampfli 1.1236 17.79 5.489 7.459 0.4316 0.3840 30.44
Sunflower 0.9770 20.47 5.267 6.831 0.4033 0.4128 25.85

Table 6.5: Experimental properties of the complete TM gaps, including the gap edge
frequencies (in GHz), mid-gap frequencies (ωc) normalised by both a = 20mm
and the effective period ae = a/|G|, and the complete gap ratios.

Table 6.5 provides a comparison of the mid-gap frequencies for each lattice with the

normalised frequencies calculated using both the ‘period’ a = 20mm and the effective

period ae = a/|Gi|, where Gi are the dominant Fourier space vectors. For PhC analysis,

it can be more insightful to use the effective period as it is directly related to the PBG.

Normalisation of the mid-gap frequencies in this way (ωc (ae)) shows that the position

of the PBG is effectively identical for all lattices. The sunflower is the only lattice with a

significantly different mid-gap position because of its highly ambiguous effective ‘period’.

For further comparison, Table 6.6 shows the simulated gap frequencies for the complete

primary TM PBG of each lattice. These values were derived from FDTD simulations

using the same parameters and excitation source as in § 5.1. Reasonably good agreement

is reached for the mid-gap frequencies and gap ratios of the hexagonal and Archimedean
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crystals. As expected, the Archimedean and Stampfli simulated gap ratios are practically

identical. However, the experimental gap ratios of the more complex Stampfli and

sunflower samples in Table 6.5 are much lower, possibly due to finite size effects such as

propagation along the boundaries of the templates.

Lattice ωl ωh ωc (a) ∆ω
ωc

(%) dB at ωc

Hexagonal 0.3563 0.5329 0.4446 39.72 -27.46
Archimedean 0.3531 0.5048 0.4289 35.35 -26.37
Stampfli 0.3520 0.5042 0.4281 35.55 -27.25
Sunflower 0.3410 0.4799 0.4104 33.83 -28.91

Table 6.6: Lower, upper, and mid-gap gap frequencies for the complete TM PBGs of all
four lattices for r/a = 0.15 and ε = 9.61, calculated from FDTD simulations.
The mid-gap attenuation is also given in dB. Frequencies are normalised to
the real-space lattice period, a.

6.3 Transmission spectra of low-contrast PhCs

Most of the published work on microwave PhCs is focused on high dielectric contrast

structures, usually with alumina [21, 51, 52, 173, 189, 198, 206] or metallic [65, 201, 210]

elements. To the author’s knowledge, only two groups have measured the properties

of low dielectric contrast microwave PhCs. Man et al. [179] compared diamond and

icosahedral crystals made from epoxy resin (n = 1.65−0.025i), while Kirihara et al. [207]

tested 3D woodpile crystals made from an epoxy into which either SiO2 or TiO2 particles

were dispersed. Both groups used stereolithography to fabricate their structures.

To prove that wide PBGs can exist in low contrast structures, we present the experi-

mental transmission properties of four 2D PhCs using low permittivity PMMA (ε = 2.6,

[200, 212, 213]) rods in air. The rods are 200mm long and 6mm in diameter, and arranged

on 20mm thick Styrofoam (ε = 1.04) lattice templates with a period of a = 10mm. Iden-

tical secondary templates are positioned at the upper end of the rods to improve the

structural rigidity. The chosen rod-pitch ratio (r/a = 0.3) ensures low variation of the

dielectric fill factor between crystals. Fill factors for each lattice are: 0.3265 (hexagonal),

0.3047 (Archimedean), 0.3085 (Stampfli), and 0.2572 (sunflower).3 The corresponding

effective TM (TE) permittivities are 1.5224 (1.2514), 1.4875 (1.2309), 1.4936 (1.2343),

and 1.4115 (1.1880), respectively. Effective permittivities in rod-type PhCs are higher

for TM polarisation due to the stronger localisation of the field within the rods.

3Hexagonal and Archimedean fill factors are determined using the expressions in § 2.5. Stampfli and
sunflower fill factors are determined using pixel-counting on 24a× 24a centrally-located square domains
with a resolution of 0.005a.
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6.3.1 Free space experimental setup

Fig. 6.10 depicts the free space experimental setup. The source and detectors were

double-ridged broadband horn antennas (Schwarzbeck BBHA 9120 D) with a specified

operating range of 1-18GHz. Plano-convex polycarbonate lenses were placed in front of

the antennas to somewhat collimate the emitted radiation and approximate plane wave

incidence. The horn antennas were connected to an Agilent E8364B vector network

analyser via N-type adapters and RF coaxial cable. Unlike the waveguided system,

both TM and TE measurements were possible by rotating the antennas through 90◦.

E8364B

VNA

B

A
P

L

R

F

Figure 6.10: Schematic of the free space antenna setup. (A) Broadband horn antenna,
(B) foil-coated MDF baffle, (F) foam-lined aperture, (P) PhC sample, (R)
MDF rotation stage, and (L) polycarbonate lens. Arrow indicates direction
of source. Photos show the setup in the anechoic chamber viewed from
behind and in front of the foil baffle.

The source radiation was incident normal to an aluminium foil coated MDF baffle con-

taining an 18cm square aperture to produce a beam with dimensions comparable to the

PhC. The inside edge of the aperture was lined with ECCOSORB AN-75 (Emerson &

Cuming) broadband carbon-loaded foam to help absorb the diffracted part of the beam.

The baffle was attached to the front of a purpose-built wooden table with an 80cm
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diameter rotation stage supported on 3/8 inch chrome steel ball bearings. Each PhC

under test was placed at the centre of the rotation stage.

The sensitivity was determined by normalising the transmission of the bare table and

baffle with the aperture uncovered to that with the aperture blocked by a metal plate.

For TM polarisation the sensitivity was measured to be better than -40dB above 7GHz,

increasing to approximately -50dB in the frequency range of the expected PBGs, i.e.

12-16GHz. For TE polarisation, the sensitivity improved from better than -30dB above

7GHz to approximately -40dB above 10GHz.

To minimise the effects of refraction and momentum mismatch at the air-PhC interface

each PhC was reduced to a circular shape with a diameter of 25a. Transmission mea-

surements were made every 2.5◦ over the full 1-18GHz range at 3201 linearly spaced

points (∆f = 5.3108MHz). In the following subsections, five times cubic interpolation

is applied to the TM and TE transmission spectra to smooth the transition from one

angular measurement to the next. The threshold for the gap edges is once more defined

as where the attenuation reaches 30dB. Numbers in parentheses immediately following

a Fourier space vector (FSV) are the estimated mid-gap frequencies calculated using

Eqn. 2.5 and normalised to the lattice period (10mm).

6.3.2 Calculating dispersion relations

The nominally linear phase of the free space setup permits calculation of each crys-

tals dispersion relation, i.e. the band diagram. The complex form of the normalised

transmission spectrum is,

T (ω) = t(ω)eiγ(ω) (6.2)

where t(ω) is the linear transmission coefficient and γ(ω) is the net phase difference

between the transmission with and without the PhC. The effective microwave refractive

index ne(ω) can be calculated using Eqn. 6.3 if the thickness of the sample L and the

net phase difference γ(ω) are known [21, 67, 214].

ne(ω) =
γ(ω)c

ωL
+ 1 (6.3)

The dispersion relation can then be obtained in a straightforward manner using,

k(ω) = k0ne(ω) (6.4)
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where k0 = ω/c. Note that because the transmission is measured external to the pho-

tonic crystal the wavevector will always have a real component, even within the photonic

bandgap [214]. A strong resonance of the wooden table generated significant phase dis-

tortion around 3GHz for all measurements. To recover linear phase at low frequencies the

transmission spectrum was instead normalised to that of the empty anechoic chamber.

By default, the network analyser outputs a phase response bounded by ±π and therefore

includes many 2π discontinuities, which complicate the ‘unwrapping’ process. Dispersion

relations are only given for the hexagonal lattice, for which the processing of the wrapped

phase response is less ambiguous. Only the two lowest bands are plotted since the

normalised experimental frequency range is capped at a/λ = 0.6.

6.3.3 6-fold hexagonal

Fig. 6.11 presents the TM transmission spectra and dispersion relation of a hexagonal

PhC consisting of 711 rods. Fig. 6.12 gives the corresponding TE properties. Gap

frequencies for the cardinal directions of the BZ are given in Table 6.7.
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Figure 6.11: TM properties of a PMMA rod hexagonal PhC. (a) Transmission spectra
between Γ-M (0◦) and Γ-K (30◦) and (b) experimental dispersion relation
(squares) matched to the PWE theory.

A complete 10.37% TM PBG exists from 0.4518 to 0.5012, in excellent agreement with

the 10.34% calculated by PWE. As expected, the TE spectra has an incomplete gap,

and consequently there is no absolute gap. Although the TM gap frequencies are a

near-perfect match to theory, the TE gap along Γ-M (0◦) is reduced to 5.55% by the

appearance of localised modes at the upper edge. The primary TM gap along Γ-M

is formed by ±G1−3, giving an estimated mid-gap frequency of 13.9559GHz (a/λ =

0.4652). Again, this is a near-perfect match to the actual mid-gap frequency along Γ-M
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Figure 6.12: TE properties of a PMMA rod hexagonal PhC. (a) Transmission spectra
between Γ-M (0◦) and Γ-K (30◦) and (b) experimental dispersion relation
(squares) matched to the PWE theory.

of 0.4627. Substituting the effective permittivity for TE polarisation gives an estimated

mid-gap frequency along Γ-M of 0.5131, suggesting problems with the effective medium

approximation for TE waves.

The mid-gap attenuation of the TM gap along Γ-M averages approximately 45dB, which

is close to the experimental noise floor. Combined with a propagation length of 25a,

this gives a ‘unit cell’ attenuation of ∼ 1.8dB, which is reasonably large for ∆ε = 1.6.

The TE gap has a slightly higher mid-gap attenuation along Γ-M (48dB), but shrinks in

both width and depth as the angle is increased until it closes at Γ-K. Conversely, the TM

gap grows from 16.65% (Γ-M) to 23.79% (Γ-K). These characteristics are repeated in

the corresponding dispersion relations, which are in excellent agreement with the PWE

curves.

Direction (Pol.) Method ωl ωh ωc
∆ω
ωc

(%) αc (dB)

Γ−M (TM)
PWE 0.4214 0.5094 0.4654 18.91 n/a
Exp. 0.4242 0.5012 0.4627 16.65 34.35

Γ−K (TM)
PWE 0.4593 0.5702 0.5148 21.54 n/a
Exp. 0.4518 0.5738 0.5128 23.79 43.48

Γ−M (TE)
PWE 0.4698 0.5224 0.4961 10.60 n/a
Exp. 0.4691 0.4959 0.4825 5.55 39.76

Table 6.7: Calculated and experimental normalised gap frequencies (ωl, ωh, ωc), gap
ratio, and mid-gap attenuation (αc) for a PMMA rod hexagonal PhC with
r/a = 0.3
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6.3.4 ‘12-fold’ Archimedean

Fig. 6.13 presents the TM and TE transmission spectra of an Archimedean PhC consist-

ing of 617 rods. Gap frequencies for the cardinal directions of the BZ associated with

the parent 6-fold lattice are given in Table 6.8 along with the gap-forming FSVs.

The highly structured transmission spectrum of the Archimedean lattice is a direct con-

sequence of its complex Fourier spectrum. Each of the significant transmission minima

labelled in Fig. 6.13a are connected with a specific FSV. The complete primary TM gap

(9.38%) is limited by the gap frequencies along the Γ-K direction (0.4461→ 0.4900) and

formed by the strongest FSVs ±G1−6 (0.4556), as expected. The primary gap is flanked

on both sides by much narrower partial gaps, which are clearest along the cardinal direc-

tions and simultaneously absent for angles around 10◦. Table 6.8 shows that the lower

partial gap (2.1%, ωc = 0.4283) is in reasonable agreement with the PWE value (1.69%).

The PWE band diagram (not shown) indicates that this gap is actually complete, thus

contradicting Fig. 6.13a. Although the higher partial gap is clearly noticeable, it is not

possible to compare the calculated width (2.83%) to the experimental data because the

lower gap edge is obscured by the upper edge of the primary gap. We suggest that

these partial gaps are associated with FSVs equivalent to G1G2G7 (0.4406) and G6G8

(0.5057), respectively. Both gaps are separated from the primary gap by single bands

that were previously identified in § 6.2.2 as promising candidates for slow light modes

in a defect-free PhC.
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Figure 6.13: Angular-resolved logarithmic (dB) transmission spectra of a PMMA rod
Archimedean PhC for (a) TM and (b) TE polarisation. Different scales
are used for each polarisation to aid identification of PBGs. The Γ-M
and Γ-K directions of the 6-fold parent lattice correspond to 0◦ and 30◦,
respectively.
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An additional gap (1.33%, ωc = 0.5854) is present in the band diagram that does not

appear in the experimental data. Though there is a weak dip near a/λ = 0.58, it

is possible that the physically incomplete (non-dispersive) PWE calculation produces

spurious gaps. Likewise, there is also a weak gap (11dB) in Fig. 6.13a along the Γ-M

direction (ωc ≈ 0.37) that is not found in the band diagram. This gap is clearly related

to ±G7−9 as these vectors give an estimated mid-gap frequency of 0.3805 and are the

only strong, low-k FSVs oriented along Γ-M.

Direction FSV Method ωl ωh ωc
∆ω
ωc

(%) αc (dB)

Γ−M (TM)

G1G2G7 (∗) PWE .4272 .4345 .4309 1.69 n/a
Exp. .4238 .4328 .4283 2.1 34.69

G1−6
PWE .4457 .4896 .4677 9.39 n/a
Exp. .4394 .5063 .4729 14.15 34.79

G6G8
PWE .4989 .5132 .5061 2.83 n/a
Exp. - - - - 25.20

Unknown
PWE .5815 .5893 .5854 1.33 n/a
Exp. - - - - n/a

Γ−K (TM)
G1G2G7

PWE .4240 .4389 .4315 3.45 n/a
Exp. .4185 .4286 .4236 2.38 36.97

G1−6 (∗) PWE .4525 .4896 .4711 7.88 n/a
Exp. .4461 .4900 .4681 9.38 34.32

Γ−M (TE)
G1G2G7

PWE - - - - n/a
Exp. .4769 .5040 .4905 5.52 20.35

G1−6
PWE - - - - n/a
Exp. .5180 .5260 .5220 1.53 11.83

Γ−K (TE) G1G2G7 + G1−6
PWE - - - - n/a
Exp. .4468 .5053 .4761 12.29 10.29

Table 6.8: Calculated and experimental normalised gap frequencies (ωl, ωh, ωc), gap ra-
tio, and mid-gap attenuation (αc) for the gaps of a PMMA rod Archimedean
PhC with r/a = 0.3. Note that the TE gaps are measured at the -10dB
point rather than -30dB. Fourier space vectors (FSV) marked with an ∗ are
associated with complete PBGs.

The TE spectrum in Fig. 6.13b does not show a complete PBG. Like the partial TM

gaps, the continuity breaks down at around 10◦. Complete PBGs are also absent in

the corresponding PWE band diagram (not shown). However, unlike the band diagram,

Fig. 6.13b shows partial gaps along the cardinal directions of the BZ. Definite minima

(-15dB) are present at an angle of 25◦ with centre frequencies around 0.46 and 0.51.

The distinction is lost along Γ-K, which shows a broader, single gap between 0.4468 and

0.5053 (ωc = 0.4761), complete with a strong resonance at 0.4681. Table 6.8 suggests

two possible, though far from conclusive, FSVs for this gap: ±G1G2G7 (0.4843) and

±G1−6 (0.5009).

There are also three partial gaps along Γ-M centred near 0.40 (-6dB), 0.49 (-20dB), and

0.52 (-12dB). The weakest dip at a/λ = 0.40 is clearly associated with ±G7−9 (0.4183),
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but the deeper minima may be connected with either ±G1−6 (0.5009) or ±G1G2G7

(0.4843). The latter assignments are speculative since the deeper gap (-20dB) has a cen-

tre frequency (0.4905) closer to the estimated mid-gap frequency (0.4843) of the weaker

±G1G2G7 FSVs. The exact FSVs responsible for the TE minima are questionable, as

is whether these minima can be classified as PBGs given that they do not appear in the

unidirectional band diagrams. However, a number of extremely flat bands exist along

Γ-M around the centre frequency of the deeper gaps, suggesting localisation in standing

wave modes and subsequent losses from all-angle scattering.

The band diagrams also highlight the unusual gap edge locations. PBGs are typically

narrowest at the high symmetry points of the lattice, but in the Archimedean PhC the

narrowest region occurs at various k-points between the high symmetry points of the

parent 6-fold lattice due to the locally high symmetry of the complex unit cell.

6.3.5 12-fold Stampfli

Fig. 6.14 presents the TM and TE transmission spectra of a Stampfli PhC consisting of

597 rods. Gap frequencies are not compared to values from a simulated band diagram

since the calculations are only an approximation.
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Figure 6.14: Angular-resolved logarithmic (dB) transmission spectra of a PMMA rod
Stampfli PhC for (a) TM and (b) TE polarisation. Different scales are used
for each polarisation to aid identification of PBGs. The gap frequencies
corresponding to the absolute PBG are indicated by the horizontal dashed
lines in (b).

The true 12-fold rotational symmetry of the Stampfli’s Fourier space produces a highly

isotropic 14.19% primary TM gap from 0.4288 to 0.4943 that closely matches the sim-

ulated gap width in § 5.4.2 for a crystal with a slightly lower permittivity (ε = 2). The

estimated mid-gap frequency of 0.4597 associated with the dominant FSVs (±G1−6)
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is close to the measured mid-gap frequency of 0.4616. Additional scattering from the

much weaker Gc (0.4695) vectors may explain the slightly raised experimental value. The

lower gap edge is highly isotropic and varies between 0.4066 and 0.4187 (∆ω = 0.0121).

Higher-order partial gaps appear above a/λ = 0.50 that are not readily ascribed to

specific FSVs. Furthermore, there are two extremely weak transmission minima just

prior to the edge of the primary TM gap that are not clearly visible in Fig. 6.14. It

is unknown whether these are related to Fabry-Perot interference at the band edge, or

FSVs that were omitted from the labelled set in § 4.1.3.

Strictly speaking, the true 12-fold symmetry of the Stampfli lattice permits experimental

analysis over a reduced angular range of 15◦. Despite this, a 30◦ experimental range

was maintained to allow direct comparisons with the Archimedean lattice. Surprisingly,

there is no reflection symmetry about the 15◦ mark in either the TM or TE spectra.

However, the TE spectrum, which is more heavily reliant on the spatial properties, does

appear symmetrical about the vertical line indicated in Fig. 6.14b (∼ 11◦).

There are clear optical advantages over the structurally similar Archimedean lattice.

Not only is the TM gap wider, there is also a complete TE gap from 0.4707 to 0.4877,

which coincides with the TM gap to produce a 3.55% absolute PBG.4 This result is

rather surprising given the statements in the literature refuting the claimed existence

[60] of absolute PBGs in 12-fold PhQCs [57, 61, 62, 74]. Zhang et al. [61] argued that

a finite hole-type Stampfli PhQC with the same sample radius (Rs = 12a) could not

support an absolute PBG. The Archimedean-like hole-type PhCs were also claimed to

be incapable of supporting absolute gaps [57, 62, 74]. Here, we have shown that a low-

contrast rod-type Stampfli lattice clearly supports an absolute PBG. However, it must

be recalled that PBGs in true PhQCs are frequencies where the LDOS is simply heavily

depleted, rather than zero; a situation exemplified by the heavy (TM) or moderate (TE)

depletion observed here. Therefore, it is debatable as to whether the TE transmission

minima can be classified as a bona fide PBG, although we note that this argument could

be extended to all PhQCs.

6.3.6 Isotropic sunflower

Fig. 6.15 presents the TM and TE transmission spectra of a sunflower lattice consisting

of 515 rods. The TE transmission spectrum was only measured for angles of 0◦, 45◦, 90◦,

and 135◦ due to both time constraints and the expected lack of a deep TE gap (§ 5.4.2).

The significantly lower fill factor of the sunflower is a consequence of its ambiguous

effective period. Fourier space vectors pointing towards the strongest Fourier coefficients

have a magnitude of 0.9404, giving an effective period of a/|G| = 10.63mm, compared

to approximately 9mm for the alternative PhCs. Once again, we make no attempt to

correlate the experimental gap frequencies with approximated PWE data.

4The TE gap edges are measured at the -10dB point.



128 Chapter 6: Microwave characterisation of photonic quasicrystals

1801501209060300
Angle (degrees)

0.60

0.55

0.50

0.45

0.40

0.35

0.30

N
or

m
al

is
ed

 fr
eq

ue
nc

y 
(ω

a/
2π

c 
=

 a
/λ

)

-15

-10

-5

0

5

10

1801501209060300
Angle (degrees)

0.60

0.55

0.50

0.45

0.40

0.35

0.30

N
or

m
al

is
ed

 fr
eq

ue
nc

y 
(ω

a/
2π

c 
=

 a
/λ

)

-60

-50

-40

-30

-20

-10

0

10
a b

Figure 6.15: Angular-resolved logarithmic (dB) transmission spectra of a PMMA rod
sunflower PhC for (a) TM and (b) TE polarisation. Different scales are
used for each polarisation to aid identification of PBGs. Measurements in
(b) were only taken every 45◦.

Between a/λ = 0.45 and a/λ = 0.50 the attenuation of the single TM gap oscillates ac-

cording to a pattern of spiral elements reminiscent of the real-space lattice. The number

of elements present from 0◦ to 180◦ is 17, giving 34 elements for the full 360◦, which is

the ninth number in the Fibonacci sequence. The relatively low-order Fibonacci number

is due to the small sample under test; a much larger number of densely-packed spirals

(55, 89, etc.) would be expected for larger samples, thus producing a more uniform

transmission spectrum. The spiral elements in this right-handed sample are directed

counter-clockwise. A sunflower of the same size based on a left-handed generative spiral

would reverse the evolving direction.

Gap frequencies continuously fluctuate in the sunflower due to its natural asymmetry.

The lower TM gap edge at the -30dB cutoff varies between frequencies of 0.3835 and

0.4052 (∆ω = 0.0217) and is therefore less isotropic than either the Archimedean or

Stampfli PhCs. Extracting a value for the upper gap edge is complicated by the pres-

ence of the spiral structuring. If we take the onset of these spirals to be the upper edge

(∼ 0.45) then the gap width is approximately 10.48%; comparable to the Archimedean,

but much less than the Stampfli. On the other hand, taking the point where the spirals

terminate (∼ 0.50) to be the upper gap edge we obtain a gap width of 20.95%. This

is considerably wider than the Stampfli PhQC and closely matches the 21% figure de-

termined for a much larger sample with a lower permittivity (§ 5.4.2). The existence of

the TM gap at all is rather surprising given that FDTD simulations with an effective

propagation length of 12a showed a maximum gap width of ∼ 8% for ε = 3.
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Fig. 6.15 proves that the sunflower does not have a deep TE gap, as expected. Neverthe-

less, there is still a noticeable dip in transmission (∼ 10dB) centred around a/λ = 0.43,

which coincides with the frequencies of the much clearer TM gap. The edges of this

‘gap’ are poorly defined due to the shallow gradient of the sidewalls.

6.4 TM transmission of a large-scale sunflower

To test the importance of long-range interaction in low dielectric contrast crystals, we

measured the TM transmission spectra of a large-scale circular section of a right-handed

sunflower. The sample was 80a in diameter and contained 4538 rods. Fig. 6.16 presents

the angular resolved TM transmission spectrum determined by FDTD simulation and

experimental measurement. The simulation parameters remain the same as in § 5.4.2.
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Figure 6.16: Angular-resolved TM transmission spectra of a large-scale PMMA rod
sunflower lattice (r/a = 0.3) determined by (a) FDTD simulation and (b)
experimental measurement.

The sunflower’s sparse Fourier space is reflected in the simple transmission spectrum.

Unlike the other aperiodic crystals, there is just a single TM gap formed by the ‘Bragg

ring’, which is broadened by the finite range of k-vectors with non-vanishing Fourier co-

efficients. The gap widths for the simulated and experimental data are 23.16% (0.42→
0.53) and 33.33% (0.40 → 0.56), respectively. Predictably, the simulated gap width is

marginally wider than that of rods with ε = 2 (§ 5.4.2). It is believed that the extraor-

dinary width of the experimental gap is caused by the omission of a secondary template

to provide structural rigidity and hold the rods perpendicular to the base. Slanted rods

cause the lattice pitch to vary along their length, thereby increasing the range of spatial

frequencies and broadening the gap. Clearly, this is a simple and effective way to obtain

wider TM gaps, although in most real-world applications the additional losses induced

by non-perpendicular rods would be undesirable. These losses are partially evident in

the relatively low experimental transmission for frequencies beyond the upper gap edge.
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The transmission spectra in Fig. 6.15a showed a highly unusual spiral structuring that

is completely absent in Fig. 6.16a or b. This change is expected from the dense pack-

ing of higher-order parastichies (spirals) present in larger samples. However, the lower

average attenuation of the experimental sample between a/λ = 0.45 and a/λ = 0.56 in-

dicates that although it is not possible to resolve individual spirals, their effects remain

noticeable.

Before dismantling the large sunflower, a variety of ‘point’ and line defects were tested.

Point defects consisted of circular air defects with a nominal diameter of 5a, 10a, and

15a, while the line defects were straight and S-bend waveguides with a nominal width of

3a, i.e. W3 waveguides. The results of these experiments, which were hampered by the

lack of vertical confinement, are given in App. B. Even the largest point defect has no

effect on the lower edge of the PBG. However, the upper edge of the gap is increasingly

perturbed by the coupling to a range of broad resonant states [13]. The overall effect

is stronger attenuation from the subsequent out-of-plane scattering. No guided modes

were observed in the W3 S-bend, but the W3 straight clearly showed waveguiding modes

at the lower edge of the PBG. More useful results may be obtained by repeating the

measurements with an upper and lower metal cladding to prevent out-of-plane losses, or

by creating ‘air’ or ‘dielectric’ defect states by varying the rod radii instead of removing

the rods. No improvements were found by introducing an upper cladding of aluminium

foil coated MDF, and time constraints prevented further tests with a complimentary

lower cladding.

6.5 Summary

Four rod-type 2D PhC lattices were characterised at microwave frequencies in both

high-contrast (alumina, ε = 9.61, r/a = 0.15, a = 20mm) and low-contrast (PMMA,

ε = 2.6, r/a = 0.3, a = 10mm) configurations. Wide and deep (> 60dB attenuation)

primary TM gaps exist in all high-contrast PhCs with complete gap ratios of 37.28%

(hexagonal), 34.79% (Archimedean), 30.44% (Stampfli), and 25.85% (sunflower). The

sunflower’s gap naturally includes the dipolar and monopolar defect modes previously

identified in § 5.2.2, which can be avoided with an offset (8a) source location, at the

expense of a reduced gap ratio to at least 22.17%. In these small samples (12a), the

mid-gap position is largely independent of the lattice geometry but the gap width is

not, contrary to previous assumptions [50] and the simulation results of § 5.1.4. The

gap width decreases monotonically with higher structural isotropy. In all cases, the

primary TM gap is associated with FSVs with the strongest Fourier coefficients. Minor

additional gaps in the Archimedean PhC are due to the many strong FSVs with different

magnitudes.
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The circular (Rs = 12.5a) PMMA PhCs all support complete TM gaps with a minimum

attenuation of 30dB and gap ratios of 10.37% (hexagonal), 9.38% (Archimedean), and

14.9% (Stampfli). The gap ratio of the sunflower is either 10.48% or 20.95% depending

on whether the upper gap edge is taken to be at the termination of spiral-shaped elements

resembling the real-space lattice. All gap ratios are consistent with the simulations in

§ 5.4.2, although the Archimedean’s primary gap is not split by a central transmission

peak. The anisotropic distribution of FSVs in the hexagonal and Archimedean lattices

prevents the opening of complete TE gaps. However, the Stampfli lattice supports a

weakly attenuating (∼ 10dB) 3.55% gap lying within the TM range, thus yielding a

3.55% absolute PBG. To the author’s knowledge, this represents the first time that an

absolute PBG has been clearly demonstrated in such a low-contrast (∆ε = 1.6) 2D

PhQC at microwave frequencies. Although the sunflower also possesses an extremely

weak TE stopband coinciding with the TM gap, it is questionable whether this can be

classed as an absolute PBG.

The importance of long-range interaction at low dielectric contrasts was demonstrated by

a much larger (Rs = 40a) sunflower of 4538 PMMA rods. FDTD simulations indicated

a single TM gap with a ratio of 23.16%. However, the experimental results show a gap

ratio greater than 30%. Even though the imperfect fabrication leads to broadened spatial

frequencies and an exaggerated experimental gap, both the simulated and experimental

gap ratios are, at the time of writing, by far the largest TM PBGs reported for such a

low dielectric contrast.





Chapter 7

Upconversion in rare-earth doped

chalcogenide photonic crystals

Injection laser diodes are compact, cost-effective and highly efficient sources of coher-

ent visible radiation that can be rapidly modulated by a variable drive current. Direct

bandgap semiconductors with useful energy gaps include GaAs (NIR) and GaN (blue/vi-

olet), often with modifiers such as indium and aluminium to access a broader range of

wavelengths. Despite considerable efforts, stable devices emitting in the green region of

the visible spectrum (515-535nm) have yet to be realised, giving rise to what is often

referred to as ‘the green gap’.

The most common method to circumvent this issue is the use of frequency-doubled diode-

pumped solid state (FD-DPSS) lasers. Typically, a GaAs laser diode pumps a Nd:YVO4

crystal emitting at 1064nm, followed by second harmonic generation in a KTP crystal to

obtain lasing at 532nm. More recent work has pushed blue-green InGaN laser diodes to

their limits by the incorporation of larger amounts of indium to lower the bandgap and

achieve lasing at λ = 515nm, albeit with a high threshold current density of 4.4kA cm−2

[215].

Upconversion lasers based on the higher lying states of rare-earth (RE) ions are a po-

tential solution for compact devices emitting at visible wavelengths, not only to fill the

green gap left by laser diodes but to act as full RGB sources in their own right. A

promising low phonon energy host for RE ions is gallium lanthanum sulphide (GLS).

The low thermal conductivity and high dn/dT of GLS-based glasses causes strong ther-

mal lensing, precluding their use in bulk lasers [216]. However, thin film devices, and in

particular those based on PhCs, possess a high surface area to volume ratio and high

dielectric contrast, making PhC lasers a possibility.

133
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In this chapter, we present preliminary results on the modified upconversion emission

from hexagonal and sunflower hole-type PhCs milled into a thin film of Er:GLSO. Sev-

eral mechanisms are proposed as potential causes for the enhanced emission. A signifi-

cant amount of time and effort was devoted to the fabrication and spectroscopy of the

Er:GLSO glass. However, for reasons of topical continuity, the details of this work are

relegated to the Addendum.

7.1 Enhanced emission in photonic crystals

The earliest suggested use of PhCs was controlling spontaneous emission by modifying

the local density of states [81]. Although there are many groups citing control of Stokes

luminescence in PhCs1, there are very few who have studied anti-Stokes (upconversion)

emission. To date, most of these have focused on the enhancement and suppression of

the visible upconversion emission by the presence of a PBG in the same spectral range.

Emission at frequencies close to the gap edge is strongly enhanced by the increased

density of states, while emission at frequencies within the gap is suppressed. This has

been verified experimentally by measuring the upconversion fluorescence spectrum of

3D inverse opals infiltrated with RE [217, 218] or organic gain materials [219].

Russell [220] briefly suggested a more unusual approach to highly efficient upconversion

pumping by using the PBG to suppress IR emission from the lower lying metastable

states. Low phonon energy hosts are already used to limit the probability of unwanted

non-radiative transitions. Reducing the unwanted radiative transitions would appear to

be the next logical step, and the idea is supported by recent experimental work. For

example, Li et al. [217] demonstrated that the lifetime of the {2H11/2,4S3/2} states in

Er:Yb:NaYF4 nanoparticles could be increased by approximately 18% by embedding the

particles in an inverse opal with a PBG centred at 540nm. Applying the same principle

to the strong 4I13/2 → 4I15/2 (1.538µm) transition in Er3+ would dramatically increase

the probability of excitation to {2H11/2,4S3/2} (525nm, 550nm) by either excited state

absorption (ESA) resonant at a pump wavelength of 801nm [221], or energy transfer (ET)

from neighbouring Er3+ ions and Yb3+ co-dopants. One can even imagine employing a

biperiodic PhC, or PhCs with higher order PBGs, to combine suppression of IR emission

with band-edge enhancement of visible emission.

PhCs can also support high-Q defect and band-edge mode resonances that are, in theory,

comparable to microring or microsphere resonators [87, 222]. The huge benefit of high-Q

resonators for upconversion lasers is exemplified by the demonstration of low-threshold

lasing on the 4S3/2 → 4I15/2 transition in a 0.1-0.5 mol% Er:SiO2 toroidal microcavity

(Q > 107), despite silica’s high maximum phonon energy of ∼ 1100 cm−1 [222].

1See, for example, Noda et al. [134] and references therein.
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7.2 Single-moded operation of PhC slabs

Maintaining single-moded operation in PhC slabs is necessary to minimise the impact

of higher order guided modes on the width or existence of the guided mode PBG. In

addition, it is generally preferred that the structure be symmetric in the vertical direction

to avoid mode-mixing between the quasi-TE and quasi-TM modes. The classification of

modes in PhC slabs as quasi-TE or quasi-TM arises from the fact that even in symmetric

structures the fields can only be described as exclusively TE or TM at the centre. Any

deviation from this point results in broken symmetry.

In this case, the GLSO films were deposited on a silicon wafer with a 2µm thermal

oxide, but in order to simplify the subsequent FIB milling of the PhC patterns they

were not capped by an upper layer of SiO2 to preserve the vertical symmetry. The

GLSO layer thickness, t, required for single-moded (single TE/TM mode) operation

of the asymmetric slabs was determined by solving for the 1D waveguide modes using

refractive indices of n = 2.2 (GLSO), n = 1.46 (silica substrate), and n = 1 (air cover)

at λ = 550nm. Fig. 7.1 shows that for t < 200nm the slabs are single-moded.
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Figure 7.1: TM and TE modes at λ = 550nm supported by a slab of GLSO (n = 2.2)
with thickness 100nm < t < 250nm and sandwiched between semi-infinite
layers of silica (n = 1.46) and air.

Based on these results, a thickness of 150nm was chosen. This value is close to the

thickness required (∼ 0.6a) for an optimal single-polarisation guided mode PBG in

hole-type PhC slabs for the smallest period (a = 300nm) of the PhC test structures [13].

Although all samples are single-moded at the emission wavelength, the weak confinement

of the field for such a thin film limits the interaction of the field with the periodic

nanostructure. Stronger PhC effects may be observed in films with tightly confined

modes where the thickness is individually optimised for each lattice period.
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7.3 Experimental setup for fluorescence measurements

Upconversion fluorescence was measured with a Nikon LV-100D optical microscope fibre-

coupled to a Princeton Instruments SP-2500i spectrometer via a custom-built fluores-

cence excitation and emission filter cube. The light path inside the microscope is shown

in Fig. 7.2. The two excitation wavelengths of 808nm (CW, max. 200mW) and 980nm

(CW, max. 100mW) were provided by cooled and collimated laser diodes fixed to a

kinematic mount to allow alignment of the beam along the optic axis of the microscope.

A long-pass dichroic mirror (Semrock FF735-Di01) mounted at 45◦ permitted transmis-

sion of both pump wavelengths (750-1100nm passband) whilst re-directing visible and

infrared emission from the sample (350-720nm, IR above 1100nm). The sample fluores-

cence was focused with a plano-convex lens (f = 50mm) onto the tip of a multi-core

optical fibre coupled to the 250µm entrance slit of the spectrometer. Spectral resolution

(bandwidth per CCD pixel) is estimated to be better than 0.5nm. Short-pass emission

filters (OD4) were used to provide sufficient rejection of stray light at the excitation

wavelengths and allow long integration times. Inside the spectrometer the light was

dispersed by a grating with 300 lines mm−1, blazed at 500nm. Visible fluorescence was

detected by a PIXIS silicon CCD array (1024×1024) thermoelectrically cooled to −70◦C.
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Figure 7.2: Light path inside the fluorescence microscope. Components are: laser diode
head (LD), kinematic mount (KM), filter cube with dichroic beamsplitter
(FC), lens tube (f =50mm) (LT), short pass filters (SP), ND filters (ND), fi-
bre to optical power meter (PWR), fiber to monochromator/detector (MC),
quartz tungsten halogen lamp (QTH), imaging camera (CCD), imaging eye-
piece (EP), mirror (M), sliding mirror (SM), 50:50 movable beamsplitter
(BS1), 80:20 beamsplitter (BS2), 50x objective (OBJ), and the sample un-
der test (S).
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In its default configuration, the Nikon Y-IDP double port attachment contained an alu-

minium mirror at the rear port and a sliding dielectric mirror at the front port with

a 50% cut-off in reflection at 800nm, thus falling short of both pump wavelengths. To

rectify this issue the OEM mirrors were replaced with borosilicate glass coated with

250nm of thermally-evaporated Ag and a 20nm layer of MgO to protect against oxida-

tion. The decision to mount the laser assembly on the double port attachment rather

than the episcopic illuminator was two-fold as it allowed fast switching between optical

imaging and fluorescence measurements, and prohibited accidental viewing of the laser

beam through the eyepiece.

The laser output power was controlled by ND filters and continually monitored by mea-

suring the reflected power from the back of the dichroic mirror using an optical power

meter fibre-coupled to the spare port of the filter cube. The ratio of power at the

sample to the power reflected from the dichroic was determined for each pump wave-

length. Measurements at the sample were taken beyond the focal plane of the objective

lens to avoid any nonlinear detector response due to the high intensity of the focused

laser. A 50x microscope objective (NA = 0.8) was found to offer the best compromise

between throughput and spot size and was therefore used for the initial fluorescence

measurements.

7.4 Upconversion fluorescence in unpatterned thin films

Fig. 7.3 presents the fluorescence spectrum of 150nm thick films of 0.2 wt% Er:GLSO

as a function of post-deposition annealing temperature for pump wavelengths of 808nm

and 980nm (100mW CW). For details of the annealing process, see the Addendum. In

each case, the maximum fluorescence signal was obtained by adjusting the focus between

relatively short 10s exposures. Final measurements were recorded for a much longer 90s

integration time.

The shape of the fluorescence spectra and variation with annealing temperature are sim-

ilar for both pump wavelengths, although the blue-shifted shoulder on the 550nm peak

is more prominent for a 980nm pump. For the as-deposited films, there is no observable

emission, even for integration times much longer than the 90 seconds used here. The

ions are therefore optically inactive. The visible fluorescence becomes measurable at

the lowest annealing temperature and steadily increases up to a temperature of 550◦C,

which coincides roughly with the glass transition temperature of the bulk material [223].

Higher annealing temperatures result in partial crystallisation of the films and quenching

of the RE emission. The most notable difference between the two pump wavelengths is

the 3.7x stronger signal for 808nm. The peak absorption cross section of Er3+ in GLS

at 805nm is nearly half that at 984nm (0.291 pm2 cf. 0.537 pm2 [224]), indicating that
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Figure 7.3: Upconversion fluorescence for a 150nm thick film of 0.2 wt% Er:GLSO on
a thermally-oxidised Si wafer with varying anneal temperatures pumped at
(a) 808nm and (b) 980nm. The optical power for each pump wavelength
was adjusted to be 100mW (CW) at the sample.

the ESA upconversion operating at ∼ 800nm is far more efficient than ESA and ET at

980nm.

ESA is one of the main reasons why pump wavelengths around 800nm are not viable for

erbium-doped fibre amplifiers [225]. In upconversion lasers, ESA is usually a desirable

effect that can populate the higher lying states. For pumping at 980nm, upconversion

occurs in erbium via ESA or ET from ions that are already in the 4F11/2 metastable

state. A large proportion of ions will spontaneously relax to the 4F13/2 state through

multiphonon transitions, although the proportion is smaller than in oxide glasses. Ions in

this state cannot contribute to upconversion processes unless there is thermal excitation

back to 4F11/2. This is because pumping at 980nm from 4F13/2 is not resonant with any

higher lying states.

On the other hand, pumping at 808nm is resonant with ESA transitions from all

three intermediate states: 4I9/2 → 2H9/2, 4I11/2 → {4F3/2,4F5/2}, and 4I13/2 →
{2H11/2,4S3/2}. The first two transitions result in population of states higher than

the desired {2H11/2,4S3/2} states, thus requiring relaxation through further radiative or

non-radiative transitions. However, the last transition implies that a pump wavelength

of 808nm directly promotes ions from the favoured 4I13/2 state to the levels responsi-

ble for green emission. This is especially intriguing for PhCs capable of suppressing

IR emission on the 4I13/2 → 4I15/2 transition as it suggests that extremely efficient

monochromatic upconversion pumping may be possible.

Note that these results are for singly-doped Er:GLSO films. Co-doping with sensitizing

Yb3+ ions could significantly increase pump absorption on the 4I15/2 → 4I11/2 transition
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[226], although the results in the Addendum suggest otherwise.

7.5 Optimisation of the FIB milling process

7.5.1 Excess etch

A well-known issue in e-beam lithography is the forward and backward scattering of

electrons. Forward scattered electrons are due to inelastic scattering within the resist

whereas backscattered electrons are due to elastic scattering within the substrate. For

each mechanism, the range of the scattered electrons depends on the accelerating volt-

age. Higher (lower) voltages result in a reduced (increased) range for forward scattering,

but increased (reduced) range for backscattered electrons. Forward scattering can be

minimised by using the thinnest possible layer of resist. The secondary electrons pro-

duced from both scattering mechanisms cause unwanted exposure of the resist away from

the point of interest. When writing densely packed features the cumulative dose of sec-

ondary electrons from scattered primary electrons can exceed the resist’s dose threshold.

After development the desired features may be distorted, or much larger than intended.

This problem is known as the proximity effect, and several dose scaling techniques exist

to correct for it.
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Figure 7.4: Excess etch in dense FIB-milled features. (a) Ion flux and the difference
between actual and desired etch profiles. Adapted from Cryan et al. [227].
(b) and (c) A hexagonal lattice of holes milled into Ta2O5 with fill factors
of 0.23 and 0.58, respectively.

FIB lithography suffers from a similar ‘proximity effect’, though its origins are quite

different. The cross section of a focused ion beam typically has a Gaussian flux profile.

The sputter yield is proportional to the ion flux therefore parking the beam at any
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position on a flat amorphous sample produces a milled hole with tapered side walls.2

Provided the ion beam is corrected for stigmation, an isolated hole will have a circularly

symmetric shape with a constant milled depth for any radial distance from the beam’s

centre point. If a second hole is milled in close proximity to the first the total ion flux

between the holes will be the sum of the two Gaussian tails, as shown in Fig. 7.4a. The

increased milling at this point lowers the surface relative to the unpatterned substrate;

the resulting height difference is termed ‘excess etch’ [227]. The amount of excess etch

depends on the proximity and depth of the written features, and the beam spot size

(beam current).

Fig. 7.4b and c demonstrate the severity of excess etch for hole-type hexagonal PhCs

with design fill factors of 0.23 (r/a = 0.25) and 0.58 (r/a = 0.4). The period is 400nm

and the holes were written in a 400nm layer of Ta2O5 on silica with the 150pA (29nm)

beam of a Zeiss NVision 40 FIB connected to a Raith Elphy Quantum scan controller.

Excess etch in Fig. 7.4b is a few tens of nanometres while in Fig. 7.4c it is several hundred

nanometres. The corresponding sidewall angles of the holes are 81.6◦ and 75.9◦.

7.5.2 Sidewall angle

Vertical sidewalls are crucial in PhC slabs to preserve the transverse symmetry and

minimise losses. This is particularly difficult to achieve in FIB milled structures due

to the deleterious effects of beam profile, angle-dependent sputtering, and re-deposition

of sputtered material. Sputtering occurs from the top few layers of atoms, and the

yield tends to increase with the angle of incidence up to approximately 80◦ [228]. To

date, the most vertical sidewalls in FIB-milled PhCs have been fabricated using gas-

assisted etching (GAE) with either XeF2 [229] or I2 [230]. However, GAE, although

available in our system, is not well-suited to etching more complex multi-component

glasses such as GLSO. Alternative ways to improve the hole profile include adjusting

the beam parameters [231], using hard masks [227], and milling through a suspended

membrane [231, 232].

Here, we observe the effect of separately adjusting the beam current or the number

of milling passes (loops) while keeping the total area dose constant at 0.12 C cm−2.

Assuming only singly ionised Ga+ ions, this is equivalent to approximately 1.92 ×
1018 ions cm−2. All holes are milled as concentric rings of pixels separated by 16nm

along the circumference of each ring. This scan path is similar to the spiral scanning

used by Hopman et al. [231] and radically improves hole circularity over simple raster

scanning. The test patterns are hexagonal PhCs with a = 400nm and r/a = 0.2 milled

into SiO2. Although the results presented here are for SiO2, it was found that differences

2In crystalline semiconductors, ion channeling along the crystal directions may produce unexpected
results if the surface orientation is not taken into account.
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were negligible for test patterns in GLSO, largely because of their amorphous nature

and the subsequent lack of ion channeling effects.

10pA 40pA 80pA 300pA

1 loop 5 loops 10 loops 15 loops

Figure 7.5: Hexagonal PhCs milled in SiO2 (a = 400nm, r/a = 0.2, 0.12 C cm−2). Top
row: effect of varying the beam current (spot size) for single pass milling.
Bottom row: effect of varying the number of milling passes (loops) for a
fixed beam current of 80pA. Scale bar in all SEM images is 200nm.

The top row of Fig. 7.5 shows FIB cross sections of holes milled in a single pass for beam

currents (spot sizes) of 10pA (13nm), 40pA (19nm), 80pA (22nm), and 300pA (38nm).

All spot sizes are significantly smaller than the design hole diameter of 160nm. Images

for a 150pA (29nm) beam are omitted due to transient errors in the milling process,

which could not be corrected in the time available. The centre is the deepest point in all

cases thus indicating that the Raith system scans from the outermost to the innermost

ring of each hole. Varying the beam current for a fixed total dose using a single pass is

equivalent to varying the pixel dwell time. Lower beam currents (long dwell times) result

in deep holes with tapered sidewalls due to re-deposition within the hole, milling at high

incident angles, and containment of deflected ions [228]. Higher currents (shorter dwell

times) create a more catastrophic collision cascade, but maintain a level milled surface.

The lower sputtering yield at normal incidence reduces the overall milling efficiency

[233]. In general, for a fixed dose, larger beam currents result in shallower holes. The

80pA beam clearly gives the closest approximation to the ideal square wave profile.

Long dwell times on a single pixel produce high-aspect ratio holes with limited mass

transport. Multi-pass milling strategies are known to aid the removal of sputtered

material and avoid re-deposition. However, for a given area dose, there is a limit to how

many passes can be used before the pixel dwell time becomes too short for the blanker

modulating the beam to keep up [231]. Very high numbers of passes will also tend to

exacerbate inter-hole milling. The bottom row of Fig. 7.5 shows FIB cross sections of

holes milled with a fixed beam current of 80pA and a total dose of 0.12 C cm−2 spread

over 1, 5, 10, or 15 passes (loops). The milling efficiency decreases as the number of

passes increases, as evidenced by the very shallow holes for a 15 pass strategy. However, a

moderate number of passes leads to improved sidewall angles thanks to less re-deposition.
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The sidewall angle for both 5 and 10 pass milling is greater than 80◦. Five pass milling

with an 80pA beam was chosen as the optimal milling strategy as the lower number of

passes reduces both the cumulative beam settling time and inter-hole milling.

7.6 Upconversion fluorescence in patterned films

Fifteen hexagonal PhCs and fifteen sunflower PhCs were milled into a 150nm thick film

of Er:GLSO on a thermally-oxidised silicon wafer, previously annealed at 500◦. Each

PhC is circular with a diameter of 100a. The period (a) varies from 300nm to 580nm

in 20nm steps and r/a is held constant at 0.2. The patterns were milled at a working

distance of 5.1mm with an 80pA (22nm) beam and a total dose of 0.12C cm−2 delivered

in 5 passes. This dose was sufficient to mill holes passing entirely through the doped

glass. Fig. 7.6 shows SEM images for the hexagonal and sunflower patterns for periods

of 300nm, 400nm, and 500nm. Both patterns are well-defined for lattice periods greater

than 380nm, but suffer from significant excess etch for smaller dimensions. The higher

fill factor of the hexagonal PhCs makes them more susceptible to this issue. Excess etch

in the sunflower PhCs is particularly noticeable along the spiral parastichies since the

Raith system follows the shortest overall path length.

The maximum upconversion fluorescence from each PhC was determined using the same

procedure as before (§ 7.3), except the objective was replaced with a 150x model to

obtain the smallest possible spot size. The 808nm pump beam (∼ 100mW CW at the

sample) was focused onto the centre of each PhC. Accurate positioning of the beam

was achieved by temporarily replacing the fibre-connected output coupler with a CCD

camera to permit simultaneous imaging of the PhC and the (attenuated) beam. It is

assumed that the fluorescence spectra are unaffected by the local doping of the thin

film by Ga+ ions during the FIB milling, which is reasonable since Ga is one of the

glass-forming elements of GLSO. In reality, fluorescence can be significantly modified

by the presence of metallic nanoparticles. Spontaneous emission can be enhanced or

suppressed depending on whether the emission band coincides with a resonance of the

metal nanoparticles [234]. Any effect of localised Ga clusters may be partially or wholly

removed by a post-milling anneal.

Fig. 7.7 shows the raw upconversion fluorescence spectra of the hexagonal and sunflower

PhCs, along with plots of the normalised intensity (enhancement factor). The observed

enhancement and suppression of the fluorescence depends strongly on the lattice period,

but only weakly on the lattice geometry. Enhanced emission at λ = 550nm (4S3/2 →
4I15/2) occurs for hexagonal (sunflower) PhCs with a > 440nm (480nm), and at λ =

525nm (2H11/2 → 4I15/2) for a > 380nm in both lattices. Strong suppression in the

shorter period crystals (a < 400nm) is caused by the near-total removal of the active

material (high excess etch), rather than a PBG effect. The suppression is less pronounced
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a b c

d e f

Figure 7.6: Hole-type PhCs milled into a 150nm thick film of Er:GLSO with a focused
ion beam. (a,b,c) Hexagonal PhCs with periods of a = 300nm, a = 400nm,
and a = 500nm, respectively. (d,e,f) Sunflower PhCs, also with periods of
a = 300nm, a = 400nm, and a = 500nm. Scale bars in the large images
(insets) are 5µm (500nm).

in the sunflower because its lower fill factor leaves a greater proportion of the thin film

intact. On the other hand, the hexagonal PhCs with a < 340nm show almost no emission

at all.

In general, the normalised intensity grows monotonically with the lattice period, reaching

a maximum enhancement of 4.5x at λ = 525nm in the largest hexagonal crystal (a =

580nm). The equivalent sunflower reaches a maximum of 3.8x on the same transition.

The one exception to this rule occurs for a = 560nm, which appears out of sequence.

For the hexagonal PhC it coincides roughly with the spectrum for a = 460nm and

a = 480nm, while for the sunflower it sits above the 500nm trace on the 2H11/2 → 4I15/2

transition and below it on the 4S3/2 → 4I15/2. Initially, this anomaly was attributed

to experimental error, but its appearance for independent measurements on each PhC

suggests that there may be an alternative cause. The most unusual aspect of both

Fig. 7.7b and e is the step change in the normalised intensity between the two transitions.

Enhancement on the 2H11/2 → 4I15/2 transition is consistently higher than 4S3/2 →
4I15/2; more than twice as much for a hexagonal PhC with a = 580nm. The step change

remains present for all PhCs, even if the normalised intensity is below one, or the pump

wavelength is switched to 980nm (not shown).
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Figure 7.7: Upconversion fluorescence in a 150nm thick film of 0.2 wt% Er:GLSO film
patterned with (a) hexagonal and (d) sunflower PhCs. The intensity nor-
malised to the unpatterned surface (enhancement factor) is shown in (b,c)
for hexagonal and (e,f) for sunflower crystals.

The mechanism responsible for the enhanced emission is expected to be one of five

possibilities: out-coupling of guided modes by the properties of the PhC, a higher local

density of states due to the PhC band structure, suppression of IR emission by a guided

mode PBG, a modified phonon spectrum, or simply increased out-of-plane scattering3.

If scattering was the dominant mechanism of enhancement we would expect to see a

continuous variation in the enhancement with frequency, possibly inclusive of a reso-

nant peak. However, the discontinuity in Fig. 7.7b and e is inconsistent with a simple

scattering picture. Although scattering almost certainly plays a role in the overall en-

hancement, it cannot explain the significantly higher emission at 525nm. We can also

exclude PBG suppression of IR emission as a potential cause. Table 7.1 lists the gap

3Simple surface roughening is commonly used to increase the extraction efficiency of LEDs. However,
more advanced patterning with PhCs can optimise both the extraction efficiency and emission profile.
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frequencies of the hexagonal PhCs that support guided mode PBGs. The frequencies

were calculated by a 3D PWE method using the refractive indices of GLSO and silica

at λ = 1550nm and neglecting to include material dispersion. Guided mode gaps exist

between the first and second bands for 300nm ≤ a ≤ 420nm. Above 340nm the gap is

limited by the onset of the substrate’s light cone, and there are no guided mode gaps

between M and K for a > 420nm. None of these gaps overlap with the strong IR fluores-

cence from 4I13/2 → 4I15/2 that peaks at 1550nm. Even for a = 380nm, where the gap

coincides with emission around 980nm, there are no noticeable effects on the spectrum

in Fig. 7.7a. Further analysis of these preliminary results using the PWE-calculated

band diagrams may reveal whether the band structure and the modified DOS have a

direct effect on the green upconversion via either out-coupling or an enhanced DOS.

a (nm) t/a ωl ωh λl (nm) λh (nm) Notes

300 0.500 0.3681 0.3863 815 777
Guided mode PBG

exists
320 0.469 0.3726 0.3904 859 820
340 0.441 0.3773 0.3930 901 865

360 0.417 0.3815 0.3955 944 910
Upper gap edge is

limited by the
substrate light cone

380 0.395 0.3858 0.3955 985 961
400 0.375 0.3900 0.3955 1026 1012
420 0.357 0.3938 0.3955 1067 1062

Table 7.1: Normalised gap frequencies (ωl,ωh) and actual gap wavelengths (λL,λH) for
guided mode PBGs between symmetry points M and K in hexagonal PhCs
with lattice periods a and film thickness t = 150nm. The substrate is a
semi-infinite layer of silica (n = 1.44) and the cladding is air.

Perhaps the only mechanism capable of explaining the step change in the normalised

intensity is a modification of the phonon spectrum. The composite nature of PhCs

changes the effective elasticity and thermodynamic properties of the GLSO, potentially

affecting the vibrational modes (acoustic and optical phonons). This may explain the

redistributed emission from the {2H11/2,
4 S2/2} states, which are separated by approxi-

mately 100meV. In bulk GLSO, at least two phonons (~ωmax = 450 cm−1) are required

to bridge the energy gap, assuming purely non-radiative multi-phonon relaxation [235].

Depending on whether 2H11/2 or 4S3/2 is the preferred state for ESA and ET, the greater

fraction of ions in 2H11/2 could be due to either inhibited relaxation to 4S3/2, or increased

thermal excitation from 4S3/2 to 2H11/2.

7.7 Summary

These preliminary results show that enhanced upconversion emission is possible in hole-

type PhC slabs milled into thin films of Er:GLSO using a focused ion beam. FIB guns

allow rapid prototyping of photonic devices but suffer from long serial write times and
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difficulties obtaining the vertical sidewalls necessary for PhCs. Optimised sidewalls can

be achieved by adjusting the beam parameters, using hard masks or gas-assisted etching,

or by milling in unsupported membranes. On a Zeiss NVision 40 FIB, optimised circular

holes in amorphous materials were found to require 5 pass milling with a beam current

of 80pA and a concentric ring scan path.

Upconversion fluorescence from unpatterned films is more intense when pumping at

808nm because of the strong excited state absorption from the {4I9/2,
4 I11/2,

4 I13/2}
states. In films patterned with hexagonal and sunflower PhCs (300nm ≤ a ≤ 580nm),

both suppression and enhancement of the fluorescence is observed. Suppression occurs

for all PhCs with a < 400nm due to the physical removal of most of the active material by

heavy excess etch. More than 4x enhancement is observed in the larger period hexagonal

crystals on the 2H11/2 → 4I15/2 transition. The emission depends almost entirely on

the lattice period, and only weakly on the lattice geometry. Most importantly, there is

a step change in the enhancement between the emission at 550nm and 525nm, which

cannot be explained by a simple scattering picture. Many alternative mechanisms are

proposed, but none of them can conclusively explain the experimental observations.

Further experiments and analysis are required to determine the true cause of the modified

emission.



Chapter 8

Conclusions

8.1 Summary

Photonic crystals have yet to deliver on their original promise of revolutionising the field

of optics. Apart from some notable applications, such as PhC LEDs and PhC fibres,

they remain objects of scientific curiosity. Reasons for this include the complexities

of fabricating optically-active 3D PhCs and the unconstrained parameter space. In this

thesis, we explored the effect of the lattice geometry by studying the relationship between

the structural and optical properties of periodic and aperiodic PhCs. The primary aim

was to determine ‘optimal’ structures for PhCs, particularly in the sense of opening

PBGs in low index materials. The four lattices were: a periodic hexagonal lattice with

6-fold symmetry, an Archimedean-like lattice with a 6-fold parent lattice and localised

12-fold symmetry, a true 12-fold quasicrystal generated by the non-random Stampfli

inflation rule, and an original biomimetic design based on the appearance of a sunflower’s

inflorescence (‘the sunflower’).

Discrete Fourier transforms of each crystal were used to compare their spatial properties

in reciprocal space. In general, the more structurally isotropic the crystal, the smaller

the Fourier coefficients and associated diffraction efficiencies. The Fourier spectrum of

hexagonal, Archimedean, and Stampfli crystals is essentially pure point, even though

the latter is relatively dense. The largest coefficients of the Stampfli PhQC (fi ≈ 98)

are almost identical to the structurally similar Archimedean lattice, thereby improving

orientational order without sacrificing diffraction efficiency. On the other hand, the

sunflower shows a singular-continuous isotropic ring of lattice vectors with much weaker

peak coefficients (fi ≈ 38). The local environment, which is everywhere unique, varies

between distorted 4- or 6-fold symmetry, whereas all three of the simpler lattices are

spatially uniform. However, the high orientational order of the sunflower can always be

recovered if we consider a suitably large domain.
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FDTD simulations showed that the optical properties of rod- and hole-type hexagonal

and sunflower lattices are incredibly similar at high dielectric contrasts, particularly for

TM polarisation. In hindsight, these simulations could be improved by locating the

source at a point of low symmetry and detecting the transmitted waves beyond the

crystal lattice. The comparison of all four high-contrast (ε = 9.61) lattices suggests that

the TM transmission spectrum of rod-type PhCs is essentially independent of the crystal

geometry due to the dominant effect of Mie resonances. Optimising the spatial properties

is therefore even more important when Mie resonances are weaker or non-existent, i.e.

for TE polarisation or hole-type lattices.

Band diagram calculations via plane wave expansion on relatively small (12a × 12a)

high-contrast (ε = 9.61) ‘approximants’ of a rod-type sunflower also displayed a TM

gap, albeit limited in width by the presence of many artificial boundary defect states.

Most importantly, these calculations revealed the frequencies and mode profiles of the

intrinsic dipolar and monopolar defect states associated with the two central rods. Judi-

cial placement of time monitors in FDTD simulations with periodic boundary conditions

allows band diagrams to be derived from much larger ‘approximants’, without the ap-

pearance of the intrinsic and boundary defect modes.

The inherently long-range order of PhQCs suggests greater tolerance to structural im-

perfections. To test this theory, we tracked changes in the FDTD-calculated primary

TM gaps for random variations of the rods’ radius and position. The TM gaps in all

rod-type crystals were shown to be more sensitive to changes in rod radius, but it was

also found that there is little advantage in using an aperiodic crystal. The Mie reso-

nances supporting the TM gap make it much less sensitive to rod displacements. A

unique drawback of the sunflower is its spatial non-uniformity, which makes the gap

width location-sensitive.

PhCs with circular rods are known to produce near-optimal TM PBGs. Here, optimised

lattices of circular rods were determined by a combination of FDTD and PWE for all

values of the rod-period ratio with 2 ≤ ε ≤ 12 and an effective propagation length of

12a. Contrary to previously published results, the gap ratios of all lattices are very

similar. Although the sunflower possesses the widest gap for ε ≥ 7, there is no gap at

all for ε = 2. The importance of long-range wave-lattice interaction was demonstrated

by equivalent simulations with a much longer propagation length (80a). Gap ratios for

ε = 2 and r = 0.3a were 5.6% (hexagonal), 1.9% (Archimedean), 14% (Stampfli), and

21% (sunflower). The Archimedean’s unusually narrow gap arises from the ‘splitting’

of the primary gap between gaps formed by two sets of strong Fourier space vectors

(FSVs). Most importantly, the sunflower’s gap represents, to date, the widest TM PBG

reported for any rod-type PhC with ∆ε = 1. The Stampfli PhQC is also notable for its

corresponding TE gap, which coincides with the TM gap to yield a 4.6% absolute PBG

that warrants further investigation.
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Microwave experiments were performed on both high and low dielectric contrast samples

of all four crystals and the spectral features related to FSVs responsible for their appear-

ance. In all cases, the primary TM gaps are related to FSVs with the strongest Fourier

coefficients. High-contrast rod-type samples (ε = 9.61, r = 0.15a) showed complete TM

PBGs with greater than 60dB attenuation and gap ratios of 37.28% (hexagonal), 34.79%

(Archimedean), 30.44% (Stampfli), and 25.85% (sunflower), i.e. a monotonic decrease

in gap ratio with increasing structural isotropy. These results contradict the simulations

of Chapter 5 and the results of Rockstuhl et al. [50], which suggest that TM gaps are

essentially independent of the lattice geometry. The experimental results therefore ap-

pear to support the conclusions of Rechtsman et al. [12], although it is possible that the

validity of these results is limited by the relatively short propagation length (12a).

Low-contrast rod-type crystals (ε = 2.6, r = 0.3a) showed complete TM PBGs with

greater than 30dB attenuation and gap ratios of 10.37% (hexagonal), 9.38% (Archimede-

an), 14.19% (Stampfli), and either 10.48% or 20.95% for the sunflower. The ambiguity

for the sunflower is related to the highly unusual angular-resolved transmission spectrum,

which shows spiral structuring reminiscent of the real-space lattice. Complete TE gaps

are scarce due to the weakness of supporting Mie resonances and subsequently greater

dependence on Bragg scattering. TE gaps are absent in the hexagonal and Archimedean

PhCs due to their anisotropic distribution of FSVs. In the sunflower, they are absent due

to the weak Fourier coefficients. The Stampfli lattice represents the best of both worlds

and supports a 3.55% complete TE gap, albeit with reduced attenuation of just 10dB at

the gap edges. The TE gap frequencies coincide with the TM to yield a 3.55% absolute

gap. To the author’s knowledge, this is the first time that an absolute PBG has been

experimentally demonstrated in such a low dielectric contrast (∆ε = 1.6) lattice. Some

may argue that the relatively weak attenuation of the TE gap disqualifies it as a genuine

PBG. However, as previously noted by Kaliteevski et al. [54], the local density of states

in quasiperiodic crystals is never zero if the complete reciprocal lattice is considered,

thus making all PBGs capable of supporting some level of transmission.

Experimental proof of the importance of long-range interaction in low contrast PhCs

was given by the extraordinarily wide 33.33% TM gap in a much larger PMMA rod-type

sunflower. The gap ratio from supporting FDTD simulations was 23.16%. Significant

broadening of the experimental gap is caused by the variable lattice pitch of the 200mm

long non-parallel rods. Nevertheless, the fact that the experimental value greatly ex-

ceeds the simulated value indicates that extremely wide single-polarisation gaps can be

achieved in highly isotropic low contrast structures, provided that the sample is large

enough.

In terms of real-world applications, we examined the enhanced upconversion fluorescence

in erbium-doped PhC slabs, which have applications in areas such as compact upconver-

sion lasers or upconversion-pumped infrared detectors. Controlling spontaneous emission

in light-emitting materials via either in-gap suppression or band-edge enhancement was
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one of the first applications originally suggested for PhCs. Here, we have suggested a

new approach to obtain increased upconversion fluorescence in RE-doped media by sup-

pressing IR emission from the intermediate metastable states. Hexagonal and sunflower

PhCs milled into a thin film of 0.2 wt% Er:GLSO showed that upconversion fluorescence

can be enhanced by up to 1.6x on the 4I15/2 → 4S3/2 (550nm) transition, and up to 4.5x

on the 4I15/2 → 2H11/2 (525nm) transition. The step change between the normalised

intensity of emission from the two excited states suggests that scattering alone does not

account for the observed behaviour. The enhancement factor depends almost linearly

on the lattice period, but is only weakly affected by the lattice geometry.

The ‘best’ lattice geometry for 2D PhCs depends mostly on the intended application,

but also the refractive index of the materials and the importance of polarisation. In

strongly modulated rod-type structures, such as Si:air PhCs with moderate fill factors,

the TM properties tend to be almost independent of the lattice. More isotropic lattices

only serve to improve band isotropy, typically at the expense of a somewhat reduced gap

ratio. The strong scattering from individual rods provides high unit cell attenuation for

frequencies within the PBG and limits the region affecting the electromagnetic field. The

properties of propagating in-band modes are more sensitive to the lattice geometry since

the field samples a wider area. Weakly-modulated structures, such as SiN:air PhCs or

Si:air PhCs with very low fill factors, permit further propagation for frequencies within

the gap and are therefore more sensitive to the lattice geometry. The lattice geometry

is far more important for TE polarisation and hole-type structures, particularly for

weakly-modulated structures.

To a first order approximation, the width of a PBG is proportional to the strength of

the dielectric contrast and Fourier coefficients of the reciprocal lattice. As the dielectric

contrast rises, the scattering becomes stronger, and the gaps become wider. As the

structural isotropy increases, the overlap between partial gaps is improved. However, the

higher structural isotropy implies smaller Fourier coefficients, and thus weaker scattering

and narrower partial gaps. Clearly, there is a trade-off between the improved overlap

due to higher structural isotropy, and the wider gaps due to large Fourier coefficients.

The Stampfli appears to represent the best compromise between a highly isotropic and

strongly scattering structure, and the simple tiling of fractured dodecagons allows defect

states with similar properties throughout the lattice. From an engineer’s perspective,

the Archimedean lattice remains favourable as a means to improve gap isotropy whilst

maintaining compatibility with plane wave expansion and identical local environments

for equivalent defect sites. The defect-free crystal also supports two extremely flat

bands with potential applications in slow light and nonlinear optics. The sunflower

exhibits the widest TM gaps at both high and low dielectric contrasts. For low ∆ε, the

extremely wide gap depends on long-range interaction with the highly isotropic Bragg

‘ring’, whereas for high ∆ε it depends on short-range interaction with the locally 4- or

6-fold symmetry. In both cases, the gaps are wider than competing designs.
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8.2 Outlook

The virtually unlimited parameter space of artificially engineered PhCs means that the

results published to date only scratch the surface of the many structural and physical

possibilities. Here, we have restricted ourselves to considering structures with a purely

real dielectric permittivity, and focused on the variation of the TM properties as a

function of the lattice geometry. The lattices studied cover three of the most common

types, i.e. periodic (hexagonal), periodic with aperiodic unit cells (Archimedean), and

aperiodic (Stampfli). The sunflower is, by definition, also aperiodic. However, it is

not an aperiodic crystal (quasicrystal) by the currently accepted guidelines. The only

set of structures not adequately covered here are those lacking any order whatsoever.

Although we investigated the effects of randomness on our four structures, there needs

to be a more systematic study of the optical properties of random lattices operating

within certain constraints, e.g. a minimum point-to-point separation.

Our focus on the TM properties of experimental samples was largely to allow direct com-

parison with previously published results that also tend to focus on the TM polarisation.

However, there is a serious lack of experimental data for the TE properties of aperiodic

crystals. This is particularly important in the context of varying the lattice geometry

since TE waves are far more sensitive to the spatial properties. The theoretical work

of Florescu et al. [36] goes some way to indicate what structural features are necessary

to achieve wider TE and absolute gaps in real-world samples. In this thesis, we have

calculated the maximum TM gap ratios over all values of r/a for rod-type samples with

ε between 2 and 12. To complete this picture, these simulations need to be repeated

for TE polarisation and hole-type samples, and on larger computational domains to

allow the effects of long-range interactions to be included. Ideally, this would involve

launching the source from outside the structure at a range of incident angles to both

eliminate trapped mode resonances and provide quantitative data on the mid-gap at-

tenuation. However, this multiplies the number of simulations required by the range of

angles tested.

There are many other structural and physical properties we can alter, such as using

anisotropic [17] or nonlinear materials, or varying the lattice basis. Indeed, the infinite

rotational symmetry of a circle (2D) or sphere (3D) may not be optimal for producing

complete PBGs. By actually lowering the point symmetry of the unit cell, band degen-

eracy can be broken, thereby opening gaps at points where bands would normally meet

[16]. This is exemplified by the very first demonstration of a 3D PBG in a structure

with non-spherical atoms [19].

PhC structures that are tolerant of fabrication errors are of enormous practical value.

Our demonstration of PBGs in low-contrast PhCs makes progress towards this goal since

they are inherently less sensitive to scattering from surface roughness, or systematic er-

rors in the dielectric fill factor. In hindsight, the fabrication errors analysed in this work,
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i.e. random variation in each rods diameter or position, rarely occur in a well-controlled

nanofabrication process. Far more relevant errors are the irregularity of the rod/hole

cross sections due to surface roughness, and the non-zero sidewall angles. Together,

these account for the majority of losses in PhC slabs. In any case, our analysis of the

random rod sizes and positions needs to be supported by further simulations with sev-

eral randomised configurations to average out the response and minimise the influence

of any one configuration.

Plane wave expansion is an indispensable tool for determining the band structure of

periodic crystals, and for estimating the band structure of aperiodic crystals by using

rational approximants. The lack of a definitive tool for infinite aperiodic crystals needs

to be addressed. Promising work by Rodriguez et al. [45] suggests that the problem of

extracting the eigenfrequencies of nD quasicrystals derived by projection from a higher

dimensional space is indeed tractable. The more general, though incomplete, method of

Kaliteevski et al. [54] provides extremely close approximations when including a large

number of reciprocal lattice vectors, but requires significant computational resources.

Although these methods remain incapable of handling dispersion and loss, they should

expect to see more widespread adoption.

In terms of applications in integrated optics, it is desirable to use glassy low-index ma-

terials to improve compatibility with optical fibres and increase resistance to fabrication

errors. This thesis has shown that absolute PBGs can be achieved in PMMA (ε = 2.6)

rod-type Stampfli PhQCs with a vertical extent much greater than the optimal limit

of ∼ 2a for PhC slabs [13]. However, these low contrast gaps come at the expense

of a delocalised field that would cause considerable crosstalk between adjacent devices,

thus limiting the packing density. Rod-type PhCs are also typically harder to fabricate

at optical length scales, which is why such structures remain scarce in the literature.

Furthermore, unless they are made using a local modification of the refractive index,

rod-type PhCs are not self-supporting, which causes both practical issues and losses

through mode mixing. However, the much lower dielectric contrast required by PhQCs

may permit the use of techniques such as localised doping of chalcogenide glasses with

metals [236]. Despite the high refractive index of these materials, compatibility with

optical fibres could be achieved through the use of effective index grading at the input

and output couplers. Applications exploiting the out-of-plane properties of PhQCs could

include polarisation insensitive grating couplers and resonant grating filters. There has

also been interest in PhQC fibres with novel dispersion properties [237]. Initial studies

by the author, not included in this thesis, suggest that the Archimedean and Stampfli

lattices are promising candidates for PhC fibres with complete transverse PBGs. Ben-

efits of complete gaps are likely to include more efficient rare-earth (RE) doped fibre

amplifiers and lasers.

RE-doped GLS-based glasses are promising low-phonon materials for visible upconver-

sion lasers provided the absorption edge is blue-shifted by the addition of oxide or halide
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glass modifiers to enhance optical transparency and limit photosensitive and nonlinear

effects. The low thermal conductivity necessitates the use of thin film devices such as

rib waveguide or PhC lasers. Electric-dipole allowed transitions within rare-earth ions

have extremely weak oscillator strengths therefore efficient pump absorption is a critical

issue of the latter design. This may be alleviated by the use of transverse or multi-pass

pumping schemes, high RE concentrations, or slow light modes. One of the most in-

teresting practical aspects of chalcogenide glasses is the wide range of novel fabrication

processes. Fabrication of PhCs in sulphide-based glasses can proceed through hot em-

bossing [238], direct use of Ag-dissolved features [236], or selective wet etching following

either Ag photodissolution [239] or UV laser writing [158]. Any one of these methods

can generate sufficient dielectric contrast for PhC lasers.

The two types of surface-emitting PhC laser are defect-mode and band-edge. Defect-

mode lasers are essentially 2D DBR lasers with highly localised modes, and are thus

extremely sensitive to the cavity geometry. Band-edge lasers are essentially 2D DFB

lasers with large mode areas, and are thus less sensitive to fabrication errors and have

lower beam divergence. PhQCs are promising for band-edge lasers since they can lower

the lasing threshold through coherent feedback from many equivalent high symmetry

points. Furthermore, the flexibility in reciprocal space allows the far-field emission profile

to be effectively tailored for specific applications. On the surface, the sunflower appears

to be ideal for band-edge lasers due due to its low band curvature and almost circularly

symmetric far-field profile [136]. However, its asymmetry and broad spatial frequencies

indicates that simultaneous feedback in multiple directions can never be coherent. It

also suffers from the presence of two intrinsic defect states that could compete with

the band-edge modes and provide an additional loss mechanism. Of the lattices in this

thesis, the Stampfli seems to be the most appropriate thanks to its 12 identical points

of high symmetry.

Further design measures can be implemented to lower the lasing threshold even more.

An optimised dielectric mirror (1D PhC) beneath the PhC slab can both concentrate

the bidirectional emission into one direction and enhance the Q factor by a careful choice

of separation between the 1D and 2D PhCs [128]. We can also use a graded lattice to

provide gentle confinement of the low group velocity band-edge modes and massively

increase the Q factor [87]. A smooth (e.g. Gaussian) transition between the core and

cladding is required to avoid modes with spatial Fourier components within the light

cone [86].





Addendum

Development of a rare-earth

doped glass for green lasers

There are three typical approaches for developing compact green lasers: direct semicon-

ductor laser diodes based on InGaN [215], nonlinear frequency conversion of infrared

lasers, and upconversion in rare-earth (RE) doped materials. Currently, the most read-

ily available lasers are based on nonlinear conversion. Though most require careful

alignment of several optical components, more recent designs integrate DBR lasers and

nonlinear waveguides on monolithic chips suitable for the emerging range of micropro-

jectors.1 Until the lifetime, power, and accessible wavelengths of green semiconductor

laser diodes can be improved, upconversion lasers remain the only viable alternative,

particularly since IR laser diodes are among the cheapest and most efficient available.

In this addendum, we describe the development and characterisation of a RE-doped

chalcogenide glass suitable for compact upconversion lasers, which is used as the basis

for the PhC slabs studied in Chapter 7. The author is indebted to Kenton Knight in

the Optoelectronics Research Centre for performing all of the glass batching, melting,

and thin film sputtering.

9.1 Choosing an appropriate host material

Unlike transition metal dopants, the emission from trivalent rare-earth (RE) ions is

less susceptible to the properties of the host matrix due to the effective shielding of

the 4f energy levels. For efficient upconversion, it is generally beneficial to use a low

phonon energy host material to prevent non-radiative decay from intermediate states

inhibiting the three upconversion mechanisms; excited state absorption (ESA), energy

transfer (ET), and photon avalanche (PA). To date, the most successful upconversion

lasers have been based on fibres made from low phonon energy fluoride glasses such

1See, for example, Corning’s green laser at http://optics.org/article/42819
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as ZBLAN [221, 240]. The advantages of the fibre geometry are primarily the large

round-trip gains, and maintenance of a high pump intensity along the fibre length.

Fluoride glasses remain the natural choice for upconversion fibre lasers. Potential hosts

for compact upconversion lasers include crystals such as LiLuF4 [241], YAlO3 [242],

KPb2Br5 [243], and LiYF4 [244], as well as both crystalline and amorphous variants of

Ta2O5, TiO2, ZrO2, and Y2O3. From a miniaturisation and mass fabrication perspective,

thin film devices based on either glasses or large grain multi-crystalline materials are

preferable. Some of the important material properties to consider are the RE solubility,

optical transparency at the pump and lasing wavelengths, refractive index, thermal

conductivity, and the maximum phonon energy. Table 9.1 gives the maximum phonon

energy of many host materials with potential for upconversion lasing.

Material ~ωmax Reference

KPb2Br5 138cm−1 [243]
LaBr3 175cm−1 [244]
LaCl3 260cm−1 [244]
LiYF4 560cm−1 [245]
YAlO3 740cm−1 [245]
Ta2O5 700cm−1 [246]
TiO2 639cm−1 [247]
SiO2 1100cm−1 [248]

Material ~ωmax Reference

ZrO2 470cm−1 [248]
Y2O3 380cm−1 [248]
Al2O3 870cm−1 [248]
Tellurites 800cm−1 [249]
Fluoroindogallates 500cm−1 [250]
ZBLAN 510cm−1 [251]
GLS 440cm−1 This work
GLSO 450cm−1 This work

Table 9.1: Maximum phonon energies (~ωmax) for various materials.

A promising RE host is gallium lanthanum sulphide (GLS), one of many chalcogenide

‘soft’ glasses based on sulphur, selenium, and tellurium. Although glasses based on Se or

Te are usually visibly opaque, the thermally-stable sulphide-based GLS has a transmis-

sion window that reaches from 10µm to approximately 0.5µm. The maximum phonon

energy in GLS is reported to be 425cm−1, permitting efficient upconversion with dopant

species including Er3+, Nd3+, Pr3+, and Ho3+ [252]. In addition, the lanthanum con-

tent allows high RE dopant concentrations without concentration quenching by direct

substitution in the glass matrix, and the amorphous structure broadens the absorp-

tion linewidths thereby increasing the likelihood of monochromatic pumping schemes.

Furthermore, the relatively high refractive index of GLS (n ≈ 2.4 [199]) ensures high

radiative efficiency.

As well as limited visible transparency and potentially damaging photosensitivity, there

are also practical drawbacks of GLS-based hosts. Their low thermal conductivity and

strong thermal lensing necessitates the use of geometries capable of efficiently dissipating

heat, such as thin slabs, fibres, or planar waveguides. In itself, this is not a problem for

compact upconversion lasers. However, fabricating waveguides in GLS is complicated
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by its resistance to standard dry etch processes. Even lift-off is difficult since the only

physical vapour deposition (PVD) techniques known to be compatible with GLS are

sputtering [253] or pulsed laser deposition (PLD) [254, 255]. Sputtered films are favoured

for their low surface roughness and compositional accuracy but tend to be conformal,

often making the patterned features inseparable from the film [256]. Some authors

attempt to circumvent this issue using either long-throw or collimated sputtering [257],

at the expense of a greatly reduced deposition rate. We can also exploit the inherent

photosensitivity of GLS and write channel waveguides with UV lasers [258]. In similar

glass sulphides, there have been demonstrations of more exotic techniques such as hot

embossing [238, 259, 260], or photodissolution of silver [236, 239], which also has the

potential to increase radiative efficiency through the local field enhancement of metal

nanoparticles [261].

9.2 Rare earth ions for green lasing

There are several rare-earths possessing radiative transitions suitable for green upcon-

version lasing, including erbium [221, 242], holmium [262], and praseodymium [240, 263].

All of these have also been successfully incorporated in GLS-based glasses. By far the

most popular transition for producing practical green lasers is the 4S3/2 → 4I15/2 tran-

sition of Er3+, which yields emission around 550nm. Bulk lasers based on this transition

have been demonstrated by many groups, often using LiYF4 as the host. However, the

majority of these employed cryogenic cooling to depopulate the higher states within the

ground state manifold (4I15/2) and ensure quasi-four level operation [244]. Operating

at cryogenic temperatures also improved the efficiency of laser pumping through the

dual benefits of narrower absorption linewidths and lower non-radiative relaxation rates

[242].

In general, there are many routes to excite RE ions into higher states, with both single

and multi-wavelength pumping schemes demonstrated. For inexpensive and compact

devices it is preferable to use a single laser diode as the pump source, despite the

efficiency gains of multiple pumps tuned to specific transitions. Two commonly used

pump wavelengths for erbium are 800nm and 980nm, resonant with the 4I15/2 → 4I9/2

and 4I15/2 → 4I11/2 transitions, respectively. Pumping at 800nm allows much cheaper

laser diodes to be used, while pumping at 980nm enables stronger pump absorption in

co-doped Er3+/Yb3+ materials by exploiting energy transfer (ET) between the 2F5/2

level in Yb3+ and the 4I15/2 level in Er3+. These two pumping routes are indicated in

Fig. 9.1.

Johnson and Guggenheim [262] demonstrated the effect of successive ET from co-doping

Er3+ with Yb3+ ions using the following route: 2F5/2 (Yb, 2 ions) → 4I11/2 (Er)

→ 4F7/2 (Er, NR) → 4S3/2, where NR denotes non-radiative decay. The authors
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Figure 9.1: Energy level diagrams of Er3+ and Ho3+ showing visible emission wave-
lengths and paths for upconversion pumping. Wavy arrows indicate non-
radiative transitions.

required an additional NR decay from 4S3/2 to 4F9/2 to obtain targeted emission on the
4F9/2 → 4I15/2 (670nm) transition. Population of the 4S3/2 state can also be achieved

by simultaneous ET between three erbium ions pumped at 1.53µm into their 4I13/2 state,

such that one ends up in 4S3/2 and the others return to the ground state.

Resonant multi-photon absorption with two pump sources, one at 792nm tuned to 4I9/2

and the other at 840nm tuned to the difference between 4I13/2 and 4F5/2, was used by

Silversmith et al. [242] to create a true green laser. Non-radiative decay from 4F5/2 →
4S3/2 was used to populate the upper laser level. They also recognised that an ET pump

mechanism existed when using just the shorter wavelenth pump source at 792nm. After

initially pumping two erbium ions into 4I9/2, and subsequent NR decay to 4I11/2, ET

between the two caused one to return to the ground state and the other to be promoted

to 4F7/2. Subsequent NR decay populated 4S3/2.

There have been several studies of erbium in GLS-based glasses, mostly focused on

the higher efficiency of mid-IR transitions. Schweizer et al. [252] demonstrated green

upconversion in pure GLS doped with 1.5 mol% Er2S3. Although no mention was

made on whether ESA or ET was the dominant upconversion mechanism, the chosen

pump wavelength of 805nm is known to be associated with strong ESA transitions

[225]. Around the same time, Amorim et al. [264] reported upconversion emission from

Er:GLSO. Pumping at 1.06µm was associated with both ESA and ET, whereas pumping

at 1.54µm was dominated by ET. More recent studies indicate the importance of Yb3+

co-doping in Er:GLSO through the 25x enhancement of the fluorescence intensity [226].

All of these results indicate that Er:GLS(O) is a strong candidate for green upconversion

lasers. Furthermore, the absorption cross section on the 4I15/2 → 4S3/2 transition in

Er:GLS is relatively low (0.344pm2, [224]), thus limiting the issue of self-absorption

in achieving net gain. However, lasing thresholds may be increased through strong

competition with the thermally-coupled 2H11/2 state (∆E ≈ 1000cm−1).
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Holmium has also been used as a RE ion for green lasers. Johnson and Guggenheim

[262] demonstrated lasing in Ho3+ on the 5S2 → 5I8 (551nm) transition using sequential

energy transfer from Yb3+ co-dopants. The significance of holmium is underpinned by

the first ever report of a room-temperature (CW) green upconversion laser in a Ho3+-

doped ZBLAN fibre pumped with a sequential multi-photon process at 647nm [265].

For GLS-based devices, Schweizer et al. [252] showed that the 5S2 excited state can be

populated by sequential ESA from the ground state to the 5I4 manifold, followed by NR

decay to 5I7 and re-excitation to 5S2, all with a pump wavelength of 760nm.

Whilst we choose to focus on the 4S3/2 → 4I15/2 transition in Er3+, both Pr3+ and Nd3+

are also favourable for upconversion lasers based on GLS. Of all the optically active RE

ions only the oxides of these two can completely substitute for La2O3 and still form

a stable glass in the more visibly transparent Ga2O3-La2O3 since their ionic radii are

comparable to lanthanum [266]. The direct substitution as a glass former suggests the

potential to form heavily doped glasses with low concentration quenching. Both ions

emit across a range of wavelengths in the visible, including the green.

In Pr3+, the green emission is typically attributed to the transition from the thermally-

coupled {1I6,3P1,3P0} levels to the 3H5 level. Singly doping with Pr3+ allows resonant

multi-photon pumping at a wavelength of 840nm using the 1G4 manifold as an interme-

diate level. Like the 4I11/2 manifold in Er3+, the energies of 1G4 in Pr3+ coincide with
2F5/2 in Yb3+ therefore Yb3+ can be used as a sensitizer to dramatically increase pump

absorption and visible emission through both ET and photon avalanche mechanisms.

The increased pump absorption is particularly important in Pr3+ due to the relatively

low absorption cross section of the 1G4 level.

The far richer energy level structure of Nd3+ complicates interpretation of the transitions

most responsible for the green emission. Balda et al. [243] note that in an extremely low

phonon energy KPb2Br5 crystal doped with 1 wt% Nd3+ green emission may occur on

the {4G11/2,
2G9/2} → 4I11/2 transitions, or on the {4G9/2,

4G7/2} → 4I9/2 transitions.

The branching ratios for these transitions are lowered by the competition with several

other terminating states. Additionally, the rich higher level structure of Nd3+ makes it

susceptible to depopulation of the upper state through further ESA, which can also lead

to photodarkening in GLS-based glasses.

Nevertheless, Nd3+ has some interesting benefits for GLS-based upconversion lasers.

Firstly, it is a light RE, and like Pr3+ is one of only two REs capable of completely sub-

stituting for lanthanum in GLSO. Secondly, there is a two-step ESA process resonant at

805nm that can populate the {4G11/2,
2G9/2} excited states using 4F3/2 as an interme-

diate. Thirdly, there is a wide energy gap (∼ 6 × 103 cm−1) between this intermediate

state and the next lower lying level (4I15/2), suggesting that 4F3/2 is long-lived since at

least 14 phonons are needed to execute a purely multi-phonon relaxation. Finally, the

terminating level for green emission from the {4G11/2,
2G9/2} states is 4I11/2, not the
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ground state, therefore the system should function as a four-level laser. The problems

with the lower branching ratio of the green transitions could be solved by the use of

PhCs, as described in § 7.1. There should also be minimal non-radiative decay to the

less desirable {4G9/2,
4G7/2} states due to to the reasonably wide (∼ 1500 cm−1) gap

between them.

Like Yb, Nd can also be used as a sensitizing ion, particularly for absorption at 800nm.

This has been demonstrated for both Ho3+ in a ZrF4 fluoride glass [267] and for Pr3+

in a fluorogermanate glass [268]. Thanks to its barren energy level structure above

{1I6,3P1,3P0} (∼ 23× 103 cm−1), Pr3+ enjoys freedom from ESA-induced photodarken-

ing; a problem that has plagued the realisation of Tm-based blue upconversion lasers

[244].

9.3 Glass fabrication

In this section we describe the fabrication of bulk glass samples and sputtered thin films.

Four glass melts were prepared with the following molar compositions:

• 65Ga2S3-32La2S3-3La2O3 (GLS, VF9xx)

• 76.51Ga2S3-23.49La2O3 (GLSO, VF10xx)

• 76.41Ga2S3-23.46La2O3-0.13Er2O3 (Er:GLSO, VF11xx)

• 76.16Ga2S3-23.38La2O3-0.13Er2O3-0.32Yb2O3 (Er:Yb:GLSO, VF12xx)

Full details of these melts are given in App. C.

9.3.1 Melting and polishing

All glass samples were obtained from melts using commercially available powdered pre-

cursors. In future work, these relatively low purity commercial products would be

replaced by compounds synthesized from high purity elemental sources. Appropriate

amounts of each precursor were measured to the nearest 0.01g and mixed in PTFE jars

by hand rolling for five minutes in a dry nitrogen purged glovebox designed to minimise

moisture contamination. Shaking was avoided to reduce the possibility of air bubbles in

the melt. The mixed powders were transferred to vitreous carbon crucibles, previously

cleaned in an ultrasonic solvent bath. An acid cleaning process was avoided as it tends

to produce a porous crucible surface. The crucibles were sealed with Parafilm before

being removed from the glovebox and placed in a large bore tube furnace. The powders

were melted in a flowing dry Ar atmosphere (500 ml min−1) at 1100◦C with a ramp rate
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of 15◦C min−1. After 22 hours at 1100◦C the melt was rapidly quenched to room tem-

perature by pushing the crucible out of the furnace and into a silica water jacket. To

reduce thermal variance in the glass both the Ar and water jacket supply were switched

off as the crucible was removed.

Once cooled, the glass was cleaned with solvents and then crushed using an aluminium

mortar and pestle. The glass was wrapped in standard cleanroom wipes during this

process to avoid aluminium contamination. The crushed glass was transferred to a 2

inch diameter carbon cylinder and melted in a vertical tube furnace at a slightly higher

temperature of 1170◦C for 4 hours in flowing Ar (5000 ml min−1). Doped GLSO-based

glasses (VF11xx, VF12xx) were made by adding the necessary amount of RE oxides to

the crushed glass prior to the second melt. After quenching, the resulting 2 inch glass

ingots were annealed for 24 hours at 510◦C in Ar (1500 ml min−1) using a slow ramp

rate of 1◦C min−1. Unfortunately, some bubbles were formed in the glass ingot during

the final annealing step.

Sputtering targets were created by cutting the glass ingot into 3-4mm thick slices, and

then mounting these slices on copper backing plates with silver-loaded epoxy resin. Thin

and thick bulk glass samples for spectroscopic analysis were cut from the scrap material

of the glass ingots and polished to an optical finish on four faces using a proprietary

process (Crystran Ltd.). The suspected use of an alumina paste in this process was

confirmed by comparing the composition of the polished and unpolished surfaces using

energy dispersive spectroscopy (EDS). Images of the bulk samples for spectroscopic

analysis are shown in Fig. 9.2.

a
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Figure 9.2: Bulk chalcogenide glass samples. (a,b) GLS (VF9TK, VF9TN), (c,d)
GLSO (VF10TK, VF10TN), (e,f) Er:GLSO (VF11TK, VF11TN), (g,h)
Er:Yb:GLSO (VF12TK, VF12TN), (i) Nd:GLS (LD642), and (j) Er:GLS
(LD1139).
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9.3.2 Doped glasses

In principle, Er2S3 can completely replace La2S3 in pure GLS and still have a nar-

row glass forming region, giving a maximum possible erbium concentration of 3.9 ×
1021 ions cm−3 [266]. In reality, successful vitrification of GLS always requires the addi-

tion of a small percentage of oxides, typically 2 wt%, either intentionally or as precursor

impurities [269]. As the focus of this work is on visible upconversion, the host for the

doped glasses was chosen to be the oxysulphide GLSO. The large oxide content shifts

the electronic absorption edge (α = 1 cm−1) from 567nm in GLS to 512nm in GLSO for

a reduced impact on the visible transitions of interest, in theory without a detrimental

rise in the maximum phonon energy. It also improves the thermal stability [226, 270].

However, unlike some of the lighter rare-earths (Pr3+, Nd3+), it is necessary to limit the

dopant concentration because the total substitution of La2O3 for Er2O3 in GLSO does

not form a stable glass [266].

In spite of this practical issue, one of the most attractive features of GLS-based glasses

is their high lanthanum content, which suggests resistance to concentration quenching.

It should therefore remain possible to incorporate a significant number of erbium ions

without negatively impacting the excited state lifetimes through cross relaxation. Fur-

thermore, higher doping concentrations may increase upconversion efficiency via ET

between neighbouring ions, although this effect has not been observed in chemically

similar Ga2S3-GeS2-La2S3 glasses [235].

To minimise the contribution of ion-ion interactions and ensure longer upper state

lifetimes, the RE-doped GLSO samples (VF11xx, VF12xx) were doped with a rela-

tively low concentration of 2000 ppm wt Er2O3 (0.13 mol%), roughly equal to 2.519 ×
1019 ions cm−3. In addition, samples VF12xx were co-doped with 5000 ppm wt Yb2O3

(0.32 mol%) to investigate the energy transfer mechanism between Yb3+ to Er3+ in-

dicated in Fig. 9.1a. These erbium and ytterbium concentrations are comparable to

those used by Oliveira et al. [226] who noted a 25-fold enhancement of the upconversion

emission for their co-doped samples.

Two additional glass samples known to produce visible upconversion were available for

comparison with the freshly prepared melts: GLS doped with 0.19 mol% Nd2S3 (3.2564×
1019 ions cm−3), and GLS doped with 0.51 mol% Er2S3 (8.9483 × 1019 ions cm−3). Im-

ages of these additional samples, labelled LD642 and LD1139 respectively, are shown in

Fig. 9.2i and j. For a ‘pure’ GLS sample, LD1139 has a relatively high La2O3 concen-

tration of 6.3 mol%, compared to 0.99 mol% for LD642.

9.3.3 Visual appearance

Even to the naked eye there are clear differences between the bulk glass samples in

Fig. 9.2. The higher oxide content of GLSO yields extended visible transparency (VF10xx)
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and makes it appear pale yellow, while pure GLS (VF9xx) appears light brown. The

singly Er-doped GLSO samples appear slightly darker than the pure host material, al-

though this is unlikely to be caused by absorption on the weakly-allowed green and red

transitions (4I15/2 → {2H11/2,4S3/2,4F9/2}).

The co-doped Er:Yb:GLSO appears even darker than pure GLS. Ytterbium has just

two levels; the 2F7/2 ground state, and the 2F7/2 excited state, with absorption occuring

most efficiently near 980nm. The single 4f transition of Yb3+ therefore cannot account

for the observed darkening. It is reported that pure GLS doped with Yb2S3 becomes

visibly opaque, possibly due to the formation of divalent Yb2+ ions with strong visible

absorption bands [216]. However, the same work also states that the absorption edge of

oxide modified GLS (GLSO) is unaffected, contrary to the results presented here. To

counteract the darkening effect of Yb3+ it may be possible to blue-shift the fundamental

absorption edge of the host using CsCl as a glass modifier [252, 271].

9.3.4 Sputtering and annealing of thin films

To date, three methods have been used to deposit thin films of GLS: pulsed laser de-

position [254, 255, 272], hot dip spin coating [270, 272], and sputtering [253]. All three

methods are well-suited to deposition of multicomponent glasses, unlike co-evaporation

or CVD techniques. Losses in planar and strip waveguides have been reported to be

as low as 0.3dB cm−1 [272] and 2.4dB cm−1 [256], respectively. In this work, sputter-

ing was chosen for its good thickness and compositional uniformity, and its substrate

independence.

Thin films of GLS (162nm), GLSO (100nm), and Er:GLSO (150nm) were each deposited

on five 10 × 10mm crystalline silicon substrates by RF sputtering for the purpose of

refractive index characterisation. The Er:GLSO was also deposited on two 2 inch ther-

mally oxidised (tOX = 2µm) silicon wafers during the same run as for the silicon pieces

for studies on upconversion fluorescence. In all cases, the films were deposited without

substrate heating in a sputter-down configuration with a base pressure of 3 mTorr, Ar

flow rate of 15sccm, and an energy density of approximately 3 W cm−2. The substrates

were positioned at the edge of a constantly rotating platen so as to maximise thickness

uniformity. The deposition rate was approximately 1 nm min−1 for all films. After de-

position, five 10× 10mm pieces were cleaved from the Er:GLSO coated oxidised wafers

to make a total of four sets of five identical samples.

Four pieces from each set were annealed at temperatures of 450◦C, 500◦C, 550◦C, and

600◦C, leaving one in the as-deposited state. The chosen temperature range straddles

the typical bulk glass transition temperature of 560-580◦C [216, 253, 272] therefore

significant variation in the films’ structural and optical properties can be expected.

Post-deposition annealing was performed in a tube furnace with a flowing Ar atmosphere
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(2000 ml min−1) and the samples resting on a silica boat. In each run the temperature

was slowly ramped up and down at 2◦C min−1 to avoid thermal shock, and held at the

desired setpoint for 2 hours.

Chalcogenides are generally composed of weakly-bonded atoms with large atomic mass.

The weak bonding makes chalcogenide glasses prone to crystallisation. Oxides with

strongly covalent bonds are known to act as glass stabilisers that raise the tempera-

ture differential between the glass transition (Tg) and the onset of crystallisation (Tx)

[270]. The relative thermal stability of GLS and GLSO is indicated by the colour of

the annealed films shown in Fig. 9.3. All images were acquired using a 20x objective

with a half-cone acceptance angle of 26.74◦ (NA = 0.45) in order to exclude wide-angle

reflection. Note that the mottled appearance of GLSO at 600◦ is a result of erroneously

sputtering the material onto the etched side of the Si substrate.

As-
deposited 450 deg. C 500 deg. C 550 deg. C 600 deg. C

G
L

S
G

L
S

O

Figure 9.3: Thin films of GLS and GLSO deposited on silicon in the as-deposited state,
and annealed for 2 hours in Ar at temperatures between 450◦C and 600◦C.

As annealing temperature is increased the GLS films show a large blue shift in the re-

flected colour whereas the colour of the thermally stable GLSO remains almost constant.

The different colours are caused by thin film interference, which is affected by changes in

film thickness or refractive index. The fitted thin film parameters in § 9.4.4 indicate that

the widely varying film thickness in GLS is mostly responsible for the observed colour

variation. Fig. 9.4 shows the reflection coefficient of the GLS/GLSO films calculated

by rigorous coupled wave analysis (RCWA, RSoft’s DiffractMOD) at normal incidence.

Refractive index data for the crystalline Si substrate was taken from Palik [273], while

the refractive index and film thickness of the annealed films were taken from § 9.4.4. The

decreasing GLS film thickness moves the anti-reflection minima to shorter wavelengths,

in good agreement with the visual observations. On the other hand, GLSO maintains a

stable blue/UV reflection peak.
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Figure 9.4: Reflection coefficients of the (a) GLS and (b) GLSO thin films calculated
by RCWA using parameters derived from the ellipsometry data in § 9.4.4.

Under closer inspection with a 100x objective (NA = 0.9) the annealed films were

found to be free of strain-induced cracking, despite the mismatch between the high

thermal expansion coefficient of GLS (∼ 10±0.5×10−6 ◦C−1) [270] and silica (∼ 0.55×
10−6 ◦C−1) or silicon (∼ 2.6 × 10−6 ◦C−1). Images of the films annealed at the highest

temperatures (550◦, 600◦) revealed the presence of strongly scattering point defects,

which were assumed to be crystallised glass; an assumption supported by the fact that

these defects were far more pronounced in GLS due to its lower oxide content. In bulk

GLS Tx is typically above 730◦. The much lower value observed here (Tx ∼ 550◦C) is

attributed to the thin film form factor and cohesive forces of the substrate, which alter

the material’s thermodynamic properties.

It is suspected that the origin of the reducing GLS film thickness is a combination of

volatile sulphur compounds and crystallisation. The volatility of sulphur was previously

implicated in sulphur deficient GLS films deposited by PLD [255]. Although the melt-

ing points of Ga2S3 and GaS are 1090◦C and 965◦C respectively, the high surface area

to volume ratio may cause melting point depression. Depending on the material and

extent of physical confinement (i.e. thin film, wire, or particle) the melting point could

be lowered by hundreds of degrees. This effect will be stronger in films showing signs

of crystallisation and clustering, which provides the necessary lateral confinement. Fur-

thermore, chalcogenides may be more susceptible because of the weak bond strengths.

Spatially-resolved compositional analysis (EDS/SIMS) and stylus profiling is necessary

to provide conclusive evidence of the suspected material losses and reduction in film

thickness.

As a final observation we note that the 52nm initial difference in thickness between the

GLS and GLSO films has a negligible influence on the GLS films’ thermal characteristics,

as demonstrated by the annealed Er:GLSO films, which have a similar initial thickness

(150nm) yet behave like the undoped GLSO.
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9.4 Bulk and thin film refractive index

9.4.1 Basics of spectroscopic ellipsometry

Variable angle spectroscopic ellipsometry (VASE) directly measures the change in po-

larisation state as a function of both wavelength and angle. The change in polarisation

is a complex number ρ defined as the ratio of the reflectivity of p-polarised light to

s-polarised light, and expressed in polar form using the ellipsometric parameters Ψ and

∆.

rp
rs

= ρ = tan(Ψ) · exp(i∆) (9.1)

Pseudo optical constants 〈n〉 and 〈κ〉 can be derived from direct inversion of Ψ and ∆

at an angle θ using Eqn. 9.2. These values are only applicable to bulk samples, and it is

assumed that the surface is free of oxides, surface roughness, or any other films. While

these assumptions are rarely met, the pseudo optical constants are often sufficiently

accurate.

(〈n〉+ i〈κ〉)2 = sin(θ)2 ·

[
1 + tan(θ)2 ·

(
1− ρ
1 + ρ

)2
]

(9.2)

The pseudo extinction coefficient 〈κ〉 determined from ellipsometry can be converted to

an absorption coefficient, α, for comparison with absorption spectra using Eqn. 9.3. It

is assumed for both the ellipsometer and subsequent spectrophotometer measurements

that absorption accounts for electronic absorption due to the glass and impurity ions,

and scattering losses.

α =
4πκ

λ
(9.3)

Ellipsometric parameters of bulk and thin film samples were acquired with a J. A.

Woollam variable angle spectroscopic ellipsometer using deuterium and quartz tungsten-

halogen lamps to cover a spectral range of 192-1697nm. The provided software (Com-

pleteEASE), which includes iterative curve fitting and modelling, was used for both

acquisition and data analysis.

9.4.2 Parameterization of the optical constants

To parameterize the optical constants, dispersion models were fitted to Ψ and ∆ in a

least squares sense. The broad measured spectral range, and onset of strong absorption
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in the visible, makes a basic Cauchy fit a poor choice. Similarly, Sellmeier fits are only

suitable for transparent dielectrics, despite maintaining Kramers-Kronig consistency and

therefore a ‘physical’ shape. Previous analysis of sulphide glasses [274, 275] has shown

that Tauc-Lorentz and Cody-Lorentz fits are suitable to simultaneously model behaviour

above and below the optical bandgap.

Chalcogenide glasses may be classed as amorphous semiconductors with wide-ranging

optical energy gaps, typically from 2-3eV. The Cody-Lorentz model is one of the most

successful for describing the dispersive properties of amorphous semiconductors [276]

and has been proven capable of fitting the ellipsometric parameters of As-S thin films

[274]. It is an extension of the Tauc-Lorentz model that accounts for the existence of the

exponential Urbach tail extending from the edge of the optical gap. For these reasons,

we chose to parameterize the pseudo optical constants of the bulk GLS samples with a

single Cody-Lorentz oscillator model.

9.4.3 Refractive index of bulk samples

The refractive index of the bulk material was measured for the thickest samples of

Er:GLS (LD1139), GLS (VF9TK), and GLSO (VF10TK) to eliminate the issue of back-

side reflection. Pseudo optical constants 〈n〉 and 〈k〉 were fitted to polynomial splines,

and optimised by taking into account surface roughness via a graded effective index

between the sample and air. Fig. 9.5 plots these polynomial splines along with the

attempted Cody-Lorentz parameterized fits. In the long wavelength region, there is

good agreement between the parameterized fits and pseudo optical constants. When ab-

sorption becomes significant, the agreement breaks down and indicates a much stronger

resonance in the fitted data. Nevertheless, the same relationship is maintained between

all three samples, with the resonance in the oxide-modified glass predictably the weakest.

9.4.4 Refractive index of thin films

Thin films of GLS (VF9) and GLSO (VF10) were sputtered onto crystalline silicon

substrates with a 2nm oxide and annealed at temperatures between 450◦C and 600◦, as

described in § 9.3.4. The use of a crystalline silicon substrate with consistent optical

properties helps minimise errors when fitting the experimental data.

Ellipsometric parameters Ψ and ∆ were obtained over the full 192-1697nm range for

angles of 60◦, 65◦, and 70◦. A Kramers-Kronig consistent polynomial spline was initially

fit to Ψ and ∆ using control points spaced 0.3eV apart, with only the optical constants,

film thickness, and surface roughness as fit parameters. The imaginary permittivity

was restricted to positive values so as to ensure a physically realistic result of zero

optical gain. Starting values for the optical constants and film thickness were the bulk



168 Addendum: Development of a rare-earth doped glass for green lasers

3.6

3.4

3.2

3.0

2.8

2.6

2.4

2.2

2.0

n

1600140012001000800600400200

Wavelength (nm)

Er:GLS (LD1139)
GLS (VF9TK)
GLSO (VF10TK)

2.0

1.5

1.0

0.5

0.0

k

700600500400300200

Wavelength (nm)

Er:GLS (LD1139)
GLS (VF9TK)
GLSO (VF10TK)

Figure 9.5: Optical constants (n, k) for three bulk glass samples. Dotted lines are spline
curves fitted to the pseudo optical constants (〈n〉, 〈k〉), which take into
account surface roughness. Solid lines are the optical constants derived
from a Cody-Lorentz fit to Ψ and ∆.

material constants and 160nm (GLS) or 100nm (GLSO), respectively. Surface roughness

was modelled as a thin graded effective index medium. The optical properties of the

substrate were set to those of crystalline silicon with a 2nm native oxide, and remained

constant throughout. Model fitting was performed over a restricted range of 400-1697nm

to remove wavelengths far beyond the electronic absorption edge at 512nm, thereby

assuming optical transparency and making a three term Cauchy fit valid.

Fig. 9.6 plots the real part of the refractive index for GLS and GLSO thin films as a

function of annealing temperature. Table 9.2 gives the corresponding fit parameters and

refractive index at λ = 550nm. Both materials exhibit a refractive index that initially

increases with temperature up until 550◦C. For 600◦C, which is beyond the typical glass

transition temperature of GLS-based glasses, the refractive index is reduced by ∼ 0.2

for GLS and ∼ 0.1 for GLSO. The smaller change in GLSO may be expected from the

greater thermal stability of oxide-modified glasses. Němec et al. [255] also observed a

reduction in the refractive index of GLS films with temperature or UV irradiation, but

did not observe the initial increase with temperature seen here.

9.5 Raman spectroscopy

The reported low phonon energy of GLS (∼ 425 cm−1) is one of its major advantages

for upconversion. Visible upconversion has been detected in RE-doped thin films of

yttria (300− 380 cm−1), zirconia (470 cm−1), fluoride glasses (∼ 500 cm−1), and titania

(700 cm−1), along with extremely low phonon energy bulk crystals such as the lanthanum

halides [244].



Addendum: Development of a rare-earth doped glass for green lasers 169

2.35

2.30

2.25

2.20

2.15

2.10

2.05

n

1600140012001000800600

Wavelength (nm)

As-deposited
450 deg. C
500 deg. C
550 deg. C
600 deg. C

2.20

2.18

2.16

2.14

2.12

2.10

2.08

2.06

n

1600140012001000800600

Wavelength (nm)

As-deposited
450 deg. C
500 deg. C
550 deg. C
600 deg. C

a b

Figure 9.6: Cauchy fits for the optical constants (n, k) of as-deposited and annealed
thin films of (a) GLS (∼ 160nm) and (b) GLSO (∼ 100nm).

Mat. ◦C A B C t (nm) R (nm) Gra. % MSE n550

GLS

RT 2.205 0.00544 0.00718 158.01 5.66 5.93 3.673 2.302
450 2.212 0.01817 0.00256 148.74 6.05 2.58 3.639 2.300
500 2.221 0.02323 0.00170 135.99 10.69 2.15 3.100 2.317
550 2.218 0.01578 0.00290 136.26 10.49 -1.20 3.541 2.301
600 2.033 0.04246 -0.00548 125.57 0.90 -9.31 6.697 2.114

GLSO

RT 2.095 0.01538 0.00208 97.13 7.84 12.35 2.543 2.169
450 2.081 0.04764 -0.00325 98.05 0.66 -2.20 3.810 2.203
500 2.075 0.04895 -0.00343 97.80 0.53 -5.16 3.650 2.199
550 2.047 0.06058 -0.00476 97.28 6.44 -14.45 3.740 2.196
600 2.057 0.00379 0.00195 86.20 18.84 22.56 3.575 2.091

Table 9.2: Thin film fitting parameters for GLS and GLSO thin films at various an-
nealing temperatures (RT: room temperature). The parameters are: Cauchy
A, B, and C coefficients, film thickness (t), surface roughness (R), grading
inhomogeniety (Gra. %), mean squared error (MSE), and refractive index at
550nm.

Fig. 9.7 shows the room temperature (Stokes) Raman spectra of the bulk GLS and GLSO

samples measured with a Renishaw inVia Raman microscope using a laser excitation

wavelength of 785nm and a 50x objective (NA = 0.75). The results compare well

with previously published data [269], with maximum phonon energies of approximately

440 cm−1 (GLS) and 450 cm−1 (GLSO). The low intensity of the tail extending beyond

450 cm−1 suggests that the effect on RE non-radiative relaxation rates will be negligible,

even in GLSO where it is slightly stronger. Previous analysis of GLS indicates that the

peak at 321.48 cm−1 (GLSO: 326.63 cm−1) is associated with symmetrical stretching

vibrations of GaS4 tetrahedra [269].

Attempts were made to measure the Raman spectra of the annealed thin films. Despite

using shorter wavelength sources to improve the theoretical depth resolution (788nm

at λex = 633nm, 662nm at λex = 532nm), the background silicon signal could not be
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Figure 9.7: Raman spectra of bulk GLS and GLSO samples excited at 785nm. Inset
shows a close up view of the high-energy region.

reliably eliminated, even for thin films deposited on wafers with a 2µm thermal oxide.2

Measuring thin film Raman emission would require significantly thicker films (of the

order of a few microns) and a low fluorescence substrate in order to obtain adequate

noise rejection. Given the slow deposition rate of GLS(O), it would require several days

of continouous sputtering to create a suitable sample.

9.6 Absorption spectroscopy

The increased visible transparency of GLSO as compared to GLS is due to the substitu-

tion of sulphur for oxygen. This is due to the increased electronegativity of oxygen (3.5)

compared to sulphur (2.5) [270]. The extended visible transparency reduces attenuation

for visible upconversion emission, and minimises photoinduced material changes brought

about by above bandgap absorption. Further improvements in visible transmission can

be achieved with the addition of fluoride or halide glass modifiers [270, 271, 277], al-

though the vitrification of CsCl-modified GLS is known to be difficult and tends to

produce hygroscopic glass [277]. Another potential modification to shift the absorption

edge to 410nm is to switch the composition of the GLSO to 35La2S3:65Ga2O3 [278].

The authors report a multiphonon absorption edge at 1300 cm−1 (7.7µm), and a low

maximum phonon energy of 450 cm−1. These figures compare favourably with those of

the GLSO composition used in this work (7.6µm [270], 425 cm−1).

2DR = (2.2nλ)/(π(NA)2)
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The absorption spectrum of the thick (xxxxTK) and thin (xxxxTN) samples of GLS

(VF9), GLSO (VF10), and Er:GLSO (VF11) was measured using a Jasco V-570 UV-

VIS-NIR spectrophotometer. Sample LD1139 (Er:GLS) was also measured by using

two different directions through its fully-polished faces. Reflection-corrected absorption

spectra were obtained with

αrc =
ALa(λ)−ALb(λ)

La− Lb
(9.4)

where A indicates the measured absorption and La and Lb are the lengths of the thick (a)

and thin (b) samples along the propagation direction. For the erbium doped samples, the

absorption coefficient was converted to an absorption cross section using σabs = αrc/N ,

where N is the number density of absorbing ions. Fig. 9.8 plots the absorption cross

section for the two doped glasses. The peak absorption cross section for each transition

identified in Fig. 9.8a compares favourably with the previous results of Ye et al. [224]. It

is unclear at this stage whether the much lower cross sections for Er:GLSO are caused

purely by the differences in glass composition, or by experimental error. For example,

the 4I15/2 → 4I9/2 transition at ∼ 800nm is completely absent in Fig. 9.8b, but also

coincides with the grating changeover wavelength of the spectrophotometer.
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Figure 9.8: Absorption cross sections for (a) 0.8 wt% Er:GLS (LD1139) and (b) 0.2
wt% Er:GLSO (VF11).

9.7 Visible upconversion fluorescence in bulk samples

Upconversion from the singly Er3+-doped bulk samples (LD1139 and VF11TK) was

measured using the same experimental apparatus as described in § 7.3, but with the

monochromator entrance slit width reduced to 100µm. The results for a pump wave-

length of 808nm are presented in Fig. 9.9a and c for increasing pump power. The spectral
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resolution is estimated to be 0.74nm, as determined by the product of the gratings linear

dispersion (6.363 nm mm−1) and the image of the entrance slit on the CCD array (∼
117µm). Intense green and red emission corresponding to the {2H11/2,4S3/2} → 4I15/2

and 4F9/2 → 4I15/2 transitions was observed. All emission bands show a double peak

structure with a dominant short wavelength peak followed by a red-shifted shoulder.

The effect is most visibly pronounced on the green transitions of Er:GLSO in Fig. 9.9c.

It is proposed that there are two different mechanisms working in tandem that account

for this behaviour.

Fine atomic energy level structure originating from the Stark level splitting induced by

the host’s crystal field is often obscured by strong inhomogeneous broadening in sul-

phide glasses, although halides may retain such features [279]. The blue-shifted second

shoulder at 545nm is attributed to the Stark levels of the 4S3/2 manifold. The mecha-

nism assumed to be responsible for the wider energy gap between the peak transition

wavelength (λp) and the red-shifted shoulder is the local co-ordination of the dopant

ions with either oxide or sulphide host ions. The fraction of ions emitting at shorter

wavelengths is greater in GLSO by virtue of its higher oxide content. This property also

manifests in a 2nm reduction in λp for the 2H11/2 →4 I15/2 transition. Different host

materials are also known to cause moderate rescaling of the RE energy levels through

the nephelauxetic effect [216]. Strongly covalent glasses, such as GLS, tend to absorb

and emit at longer wavelengths, while more ionic glasses absorb and emit at shorter

wavelengths.

Although the doping concentration of erbium ions in LD1139 is 3.55x that of VF11TK,

the integrated intensity over the {2H11/2,
4 S3/2} → 4I15/2 transitions (510-590nm) is

5.18x stronger, i.e. far more than expected from a linear increase in doping. The

negligible change in the maximum phonon energy between the two host materials (see

Fig. 9.7) suggests that ion-ion interactions are the root cause of the enhanced upcon-

version. Furthermore, the poorer visible transparency of GLS implies that a sample of

GLSO with the same doping concentration as LD1139 would yield significantly stronger

fluorescence. The relatively low concentration of erbium ions in both samples, but par-

ticularly in VF11TK, suggests that ESA is the dominant upconversion mechanism. This

assumption can be tested by comparing the excited state lifetimes obtained through di-

rect and indirect (upconversion) pumping. If ET is present, the excited state lifetime will

be measureably longer due to sustained excitation of ions to {2H11/2,
4 S3/2} following

pump shutoff.

Linear fits to the log-log plots of emission intensity versus pump power reveal gradients

indicative of the order of the upconversion process, i.e. for n-photon upconversion the

gradient is expected to approach n. Fig. 9.9d shows that the gradient for the lower-doped

Er:GLSO remains approximately 1.8 for all pump powers up to 100mW. On the other

hand, the emission from Er:GLS appears to saturate above 30mW, as the gradient is

reduced to approximately 1.5. Similar behaviour is observed for the Nd:GLS in Fig. 9.9f
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Figure 9.9: Visible upconversion and pump power dependence at 808nm for (a,b)
Er:GLS (LD1139), (c,d) Er:GLSO (VF11TK), and (e,f) Nd:GLS (LD642).
Labels in (a,c) indicate the upper level of transitions terminating on the
4I15/2 ground state. Labels in (e) indicate the terminating level of transi-
tions from the {2G9/2, 4G7/2} excited states.
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suggesting that the saturation may be associated with properties of the host material

rather than the RE levels alone.

The Nd3+ doped GLS also demonstrates that ET upconversion need not always be

in resonance with particular transitions as it can be phonon-assisted [243]. It has

been previously shown that the mechanism for upconversion in Nd3+ doped GLS is

ion-ion energy transfer, a fact proven by the significantly longer lifetime of the ex-

cited states under upconversion pumping as opposed to direct pumping [216, 252].

The emission peaks coincide with transitions originating from the {2G9/2, 4G7/2} levels

(∆E ≈ 400 cm−1) and terminating on the 4I9/2 (528nm/540nm), 4I11/2 (584nm/600nm),

and 4I13/2 (661nm/678nm) levels. The relative strengths of these peaks follow the

branching ratios for each transition, thus demonstrating that the branching ratios of

the red transitions are much larger than the green. Carefully engineered PhCs could be

used here to simultaneously suppress the red emission and provide band-edge enhance-

ment at 540nm.

RE-doped devices commonly suffer from inefficient pump absorption due to their weak

oscillator strengths. On the surface, 808nm pumping is preferable since there is an

efficient ESA pathway. However, 980nm may be preferred for two reasons: a larger

absorption cross section, and the ability to use Yb3+ as a co-dopant in an ET upcon-

version process. Oliveira et al. [226] reported a 25 times higher upconversion effiency

in GLSO doped with 0.1 wt% Er3+ and concentrations of 0.5 wt%, 0.8 wt% and 1.1 wt%

Yb3+. The emission intensity at 670nm was noted to increase linearly with the Yb3+

concentration, while the green intensity remained constant.

Fig. 9.10 shows the visible and infrared fluorescence spectra of singly-doped erbium

glass samples (LD1139 and VF11TK) compared to a co-doped sample (VF12TK). The

intensity is normalised to the erbium ion concentration. Unlike Oliveira et al. [226],

the intensity of the green emission in the co-doped GLSO is less than the singly-doped

GLSO, although the red emission is consistent with the published data. The lower green

emission can be partially explained by the unexpected reduction in visible transparency

described in § 9.3.3. The normalised intensity of LD1139 remains the highest, most

likely as a result of increased ET upconversion from the higher ion concentration. ET

upconversion is also expected to be more favourable at 980nm due to direct population

of the 4I13/2 intermediate state. Although not shown in Fig. 9.10, there is also weak

emission at ∼ 495nm, with the most likely upconversion path being ESA from 4I11/2 to
4F7/2. Thermal population from the {2H11/2,

4 S3/2} states is ruled out by the absence

of this emission peak under pumping at 808nm.
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Figure 9.10: Visible and infrared fluorescence from bulk erbium doped chalcogenide
glass samples pumped at 980nm (25mW, 50x obj.). Emission intensity is
normalised to the Er3+ ion concentration.

9.8 Fluorescence lifetime

The radiative lifetime of excited states critically affects the lasing potential of desired

transitions. Longer metastable lifetimes lower the lasing threshold and required pump

intensity, at the expense of reduced gain. Fluorescence lifetimes were measured on

samples LD1139 (GLS) and VF11TK (GLSO) for the visible transitions observed when

pumping at either 808nm or 980nm.

The previous experimental setup for spectral studies was modified for temporal measure-

ments by replacing the silicon CCD array with a silicon photomultiplier and setting the

monochromator to the peak wavelength of each transition. The pump laser diode was

directly modulated at 50Hz with a 10Vp-p square wave signal, coupled through a 50Ω

terminal to produce an oscillating drive current from 0 to 200mA about a DC point of

100mA. For a 200mA drive current, the peak power measured at the sample was 95mW.

Focused through a 50x/0.8NA objective, the spot size was estimated to be approximately

1µm. The 50Hz modulation frequency with a 50% duty cycle permitted the fluorescence

signal to reach steady-state within each pulse. The laser diodes’ 100% rise and fall time

were measured to be 39µs and 11µs, respectively. The fall time is significantly less than

the expected lifetimes of the higher transitions, although in hindsight a chopped laser

would have given superior performance.

Fig. 9.11 plots the exponential decay of the measurable transitions for LD1139 and

VF11TK and clearly shows that there are two independent decay rates for each tran-

sition. Table 9.3 gives the corresponding excited state lifetimes obtained by fitting the

data with a double exponential model to account for the different decay rates. The

presence of fast and slow decay rates is known to be caused by the co-ordination of the
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ion lattice sites, which varies between oxide and sulphide bonds [269]. The fast com-

ponent is associated with oxide sites, the slow component with sulphides. As expected,

the higher oxide content of the doped GLSO samples increases the number of dopant

ions co-ordinated with oxygen ions, therefore the fast component becomes the dominant

mode of decay. However, the lifetime associated with the fast component is, on average,

about 10µs longer in Er:GLSO than in Er:GLS. The most likely cause is the higher

doping concentration in the Er:GLS sample permitting many more paths for relaxation

through ion-ion interactions.

Material Transition λp (nm) Component τ (808nm) τ (980nm)

Er:GLS

4F7/2 → 4I15/2 495
Fast - 44
Slow - 1140

2H11/2 → 4I15/2 527
Fast 64 73
Slow 579 620

4S3/2 → 4I15/2 550
Fast 66 74
Slow 593 644

4F9/2 → 4I15/2 663
Fast 88 114
Slow 797 818

Er:GLSO

2H11/2 → 4I15/2 525
Fast 77 85
Slow 2085 963

4S3/2 → 4I15/2 550
Fast 75 86
Slow 2045 1582

4F9/2 → 4I15/2 663
Fast 84 94
Slow 1220 860

Table 9.3: Excited state lifetimes (τ) of visible transitions for Er:GLS (LD1139) and
Er:GLSO (VF11TK) pumped at 808nm and 980nm. Lifetimes are measured
in µs.
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Schweizer et al. [269] noted that ‘pure’ Dy3+-doped GLS with either intentional or

impurity oxides has an absorption spectrum with a double peak structure; behaviour

not readily apparent in the LD1139 and VF11 samples measured here (§ 9.6). The twin

peaks were explained by the local site co-ordination of the dopant ions, and confirmed

by examining multi-phonon decay, fluorescence spectra, and upper state lifetimes. The

authors were able to deduce the ratio of oxide to sulphide sites by the relative strength

of the two absorption peaks. Lifetime measurements indicated a double exponential

decay only when the pump laser was tuned to the shorter wavelength absorption peak

associated with the oxide sites.

Thøgersen et al. [280] tested Er3+:Ge-doped silica fibres with 3µm cores at two concen-

trations of 2.7 × 1019 cm−3 and 1.3 × 1018 cm−3. The lifetimes of the green and red

transitions measured using an Ar+ pump were predictably of the order of a few mi-

croseconds due to the high non-radiative decay rates in silica. In each case the upper

state lifetimes had two components, though the authors did not explain why. Possible

explanations are the variable ion co-ordination with Ge or Si atoms, or sustained ET

upconversion following decay of the pulsed excitation.

The lifetime of the Nd3+ doped GLS (LD642) has also been measured for all visible

transitions and found to be 32µs, in good agreement with previous values of 30µs [216,

252]. The identical fluorescence lifetime for all transitions provides further proof that

all visible emission occurs on transitions originating from the same excited states, i.e.

{2G9/2
4G7/2}.





Appendix A

Supporting simulation data

A.1 Gap frequencies of an alumina rod-type sunflower lat-

tice

r/a a (mm) 250/a ωL ωH fL fH (GHz) ∆ω
ωc

0.10 30.00 8.00 0.4229 0.4970 4.2290 4.9700 16.11%
0.12 25.00 9.60 0.3880 0.4883 4.6560 5.8596 22.89%
0.14 21.43 11.20 0.3575 0.4839 5.0050 6.7746 30.05%
0.15 20.00 12.00 0.3429 0.4824 5.1435 7.2360 33.81%
0.16 18.75 12.80 0.3357 0.4752 5.3712 7.6032 34.41%
0.18 16.67 14.40 0.3226 0.4534 5.8068 8.1612 33.71%
0.20 15.00 16.00 0.2964 0.4403 5.9280 8.8060 39.07%
0.22 13.64 17.60 0.2834 0.4185 6.2348 9.2070 38.50%
0.24 12.50 19.20 0.2746 0.3967 6.5904 9.5208 36.38%
0.26 11.54 20.80 0.2616 0.3706 6.8016 9.6356 34.48%
0.28 10.71 22.40 0.2528 0.3531 7.0784 9.8868 33.11%
0.30 10.00 24.00 0.2441 0.3313 7.3230 9.9390 30.31%

Table A.1: Gap frequencies for a 24a square section of an alumina rod sunflower deter-
mined by FDTD with a dipole source. The result relevant to the alumina
rod sunflower characterised in § 6.2 is highlighted in bold.
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A.2 Gap maps for random structural perturbations

A.2.1 Random displacement

Figure A.1: TM gaps at normal incidence as a function of the maximum displacement
from the intended position of individual rods (ε = 9.61) for (a) hexagonal,
(b) Archimedean, (c) Stampfli, and (d) sunflower lattices.
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A.2.2 Random rod radius

Figure A.2: TM gaps at normal incidence as a function of the maximum difference
between the intended and actual rod radius of individual rods (ε = 9.61)
for (a) hexagonal, (b) Archimedean, (c) Stampfli, and (d) sunflower lattices.
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A.3 Primary TM gap ratios as a function of dielectric con-

trast and radius

0.5

0.4

0.3

0.2

0.1

0.0

G
a

p
 r

a
ti
o

 (
∆

ω
 ω/

c
)

0.450.400.350.300.250.200.150.10

Ratio (r/a)

2

b0.5

0.4

0.3

0.2

0.1

0.0
G

a
p

 r
a

ti
o

 (
∆

ω
 ω/

c
)

0.450.400.350.300.250.200.150.10

Ratio (r/a)

0.5

0.4

0.3

0.2

0.1

0.0

G
a
p
 r

a
ti
o
 (

∆
ω

 ω/
c
)

0.450.400.350.300.250.200.150.10

Ratio (r/a)

0.5

0.4

0.3

0.2

0.1

0.0

G
a
p
 r

a
ti
o
 (

∆
ω

 ω/
c
)

0.450.400.350.300.250.200.150.10

Ratio (r/a)

0.5

0.4

0.3

0.2

0.1

0.0

G
a
p
 r

a
ti
o
 (

∆
ω

 ω/
c
)

0.450.400.350.300.250.200.150.10

Ratio (r/a)

0.5

0.4

0.3

0.2

0.1

0.0

G
a
p
 r

a
ti
o
 (

∆
ω

 ω/
c
)

0.450.400.350.300.250.200.150.10

Ratio (r/a)

a12 12

2

2

3

12

12
12

3
2

12
dc

fe

Figure A.3: Primary TM gaps as a function of r/a for dielectric contrasts (εd/εm)
between 2 and 12. Lattices are (a) hexagonal (PWE), (b) hexagonal
(FDTD), (c) Archimedean (PWE), (d) Archimedean (FDTD), (e), Stampfli
(FDTD), and (f) the sunflower (FDTD). The computational domain for
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Appendix B

Supporting experimental data

B.1 Point defects in a large-scale sunflower
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Figure B.1: Transmission spectra of ‘point’ defects in a large-scale PMMA rod-type
sunflower.
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B.2 Line defects in a large-scale sunflower
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Figure B.2: Transmission spectra of line defects with a nominal width of 3a embedded
in a PMMA rod-type sunflower. (a) Defect-free lattice, (b) W3 S-bend,
and (c) W3 straight.



Appendix C

Bulk glass melts

This appendix lists the glass precursors and the composition of each melt. The number

density of dopant ions is calculated based on a mass density of 4g cm−3 for all samples.

C.1 Precursors

Compound Source Batch No. Purity MW Samples

Ga2S3 GWI DTM050608 4N 235.641 VFxxxx
Ga2S3 IH Ga140 - 235.641 LD1139
La2S3 Cerac 622292-1 3N 374.001 VF9xx
La2S3 IH La132 - 374.001 LD1139
La2O3 Treibacher 25-6161 5N 325.809 VFxxxx
La2O3 IH La1024 - 325.809 LD1139
Er2S3 IH ID21071 - 430.713 LD1139
Er2O3 Sigma Aldrich 203238 4N 382.516 VF11/12
Yb2O3 Alfa Aesar K29S043 4N 394.0782 VF12

Table C.1: List of precursors for synthesis of GLS-based glass samples

C.2 GLS (VF9)

• ID: VF9TK/VF9TN

• Dimensions: 10.04× 9.80× 1.54mm (VF9TK), 9.97× 9.79× 0.68mm (VF9TN)

• Volume (estimated/actual): 0.1515/0.15cm3 (VF9TK), 0.0664/0.06cm3 (VF9TN)

• Mass: 0.5771g (VF9TK), 0.2614g (VF9TN)

• Density: 3.8086g cm−3 (VF9TK), 3.9384g cm−3 (VF9TN)

• Molecular weight: 282.623g mol−1
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188 Appendix C: Bulk glass melts

Component Weight % Moles Molar % MW

Ga2S3 54.19 4.14× 10−1 65 153.17
La2S3 42.35 2.04× 10−1 32 119.69
La2O3 3.46 1.91× 10−2 3 9.77

Table C.2: Glass composition for VF9TK/VF9TN

C.3 GLSO (VF10)

• ID: VF10TK/VF10TN

• Dimensions: 9.92× 9.96× 2.08mm (VF10TK), 9.94× 9.87× 1.06mm (VF10TN)

• Volume (estimated/actual): 0.2055/0.20cm3 (VF10TK), 0.1040/0.10cm3 (VF10TN)

• Mass: 0.7510g (VF10TK), 0.4214g (VF10TN)

• Density: 3.6543g cm−3 (VF10TK), 4.0521g cm−3 (VF10TN)

• Molecular weight: 256.822g mol−1

Component Weight % Moles Molar % MW

Ga2S3 70.20 5.36× 10−1 76.51 180.29
La2O3 29.80 1.65× 10−1 23.49 76.53

Table C.3: Glass composition for VF10TK/VF10TN

C.4 GLSO + 2000ppm Er2O3 (VF11)

• ID: VF11TK/VF11TN

• Dimensions: 10.00× 9.98× 3.23mm (VF11TK), 9.96× 9.98× 1.09mm (VF11TN)

• Volume (estimated/actual): 0.3224/0.32cm3 (VF11TK), 0.1083/0.11cm3 (VF11TN)

• Mass: 1.2702g (VF11TK), 0.4480g (VF11TN)

• Density: 3.9694g cm−3 (VF11TK), 4.0727g cm−3 (VF11TN)

• Molecular weight: 256.992g mol−1

• Number density of Er3+ ions: 2.519× 1019 cm−3

Component Weight % Moles Molar % MW

Ga2S3 70.06 2.97× 10−1 76.41 180.04
La2O3 29.74 9.13× 10−2 23.46 76.44
Er2O3 0.20 5.23× 10−4 0.13 0.51

Table C.4: Glass composition for VF11TK/VF11TN

C.5 GLSO + 2000ppm Er2O3 + 5000ppm Yb2O3 (VF12)

• ID: VF12TK/VF12TN
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• Dimensions: 10.04×9.97×2.56mm (VF12TK), 10.06×10.05×1.03mm (VF12TN)

• Volume (estimated/actual): 0.2564/0.26cm3 (VF12TK), 0.1043/0.10cm3 (VF12TN)

• Mass: 1.0224g (VF12TK), 0.4186g (VF12TN)

• Density: 3.9883g cm−3 (VF12TK), 4.0131g cm−3 (VF12TN)

• Molecular weight: 257.436g mol−1

• Number density of Er3+ ions: 2.519× 1019 cm−3

• Number density of Yb3+ ions: 6.064× 1019 cm−3

Component Weight % Moles Molar % MW

Ga2S3 69.71 2.94× 10−1 76.16 179.46
La2O3 29.59 9.04× 10−2 23.38 76.18
Er2O3 0.20 5.20× 10−4 0.13 0.51
Yb2O3 0.50 1.25× 10−3 0.32 1.28

Table C.5: Glass composition for VF12TK/VF12TN

C.6 GLS + 8000ppm Er2S3 (LD1139)

• ID: LD1139

• Dimensions: 10.42× 20.19× 2.82mm

• Volume (estimated/actual): 0.5933/0.59cm3

• Mass: 2.4195g

• Density: 4.0782g cm−3

• Molecular weight: 272.535g mol−1

• Number density of Er3+ ions: 8.9483× 1019 cm−3

Component Weight % Moles Molar % MW

Ga2S3 61.69 2.62× 10−2 71.35 168.13
La2S3 29.98 8.02× 10−3 21.85 81.71
La2O3 7.53 2.31× 10−3 6.30 20.52
Er2S3 0.8 1.86× 10−4 0.51 2.18

Table C.6: Glass composition for LD1139

C.7 GLS + 2668ppm Nd2S3 (LD642)

• ID: LD642

• Dimensions: 8.95× 11.66× 6.77mm

• Volume (estimated/actual): 0.7065/0.70cm3

• Mass: 2.8128g
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• Density: 3.9813g cm−3

• Molecular weight: 276.687g mol−1

• Number density of Nd3+ ions: 3.2564× 1019 cm−3

Component Weight % Moles Molar % MW

Ga2S3 59.62 7.59× 10−2 70.00 164.96
La2S3 38.95 3.12× 10−2 28.81 107.76
La2O3 1.17 1.07× 10−3 0.99 3.23
Nd2S3 0.26 2.08× 10−4 0.19 0.74

Table C.7: Glass composition for LD642



Appendix D

Permittivity of microwave

materials

D.1 Alumina

The permittivity of alumina at microwave frequencies stated by various sources is given

in Table D.1. For the work in Chapter 6 the alumina rods are considered to be free of

loss (δ = 0) and chromatic dispersion, and assigned a constant value of ε = 9.61.

Permittivity δ (×104) Composition f (GHz) Reference

10 1 Solid (99.5% pure) Unknown [212]
9 6 Solid (96% pure) Unknown [212]

8.9 - Solid 15-140 [67]
9.61 - Solid 10-20 [21]
9.61 - Solid 1-20 [189]

9 < 5 Solid 7-20 [206]
8.9 - Solid 7-15 [52]
8.9 - Solid 75-110 [94]
9.61 - Solid 6-20 [22]
8.9 - Solid 7-15 [51]
8.9 - Solid 7-15 [201]
9.6 - Sintered composite 0-70 [198]

Table D.1: Permittivity of alumina at microwave frequencies
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