HJNIVERSITY OF

Southampton

University of Southampton Research Repository

ePrints Soton

Copyright © and Moral Rights for this thesis are retained by the author and/or other
copyright owners. A copy can be downloaded for personal non-commercial
research or study, without prior permission or charge. This thesis cannot be
reproduced or quoted extensively from without first obtaining permission in writing
from the copyright holder/s. The content must not be changed in any way or sold
commercially in any format or medium without the formal permission of the
copyright holders.

When referring to this work, full bibliographic details including the author, title,
awarding institution and date of the thesis must be given e.g.

AUTHOR (year of submission) "Full thesis title", University of Southampton, name
of the University School or Department, PhD Thesis, pagination

http://eprints.soton.ac.uk



http://eprints.soton.ac.uk/

UNIVERSITY OF SOUTHAMPTON

FACULTY OF LAW, ARTS, AND SOCIAL SCIENCES

School of Social Sciences

ESSAYS ON DYNAMIC MACROECONOMICS
by
REZA BOOSTANI

Thesis for the degree of Doctor of Philosophy
September 2011



To Simin and Reyhaneh



UNIVERSITY OF SOUTHAMPTON
ABSTRACT
FACULTY OF LAW, ARTS, AND SOCIAL SCIENCES
SCHOOL OF SOCIAL SCIENCES
Doctor of Philosophy
ESSAYS ON DYNAMIC MACROECONOMICS
by Reza Boostani

This thesis uses the techniques of macroeconomic theory to answer three questions.
It is divided in three chapters each focusing on one of these questions. The first chap-
ter investigates the appropriate labor market policy response to two fundamental
changes in the economy. I introduce unemployment benefits financed by a propor-
tional payroll tax within a model of directed search on the job. I show that there
exists a unique positive level of unemployment benefit which maximizes welfare of
individuals. The optimal unemployment benefit level is hump-shaped as a function
of the level of idiosyncratic risk. At empirically relevant levels of idiosyncratic risk, a
much less generous system than in the economy without uncertainty emerges. Fur-
thermore, the welfare costs of deviating from the optimal level are substantial, and
accompanied by high unemployment rates. I also find that while the optimal generos-
ity of the unemployment insurance system declines monotonically with the amount of
aggregate risk in the economy, the welfare costs of deviating from the optimal system
are rather small.

Chapter two develops a small open economy model with both staggered nominal
prices and wages. Then, performances of some alternative simple policy rules are
compared by using the welfare loss criterion. It is shown that, firstly, the performance
of domestic inflation-targeting or wage inflation-targeting is better than both CPI
inflation-targeting and pegged exchange rate. Second, although the performance of
simple rules depends on the degree of stickiness in prices and wages, wage inflation-
targeting performs better than domestic inflation-targeting for a wide combination of
wage and price stickiness.

In chapter three, I develop a model with uninsurable capital-income risk and in-
complete markets, and investigate the cyclical properties of the equity premium. Al-
though the model abstracts from some common features of the business cycle model,
it can generate a sizable and countercyclical equity premium. Moreover, the model
generates relatively more volatile consumption, investment, and equity premium
than under complete markets.
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Introduction

Over the last decades, a new branch in Macroeconomics has developed rapidly which
places household in the core of its analysis. New models are built in order to repro-
duce stylized facts in the real world, and then if models show success in this test,
they could be used for analyzing household welfare. The present thesis places in this
school of thought, and it tries to answer three questions by using these models.

This thesis is divided in three chapters each focusing on one question. Chapter I in-
vestigates the appropriate labor market policy. I introduce unemployment benefits
financed by a proportional payroll tax within a model of directed search on the job.
A directed search model is chosen because it shows success in explaining some prop-
erties in the labor market. Therefore it is a reliable tool for studying the impact of
unemployment benefit on household welfare. It is shown in the chapter that there
exists a unique positive level of unemployment benefit which maximizes welfare of

individuals.

Moreover, the optimal level of unemployment benefit changes in response to some
fundamental changes in economy. For example, the optimal unemployment benefit
level is hump-shaped as a function of the level of idiosyncratic risk. At empirically
relevant levels of idiosyncratic risk, a much less generous system than in the econ-
omy without uncertainty emerges. Furthermore, the welfare costs of deviating from
the optimal level are substantial, and accompanied by high unemployment rates.
I also find that while the optimal generosity of the unemployment insurance system
declines monotonically with the amount of aggregate risk in the economy, the welfare
costs of deviating from the optimal system are rather small.

Chapter IT examines the appropriate monetary policy in a small open economy. There-
fore, it develops a small open economy model with both staggered nominal prices and
wages. Monetary policy cannot achieve the efficient allocation that would occur un-
der completely flexible wages and prices. Then, performances of some alternative
simple policy rules are compared by using welfare loss criterion. It is shown that
the performance of domestic inflation-targeting or wage inflation-targeting is better
than both CPI inflation-targeting and pegged exchange rate. Moreover, although the
performance of simple rules depends on the degree of stickiness in prices and wages,
wage inflation-targeting performs better than domestic inflation-targeting for a wide
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combination of wage and price stickiness.

Chapter III develops a model with uninsurable capital-income risk and incomplete
markets, and investigates the cyclical properties of the equity premium. Through
a calibrated exercise, I show that the model can generate a countercyclical equity
premium. In response to a rise in aggregate productivity, the risk-free interest rate
and the return on capital increase, but the rise in the former is larger then the latter,
so the equity premium decreases. Moreover, higher idiosyncratic risk is associated
with relatively more volatile consumption, investment, and equity premium.



Chapter

Optimal Unemployment Insurance in a
Directed Search Model

1 Introduction

Several economies have experienced fundamental changes over the last few decades.
For example, Stock and Watson (2005) document a reduction in the volatility of out-
put growth and a moderation of business cycle fluctuation in most G7 economies over
the two decades that preceded the last recession. By contrast, Heathcote et al. (2010)
document an increase in wage dispersion in the U.S. over the past three decades.
Other papers in the same issue of the Review of Economic Dynamics document simi-
lar facts for other countries. This paper investigates the impact of these fundamental
changes on labor market outcomes as well as the appropriate policy response to these

changes.

We study these questions within a directed search model of the labor market with
on the job search. Specifically, we introduce a simple government-run unemployment
insurance system—unemployment benefit financed by a proportional payroll tax—
within a model of directed search along the lines of Menzio and Shi (2008, 2010). This
framework is particularly well suited for our purpose, for two main reasons. First,
this framework has been shown to generate several important features of the labor
market.! Second, the model lands itself well to the introduction of both idiosyncratic
and aggregate uncertainty, which are at the heart of this paper. While it is possible
to introduce both types of uncertainty in a random matching model (see for example
Moscarini and Postel-Vinay (2010) or Krusell et al. (2010)), directed search models
are much more tractable.?

This chapter is a joint work with Martin Gervais and Henrey Sui.

For example, these models have been shown to generate the type of residual wage inequality ob-
served in the data, as well as positive returns to tenure and experience, appropriate worker flows
between employment, unemployment, and across employers, and so on (see Delacroix and Shi (2006),
Menzio and Shi (2008), Shi (2009) and Gonzalez and Shi (2010)).

2Technically, this is because equilibria are ‘block recursive, so that individuals’ and firms’ decisions
do not depend directly on the distribution of workers. See Shi (2009) and Menzio and Shi (2008, 2010)
for details.
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We begin our analysis by studying an environment which abstracts from idiosyn-
cratic and aggregate uncertainty. In this context, we prove existence of an optimal
unemployment insurance system which provides positive benefits to unemployed in-
dividuals without providing full insurance. The intuition for this result is simple:
while an increase in unemployment benefits allows risk-averse individuals to better
smooth consumption over time, it also raises the unemployment rate and thus lowers
average consumption. The rise in the unemployment rate arises as individuals look
for vacancies with higher wages, for which job finding probabilities are lower.

Next we introduce idiosyncratic uncertainty and again find a unique optimal level
of unemployment benefit. Interestingly, the optimal unemployment benefit is hump-
shaped as a function of the level of risk that individuals face, keeping the mean level
of the shock constant at zero. Initially, an increase in idiosyncratic risk calls for a
more generous unemployment insurance system in order to provide better insurance
for individuals. However, as the level of risk increases further, generous unemploy-
ment benefits become unsustainable. This is because matches for workers who ex-
perience low productivity shocks are endogenously destroyed, shrinking the pool of
employed workers who pay for the benefit. As a result, at high levels of idiosyncratic
risk, the optimal level of unemployment benefit falls sharply as risk rises. Indeed, at
empirically relevant levels of idiosyncratic risk, a much less generous system than in
the economy without such risk emerges. Furthermore, the welfare costs of deviating
from the optimal level are substantial, mainly because generous unemployment ben-
efits generate high unemployment rates. These findings offer a similar interpretation
of the ‘European unemployment dilemma’ to that of Ljungqvist and Sargent (1998):
when income risk rises, generous welfare states become costly as they increase un-

employment duration and the unemployment rate.

Lastly we add aggregate uncertainty to the model. To better understand the impact
of aggregate uncertainty, we abstract from idiosyncratic uncertainty. In this case, the
optimal generosity of the unemployment insurance system declines monotonically
with the amount of aggregate risk, again keeping the average level of productivity
constant. Intuitively, with a fixed benefit, unemployment becomes relatively more
attractive in bad times than it becomes less attractive in good times. As a result,
the unemployment rate increases, and so the pool of employed workers, who pay for
the benefit, shrinks. A lower level of unemployment insurance restores the balance
between consumption smoothing and the incentive to search for vacancies with rel-
atively high job finding probabilities. For similar reasons, a pro-cyclical benefit is
more desirable than a counter-cyclical (or acyclincal) one. It should be pointed out,
however, that in the relevant range of aggregate risk, the welfare costs of deviating

from the optimal system are rather small.

Literature review: The economic mechanism at the center of our analysis is that
higher unemployment benefits induce individuals to look for jobs with higher wages,
which, because these jobs are harder to find, increases unemployment duration. As
such, our work is related to Shavell and Weiss (1979) and Hopenhayn and Nicolini
(1997), who study optimal unemployment insurance in the context of a model where
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individuals’ search effort is private information.? Instead of searching for better jobs
with a constant search effort, individuals in their environment search for the same
job with less intensity when unemployment benefits increase. The idea is neverthe-
less that optimal unemployment insurance strikes the right balance between risk

sharing and unemployment duration.*

Unemployment insurance has also been studied in search and matching models of the
labor market. In a directed search environment, Acemoglu and Shimer (1999) also
find a unique utility maximizing level of unemployment benefit financed by a lump-
sum tax. In addition, they prove that a similar result holds for an output-maximizing
level of unemployment. While the mechanism for their first result is similar to ours,
their latter result is due to the way in which they model the cost of vacancies. They
interpret this cost as capital, which firms choose and put in place before the vacancy
is filled. Since higher unemployment benefits induce individuals to search for jobs
associated with higher wages, which take longer to find, firms have an easier time
filling their vacancies. The capital put in place prior to filling the vacancy thus stays
idle for a shorter period of time, inducing firms to put more capital in place.

More recently, Krusell et al. (2010) study unemployment insurance in a Bewley-
Huggett-Aiyagari type model in which the labor market functions as in Diamond-
Mortensen-Pissarides (DMP). One of their main findings is that unemployment in-
surance provides little value over and above self-insurance. The optimal replacement
ratio in their benchmark economy is lower then the 40 percent they use as a proxi
for the U.S. economy. Needless to say, the generosity of the optimal unemployment
insurance system would clearly decline if individuals could self-insure in our model
as well. Krusell et al. (2010) also speculate that the gains from running a cyclical un-
employment benefit scheme are rather small, which is confirmed by our model. This
is in contrast to Landais et al. (2010), who find large gains from countercyclical ben-
efits when recessions are characterized by job rationing’ that stems from real wage
rigidities. In this context, increasing benefits in recessions improves consumption
smoothing without adversely increasing unemployment duration.

As in Acemoglu (2001), changes in UB affect the distribution of workers across wages.
A high UB shifts the distribution of workers toward high-wages jobs. Acemoglu
(2001) also argues that the UB may improve welfare by changing the composition
of jobs toward high-wage ones.

Costain and Reiter (2008) document that while unemployment displays large cycli-
cal fluctuations relative to labor productivity, the response of unemployment to labor
market policies (unemployment benefit) is rather small. They argue that the stan-

3In the context of our model, one can think of the market (or wage) to which individuals direct their
search as private information, creating a moral hazard problem which prevents a private insurer from
conditioning benefits on the search strategy that individuals choose.

“To better relate our work to this literature, we are currently investigating an environment in
which unemployment benefits comprise two parts: a fixed amount, which can be thought of as a welfare
payment, and an unemployment benefit which expires with some probability at any time during an
individual’s unemployment spell.
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dard DMP model cannot reproduce these two facts.> While we do not focus on busi-
ness cycle properties per se, the model can generate movements in the unemployment

rate relative to movements in labor productivity similar to the data.

The rest of the paper is organized as follows. The next section presents the Model:
we introduce a simple unemployment insurance system in a directed search model of
on the job search. In section 3, we characterize the optimal unemployment system in
an economy which abstracts from (aggregate and idiosyncratic) uncertainty. In sec-
tion 4 we present numerical results, successively studying the impact of introducing
idiosyncratic then aggregate uncertainty. A short conclusion is offered in section 5.

2 Model

The economy is populated by a continuum of risk-averse workers with measure one
and a continuum of firms with positive measure.® Workers maximize the expected
sum of per-period utilities discounted at factor 5 € (0,1), with a periodical utility
function v(c) which is strictly increasing, strictly concave, continuously differentiable,
and satisfies Inada conditions. Employed workers’ consumption is equal to after-tax
labor income, and unemployed workers’ consumption equals unemployment benefit
paid by the government, b.

Each firm produces output through a constant return to scale production function,
(y + z)n, with n € {0,1}. When a firm is matched with a worker, its output depends
on aggregate and idiosyncratic productivities. Aggregate productivity y is common
across all firms, and its values lie in the set y € Y = {y1,%2,...,yny, }, Where y =
y1 <y2 < .. <yn, =y and Ny > 1is an integer. The idiosyncratic productivity is
z € Z ={z,2,..,2N,}, Where z = z; < 2o < ... < zy, = z and Nz > 1 is an integer.
The firm maximizes the expected sum of profits discounted at factor 5.

The labor market is organized as a continuum of submarkets x € X = [z, 7], where
z=v((b)/(1-p)and T = v(y+z)/(1—3). If a firm meets a worker in submarket z, the
firm offers the worker expected lifetime utility =, and we refer to it as the value of that
submarket. The probability of finding a job and the probability of filling a vacancy
in a submarket depend on the tightness ratio in that submarket. The tightness ratio
in submarket x is defined as the ratio of the number of vacancies created by firms to
the number of individuals who search for jobs in that particular submarket, denoted
O(x,) > 0, where ¢ € U is the aggregate state of the economy at the beginning of
each period.

The aggregate state of the economy 1) consists of aggregate productivity y and the
distribution of workers among employment positions (u, e): u € [0, 1] is the measure of
unemployed individuals, and the distribution of employed workersise : X xZ — [0, 1]

5We suspect that their critique also applies to Krusell et al. (2010), who need to rely on the Hagedorn
and Manovskii (2008) calibration in order to generate plausible unemployment volatility.
5Free entry determines the measure of firms in the economy endogenously.
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with pdf e(z, z), and v+ >__ [ e(z,z)dz = 1. Menzio and Shi (2010) show that the
agents’ value and policy functions as well as tightness ratios depend on the aggregate
state of the economy ) only through aggregate productivity y, and not through the
distribution of workers across different employment state, (u, ). Therefore, we write,
hereafter, tightness ratios and values as function of aggregate productivity, not the
aggregate state of economy.7

Time is discrete and continues forever. Each period consists of four stages: separa-
tion, search, matching, and production. In the separation stage, workers get sepa-
rated from their match with probability d € {J,1}, where § denotes the exogenous
probability of separation. Matches can also be endogenously destroyed by setting
d = 1. When a worker loses his job, he must remain unemployed until the start of the
searching stage next period.

During the search stage, an individual who has the opportunity to search first decides
in which submarket to direct his search. While all individuals who have been unem-
ployed for at least one period have the opportunity to search, employed workers only
have the opportunity to search with probability A. € [0, 1]. As mentioned above, work-
ers who’s unemployment spell started this period cannot search this period. Firms

also choose submarkets in which to open vacancies during the search stage.

A firm who meets a worker in submarket x during the matching stage offers the
worker a contract which delivers expected lifetime utility = to the worker. If the
worker accepts the offer, he starts working at the new job in the following production
stage. Otherwise, the worker stays in his previous employment position (which could
be unemployment). Firms and workers cannot coordinate their actions because of
search frictions in the labor market: not all workers succeed in finding a job, and not
all firms succeed in hiring a worker. A worker searching in a submarket characterized
by tightness ratio 6 finds a job with probability p(0), where p : R, — [0, 1] is strictly
increasing, twice-continuously differentiable, and strictly concave with p(0) = 0 and
p(o0) = 1. Similarly, firms fill vacancies with probability ¢(0), where ¢ : R, — [0, 1] is
strictly decreasing, twice-continuously differentiable, and strictly convex with ¢(0) =
1 and ¢(c0) = 0. Naturally, ¢q(0) = p(6)/6.

During the production stage, an employed worker produces y+ z, and consumes after-
tax wage (1 — 7)w. Therefore, the firm’s profits equal y + z — w in that period. Un-
employed workers receive and consume fixed unemployment benefit b. At the end
of the production stage, nature draws next period’s aggregate productivity ' and
idiosyncratic productivity 2’ from the probability distributions ®,(y'|y) and ®,(2'|z)
respectively.

"Intuitively, since search is directed, each individual targets his preferred submarket regardless of
the distribution of individuals. Similarly, because of free entry, vacancies are created in any submarket
until firms make zero profits.
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2.1 Worker’s Problem

Consider an individual who’s employment status can be summarized by his lifetime
utility V. During the search stage, he chooses in which submarket to search in order
to maximize his value of search. If the worker searches in submarket z, he finds
a job with probability p(6(z,y)) and the job provides lifetime utility =. If he fails
to find a job, which occurs with probability (1 — p(6(z,y))), he retains his current
employment status in the production stage. Accordingly, an individual with current
lifetime utility V' who has the opportunity to search chooses the submarket which
maximizes his lifetime utility at the beginning of the search stage, V + R(V,y), where
the second term is the value of search at the beginning of the search stage. The
worker’s problem at the search stage can thus be written as

R(V,y) = rxngp(H(x, y)(z—V), (1)

and the solution to the above maximization is the optimal submarket in which to

search, given by
m(V,y) = argmaxp(9(z,y))(z — V).

To ease notation, let p(V,y) denote the probability of finding a job in the optimal

submarket, i.e. p(V,y) = p(0(m(V,y),y),y).

Let U(y) denote the value function of an unemployed worker at the beginning of the
production stage. This lifetime utility consists of the current value of consuming
unemployment benefit, and the value of being unemployed and searching tomorrow:

Uly) = v(b) + BE{U(y') + R(U(Y),y)} (2)

where the value of a variable next period is denoted by a prime symbol ().

2.2 Firm’s Problem

During the matching stage, firms offer contracts ¢ € C to workers. A contract specifies
the current wage w, the probability that the match will be destroyed in the next
separation stage d’, and the worker’s lifetime utility V'’ at the beginning of the next
period. This future utility will be attained by an implicit sequence of future wages.
The firm chooses the contract to maximize its lifetime profits J(V, s), where s = (y, 2),
while delivering lifetime utility associated with the submarket in which they are
(promise-keeping constraint) and also compatible with the worker’s option to go to
unemployment (individual rationality constraint).? The problem of a firm who meets

8Menzio and Shi (2010) show that R(V,y) is continuous, differentiable, and decreasing in V; that
m(V,y) is continuous, differentiable (over the relevant range), and increasing in V; and that p(V,y) is
continuous, differentiable, and decreasing in V.

®Note that it is in the best interest of the firm to endogenously separate the match when the in-
dividual rationality constraint binds. In essence, workers and firms agree on when to endogenously
separate.
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a worker in submarket V' is therefore given by

J(Vis) = max, {y +r—w+ BE[(1—d)1 = AV, )V, 8)] } (3)

Vo= (1= rw)+ BE{dU() + (1= d) [V + ARV, )]}

v {5 ifU() <V + ARV, y)

1 otherwise

where w € Ry. Let ¢ = (w,d’, V') denote the optimal contract. Then the associated
policy functions are the wage w = w(V,s), next period’s probability of separation
d =d'(V,s,s'), and the worker’s lifetime utility in next period V' = V'(V, s, s').10

2.3 Market Tightness

During the search stage, firms choose how many vacancies to open and in which sub-
market to open them. Free entry ensures that vacancies open until the expected
value of opening a vacancy is no more than the cost of creating it, denoted x. Given
the firm’s value of a match in submarket z, J(x,y, 2), where Z € Z is the idiosyn-
cratic productivity for all new matches, and the probability of filling a vacancy in
that submarket, ¢(0(z,y)), free entry implies that

K Z q(9($,y))J($,y, 2) (4)

While the free entry condition must hold with equality for submarkets which are
open in equilibrium (i.e. submarkets in which some individuals search), such need
not be the case for unvisited submarkets. Following Acemoglu and Shimer (1999) and
the subsequent literature, we assume that (4) holds with equality in all submarkets
in a relevant range, that is, from the lowest submarket to the submarket where firms
would just cover the cost of posting a vacancy with a job filling probability equal to
one. Under this assumption, market tightness is decreasing and continuous in x over
the relevant range.

2.4 Laws of Motion

In principle, we can compute the probability that a worker transits from one em-
ployment state to any other state using the optimal policy functions and the ex-
ogenous transition functions of the idiosyncratic productivity shock. However, since
the shocks y and z take on a finite number of values, a finite number of submarket
will be open (in the long run) in equilibrium. To simplify the exposition of the laws
of motion, and slightly abusing notation, we redefine X to be the set of open sub-
markets in the long run and denote N, the cardinality of that set. Accordingly, let
e: X xZ — [0,1] and u € [0,1] denote the probability distribution over employed

1%Menzio and Shi (2010) show that J(V, s) is concave, continuous, and differentiable in V.
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and unemployed workers at the end of the period, respectively. To compute the tran-
sitions between employment states, fix aggregate productivity today at some state y

and tomorrow at some state 1/.

The measure of unemployed workers at the end of the period tomorrow, u’, corre-
sponds to the sum of unemployed workers whose search was unsuccessful plus em-
ployed workers who lost their job during the period. An unemployed worker remains
unemployed with probability (1 — p(U(y'),y’)). As specified by the optimal contract,
an employed worker in state (z,s) today will becomes unemployed tomorrow with
probability d'(x, s, s’) if state s’ = (y/, 2’) occurs. Given a mass e(z, z) of workers to-
day, ®.(7’|z) gives the fraction of workers who transit to any state 2’ tomorrow. The
measure of unemployed workers next period can thus be written as

= (1 -p(U( u—i—ZZZ(I) |2)d (z, 5,5 )e(w, 2).

xeX zeZ 2/eZ

Since all workers in new matches have idiosyncratic productivity z, the transition of
workers to state (2/,2’) when 2’ # Z is different from when 2’ = Z. Let’s start with
the case where 2’ # Zz, which is simpler since no one can end up with idiosyncratic
shock 2’ though successful search. For these states, the only way for a worker to
end up in state (2/, 2’) is for his current match to survive (1 — d'(z, s, s')), his search
to be unsuccessful (1 — A\.p(V'(x,s,5'),y')), and for today’s contract to specify that
tomorrow’s promised utility will be 2’ if state 2z’ occurs. In other words, the contract
must specify that V'(z,s,s’) = 2/. Accordingly, let I[V'(z,s,s’) = 2/] be equal to 1 if

that is the case, and 0 otherwise. Then we have

Z Z O, (' 2)(1-d (z,5,8) (1=Aep(V' (2, 8,8), Y NI[V'(z, 5, 5") = 2']e(x, 2).

zeX z€Z

Finally, for state 2/ = Z, we have to take care of individuals whose search is suc-
cessful in addition to those who transit to that state though their contract with the
firm. First, 2’ could be the submarket in which unemployed workers search. Let
Im(U(y"),y') = 2'] be equal to 1 if that is the case, and 0 otherwise. Similarly, an
individual who’s contract specifies promised utility V’ tomorrow if state 2z’ occurs can
search in market 2’ (note that this occur for any 2’). Let I[m(V'(z, s, s")) = 2/| be equal
to 1 if that is the case, and 0 otherwise. Putting it all together, we have

e, z) = Z Z‘P d(x,8,9,2)(1 = Aep(V'(z, 8,9, 2), ) 1e(z, 2)

zeX zeZ

+ Z Z Z O, (2'2)(1 —d'(z,5,8)AD(V'(2,5,5),9 )ae(z, 2)

xeX zeZ 2 eZ
+ pUE), HImU(Y),y) = 2'lu,

where [} = I[V/(z,s,y/,2) = 2/| and Iy = I[m(V'(z,s,s’)) = 2/]. The measures defined
above take the aggregate states as given. We can use these measures and combine
them with the transition function of the aggregate state to obtain a transition matrix
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®: X xY xZ — [0,1.11 Below we use ¢¢ : X xY x Z — [0,1] and ¢* : ¥ —
[0, 1] to denote the stationary probability distribution over employed and unemployed

workers, respectively, associated with ®.

2.5 Government

The government follows a fiscal policy which guaranties budget balance in the long

run:

Y 0 (w) =7 > 30 S wla, . 2)é (@, y, 2). 5)

yey rzeX yeY zeZ

The left-hand side represents transfers to unemployed workers, and the right-hand
side corresponds to revenues from the payroll tax. Notice that without aggregate un-

certainty, the above budget constraint reduces to period-by-period balanced-budget.

2.6 Block Recursive Equilibrium

In a Recursive Equilibrium, the functions {6, R, m,U, J,c} all depend on the aggre-
gate state of the economy. Solving for an equilibrium outside of the steady state thus
requires solving a system of equations for unknowns which depend on the entire dis-
tribution of worker across employment states. Hence, solving a recursive equilibrium
outside the steady state is analytically and numerically difficult because the dimen-
sion of the state space is very large.

Menzio and Shi (2010) prove existence and uniqueness of a recursive equilibrium
in which the functions depend on the aggregate state of the economy only through
the aggregate productivity component y and not through the distribution of workers

across employment states (u, ¢), which they refer to as a block recursive equilibrium.

Definition A Block Recursive Equilibrium consists of a fiscal policy (b, 7), a market
tightness function 6 : X x Y — R, a search value function R : X xY — Ry, a
policy function m : X x Y — X, an unemployment value function U : Y — R, a value
function for firms J : X x Y x Z — R, a contract policy functionc: X xY x Z — C,
a transition probability function ® : X x Y x Z — [0,1], a stationary probability
function for employed workers ¢¢ : X x Y x Z — [0, 1], and a stationary probability
function for unemployed workers ¢* : Y — [0, 1]. These functions satisfy the following
requirements:

1. R satisfies (1) for all (V,y) € X x Y, and m is the associated policy function;
2. U satisfies (2) forall y € Y;

3. J satisfies (3) for all (V,y,2) € X xY x Z, and c is the associated policy function;

HGiven the discrete nature of shocks, as well as open submarkets, ® is a Markov matrix.
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4. 0 satisfies (4) for all (z,y) € X x Y}

5. @ is derived from the policy functions (m, ¢) and the exogenous probability dis-
tribution for y and z, and ¢° and ¢* are the associated stationary probability
distributions;

6. the unemployment insurance system (b, 7) satisfies (5).

3 Optimal Unemployment Insurance: Analytics

This section establishes some results regarding the impact of unemployment insur-
ance. Although some of the results hold more generally, we abstract from both id-
iosyncratic and aggregate uncertainty throughout this section. Furthermore, we as-
sume that workers cannot search on the job, i.e. A\ = 0. Under these assumptions,
there is only one open submarket in equilibrium: all unemployed individuals search
in that submarket. From the firm’s problem, it is easy to show that: i) the state vari-
able (lifetime utility of the worker) will remain constant throughout the life of the
match, ii) separation will only occur exogenously (d = §), and iii) the wage will be
constant throughout the life of the match. The latter result implies that there is a
one to one relationship between x and w, which we loosely use interchangeably below.
Accordingly, the value of the firm simplifies to

Yy —w

In turn, the wage in submarket = must be given by

V(1 - 7)w) + BOU

r=V(w) = =B -0)

(7

where the value of unemployment is

_ vb) + BRW)

U= ®

The value of search is given by

RU) =pO)(z-1U), 9
where x = m(U), and 6 satisfies the free entry condition

k=q(0)J(w), (10)

and the unemployment rate is v = §/(6 + p(U)). Moreover, the welfare of an unborn
worker in this economy can be defined as W = uU + (1 — u)z. It is easy to show that
the former welfare is equivalence to the weighted average of lifetime utility from
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consumption. The welfare can be rewritten as

v(b) + BR(U) v((1=7)w)+ po(U — x)

W= 1) s
_ ul”(b)ﬁ +(1—u) ”((1 = ;)‘”) + & SuR(U) + (1= 0)d(U = 2]
The last term of above equation is zero,
WR(U) + (1 — u)d(U — z)] = (H;(U)ﬁ(U)(x _U)+ %5(U _)=o0,
so, the welfare is
W:ul”(_b)ﬂﬂl_u)w (11

From (11), one can see the trade-off between unemployment benefit and tax rate.
If unemployment is fixed, the optimal unemployment benefit implies full insurance,
b= (1 — 7)w, i.e. marginal utility for employed and unemployed workers are equal.!?

Given the properties of the periodic utility function, it is quite trivial to show that
there exists an optimal unemployment insurance system which provides positive un-
employment benefits without providing full insurance to individuals: while zero ben-
efits can be ruled out by Inada conditions, full insurance can be ruled out because it
can only be achieved at zero consumption as all individuals would be unemployed.
We nevertheless state that result in the following proposition.

Proposition 1 Assume that the periodic utility function v is strictly increasing, strictly
concave, continuously differentiable, and satisfies Inada conditions. Then there exists
an optimal unemployment insurance system which provides positive benefits to unem-
ployed workers without providing full insurance: 0 < b < (1 — 7)w.

Proof. By assumption, lim.,o2/(c) = co. It follows that a small increase in b away
from zero improves welfare. To see that full insurance is not optimal, assume that
the unemployment insurance system does provide full insurance, i.e. b = (1 — 7)w.
This implies that individuals must choose to search in the submarket which provides
exactly the same utility as unemployment, that is, m(U) = U and thus R(U) = 0. For
that to be the case, it must be that p(6(z)) = 0 for all z > U. Since J in equation (6)
is a continuous function of z (or w), the tightness ratio is also continuous (see equa-
tion (10)). By continuity of p, the job finding probability is near zero at m(z) = U,
and thus the unemployment rate, u = §/(0 + p(U)) ~ 1, and so consumption is again
arbitrarily close to zero. It must therefore be the case that moving away from full

3

risk sharing, i.e. b < (1 — 7)w, improves welfare.!> m

2Substituting (10) in (6), then multiplying the equation by (1 — w), implies (1 — u)y = (1 — uw)w +
17*357+*85f-w, where v is the the number of vacancies. That is, resource constraint does not hold unless
0=1.

13Tt is worth noting that under a linear periodic utility function, unemployment insurance has no
value. To see this, consider the weighted utility of unemployed and employed individuals: W = ub +
(1—u)(1=7)w. Since the budget constraint of the government imposes that ub = (1—u)7w, W = (1 —u)w
is independent of unemployment insurance.
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While we cannot fully characterize the optimal unemployment insurance system
in terms of parameters of the model, we can nevertheless analyze the impact of a
budget-balanced change in unemployment benefits. Before doing so, we establish
that a rightward shift of the value of the firm implies higher job finding rates and

higher search value for individuals.

Lemma 1 Assume that Jo(x) > Ji(z) for all x € X. Then 03(x) > 01(x), p(f2(x)) >
p(61(x)), and Ry(x) > Ri(z) for all x € X.

Proof. Assume that Jy(z) > Ji(z) for all z € X. From (10), ¢(62(x)) < q(01(z)), and
O2(x) > 01(x) since ¢(0) is decreasing in 6. Similarly, since p(f) is increasing in 6,
p(02(x)) > p(61(x)). Finally,

Ry(x) = Ra(z) = p(b2(ma(2)))(ma(z) — x) = p(61(ma(2)))(mi(z) — )

where the second line follows from the fact that individuals cannot do worse by opti-
mally choosing the submarket in which to search. m

The next proposition shows that while a rise in the benefit shifts the firm’s value
function to the right, an increase in the tax rate shifts it to the left.

Proposition 2 If by > by then Jy(x) > Ji(x) for all x € X, and if o > 71 then
Jo(z) < Ji(z) for all x € X.

Proof. In section 6.1. m

From proposition 2, an increase in b and 7 shift the value of a firm to right and
left respectively. Therefore, a higher b is beneficial for consumption smoothing, but
because it raises the tax rate, it discourages firm entry.

4 Optimal Unemployment Insurance: Numerical Results

In this section we use a parameterized version of the model to study unemployment
insurance in the presence of various types of risk. We first set a benchmark in an
economy without idiosyncratic nor aggregate uncertainty, and successively study the
impact of adding each type of risk. We also discuss the desirability for unemploy-
ment benefits to be pro- or counter-cyclical. Before doing so, we parameterize the

economy. 14

14The algorithm used to solve the model numerically appears in the section 6.2.
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4.1 Parameterization

We take a period to be a quarter and set the discount factor to 0.987, which implies an
interest rate of 5 percent annually. The worker’s periodic utility function is given by
(c1=9) —1)/(1 — o), where o, the risk aversion coefficient, is equal to 2. The matching
technology p(6) has the functional form of (1 + 67)~'/7, with v = 0.5, which implies
an elasticity of substitution between vacancies and applicants of 2/3.1°

Following Menzio and Shi (2010), we set «, §, and A, equal to 0.001, 0.045, and 0.3
respectively. The aggregate productivity follows a two-state Markov process with
Y = {0.95,1.05} and transition matrix ¢, = [0.75 0.25;0.25 0.75], with unconditional
mean equal to 1.1 We set the unconditional mean of idiosyncratic productivity to
zero, and assume that z follows a three-state Markov process with Z = {—0.4,0,0.4}
and transition matrix ¢, = [0.75 0 0.25;0.5 0 0.5;0.25 0 0.75]. Note that idiosyncratic
productivity is assume to be zero (2 = 0) in all newly formed matches.

4.2 Benchmark Model without Uncertainty

We now assume that both aggregate and idiosyncratic productivities are constant at
their unconditional means. Figure 1.1 displays various value and policy functions,
the submarket tightness function, as well as the stationary distribution over open
submarkets. Since the value of the firm (J(z)) is decreasing in promised utility to
the worker, firms need to be compensated by a high job filling probability (¢(z)) to
open vacancies in high submarkets. This translates into a tightness ratio (6(x)) and
a job finding probability (p(z)) which decrease as promised utility increases. Notice
that unemployed individuals search in relatively high submarkets: this is because
of the fairly generous unemployment benefit. As a result, the optimal submarket in
which to search is fairly flat, and the distance between the current lifetime utility
x and the lifetime utility associated with the submarket in which individuals search
(m(x)) narrows down quickly. It also follows that the value of search (R(x)) decreases

monotonically with current lifetime utility.

The wage (w(z)), future utility (V/(z)), and the separation probability (d'(z)) are all
chosen by the firm as part of the contract. As one would expect, wages and future
promised utility both increase with the submarket value. Because of curvature in the
periodic utility function, the wage is a convex function of the submarket value over
the relevant range: increasingly higher wages are necessary to provide the extra life-
time utility. Also note that the contract is designed to backload wage payments: by
promising higher future utility, firms can keep current wages low while at the same

*The underlying matching function, as first introduced by den Haan et al. (2000), is given by (v=" +
a’”)’l/ 7, where v and a are the number of vacancies and applicants respectively, and ¢ = v/a. The
elasticity of substitution between vacancies and applicants is ﬁ

16We also experimented with a Markov process with Y = {0.95,1.02} and transition matrix &, =
[0.875 0.125;0.05 0.95], thereby making recessions harsher, less frequent, and more persistent. We omit
presenting these results as the different with our benchmark results are negligible.
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FIGURE 1.1: Economy without Uncertainty
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Notes: In all panels the horizontal axis is the value of submarkets x. This figure was
generated under unemployment benefit b = 0.77, for which the replacement ratio is on
average 0.812, and a labor tax rate 7 = 0.0495. Other parameter values are described in
section 4.1.

time lowering the worker’s job finding probability in the future. The separation prob-
ability is such that no match is ever endogenously destroyed. Finally, note that the
model generates some heterogeneity among homogenous workers, as shown in the
last panel of Figure 1.1. The first spike corresponds to the measure of unemployed
individuals in the population. As dictated by the policy function m(zx), these indi-
viduals search in a higher submarket, which corresponds to the second spike, and
so on. Of course, a limited number of submarkets can emerge without idiosyncratic
nor aggregate uncertainty. Naturally, all open submarkets are located between the
value of unemployment and the submarket for which firms would just cover the cost
of posting a vacancy with a job filling probability equal to one.

Figure 1.2 displays how the economy behaves under various levels of unemployment
benefits, each financed through a labor income tax which balances the government’s
budget on a period-by-period basis. The top left panel shows that there exists a
unique optimum unemployment insurance configuration.!” As discussed earlier, the
intuition for this result is straightforward: while higher unemployment benefits pro-

vide better consumption smoothing, it also reduces production and thus average con-

Consumption Equivalence refers to the amount of extra consumption per period, in percentage
terms, which individuals would require in order to be indifferent between a given unemployment insur-
ance system and the optimal one.
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FIGURE 1.2: Optimal Unemployment Insurance without Uncertainty
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Notes: In all panels the horizontal axis is the value of unemployment benefits . The tax
rate is such that the government budget constraint holds on a period-by-period basis in
the stationary equilibrium given b. Wages refer to average before- and after-tax wages
of employed workers. ‘UU’ refers to the flow of individuals who remain unemployed,
and ‘UE’ the flow of unemployed who transit to employment. Consumption Equiva-
lence refers to the amount of extra consumption per period, in percentage terms, which
individuals would require in order to be indifferent between a given unemployment in-
surance system and the optimal one. The calibration is outlined in Section 4.1.

sumption as the unemployment rate increases.!8

Moreover, a more generous unemployment insurance system provide better consump-
tion smoothing not only because benefits are higher, but also because after-tax wages
are lower. The lower-left panel of Figure 1.2 shows that despite lower consumption,
employed workers work on average in higher submarkets as unemployment benefits
increase, at least at relatively low unemployment benefit levels.!® The extra utility,
of course, comes from the possibility of becoming unemployed in the future, which
has a higher value. But because unemployed workers search in higher submarkets,
for which the job finding probability is lower, individuals spend more time in the un-
employment state as unemployment insurance becomes more generous. Eventually,
even the value of unemployment falls as the prospect of becoming employed not only
becomes less likely but also more dire.

8Production need not decrease in an economy in which firms choose the amount of capital to put in
place prior to filling vacancies, as shown by Acemoglu and Shimer (1999). In their environment, firms
put in place a larger amount of capital when this capital is expected to remain idle for shorter periods
of time, as happens when individuals direct their search to higher submarkets.

¥Note that the value of the average open submarket peaks earlier than average welfare: the value
of unemployment is still rising, which, over a narrow range, dominates the rise of the weight on the
value of unemployment (the unemployment rate).
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FI1GURE 1.3: Economy with Idiosyncratic Uncertainty
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Notes: In all panels the horizontal axis is the value of submarkets x. Red lines represent
low productivity, and blue lines represent high productivity. This figure was generated
under unemployment benefit b = 0.69, for which the replacement ratio is on average
0.677, and a labor tax rate 7 = 0.039. Other parameter values are described in sec-
tion 4.1.

4.3 Introducing Idiosyncratic Uncertainty

In this section, we keep aggregate productivity fixed at its unconditional mean, but
introduce idiosyncratic uncertainty in the form of a three-state Markov chain for
individual productivity z. Recall that idiosyncratic productivity is assumed to be
the same in all new matches, equal to its unconditional mean (2 = 0). Thereafter,
idiosyncratic productivity can either be low or hight, and evolves according to ®..

Figure 1.3 illustrates the properties of the economy. Most functions look familiar
following the discussion around Figure 1.1. The contract, however, has some new
properties. First, only the dashed-line value of the firm (J(z, 2)) in the top panel is
relevant for job creation. No new match are created for submarkets = > 2, where &
satisfies J(z, 2) = k—i.e. submarkets for which 6(xz) = 0. Accordingly, firms design
contracts such that high productivity individuals have no incentive to search: they
search in markets where the job finding probability is zero. On the flip side, firms de-
sign the contract in such a way that matches with some low productivity individuals
are destroyed. Again, because firms cannot offer less than the value of unemploy-
ment, this limits the firm’s ability to backload wages. Finally, notice that wages are
higher for low productivity individuals than for high productivity individuals given a
submarket x. This is due to the persistence of the shock and is most easily seen at
low values of z, for which the contract specifies the same future utility for both low
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FIGURE 1.4: Optimal Unemployment Insurance with Idiosyncratic Uncertainty
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Notes: In all panels the horizontal axis is the value of unemployment benefits . The tax
rate is such that the government budget constraint holds on a period-by-period basis in
the stationary equilibrium given b. Wages refer to average before- and after-tax wages
of employed workers. ‘UU’ refers to the flow of individuals who remain unemployed,
and ‘UE’ the flow of unemployed who transit to employment. Consumption Equiva-
lence refers to the amount of extra consumption per period, in percentage terms, which
individuals would require in order to be indifferent between a given unemployment in-
surance system and the optimal one. The calibration is outlined in Section 4.1.

and high productivity individuals: since the weight on high future utility is higher
for the high productivity individual (V'(2' = 2, z|zp)), a smaller wage is required to
meet the promised utility z. Accordingly, the value of the firm is higher when their
worker has high productivity.

Figure 1.4 displays how the economy with idiosyncratic risk behaves under various
levels of unemployment benefits, each financed through a labor income tax which
balances the government’s budget on a period-by-period basis. As was the case in the
economy without risk, the top left panel indicates that there exists a unique optimum
unemployment insurance configuration. The same mechanism as in the benchmark
model is at work: a more generous system provides better risk sharing at the cost
of higher unemployment and thus lower average consumption. However, a separate
mechanism is responsible for the generosity of the system to be so much lower than
in the benchmark model—the average replacement ratio falls from 81 to 68 percent.
The new mechanism revolves around endogenous match separation, which plays a
crucial role especially at high benefit levels. This can be seen in the lower right panel,

which shows that the flow from unemployment to employment rises sharply at high
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FIGURE 1.5: Optimal Unemployment Benefit and Idiosyncratic Risk
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Notes: The idiosyncratic shock takes on values z € {—Az, 0, Az}.
For any Az, we compute the optimal unemployment insurance sys-
tem, indexed by the unemployment benefit on the vertical axis. The
calibration is outlined in Section 4.1.

benefit levels.2® This is in contrast to the benchmark model, where the rise in the
unemployment rate was essentially all due to the lower job finding probability, and
hence longer unemployment duration. Together, these effect translate into very high
tax rates, so much so that high unemployment benefits are simply unsustainable.
For the same reason, the welfare cost of running ‘too generous’ an unemployment

insurance system is sizable.

Figure 1.5 illustrates how the optimal unemployment insurance system—as indexed
by the level of the benefit—changes with the amount of idiosyncratic risk that indi-
viduals face. As idiosyncratic risk rises, the optimal unemployment benefit initially
rises smoothly but then falls rather sharply. While the initial rise allows individuals
to better smooth consumption, the subsequent fall is due to endogenous separation.
As the amount of risk rises, more matches with low productivity workers are endoge-
nously destroyed. As a result, the unemployment rate rises faster, and so does the
wage tax on the shirking pool of workers. These findings offer a similar interpretation
of the ‘European unemployment dilemma’ to that of Ljungqvist and Sargent (1998):
when income risk rises, generous welfare states become costly as they produce high

unemployment rates and longer unemployment duration.

4.4 Introducing Aggregate Uncertainty

We now remove idiosyncratic uncertainty but introduce aggregate productivity in the
form of a two-state Markov chain for aggregate productivity y. From Figure 1.6, the

same patterns as in the economy without uncertainty emerge here as well. Under

2Recall that in a stationary environment, this flow must be equal to the flow from employment to
unemployment.
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FIGURE 1.6: Economy with Aggregate Uncertainty
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Notes: In all panels the horizontal axis is the value of submarkets x. Red lines represent
low productivity, and blue lines represent high productivity. This figure was generated
under unemployment benefit b = 0.76, for which the replacement ratio is on average
0.80, and a labor tax rate = = 0.049. Other parameter values are described in section 4.1.

high productivity, individuals search in higher submarkets. But because the value of
the firm is higher, their job finding probability of unemployed workers is nevertheless
higher in good times. Aggregate shocks, on their own, aren’t sufficiently large for any
match to be destroyed endogenously. Interestingly, a lot of consumption smoothing
is built in to the contract designed by the firms: promised utility in good and bad
times are fairly close to one another, at least at relatively low submarket values.
This also allows the firm to backload wages. However, promised utilities in higher
submarkets offer less insurance, and most open submarkets end up being in this
region. This is because individuals’ promise utility always rises in good time, but
does not necessarily go down in bad times except in the period of the shock. But
because of the downgrade in the period of the shock, wages are lower in bad times.
Furthermore, the average wage goes up in good times because new matches occur in
higher submarkets. As a result, with a constant unemployment insurance system,
the government runs a surplus in good times and deficits in bad times.

Figure 1.7 displays how the economy with aggregate uncertainty behaves under vari-
ous levels of unemployment benefits, each financed through a labor income tax which
balances the government’s budget on average in the long run. Comparing this fig-
ure to its counterpart without uncertainty (Figure 1.2), we conclude that aggregate
uncertainty does not alter how unemployment insurance affects the economy in gen-

eral. Indeed even the optimal level of benefits is very similar, albeit a little smaller.
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FIGURE 1.7: Optimal Unemployment Insurance with Aggregate Uncertainty
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Notes: In all panels the horizontal axis is the value of unemployment benefits . The tax
rate is such that the government budget constraint holds on a period-by-period basis in
the stationary equilibrium given b. Wages refer to average before- and after-tax wages
of employed workers. ‘UU’ refers to the flow of individuals who remain unemployed,
and ‘UE’ the flow of unemployed who transit to employment. Consumption Equiva-
lence refers to the amount of extra consumption per period, in percentage terms, which
individuals would require in order to be indifferent between a given unemployment in-
surance system and the optimal one. The calibration is outlined in Section 4.1.

It follows that the cost of deviating from the optimal system are rather small.

Figure 1.8 illustrates how the optimal unemployment insurance system—as indexed
by the level of the benefit—changes with the amount of aggregate risk in the econ-
omy.?! This figure shows that the generosity of unemployment insurance should
decline monotonically as the economy becomes riskier. Our interpretation of this
finding is that because the unemployment benefit is the same in good and bad times,
it has a larger detrimental effect on unemployment duration during bad times, when
wages are low, than a beneficial on in good times, when wages are high. On average,
then, the unemployment rate is higher, and so the tax rate necessary to finance any
level of benefit is higher.

The reasoning above is that a flat benefit provides ‘too much’ consumption smoothing
in bad times, and ‘too little’ in good times. As such, it points to the idea that the
unemployment benefit should be pro-cyclical, that is, benefits should be reduced in
recessions. We investigated this issue to find that this is indeed the case. The opti-
mal benefits in bad and good times turn out to be 0.76 and 0.80, respectively, which
translate into replacement ratios of 0.80 and 0.84.

2INote that the relevant range of aggregate risk is below 0.05.
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FIGURE 1.8: Optimal Unemployment Benefit and Aggregate Risk
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any Ay, we compute the optimal unemployment insurance system,
indexed by the unemployment benefit on the vertical axis. The cal-
ibration is outlined in Section 4.1.

4.5 Aggregate and Idiosyncratic Uncertainty Together

We now investigate the full model, with both aggregate and idiosyncratic uncertainty.
Since idiosyncratic uncertainty is much more important than aggregate uncertainty,
this economy behaves essentially in the same way as the economy with only idiosyn-
cratic uncertainty (Figure 1.9). The most interesting aspect of combining the two
types of uncertainty is that the amount of endogenous destruction increases in reces-
sions. This effect is strong enough to essentially double the reduction in the optimal
benefit from adding aggregate uncertainty to an economy with idiosyncratic risk rel-
ative to one with no risk. For similar reasons, the highest level of benefit that is
sustainable is smaller in the full model.

5 Conclusion

Over the last few decades, several economies have experienced fundamental changes,
i.e. a reduction in the volatility of output growth and an increase in wage disper-
sion. This chapter investigates the appropriate labor market policy response to these
changes. I introduce unemployment benefits financed by a proportional payroll tax
within a model of directed search on the job. I show that there exists a unique pos-
itive level of unemployment benefit which maximizes ex ante welfare of individuals.
The optimal unemployment benefit level is hump-shaped as a function of the level
of idiosyncratic risk. At empirically relevant levels of idiosyncratic risk, a much less
generous system than in the economy without uncertainty emerges. Furthermore,
the welfare costs of deviating from the optimal level are substantial, and accompa-
nied by high unemployment rates. I also find that while the optimal generosity of the
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FIGURE 1.9: Optimal Unemployment Insurance with Aggregate and Idiosyncratic

Consumption Equivalence
0.02

0.015

0.01

0.005

0
0.6 0.62 0.64 0.66 0.68

Value of Unemp. and
Avg. Open Submarket

-0.5
-1 /\
ave. open submayket
-15

- -
_-
- \

-
-2t .~ ~value of unemp.
P
\

-2.5 \
\

-3
0.6 0.62 0.64 0.66 0.68

Notes: In all panels the horizontal axis is the value of unemployment benefits b. The tax
rate is such that the government budget constraint holds on a period-by-period basis in
the stationary equilibrium given b. Wages refer to average before- and after-tax wages
of employed workers. ‘UU’ refers to the flow of individuals who remain unemployed,
and ‘UE’ the flow of unemployed who transit to employment. Consumption Equiva-
lence refers to the amount of extra consumption per period, in percentage terms, which
individuals would require in order to be indifferent between a given unemployment in-
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surance system and the optimal one. The calibration is outlined in Section 4.1.

unemployment insurance system declines monotonically with the amount of aggre-

gate risk in the economy, the welfare costs of deviating from the optimal system are

rather small.

The alternative formulation of the unemployment insurance system where unem-

ployment benefits are a function of past employment experience could be subject

for further research. Moreover, one also may study whether unemployment bene-

fits should be extended for longer periods of time in recessions, a policy that was

implemented in the U.S. during the last recession.
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6 Appendix

6.1 Proof of Proposition 2

Proof. Assume that J>(z) > Ji(z) for all € X—we will show below that this is
indeed the case. The difference Ry (U2) — R1(U;) is such that

Ry(Uz) = R1(Ur) = p(62(m2(U2)))(m2(Uz) — Uz) — p(61(ma(Uh)))(ma (Ur) — Un)
> p(02(m1(U1)))(ma1(Ur) — Uz) — p(61(m1(Uh)))(ma(Ur) — Un)
> p(01(m1(U1)))(m1(Ur) — Uz) — p(61(m1(Uh))) (ma(Ur) — Un)
= —p(61(m1(U1)))(U2 — Uh),

where the second line follows from the fact that individuals cannot do worse by op-
timally choosing the submarket in which to search, and the third line follows from
Lemma 1. From (8), the difference U; — U; is

Us — Uy = (v(b2) — v(b1) + B(R2(Uz) — R1(U1)))/(1 = f)
S v(by) — v(by)
— (1 =8+ Bp(01(m1(U))))’

where (1 — 8+ Bp(61(m1(U1)))) > 0. It follows that if by > by then Us — U; > 0. Now in
order to deliver a given utility V, from (7), the firm offers a lower wage under b, than

under by, i.e. wy < w1, Since
V(1 —7)w2) —v((1 —7T)w1) = —B6(Uz — Up) < 0.
From (6), the difference Jo(V') — J1(V) is

— (w2 —w1)

T 1-B(1-0)

Since this is true for any V' € X, this verifies that indeed J(z) > Ji(z) for all z € X.

Jo(V) — Ji(V) > 0.

Now let’s turn to second part of the proposition. Let » > 7, then from (7), the
difference v((1 — 72)ws) — v((1 — 71)w1) given some fix point V' € X is given by

V((l — TQ)WQ) — I/((l — 7'1)001) = —55((]2 — Ul).
If Uy — Uy =0, then wy > wy. From (6), the difference Jo(V) — J1 (V) is

Ta(V) = (V) = 1‘_“’; (If})) <0.
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Now the difference Ry(Uz) — R1(Uq) is

Ry(Uz) = R1(Ur) = p(02(m2(U2)))(m2(Uz) — Uz) — p(61(m1(Ur)))(ma(Ur) — Un)
< p(02(m2(U2)))(m2(Uz) — Uz) — p(01(m2(U2)))(m2(Uz) — Un)
< p(01(m2(U2)))(m2(U2) — Uz) — p(61(m2(U2)))(m2(Uz) — Ur)
= —p(61(m2(U2)))(U2 — Uh),

where we again used Lemma 1. From (8), the difference U, — U is

Us — Ur = (B(R2(U2) — R1(U1)))/(1 = B)
< —B(p(#1(m2(U2))) (U2 — Uh))/(1 — B) < 0.

This sharps the result U, — U; <0, then wy > wy, and Jo(V) — J1(V) < 0. m

6.2 Algorithm

For any given level of unemployment benefit b:

1. Set an initial guess for tax rate 7;

2. Compute the firm’s value function J, submarket tightness function 6, the policy
function m and the optimal contract ¢ by iterating on the following steps:
(a) Set an initial guess for J, and U;

(b) Compute the market tightness 6 using (4) and the implied job finding prob-
ability p from the matching function;

(c) Compute the value of search R, and associated policy function m using (1);

(d) Compute the new firm’s value function J’ and associated optimal contract
c(w,d, V') using (3);

(e) Construct the new value of unemployment U’ using (2).

(H) If J =~ J', done, otherwise use the J' and U’ as new guesses and go back to

step 2b;

3. Calculate the stationary distributions ¢¢ and ¢ associated with the policy func-
tion m the optimal contract ¢, and the tightness ratio 6;

4. Compute the government’s budget deficit: if the budget deficit is zero, stop;

otherwise set a new guess of the tax rate and go back to step 2.

The optimal unemployment insurance system is found by repeating these steps for

several values of unemployment benefits.
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Chapter

Monetary Policy in a Small Open Economy

with Nominal Rigidities

1 Introduction

It seems an agreement has been reached about the optimality of inflation-targeting
among monetary authorities. This is mainly the case because the models supporting
the idea are built on staggered price setting. It means agents cannot adjust prices
of their products whenever they want. On the other hand, rigidity in wages — at
least downward rigidity — is also reasonable and firmly supported by both macro
and micro data, see Gali (2010) and Nickell and Quintini (2003). In this chapter, I
study the performance of different monetary policy rules in terms of their effects on
the welfare of a representative agent who lives in a small open economy. The open
economy is an interesting research topic because money affects the real economy not
only through nominal interest rate (same as in a closed economy), but also through
its effects on the exchange rate. The existence of this additional transmission channel
consequently raises the question of whether monetary policy should be different from

a closed or an open economy.

In the present chapter, I develop a small open-economy model with both nominal
prices and wages rigidities, which subjects to domestic and global technological un-
certainty. In order to model staggered prices and wages, I assume intermediate goods
and labor markets have monopolistic competition; thus, households and firms face
downward sloping demand for their labor services and outputs. Similar to Erceg et
al. (2000), I show that there is no policy that can ensure Pareto efficiency.

Then, the performance of some alternative simple policy rules are compared by using
a welfare loss criterion. I find that, firstly, the performance of simple rules depends
on the degree of stickiness in prices and wages. However, the performance of pegged
exchange rate and CPI inflation-targeting are lower than domestic inflation-targeting
or wage inflation-targeting. Therefore the decision about policy rule is only between

wage and domestic price inflation-targetings, without any regard to the openness of

27
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the economy. Second, for a wide combination of stickiness in wage and price, wage
inflation-targeting perform better than domestic inflation targeting. These results
are in line with some other research.!

Literature review: Recently, Woodford (2003) showed that, in a closed economy
with staggered price, a monetary rule that places a very high weight on inflation-
targeting is close to the optimal policy rule. In the same way, but in an open econ-
omy with staggered price-setting, Gali and Monacelli (2005) and Clarida et al. (2001)
argue that domestic inflation-targeting constitutes the optimal policy. Smets and
Wouters (2002) also uses an open economy framework with both staggered domes-
tic and import price-setting and shows that optimal monetary policy minimizes a
weighted average of domestic and import price inflation. Corsetti and Pesenti (2005)
finds that inward policies that focus on stabilizing domestic prices and output gap,
while there is limited pass-through, may result in suboptimal welfare levels for do-
mestic consumers. It is worth noting that the common feature of these studies is the
price rigidity, while wages are completely flexible.

Although wage rigidity is ignored in lots of papers, there are pieces of research that
emphasize its importance. For example, Christiano et al. (2005) argues that nom-
inal wage stickiness is more crucial than the stickiness in prices, and Gali (2010)
discusses whether, with nominal wage rigidity, the model could explain the nega-
tive correlation between wage inflation and unemployment. Furthermore, Kollmann
(2001) showed that a model of a small open economy with staggered wages and prices
exhibits exchange rate overshooting (large exchange rate movements) in response to
money supply shocks.

The present chapter is different from other studies on open economies. First, nomi-
nal wage rigidity is a new feature, whereas most of the studies allow only for price
rigidity, see Gali and Monacelli (2005), Kollmann (2002), Clarida et al. (2001), and
McCallum and Nelson (1999). Second, welfare loss is derived from utility function
in order to study the welfare effects of alternative rules, while similar studies only
examine the transmission mechanism of monetary policy, see Kollmann (2001).

The rest of the chapter is as follows. Section 2 discusses the model. In section 3,
I study the conditions under which flexible prices and wages equilibrium allocation
is optimal. In section 4, performances of alternative simple policy rules are studied.
Finally, section 5 concludes.

2 Model

The world consists of a continuum of small economies indexed by i € [0, 1], such that

any decision in a typical country has no effect on the rest of the world. In each country,

Erceg et al. (2000) and Gali (2008) developed a model of a closed economy with both rigidities and
argue that the strict inflation-targeting is not optimal. Besides, Faia (2008) achieves the same result in
a model with labor market frictions.
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there is one distortion: monopolistic competition in goods markets. In one of the
countries, which I model as home or domestic economy, besides the distortion in goods
markets, there is also distortion in the labor market as monopolistic competition.
Therefore, in home economy the equilibrium output and labor supply are lower than
their counterparts in competitive equilibrium with fully flexible prices and wages. I
assume that fiscal policy is responsible for offsetting the real distortion caused by
imperfect competition in goods and labor markets, while the central bank’s objective

is to mitigate the effects of nominal rigidities by conducting a simple monetary rule.?

2.1 Household

The home economy is populated by a continuum of monopolistically competitive house-
holds which value consumption and leisure, indexed by h € [0,1]. Each household
supplies a differentiated labor service by signing a contract with a fixed wage. Each
period only a fraction of households (1 — 6,,), selected randomly from the population,
have the opportunity to renew their contracts. The utility function of household / is

00 C h l1—0 N. h 1+
Ep Z(ﬁaw)t_k ( tlf(_)a _ tf(—’_)go ) (1)
t=k

where Cy;(h) and Ny (h) denote the consumption and labor supply in period ¢ of
household / that last reset its wage in period k£, 0 < § < 1 is discount factor, ¢ > 0
is measure of risk aversion, and % > 0 is elasticity of labor supply. E} is expecta-
tion operator conditional on information available at time k. Household h’s budget
constraint in period ¢ is

P,Cyi(h) + E{ Qs 11Dp1i(h)} < (14 70) Wi (h) Ny (h) + Dy (h) + I = i (2)

where P, is the price of a final good at time ¢, Wj(h) is the wage last reset at time &,
T; is lump-sum tax paid to government, and 73, is subsidy rate. Each household owns
an equal share of all firms and collects the dividend II; in period ¢. Each household
also has access to complete international finance market.? Dyy1);(h) is the nominal
pay-off received in period ¢ + 1 from the portfolio which consists of state contingent
securities, and bonds. 2; ;11 is the stochastic discount factor which discounts the pay-
off of period ¢ + 1 into value of period ¢. Assuming complete financial market implies
E{Q1} = R% where ;1 could be interpreted as price of risk-free bond in time
t which gives one unit of domestic currency in the next period, and R; is the gross

2Gali and Monacelli (2005) shows that the optimal monetary policy in a small open model with
staggered prices is domestic inflation-targeting. However, I will explain later that there is no monetary
policy which can achieve Pareto optimum in this model like what is shown by Erceg et al. (2000) for a
close economy. The flexible wage in all foreign countries will guarantee that the world economy follows
optimal policy, and the home country cannot implement any allocation which is better than flexible
prices and wages allocation.

31 may assume that each household consists of measure one family members with differentiated
labor, and total household income is divided equally between members. This assumption guarantees
that each member of the family has the same consumption. Instead, I can assume that financial markets
are complete; that is, households can trade state-contingent securities for all possible state of nature to
guarantee smooth consumption.
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return on the risk-free domestic bond.# In addition, the complete financial markets
also imply that households have access to complete contingent securities market,
and securities’ payoff is contingent on whether household can reset its wage or not.
It implies that consumption is identical across households in every period. Therefore
specific index of household 4 would disappear thereafter, C;(h) = C;.

2.2 Final-Goods Firm

The final good is non-tradable and is produced in a competitive market by firms that
use intermediate domestic and imported goods as inputs and supply their homoge-
neous outputs directly to the domestic final consumers. F-firms produce final goods
by using a constant elasticity of substitution technology

n—1

Ci=[(1=a) (Cun)™™ +an (Cr)'T |

where 1 > 0 is the elasticity of substitution between domestic and foreign goods,
C; is the final good, Cx; and CF; are respectively quantity indices of domestic and
imported intermediate goods. Furthermore, Cy; and Cr; are equivalent to consump-
tion of domestic and imported goods because F-firms’ output is consumed entirely by
the domestic households; hence, in the steady state « is the share of foreign goods in
aggregate consumption i.e. « is a measure of openness of the economy.

Foreign composite goods are produced using technology

1 41 \ 7T
Cri = </ (Cie) dz’)
0

where C;; is the quantity index of imported goods from country i and used by F-firms
in the home economy, and ~ is measure of substitutability of goods imported from
different countries. Cost minimization implies the demand for goods imported from
country ¢ is

with foreign price index,

1 =
Ppy = (/ Pz‘,th’di>
0

where P;; is the price index of imported goods from country i expressed in home
currency.

Each country produces a continuum of intermediate goods indexed by j € [0, 1]. Bun-
dles of intermediate goods manufactured in country i and used by F-firms in the home

“Complete financial market assumption implies that returns on all assets are equal (no arbitrage
condition). Then the price of risk-free bond equals ratio of an asset price V; 11 to probability of occur-
rence of the state that the asset pays (i ¢+1, Qee41 = Vier1/Ceret1-
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economy C; ; are produced using technology

1 e—1 5571
Cit = (/ Cit(j) = dj)
0

where C;(j) is the intermediate good j which is made in country ¢, and ¢ > 1 is

elasticity of substitution between varieties. F-firm’s problem is to minimize the cost
of producing a fixed amount of country i composite goods while taking the price of
intermediate goods as given. The minimization implies intermediate goods demand
function

P\ ¢
Cz‘,t<j>:( ]’Dti(t])) Cit (3)

with price index

1
1 1—¢
Py= ( / B,t<j>1fdj)
0

where P, ;(j) is the price of intermediate good j produced in country i. This means,
for example, that the demand for intermediate goods produced domestically depends
directly on the demand for domestic composite goods and domestic price index and

inversely on its price.

F-firm’s problem also is to minimize its cost for producing a fixed amount of final
goods, while taking the prices of domestic and foreign composite goods as given. The

optimization implies domestic and foreign composite goods demand function

P - P -
CHJ = (1 — Oé) <gt7t> Ct, and CFﬂg = (;f) Ct,

with price index
1
Pr=[(1—a)(Pr)' ™"+ a(Pry) 7"

where P; is the consumer price index (CPI) in the home economy. It is worth noting
that all price indices are reported in the domestic currency.

The final good is produced in a competitive market; consequently, each firm earns
zero profit. This can be shown by using the definition of price indices and demand
functions.

2.3 Intermediate-Goods Firm

The intermediate goods are produced in the monopolistic competitive market; more-
over, each intermediate good is produced by a specific I-firm while intermediate goods
are a close substitute. The technology of the I-firm that produces domestic interme-
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diate good j is
Yi(j) = AcNe(j) 4)

where A, is economy-wide productivity, and N;(j) is aggregate labor used by firm j.
Productivity follows an AR(1) process

at = PaQt—1 + Et, 0<pa<l1

where a; = log A;, and &; ~ N (0, 02).

I-firms only use labor as input, so the real marginal cost is the real wage divided by
marginal product of labor, M P;,

Wt/PH,t - 1 W;

()

where 7 is the subsidy rate and is set such that the firm produces the competitive

amount of output in steady state.

Aggregate domestic production Y; is given by

1 e—1 ﬁ
Yt:(/ Yi(j) 5 dj)
0

where ¢ is correspondent with elasticity of substitution between intermediate goods.

Aggregate labor supply V; is

1 1y (s
N, ——/ N dj = — dj = Zi—,
! 0 t)d A Jo Y J YA,

and aggregate production function is

. AtNt
Yy = Z, (6)

I-firms sell their outputs to F-firms by signing contracts with fixed prices, and they
cannot negotiate over prices each period. Only a portion of I-firms (1 — 6,) have the
opportunity to renew their contracts which are selected randomly.

2.4 dJob-Finding Firms

Labor market is a monopolistic competition, because each household supplies a spe-
cific labor service while the services are close substitutes. I-firms need all types of
labor; therefore, J-firms buy households labor services N;(h) as input and supply fi-
nal labor as output N; through a competitive market to I-firm. J-firm’s production



Chapter II. Monetary Policy in a Small Open Economy with Nominal Rigidities 33

function is

N, = (/ Nt(h)gfdh> o

where ¢ > 1 is the measure of substitutability between differentiated labor services.
J-firm’s problem is to minimize the cost of producing a fixed amount of final labor
subject to a given wage for each kind of labor service. Expenditure minimization
implies demand for type-h labor service

Ni(h) = (Wt(h) ) B N, (7

with

1

W, = </01 Wt(h)“dh) "

where W is the aggregate wage index.

2.5 Competitive Equilibrium

It is worth noting that in a special case — which is presented in section 3 — the model
predicts balanced trade in all time. Therefore, individuals in home economy do not
hold foreign bonds in equilibrium.

Definition A competitive equilibrium in home economy consists of price {R;, P;,
Wi, {Pr+(5) }j=o, {Wi(h)}}—o}, allocation for home individual {C;(h), Ni(h), D;(h)} for
all h, allocation for J-firm {V;, {Nt(h)},llzo}, allocation for F-firm {Cy, {C; + (j)};:o,izo}’
allocation for I-firms {Y;(j), N:(j)} for all j, and aggregates {C;, N¢, D;} such that:

1. given prices {R;, W, P}, home individual maximizes utility (1) subject to their
budget constraint (2) and labor demands (7).
2. given prices {P;, {P;+(j )}Jl'zo,z‘:o}’ F-firm’s allocation maximizes profit.

3. given prices { Py, W}, I-firm maximizes profit

g By > (80:)" [Prre(7)¥iek(d) = (1 = 70)Wesr Newa(5)]
e k=0

subject to technology constraint (4) and demand for its output (3).
4. given prices {W;, {W; (h)},llzo}, J-firm’s allocation maximizes profit.

5. government sets the tax {T;} such that the budget constraint is balanced
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6. Markets clear:

¢ final goods market.

Q:/QWM

e intermediate goods markets
Vi) = Cuali) + [ Clryld

e labor market

| Pt = (/Nt(h)tldhyql

e financial market

2.6 Optimal Decisions
2.6.1 Household decisions

Each period, a constant fraction (1 — 6,,) of households renew their contracts with J-
firm. Then with fixed probability 6,, households are paid last period wages, and this
probability is independent across households and time. The household’s problem is
to maximize its expected lifetime utility (1) subject to budget constraint (2) and labor
demand (7). The following equations show the first order conditions of this decision

problem
Cir1\ °( B B
/BRtEt{< c, ) <Pt+1>}_1 (8)
N Vi(h
By (00 { (Mo - SN ) N o). ©)
=0 t+k (c—1)

Equations (8) and (9) are Euler and wage-setting equations respectively. Thus, the
household’s optimal wage is a constant markup over the ratio of weighted marginal
utilities of leisure to marginal utilities of consumption over the period that the con-
tract is enforced.

I assume that employment is subsidized to eliminate the monopolistic distortion as-
sociated with a positive mark-up; that is 7, = g_% In the absence of wage rigidity

(0, = 0), and subsidy in effect, (9) reduces to optimal labor supply under competitive
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market

©
CtO' -Pt

where the marginal rate of substitution equals real wage.

2.6.2 Intermediate-goods firm decisions

Each period a fraction of I-firms change their prices and renew their contracts with
F-firm.?> Every I-firm resets its price with the constant probability of (1 — 6,) that is
independent of time and other I-firms. Therefore, when it can reset its price, the firm
maximizes the discounted profit of present and future periods subject to demand for
its output. The following first order condition must be met by I-firms

B> {[ ) i Vst ] =0 10)

Py -

where Pj4(j) is the price of product j that is reset in period ¢. From (10), I-firms

target a constant mark-up _%; > 1 over real marginal cost for the period during
which the price contracts are in effect. It is worth noting that all I-firms resetting
prices at time ¢ will choose the same Py (j) because the above condition depends on

aggregate variable, not firm-specific price history.

2.6.3 Uncovered interest rate parity

In the domestic economy, the gross return of a one-period risk-free bond which pays
one unit of domestic currency next period is equal to the inverse of its price

(Re)™' = Ee{Q 111} (11)

In addition, households have access to the international financial market. As with
the above, if the household buys foreign bonds it pays (R:)~! and receives one unit of
foreign currency in period ¢+ 1. Since I assume complete financial markets, it implies
that

§it (Ri)_l = B {11841} (12)

where ¢; ; is the bilateral nominal exchange rate between domestic economy and coun-
try i. Integrating (11) and (12) obtains uncovered interest rate parity (UIR) condition

SDifferent methods are suggested for modeling staggered prices, e.g. Taylor (1980) and Calvo (1983).
Taylor assume that the price contracts are in effect in two periods. However, Calvo’s is more flexible
about the average period of contract. Moreover, latter can be solved without explicitly tracking the
distribution of prices across firms, so it has been used widely in the research.
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R, — RIE, {&g*l } =0. (13)
it

2.6.4 International risk sharing
Since I assume symmetry between countries, Euler equation (8) must hold for the

representative household in every country. Euler equation for a household residing
in country ¢ is

C'1§'+1 - I _ (piy—1
() () ) m as

where C} and P} are respectively household consumption and the price index in local

currency in country i. Substituting R: from (12), (14) can be written as follows

f+1 - Pti it _
P { ( Cg ) (Pti+1> (fz‘,t-&-l) } = E{Qen} (15)

Bilateral real exchange rate could be defined as ratio of CPI in foreign and home

countries, both expressed in domestic currency, Q;; = &%fg. Then, integrating (8)

and (15) for one period ago gives
Ci1
Cy = o
t (Cle” 1)
1
= v,C}

where ¥; is a constant which depends on the relative net assets possessed by house-
holds in two countries initially. Moreover, I assume initial assets position to be the
same among countries, and 1J; equals to one. Finally, domestic consumption is related

to the consumption in country 7 and the real exchange rate between them.

2.6.5 Goods market

Output of I-firm j is consumed by domestic or foreign F-firms. Therefore, intermedi-
ate goods markets clearing in the domestic economy requires

Y:(j) = Cu(y /CHt

where C}{ ,(j) is the intermediate good j produced in the home economy and used by
F-firm in country i. Because I assume symmetry between countries, home export of
good j is

_ -y i\ 7
_ PHt(j)) [ Ppy Pr, :

CZ pr a 2 7A ’ C’L. (16)
H,t(]) < Pi. &JP}% P t
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Then,

— _ - i -
. PHt(j)) : (PHt> ! / Py Ppy »
() = —=—= 11—« : Ci+a - — Cidi
0= (Z2) oo () o e ) (B c
and using the definition of aggregate output, we end up with
Pus\ " Pus \ [P\

v, = (1-a) < H’t> Cy + a/ nt BL o cidi

Pt gi,tppyt Ptz

L )
— (?) C, [(1 —a)+a / (Sgsm)MQZtadi} %))
t

where S;; is bilateral terms of trade defined as S;; = Pit and S; is effective terms

P42
P
of trade defined as S; = sz i

In the special case of 0 = n = v = 1, the condition (17)
can be written as Y; = S{*C}, which implies Py .Y; = P,C,.% Tt implies the value of

domestic output equals the value of consumption in home economy; hence, the value

of imports is equal to the value of exports.

2.7 Linearized Model
2.7.1 Definitions and identities

Effective terms of trade is defined as price of foreign goods in terms of home produced
goods both expressed in domestic currency. Log of terms of trade s; is

St = PRt — PHt- (18)
From now on, all log variables are indicated with small letters.

Let’s normalize the price level to one in steady state. Log-linearization of the CPI
expression around a steady state with zero inflation yields

pt = (1—a)pu + appr = pHs + as (19)

where p; is the log of CPI.7 Substituting (18) in (19) with the definition of CPI infla-

tion, 77 = p; — pt—1, and domestic inflation, 7T1;_Lt = PHt — PH—1, 8iVes
= 77%,1& + al\s; (20)

that is, CPI inflation depends on domestic inflation and the change in terms of trade.

I assume that the law of one price holds for all intermediate goods. It implies that the
price of an intermediate good in home country equals the price of that good in the pro-
ducing country multiplied by the bilateral nominal exchange rate, P; ;(j) = 52-7,5]3&( 7)
where Pift( j) is the local price of good j produced in country i. Using the definition of

5The CPI takes the form P, = P;I}(’Pﬁ‘,t when n = 1.
"By assumption the price level equals one in steady state, which implies zero inflation.
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price index for imported good from country ¢ implies P;; = fiﬂng,t. Substituting in the
foreign price index and log-linearizing around the symmetric steady state gives

1
PEt = / (eis +P§,t) di = e; + p; (21)
0

where e¢; = [ e;,di is the log effective nominal exchange rate, and p; = [ pgtdi is the
log world price index. Combining the previous result with the definition of terms of
trade (18) leads to

5t = e+ p; — PH -

Log of bilateral real exchange rate is g;+ = e;+ + pi — pt, and integrating over all

countries gives
q =€ +p; —pe = (1—a)s. (22)

This implies that any improvement in terms of trade is the same as real exchange
rate depreciation. It is worth noting that the previous equations are identities and
not behavioral ones.

Log-linearizing uncovered interest rate parity (13) around steady state and aggregat-

ing over all i gives
it =1y + Ei{ e}

and this implies that, if domestic rate is larger than world interest rate, nominal
exchange rate is expected to depreciate in the next period.

2.7.2 Goods markets

First-order log-linear approximation of goods market clearing condition (17) around
the symmetric steady state implies

aw
Yt =+ St (23)

where w = 0y + (1 — a)(on — 1), and I make use of fol stdi = 0. It is worth noting
that in the global goods market total production is consumed each period, so global
goods market clearing condition is y; = ¢;. Log of international risk sharing condition
yields

l—«

1
c=c + ~a = yi + St, (24)

where in second equality I make use of the relationship between real exchange rate
and terms of trade (22). Substituting (24), and global market clearing condition in
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(23) gives
. 1
Y=Y +—5¢ (25)
Oa
where 0, = =75 > 0. Actual production relates positively to world output and

terms of trade.

2.7.3 Aggregate demand and supply

First order approximation of aggregate production function (6) gives
Ye = ar + g+ 2 (26)

and it is worth noting that z; = log(Z;) is of the second order, thus it is zero in the

previous equation.

In the short run, the actual production fluctuates around its natural level.® There-
fore, I should first determine the natural level of production, and ensure that it is
optimal. In section 3, I discuss the conditions under which the natural level of pro-

duction is optimal.

Natural production y;* is the level of output under flexible prices and wages when log

_E_
e—1»

rate of substitution is equal to natural real wage. Log-linearizing marginal cost (5)

of marginal cost is equal to frictionless mark-up mc = —pu = — log and marginal

yields
—U+ (U - O'a)y;,k + (90 + O'oc)y? - (1 + 4,0)(115 = —u
where v = —log(1 — 7f) > 0. Rearranging the previous equation for y; gives

ytn = F() -+ Flat + Fzy;( (27)

where I'y = ;;_fw, I, = Ulj—ﬁp >0,and I'; = gz;g . Therefore, natural output is only
a function of real variables: technology shock and world output — it is not a function
of nominal variables. Positive technology shock increases the natural production,
but the effect of world output is ambiguous.?® In addition, I frequently use natural
production to calculate the output gap which is deviation of actual output from its

natural level, z; = y; — y;'.

Log of Euler equation (8) implies

1
Ct = Et{Ct+1} — ;(Zt — Et{ﬂ-t+1} — b) (28)

8In long run when prices and wages are completely flexible, the model is a Real Business Cycle
model in which real shocks (technology and world output shocks) are the only forces that change the
real variables (production, real interest rate, real wage rate). The levels of variables under flexible
prices and wages are called natural in order to be distinguished from actual level of variables which are
induced by staggered prices and wages.

9Under special parameterization (¢ =7 =~ =1), > = 0.
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where b = —log 3. As shown in section 6.1, linearized Euler equation in terms of
output gap z; and natural real interest rate r} gives

1, .
Ty = Et{xtJrl} — ?(lt — Et{ﬂ-?[,t—l—l} — Ty ) (29)

«

ri =b—o0.l0(1 = plas + 0a(a® + T*)E{ Ay 1 } (30)

where © = w — 1. From (29) output gap relates to real interest rate gap (deviation of
actual real interest rate, r; = 7, — Et{Tr’;Lt 41}, from its natural level) and expectation
about future output gap. Moreover, from (30) natural real interest rate is a func-
tion of domestic productivity and world output changes. The increase in productivity
causes a decrease in natural real interest rate. Consequently, from (29), a decrease in
natural real interest rate creates a positive real interest gap which causes a decrease

in output gap.

In the absence of both price and wage rigidities and presence of labor subsidy, condi-
tion (9) reduces to the condition that the natural real wage, w}’, equals marginal rate
of substitution, and in log-linear format

wi' = wy — pr = oc + P, (31)
then rearranging (31) yields
wi' = To+ YTia; + Toy;

where Ty = (¢ + (1 —a)0q) o, T1 =1 — ao,I'1 and Ty = %ﬁ;‘p) > 0, which makes
use of (24), (26), (25), (27) and global goods market clearing condition. From (31)
an increase in world output and positive technology shock, provided that Y, > 0,

increases the natural real wage.

As shown in section 6.2, domestic price inflation equation, derived from log-linearized

price-setting condition (10), is
e = BB 1} + 5P+ Ny (32)

where \P = w > 0, kP = NPao, > 0, and &, is the gap between actual real
wage and natural real wage, &; = w; — wy’. Therefore, domestic price inflation posi-
tively relates to output gap, real wage gap, and expectations about future domestic
inflation. Positive technology shock, for example, indirectly reduces domestic price

inflation, through decreasing output and wage gaps.

In section 6.3, I derive the wage inflation (changes in the nominal wage rate) equation
(33) from the log-linearized wage-setting condition

) = BE{T ) + K re — AV @ (33)
where \* = % > 0, K = X(¢+ (1 — a)g,) > 0, and 7" is the wage

inflation. So, wage inflation in the current period relates not only to the output gap
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and real wage gap, but also to the expectation about wage inflation in the next period.
Moreover, output gap has a positive effect on wage inflation rate, while real wage gap
has a negative effect on it. Finally, as shown in section 6.4, the law of motion of real
wage gap is

O = @1 + 7 — 7 — Awyp. (34)

Analytically, a positive technology shock raises natural output and real wage, and de-
creases output and real wage gaps. Consequently, domestic price inflation decreases.
However, the exact effect of technology shock on wage inflation is not clear and it

depends on the relative size of output and wage gaps in (33).

Although the dynamic price-setting (32) and the dynamic wage-setting (33) equations
are apparently identical, they have different coefficients which linked to parameters
in preferences and technologies in different ways, and bring different characteristics

for each equation.1?

3 Monetary Policy: a Special Case

As mentioned above, it is important to be sure that natural production and employ-
ment are optimal. Even if prices and wages are fully flexible, there are still two
sources of distortion in this economy: monopolistic competition in labor and goods
markets. These distortions cause households to supply less labor and firms to pro-
duce less output than the perfect competitive equilibrium. Therefore, fiscal policy
should subsidize employment and production (73, 7f) to offset mark-ups. The social
planner’s problem is to maximize the utility subject to the production function, labor

demand, risk-sharing condition (24), and market clearing condition (17).11

I show that, if employment subsidy is 7, = c%l, then households supply labor as in
a competitive market, and the social planner only needs to choose remaining sub-
sidy, 7¢. For a special case (¢ = n = v = 1), Gali and Monacelli (2005) show that
by setting the production subsidy such that v = u + log(1 — «) is satisfied, flexible
price equilibrium allocation is optimal. Moreover, households supply constant labor,
Ny =(1- a)ﬁ, under the assumed preferences. I assume that government subsi-
dizes according to the above conditions, which ensures optimality of flexible equilib-
rium allocation. However, the cost of imposing this condition is to be restricted in
particular parameters. The rest of this chapter is based on the holding of the above
condition.

As is the case for a closed economy, it is impossible for monetary policy to attain the

Pareto optimum under staggered wages and prices. Domestic price inflation and wage

YHuang and Liu (2002) show that the staggered price-setting mechanism by itself is incapable of
generating persistence in output, while the staggered wage-setting mechanism helps in producing out-
put persistence.

"For a formal proof, see Gali and Monacelli (2005).
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inflation are at their desired level (zero) if there is no real wage gap, or if real wage
was at its natural level forever. However, this is impossible because natural wage

rate is a function of exogenous shocks in domestic technology and world output.'?

3.1 The Welfare Loss

To evaluate the performance of alternative policy rules, I need a quantitative cri-
terion. While some suggested criteria are exogenous, one that was introduced by
Rotemberg and Woodford (1999) which is based on consumer utility, seems to be more
appropriate. In this case, welfare loss is the second-order approximation to the util-
ity experienced by the consumers as a result of deviation from efficient allocation. As
shown in section 6.5, the welfare loss function is

1 _ oo
W= 2 [+ ) + 55 (7 ) + 5 ()] (35)

and taking expectation and letting 5 — 1, (35) can be represented as

11—«

V=—
2

[(1 + )var (z¢) + %var(ﬂ%t) + /\iwvar(w;“)] . (36)

It is clear that the loss function is the weighted average of variance of three variables:
output gap, domestic price inflation, and wage inflation. The weight of output gap
depends on the parameter of labor in utility, and the weight of both domestic price
and wage inflations depend on elasticity of substitution and level of stickiness. For
example, the higher degree of wage stickiness (6,, — 1), the higher is the penalty of
variance in wage inflation (1% — oo). The intuition is straightforward: when wages
are sticky, wage inflation results in an inefficient dispersion of supply of labor. The
dispersion of wages changes the relative price of differentiated labor; hence, firms
employ more of the relatively cheaper labor. Because of curvature in utility function,

wage dispersion reduces utility.

3.2 Optimal Monetary Policy

Monetary policy cannot achieve Pareto optimum equilibrium, but I can define the
optimal monetary policy as the policy which maximizes household welfare. Under
the optimal monetary policy, the central bank minimizes welfare loss (35) subject to

domestic price-setting (32), wage-setting (33), and low of motion of real wage gap (34)

2This is shown by Erceg et al. (2000) for a closed economy.
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for t = 1,2, .... The first order conditions for the optimal monetary policy are

—(1—a)(1+¢)ze+ &P x1e + KX + aoa(x3t — Bxse—1) =0
13
—(1-a) ﬁﬂﬂt — X1t + X1t—1 + X3¢ =0
S
~(-a) g
MNxie — XXt + x3t — BE{x3t+1} =0

T — X2t + X2t—1 — x3t = 0

where Y1+, x2: and y3; are Lagrange multipliers associated with constraints (32), (33),
and (34) respectively. In order to implement the optimal policy, the output gap and
real wage gap should be observed by the central bank; that is, the central bank has
the right information at the right time, which is not the case in the real world. How-
ever, the welfare under the optimal monetary policy provides a benchmark for com-
paring the performance of alternative policy rules which are explained in the next

section.

3.3 Alternative Monetary Policy Rules

The main objective of this chapter is to use the above model to evaluate the perfor-
mance of different policy rules. Henceforth, I use the term “Taylor-type” to indicate an
interest rate rule in which the interest rate is a policy instrument that is completely
controlled by the central bank. In theory the central bank could adjust nominal in-
terest rate if inflations, output gap, or natural real interest rate change; however, in
reality output gap is not observed, or it is known with lag in the best case. Therefore,
I limit the alternative rules to ones that are simple to implement.'?® The general form
of the next four Taylor-type interest rate rules is

’it =b+ ¢Wt (37)

while real interest rate is fixed in the unconditional mean of natural real interest
rate, b. The nominal interest rate is changed in response to a change in

e CPI inflation under CPI inflation-targeting (CIT), m = 7%,

e domestic price inflation under domestic price inflation-targeting (DIT), m =
p
Tt

e domestic wage inflation under wage inflation-targeting (WIT'), 7, = 7",

e both domestic price and wage inflations under hybrid inflation-targeting (HI7T),
™ = omhy , + (1 — 0)m” where § € [0,1].1

13There is an implicit assumption that the central bank has insufficient information about the shocks
in the current period to change the nominal interest rate alongside the changes in the natural real
interest rate and output gap.

YHIT is a linear combination of DIT and WIT, and choosing the weight of each policy, 8, is impor-
tant. Therefore the weight are going to be chosen such that HIT has its best performance in regard to
representative welfare.In present model, optimal choice of § is 0 in benchmark parameterization. That
means HIT is the same as WIT; therefore, performance of HIT is not reported separately.
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The final rule is the pegged exchange rate (PER) which the central bank fixes nomi-
nal exchange rate in advance, e; = 0.

3.3.1 Equilibrium

Dynamic properties of the model can be studied by using the Euler equation (29),
domestic price inflation (32), wage inflation (33), wage gap motion (34), and policy
rule (37). Let’s replace (37) with a more general format of the Taylor-type rule that
the central bank adjusts the nominal interest rate in response to the deviation of
domestic price inflation, wage inflation, and output gap from their steady-state levels,

it = b+ ¢pmyy + Gumy + br (38)

where ¢,, ¢, ¢, > 0. The above rule covers DIT, WIT and HIT. These equations

can be rearranged in matrix format
AXi1 = BX: +CZ; (39)

where X; = (@1, 21,7, 7y, 7°) and Z; = [ay,y;]. Blanchard and Kahn (1980)
show that a necessary and sufficient condition for uniqueness of a solution to a system
with two predetermined variables and three non-predetermined variables like (39) is
that three eigenvalues of A~ B lie outside the unit circle.

It is not possible to derive the eigenvalues of A~'B analytically; hence, I use the
benchmark parameters — from the next section — to examine the uniqueness of equi-
librium under different parameterization of monetary policy (38). Figure 2.1 indi-
cates the combinations of ¢, and ¢,, associated with unique equilibrium under the
condition ¢, = 0. The region of indeterminacy is shaded, and corresponds to any pair
of ¢, and ¢,, such that ¢, + ¢,, < 1. If, for instance, the monetary authorities decide
to adjust nominal interest rate only in response to changes in domestic price infla-
tion, the coefficient of inflation in policy rule should be more than one to guarantee

equilibrium.

Figure 2.2 indicates how an increase in ¢, affects the determinacy region. Now, if ¢,
is positive, the sum of domestic price and wage inflations could fall below one, and
the system still has a unique solution. It can be shown that these conditions apply for
CIT, so the coefficient of CPI inflation in the Taylor-type rule must be larger than one
in order to guarantee equilibrium. Likewise, if nominal interest rate is also adjusted
to changes in output gap, the coefficient of CPI inflation can be less than one, and the

system still has a unique equilibrium.
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FIGURE 2.1: Determinacy and Indeterminacy Regions when ¢, =0
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FIGURE 2.2: Determinacy and Indeterminacy Regions
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4 Numerical Analyses

4.1 Calibration

I take a period to be a quarter and set the discount factor to 5 = 0.99, which implies
1 percent interest rate in one quarter (4 percent real interest rate annually). Con-
sumption utility is logarithmic, o = 1, and labor utility parameter is ¢ = 3, which
implies a labor supply elasticity of 1/3.

Moreover, substitutability of bundles of goods with different origins are equal, n =
~v = 1, while elasticity of substitution between differentiated goods is ¢ = 6. The
latter implies a mark-up of 1.2 in steady state; similarly I assume that ¢ = 6 and a
markup 1.2. Nominal rigidity parameters are 6, = 6,, = 0.75, which imply a one-year

1 ) 15
1-0.75 :

ensure equilibrium existence, the coefficient of domestic inflation, wage inflation, and
CPI inflation in the Taylor-type rules (37) is 1.5.

duration of price and wage contracts on average ( = 4 quarters In order to

In steady state, the share of foreign goods in total domestic consumption is o = 0.4. I

also assume that both domestic and world technology follow AR(1) process

Up+1 = Pyl + Eyttl

where p, € [0,1) and ¢,,; is a random variable with zero mean and constant variance.
I use p, = 0.66, py» = 0.86, 04 = 0.0071, 04+ = 0.0078, and corr(eq,£q+) = 0.3. All above
numbers are from Gali and Monacelli (2005), except 6,, and .

4.2 Impulse Responses

In this section, I study the dynamic behavior of alternative rules when reacting to do-
mestic technology shocks. Figure 2.3 indicates impulse responses to a one percentage
point increase in domestic productivity. The figure shows that patterns of impulse re-
sponse are similar for alternative rules, especially for output gap, domestic inflation,
and wage inflation. However, these rules imply different responses for CPI inflation,

terms of trade, the interest rate, and the exchange rate.

A positive technology shock decreases the natural real interest rate and increases
natural output and natural real wage. Therefore, negative output and wage gaps
cause reduction in domestic prices. In contrast, these gaps have opposite impacts on
wage inflation, and the change in wage inflation is ambiguous. Moreover, the reaction
of interest rate, exchange rate, terms of trade, and CPI inflation depend on monetary
policy in effect.

Under the optimal policy, nominal interest rate decreases severely, and it causes a

large depreciation in exchange rate and improvement in terms of trade. In spite of

BGali (2010) uses ¢ = 4.52 and estimates 6., = 0.81 for US.
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FIGURE 2.3: Impulse Response to a Rise in Domestic Productivity
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fall in domestic prices, CPI inflation increases because foreign prices sky rocket due
to strong depreciation of exchange rate. Moreover, the effect of decrease in wage gap
gets dominant over effect of decrease in output gap, and lead to an increase in wage
inflation.

Under DIT and WIT, the central bank reacts by decreasing nominal interest rate in
order to encourage consumption. The large nominal interest rate fall under DIT is
the source of exchange rate depreciation; however, uncovered interest parity implies
formation of expectation for exchange rate appreciation in future. Under DIT, CPI
inflation decreases initially because the large appreciation of exchange rate domi-
nates the increase in domestic prices, and then it rises sharply. The pattern under
WIT is quite similar to under DIT, except the fall in interest rate is smaller under
WIT, because domestic inflation decreases more than wage inflation.

Uncover interest rate implies that the interest rate is fixed under PER. The initial
terms of trade improvement under PER is less than under DIT and CIT because
exchange rate deprecation in the latter cases causes a larger increase in terms of
trade. Hence, under PER, interest rate and exchange rate are constant and terms of
trade has a hump-shape pattern, which makes CPI and wage inflation more stable.

Under CIT, the central bank adjusts interest rate in response to CPI inflation, and
since foreign prices are constant, the decrease in CPI inflation is less than domestic
inflation; hence, the decrease in interest is less than under DIT. Interest rate con-
tinues to decrease slightly and then rises slowly to its steady state. Slow adjustment
of interest rate causes persistent appreciation in exchange rate and improvement in
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terms of trade, which keeps CPI inflation more stable under CIT.

4.3 Welfare Analysis

Table 2.1 reports business cycle properties of several key variables under alternative
monetary policy regimes. In the table, all figures are reported in percentage terms,
except for the exchange rate which is expressed in first difference, because the level
of exchange rate is not stationary. Under optimal policy, wage and domestic inflations
are stable, while output and exchange rate are very volatile.

In terms of volatility of variables, DIT and W IT are quite similar to each other. The
very small differences are that under DIT wage inflation, domestic inflation, and
interest rate volatility and under WIT output volatility are higher relative to each
other. These rules generate less volatility in output, while optimal policy provides
less volatility in wage and domestic inflations.

Under CIT, the variability of wage inflation, domestic price inflation, output, and
interest rate are higher than DIT and WIT. Since CPI inflation depends on both
domestic price inflation and exchange rate, under CIT interest rate is very volatile
and it makes other variables more volatile too.

Under PER, exchange rate, terms of trade, and CPI inflation are more stable, but in-
terest rate is very volatile because uncover interest parity implies that exchange rate
is fixed if domestic interest rate changes one to one as world interest rate changes.
Then high volatile interest rate causes output and wage inflation to be more volatile
under PER. Therefore, the patterns under PER and CIT are different from the

pattern under optimal policy.

We can conclude that DIT and WIT roughly perform as well as the optimal policy.
However, by using the information in Table 2.1, it is impossible to rank alternative
rules based on their performances, so it is necessary to use the welfare criterion (36)
in order to evaluate rules’ performances. Table 2.2 summarizes the performance of
alternative policy rules. For the benchmark parameterization, WIT performs better
among simple rules. Besides, CIT and PER have the worst performances, and DIT

TABLE 2.1: Cyclical Properties of Alternative Policy Rules

Optimal

Policy DIT WIT cIiTr PER
Output 0.92 0.20 0.28 0.85 1.40
Wage inflation 0.00 0.05 0.02 0.13 0.08
Domestic inflation 0.10 0.12 0.11 0.17 0.11
CPI inflation 0.35 0.35 0.35 0.32 0.07
Interest rate 0.34 0.19 0.03 0.48 0.21
Terms of trade 1.56 1.52 1.47 2.05 0.53
Exchange rate 0.91 0.80 0.81 0.65 0.00

Notes: Figures are standard deviation reported in percentages.



Chapter II. Monetary Policy in a Small Open Economy with Nominal Rigidities 49

TABLE 2.2: Contribution to Welfare Losses

optimal
policy DIT WIT cIT PER

e=6,¢=6,p=3

Var(output gap) 0.0000 0.0077 0.0065 0.0140 0.0204
Var(domestic inflation) 0.0022 0.0032 0.0026 0.0062 0.0028
Var(wage inflation) 0.0001 0.0097 0.0013 0.0722 0.0246
Total loss 0.0023 0.0206 0.0104 0.0924 0.0477

performs moderately.

Table 2.3 reports results from robustness analysis, and it has four panels, each of
which shows welfare loss under different parameterizations. In panel A, the firm
mark-up decreases to 1.1, while household mark-up and labor elasticity are the same
as in benchmark. In panel B only household mark-up decreases to 1.1. Next, the
labor supply elasticity decreases to 0.1 in panel C. Finally, all three parameters
change in panel D. Table 2.3 displays that the pattern obtained under the benchmark

parameterization holds under different parameterizations.

TABLE 2.3: Contribution to Welfare Losses: Sensitivity Analysis

optimal

policy DIT wir cIr PER

Aie=11,¢c=6,9p=3

Var(output gap) 0.0000 0.0078 0.0065 0.0139 0.0201
Var(domestic inflation)  0.0041 0.0060 0.0048 0.0112 0.0050
Var(wage inflation) 0.0001 0.0098 0.0013 0.0722 0.0243
Total loss 0.0042 0.0236 0.0126 0.0973 0.0494
B:e=6,¢=11,p=3

Var(output gap) 0.0000 0.0089 0.0065 0.0218 0.0224
Var(domestic inflation)  0.0023 0.0028 0.0024 0.0047 0.0025
Var(wage inflation) 0.0001 0.0126 0.0012 0.1414 0.0355
Total loss 0.0023 0.0243 0.0102 0.1679 0.0604
C:ie=6,¢=6,0p=10

Var(output gap) 0.0000 0.0222 0.0179 0.0420 0.0572
Var(domestic inflation)  0.0023 0.0032 0.0026 0.0058 0.0027
Var(wage inflation) 0.0000 0.0280 0.0046 0.2094 0.0651
Total loss 0.0023 0.0534 0.0251 0.2572 0.1250
D:ie=11,¢=11,9 =10

Var(output gap) 0.0000 0.0255 0.0179 0.0684 0.0620
Var(domestic inflation)  0.0042 0.0051 0.0045 0.0082 0.0046
Var(wage inflation) 0.0000 0.0344 0.0042 0.3990 0.0903
Total loss 0.0042 0.0650 0.0266 0.4756 0.1568

Although WIT performs the best, the performance of DIT is better than CIT and
PER and not far from WIT. In order to examine how much these results depend on
the degree of price and wage stickinesses, we introduce HIT with ¢ € [0, 1] where §
determines the weight of domestic inflation in the rule. In all possible combinations
of stickiness, there is a DIT or WIT such that its performance is better than both
CIT and PER. Therefore, the choice of simple monetary rule is only between DIT
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FIGURE 2.4: Optimal Weight of Domestic Inflation in HIT
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and WIT. Figure 2.4 indicates the best simple rule under different combinations of

wage and domestic price stickiness.

Figure 2.4 shows that for a wide combinations of wage and price stickiness, WIT is
the best simple policy rule. For cases where the degree of wage stickiness is higher
than that of price stickiness, WIT is the best policy rules. The intuition is that coef-
ficients on the output gap and the wage gap in the wage-setting equations are lower
than their counterparts in the price-setting equation; therefore, deviations in wage
inflation will be more persistent and cause more inefficiency in comparison to do-
mestic price inflation. As the price stickiness increases, the weight of DIT in HIT
goes up, and for high enough price stickiness pure DIT is the best. In the area that
DIT performs well, the coefficients on output and real wage gaps in the price-setting
equation are lower than their counterparts in the wage-setting equation; hence, DIT
provide less welfare loss. In the area that a combination of DIT and WIT is a de-
sirable policy, the coefficient on the output gap in the wage-setting equation is larger
than its counterpart in the price-setting equation; in contrast, the coefficient on the
wage gap in the wage-setting equation is smaller than its counterpart in the price-

setting equation.

Therefore, it could be argued that the desired simple policy rule depends on the rel-
ative rigidity of wages and prices. However, wage inflation-targeting is the desirable
simple rule for a plausible calibration of the model.
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5 Conclusion

This chapter has analyzed monetary policy in an open economy with both staggered
wages and prices. It has been shown that domestic inflation-targeting — which is
optimal in a model with staggered nominal prices — is not optimal anymore. In an
open economy, the central bank has an opportunity to follow a pegged exchange rate
or CPI inflation-targeting, but I show that the latter policies are not better than
domestic inflation-targeting or wage inflation-targeting. The performance of domestic
inflation-targeting and wage inflation-targeting depends on the degree of stickiness
in domestic prices and wages. However, wage inflation-targeting is the desirable
simple rule for a plausible calibration of the model.

There are some other open-economy issues that are important to consider: incom-
plete pass-through, and imported capital. In this chapter, we assume that exchange
rate pass-through is complete and that production is the only function of labor. In-
troducing imperfect pass-through and imported capital causes the central bank to
leverage some weight on imported price inflation. These could be subjects for further
research.
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6 Appendix

6.1 Euler Equation
Combining (28), (20), and (25) gives

. *
Yt = Ee{yt+1} — ;(@t — B{7iq} — b) + aOE{Aypyy )

where © = w — 1. Using z; = y; — y;* and natural output (27), the above equation can

be written as (29) and (30) in the text.

6.2 Optimal Price-setting

Log of price-setting condition (10) implies

pre = (1= 80,) > (B0, Edprs} + (1 — B80,) > (80,)" Ex{mey + p},
k=0 k=0

and the above equation can be written

pat = (1= B0p)prs + BOEADH 1} + (1 — BOp)(met + p).

(40)

In each period, (1—-6,) percent of firms change their prices while the rest post previous

prices, so aggregate price is the weighted average of re-optimized price and previous

price level which in linear form is
pat = (1= 0,)Pm: + Oppmi—1-
Thus, combining (40) and (41) gives
= BEAT 1} + N (mey + p)

where \7 — (1=6:)(1-89,)
01)

. Log-linearizing the marginal cost is
mey = —v+ Wy — PHt — Gt
Rearranging (43) with (19) and (25) gives

mep = —v 4+ wy + aog (Yye — i) — ar

(41)

(42)

(43)

(44)

where w; is real wage rate. Natural level of output is defined as output corresponding

with flexible wages and prices. The real marginal cost in frictionless situation is

equal to p,

p=—v+w + ooy —y;i) — ar.

(45)
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Subtracting (45) from (44) gives
mey — b = Qooxt + Wy (46)

where ©; = w; —wy}' is the deviation of real wage from its natural level. Equations (42)
and (46) together give the domestic price-setting

F%’t = /BEt{ﬂ'%,tJrl} + :‘ipfll‘t + )\pd}t (47)
where kP = M\ao, > 0. It implies that the domestic inflation in time ¢ is not only

the function of output gap and real wage gap, but is the function of expectation of

domestic inflation.

6.3 Optimal Wage-setting
Log-linearizing wage-setting condition (9) obtains
E; Z(Béw)k{(l + 9S) Wt — Ptk — OCt+k — PRtk — PSWitk} =0
k=0

where w; is (log) wage which is set in time ¢, and it can be rewritten as

_ _1_5‘910
14

(pt + oct + pny + eswy) + B0y Ey{ w41} (48)

Equation (48) with linearized form of aggregate wage definition, w; = (1 — 0,,)w; +

ewwtfl ’ give

7 = BEAm  } + A (o + pong — wy) (49)
w _ (1=0uw)(1=56w)
where \¥ = S g el 0.

Using (31), (24), and (25), marginal rate of substitution can be represented as the
function of output gap and real wage gap

oy +oc = (p+ (1 — a)og)r + wy'. (50)

Finally, using (49) and (50), wage inflation equation yields as a function of output and
real wage gaps,

7y = BEAT  } 4+ kY — AV Dy

where k" = \’(¢ + (1 — a)o,) > 0.
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6.4 Real Wage Gap Motion

Changes in wage gap are given by following identity
@t:@t,1+7rzu—7rf—ﬂwf,

That is, changes in wage gap relate to wage inflation, price inflation, and natural
wage difference. Combining (14) and (27), natural wage difference can be written as

a function of exogenous state variables

Awy® = T1Aap + ToAy;.

6.5 Welfare Loss

In this section I derive the welfare loss for the special case of ¢ = 7 = v = 1. In this
case, the consumption utility is logarithmic form, and goods from different origins
are complete substitute. Using a second-order Taylor expansion to household % util-
ity around steady state, combined with complete financial market assumption and
integrating across households, yields

1 B 1 Nt(h)(H‘p)
/OU(h)dh _ /0 <log(Ct)—1+S0 dh

N({+e) ! 1+ [!
e — — (1+§0) o J ~ 2
gy, N </0 i (h)dh + — i i (h) dh> (51)

where N is the efficient employment when subsidies are in effect. In the next steps,
I should rewrite the above equation in terms of (log) aggregate employment and then
output gap. Consumption utility is logarithmic, so it could be written as ¢}’ + ¢, in

which the second element could be replaced by using the equation ¢; = (1 — a) ys+ay; .
The next lemmas help to derive the welfare loss function easily.

Lemma 1 E,{w;(h)} = 5 Ep{wi(h)*} and Ej{pr(j)} = 5 Ei{pr.(5)*}-

- . Wi (h) = |
Proof. Let w;(h) = wy(h) — w;. Second-order expansion of ( W ) gives

G e )

(1-¢)?
2

= 14+ (1 —=¢)w(h) + wi(h)?

” 1 ( Wi(h) 1=¢ . .
and from the definition of W;, we have 1 = [; ( W, ) dh. Thus, integrating across

households yields

G —

B (h)?).

Ep{wi(h)} =

It is worth noting that the measure of each household is zero, so integrating w;(h)?
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over all households is the same as the variance of nominal wage across households.
In the same way, it can be shown that E;{pp(j)} = S E;{pm(j)*}. m
Lemma 2 [ 7i;(h)dh + %2 [ 7iy(h)2dh = fip + 272 + - vary {w,(h)}.

Proof. Define aggregate employment as N; = fol N¢(h)dh. In terms of log deviation
from steady state and up to the second-order approximation, the latter equation can
be expressed as

1 ! I
m+ﬁ§:/ ﬁt(h)dh+/ ¢ (h)?dh.
2 0 2 Jo

Moreover, fol fi¢(h)%dh can be rewritten as
1 1
/ i (h)2dh = / [ (h) — 7y + 724)* dh
0 0
1 1
= g2 [ )~ wddn+ [ i) - il di,
0 0

and using (log) labor demand, n;(h) — 7y = —cw;(h), the above equation is expressed
as

1 1 1
/ﬁt(h)2dh = ﬁ§—2<ﬁt/ wt(h)dh+§2/ wy(h)?dh
0 0 0

77 + 2vary {w(h)}.

1

where in deriving the second equality, I have made use of Lemma 1. =
Lemma 3 n; = x; + Svary {wi(h)} + Svar; {pm:(j)}

Proof. Aggregate labor supply can be expressed as

1 1 h —<
N, :/ Ny (h)dh = Nt/ (Wt()> dh = 60Ny,
0 0 Wi '

and also aggregate labor demand can rewritten as

1 1 . 1 . —€
Lo Y [PV Yt/ <PHt(])> : Y
Ny= [ N(j)dj = - dj = — ’ dj = dpt—
‘ /o t9)d A Jo Y J Ar Jo Pry J Pt A,

Collecting the previous results, we have N; = 6w7t5p,t%. Log-linearizing the latter

equation gives
ne =yt — a +10g(dw,t) + log(dp,t)

where 0,,; and 6, ; are respectively wage and price dispersion. Subtracting the above
equation from its counterpart in natural state yields

ny = x4 +10g(dy ) + 1og(0p,t).
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Notice that

<W;[ZL) > - = exp{—cws(h)}

2
= 1—cuy(h) + %wt(h)Q.

Then, integrating across all households and using Lemma 2, log of wage dispersion
is

log(de) = log(L+ 5 En{wi(h)))

1

%varh{wt(h)}.

It can be shown, in the same way, that log of price dispersion approximately is
log(dp,t) ~ Svarj{pm:(j)}. Therefore, collecting the three previous results, we have

ne =y — ar + gvarp{we(h)} + svari{pp(j)}. =
Using Lemma 1-3, the sum of household utility in period ¢, (51), is

/U(h)dh =2 ; ! (1 + )a? + evari {pmi(§)} + (s + psH)vary {w(h)}] + t.i.p.

where in deriving the above equation, we use the efficient employment (under the
optimal subsidy, it is N(!*%) = (1 — «), and & = (1 — a)z;. Furthermore, t.i.p. stands

for term independent of policy.

Lemma 4 5 Blvary{w(h)} = m 3 BH(e)2.

Proof. See Walsh (2003) chapter 11, or Woodford (2003) chapter 3. m
Lemma 5 ) S'varj{pm:(j)} = 35 2. B (7} )*.

Proof. See Walsh (2003) chapter 11, or Woodford (2003) chapter 3. m

Collecting the previous results, one can write the second-order approximation to the
small open economy’s consumer utility function as equation (35) in the text.
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Can Investment Risk Help in Solving

Equity Premium Puzzle?

1 Introduction

Over the past three decades, economic theory has had difficulties in explaining the
behavior of historical equity premium (the return on a risky asset in excess of that
earned by a risk-free Treasury bill) in U.S. and some other industrial economies.
Prominent features of the equity premium are; i) level: the size of equity premium is
larger than predicted in standard business cycle models, ii) variability: the standard
deviation of the return on stocks is larger than that of the return on T-bill, and i)
cyclicality: the equity premium is countercyclical.! Mehra and Prescott (1985) were

the first to declare the equity premium a puzzle.

In order to provide a rational for the equity premium behavior, several explanations
have been proposed e.g. habit formation (Campbell and Cochrane (1999)), limited
participation (Guvenen (2009)), and uninsurable capital income or investment risk
(Angeletos (2007) and Angeletos and Calvet (2006)).2 Angeletos (2007) shows that
a neoclassical growth model with uninsurable capital income introduces a premium
on private equity, or in other words, investment risk can explain the high level of
equity premium.? In this chapter, I examine the ability of this model to account for
other aspects of equity premium puzzle, namely the cyclicality and the variability as

discussed above.

The present model builds on Angeletos (2007) by adding a labor supply decision and

!The average annual real return on the U.S. stocks for the period 1890-1991 is 8.64 percent, and
the real return on risk-free asset is 1.94 percent. Then, average annual equity premium has been 6.17
percent. The standard deviation of equity premium is about 20 percent, which in comparison with
standard deviation of risk-free rate, 5 percent, is very high. Furthermore, the correlation between
equity premium and output is -0.55. For more details see Guvenen (2009).

2Despite some efforts, Mehra (2003) concludes that the puzzle still remains. See Mehra and Prescott
(2008) for a brief review of the puzzle and the literature arising from it.

3Recent microdata on household finance provides strong support for heterogeneity in household
portfolios of risky assets, see Calvet et al. (2007). Then households are heterogeneous in their income
and wealth because their incomes depend on their holding portfolio.
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by considering the movement in aggregate productivity. Two important features of
the model are idiosyncratic capital risk and incomplete markets. Market incomplete-
ness arises because of capital trading restriction and the absence of state contingent
securities to insure against idiosyncratic shocks to capital, causing uncertainty in
capital income. Each individual consumes a final good, supplies labor, and holds a
portfolio of risky and risk-free assets. While individuals are risk-averse and have
access to risk-free bonds, they hold capital provided that its return is higher than the
risk-free interest rate. Therefore, a wedge appears between the return on capital and
the risk-free interest rate.

As shown in Angeletos (2007), the mechanism that generates the equity premium is
quite simple. In steady state, capital per worker and interest rate are lower than
under complete markets because of precautionary saving and investment risk. Pre-
cautionary motive encourages individuals to save more when they face uninsurable
income, so the interest rate is lower because of higher bonds demand.* On the other
hand, investment risk decreases the demand for capital and reduces the capital-labor
ratio in equilibrium. Working hour is also lower under incomplete markets. As the in-
vestment risk increases in the economy, the risk-free interest rate, the capital stock,
and hours worked fall, and the return on capital as well as the equity premium rise.

In order to investigate the cyclical properties of the equity premium, I introduce
movement in total factor productivity in the model.> Through a calibrated exercise, I
show that the model can generate a countercyclical equity premium. In response to
a rise in aggregate productivity, the risk-free interest rate and the return on capital
increase, but the rise in the former is larger then the latter, so the equity premium de-
creases. Interestingly with more idiosyncratic risk in the economy, the model predicts
lower correlation between the equity premium and output. Moreover, higher idiosyn-
cratic risk is associated with relatively more volatile consumption, investment, and

equity premium.

Literature review: The present study relates to two rich branches of macroeco-
nomic literature: incomplete markets and equity premium puzzle. Huggett (1993) is
a pioneer paper in incomplete market literature. Huggett (1993) shows how unin-
surable endowment shocks and borrowing constraint encourage individuals to save
more (precautionary saving) and, as a result, the risk-free interest rate is lower than
under complete markets. Aiyagari (1994) shows that the model with uninsurable
labor-income predicts over accumulation of capital due to low level of return on safe
assets. Some other researchers add aggregate uncertainty and generalize the model;
for example, Krusell and Smith (1998) argue that the business cycle properties of
the model do not change while allowing for uninsurable labor-income and borrowing

“In complete market, individuals save because they like to smooth consumption over time. If they
save less than the amount required to keep capital stock fixed, capital stock falls and the return on it
goes up. Then, current consumption is more expensive relative to the future, and saving will increase.
In the present model, there is another saving motivation - called precautionary - besides consumption-
smoothing motivation.

5Tt is worth noting that the model no longer has a reduced form solution if the aggregate productivity
follows a stochastic process.



Chapter III. Can Investment Risk Help in Solving Equity Premium Puzzle? 59

constraint, which suggests that the wealth distribution has small effects on business

cycles.

Although there is an extensive literature on uninsurable labor-income, there are only
a few studies on the effects of uninsurable capital-income. Angeletos (2007) and An-
geletos and Calvet (2006) are the earlier and pioneer research in the latter area. In
the presence of uninsurable capital-income not only is risk-free interest rate lower
because of precautionary saving, but capital stock is also lower because of reduction
in investment demand caused by investment risk. Therefore, the return on private
equity increases because of the fall in the capital stock, and a positive premium ap-
pears on private equity. The differences in a model with incomplete and complete
markets are not only about the levels, but it may change the policy implications. An-
geletos and Panousi (2009), for example, show that in a neoclassical growth model
with capital-income risk, an increase in government consumption causes a reduction
in risk-free rate and capital-labor ratio, while these variables are not affected under

complete markets.

Covas (2006) considers a model that includes both uninsurable investment risk and
borrowing constraint, and he uses it to study capital accumulation. Similar to Aiya-
gari (1994), Covas (2006) show that the precautionary saving is strong enough to
cause over-accumulation of capital. Covas and Fujita (2007) extend the model by
adding aggregate uncertainty and find that it fails to generate plausible volatility in
equity premium, and it lacks a mechanism to magnify aggregate shock through that.

Another branch of related thought is the equity premium puzzle. Mehra and Prescott
(1985) show that a plausibly calibrated business cycle model fails to reproduce the eq-
uity premium.® In order to rationalize the equity premium, Campbell and Cochrane
(1999) argue that most of the puzzles related to equity premium can be understood
by incorporating habit formation in the utility function. So, under new preferences
individuals are more risk-averse while consumption is low. Therefore, the model
can generate a high equity premium because the risk aversion of investors increases
sharply when the chance of a recession rises. Guvenen (2009) rationalizes the eq-
uity premium puzzle by developing a model with limited stock market participa-
tion and heterogeneity in the elasticity of intertemporal substitution in consump-
tion (EIS). In this model, non-stockholders (who have low EIS) smooth the fluctua-
tions in their labor income by saving in risk-free assets. This process concentrates
non-stockholders’ aggregate labor income risk among a small group of stockholders,
who then demand a high premium for bearing the aggregate equity risk. Although
Campbell and Cochrane (1999) and Guvenen (2009) are successful in accounting for
some aspects of the equity premium puzzle, these models fail to generate the realistic
volatile in the equity premium and risk-free rate.

The chapter is organized as follows. Section 2 describes the model. Section 3 charac-

5Mehra and Prescott (1985) argue that representative-agent model reproduces the equity premium
(6 pps) if coefficient of risk aversion in utility function is 48 and discount factor is 0.55, which are not
supported by other studies.
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terizes the equilibrium and defines general equilibrium in the economy. Numerical
analysis are presented in section 4. Section 5 concludes.

2 Model

The economy is populated by a large number of infinitely-lived individuals indexed
by i over the unit interval. All individuals have the same preferences, and they are
running individual-owned firms using the same production technology. Individuals
have the opportunity to save in risk-free bonds or invest in non-tradable uninsurable
capital. Since the returns on the assets in individual’s portfolio may be different, they
have to decide about the optimal combination of these two assets in their portfolios.
Moreover, households supply labor in a competitive market.

Each individual has its own firm which uses labor and individual-owned capital to
produce a single final good. Then the final good could be allocated between invest-
ment and consumption. Investment causes an increase in next period capital stock.
Firms’ production technology depends on a firm-specific shock and aggregate pro-
ductivity. Aggregate productivity is common across all firms and reflect the general
position of the economy; however, firm-specific shocks are idiosyncratic, and in the ab-
sence of state contingent securities, it causes risk on capital return. Time is discrete
and indexed by ¢t = 0,1, 2, ....

Preferences. The economy is populated by ex ante identical individuals who maxi-
mize their lifetime utility defined over a sequence of consumption c: and hours worked

7

ns,t;

o0
Uy = Eo Y Bu(d,nl,) (1)
t=0
where E; is the expectation operator over the information available at time ¢, and
0 < B8 < 11is the discount factor. The functional form of per-period utility is

(cé‘(l — ns,t)l_“) el

-y

u(cr, ngt) = , O<p<landO <. (2)

Budget. An individuals supplies labor in a competitive labor market and receives
a wage. The wage rate at time ¢ is denoted W; and is determined in competitive
markets. Individuals also earn income on holding physical capital and bonds. The
risk-free interest rate at time ¢ is R;. Individual /’s budget constraint in period ¢ is

¢+ ki +b, =7+ ki + (1+ Re—1)bj_; + Winl, @)

where k! is physical capital, b: is saving in risk-free bonds, and 7! is the capital income
from running the individual’s own business. Each individual has three sources of
income (capital income, saving, and labor income) and allocates all its resources to



Chapter III. Can Investment Risk Help in Solving Equity Premium Puzzle? 61

consumption, investment, and risk-free saving.

Technology and Idiosyncratic Risk. Each individual manages its own business
by utilizing its own capital and so earns income. In order to run their businesses, in-
dividuals hire labor from the competitive labor market; therefore, the capital income
of individuals is firm output y! minus the wage bill

™ =y — Winl, )

where n/,, is the demand for labor in firm i, and y; is output produced at time t.
Output is produced by the following technology

yi = F(ki—b nzl,tv 5§7 zl‘) (5)

where 6! is firm-specific shock which is identically and independently distributed
across individuals and time. The shock is important because it generates risk in the
return on capital. I assume that the source of idiosyncratic shock is stochastic depre-
ciation. This means that the amount by which capital depreciates in the production
process is not deterministic. Moreover, z; is the aggregate productivity. Output is
produced with the CRS production function

vp = 2e(ky1)* (ng) ™ — ki (6)

where 0 < o < 1 is the capital share of output, and idiosyncratic shocks is §; ~
N(6,02). The aggregate productivity is deterministic and follows an AR(1) process

zep1 = (1= p2) + p22, (7

where 0 < p, < 1 measures the persistence of the aggregate shocks, and aggregate
productivity has the unconditional mean of one. Here I assume that idiosyncratic
shocks and aggregate productivity are independent. Let’s define a competitive equi-
librium for this economy.

Definition A competitive equilibrium is sequence of price { R;, W;};°, and individual
contingent plans {c}, n{, ki, yi,bi },~  for i € [0,1] such that the following conditions are
satisfied; i) optimality: contingent plan maximizes the utility of every individual i,
i7) labor and bonds markets clear: [, nl, = [;n}, and [ b} = 0, and 4ii) aggregation:
Ci=[,ct, Ne= [in}, Ky = [ ki, Yi= [yi +0 [ k}_,.

There are three markets in the economy: goods, labor, and bonds. If the last two
markets clear, then the goods market clears too.

3 Equilibrium Characterization

At the beginning of each period individuals know the stock of capital and bonds they
possess. They realize aggregate productivity, and then they hire labor with wages de-
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termined in the competitive market. After producing output they realize how much
their capital has depreciated. Then individuals allocate their wealth to consump-
tion, investment, and saving in bonds. Because of our assumption about stochastic
depreciation, labor demand only depends on economy wide wage rate and not on
firm-specific depreciation rate. If I assume idiosyncratic stochastic total factor pro-
ductivity, then idiosyncratic shock is important in demand for labor (see Angeletos
(2007) and Covas (2006)).

3.1 Individual Behavior

Each individual’s problem can be represented by dynamic programming. In (8), the
subscript i is removed from individual variables because the following dynamic pro-
gram applies to all agents. The value of an individual variable at current period is
denoted by prime symbol (). However, the time subscript on an aggregate variable is
kept because it is given to individuals. The dynamic program is

V(k,b,d,2) = max ) {u(c’,n;) + BEV (Kb, zt+1)} 8)
SRR AN
st. d+ K +V =7"+k+ (14 Ri—1)b+ Wyn/,
7 = F(k,nl, 8, z) — Wl
d>0,K>0 0>

where h; is the present value of future labor income defined as

= Wt+] ns pan hiy1
or hy =W+ , 9
Z 1 + Rt 1+ Rt+j) ! st 1+ Ry ®

and the last inequality is the natural solvency constraint. This assumption rules out
Ponzi schemes. In other words, individuals are not allowed to borrow more than the

present value of their labor incomes.”

I am going to solve the individuals’ problem in two stages. First, I characterize the
two static optimizations about running business and labor supply. Individuals have
to decide about hiring workers and supplying labor, both of which decisions are in-
tratemporal. Second, I characterize the optimal intertemporal decisions about con-
sumption, investment in physical capital, and saving in bonds. Lemmas 1 and 2
present the individuals’ intratemporal decisions.

Lemma 1 Individual labor demand and capital income are linear in capital stock

1
. . 1— a .
ngy = n(We, 2kt = <(W?)Zt> ki1 (10)
7T§ = 7“((5;, Wt, Zt)k'g_l = [ztn(Wt, Zt)l_a — (5,75' — th(Wt, Zt)]k‘g_l (11)

"There is an implicit assumption that individual can sell their lifetime labor force in market, and h;
is the value of labor force from time ¢.
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where ri = (5!, Wy, 2;) is the return on capital in time t, and n(W;, z;) is the optimal

labor-capital ratio.

The individual chooses labor in order to maximize the profit. The optimal labor-
capital ratio depends on the wage rate and aggregate productivity, and n(WW;, z;) is
decreasing in WW; and increasing in z;. Rearranging (10) gives

Wy = (1—a)z (ki_y)" (nf,) " (12)

which means firm hires worker to the extent that marginal product of the last worker

equals marginal cost of hiring.

Hence, from (11), capital return is increasing in z;, and decreasing in W; and 4.
Rearranging (11) yields

a—1
«

, , 1 ,
ri =104, Wy, ze) = 022 W, — 4y (13)

where 6 = o(1 — a)%, and 0 € (0,1). From (13), the return on capital is function of
wage, aggregate productivity, and idiosyncratic depreciation rate. Moreover, substi-
tuting (10) in (6) gives

Y = y(&;» ;_1,Wt72t) = a[z{’ Wt = 52]]{;—17

so individual output is linear in capital.

Lemma 2 Optimal labor supply for individual i depends on wage rate and consump-

tion
U, 1—p c
O s S v V4 14
UC 1 (1 —né t) ty ( )
or (1—-nt,)= ;u%

Lemma 2 implies that consumption-leisure ratio is constant across individuals, be-

cause it depends on the wage rate which is given to them.

To make the characterization of individual intertemporal optimization simple, I de-
fine wealth as the summation of all resources, wi = 7 + ki ; + (1 + Ry_1)bi_; + hy.
Using Lemma 2 and writing capital income as a function of capital stock, total wealth
can be represented by

wi = (14 rki_y + (1+ R )by + B (15)

Hence, combining (9) with (15) reduces individual budget constraint (3) to ci + k! +

i htv1 3
bt + 1+R: — Wi
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Now the dynamic program (8) can be represented as

V(w;t) = {m’%(} {u(c,ns) + BEV (w5t + 1)} (16)
vy h/
st. c+k+b+ TR, =w

w=0+7"k+ (1+R)b+ 1,
where individual variables at time ¢ + 1 are indicated by prime.

Now, let’s back to characterizing the individual’s intertemporal decisions. The next
proposition indicates that the individuals’ policy functions are linear in wealth. Then,
in the next section, I explain how linear policy functions make aggregating simple.

Proposition 3 Given prices {W;, R;}, optimal consumption, investment, and bond-
holding are linear in wealth:

= (= soui an
k% = SOtgtwti (18)
; ; he
{— 1 _ v 1
by = (1 — pr)wy o (19)

where w! and h; are defined by (15) and (9), and where

A1 =) = B "E(Apa (1 — 1) ppiy) (20)

pri1 = [pe(L+ri) + (1 — @) (1+ Ry)] 21)

ot = ¢(Wit1, Rt, 2t41) = arg max E[Ai1(1 = 641) Vo] (22)
©€l0,

where A = A(W;) = (Wipa/ (1 — 1)) -#0),
Proof. In section 6.1. m

All policy functions are linear in wealth. Linearity of consumption implies all indi-
viduals consume the same proportion of their wealth - without any regard to wealth
position. Saving rate is ¢;, which is the saving out of wealth not income. Savings are
allocated between capital investment and bonds. The fraction of saving invested in
physical capital is ¢; and the rest is invested in bonds.

Equation (20) is the Euler equation; its left-hand side is the reduction in utility be-
cause of one unit decrease in current consumption, and the right-hand side is the gain
from investing in optimal portfolio in terms of utility from increase in consumption

in the next period.

The individual’s portfolios consist of two assets; risky and risk-free assets. Expected
return on portfolio depends on the risk-free interest rate, TFP, and the wage rate.
Equation (21) is the return on portfolio with optimal combination of risky and risk-
free assets. The optimal portfolio is characterized by the optimal allocation of re-
sources between the two available assets. The optimal combination is given by ¢; in



Chapter III. Can Investment Risk Help in Solving Equity Premium Puzzle? 65

(22).

Indeed, individuals choose ¢; in order to smooth consumptions over time. Using a
second-order Taylor approximation, the solution to maximization problem (22) gives

Bl R,

Pt = 5 (23)
Yo%

where o2 is the conditional variance of r},, using information in ¢ (proof in section
6.2). The individual invests in a risky asset provided that the risky asset has, on
average, a higher return. The difference between returns on risky and risk-free as-
set is the equity premium. Moreover, since individuals are risk-averse, the invest-
ment in risky assets depends on the measure of risk aversion and the risk level. The
higher the risk, the higher the investment in the risk-free assets. Similarly, the more
risk-averse the individual, the more investment in risk-free asset. Therefore, ¢, is

decreasing in o2, R;, and ~, while it is increasing in Eyr} ;.

3.2 General Equilibrium

By assumption, shocks are iid across individuals and time. Aggregating (10) and
(14) imply aggregate labor demand, N; = n(W, Z;) K;_1, and aggregate labor supply,
(1—-DNy) = 1_7“%, which determine the equilibrium in the labor market. Similarly,
aggregate capital income is IT = r(Wy, 2;) K1, W}iere ry = r(Wy, ) is the average

1 a—1
return on capital, and aggregate output is Y; = Z[2p W, © |K;_;.

a
By Proposition 3, consumption, investment, and saving are linear in individual wealth;
therefore, their aggregates do not depend on the distribution of wealth across indi-
viduals.® The closed-form recursive characterization of the general equilibrium is

provided in the following proposition.

Proposition 4 In equilibrium the aggregate dynamics satisfy

Y; = 2K (N (24)
Ci+ K=Y+ (1—-90)Kia (25)
Ci=(1—-¢g)(aY;+ (1 -6)K;1 + Hy) (26)
A1 =)™ = B "E(Ap (1 = s11) i) (27
K = o (aYy + (1 —0)Ky—1 + Hy) (28)

8Why is wealth distribution not in state set? In Aiyagari-type incomplete market models, distribu-
tion of wealth is part of state set; otherwise, aggregate variables could not be calculated. This is the case
because, in that type of model, individuals are restricted by borrowing constraints. So, in this world,
the individual policy functions depend on the wealth position. Therefore, it is essential to keep track
of the history of shocks for each individual. However, in the present model borrowing constraint does
not exist. Therefore the policy functions are linear in wealth and the sum of individual policy functions
give the aggregate macro variables.
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1-— 1% Ct
1-N=—FE— 29
t P (29)
W= (1—-oa)zuK¥ N7 (30)
re = anKP NS~ 6 (31)
Hyq

H, = W¢N, 32
t 4Vt + 1+ R, (32)

where z; is (7), Ay = A(Wy), pry1 = p(Wigr, Ry, ze41), and @ = @(Wig1, Ry, 2¢41).

Equation (24) is aggregate output, and condition (25) is the resource constraint.
Equations (26), (27), and (28) are respectively aggregate consumption, recursive Eu-
ler equation, and aggregate capital demand. Given aggregate capital and consump-
tion, (29) and (30) determine equilibrium wage rate and labor in labor market. Fi-
nally (31) is the average net return on capital, and (32) is recursive human wealth.
The equity premium can be define as the difference between average return on risky
and risk-free assets, r; — R;.

3.3 Steady State

In this section the steady state of the economy will be examined. Steady state here is
the fixed point of the system of dynamic equations which is described in proposition
5. The fixed point is the solution of two equations in two unknowns, as shown in the

next proposition.

Proposition 5 In steady state the capital-labor ratio, %, and the risk-free interest
rate, R, solve
11 1+R—a (K" 1-a/K\*"'
ﬁwp y [(1 — 5) + 7R <N) ] = (N) +1 (33)
11 1+R—a (K\*!
1-0)+ ——— | = =1 34
B p [( )t —% ( N) ] (34)

where ¢ = (%, R) and p = p(
1 . 1-yp K\'"
N—1_7M(1_a) [1—5(N) ] (35)

Proof. In section 6.3. =

Equation (33) and (34) are respectively the resource constraint and capital demand,
and the two unknowns are the capital-labor ratio and the risk-free interest rate.
Knowing the capital-labor ratio from the first two equations, equation (35) gives the
labor market equilibrium in steady state. After calculating labor, aggregate capital
can be calculated and similarly all other macro variables.
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What happens to steady state values if idiosyncratic risk increases? It is not possible
to answer the question analytically, but it could be done numerically, which is the

subject of the next section.

4 Numerical Analysis

I take a period to be a quarter, and set the discount factor to 0.99. The coefficient
of risk aversion, v, and share of consumption, y, in periodic utility function are re-
spectively equal to 2 and 0.25. The share of capital, «, in production function is 0.36,
and the aggregate capital stock depreciates at average rate of 0.025. The aggregate
productivity follows an AR(1) process with p, = 0.95, and unconditional mean equals
to one. These values are common in business cycle literature. There is no evidence
about the exact variance of idiosyncratic shocks. Therefore, following Angeletos and
Panousi (2009) and Angeletos (2007), I use 0.2 and 0.4 for standard deviation of id-

iosyncratic shocks.

Figure 3.1 and 3.2 numerically explains proposition 5. Blue lines are resource con-
straint (33), and red lines are capital demand (34). The figure indicates there is a
unique steady state which is the intersection of (33) and (34). Increase in idiosyn-
cratic risk decreases the capital demand, and also causes stronger precautionary
saving motive; hence, both lines shift downward. That means higher risk is asso-
ciated with both lower capital per hour and lower risk-free interest rate. Figure 3.2
plots the labor in different levels of capital per hour which is equivalent of (35). The
figure reveals that the level of hours worked falls if risk increases.

It is interesting to compare the value of important variables in steady state. Table
3.1 reports the level of aggregate variables in steady state. The first column is the
standard deviation of idiosyncratic shocks. Three scenarios are examined: i) com-
plete markets; second row reports the steady state under complete markets, since
there is no idiosyncratic risk;? ii) incomplete markets with low risk, o5 = 0.2; iii)
incomplete markets with high risk, o5 = 0.4. It is clear that increase in idiosyncratic
risk increases the equity premium, and decreases output, consumption, capital stock,

employment, and interest rate.

TABLE 3.1: Impact of Risk on Aggregate Variables

o5 Y C K N R (r—R)
00 0.82 0.61 8.A7 0.22 1.0 0.0
0.2 0.70(—15%) 0.56(—8%)  5.91(—30%) 0.21(—4%) 0.9 0.8
04 0.56(—32%) 0.48(—21%) 3.52(—58%) 0.20(—9%) 0.8 2.4

Notes: Figures in parenthesis are the percentage change in steady-state value of vari-
ables compare to their counterparts in complete market model. The risk-free interest
rate, R, and equity premium, r — R, are reported in percentage.

In the incomplete market literature with uninsurable labor-income, risk-free interest

9The results are from a classic real business cycle model, where interests on bond and capital are
equal in equilibrium.
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FIGURE 3.1: Impact of Risk on Interest Rate and Capital-Labor Ratio
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Notes: Solid line indicates low-risk, s = 0.2, and dash line shows high-risk, o5 = 0.4,
economies. Red lines are demand for capital (34), and blue lines are resource constraint
(33).

FIGURE 3.2: Impact of Risk on Labor
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rates are lower than with complete markets, and this causes over-accumulation of
capital. However, these are not all true in the model with uninsurable capital-income.
Although uninsured capital-income decreases the risk-free interest rate, the capital
stock is smaller than under complete markets. In the model with uninsurable labor-
income, individuals insure themselves by saving more; therefore, the interest rate is
lower, and it encourages more investment in physical capital. In the present model
the demand for capital is lower because the return on it is risky, so the capital stock
is lower under incomplete markets. Moreover, as risk increases the wedge between

returns on risk-free and risky assets grows.

TABLE 3.2: Impact of Risk Aversion on Aggregate Variables

v Y C K N R (r—R)
2 0.70 0.56 5.91 0.21 09 038
5 0.61(—13%) 0.51(—9%) 4.37(—26%) 0.20(—5%) 0.8 1.7

Notes: Figures in parenthesis are the percentage change in steady-state value of vari-
ables. The risk-free interest rate, R, and equity premium, » — R, are reported in per-
centage, and o5 = 0.2.

Table 3.2 reports the level of aggregate variables under different level of risk aver-
sion. Under higher risk aversion, the precautionary saving is stronger; therefore,
individuals hold more risk-free assets and less capital in their portfolios. As risk
aversion increases, the capital stock falls and the return on capital rises. Higher re-
turn on capital and lower risk-free interest rate — because of stronger precautionary
saving— implies higher equity premium.

In order to study the prediction of the model about the behavior of the equity pre-
mium, I examine the impulse response of the economy to a positive shock in aggre-
gate productivity. This is subject of the next section.

4.1 Impulse Response

Impulse responses are used in this section in order to examine the dynamics of the
model. Figure 3.3 displays impulse responses to a one percent increase in aggregate
productivity under low and high investment risk. In response to a positive aggregate
productivity shock, the marginal product of labor increases; hence firms employ more
workers, and output and consumption rise. Since the marginal product of capital in-
creases, the return on capital goes up and induces more investment. Moreover, the
return on bonds increases because the supply of bonds rises and the bond price de-
creases. The risk-free interest rate and return on capital increase, but because the
rise in the latter variable is larger than the former, the equity premium increases
too. The optimal combination of assets in portfolio implies that the share of capi-
tal decreases, because individuals expect lower productivity and average return on
capital, they reallocate their resources toward the risk-free asset.

An increase in idiosyncratic risk has two effects. First, as discussed in the previous
section, it drives the capital stock per worker down, which means the return on cap-



Chapter III. Can Investment Risk Help in Solving Equity Premium Puzzle? 70

FIGURE 3.3: Impulse Response to a Rise in Productivity
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ital goes up. Second, it induces stronger precautionary saving which implies a lower
risk-free rate. Because the capital stock is lower in the riskier economy, the same
change in technology increases the marginal product of capital and capital return
more, and investment increases more. Moreover, precautionary saving is stronger
and the saving rate is higher in a high-risk economy.

An increase in aggregate productivity has no discernable impact on the dynamic of
output and labor. Now consumption, interest rate, and investment deviate more from
their steady state level. That means these variables are more volatile relative to
output under higher risk. In high-risk economy the marginal product of capital is
higher; therefore, the change in return on capital is larger. Moreover, the risk-free
rate increases more under high risk, because risk averse individuals have higher
precautionary motives. Therefore, the equity premium goes up less than in a low-
risk economy, and because of the sharp fall in risk-free rate, the equity premium
increases initially and then falls. It is clear that the correlation of equity premium
with output decreases. As risk increase, the correlation between output and equity
premium decreases and it might fall below zero for a high risk.

Instead of increasing the risk, which is not plausible, one may think about higher
risk aversion, since these two parameters play the same rule in (23). Figure 3.4
indicates the impulse responses where the risk aversion coefficient, -, is 5. Generally

the patterns of response for output, consumption, investment, hours, risk-free rate,
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FIGURE 3.4: Impulse Response to a Rise in Productivity; v =5
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and capital return are similar to those under low risk aversion.

Under higher risk aversion, individuals tend to save more in risk-free assets and
invest less in physical capital. Hence a wider gap appears between risk-free rate and
return on capital. Risk averse individuals save more in bond, so the demand for bond
increases, and the risk-free rate decreases. An rise in productivity increase both risk-
free and risky returns, but the effect on the former is larger, so the equity premium
decreases. Moreover, individuals keep even more bond in their portfolio because of
increase in risk-free rate.

As one may predict, a rise in risk decreases the correlation between output and equity
premium. Moreover, consumption, investment, risk-free interest rate, and equity
premium deviate more from their steady state levels, which implies these variables
are more volatile under higher risk.

It worth noting that the present model abstracts from many features of a standard
real business cycle model e.g. capital adjustment cost.!® However, introducing the
investment risk in a simple growth model seems to be a step in right direction be-
cause with investment risk model predicts more volatile and countercyclical equity
premium.

This fact is neglected since adding nonlinear capital adjustment cost undermines proposition 3,
and the model no longer has a reduced form solution.
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5 Conclusion

The equity premium is an important variable which has consequences for the ef-
fectiveness of economic policies. In the present chapter, I have developed a dynamic
general equilibrium model in which equity premium is positive and significant. Then,
I have used the model to examine the dynamic of equity premium.

I show that the neoclassic growth model with investment risk and incomplete mar-
kets not only can introduce a sizable premium on private equity, but it can generate
a countercyclical equity premium. In response to a rise in aggregate productivity, the
risk-free interest rate and the return on capital increase, but the rise in the former is
larger then the latter variable, so the equity premium decreases. Interestingly with
more risk in the economy, the model predicts a stronger negative correlation between
the equity premium and output. Moreover, the model predicts relatively more volatile
consumption, investment, and equity premium as the risk increases in economy.

The present model abstracts from many of the features which are common in business
cycles literature e.g. capital adjustment cost and habit formation. However, it seems
the model has the potential to answer many interesting questions.
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6 Appendix

6.1 Proof of Proposition 3

Proof. It is convenient to derive the indirect utility by substituting labor supply in
the utility function (2) which gives

et
u (cp, W) = Atlt—fy (36)
(1=p)(1=)
1—

where A; = (TMW%) >0
First-order conditions for the dynamic program (16) are

BE{V'(w'st +1)(1+ r141) } = ue (37)

BE{V'(w'it+1)(1+ Ry)} = ue (38)

where ryy1 = r(0;, 1, Wet1, 2e41). Moreover, envelope theorem implies V' (w;t) = u.

The educated initial guesses for value function and policy functions are

V(wt) = (1 - aw, "
c(w;t) = (1 —q)wy
k(w;t) = pispwy

hit1
1+ R; '

b(w;t) = (1 — o) swy —
Substituting guesses for k;y1 and b; 1 in w; 1 gives

w1 = [pe(1 +7re41) + (1= o) (1 + Re)lsewe. (39)

That is, individual wealth in ¢ 4 1 is the saving in ¢ plus the return on it. Let’s define
return on portfolio as pir1 = [pi(1 + reg1) + (1 — @) (1 + Ry)], which is the weighted
average of returns on risky and risk-free assets. Subtracting (37) and (38), and using
the guess for value function and (39) gives

E{arr1lpe(1 +reen) + (1= @) (1 + Re)] 7 (rep1 — Re) } = 0

which is the first-order condition of maximization (22). It also gives combination of
assets in optimal portfolio, v = ¢(Wit1, Ry, 2¢41)-

Now I shall verify the initial guesses. I do that in three stages. First, using (36) in

envelope equation implies

ay = At(]. — §t)77. (40)

Second, multiplying (37) and (38) with ¢; and (1 — ;) respectively, and summing
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them up gives
BE {V'(w'st 4+ 1)[@e(1 + 7441) + (1 — ) (1 + Re)] } = we. (41)

Substituting our guesses in (41) and rearranging implies

Bs, 'E (atﬂpiﬁ) =A(1—a)7.

Third, it is now time to verify that our guesses solve the Bellman equation. Substi-
tuting our guesses in dynamic program (16) gives

atwggy = Atcg*ﬂY + ﬁEatHwtl;f.
Using (39), labor supply, and our result in the first stage together gives
A1 =)™ = Bs; "Elarnip ) (42)

which is the same as the result in the second stage. Finally, substituting (40) in (42)
gets (20) in text. m

6.2 Optimal Portfolio Combination

I define a new variable named 7T as
7' = B{(a1pi7 )

Now a second-order Taylor approximation for In(7") gives

In Fa
In(7T) ~ Tt;l +oIn(14+ Eriyr) + (1 — @) In(1 + Ry) — %g@faf
where 0?2 is conditional variance of r; | using information in ¢. Taking derivative with

respect to p; implies
In(1 + Eyrerq) —In(1 + Ry) — ypio2 =0

and it gives (23) in text. For the low level of 0 < r < 1, applying first-order Taylor
expansion implies that In(1 + r) ~ r. I sometimes use this relation to make the
calculation simple.

6.3 Proof of Proposition 5

Proof. Human wealth and average return on capital are H = %WN ,and r =
oW s — . Substituting wage rate from labor demand, W = (1 — a) (Y/N), in former
equations, wealth can be written w, = (1 — 6) K + =% (v).
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Substituting wealth in consumption C' = (1 — <) w, and replacing it in resource con-
straint C = K®N'=* — §K gives

KON'™® — 6K = (1 —¢) <(1 ~0)K + H.;;_RY> .

Replacing < by B%p% and dividing both sides by K gives (33) in text.

Substituting wealth in capital demand K = ¢qw yields

K—gpg((l—&)K—i—H;;_RY).

Replacing ¢ by 6%p1_77 and dividing both sides by K gives (34) in text.
Integrating wage rate and consumption in labor supply 1 — N = 1’7“% gives
I—p

(1-N)1—-a)(Y/N)= T(KO‘NI_“ — 0K).

Rearranging and dividing both sides by K gives (35) in text. m
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