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Second-Order Theories for Extensional
Vibrations of Piezoelectric Crystal
Plates and Strips

Peter C. Y. Lee, Member, IEEE, Nicholas P. Edwards, Wen-Sen Lin,
and Stavros Syngellakis

Abstract—An infinite system of two-dimensional (2-D)
equations for piezoelectric plates with general symmetry
and faces in contact with vacuum is derived from the 3-D
equations of linear piezoelectricity in a manner similar to
that of previous work, in which an infinite system of 2-D
equations for plates with electroded faces was derived.

By using a new truncation procedure, second-order equa-
tions for piezoelectric plates with faces in contact with ej-
ther vacuums or electrodes are extracted from the afore-
mentioned infinite systems of equations, respectively. The
second-order equations for plates with or without electrodes
are shown to predict accurate dispersion curves by compar-
ing to the corresponding curves from the 3-D equations in
a range up to the cut-off frequencies of the first symmet-
ric thickness-stretch and the second symmetric thickness-
shear modes without introducing any correction factors.
Furthermore, a system of 1-D second-order equations for
strips with rectangular cross section is deduced from the 2-
D second-order equations by averaging variables across the
narrow width of the plate. The present 1-D equations are
used to study the extensional vibrations of barium titanate
strips of finite length and narrow rectangular cross section.
Predicted frequency spectra are compared with previously
calculated results and experimental data,

1. INTRODUCTION

N a previous paper [1], a new term representing the in-

plane displacements that vary linearly through the thick-
ness (zo direction) was included with the infinite series
expansion of cosine functions of the thickness coordinate.
This term, induced by the gradients of the transverse dis-
placement, improves the dispersion curve for the flexure
mode of piezoelectric plates, especially at low frequen-
cies. The first-order equations, including thickness-shear,
flexure, and face-shear varying in the z; direction, and
thickness-twist and face-shear varying in the z3 direction
predict frequency spectra that agrees closely with experi-
mental results by Koga and Fukuyo [2] and Nakazawa et
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al. [3]. In the present paper, the same expansion is adopted
for the mechanical displacements. The electric potential is
expanded in a series of cosine functions that casily accom-
modates the specified electrical charge at electroded faces,
and a sine series expansion of potential was chosen for
plates with electroded faces in [1].

The truncation procedure used for extracting a finite
number of equations from the infinite system directly af-
fects the accuracy of the extracted equations in predicting
dispersion relations or the frequency-wave nmumber rela-
tions of straight-crested waves in an infinite plate. A new
truncation procedure for extracting the second-order equa-
tions has been used by setting the next two higher-order
stresses Té?), n=3,4and j = 1,2, 3, to zero, which
allows the frec development of the corresponding displace-
ments u§n), n=3,4and j =1, 2, 3, and does not require
them egual to zero. By this new procedure, 2-D second-
order equations for plates with faces in contact with either
vacuum or electrodes are extracted from the presently de-
rived infinite system of equations and from those derived
in [1], respectively. These second-order plate equations are
shown to predict accurate dispersion curves for plates with
or without electrodes by comparison with those from the
3-D equations for frequencies up to 2.5 times the cut-off
frequency of the fundamental thickness-shear mode, with-
out introducing any correction factors. In previous gov-
erning equations of vibrations of plates, such as those by
Mindlin and Medick (4] and by Lee et al. [5], correction
factors were introduced in order to improve the accuracy
of predicted dispersion relations.

Furthermore, a system of 1-D second-order cquations
for the vibrations of a piezoelectric strip with narrow rect-
angular cross section is deduced from the 2-D second-order
equations by averaging the plate variables across the nar-
row width of the plate as in [6]. Closed form solutions are
obtained from the 1-D equations for the vibrations of in-
plane symmetric modes in barium titanate strips of finite
length and narrow cross section. Distribution of displace-
ments for predominantly extensional (Et), edge (Eg), and
thickness-stretch (TSt) modes are computed and plotted.
Resonance frequency vs. length-to-width ratio of the strips
are predicted and compared with the experimental data
by Onoe and Pao {7] and calculated results by Medick and
Pao (8].
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Fig. 1. Uniform plate and the first nine components of displacement
of straight-crested waves in the z; dircction.

II. 2-D EQUATIONS FOR PLATES WITHOUT
ELECTRODES

A plate, referred to the rectangular coordinates xz;, as
shown in Fig. 1, has faces of area A at 2o = +b and z;
and z3 coordinates of the middle plane.

The 3-D linear equations of piezoeleciricity comprise
the stress equations of motion and charge equation of elec-
trostatics:

Ty, D;; =0, ¢))]

the constitutive relations for linear piezoelectric materials:

= pﬁj:

Ti; = cijki Skt ~ exi; B,
D; = eu1Sp + e Foy,

)

and the strain-displacement and field-potential relations:
i = 3 (wja +uig),

Bi= o, @3

In the above, Tj;, Sij, ui, D;, and E; are the compo-
nents of stress, strain, mechanical displacement, electric
displacement, and clectric field, respectively, and ¢ is the
electric potential, The material properties are the elastic
stiffness coefficients ¢;jx;, the piezoelectric strain constants
€ijk, the dielectric permittivity e;;, and the mass density p.

For a piezoelectric crystal of volume V bounded by a
surface S, the divergence in (1) can be replaced by the
variational equation:

{1
/ dt / [(Tij6 — piig) Suy + Dbl dV =0,  (4)
tg v

which comes directly from the variational principle [9].

To derive the 2-D equations, the components of mechan-
ica] displacement and electric potential are expanded in an
infinite series of trigonometrical functions of the thickness
coordinate as follows:

u (21, T, 33, t) = —ul ey +Zu(n) o
n=0 (5a)
= nrw
pla1,a2,23,8) = ) ™ cos - -, (5b)
n=0

where ugn) = uy‘)(:xl,zg,t) and ™ = o™ (2, z5,1) are
the 2-D nth-order components of displacement and po-
tential, and n = %3 The expansion {5a) were shown to
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produce accurate dispersion curves and frequency spectra
in a previous paper [1}. In (5b) the cosine series allows for
the easy satisfaction of charge-free faces [5].

We substitute the expansions (5) into the gradient equa-
tions (3) to obtain a series expansion of strain and electric
field:

= S¢n+ Z [$§ cos

=0
oo
E = Z [Ei(") cos
n=0

where the 2-D uth-order components of strain and electric
field are given by:

-+ S(n) sin %(1 - 77)} ,

nw =(n) . N A
7(1—n)+E§)sm7(l-n)}, ©

Sh = ~bul, (7a)
Sl(;‘ b=t [uy;) + ugﬁ) 8n0 (52, o, szugoz))} ,

(7b)

TPz (523 ™) by u(“)) , (7¢)

B = -, (7d)

E‘En) = "521:%@(”), (7¢)

where §;; is the Kronecker delta. By substituting the ex-
pansions (5) into the variational (4), setting dV = dzodA,
and integrating through the thickness 22 from —b to b in
a manner similar to that of [1}, we obtain:

0 0 0
790+ L0 2 i)
n nw —( ) I n . -
Tz(ﬂ) o Ty + 3 F™ = pu](") — pbeniiy)
n2>1, 8
1T 5t 1 e
Dii =g D2 g
n >0,

where components of nth-order stress, electric displace-
ment, face traction, and face charge are defined, respec-
tively, by:

1
Ti(f> == / T%j (S E(1 - W)d?i, (ga')
-1 2
1
=(n T
Tij) = /_1 Ty sin —271(1 —n)dn, (9b)
1
= / D; cos ’—7'22(1 - n)dn, (9c)
-1
1
D = / Disin%(l —m)dn (9d)
FI™ = T35(8) = (=1)"Tas(-b), (9e)
D™ = Dy(b) — (—1)"Da(~b). (99)

The 2-D constitutive relations are obtained by inserting
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(6) into (2} and then the result into (9a)—(9d):
T( = c,,c,JMSH + (14 8(my) (Cisni S,(d) — e;mE(“)}

13 Braleon B - e B,

m=0

(10a)

T{.?) = Snclykl Skg + (1 — épo) (C;ﬂclskz - ekzaE(n))
+ Z BumleijuSS) — ersy E™), (10b)
m=0
D = cpemSh + (1 + Sa0)(ewSS + e EM)
+ Z Bumn (€z‘kl—5§$) + Ezk__(m)) (10(:)
m=0
D(T = snezklsk[ + (1 - nl) (ezlek[ + EzkE(")
+3 Bun(emST 4 e, (10d)

m=0

where the integration constants are:

1
Bmx/ sin 7 (1~ Y cos "X (1 — g)dip
S 3

dm
={ (m?*—n?)7
a m-+n even

1
f cos (1~ p)ap
1 2
8
N oo nodd}
0 T even
1 )
sn=/ zpsin'—;z(l—@b)dw
-1

4
={ nx
0

The (7), (8), and (10) form an infinite system of 2-D equa-
tions replacing the 3-D (1)-(3)

m 4+ n odd

1

Cn

i

(1)

n=2486,...
n=10,1,3,5,...

I11. SECOND-ORDER EQUATIONS FOR
PLATES WITHOUT ELECTRODES

From the infinite system of Section II, a finite set of
approximate equations are extracted to form the second-
order equations for piezoeleciric crystal plates in which the
zero, first-, and second-order displacements and potentials
are kept and the higher order displacements and potentials
are eliminated by a new truncation procedure as follows.
We let:

u{” =0, n>4 (12a)
@™ =0, n>2 (12b)
TG =0, =0, butu” %0 n=34 (120)
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and disregard T“‘) , "{:), DM D and S("’) for n > 2.
The idea is to allow the next two hlgher‘order displace-
ments u‘") n = 3, 4 to develop freely by setting the cor-
responding stress components T_;?) to zero for n = 3, 4.
By substituting {10b) into (12c) and solving for the six
components of strain or displacement

) = 2(1 +oul”, j=1,2,3andn=3 4,
(13)
we have
2
= (24 dg4)
co; c €
‘_} 2@15’2?)_% zmsm 1 €e2g E‘“’) 3 k24 E;ﬁz) ’
362122 5cg 252) 3 Caj2j 5 2525
(14a)
Ty (1+52,,)
1eyum ., 8 Cajit (1\ 8 €r2j (1
e S — E’ . {14b
( 2021'71‘ LT 2525 +15C x| (14D)

where there is no sum over j. We note that, in solving
the first three simultaneous equations for §§j’ of (14a),
we have approximated the terms cgjkzg,(j) by the terms
‘2031233"2) for j =1, nggg-gg? for j = 2, and 262323_3'%)
for j = 3, ie., the terms involving the product of the
third-order strains with off-diagonal elastic stiffness are

neglected, such as cmg?;?, 2C2123§;§), etc. In solving the
second three simultaneous equations for E;:-} of {14b), a

similar approximation is made for the terms czjkl—gﬁ). By
substituting equations (14} into the remaining relations in
{10) and neglecting other third- and fourth-order strains,
the constitutive relations for the second-order theory are
obtained:

0 8%
T;(]) = 2 (;12:[5(0) “Ol_jklski - SJI)GES( )

~2e0 E — e B + D ED,

(15a)
y_ 8 w 1

Ti(j) E;I)rlskt + Czykls( ’ aniskl

- ES;E}:) - —ekijEl.z), (15b)
4

T(z) = =C, Sl)cls(a) - §"7;Czskl S):l + Cg;)gz 8(2)

+e B + ;WE - e ED,
{(15¢)
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4 4
T(l) Cz}kiskl +kalski - &c’]“sl(sl
4 +(1 ) 2
- ;emE( — e Ey, 57?6 "JEI(c ),
2 8
Tﬁ? = ;cwklskf +a- Cyklskl + 20131(:15];1
8 2
L exi; BO,
1
Dgo) (U)S(U) “ewklsiz) _ 85225(2)
+ QE(D)E'(O) + ;Eik_E-il) (3)E(2)
W= 3 ge L Mg
D; 2 St + eixl 3W61k15'
T, > L)
9 = 250 - s+ )

4
+e£:)E§€0) 3 —&; E(1)+5(2)E(2)

=1 4 —(1 4
D§ = ;eisz,ﬁ? + eiklsie) - ﬂeiklsg)
4 = 4
+ ;EikE;(cO) + EilcEi;) - S;EikE;(f);
=2 2 8
DS ) = ; tski + — 3 C,HSM +81kls( )
8
tgoe kEm + EzkE(2)
where:

(d) _ ) (d) 3
cz'j)z:l = Cijkt — gc'fgkh ln] - 24 .Emg’

o _ 5 3 0 _ 5 @
Cijkl = Cigkt — Ecijkl’ el(mg Ckij — 1882231
D et 20,

1 3 16 3
ngi)cl = Cijkl — Fc§jl)ct: ekz; = €kij — 45‘3§n;

1 16 (o

€§k) =€k + — 45 Ek)r
@ _ 9 s 2 _ 9 (3
c:‘jl)cl = Cigkt — gcgﬂlt: 6& Ckij — 5ef(cz’j’

2 9 (g1

(k:) =eu + 5852),

c(_;) - 1_~6A<ng21(-21k£ + Cij22C22k! + Cij23Co3kt
PR BR2 A\ corar 2223 C2323
(3 _ 16 ( c“z'j21_e’k21 Cig22€h22 | Cijzsekzs) ‘
kig = 571'2 21921 Co220 C2323
8 16 (5i21ek21 4 G2tk eizsekzs)
T G, Co222 ca3e3 /

(15d)

(15€)

(151)

(15g)

(15h)

(151)

(15))

(16)

)
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The stress equations of motion and charge equations of
electrostatics are reduced from (8):

T + bFf‘” 20", (172)
OGO W _ w8 o
T - 2T + bF = pill" — = pbiil),
(17b)
TS - T5 + bF}"” piil?, (17c)
DO+ 5JD(O) =0, (17d)
—m 1
DY - 2Dy +zDW =, (17e)
D@ - bD(z) + bD@) (176)

The strain-displacement relations are obtained from (7a)-

(7c):

o
S{-fj = —bug’,}j,
o _ 17 @ () 0 0
Sz-(j) =3 (ugj) + ug,!-) 4 Lug ) szug 3) \

s -1

kY

(s +42).

T2
1
S@ =3 (uﬁzj + u(~2-) ) , (18)

<1 _r (l) (1)
S YR (6 + by )
<@ _ T (2 (@
S” = ‘2“6’ (52_7“2- + (522uj ) .

The field-potential relations are obtained from (7d) and
(7e):

EO = p®, B0 g0

1 DR [ A 1 I
=(1) b —=(2) 7
Ey,' = ‘"2399(1)5 By = _3¢(2)~ (19)

Eq. (15)—(19) are combined to form nine displacement
equations of motion and three potential equations where
9 ugn) and 3™ n=20,1,2and j =1, 2, 3, are 12 un-
known functions of x;, 3, and ¢. The nine components of
displacement of straight-crested waves propagating in the
zy direction are depicted in Fig. 1.

IV. SECOND-ORDER EQUATIONS FOR PLATES
WITH ELECTRODES

The series expansion of potential (5b) is well suited to
satisfy charge-free face conditions, but it is not appropri-
ate for the satisfaction of an applied potential across the
thickness. For the case in which the plate faces are covered
by conducting electrodes, the expansion of potential used
by Lee et al. [1] is adopted:

¢=A+B?+;)¢(”)sin%(l—n). (20)
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The same truncation procedure (12) is used to extract a
system of second-order equations for plates with electroded
faces from the infinite set given in {1]. The constitutive
relations (15), the modified elastic constants (16), and
the strain-displacement relations (18) remain the same.
The charge equations of electrostatics (17d)~(17f) are re-
placed by:

D) +Dig+ o Zb {) =0,
—@) @ (21)
D+ D3z 4+ D =0,
and the field-potential relations (19) are replaced by:
©__B  pu_Ton p@_ e
Ez p BoEgP B =3P
B’ =0, BV =3, (22)

V. DiSPERSION RELATIONS

Expressions (15), (16), (17a)-(17c) (18), (21), and (22)
are used to calculate the dispersion curves for z) varying
straight-crested plane waves for plates of SC-cut quartz
and barium titanate with electroded faces, and the curves
(in solid lines) are compared with those (in dotted lines)
from the 3-D solutions with close agreement as shown in
Figs. 2 and 3, respectively, in which the normalized fre-
quency 2 and wave number Z are defined by (36a) and
(36b). We note that dispersion curves also were computed
by Lin [10} from the 2-D, second-order equations for plates
with electrodes that were obtained by using the truncation
procedure of Mindlin and Medick [4]. The improvement of
present predictions shown in Figs. 2 and 3 as compared
with those in [10] is slight for quarts, but much more sig-
nificant for barium titanate, especially for the TSh2 and
‘TSt branches in Fig. 3. Dispersion curves for the z; varying
straight-crested plane waves in a plate of barium titanate
with charge-free faces also are calculated, from (15)—(19),
and are compared with the exact oncs with close agree-
ment as shown in Fig. 4. The values of material constants
for quartz crystal and barium titanate ceramic given in [4]
and [11], respectively, are used for computation. The solu-
tion forms and dispersion relations from the present 2-D
equations are similar to those in [10] and very lengthy,
hence they are not included in this paper.

VI. 1-D EQUATIONS FOR EXTENSIONAL VIBRATIONS
OF A STRIP

Consider a strip of finite length and narrow rectangular
cross section as shown in Fig. 5, in which the length is
designated by 2a, width by 26, and thickness by 2¢c. When
the thickness is small as compared to the wave length and
other dimensions of the strip, a system of 1-D equations
can be deduced from the 2-D equations given in Section III
by averaging the variables and equations across the thick-
ness in a manner similar to that of [6] and [8].
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Fig. 2. Comparison of dispersion curves from the 2-D equations with
those from the 3-D equations for a SC-cut of quartz with electroded
faces.
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Fig. 3. Comparison of dispersion curves from the 2-D equations with
those from the 3-D equations for a barium titanate ceramic plate
with electroded faces.

By integrating (17) with respect to z3 from —c to ¢
and dividing by 2¢, we obtain the 1-D second-order stress
equations of motion and electrostatic charge equations:

o+ HO =22
o~ T 4 Y = pild),
08)1 b?ig) + H]@ = pi}jz), '
&%) +d©@ =g, @)
4 ZT +ah =g
d? - TaD 4 a® =

where the nth-order components of averaged displacement,
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Fig. 4. Comparison of dispersion curves from the 2-D equations with
those from the 3-D equations for a barium titanate ceramic plate
without electrodes,
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Fig. 5. A strip of length 2a, width 2b, and thickness 2¢ {¢/b < 1)
and the first three components of displacement for the in-plane sym-
metrical extensional vibrations.

stress, charge, and potential are defined, respectively, by:

() R Y RS
v (T1,1) = -2—6/_cuj (21,3, t)dz3,

{24a)

o) SR S e
@)=, [ T @125, t)dos, o

—-c

(")(501; / T” 1, T3, t)dlig, (200}
—c 24c

1/ _wm
di™ (21, t) = = D (34, w3, t)das, )
¢ 24d
(n)(icl,ﬁ) = / D (£1 Ta,t)dﬂtg, ( )
24e

n 1 T
1!"( )($1,t) = 2—0 410( )(:El,.’l};;,t)dﬂ?g, (24f)

-
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and the nth-order components of tractions and surface
charge density on the faces at z3 = +c by:

H](n) [T(n)( ¢) - (”)( c)]

(25)
o [D§(0) - D (=0)]

4 =

In obtaining (23), the traction-free and charge-free edge
conditions at x9 = =£b have been taken into account by
setting F{™ = D =0, n=0,1,2in (17).

For a thin strip in a state of generalized plane (z;, z9)
stress, we assume:

T3 =0 and
={.

Zz=c

(26a)

T3 {26b)

=Tz

Tz==C

Then, substituting (26a) into the definitions in (9a), we
have:

TS = (272)

& < 0. (27b)
For extensional motions in thin strips of piezoelectric
ceramic with poling axis in z3 direction, displacements
u;(%1, T2, T3, t) must be even functions with respect to the
z3 coordinate and symmetric with respect to the zi—z3
plane. Hence, only five of the nine components of the 2-D
displacement u(«n), n =0, 1, 2 are taken into consideration

J
and they satisfy:

(]
/ (ugo), ‘ll,(lz), Rgl), ’U,go),
-c

By substituting (15a} and (15¢) into (27a) and (27b) and

ugz)) ; dz, = 0. (28)

neglecting the coupling terms between u( ) and uﬂ we
obtain:
& le ¥
L0 a0 232 u(l) _ﬂ, (2)
3.8 CRCEF O] 5 (071l
33 C33
(0) ( )
€33 (0} (2)
+ 22@7‘!’,3 (0) ¥3
33 (29)
3 9 L8
(2) _ &1 (0)+_ﬂ (1) _ %1 u (2)
33 c(z) 3b ¢ (2) (2) 1,1
33
(3) ( )
_%s ©, &3 (2
%3 T m¥s
3 33

By substituting (29) into (15) and the result into (24b)-
{24e) and using the relations (28), we have the averaged
constitutive equations:
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PR COURIRC)) (2)

3 C
(’?l - Cgl) l (O?I 1 (2) 3 (31g)
o0 = 28,9 + Zet - 8,0 () © ® o2
1 o & =efy +25253 1“(6)33 373 (31h)
0 %
w28 6] - o], (a0 e
(0) (3
0) (0 3), (2 0 3),,(2 ¢iz € 1 e30c .
G'éo) = 20( V3 1) cés V:(s L +2¢ (1% 1/'/,(1) - e&s)w,(l): &y =c12 — 15(0)32 3 32(2;3 s (311}
(300 s (3) (2)
8
ol = Cgs)i/§11 + 3560 o, (30c) &y =es + 3623(60";% + —-623(%3 ) (313)
C33
~)_ 4 0 1y 4 2
7y = —clzyf 1) + 2b622y§ ) _ = cglul(l) . 3 ca3el? 5236(?
Lo = €21 — 3 (0) - (2) ) (31k)
2 [q,co)] _ 2 [¢<2)] 2
em 32 - 3er 2 -’ (3) (0 (2) o)
(30d) 55 3 Ci3€33 , Ci3 €33
€31 = €35 + 2 (0) + (2) ) (311)
FCNE WOBEF ORI
' R non 0 el )em) <s) ®
s [ @ Lo [ @ 8=l —gZoss sl (31m)
~ 32881 [sa ] Tt | ]_C, (30e) 9 2
0 2) (2 0 2) (2 3) (3 3) (3
P = )+ D) DD 1 oDy, oo SR o8
(301} 33 = 33 (0) (2) ?
—-(2} - «c » )+ _6241!1) 30g) (0) (3 (3)
“s ( &3, = sgg) + 2-6—@—;3& + E§3—j—‘ﬁ-. (310)
_ 8 1) (2) ( ) e
aéz) 3 Co6v2.1 -+ bCﬁﬁV (30h) €33
dgﬂ) - 2@5?:/3(.0) egi)yg(f) 26(1(;)#])(10) _ Sﬁ)w,(f), By substituting the modified constitutive relations (30)

(301) into the stress and charge equations (23), we obtain the
1-D equations of displacements and potentials for the ex-

2 3) (0 2) (2 3) (0 2) (2 . . . .
dgz) = _egs)Vg,E + egS)"’é,l) - 5%1)1/’,(1) - 5(11)¢,(1); tensional vibrations of a strip for piezoelectric ceramics:

(30)
=2 _ 7 2y 7
B = gews? -~ pend®, (30k) 200 4 La s @ L L oo
0 o [ ©) tutn + b°12” 2911 LT 5o [‘P1 ]_C
d® = -2 [/ (0) - o (=0)] L o
=3 [,@ (@) ‘4—631 [ ] =pv;7, (32a)
- [050) ~ vP (2] wn - -
o o 2w 1 o 2
d® = -&, [tp(ﬂ)(c) - so(g)(ac)] “zclzljg )+l v - 4b2 e+ 3 (deas+25;) v
1 0 . 21° _ )
- & o0 - o). (30m) ~othe [o0] + g [ =4 (320)
where the modified material constants are: —-6‘13124011 ( degs + 021) Vz 1 + 011V£21)1 _ :C%U{g)
’ 52
(0) (0} (3) (3)
0y Cia e leyc 1. 0 1 2 (2
5?1 = Cgl) _li(o_)%_ - _2__1§(_2_>§1_, (31a) —%egl [‘:9(1)} . + 5 e 6§1 [ ¢ )] = PVE )e
33 {32c)
(0) (0) (3) (3)
& = (0) +9%sCas | leigess (31b) 2e (O)uﬂ] - e§?u§2}1 - 2650)2[1( eﬁ)w,(f? +d® =,
e oy 2 g (32d)
. 8 coze 16 cazc (3) (0) (2) (2) (3) (0) {2),,(2)
By = Cog — %5—2;%3-— %—Qﬁg’g, (31c) V23 i1 Téis V311 AT T
33 - .
ey 1 6233(3) b2 6?4”?(» '+ ?)—2—6221’6(2) +d® =0, (32e)
fip = sz +2 “’ia HERPCRE (81d) o0 oo 00 1 eOp@ _ 40
(3) @ (20333(2) e Y T g% e el Yl ~ 5o (732f)
oh =l - 5 (g)31 B Cw(;n : (31e) 3) (0 2 7 0
2 2
_Cgs)yé 1)1 "'0(55) §11 - E“Cé V( ) ela 1[)( !
2 @ C§3)e§§) cﬁ”e(? 2
¢z = ey + —(QT + _(5)‘“1 (31f) (2)¢ - ‘_824¢(J) - pV( ) (32g)
Ca3
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We see that (32) are uncoupled into two sets of equations:
(32a)~(32c) govern the in-plane extension u ). width-

stretch ué ), and sccond-order width-shear !/< ) vibrations
that can be piezoelectrically excited by an apphed poten-
tial difference (z3 = +c) = +poe ™™t across the faces
of the strip; {32d)-(32g) govern the out-of-plane modes
u§°) and uéz) and the potentials ¥ and ¥®, which
cannot be excited by the same applied potential because
d© = d® = 0. The distribution of the displacements of
the in-plane vibrations across the width of the strip is de-
picted in Fig. 5.

VII. EXTENSION, WIDTH-STRETCH, AND
WIDTH-SHEAR VIBRATIONS

Expressions (32a)-(32c) are used to study the in-plane
extensional vibrations of a piezoelectric ceramic strip of
finite length. For shorted faces at z3 = *¢, the boundary
terms on {9 and ¢ are set to zero in (32a)—(32c) and,

for traction-free end conditions we require, at z) = +a,
o =6 =5 0. (33)
By substituting the vibrational form:
ufo) = A; sinfz e,
(l) = Apcos f(llle_iwt, (34)
( ) = = Agsinézie™ ™,

into (32a)-(32c), we obtain:

229, 2% — 202 %EEZ -23,2?
4_, 4
~t},2 Eéﬁ)ZrZ tehy - 0 - 442 2
-2, 22 [4+c21] z 01122+4 o0
Ay
Ap » =0, (35)
As
where:
2b
Q= Wy = (36a)
066
2b )
oo,
&=L 36¢c
5] 66 ) ( )
(n) i
z . 36d
) =2 (364)
Eij = —cﬂ (366)
Ce6

The vanishing of the determinant of the coefficicnts ma-
trix in (35) for a nontrivial solution yields the dispersion
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Fig. 6. Dispersion curves computed from (37) of 1-D equations of
the in-plane vibrations of extensional (Et), width-stretch (WSt), and
the second-order width-shear (WSh2) modes in an infinite strip of
barium titanate.

relation that is a bicubic equation in 2 and Z and is ex-
pressed by:

D(Q, Z) = 0. (37)

These roots or dispersion curves for an infinite strip of
barjun titanate are shown in Fig. 6.

For a given value of , three roots Z;, 5 = 1, 2, 3 are
computed from (37), and by substituting each Z; back into
(35) the corresponding amplitude ratios:

oy = 24 (38)

ay =1, 35 = )
Ay

iy = 225
7 = 3

Ali
are calculated.

The general solution for free vibrations is then formed
by a linear combination of the three solutions:

ZauB sin QbZ i e~ Wt

7=1

1 -
) = Zang cos o Z et
3=1

(39)

E az; By 5111-ij16 ot

By inserting (39) into (30a), (30¢), and (30e) and imposing
end conditions (33), we obtain three equations in the three
unknown amplitudes B;:

My;B; =0, (40)
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Frequency Q

Length-to-width ratio a / b

Fig. 7. Comparison of frequency spectrum predicted by (42) of 1-D
equations of the Et-WSt-WSh2 vibrations for barium titanate strips
with the experimental data by Onoe and Pao {7].

where

=0 =4 =3 Ta
My = (n’cua]zZi -+ 2612021 - rc11a3l~Zi) COS—E Zi’

2
8
Ma; = (—ﬂcéls)agl-zi + 53660131) sin g% Zi’
4 ko a(4l)
Ms; = (—Wé?lall-zi - géglazi + Wéflaaizi) cos 5+ Zj,

with no sum over j in (41). The vanishing of the determi-
nant of the coefficient matrix of (40) gives the frequency
equation for the finite strip, which can be expressed by:
F(Q, a/b)=0. (42)
We note that (42) is independent of ¢/b, the thickness-
to-width ratio, for the free vibrations. The thickness di-
mension 2¢ will appear in the particular solution of (32a)~
{32¢) for piezoelectrically forced vibrations.

VIII. FREQUENCY SPECTRUM AND MODES
FOR A STRIP

Resonance frequencies §2 as a function of the length-to-
width ratio a/b are computed from (42) for finite strips
of barium titanate [12] with four edges free of traction
and charge as shown in Fig. 7, in which the segments of
frequency branches predominantly in extensional modes
are denoted by Et-n, edge modes by Eg-n and fundamen-
tal width-stretch by WSt, and the integer n = 1,3,5...
denotes the nth-anharmonic overtone. The experimental
data by Once and Pao [7], which are extracted from
Medick and Pao [8] are presented as circles in Fig. 7 for
comparison. The present result in Fig. 7 also may be com-
pared with previously calculated result in Fig. 3 of [8].
It may be seen that predicted resonance frequencies for
the Et-1 and Et-3 modes are very accurate from both the
present theory and that of [8], but the present theory gives
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Fig. 8. Mode shapes of predominantly extensional vibrations, Et—n,
n = 1, 3, 5, for barium titanate strips at @ = 1.0, and n = 1, 3, 5,
afb = 1.567, 4.702, and 7.837, respectively.
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Fig. 9. Mode shapes of predominantly edge modes, Eg — n, n =
1, 3, 5, for strips at Q = 1.464, and a/b = 1.709, 4.033, and 5.837,
respectively.

slightly closer predictions for the Eg-1 and Eg-3 modes and
for the WSt mode for a/b = 1 to 2. The frequency of the
edge mode presently predicted at 1.464 is within 4% of
the experimentally measured value of 1.411; the predicted
value in [8] was within 8%.

Mode shapes or displacersent variation along the length
of the strip at resonance are calculated from (39) and are
shown in Figs. 8-10. In Fig. 8, the predominantly fun-
damental extensional mode Et-1 and overtones Et-3 and
Et-5 are plotted for = 1.0 and a/b = 1.567, 4.702, and
7.837, respectively. In Fig. 9 the edge modes predominantly
in width-stretch uél), Eg-n, n = 1, 3, 5, are plotted for
1 = 1464 and a/b = 1.709, 4.033, and 5.837. In Fig. 10
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Fig. 10. Mode shapes of predominantly fundamental width-stretch,
WS¢, for strips at Q = 1.664, and a/b = 1.693, 2.908, and 3.722,
respectively. '

the fundamental width-stretch modes WSt are plotted for
2 =1.664 and a/b = 1.693, 2.908, and 3.722. It is seen in
Fig. 10 that the mode of ng) changes slightly for increasing
values of a/b, but it may be regarded as essentially uniform
throughout the length of the strip and, hence, identified as
the fundamental width-stretch mode.

IX. ConNcLusiONs

In summary, 2-D, second-order equations of extensional
vibrations for piezoelectric crystal plates, with or with-
out electrodes, are obtained by a new truncation proce-
dure and shown to predict accurate dispersion curves as
compared with those from the 3-D equations, without us-
ing any correction factors. Furthermore, a system of 1-D,
second-order equations of extensional vibrations for piezo-
electric ceramic strips with narrow rectangular cross sec-
tion is deduced and shown to predict accurately, without
using any correction factors, the frequency spectrum for
finite strips with all four edges free as compared with ex-
perimental data [7] and the previous prediction [8].
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