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A hybrid active and passive vibration control strategy is de-
veloped to reduce the total power flows from machines, sub-
ject to multiple excitations, to supporting flexible structures.
The dynamic interactions between machines, controllers, and
receiving structures are studied. A force feedback control
process governed by a proportional control law is adopted to
produce active control forces to cancel the transmitted forces
in the mounts. Computational simulations of a simple and
a multiple dimensional hybrid vibration isolation system are
performed to study the force transmissibility and the total
power flows from vibration sources through active and pas-
sive isolators to the supporting structures. The investigation
focuses on the effects of a hybrid control approach to the re-
duction of power flow transmissions and the influence of the
dynamic characteristics of the control on power flow spectra.
The hybrid control mechanism is synthesised from the power
flow analysis. Conclusions and control strategies, well sup-
ported by numerical simulations, are deduced providing very
useful guidelines for hybrid vibration isolation design.

1. Introduction

It is well known that passive vibration isolation is a
proven approach to reduce vibration transmission be-
tween vibration sources and receiving structures [4,6,
14]. However, conflicting requirements for conven-

tional passive isolation are often encountered when a
heavier machine is mounted on a flexible supporting
structure. For example, the required stiffness of the
mounts to support the machine may be far greater than
required for them to act as possible vibration isolators,
thus limiting their isolation capability. Moreover, when
the receiving structure and/or source are flexible, the
dynamic design of the isolator system becomes an in-
teresting issue because of the complex dynamic inter-
action between the substructures of the isolation sys-
tem. The effects of vibration isolator properties, and
the influence of structural dynamics of flexible raft and
supporting foundation on isolator performance, were
discussed by Xiong et al. [15,16] to illustrate the im-
portance of the dynamic interaction between isolators,
raft and resonances in the flexible foundation at higher
frequencies.

A recent innovation in vibration isolation technolo-
gy is to use optimal, adaptive and active control tech-
niques to improve the performance of conventional iso-
lation systems. Franchek et al. [3] achieved robust at-
tenuation of a harmonic excitation through an adaptive
passive control strategy. Scribner et al. [11] focused
on the study of active narrow-band control of machin-
ery noise from resonant substructures. Improvement of
isolation effectiveness via active control strategies was
undertaken by Jenkins et al. [7]. Although active isola-
tion systems can achieve better performance than their
passive counterparts, they are typically implemented
in combination with a passive isolator to take advan-
tage of their respective capbilities. Therefore, investi-
gations of hybrid active and passive vibration isolation
systems have received much attention. Hybrid con-
trol strategies have been studied to exploit their poten-
tial to increase the overall reliability and efficiency of
controlled systems. Shing et al. [13] and Kawatani et
al. [8] examined optimal control methods for hybrid
controller designs. Grigoriadis et al. [5] presented an
optimal controller based on passive and active control
methods to achieve a numerical solution of a quadratic
programming problem. Leo and Inman [9] developed
a quadratic programming algorithm to study the design
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trade-offs of active-passive vibration isolation systems
in which the optimal control problem was treated as a
quadratic optimization with linear constraints to guar-
antee the global optimal solution of the hybrid isolation
system. Pare and How [10] proposed a hybrid feed-
forward and feedback controller design approach for
structural vibration control and gave a simple structural
isolation example to demonstrate the benefit of the op-
timal hybrid controller to improve simultaneously iso-
lation performance together with a reduction in closed
loop control bandwidth. Sener and Utku [12] studied a
hybrid base isolation system by using passive base iso-
lation devices and strain inserting actuators. Xiong and
Song [17] studied an optimal control method applied
to power flow to reduce vibration energy transmissions
in multiple dimensional isolation systems.

The main focus of the present paper is to investigate
a hybrid active and passive energy control strategy from
the viewpoint of power flow analysis examining the ef-
fects induced by a distributed receiver and by a multiple
hybrid mounting system. The proposed mathematical
model describes the dynamic interactions between ma-
chine, passive/active controllers and the dynamics of
the supporting structure in a multi-dimensional flexible
coupled system subject to multiple excitations. In the
examined multiple hybrid mounting system, each ac-
tive actuator is placed in parallel with a passive mount
in the load path of the isolation system. The feedback
control mechanism of power flow in this flexible cou-
pled dynamic system is investigated. In particular, the
investigation examines the effects of hybrid active and
passive mounts on the reduction of power flow trans-
mission. Strategies to control the net power flow are
proposed so as to achieve good isolation of the machin-
ery and to control base vibrations.

2. A simplified hybrid active and passive isolation
system

To understand clearly the control mechanism of the
hybrid active and passive isolation system, a simplified
mathematical model with one degree of freedom is first
studied, for example, a system idealized by a machine
mounted on a flexible foundation floor.

2.1. Dynamic description of the simple hybrid control
system

Figure 1 illustrates schematically a simple hybrid ac-
tive and passive isolation system with one degree of

freedom, which represents a typical engineering con-
figuration of a parallel type isolation design. A machine
A of massm, excited by a harmonic force f = f0e

jωt,
is mounted on a supporting beam-like structure C of
length L through a mounting system B consisting of a
passive isolator and an active actuator. In this figure k
and c represent the spring stiffness and the damping co-
efficient of the passive isolator, respectively. The centre
of gravity of the machine is located at the pointGwhich
corresponds to the mounting point on the foundation
C denoted by a position parameter µ(0 < µ < 1).
The case µ = 0.5 denotes a symmetric configuration
of the system. The origins of the coordinates x1 and
x2 are located at the points G and O, respectively, of
the system in its static equilibrium state as shown in
Fig. 1. The active actuator is placed in parallel with
the passive isolator in the load path. The axial control
force, exerted simultaneously on both the machine and
the supporting flexible structure, is driven by a suitable
feedback control process to control, in an active man-
ner, the vibration transmission. It is assumed that the
internal structural damping of the beam-like foundation
C is represented by E∗ = E(1 + jδ), where δ is the
damping factor of the beam material andE its Young’s
modulus.

The dynamics of the hybrid active and passive isola-
tion system are described by the following equations.
That is, the motion of the massm is governed by

mẍ1 + c(ẋ1 − ẋ2) + k(x1 − x2) = f − fc. (1)

The resultant force ft transmitted through the passive
and active mounting system B to the foundation C is
represented as (2)

ft = fc + fp = fc + (x1 − x2)(k + jcω), (2)

where fp and fc are the passive and the active control
forces acting through the mounting axis, respectively.

The dynamic equation governing the flexible foun-
dation, formulated in terms of a mobility function M
at the mounting pointO, is expressed as

x2 =Mft =
ft
mb

∞∑

k=1
(3)

(β∗)4

(β∗)4 − 1
ϕk

2(µL)
ωk

2(1 + jδ)
,

where (β∗)4 = (1 + jδ)(ωk/ω)2, and ϕk represent the
k-th natural frequency and the corresponding normal
mode function of the clamped-clamped beam, respec-
tively. mb denotes the total mass of this beam.

An application of a proportional force feedback con-
trol law with gainKc gives the control force as

fc = −Kcft. (4)
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Fig. 1. Demonstration of a simple hybrid isolation system with active actuator in parallel with passive isolator.

2.2. The force transmissibility function

It follows from equations (1)–(4) that the force trans-
missibility function T of the hybrid active and passive
isolation system is of the form

T =
ft
f

(5)
=

1 + 2jΩξ
(1 +Kc)Ω2 − (1 − ω2mM)(1 + 2jΩξ)

,

where Ω = ω/ω0, ω0 =
√
k/m, ξ = c/(2

√
km). The

ratio of the control force to the excitation force is given
by

fc
f

= −KcT. (6)

It can be seen from equation (5) that the magnitude of
the force transmissibility functionT tends to zero as the
feedback gainKc tends to an infinite value. This limit
case indicates that there is no resultant force transmitted
to the foundation, with is independence on excitation
frequency asKc → ∞.

The variations of the force transmissibility T to
changes of the feedback gain Kc are shown in Fig. 2,
where the mass ratio γ = m/mb and µ = 0.5. The
case Kc = 0 indicates the uncontrolled passive isola-
tion system. There are two peaks occurred in this curve,
the first pronounced one is due to the resonance of the
isolated system and the second one is corresponding
to the fundamental frequency of the foundation. In
the hybrid isolation system, however, the second peak
is not observed because of the dynamic stiffness soft-
ening effect of the hybrid mount and hence reducing
the transmitted force and weakening the dynamic cou-
pling effect between the hybrid mount and the flexible
foundation. It can be observed from this figure that
the force transmissibility of the hybrid isolation sys-

tem is reduced with an increase of the feedback gain
Kc. This is because the active actuator provides an
active control force fc to cancel part of the transmitted
force of the passive isolator. It is also observed that
the resonant frequency of the hybrid active and passive
isolation system moves to a lower frequency range as
the feedback gain increases (Kc > 0). This is due to
the control force creating a dynamic stiffness soften-
ing effect, but it does not change the static stiffness of
the mounts. The hybrid active and passive isolation
system can therefore produce a much lower resonant
frequency of the system than the passive one only with-
out diminishing the capability of the isolator to support
the machine. As a result of this combination, better
vibration isolation effectiveness is demonstrated over
an extended frequency range.

Figure 3 illustrates the amplitude spectra of the con-
trol force represented by equation (6) for the hybrid
active and passive control system. It clearly shows that
in the lower frequency range, the amplitude of the con-
trol force is approximately a constant and it increases
as the feedback gain Kc increases. However, in the
higher frequency range the amplitude of the control
force is independent of the feedback. This control force
characteristic deduced from equation (6), may provide
a starting reference point to examine hybrid isolation
systems at higher frequencies where it is hard to gen-
erate a larger control force by increasing the feedback
gain.

2.3. Hybrid control of power flow transmission

The transmitted power through an isolator system,
from machine to foundation, is a very important quan-
tity to measure the performance of the isolation sys-
tem. For the hybrid isolation system studied herein,
the total power transmission can be calculated from the
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Fig. 2. Comparison of the magnitudes of the force transmitted to the passive and hybrid isolation systems (µ = 0.5, ω1/ω0 = 10,
γ = 2, δ = 0.001, ξ = 0.01).
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Fig. 3. Control force required for the parallel hybrid mount in the isolation system (µ = 0.5, ω1/ω0 = 10, γ = 2, δ = 0.001, ξ = 0.01).

expression

Ptr =
1
2

Re{f∗p ν2} =
1
2

Re {jωx2f
∗
t } , (7)

where the superscript∗ denotes a complex conjugate.
The substitution of equations (3) and (5) into equa-

tion (7) yields

Ptr =
1
2

Re{jωf∗T ∗MTf}
(8)

=
1
2
|f |2Re {jωT ∗MT } ,

which further allows definition of the power flow trans-
mission spectrumQtr in the form

Qtr =
Ptr

|f |2 =
1
2

Re{jωT ∗MT }
(9)

=
ω

2
Im{T ∗MT }.

It can be seen from equation (8) that power flow
transmission in a hybrid active and passive control sys-
tem is dependent on the mobility of the foundation and
the force transmissibility function T in which the dy-
namics of the passive isolator and the feedback gain of
the collocated active actuator play important roles in
reducing the energy transmission.

Figure 4 presents a comparison of the power flow
transmission spectra for the passive and hybrid isola-
tion systems. It can be observed that the force feedback
control produces a significant reduction in the power
flow transmission, especially in the higher frequency
domain. A comparison between Fig. 3 and Fig. 4 re-
veals that a small control force fc in the higher frequen-
cy domain can result in a considerable suppression of
power flow.
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Fig. 5. Variation of power flow spectra to different feedback gain values (µ = 0.5, ω1/ω0 = 10, γ = 2, δ = 0.001, ξ = 0.01).

It is known that the passive vibration isolation ap-
proach is more suitable for the case of machines run-
ning at a constant speed and generating vibrations of
a specific frequency [6]. However, if this frequency is
relatively low the passive approach is ineffective. Fig-
ure 5 shows a comparison of power flow spectra for
varying feedback gains. It can be seen that the hybrid
active and passive isolation system is significantly more
effective at lower frequencies than the passive one. As
shown in Fig. 2, an increase of the feedback gain re-
sults in a move of the resonance frequency to a lower
value creating a broader frequency band for effective
vibration isolation.

Figure 6 shows a comparison of power flow spec-
tra influenced by the damping factor δ of the receiving
foundation C. It is observed that for the hybrid isola-
tion system an increase of damping causes an increase

of power flow transmission in both lower and high-
er frequency ranges. The effect of the damping fac-
tor in the hybrid control system has a similar negative
performance as in the passive vibration isolation sys-
tem at higher frequencies. In the low frequency range,
however, for damping δ = 0.001, the total power flow
transmissions for both the hybrid and passive isolation
systems have a similar behavior.

It is also seen from the Figs 4–6 that the power
flow spectra have similar patterns in the high frequency
range. This evidence shows that the natural frequen-
cies of the hybrid isolation system, except for the first
one, are mainly governed by the dynamic characteris-
tics of the receiver and are not affected by changes of
the dynamic stiffness supplied by the active actuator.
In contrast, the first natural frequency is affected being
associated with the resonance frequency of the isolated
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Fig. 6. Power flow control effects influenced by the damping of the receiver (µ = 0.4, ω1/ω0 = 5, γ = 2, ξ = 0.01).

machine, whereas the other spectra peaks are affected
by the resonance behavior of the beam like foundation.

3. A multi-dimensional hybrid active and passive
isolation system

3.1. Dynamic description of the hybrid control system

To extend our study to more practical systems and
further explore the behavior of power flow transmis-
sion in a hybrid active and passive isolation system,
a system with multiple degrees of freedom subject to
multi-excitations is studied in this section.

A general hybrid vibration control system with mul-
tiple degrees of freedom is shown in Fig. 7(a). The
top structure represents a machine to which generalized
excitation forces Fs = {Fs1, Fs2, . . . , Fsi, . . . , Fsn}T

with harmonic frequency ω are applied. This ma-
chine is mounted on a flexible structure through a
mounting system consisting of N active and passive
mounts. Figure 7(b) illustrates a typical mount, the
positive directions of translational and rotational mo-
tions and the corresponding force or moment actions.
For this system, the passive force transmitted from the
vibrating machine through N mounts is denoted by
a force vector Fp = {Fp1, Fp2, . . . , Fpi, . . . , FpN}T

and Fc = {Fc1, Fc2, . . . , Fci, . . . , FcN}T represents
the active control force vector generated by all actua-
tors. As described previously, the active actuators are
placed parallel to each passive mount in the load path.

The motions of the machine and the supporting struc-
ture can be expressed by receptance theory [1] as fol-
lows

X1 = A1F1 +AsFs, (10)

X2 = A2F2, (11)

F1 = [F t
1 , F

t
2 , . . . , F

t
N ]T ,

(12)
F t

j = [F t
xj , F

t
yj , F

t
zj ,M

t
xj,M

t
yj,M

t
zj ]

T ,

F2 = [F b
1 , F

b
2 , . . . , F

b
N ]T ,

F b
j = [F b

xj , F
b
yj , F

b
zj ,M

b
xj,M

b
yj,M

b
zj ]

T , (13)

(j = 1, 2, . . . , N).

whereX1, X2 are the generalized displacement vectors
describing the motions at the top and bottom points
of the mounts, respectively; A1 and As represent the
point and transfer receptance matrices of the machine,
respectively;A2 denotes the point receptance matrix of
the receiver. They can be determined both theoretically
and experimentally.

For this hybrid mounting system, the resultant trans-
mitted force vector Ft can be obtained by the summa-
tion of the active force Fc and passive force Fp. That
is,

Ft = Fc + Fp, (14)

Fp = K∗(X1 −X2), (15)

whereK∗ is a complex stiffness matrix of order 6N ×
6N for the N isolators.

Application of the proportional force feedback con-
trol law gives

Fc = −KcFt = −diag[Kci]Ft, (16)

where Kci(i = 1, 2, . . . , 6N) denotes a proportional
gain. If the mass of each mount is neglected, it follows
that

F1 = −Ft, F2 = Ft. (17)
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Fig. 7. Sketches of a multi-dimensional hybrid control system model: (a) Global system (b) A typical mount.

3.2. The force transmissibility matrix

By using equations (10)–(17), we can derive expres-
sions for the unknown transmitted forces and displace-
ments as follows,

Ft = T (ω)Fs, (18)

X2 = A2T (ω)Fs, (19)

X1 = AsFs −A1T (ω)Fs, (20)

where the force transmissibility matrix of the hybrid
control system

T (ω) = [I +Kc +K∗(A1 +A2)]−1K∗As (21)

and I represents an unit matrix.

3.3. Power flow formulation

The total power transmission from the machine to
the foundation of the multiple excitation system can be
calculated from the expression

Ptr =
ω

2
Im{FH

t ·X2}, (22)

where superscript H refers to a Hermitian operation,
i.e., transpose conjugate. The combination of equa-
tions (18), (19) and (22) yields

Ptr =
ω

2
Im

(23)
{FH

s T
H(ω)A2T (ω)Fs}.

3.4. A numerical example of hybrid power flow
control

A more practical hybrid active and passive vibration
isolation system with multiple degrees of freedom is
examined in this section and is shown in Fig. 8. This
system consists of a rigid machine of mass m mount-
ed on a simply supported plate-like floor structure of
lengthLx, widthLy and thicknessH through two iden-
tical cylindrical tube-like elastic mounts. The point re-
ceptance matrices A1 and As for the rigid machine, as
well as the matrix A2 for the simply supported plate
can be derived theoretically [1,2].

To illustrate the behavior of power flow transmis-
sion in the hybrid isolation system, power flow spectra
are calculated. The system parameters used for these
numerical calculations are described as follows. The
machine, subject to a harmonic excitation force vector

Fs = Fs1 =
{
f1xe

jωt, f1ye
jωt, f1ze

jωt
}T
, is treated

as a rigid body of mass m = 32.7 kg with moments
of inertia Ixx = 1.4776 kg·m2, Iyy = 0.0152 kg·m2

and Izz = 0.0222 kg·m2. The two identical mounts
(N = 2) of height L = 0.206 m are idealized as cylin-
drical tubes with inner and outer radii a = 0.045 m, b =
0.051 m, Young’s modulus EI = 2.254 × 107 N/m2,
shear modulus GI = 7.83 N/m2, Poisson ratio (λI =
0.44 and a loss factor ηi = 0.47(i = 1, 2). To sim-
plify calculations, the same force feedback gain K c is
assumed in each mount in all directions. The support-
ing plate of length Lx = 1.8 m, width Ly = 1.21 m
and thickness H = 0.005 m has material properties
Ep = 2.16 × 1011 N/m2, Gp = 8 × 1010 N/m2,
λI = 0.3, and density ρ = 7800 kg/m3. The first
20 natural modes (p = 20) ranging from 2.68 Hz to
140.68 Hz are admitted in the power flow calculations.
The corresponding modal loss factors are assumed in
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the form δi = 0.05(i = 1, 2, . . . , 20). Further detailed
geometric and physical parameters of the system are
given in reference [18]. The power flow spectra are
expressed in decible scale (dB reference: 10−12 W).

Figure 8 shows a comparison of the power flow in
the hybrid control system to the passive one. It is
observed that the hybrid isolation system provides a
reduction in the total vibratory power transmitted to the
plate. Compared to the simple hybrid isolation system
presented in Section 2, we observe that for the multiple
dimensional hybrid system the power flow spectra are
of a very complex nature. There now exist many more
resonance peaks in the power flow spectra curves which
are associated with the natural modes of the flexible
supporting foundation.

Figure 9 illustrates a comparison of the power flow
spectra determined for various feedback gain values as-
sumed in the hybrid control system. It can be concluded

from this evidence that an increase of the control gain
benefits in a reduction of the power flow transmission.
Significant suppression of the peaks of the power flow
spectra are observed especially in the low frequency
range even for a small feedback gain.

The effect of the system’s symmetry on power flow
transmission is shown in Fig. 10. It can be seen that the
symmetric arrangement of the whole system (i.e., sym-
metric load Fs = {0, 0, ejωt}T , a three-dimensional
geometrical structure and material property parame-
ters) leads to a very good performance of the pas-
sive isolation system, which approximately reaches the
same isolation efficiency as the hybrid control strategy
assumingKc = 50. This figure provides guidelines to
the desirable placement of mountings on flexible struc-
tures in a passive system. It is suggested, therefore,
that isolators be mounted as symmetrically as possible
thereby reducing vibration transmission without much
active energy input.
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4. Conclusions

A hybrid active and passive vibration control ap-
proach is developed treating the total power flow trans-
mission as a performance index and a hybrid control
mechanism demonstrated from the viewpoint of power
flow. A mathematical model is presented describing the
dynamic interactions between machine, passive/active
controllers and the dynamics of the supporting structure
for a multi-dimensional flexible coupled system subject
to multiple excitations. The actuators, collocated with
the passive isolators, governed by a proportional force
feedback control law are successfully used to produce
active force cancellation in the mounts creating a dy-
namic stiffness softening effect without diminishing the
loading capability of the isolators. Hence, the hybrid
active and passive isolation system possesses a much
lower resonance frequency than the equivalent passive
one. This therefore results in an extended frequen-
cy range with better vibration isolation effectiveness.
The computational simulations for a simple and a more
practical complex hybrid isolation systems subject to
multiple excitations demonstrate that this hybrid power
flow control method is very effective to reduce power
flow transmissions from sources to receivers and to im-
prove the overall performance of the isolation system
over a wider range of frequencies. Of particular interest
is the significant improved control capability provided
by the symmetric placement of the mounts with respect
to the foundation.
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