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Abstract

Recent advances by the authors in analytical methods for the analysis of plane fretting fatigue (FF) contact problems
are described, and new consequences for FF damage are derived. Constant normal load and oscillating tangential load
(the celebrated Cattaneo—Mindlin case) are considered with in-phase oscillating moderate bulk stresses, for an arbitrary
spline rotated geometry and, in particular, the flat punch with rounded corners in view of application to the dovetail
joints.

Extremely simple, new results are found for initiation parameters such as tangential microslip and frictional energy,
which have been used under certain conditions as threshold parameters for FF.

Finally, it is shown that for an “almost flat” geometry, the surface damage parameters decrease, but the tensile stress
concentration increases, although it becomes more localized, suggesting that for cracks eventually initiated, the like-
lihood of self-arrest is higher than in the equivalent Hertzian case with same loads. This seems to interpret recent
experiments, although it is not clear whether the optimal geometry in terms of FF life is the perfectly flat one, or an
intermediate one. © 2001 Elsevier Science Ltd. All rights reserved.

Keywords: Contact stresses; Fretting fatigue; High cycle fatigue; Crack initiation; Fretting damage; Turbine blades; Dovetail joints;
Gas turbine engines

1. Introduction

Fretting fatigue (FF) occurs when minute surface tangential motion arises between components pressed
together by normal forces, and, if we refer to the data of the USAF (Thomson, 1998), is responsible for
about one out of six in service ‘mishaps’ in gas turbine engines for which high cycle fatigue (HCF) is itself
the largest single cause of failure. These two facts combine to give a clear idea of the relevance of the
phenomenon for such safety-critical applications. Despite the remarkable progress, FF is still one of the
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(b)

Fig. 1. Schematics of (a) dovetail joint geometry and (b) of the radiused flat contact model.

most “inexact” areas of fatigue, where effort is now being focused. In the USA, an attack has been launched
with the Multi-University Research Initiative (MURI) program by the US Air Force, and many groups are
now active on FF also in other parts of the world. Recent results appear in ASTM STP1367 (1999) and in a
special issue of Int. J. Fatigue, vol. 21 (7), 1999.

The present paper is composed of four parts. In Section 1, after briefly reviewing some background
material on historical developments of experimental and theoretical work on FF, models based on tan-
gential microdisplacements, stress concentration, asperity contacts, and fracture mechanics, we conclude
that, at present, the earliest models (microdisplacement and surface damage) are still valid for their sim-
plicity and explanation of size effect because there is as yet no general agreement or definitive experimental
evidence on alternative criteria, which are almost certainly more complex. Infact, microdisplacement and
surface damage criteria are currently used as threshold factors of FF for qualitative ranking of materials
(the ESDU database as given below) and also have physical interpretation in terms of asperity contact
incremental strain models similar to the ones used with success in rolling contact fatigue. In Section 2, we
review advances made, by the present authors, in analytical tools for the solution of plane partial slip
contact problems, appropriate to fretting problems, for a general spline geometry (and in particular the
dovetail joint geometry). In Section 3, we discuss the main part of the paper, extending results reviewed in
Section 2 for the calculation of microdisplacement and surface damage. In Section 4, we finally focus on the
dovetail joint geometry (Fig. la), reviewing results for pressure distribution, strength of the contact, stress
intensity factors which were already presented only partly in earlier papers. The results for microdis-
placement and surface damage for this geometry are completely new. In the discussion and conclusion
section, we therefore try to infer some deduction for the FF behavior of dovetail joint, giving suggestions
for design and further experiments.

2. Background

2.1. The early experiments and micro-displacement-based models

Early in the last century, fretting was identified in the specimen fractured in the grips of fatigue machines
(Eden et al., 1911; Gillet and Mack, 1924), and tangential microdisplacements, J,,,x, were suggested as
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Table 1

The ESDU fatigue strength reduction factor Ki, based on fretting microdisplacement (from Lindley, 1997)
Ky Low mean stress High mean stress
5 <0.005 2 4
S >0.005 2 10

quantifiers of the phenomenon (Tomlinson, 1927). More systematic investigations on FF in the 1940s
recognized a small decrease of fatigue performance (13-17%) in previously fretted specimen (Warlow-
Davis, 1941), but later on, it was pointed out that the combined effect of fretting and fatigue was much more
severe causing a strength reduction of a factor 2-5 or more (McDowell, 1953). It was found that an FF limit
seemed to be difficult to obtain even for materials with clear plain fatigue endurance limits.

In the 1960s, experiments on inert gas atmosphere showed that, although fretting wear decreased, the
fretting strength was not significantly increased, confirming that the two processes have no direct relation.
Nishioka et al. (1968) and Nishioka and Hirakawa (1969a,b,c) noticed a critical range of slip values
promoting FF (dm. of the order of 15 pm): not only at lower displacements, was there no significant
fretting damage, but also at higher displacements because — it was suggested — wear eroding of the mi-
crocracks eventually initiated. Further studies, (Bramhall, 1973) found that, if only the dimension of the
contact is changed and not the mean pressure and stress field, a critical size exists for the contact area
dimension below which the FF life is much longer (>107) than above this limit. Similar experiments were
conducted by Nowell (1988), confirming the presence of a “size effect”.

It appears to be evident, therefore, that the microdisplacement-based model has dominated the scene and
still is a very convenient and immediate ‘rule of thumb’ in orientating the engineer facing this complex
phenomenon. In fact, the engineering sciences data unit (ESDU) in the UK has recently developed a
practical fatigue strength reduction factor Ky criterion from test data collected by the National Engi-
neering Laboratory on carbon steel, based only on fretting microdisplacements and mean stress, as shown
in Table 1.

This approach is remarkably simple, but should only be used for qualitative ranking of material com-
binations due to difficulties in applying results from simple specimen geometries to complex components
(Lindley, 1997).

2.2. Attempts of more advanced fretting fatigue modeling

Few researchers have focused on stress concentration effects (Wright and O’Connor, 1972; Fenner et al.,
1956). The difficulty of obtaining an accurate value for the elastic stress concentration factor K, for fric-
tional contact problems, and the fact that the very steep gradients of the stress field and the other complex
aspects of the phenomenon require a more complex modeling than the Ki-based approach, had probably
demotivated the early researchers. Collins and Tovey (1972) suggested an ‘asperity-contact microcrack’
initiation mechanism based on fatigue stress concentration at the asperity level. Similar initiation models
have also been attempted more recently (Ballard et al., 1995; Moobola, 1998). They are based on the idea
that macroscopic stresses remain elastic, but microscopic stresses on the asperity level can locally exceed
yield. In particular, the former (Ballard et al., 1995) proposes to examine the cyclic plastic response and
predict initiation when the elastic shakedown limit is overpassed. However, for asperity-based approaches,
as in general for rough contact theories, the fundamental question of the resolution at which measuring the
“asperities-features” remains unsolved. Therefore, what one sees as asperity at one scale, develops into a
complex pattern of asperities at the scale just below: the elastic solution predicts in the limit contact over an
infinite set of points — a fractal set contact area (Ciavarella et al., 2000). This is clearly only a limiting
condition but indicates that, as basically found by Archard (1957) already, the concepts of “pressure” and
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“contact area” are not as obvious as one may think and depend very much on resolution of the measuring
instrument. Every asperity has its stick-slip boundary (except from the ones in full slip), so the contact and
the fortiori stick-slip boundaries are not as precisely defined as one may suppose from the classical mac-
roscopic Cattaneo—Mindlin solution (Ciavarella et al., 1999).

Turning back to models for FF, an attempt was made by Ruiz et al. (1984, 1986) to combine the stress
concentration/fretting damage approaches, with an empirical parameter taking account of tensile surface
stresses also. FEM results and experiments on dovetail joints indicated a qualitative good prediction ca-
pability of the Ruiz parameter, but, as will be discussed in Section 3, the increased complexity of the Ruiz
parameter does not necessarily corresponds to an increased predictive capability. Recently, other fatigue-
based criteria have been proposed (Neu et al., 1999, which also contains a good review) but a general
agreement has not been reached in modeling this complex phenomenon. Initiation models in the sense of
fracture mechanics are discussed below.

2.3. The use of fracture mechanics and “crack analogue”

Another important attempt to model FF was fracture mechanics based, which probably started with
Endo and Goto (1976): they recognized an initial propagation phase (faster than in plain fatigue) mainly
due to shear with a small propagation depth inclined with respect to the surface and the principal stress.
After this, there is a formation of a knee point where cracks turned and propagated perpendicularly to the
surface. They also supposed that the surface fretting damage occurred in the first 20-25% of their life,
ending with the turning at the knee point, after which only the stress field (combination of the decaying
contact field and the more regular bulk stress field) was the propellant of the so-formed cracks. Fracture
mechanics was also used by Edwards (1981), Hoeppner (1994) and Waterhouse (1981, p. 143-158). Some
authors remark with pessimism that each FF case should be studied separately (Hoeppner and Gates,
1981). Work was very intense during the 1980s (Waterhouse, 1981, 1992; Nix and Lindley, 1985; Water-
house and Lindley, 1993; Nowell, 1988; Hills and Nowell, 1994) and is becoming even more so recently,
particularly due to extensive programs on fatigue such as the MURI program in the USA.

Due to difficulties in detecting a crack when it is not “too late”, or designing for a crack to self-arrest
(Moobola et al., 1998), it is not easy to use a “damage tolerant” design under HCF, so most of the effort is
now concentrated on initiation (Fellows et al., 1997; Szolwinski et al., 1996; Fouvry et al., 1998; Nowell and
Hills, 1990) or “‘short crack” models (Araujo and Nowell, 1999). Models are various, as initiation from
fretting being more complex than initiation from a standard notch, the stress field being very severe and
multiaxial, and also because shear tends to be very high promoting highly mixed-mode conditions.
Giannakopoulos et al. (1998) consider the limiting case of a rigid sharp squared-end indentation, where the
stress field induced by the contact is very similar to the square-root singular stress field around an external
crack, proposing a crack analogue model. The exterior of the contact area is then like an infinite size crack;
the singular stress field can be quantified by a stress intensity factor, and the bulk stress in the contacting
materials becomes T — stress in the fracture mechanics terminology. Cracks developed at the contact site are
kinked cracks, although the compressive stress field (which would cause contact of the equivalent crack
faces) in mode I has no immediate correspondent in LEFM. Initiation can therefore be based on thresholds
of stress intensity factor amplitudes AK < AKy, typically at very high mixed-mode levels because the
tangential load (perfect adhesion is assumed) is a mode II load and the torsion of the indenter is of a mode
111 nature. In practical cases, indenters are not rigid, the singularity is not the —1 /2 singularity of the crack
case, and partial slip arises rather than perfect adhesion. Of particular concern is the circumstance that,
when the indenter is blunted as opposed to the case where a crack is blunted, the maximum stresses may
localize the subsurface and as a result, the stresses are not only far from the singular limiting case but
actually milder than a perfectly rounded indenter (Ciavarella, 1999). Nevertheless, the crack analogue
model provides a length scale immediately to the problem (not the crack size, as it is virtually infinite, rather
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the contact area size which is the size of the interior of the crack), and another explanation of the size effect
found experimentally by Bramhall and Nowell.

3. Review of analytical results
3.1. Normal contact

Within the assumption of considering the bodies’ elastically similar half-planes, the solution for the
normal load can be obtained very simply as normal and shearing tractions are uncoupled: pure normal load
does not induce shearing tractions, and any kind of tangential load does not alter the pressure distribution.
General solutions have been known for some time, and detailed solutions have been obtained for the
pressure distribution induced in a generic quadratic spline profile contact (Ciavarella and Demelio, 1999),
dealing with the general case of non-symmetrical indentation, where the position as well as the dimension of
the contact area vary with load. This solution covers all cases of engineering interest as long as the contact
area is connected. First, the geometry of the problem is entirely defined by the function A(x)

h(x) = T, +ox = [fix) = o(%)], (3.1)

where fi(x), f>(x) describe the bodies’ profiles, and 7, o are the normal and rotational components, re-
spectively, of the rigid body motion that brings the two bodies into contact. The normal traction distri-
bution over the contact is given by the following integral equation (Hills et al., 1993, f. 2.17 p. 51), over the
unknown contact region L

1, _1 [p(&d¢

Here, A is the “composite compliance” of the bodies, which in plane strain is (£; is Young’s modulus and v
is Poisson’s ratio of body i)

2 2
A:E—1(1—v§)+5(1—v§). (3.3)

In Ciavarella and Demelio (1999), a detailed solution for a generic quadratic spline profile, allowing un-
symmetrical indenter geometries, and therefore, implicitly, for the influence of tilt, has been given. The
overlap function #j(x) = #'(x) — « is given as a spline composed of n parabolic functions, i.e. in the ith
interval (i = 1,...,n), by

hy(x) = mx + Dy, x; < x < Xpi1. (3.4)

The solution for the pressure distribution, load and resulting moment is given in Ciavarella and Demelio
(1999).

3.2. Partial slip

Solutions for normal load other than Hertzian geometry have been known for some time, and the range
of solutions for frictional problems causing partial slip which were essential to study fretting in detail was
much more restricted. The classical solution was that relating to a tangential load applied sequentially to a
Hertzian contact, originally devised by Cattaneo (1938), and independently by Mindlin (1949) after Cat-
taneo (1947a,b) had also solved the case when the contacting bodies were described by fourth-order sur-
faces. Further progress was made on more general loading history for the Hertzian geometry by Mindlin
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and coworkers, or on the limited effect caused by elastic dissimilarity — for a review, see Hills and Sosa
(1999).

A more general solution to the Cattaneo-Mindlin problem for any plane contact problem (not neces-
sarily Hertzian) was given in Ciavarella (1998a,b) proving that the Cattaneo frictional traction distribution

q(x) = flp(x) — ¢" (x)] (3.5)

satisfies both equality and inequality conditions, with ¢*(x) being the normal contact pressure distribution
at some smaller value of the normal load. Upon increasing the tangential force, the stick zone shrinks in the
reverse order as the normal contact area during the normal loading process. The more general loading
scenarios where normal load is not held constant (Mindlin problem) has been treated by Jaeger (1998).
General three-dimensional geometry also permits this solution strictly only for the case where Poisson’s
ratio is zero (Ciavarella, 1998c) and only where the sign, but not the direction of the tangential force,
changes. Otherwise, there is a mismatch between the direction of the traction and the direction of slip,
indicating that both components of shearing tractions are needed for the correct solution. However, this is
also true for the original Cattaneo-Mindlin solutions, and error has been shown to be small in particular
cases.

The application of these results to fretting contact problems was shown in Ciavarella et al. (1999a), and
further extension to the case of ‘moderate’ bulk strain present in one of the contacting bodies, and oscil-
lating in phase with the tangential loading, was shown in Ciavarella et al. (1999b). Further interesting
corollaries were shown in Ciavarella and Hills (1999), namely that the effect of wear which eventually alters
the geometry in the region of the microslip will not change the dimension and location of the region of stick
with the result that in principle, the pressure will localize within these region, and in the limit, a singularity
of pressure would arise at the slip-stick transition point. The most general case of loading condition may
require a numerical scheme, and an efficient one makes use of Kalker’s optimization theorems, as discussed
in detail in Dai and Nowell (1998). Techniques for the internal stress and displacement field calculations are
then routine either based on a series solution for Muskelishvili’s potential or as a piecewise linear dis-
cretized form of the pressure using overlapping triangles (Kelly et al., 1997).

In any real application, specifically in a dovetail joint of a typical gas turbine engine, there are com-
ponents of load that are varying with the regime like centrifugal loads, others that vary with power output
(fluid pressure), and others that are induced by vibrations. Also, even if only one of these loading effects is
considered at a time, typically not only one component of load in the contact is affected because of offsets
and asymmetry of the contact: in other words, an increase in centrifugal loads induces an increase in both
normal and tangential load as well as an offset of such loads with respect to the original direction. Studying
such conditions require a very detailed analysis of the general Mindlin problem case, and although this is in
principle possible (Jaeger, 1998), we limit our interest here to the case of constant normal load P and
oscillating tangential load Q.

In particular, we consider, as in Ciavarella et al. (1999b), a surface tension which develops simulta-
neously and in proportion to Q. Provided that the surface strain is only moderate, we can, in fact, assume
that slip zones of the same sign occur, and the general solution is given by Eq. (3.5), where the corrective
pressure, g*(x), is the solution of the following integral equation:

L1 g 1
— dé == h"(x), - .6)
TC/Skax _¢ ¢ 1 \x), X € Sstick s (3 6,
which can be recognized as being of the same form as the original equation for normal contact, Eq. (3.2),
with a lower normal load, 0%, and a modified right-hand side with

e,

WM:WM—%—@—7>‘M®—ﬂ®] i' (3.7)
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Thus, we can define a fictitious rotation, «* = (o — e,/f), i.e. the geometrical rotation reduced by e,/f. The
condition for this ‘corrective’ solution to hold is that the stick zone has to be contained entirely within the
contact area. If it lies partly outside, this means that the initial assumption of moderate surface strain is
violated, and the solution needs, in general, a numerical procedure. The case of oscillatory loading can be
easily covered by generalizing the above argument with a series of superposition of normal contacts, and
indeed it may be important to consider frictional residual stresses to find the highest stress ranges on each
loading phase. The details of the partial slip solution for the geometries under examination have been
presented elsewhere (Ciavarella et al., 1998). A more complete analysis, where the indentation is not
symmetric and bulk strains are also present is reported in Ciavarella et al. (1999b).

4. Application to fretting damage parameters

As seen in Section 2, experimental evidence indicates that the detrimental effect of fretting occurs only in
certain ranges of conditions. The complexity of the phenomenon and the relatively reduced number of tests
available, with respect to plain fatigue, have complicated the separation of the different effects which are
believed to influence the phenomenon. It may be said that FF moves at the boundary between conditions
which are more deeply understood and may serve as bounds for orientating the analysis. These are, in short
(1) rolling contact fatigue, (ii) fatigue crack initiation and propagation from a notch, and (iii) fatigue crack
initiation and propagation as directly applied to the “crack analogue”.

The former (i), which has been quite successfully attacked in the context of ball bearings design, starts
from the consideration that unidirectional passes of a moving (rolling, sliding) contact load causes sub-
surface in a strain hardening material and incremental plastic shear strain (Bower and Johnson, 1989). In
fretting, the motion is not unidirectional, but hysteresis cycle of the frictional surface tractions causes at
asperity level, the possibility of incremental plastic shear strain; this justifies the choice of classical damage
parameters.

(1) Slip amplitude dnmax, where J is the relative tangential displacement of contacting particles during the
cycle, proportional, for a pair of surfaces of a given roughness, to the number of asperity passes per cycle
(Nowell and Hills, 1990).

(2) Frictional energy dissipation parameter Dpyax = (70),,,,, also called F; or fretting wear parameter,
which gives a measure of the cumulated strain according to Bower—Johnson’s mechanism. In fact, t = fpin
the slip regions, and p from classical rough contact models like that of Greenwood-Williamson is in turn
proportional to the number of asperity contacts per unit surface (Kuno et al., 1989, and see a detailed
discussion in Section 5 of Nowell and Hills, 1990). Finally, D may also be interpreted as the surface energy
expenditure per unit surface area.

However, in fretting, the coefficient of friction is typically much higher than in ball bearings (and it
increases even more during the fretting cycles, so that it is not uncommon to find values higher than 0.75),
and therefore, the mechanisms may differ as maximum shear occurs at the surface. Also, the higher friction
coefficient means that tensile stress concentration is much higher, activating mechanisms (ii) and (iii). There
are no systematic studies correlating the elastic stress concentration factor, K;, on FF life, except recent
ones (Szolwinski and Farris, 1998), which propose a more refined criterion based on the Smith-Watson-
Topper equation. They introduce an ‘experimental’ nucleation life as the difference between the observed
failure life and the ‘estimated propagation life’ which is defined as the time needed to propagate a certain
length of crack from a certain starting dimension. This criterion may also explain the size effect as in the
‘estimated propagation life’, there is a length scale, but the authors indicate that this ‘estimated propagation
life’ is only 10-15% of the total life, and therefore cannot take account of any significant size effect as found
by Nowell and Hills (1990). Indeed, there is no clear indication that the estimated propagation life of the
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Nowell and Hills (1990) paper has been quantified in that paper (Szolwinski and Farris, 1998), so that the
two facts combine to render obscure the reason why the experiments seem to fit, unless only a subset of the
Nowell and Hills (1990) data has been used.

It is clear that a correct fatigue approach needs a fatigue stress concentration factor (SCF) K;, rather
than the purely elastic SCF, K. K; is defined as the ratio between degradation from the ideal plain fatigue
limit to the actual limit and obviously Ky < K;. The fact that the tensile concentration is very localized in
contact indicates that the actual K; is probably very far from K. Notice, however, that this may be a further
alternative explanation of the size effect noticed by Bramhall and Nowell studies: indeed, a first estimate of
K; may be obtained using a “hot spot approach”, i.e. considering the stress concentration at a certain,
material dependent distance from the stress raiser. For example, Taylor (1999) propose to consider a point
at a distance a¢/2 from the actual stress maximum, where aq is an intrinsic size of the material which depend
on fatigue limit Ag; and threshold AKy, by considering that AKy, = Agy\/Tag. It is clear that the maximum
size effect possible is the one given by considering a 1/2 singularity, i.e. considering the contact area as a
crack (the “crack analogue” model), and further analysis of the size effect may lead to a better under-
standing of the phenomenon.

Another damage parameter used in an attempt to consider tensile stresses is

(3) Riax = (079),,,,,, also called F, or FF parameter, introduced by Ruiz et al. (1984), which empirically
takes into account the evidence that cracks are more likely to develop in regions of tension rather than
compression, therefore accounting also for the early stages of propagation. It has some success in predicting
the likely initiation sites, but there is no reason to believe it may work for quantitative analysis. In fact, R,
although apparently more “comprehensive”, has no direct physical interpretation, and, more importantly,
is a hybrid approach which measures two competing processes by multiplying them arbitrarily with the
same weight and at the same point.

Recent experiments (Iyer and Mall, 1999) found a decrease in FF life with increasing normal loads,
whereas all three parameters, dmax, Dmax, Rmax Would predict an increase. Vice versa, the experiments
correlated well with the local maxima of stress ranges (which, due to frictional residual stresses, is much
larger than what expected). However, this criterion would not work in the Bramhall (1973) and Nowell
(1988) kind of experiments, mentioned above, where only the size changes so that any chosen stress range
would remain constant, whereas FF life decreases sharply when the contact size exceeds a certain threshold.
A tentative hypothesis we may put forward is that any of dyay, Dmax, Rmax may be used as threshold pa-
rameters as there is no evidence that they can be used as a continuous indicator of FF life.

The fact that R depends strongly on the surface stress ¢, which in turn is the sum of three separate
contributions ! giving a subsequent dependence on several other parameters, renders it very difficult to
show comprehensive results. Hence, results for R would need a separate investigation, but will not nec-
essarily provide really definitive answers. Attention will be focused here on the first two, slip amplitude,
Omax» and frictional energy parameter, D, only and in particular, we will examine its distribution for the flat
indenter, with radiused edges, and compare it with the classical Hertzian case. Comparisons and new results
will be displayed, permitting a better insight into the phenomenon of fretting damage in real contacts.

4.1. Tangential microdisplacements
The displacements within the slip region are found from the general solution of the partial slip problem.

The full sliding component can, in general, be integrated directly from an expression given in terms of the

! The surface stress is given by the bulk stress, the stress induced by the tangential contact tractions, proportional to the friction
coefficient, and the additional stress due to finite thickness of the contacting bodies (Fellows et al., 1995).
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geometry, whereas the corrective term depends on ¢*. Further, considering that the relative tangential
displacements are zero in the stick region, and at any particular point x, inside the stick region, we obtain

u (%) = FIACE) — h(xo)] —% / ) /L | q*(@?édx, % € Ly (4.1)

X —

By reversing the order of integration and performing the integral, we find

() = 1106~ o)) -2 [ gr(@ym) 2=

Lgtick Xo — é

dé¢, xe leipa (4'2)

where we have defined a gap function, g(x) = [h(x) — A(x)]. A complete description of the surface dis-
placement may be found straightforwardly. A very simple result can then be obtained in the limiting full
sliding conditions, i.e. under incipient full sliding:

w(x) = fg(x), xel, (4.3)

a result of immediate graphical visualization, which provides the upper bound for the displacement before
the full slip condition, above which they become indeterminate.

4.2. Frictional damage D

From the definition of D, we see that
D(x) = ux(x)T(x) = ux(x)fp(x)v x € leip

and the components of this product are now known. In particular, the limiting value is easily seen from the
initial gap function. Under such conditions, we have from (4.3)

Dim = u(x)fp(x) = /*g(x)p(x) (4.4)

from which it is clear that the two components of damage have opposing effects: where the gap is higher, the
pressure (and hence the shear traction) will tend to be lower, and vice versa, so that the damage parameter
tends to be a weak function of geometry, as it will be found below.

If we consider the integral of the local parameter D over the contact area, we obtain a measure of the
energy expended at the contact in the fretting regime, i.c.

E= f D(x)dx. (4.5)

Laip

5, The rounded flat geometry — dovetail joints

Here, we collect results for the case of interest for the design of dovetail joints, i.e. for rounded flat
indentation, which we assume to be symmetrical in geometry and loading conditions for simplicity, some
remarks on the more general case being in Ciavarella and Demelio (1999). We then add the original results
for the section relative to damage parameters.

Until recently, mostly Hertzian contacts were used for quantitative FF testing because the interpretation
of the stress field was only available in closed form (Hills and Nowell, 1992, 1994). However, the Hertzian
geometry is very remote from those found in engineering applications such as splines and dovetail joints for
blades of gas-turbine engines. If the contact conditions are to resemble real dovetail joint contacts (Fig. la),
flat indenters with rounded corners (Fig. 1b) present a most interesting choice, and indeed, the contact
pressure distribution they develop is very close to real applications to both dovetails joints and spline
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couplings. The use of indenters having this form has several advantages over the alternatives; testing using
Hertzian indenters means that, whilst the contact pressure and shearing traction may be adjusted to take
prototypical values, the surface slip displacement, being proportional to the integral of the stress field, will
not, and this lack of fidelity in the test geometry may have consequences for the interpretation of the fatigue
results found. As both the stress field and the displacement field of the prototype are replicated faithfully,
the so-called “‘size effect” may be explored, i.e. the different FF behavior of materials under geometrically
identical contacts of varying size. Several authors are now performing experiments with this geometry,
including Hutson et al. (1999), and Pape and Neu (1999). In particular, Pape and Neu (1999) use, simul-
taneously under same nominal contact load, a flat-on-flat and a cylinder-on-flat contact configurations on
opposite sides of a FF specimen; the major fatigue crack always occurred at a cylinder-on-flat contact.
Similarly, Hutson et al. (1999) noticed an increase of the fretting life for smaller radii in the rounded flat
specimen, an occurrence which is quite surprising from a classical fatigue point of view. This suggests that
the fact that there is virtually no microslip for the perfectly flat contact may be the theoretical optimal
condition for FF, which would be quite surprising. Alternatively, there may be an “almost flat geometry”’,
perhaps depending on materials and loading conditions, to give the best FF performances. In an attempt to
interpret these results, we give results for pressure distribution, strength of the contact, partial slip, damage
parameters, and stress intensity factors.

5.1. Contact laws

We have seen above that a general solution to the spline profile has been obtained in Ciavarella et al.
(1998). However, particular results which are of immediate interest here are (i) the case of a Hertzian,
parabolic indenter with k = 1/R, the local curvature at the point of first contact, for which the following
well-known results are obtained:

AP

r
k2

b= o= 2]

where x = bsin @, b being the contact half-width; and (ii) the case of a flat punch with rounded corners, where
the same notation is employed and with a contact half length 5(= a/ sin ¢,)

b, (5.1)

bp(o) _ 2/n
P m—2¢,—sin2gp, (1= 2¢g) cos ¢
sin (9 + ) [0 o+gp 9= [
—— . 5.
n ( Y P tan 3 tan 3 (5.3)

With this implicit form of the pressure distribution, the contact law is more complex to find, but, con-
sidering a as a known geometrical quantity, the angle ¢,, and so the contact area as a function of the load P
is found from equilibrium considerations to be

PAR _m—2¢,

“(;2— = — cot Do, (54)

2sin’ ¢,

where R is the edge radius. Eq. (5.3) then gives the pressure in the region —~n/2 < ¢ < m/2, which corre-
sponds to —b <x < b. It is interesting to note that the non-dimensionalized pressure does not depend
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Fig. 2. The contact problem for the radiused flat contact geometry (symmetrical contact): (a) pressure distribution, (b) maximum
pressure, (c) the stick area size ¢/b vs. tangential load ratio @/fP, and (d) load parameter 2PAR/ (mb?) vs. contact area size b/a.

directly on R: in fact, for a given ratio /a, only the absolute load will vary with R, according to Eq. (5.4).
Fig. 2a gives the pressure distribution for contacts of this type ranging from the Hertzian indenter
(a/b — 0) to a quite sharp one (a/b — 0.9). Notice that any rounded flat indenter for light loads, will have a
low a/b, whereas for higher loads, the ratio a/b will become increasingly small (Hertzian). For comparison
purposes, we have also represented the solution for a perfectly sharp rigid indenter, indicated as a/b = 1.
Fig. 2b gives the maximum value of the pressure, where it can be observed that the peak pressure is higher
than in the Hertzian case only for very small edge radii. The partial slip solution gives a dimension of stick
area vs. loading ratio given in Fig. 2c. Notice that the higher a/b, the smaller the microslip region. Finally,
Fig. 2d shows the loading parameter 2PAR/nb? against the contact area ratio b/a, which may permit a
graphical solution of the non-linear load Eq. (5.4).
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More importantly for metals, it is the maximum value of the Von Mises parameter that is relevant for
avoiding yield, and for purely normal loading conditions, the trend is similar to that obtained for the
maximum pressure (although the maximum Mises value occurs at the subsurface, and it is not directly
linked to the maximum of the pressure), and precisely, the strength is higher than in the Hertzian case in the
range a/b = 0-0.5 (for additional details, see Ciavarella et al. (1998)). However, for ratios a/b higher than
0.5, the decrease in strength is quite rapid, and at a/b = 0.9, the strength is already halved with respect to
the Hertzian case, which suggests that this limit is better not overpassed. In the fretting case, we need to
consider the additional stress induced by shear tractions, for which a complete set of results for the partial
slip case and different Poisson’s ratios would be impractical to display here. Nevertheless, in the full sliding
limit, we can plot results as in Fig. 3a—c for different Poisson’s ratios ((a) v = 0 or plane stress, (b)v=10.25
plane strain, (c) v = 0.5 plane strain). The point where the curves change curvature is the “subsurface-to-
surface point” with the passage from subsurface-to-surface maxima. The higher the friction coefficient, the
smaller the interval of a/b over which the strength is higher than the Hertzian value, until after the sub-
surface-to-surface point around /> 0.3, the highest strength is again the Hertzian. Notice also that in plane
stress, there is no subsurface maxima. Also of some interest would be the exact location of the maxima, in
order to understand the interaction with the tensile stress maxima which are always on surface. In fact, for
low friction coeficient, the tension is small (normal load does not induce any tension) and the shear
mechanisms subsurface prevail, as studied in rolling bearings fatigue; for higher friction coefficient, the two
mechanisms interact. When the Mises maximum is on the surface, it is always at the trailing edge of the
contact, whereas when it is in the subsurface, it depends on the ratio « /b. In fact, in the Hertzian case, it

6.00 —

6.00

El lim

. T T T . T T T
(a ) 0.00 020 0.40 0.60 0.80 1.00 ( b ) 0.00 0.20 0.40 ¢ 0.60 0.80 1.00

Ellim

0.00

—— —T—
( C) 0.00 020 0.40 0.60 0.80 1.00
f

Fig. 3. Elastic limit El;,, = P/bk, where k is the yield stress under shear, in the case of full sliding, as a function of friction coefficient f.
(a) v =0 (or plane stress), (b) v = 0.25, and (c) v = 0.5 (incompressible material).
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Fig. 4. Highest value of tensile principal stress in partial slip, s1maxd/(fP), as a function of loading ratio Q/fP.

moves from the centerline of purely normal load towards the surface, whereas in the rounded flat case, there
are two maxima in the purely normal load case, symmetric with respect to the centerline, and closer to the
surface a/b is higher.

The tensile stress maxima (we refer here obviously only to the contact-induced stresses) are more easily
displayed in Fig. 4, as they are always localized at the trailing edge of the contact, they are only dependent
of the shear traction (and consequently depend linearly on friction coefficient) always on the surface. Notice
that they increase without limit when the ratio a/b is increased towards the flat indenter case.

5.2. Damage parameters

In the case of Hertzian geometry, the relative tangential displacements outside the stick region (x is
normalized with respect to ¢), relative to the stuck point x = 1, are

2Ru,(x)/(fc*) = xvVx> — 1 —log (x + VX2 — 1), x> 1 (5.5)

or, using the Hertzian formula for the contact law

) = (S) 2 [ =T~ tog (x4 Va2 )]

b/ 2R
c\24
- S 2 | — 2 _
_2f<b) npmb[x\/x [ log (x—l—\/x 1)] (5.6)
The energy damage is therefore
2 2
D:D()(%) [x\/x2~1—log(x+\/x2——l>} 1—x2<—2—) , (5.7)
where we have introduced the normalizing factor:
8 2 A
Dy = ;(fpm Eb’ (5.8)

which give an immediate evidence of the fact that friction coefficient and average pressure are the most
important parameters affecting the fretting damage. The question of lubricating the joint is clearly very
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interesting, and indeed there are recent studies on this factor — in particular, solid lubricant is most efficient
in the partial slip regime while grease and oil, particularly the latter, are more suitable in the gross slip
regime (Zhou and Vincent, 1999).

Turning back to the damage parameter in the limit case of incipient full sliding, we have for the Hertzian
case,

x4 x\2
Diim =f2“2‘§ —Pm\[ 1= (Z) , (5.9)

whereas for the rounded flat indenter case, the limiting value in the rounded part region is

D = 128 i), (5.10)

where p(x) is given in Eq. (5.3).

Fig. 5 shows a representative case of tangential displacements, shear tractions and non-dimensional
damage, for the case a/b = 0.5. Notice that the non-dimensional factors permit to use the same scale. If we
move to consider only the limiting case (i.e. in incipient full sliding), we obtain Fig. 6, where for different
geometrical ratio a/b, we notice a localization of the surface damage, but a surprisingly less marked de-
crease of the maximum value. Indeed, as shown in Fig. 7, the maximum value of the limiting damage
parameter does not tend to zero as one would expect, and is only “weakly” dependent on geometry. Vice
versa, the total energy obviously tends to zero — as expected from the partial slip behavior, the flat punch
allows an oscillating tangential load (below the full sliding limit Q/fP = 1) without any frictional dissi-
pation.

Given these maximum values, the dependence on Q/fP permits one to have a complete picture, and this
is shown in Fig. 8 for both microdisplacements and frictional damage. In the log-log plot, these curves are
almost linear, permitting a practical approximation for manual calculations.

0.4 — /F‘\ r 0.4

o]
o 03] 03
=
a i .
o
=
2 02 7_"/ 0.2
=
o
e 1 i
= 0.1 0.1
3
-
- 7
0.0 ] | Z' 0.0
0.0 02 0.4 0.6 0.8 1.0
x/b

Fig. 5. Shear tractions, tangential microdisplacements and frictional damage D in partial slip, for an indenter with a/b=0.5. The
different cases correspond to different sizes of stick region, i.e. ¢/b = 0.5 (incipient full sliding), ¢/b = 0.6, 0.7, 0.8, 0.9.
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Fig. 6. Limiting value of frictional damage D in incipient full sliding, for different geometrical ratios a/b = 0 (Hz), 0.1,...,0.9, 0.999
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Fig. 7. Maximum and average values of the limiting frictional damage Dy, and of the total frictional energy in incipient full sliding as a
function of the geometrical ratio a/b.

5.3. Stress intensity factors

In previous papers (Ciavarella et al., 1999a), we have already approached the calculation of stress in-
tensity factors for cracks developing from the surface of the fretted specimen having a rounded flat indenter
geometry. However, the range of results is, in theory, very large as there are many independent variables.
Therefore, here we present a more complete set.

It is clear that these quantities may be found reliably, if the crack dimension is large enough, compared
to the average grain size of the material. It is not within the scope of the present paper to give a detailed
presentation of the well established semi-analytical techniques using distributed dislocations for the solu-
tion of the crack problem, but we only recollect that the basic assumption is that the presence of the crack
does not influence the contact tractions, and the validity of this assumption has been demonstrated in
previous experiences with related problems (Munisamy et al., 1995). The crack problem can then be solved
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Fig. 8. Maximum values of microdisplacements and frictional damage D with respect to the limiting ones in incipient full sliding as a
function of the loading ratio Q/fP.

by distributing dislocation in the half-plane, and the stress state induced by the resulting distribution gives
an integral equation, the right-hand side of which is given by the tractions along the line of the crack but in
its absence, which we can find with the techniques described above (for more details, see Hills et al., 1996).
The solution is then numerical routine, and the stress intensity factors are found from the dislocation
density at the crack tip.

For a crack initiated at the contact trailing edge, the overall stress state experienced by the crack tip,
particularly during the early stages, is significantly influenced by the contact stress field, so that there is a
period when the crack is almost invariably growing into a decreasing stress field. The analogous set of
circumstances in plain fatigue is when a crack initiates at a notch. In either case, it is possible that the
decrease in crack tip stress intensity factor may be so great that self-arrest occurs, and a relatively benign
defect remains which will suffer no further growth. Evidence of this is seen in the wedge bars found in
electrical generators, and the swashplates units fitted in helicopter rotor heads. It may be remarked that this
phenomenon provides the possibility of one approach towards a safe (infinite life) design; the stress in-
tensity factor history for a developing crack may be estimated, and the minimum value found. If this is
below the threshold stress intensity factor (or, more conservatively, becomes negative), arrest is certain.
Calculations following these lines have been carried out for the Hertzian geometry (Moobola et al., 1998)
for which it has been found that this is a practical approach only in cases where the bulk loading (which in
turbine blades dovetail joints is the significant centrifugal stress) is relatively moderate, and serious surface
shearing tractions are present: in other cases, it is almost invariably found that the crack tip stress intensity
increases monotonically with crack length. As we will see below, the rounded flat geometry shows a larger
range of self-arrest conditions.

In Ciavarella et al. (1999a), some results for stress intensity factors have already been shown. Here, we
obtain a larger set for friction coefficient /' = 0.2, 0.4, a bulk stress sy = 0b/P = 0.1, 0.2, 9/fP = 0.3, 0.9.
The results are shown in Fig. 9. Specifically, they give the mode I stress intensity factor, Ky, = bK;/(Pv/7h)
for the given set of parameters. Notice that here the bulk load was considered constant in time, so that the
stick region would not be affected. The results clearly are only representative of various possible conditions,
are not considering the details of the crack initiation inclined to the surface, and do not consider details
of non-symmetrical shear traction distribution. However, they indicate clearly that for higher a/b ratio,
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although as seen in Fig. 8, the tensile stress is initially larger at the surface, it becomes also much more
localized. Therefore, for high a/b ratios, we obtain rapidly a decrease of the SIF, which may easily cause
self-arrest. Notice, also that the effect of doubling f'is not as significant as doubling the bulk stress.

In the early stages of propagation, namely d/b < 0.4, the effect of geometry on K; appears to be very
significant: in the limiting flat punch case (a/b = 1) K starts practically from minus infinity and is highly
negative until a very large size of the crack is reached (d/b = 1.2) for the specific case; on the contrary, for a
Hertzian pad (a/b = 0), the crack is open from the earliest stages, but can possibly reach conditions of self-
arrest, as it has been studied for a complete set of loading conditions in Moobola et al. (1998). An equally
complete set of results for the flat punch and all intermediate geometry is not available at present, but it is
clear from the results of Fig. 4a that self-arrest is much more likely to occur in this case rather than in
the Hertzian one, which represent an upper bound to all curves of the rounded flat indenters. Specifically,
self-arrest in the Hertzian case could occur anywhere in the range 0.4 < d/b < 1.2, whereas for an almost
flat geometry, at a/b = 0.75, self-arrest occurs anywhere in the range 0.15 < d/b < 1.2.

In most cases, as the crack reaches a length equal to about 70-80% of the contact half-length, the effect
of geometry is practically negligible, with the outcome that the stress intensity factors are a function only of
the resultant load; although a similar result was to be expected from an application of St. Venant’s prin-
ciple, it was not obvious from the outset that this would happen at such modest distances from the contact
itself.

The analysis does not consider the possible influence of Ki;, and of the resulting initially inclined crack,
but they permit nevertheless to figure a strong indication that the use of an almost flat pad with the
proposed geometry resists FF crack propagation.

6. Conclusions

Analytical methods for the study of typical fretting partial slip contact problems in turbine engines
dovetail joints have been reviewed. Arbitrarily complex spline geometries can be used for modeling cases of
interest as long as the hypothesis of approximating the contacting bodies as half-planes is maintained, and
the influence of very complex loading cycles conditions can be neglected. Similar precise analyses were
previously limited to the simplest Hertzian contacts. The implications on fretting damage parameters of
common use, such as microdisplacements and frictional damage, have been obtained. Further, here we
found a simple property of the incipient full sliding relative microdisplacements

5max = fgmaxa

where f'is the friction coefficient and g, is the maximum gap of the unloaded profiles. This result, together
with simplified FF criteria based on microdisplacement, provides a very simple mean for designers to
compare different geometrical choices, simply finding the contact area dimension from the analytical for-
mulae, also provided here. A straightforward extension for frictional damage reads

Drnax zf[p(x)g(x)]max’

which needs only the additional effort to compute the pressure distribution, again analytically given here.
Further, Dy, is shown to have a weak dependence on geometry, and a parameter Dy = 8/n(fpn )2A /b is
introduced which gives once again a quick reference for the designer. Both criteria dy,x, Dmax have also the
merit to point out the critical importance of the friction coefficient (linear dependence for Jy,, quadratic
for Dy ), which is known to ‘unfortunately’ increase significantly during the fretting process — more precise
understanding of this phenomenon is actually one of the most pressing tasks for future studies.
Therefore, the present paper indicates that, by varying the radius and also the overall size of the indenter
with respect to the intrinsic material defect size, the effect of stress concentration and frictional damage
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should be separated efficiently, so that experiments along this direction should finally shed some light into
the problem. Recent experimental investigations seem to indicate a better FF behavior with smaller punch
radius, which is quite surprising for fatigue design engineers. However, it is not clear whether this benefit
continues up to a vanishing small radius, or there is the “optimal” radius corresponding to the maximum of
FF life. This, together with variations on the geometry of the dovetail joint, particularly removing tension
from the fretted regions, should result in optimal designs. In any case, the rounded flat geometry proves to
be a preferred vehicle for both exploring a complex area intermediate between classical fatigue and fracture
mechanics, and also improves the FF performance of dovetail joints.
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