A BEHAVIOURAL APPROACH TO THE POLE STRUCTURE OF 1D AND ND LINEAR SYSTEMS^∗

J. WOOD^{† ¶}, U. OBERST^{‡‖}, E. ROGERS^† AND D. H. OWENS^§

Abstract. We use the tools of behavioural theory and commutative algebra to produce a new definition of a (finite) pole of a linear system. This definition agrees with the classical one, and allows a direct dynamical interpretation. It also generalizes immediately to the case of a multidimensional system. We make a natural division of the poles into controllable and uncontrollable poles. When the behaviour in question has latent variables, we make a further division into observable and unobservable poles. In the case of a 1D state-space model, the uncontrollable and unobservable poles correspond respectively to the input and output decoupling zeros, whereas the observable controllable poles are the transmission poles.

Most of these definitions can be interpreted dynamically in both the 1D and nD cases, and some can be connected to properties of kernel representations. We also examine the connections between poles, transfer matrices and their left and right MFDs. We find behavioural results which correspond to the concepts that a controllable system is precisely one with no input decoupling zeros, and an observable system is precisely one with no output decoupling zeros. We produce a decomposition of a behaviour as the sum of sub-behaviours associated with various poles. This is related to the integral representation theorem, which describes every system trajectory as a sum of integrals of polynomial exponential trajectories.

Key words. Pole, decoupling zero, behavioural approach, multidimensional systems, characteristic variety, polynomial exponential function, associated primes, primary decomposition, integral representation

AMS subject classifications. 13C05, 13C12, 35B37, 93A99, 93B25, 93B55

1. Introduction. This paper is about the pole structure of 1D and nD linear systems. Although it is motivated by the need to establish a cohesive theory of poles for multidimensional (nD) systems, many of the results in the paper give a new perspective to the classical 1D theory. Furthermore, this paper places all of the classical results in the new and growing behavioural framework [39, 40, 41]. We consider only linear systems with constant coefficients; our results apply to both continuous and discrete cases.

The systematic theory of poles (and zeros) of 1D systems originated in the work of Rosenbrock [33] and others. Since then, a number of papers have reviewed, extended and refined the theory (e.g. [8, 23, 35]; see also the references below).

A multidimensional (nD) system is one in which information propagates in two or more independent directions. Such systems arise as the solutions of partial differential or difference equations. Shankar and Sule [36, 37] have defined poles for SISO nD systems, using the ring of stable causal rational functions. As yet, to our knowledge, no theory of pole structure or even a definition of a pole has been proposed for nD

∗DATE INFO, TO BE ADDED BY SIAM †ISIS Group, Dept. of Electronics and Computer Science, University of Southampton, Southampton SO17 1BJ, UK; Tel: +44 1703 594984, Fax: +44 1703 594498 (jjw@ecs.soton.ac.uk,

etar@ecs.soton.ac.uk). Jeffrey Wood is a Royal Society University Research Fellow.

‡Institut für Mathematik, Naturwissenschaftliche Fakultat, Universität Innsbruck, Technikerstraße 25/7, A-6020 Innsbruck, Austria; Tel: +43 512 507 6073, Fax: +43 512 507 2920 (ulrich.oberst@uibk.ac.at)

§Department of Automatic Control and Systems Engineering, University of Sheffield, Mappin Street, Sheffield S1 3JD, UK; (D.H.Owens@sheffield.ac.uk)

¶Supported by the EPSRC (grant no. GR/K 18504) and by the Royal Society. ‖Supported in part by Austrian FWF-project P11431-MAT. 1

MIMO systems. The primary aim of this paper is to fill that gap. Our secondary aim is to extend the behavioural theory of both 1D and nD systems by introducing into it concepts concerned with pole structure. Thirdly, we intend to shed new light on the existing 1D theory, both through our use of behaviours and by identifying correspondences between system-theoretic concepts and algebraic ones.

In accordance with the behavioural paradigm, we define poles (decoupling zeros, etc) to be objects associated with a system’s behaviour, rather than with any given representation of it. One advantage of such definitions is that they are all intrinsic, as is also the case with the recent definitions of Bourlès and Fliess [4] and of Pommaret and Quadrat [31]. For example, the input decoupling zeros are not defined as the zeros eliminated by a reduction procedure as in [33], but are instead defined directly.

The algebraic definitions of Bourlès and Fliess have been extended to the case of nD systems with variable coefficients by Pommaret and Quadrat [31]. Our definitions are equivalent to these in the 1D/ nD constant coefficients case, the relationship being given by module duality, which translates for example the definition of a pole given in terms of the finitely generated system module into a corresponding one in terms of the system behaviour. Our definitions are not directly related to those of Shankar and Sule.

One of our principal tools in this paper is the duality theory in [24] between finitely generated modules over a polynomial ring and nD behaviours described by linear partial differential or difference equations with constant coefficients. Consequently, we use a considerable amount of commutative algebra; see for example [3, 5, 7, 10] for background in this field.

The paper is structured as follows. We begin with an overview of relevant concepts from behavioural theory, with special emphasis on module duality (§2). Section 3 collects some results on nD behavioural theory which we need later in the paper.

In §4 we review the concepts of exponential trajectories and the characteristic variety. Exponential trajectories are central to any understanding of system poles, and the characteristic variety is a geometric object which captures the essential structure of a behaviour as regards its exponential trajectories. Based on these ideas, we define the poles of an nD system in §5. We also define the concepts of controllable and uncontrollable poles. The controllable poles have properties which relate strongly to those of the system’s transfer matrix, whereas the uncontrollable poles play the role of input decoupling zeros.

Section 6 considers the case where the behaviour in question is a latent variable representation (e.g. a state-input-output behaviour). We divide the system poles into observable and unobservable poles, which have natural interpretations. This leads naturally to a further breakdown in terms of controllable observable poles, etc., all of which correspond naturally to known sets of poles in the classical 1D context.

Finally, in §7 we consider a decomposition which is dual to the standard algebraic concept of the primary decomposition of a module. This “polar decomposition” expresses the zero-input behaviour of a system as the finite sum of sub-behaviours associated with the distinct poles of the system. Using a similar decomposition we can write the system behaviour itself as the sum of the controllable part and a finite set of sub-behaviours associated with the system’s uncontrollable poles (input decoupling zeros). This latter decomposition is a refinement of the well-known controllable– autonomous decomposition. Using the little-known but important integral representation theorem, it is possible to write any zero-input trajectory as a sum of integrals of polynomial exponential trajectories. In the case of a finite-dimensional behaviour, every zero-input trajectory can be written as a sum of polynomial-weighted exponential trajectories with frequencies corresponding to the system poles, as in the 1D case.

We leave a number of important issues untouched, for example the definition of multiplicity of a pole, the definition of an infinite pole, and the whole question of zeros. However, the basic structures which we uncover in this work should prove a good foundation for further developments of this type.

2. Behaviours, Modules and Duality. This section provides an overview of behavioural theory and the duality between finitely generated modules and behaviours given by partial differential/ difference equations.

2.1. The behavioural approach. The behavioural approach to 1D systems is due to Willems [39, 40, 41], and centres on the concept of the system behaviour, which is the set of associated trajectories. Formally, we define a system as a triple (A, q, B), where A is a set called the signal space, q ∈ Z^+ is the number of components, and B ⊆ A^q is the behaviour. The elements of B are called trajectories. We will make little distinction between a system and its behaviour. Note that the standard behavioural definition of a system as a triple (T, W, B) (where T is the signal domain, W the signal value set and B ⊆ W^T ) does not cover the important case of distributions.

In all cases of interest (as listed below), A will have the structure of a module over a suitable ring of differential or difference operators; in particular, A is always a vector space over a field k, which is taken to be R or C . Specifically, throughout this paper A denotes one of the following signal spaces, with module structure as described:

1. The discrete signal space A = kN^n , k = R, C , which is a module over the polynomial ring R = k[z] = k[z_1, . . . , z_n], where the action of z_i on a trajectory w ∈ A is taken to be the shift operator σ_i, defined by: (σ_iw)(t_1, . . . , t_n) := w(t_1, . . . , t_{i−1}, t_i + 1, t_{i+1}, . . . , t_n) (2.1)

By extension, any element of R has an action on A: ∀p ∈ k[z], w ∈ A p(z_1, . . . , z_n)w := p(σ_1, . . . , σ_n)(w) (2.2)

2. The discrete signal space A = kZ^n, k = R, C , which is a module over the Laurent polynomial ring R = k[z, z^{−1}] = k[z_1, . . . , z_n, z^{−1}_1 , . . . , z^{−1}_n ], where z_i acts as the shift operator σ_i, and z^{−1}_i as the inverse shift σ^{−1}_i .

3. The signal space A = C^∞(R^n , k), k = R, C of all k-valued C^∞ functions on

R^n , which is a module over R = k[z], where zi acts as the partial derivative operator

∂/∂t_i. This action is extended to R by: ∀p ∈ k[z], w ∈ A p(z_1, . . . , z_n)w := p(∂/∂t_1, . . . , ∂/∂t_n)(w) (2.3)

4. The signal space A = D^′(R^n , k), k = R, C of all k-valued distributions on

R^n , which is a module over R = k[z], where zi again acts as the partial derivative

operator ∂/∂t_i.

Throughout the paper, we consider the behaviour B ⊆ A^q to be the solution space in A^q of a finite set of linear partial differential or difference equations in q dependent variables with constant coefficients. Such behaviours will be called differential behaviours and difference behaviours respectively. The term autoregressive (AR) behaviour has formerly been used, but is undesirable due to the inappropriate stochastic connotations.

The set of systems with differential/ difference behaviours covers all linear timeinvariant systems dealt with by the classical 1D state-space framework and its nD analogues. Differential and difference behaviours are in particular linear and shiftinvariant, and in the continuous case are also closed under partial differentiation. In each case any differential or difference behaviour B is therefore a submodule of A^q ; the ring action is the component-wise application of (2.2) or (2.3).

It is convenient to describe differential/ difference behaviours using polynomial matrices (Laurent polynomial matrices when A = kZ^n). Thus let E ∈ R^{g,q} ; then the behaviour described by E is the submodule of A^q consisting of all w satisfying Ew = 0, where the meaning of Ew is given by the action of the ring R on A. For example, the 3D difference behaviour B in 2 variables described by the equations

w_1(t_1, t_2, t_3) − w_1(t_1, t_2 + 1, t_3 + 1) + 2w_2(t_1 + 1, t_2, t_3) = 0 w_1(t_1 + 2, t_2, t_3 + 1) − w_2(t_1, t_2, t_3) + 3w_2(t_1, t_2 + 1, t_3) = 0

is given by the polynomial matrix E = ( 1 − z_2z_3 2z_1 z^2_1 z_3 −1 + 3z_2 )

We say that E is a kernel representation of B, and we write B = ker_A E. For any matrix E ∈ R^{g,q} , we also define the following modules^1: Ker_R E := {v ∈ R^{1,g} | vE = 0}, (2.4) Im_R E := {v ∈ R^{1,q} | v = xE for some x ∈ R^{1,g} },

(2.5) Coker_R E := R^{1,q} / Im_R E

(2.6) im_A E := {w ∈ A^g | w = El for some l ∈ A^q }

(2.7)

Note the different subscripts used to denote different ring actions. Also, the modules Ker_R E, Im_R E, Coker_R E are defined with respect to a left action of E, whereas ker_A E and im_A E are defined with respect to a right action.

2.2. Module duality. In this section we describe the duality between finitely generated R-modules and differential/ difference behaviours [24]. For the purposes of the next definition and the discussion immediately following only, the space A can be thought of as an arbitrary module.

Definition 2.1. Let M be a finitely generated R-module, and A an arbitrary R-module. The dual of M with respect to A, denoted D(M), is defined by

D(M) := Hom_R(M, A)

(2.8)

If ϕ : M → N is a morphism of finitely generated R-modules, then the dual map D(ϕ) : D(N) → D(M) is given by: ∀ v ∈ D(N), (D(ϕ))(v) := v ∘ ϕ (2.9)

The action of R on the dual module D(M) is given by ∀ r ∈ R, w ∈ D(M), (rw)(m) := r · w(m) = w(rm) (2.10)

1Note that the modules Ker_R E, Im_R E, Coker_R E are defined using row vectors, and do not therefore require transposition of E, contrary to the first author’s previous practice.

for all m ∈ M.

Note for any q ∈ Z^+ that D(R^{1,q} ) ∼= A^q . Furthermore, it turns out that: Theorem 2.2. [24, pp19–21] Differential/ difference behaviours are precisely the dual modules of finitely generated R-modules. Specifically, if B = ker_A E then B = D(M), where M is the finitely generated module Coker_R E.

It is not hard to show [24, Cor. 2.57] that the dual action of a polynomial matrix map E : R^{1,g} → R^{1,q} , v → vE, is the map E : A^q → A^g, w → Ew given by the ring action on A (equation (2.2) or (2.3) in our cases of interest).

Definition 2.3. A complex of modules is a set of maps ϕ_i : F_i → F_{i−1}, i ∈ Z, where ϕ_i ∘ ϕ_{i+1} = 0 for all i. We represent a complex by a diagram of the form · · ·^{ϕi+2}−−→ F_{i+1}^{ϕi+1}−−→ F_i^{ϕi}−−→ F_{i−1}^{ϕi} �1 −−→ · · · The complex is said to be exact, and is called an exact sequence, if for every i we have that ker ϕ_i = im ϕ_{i+1}.

Exact sequences are a compact way of expressing structural relationships. Exactness of the following two sequences express the injectivity and surjectivity respectively of the map ϕ: 0 −→ M^ϕ−→ N M^ϕ−→ N −→ 0 The next exact sequence expresses that K is (isomorphic to) the kernel of ϕ and L is (isomorphic to) the cokernel: 0 −→ K^ι−→ M^ϕ−→ N^ρ−→ L −→ 0 Note that to any complex of modules, there is a corresponding dual complex, obtained by reversing the arrows and dualizing each module and each map, and conversely. The following crucial result shows that, in our cases of interest, the same can be said of exact sequences:

Theorem 2.4. [24, Thm. 2.54, Cor. 2.43, 2.46, 2.47] Each module A listed in §2.1 is an injective cogenerator of the category of R-modules. This signifies that duality is contravariant and faithfully exact. In other words, given a complex of modules · · ·^{ϕi+2}−−→ F_{i+1}^{ϕi+1}−−→ F_i^{ϕi}−−→ F_{i−1}^{ϕi} �1 −−→ · · · (2.11)

and its dual complex · · ·^{D(ϕi} �1) −−−−→ D(F_{i−1})^{D(ϕi)}−−−−→ D(F_i)^{D(ϕi+1)}−−−−→ D(F_{i+1})^{D(ϕi+2)}−−−−→ · · ·, (2.12)

we have that (2.11) is exact if and only if (2.12) is exact. In consequence, if B = ker_A E ⊆ A^q then the orthogonal module B^⊥ ⊆ R^{1,q} (the module of all equations satisfied by the system B) is equal to Im_R E.

The module duality gives rise to a lattice duality B → B^⊥ between differential/ difference behaviours and submodules of R^{1,q} . This duality takes summation to intersection and vice versa [24, 2.22], [42, Lemma 1]. Note also that B = D(M) where M = R^{1,q} /B^⊥. For any R-matrix E it can easily be seen that (im_A E)^⊥ = Ker_R E.

Now if B = ker_A E and B^′ = ker_A E are two behaviours with the same number of system variables, then B^′ ⊆ B if and only if there exists an R-matrix L with E = LE^′ [24, 2.61]. Another important consequence of Theorem 2.4 is that the dual of a submodule is a factor module of the dual, and vice versa. More precisely, given a finitely generated R-module M and a submodule N, we have an exact sequence 0 −→ N −→ M −→ M/N −→ 0 (2.13)

This dualizes to an exact sequence 0 −→ D(M/N) −→ D(M) −→ D(N) −→ 0, (2.14)

which we can interpret as meaning that D(M/N) is a submodule of D(M), with factor module D(N). Indeed, we identify D(M/N) with the set of functions of D(M) which are zero on N.

An immediate application of the duality theorem is the following [24, pp24–25]: Lemma 2.5. If E ∈ R^{g,q} , then im_A E = A^g if and only if E has full row rank. Proof. The map E : R^{1,g} → R^{1,q}, v → vE, is monic if and only if the dual map E : A^q → A^g , w → Ew, is epic.

We investigate some of the links between the theory of differential/ difference behaviours and commutative algebra resulting from this duality in §3.

Henceforth, B = ker_A E denotes a differential or difference behaviour with kernel representation E, which is contained in A^q for one of the signal spaces A listed in §2.1, and M = Coker_R E denotes the finitely generated module to which B is dual:

E ∈ R^{g,q} , M = Coker_R E, B = D(M) = ker_A E ⊆ A^q

(2.15)

A similar behavioural and/or module-theoretic approach can be taken for linear systems with variable coefficients, as shown in the 1D case for example in [12, 14, 16, 34], using non-commutative techniques. The algebraic approach has been extended to nD variable coefficient systems by Pommaret and Quadrat [30, 31]. Recent work has indicated that it may be possible to use behavioural tools in the analysis of non-linear systems [47].

Recall that the annihilator of a module M, denoted ann M, is the ideal of all r ∈ R such that rM = 0. We denote the set of all elements of B annihilated by an ideal J (i.e. all elements w such that rw = 0 for all r ∈ J) by [B : J]. The following properties of duality will be useful:

Lemma 2.6. Let J be an ideal of R and M a finitely generated R-module with dual B; then D(M/JM) = [B : J] (2.16)

Also, ann M = ann B.

Proof. The equation (2.16) is given in [24, Cor. 2.101]. Considering the case J = (r) for some r ∈ R\0, we now find that D(M/rM) = [B : (r)]. If r is in the annihilator of M then M/rM = M, so [B : (r)] = B, i.e. r is in the annihilator of B. The converse is similar.

3. Controllable, Observable and Autonomous Systems. In this section we recount relevant results from [24, 42, 46] and other sources, some of which are extended here from discrete to continuous systems. These results concern the characterization of controllable systems, observable systems and autonomous systems using algebraic tools.

3.1. Free variables. The following definition is adapted from [15]: Definition 3.1. Let B ⊆ A^q. The set of variables {w_i | i ∈ Φ} for some subset Φ of {1, . . . , q} is said to be a set of free variables if the mapping ρ : A^q → A^Φ, which projects a trajectory onto the components of Φ, is epic when restricted to B.

The maximum size of a set of free variables is called the number of free variables of B, and denoted by m(B).

Thus a set of variables indexed by Φ is free if the corresponding components can take any value in A^Φ. Given a kernel representation B = ker_A E of B, it can be shown that the number of free variables is equal to q − rank E [24, Thm. 2.69]. It can also be shown that the number of free variables is additive [42, remarks following Defn. 6], i.e. given an exact sequence

0 −→ B_1 −→ B_2 −→ B_3 −→ 0

of differential/ difference behaviours, we have m(B_2) = m(B_1)+m(B_3). Consequently, if B_1, B_2 ⊆ A^q for some q, then we have

m(B_1) + m(B_2) = m(B_1 + B_2) + m(B_1 ∩ B_2)

(3.1)

3.2. Autonomous systems. In the behavioural framework, an autonomous discrete system is defined as follows [15, 42]:

Definition 3.2. A difference behaviour B with signal domain T is called autonomous if there exists T_1 ⊆ T such that any trajectory of B is determined by its values on T_1, and also T \T_1 contains an n-dimensional cone.

The main characterization of such behaviours [42, Thm. 2] follows; similar results or special cases have also appeared in [15, 46].

Theorem 3.3. [15, 42, 46] Let B = D(M) be a difference behaviour. The following are equivalent:

1. B is autonomous. 2. B has no free variables.

3. For any E with B = ker_A E, E has full column rank. 4. ann B = ann M ≠ 0; equivalently, M is a torsion module.

In the continuous case, Pillai and Shankar have defined an autonomous system as one with a characteristic variety which is not equal to C^n [29, Defn. 4.2]. We will discuss characteristic varieties in §4; for now, let us use the following definition, which is easily seen to be equivalent to this condition and to the conditions of Theorem 3.3.

Definition 3.4. A differential behaviour is called autonomous if ann B ≠ 0. Recall that a behaviour is said to be finite-dimensional or strongly autonomous if and only if it is finite-dimensional as a vector space over k [15, 29]. Note that this has nothing to do with the traditional use of the term “finite-dimensional” in classical systems theory.

3.3. Minimal left annihilators and generalized factor primeness. We will also need the concepts of a minimal left annihilator [32, p24] and generalized factor primeness [24, Thm. 7.21], [46].

Definition 3.5. Let R = k[z] or k[z, z^{−1}], and suppose that E ∈ R^{g,q} . Then E is called a minimal left annihilator (of F ) if there exists a matrix F ∈ R^{q,h} for some h for which the following conditions hold:

1. EF = 0.

2. For any E^′ satisfying E^′F = 0, there exists L with E^′ = LE.

The matrix E is said to be factor left prime in the generalized sense (GFLP), if the existence of a R-matrix factorization E = LE_1 (L not necessarily square) with rank E = rank E_1 implies the existence of an R-matrix L^′ with E_1 = L^′E.

It is shown in [24, Lem. 2.27], [42, Lem. 7] that E is a minimal left annihilator of F if and only if ker_A E = im_A F , or equivalently Im_R E = Ker_R F . Every matrix over R has a minimal left annihilator [24, Lem. 2.27], [42, Lem. 7]. A matrix over R is a minimal left annihilator if and only if it is generalized factor left prime [42, Lem. 10].

3.4. Controllable systems. Any differential/ difference behaviour admits certain input/ output structures. In this paper, as is traditional in control theory, the “inputs” are assumed to be a maximal set of free variables, and in consequence the outputs have no freedom once the inputs are determined. The more general situation, in which an input/ output structure is an arbitrary partitioning of the system variables, and which may be better suited to certain applications, is not considered in this paper. In [31], Pommaret and Quadrat extend some of the algebraic theory of this paper to this general case.

Definition 3.6. [24, Thm. 2.69], [32, Defn. IV.8], [42, Defn. 12] An input/ output structure on the behaviour B is a partitioning of the system variables w = (u, y), such that the set of variables u is free and the zero-input behaviour B_{0,y}, defined by B_{0,y} = {(u, y) ∈ B | u = 0} (3.2)

is autonomous.

Equivalently, we can consider a partitioning E = (−Q P ) of any kernel representation E of B (to within a permutation), where the columns of Q correspond to the input variables u, and the columns of P to the output variables y, and we have the condition

rank E = rank P = number of columns of P

It is easy to show that the number of inputs is equal to m, the number of free variables. In particular, the number of inputs and number of outputs of a behaviour is independent of the input/ output structure.

If B has a kernel representation (−Q P ), where P is the submatrix corresponding to the output components, then B_{0,y} is (trivially) isomorphic to ker_A P . We usually make no distinction between these two behaviours.

For a given admissible input/ output structure, any behaviour B has a unique transfer (function) matrix G ∈ k(z)^{p,m} characterized by the equation P G = Q; see [24, Thm. 2.69] and also [32, p75] for the discrete case. Collecting together all behaviours with a given input/ output structure and the same transfer matrix with respect to that input/ output structure, we obtain a transfer class. The transfer class turns out to be independent of the i/o structure and resulting transfer matrix, and the transfer classes partition the set of behaviours. Furthermore, each transfer class has a unique element which is minimal with respect to set inclusion [24, Thm. 7.21], [32, p76]. Such a behaviour will be called the minimal realization of the transfer matrix. The minimal realization has properties which are closely linked to those of the transfer matrix, as we will see later in the paper.

The concept of a minimal realization is related to controllability, which in the behavioural context is defined as follows.

Definition 3.7. [29, 32, 42, 44] A differential behaviour B is controllable if, for any two open sets T_1, T_2 ⊆ R^n with disjoint closures, and for any two trajectories w^{(1)}, w^{(2)} ∈ B, there exists a w ∈ B such that w(t) = { w^{(1)}(t) if t ∈ T_1 w^{(2)}(t) if t ∈ T_2

(3.3)

A difference behaviour B with signal domain T = Z^n or T = N^n is controllable if there exists a real number ρ > 0 such that for any sets T_1, T_2 ⊆ T with d(T_1, T_2) > ρ, and for any b_1, b_2 ∈ T , and any two trajectories w^{(1)}, w^{(2)} ∈ B, there exists a w ∈ B such that w(t) = { w^{(1)}(t − b_1) if t ∈ T_1 and t − b_1 ∈ T w^{(2)}(t − b_2) if t ∈ T_2 and t − b_2 ∈ T

(3.4)

In the discrete case, we can take b_1 = 0 without loss of generality, and for T = Z^n, we can also take b_2 = 0. For both differential and difference behaviours, controllability expresses the idea of being able to join with a system trajectory any two system trajectories defined on regions which are sufficiently far apart.

The next result collects previous results in the literature on the characterization of nD behavioural controllability. In the 1D case, the equivalence of controllability and torsionfree-ness is first due to Fliess [13], following an observation of Pommaret. Special cases of the next result in the 1D and 2D discrete cases are due respectively to Willems [40] and to Rocha [32].

Theorem 3.8. Let B = D(M) = ker_A E. The following are equivalent:

1. B is controllable.

2. B is minimal in its transfer class. 3. B has an image representation. 4. E is generalized factor left prime. 5. B is a divisible module. 6. M is a torsionfree module.

7. B has no proper differential/ difference sub-behaviours with the same number of free variables.

Proof. The equivalence of 1 and 3 is given in [29, Prop. 3.4, Thm. 3.9] for differential behaviours, in [42, Thm. 5] for difference behaviours on Z^n, and in [44] for general difference behaviours. The equivalence of 3 and 4 is given in [42, Lem. 10] and also [46]. The equivalence of 3 and 6 has been given in [30, Prop. VII.A.10], and the equivalence of 2,4 and 6 in [24, Thm. 7.21]. The equivalence of 5 and 6 can be proved easily using the exactness of duality. The condition 7 is a direct interpretation of the condition 4, as discussed following Defn. 10 in [42].

Note that any differential/ difference behaviour has a “controllable–autonomous decomposition” B = B^c + B^a [42, Thm. 7]; the argument given in that paper applies equally well to continuous systems. In this decomposition, the controllable behaviour B^c ⊆ B is uniquely determined as the minimal element of the transfer class of B; henceforth we call this behaviour the controllable part of B. It is shown in [24, Thm. 7.21] that if B = D(M) then B^c = D(M/tM), (3.5)

where tM denotes the torsion submodule of M. We will also find the behaviour B/B^c interesting. This behaviour is dual to tM, as can be seen from equation (3.5) using basic duality principles (equations (2.13) and (2.14)). Given a representation E^c for B^c, we can see by considering the restriction of the map E^c to B that the behaviour E^cB is naturally isomorphic to B/B^c.

The controllable–autonomous decomposition as defined above is in fact slightly more general (and less rich in structure) for a 1D system than as originally defined for 1D systems (see e.g. [41]). This is because we do not require that the sum should be direct.

The controllable part of B has the same input/ output structures as B itself (inevitably, since it can be defined with respect to any such i/o structure via the transfer matrix G). As we will see later in the paper, the zero-input behaviour of the controllable part, (B^c)_{0,y}, has an interesting structure. It has already been shown in [24, Cor. 7.29] that the corresponding orthogonal module has the following form: ((B^c)_{0,y})^⊥ = {v ∈ R^{1,p} | vG ∈ R^{1,m}}, (3.6)

where we treat (B^c)_{0,y} as a sub-behaviour of A^p rather than of A^q , p being the number of outputs.

The next result has not been explicitly proved in the literature before. Lemma 3.9. Let B be a behaviour with zero-input behaviour B_{0,y} according to some i/o structure. Then B_{0,y} is an autonomous part of B in a controllable– autonomous decomposition.

Proof. For any (u, y) ∈ B, since the variables u are free in B^c, there must exist a y^c with (u, y^c) ∈ B^c. As (0, y − y^c) ∈ B_{0,y}, we have the required decomposition (u, y) = (u, y^c) + (0, y − y^c).

Definition 3.10. A matrix E ∈ R^{g,q} is called zero left prime if its gth order minors generate R. A behaviour B is called strongly controllable if it has a zero left prime kernel representation. It is a straightforward consequence that B = D(M) is strongly controllable if and only if M is free. Definition 3.10 is not the definition originally given for strong controllability [32], which has not yet been usefully extended from 2D to nD or to the continuous case.

3.5. Observable systems. We use the behavioural concept of observability [32, Defn. 19], [40]: given a behaviour B_{l,w} involving two sets of variables l and w, the variables l are said to be observable from the variables w if for any two trajectories (l_1, w_1), (l_2, w_2) ∈ B_{l,w}, it holds that w_1 = w_2 implies l_1 = l_2. When the variables l are latent variables in a latent variable description of the behaviour B_w (see §6.1), we say that the behaviour B_{l,w} is observable if the latent variables l are observable from the manifest ones w. We have that B_{l,w} is observable if and only if B_{l,0} = 0.

4. Exponential Trajectories and the Characteristic Variety. We commence our main discussion by explaining the notion of the characteristic variety of a behaviour, which is a geometric object describing the exponential trajectories contained in the behaviour. To motivate this analysis, we first review the classical interpretation of a pole of a 1D continuous system (see e.g. [8, 20]).

The point a is a pole of the system Σ if, when zero input u(t) is fed to the system, there exists a non-zero initial condition x(0) such that the resulting state trajectory has the form x(t) = x(0)e^{at} [20]. This is sometimes rephrased by allowing u(t) to be a finite sum of generalized delta functions which “kick the system” into the appropriate initial condition x(0). Note that as y(t) is determined linearly by x(t) (u(t) being zero), y(t) must also be of the form y(0)e^{at}.

This trajectory interpretation of a pole can be formalized in behavioural theory as follows. Let B_{x,u,y} denote the state-input-output behaviour of our given state space representation of the system. Then a is a pole of the system (of B_{x,u,y}) if there exists a non-zero trajectory of the form v_0e^{at} in B_{x,0,y}, the set of zero-input trajectories. Exponential trajectories therefore play a crucial role in describing the poles of a system, indeed they are the motive for considering poles.

4.1. Polynomial exponential trajectories. The algebraic significance of a trajectory such as w(t) = v_0e^{at} is that it is killed by the differential operator d/dt − a. In the module formalism we are using, w(t) is annihilated by the maximal ideal (z − a). The characterization of trajectories annihilated by maximal ideals, or more generally by powers of maximal ideals, has been done in full detail in [25, (1.25–26), (5.26–29), (6.6), (6.10)]. Such trajectories turn out to be exponential trajectories, or more generally, polynomial exponential trajectories, in a sense appropriate to the underlying signal space. These are precisely the trajectories in which we are interested in our study of poles.

The description of exponential trajectories in [25] can be reformulated as in the next two results.

Theorem and Definition 4.1. [25] Consider a scalar trajectory w(t) in A, where A is one of the signal spaces listed in §2.1, which is a module over the ring R = k[z] or k[z, z^{−1}]. Let a ∈ C^n or (C \0)^n , respectively according to R, and let I(a) denote the maximal ideal of all elements of R which vanish at a (note that we may have a ∉ k^n, but I(a) is still meaningful).

Then w(t) is annihilated by I(a) if and only if it is of the following form (dependent on the signal space):

1. For A = C N^n or A = C Z^n, w(t) = αa^{t1}_1 · · · a^{tn}_n for some α ∈ C .

2. For A = RN^n , write a_i = r_ie^{ıθi} , θ_i := 0 for a_i = 0, i = 1, . . . , n;

w(t) = r^{t1}_1 · · · r^{tn}_n (α cos(θ_1t_1 + · · · + θ_nt_n) + β sin(θ_1t_1 + · · · + θ_nt_n))

for some α, β ∈ R.

3. For A = RZ^n, write a_i = r_ie^{ıθi} , i = 1, . . . , n;

w(t) = r^{t1}_1 · · · r^{tn}_n (α cos(θ_1t_1 + · · · + θ_nt_n) + β sin(θ_1t_1 + · · · + θ_nt_n)),

for some α, β ∈ R.

4. For A = C^∞(R^n , C ) or A = D^′(R^n , C ), w(t) = αe^{a1t1+···+antn} , for some α ∈ C .

5. For A = C^∞(R^n , R) or A = D^′(R^n , R), with a_i = g_i + ıh_i, i = 1, . . . , n;

w(t) = e^{g1t1+···+gntn} (α cos(h_1t_1 + · · · + h_nt_n) + β sin(h_1t_1 + · · · + h_nt_n)),

for some α, β ∈ R.

A trajectory of A^q is annihilated by I(a) if and only if every component is of the above form. Such a trajectory is called an exponential trajectory with frequency a.

The full exponential-type properties of a behaviour can however only be captured by considering trajectories of a more general form, as described in the next result.

A trajectory w ∈ A is called locally finite if the submodule R · w generated by w is finite-dimensional over k [25]. The R-submodule of A consisting of all locally finite trajectories is denoted by A_{lf}.

Theorem and Definition 4.2. [25] Define a, I(a) as above. A trajectory w(t) ∈ A is annihilated by some power of I(a) if and only if it is of the following form (dependent on the signal space):

1. For A = C N^n : write S = {i ∈ {1, . . . , n} : a_i ≠ 0}; w(t) = p(t) ∏ i∈S a^{ti}_i ,

for some p(t) which is the component-wise product of a polynomial function p^{(1)}(t) of the parameters t_i, i ∈ S only, and a finitely supported function p^{(2)}(t) of the parameters t_j , j ∉ S only. 2. For A = C Z^n: w(t) = p(t)a^{t1}_1 · · · a^{tn}_n , for some p(t) ∈ C [t].

3. For A = RN^n , write S = {i ∈ {1, . . . , n} : a_i ≠ 0}, and, for i ∈ S, define r_i, θ_i ∈ R by a_i = r_ie^{ıθi} . For i ∉ S, set θ_i = 0. w(t) = p(t) ( ∏ i∈S r^{ti}_i ) (α cos(θ_1t_1 + · · · + θ_nt_n) + β sin(θ_1t_1 + · · · + θ_nt_n)),

for some α, β ∈ R and some p(t) which is the component-wise product of a real polynomial function p^{(1)}(t) of the parameters t_i, i ∈ S only, and a finitely supported real function p^{(2)}(t) of the parameters t_j , j ∉ S only.

4. For A = RZ^n: for i = 1, . . . , n, define r_i, θ_i ∈ R by a_i = r_ie^{ıθi} , i = 1 . . . , n;

w(t) = p(t)r^{t1}_1 · · · r^{tn}_n (α cos(θ_1t_1 + · · · + θ_nt_n) + β sin(θ_1t_1 + · · · + θ_nt_n)),

for some α, β ∈ R and some p(t) ∈ R[t].

5. For A = C^∞(R^n , C ) or A = D^′(R^n , C ), w(t) = p(t)e^{a1t1+···+antn} , for some p(t) ∈ C [t].

6. For A = C^∞(R^n , R) or A = D^′(R^n , R): write a_i = g_i + ıh_i, g_i, h_i ∈ R, i = 1, . . . , n; w(t) = p(t)e^{g1t1+···+gntn} (α cos(h_1t_1 + . . . + h_nt_n) + β sin(h_1t_1 + . . . + h_nt_n)),

for some p(t) ∈ R[t]. Moreover,

A_{lf} = ⨁ a w ∈ A | | | | | I(a)^l annihilates w for some l ∈ Z^+ , (4.1)

where for k = C the direct sum runs over all a in either C^n or (C \0)^n , according to R; for k = R the direct sum runs over a set of representatives of the one- or two-element subsets {a, a}, a ∈ C^n . Here a denotes the component-wise complex conjugate of a.

The locally finite trajectories in A^q_{lf} for any q are called polynomial exponential functions/ trajectories.

Note that a finite-dimensional behaviour consists entirely of polynomial exponential trajectories, as it contains Rw for each trajectory w, and so all trajectories are locally finite.

As discussed in [25], the space A_{lf} is itself an injective cogenerator of the category of R-modules, i.e. Theorem 2.4 applies with D(M) = Hom_R(M, A) replaced by D_{lf}(M) = Hom_R(M, A_{lf}). This enables the vast majority of the duality theory of [24] to be applied to differential/ difference behaviours in A^q_{lf}. In particular, the equation

(B ∩ A^q_{lf})^⊥ = Im_R E = B^⊥

for any B = ker_A E shows that the sub-behaviour B ∩ A^q_{lf} of polynomial exponential trajectories determines B uniquely. More specifically, in the case of a C^∞ differential behaviour, Hörmander gives the following result [18, Thm. 7.6.14]:

Theorem 4.3. Let B be a differential behaviour with signal space C^∞(R^n , C ). Then B is equal to the closure of the set of its polynomial exponential trajectories.

Even in the general case, we have seen that a differential or difference behaviour is described fully by those trajectories annihilated by some power of an ideal I(a),

a ∈ C^n . As any differential/ difference behaviour containing such a trajectory must

also contain a trajectory annihilated by I(a) itself, from §4.2 to §6 we will discuss only exponential trajectories. In §7 we will look briefly at the integral representation theorem, which for a behaviour with signal space C^∞(R^n , C ) describes how any system trajectory can be written as an integral of polynomial exponential trajectories.

4.2. The characteristic variety. We now look at the concept of the characteristic variety, which contains the essential information on the exponential trajectories of a behaviour.

Let J ⊆ k[z], k = R, C . Then we define the variety V (J) as

V (J) := {a ∈ C^n | p(a) = 0 for all p ∈ J}

(4.2)

Note that V (J) is defined as a subset of C^n even when k = R. In the case where the ring of interest is R = k[z, z^{−1}], the definition is the same, except that only points a ∈ (C \0)^n are considered. Henceforth we write: a ∈ C^n ((C \0)^n ), on the understanding that the former applies except when working with the signal space A = kZ^n.

The next result and definition are fundamental to the paper, and come from the theory of pdes; see [2, p200, p340], and also [28, p138–139], where the term, variety associated with the finitely generated module M, is used. The characteristic variety is also investigated in [30, 31].

Theorem and Definition 4.4. Let B = D(M) be a behaviour with kernel representation E. Let a be a point in C^n ((C \0)^n ). The following are equivalent:

1. a ∈ V (ann B) = V (ann M). 2. E(a) has less than full column rank.

3. B contains a non-zero exponential trajectory w with frequency a. If a satisfies these conditions, then it is called a characteristic point of B or of M. The variety V (ann B) of all such points is called the characteristic variety of B or of M. Proof. Let g be the number of rows of E. By Lemma 2.6, duality preserves the annihilator, so V (ann B) = V (ann M). Write I(a) for the set of all polynomials of R which vanish at the complex point a. I(a) is a maximal ideal of R. The equivalence of the first two conditions follow since ann M and Fitt_0 M, the ideal of qth order minors of E, are known to have the same radical [10, Prop. 20.6] and therefore vanish at the same points. Now we have that (R/I(a))^{1,q} /(R/I(a))^{1,g} E(a) = M/I(a)M, and by Lemma 2.6 we also have D(M/I(a)M) = [B : I(a)], the set of trajectories of B annihilated by I(a). Hence E(a) has less than full column rank if and only if D(M/I(a)M) ≠ 0, or if and only if B contains a non-zero trajectory annihilated by I(a). Finally, apply Theorem 4.1.

The first condition of Theorem 4.4 has the advantage of being succinct, algebraic, and representation-independent. The second condition, which considers the points where the kernel representation has less than full column rank, is familiar from the classical theory of poles. The third condition gives a dynamic (trajectory) interpretation of the point, the details of which depend upon the signal space. The equivalence of the first two conditions of Theorem 4.4 is well-known.

The characteristic variety is only interesting for autonomous behaviours, for it is different from C^n ((C \0)^n ) precisely when B is autonomous.

In fact, for a given characteristic point a of a behaviour B = ker_A E, it is possible to construct explicitly a non-zero exponential trajectory with frequency a in B. Such a trajectory is given for example in the continuous complex case by v_0e^{a1t1+···+antn} , where v_0 is any non-zero element of the kernel of E(a), acting on C^q on the right. Conversely, over the field C if v_0e^{a1t1+···+antn} ∈ B then E(a)v_0 = 0, because when working over C we can easily show for any exponential trajectory w that E(z)w = E(a)w. Note that the characteristic points are defined over the algebraic closure C of k.

In the case k = R, the subset of characteristic points in R^n or (R\0)^n correspond to exponential trajectories of the form v_0e^{a1t1+···+antn} (continuous case) or v_0a^{t1}_1 · · · a^{tn}_n (discrete case). However, the information contained in this subset of the characteristic variety is insufficient to describe the exponential phenomena which the system may exhibit.

Example Consider the 1D behaviour over C^∞(R, R) given by the kernel representation:

B = ker_A E, E = ( z − 5 −2 z z − 1 )

Now E loses rank nowhere in R, for its determinant is z^2 − 4z + 5, which has no roots

in R. Over C , we have the roots 2 + ı, 2 − ı, and indeed, B admits the trajectory w(t) = ( e^{2t}(3 sin t − cos t) e^{2t}(3 cos t − 4 sin t) ) , which is exponential with frequency 2 + ı. However, B has no trajectories of the form w(t) = αe^{at}, a ∈ R, and the exponentially increasing/ decreasing trajectories can only be found by considering the characteristic points in C \R.

4.3. Associated and coassociated primes. We will find it useful to consider objects which describe the structure of a behaviour B in a similar but slightly more detailed manner than ann B and its corresponding variety.

Recall that an R-module M and a prime ideal J give rise to the localization M_J = {^m_s | m ∈ M, s ∈ R\J}, which is a module over the local ring R_J = {^r_s | r ∈ R, s ∈ R\J}. Definition 4.5. Let M be an R-module. The support supp M of M is the set of prime ideals J such that M_J ≠ 0. The set Ass M of associated primes of M, is the set of prime ideals of R which are annihilators of elements of M. These will also be called the coassociated primes of B = D(M).

The following standard result can be found in e.g. [3, Prop. II.4.17, Thm. IV.1.2] or [10, Cor. 2.7, Thm. 3.1]:

Theorem 4.6. Let M be a finitely generated non-zero R-module. Then the support of M is the set of all prime ideals containing ann M. The set Ass M is finite, nonempty, contained in supp M, and contains all the minimal prime divisors of ann M.

From the first claim of Theorem 4.6, a point a is a characteristic point of B = D(M) if and only if ann M ⊆ I(a), or equivalently if and only if M_{I(a)} ≠ 0. Indeed, much of the theory in this paper can be expressed formally in the language of localization; we will however use it sparingly.

From the last claim of Theorem 4.6, we can write the characteristic variety of B as the union of the varieties V (J), J a coassociated prime of B. There is redundancy in this decomposition, as it is also possible to write the characteristic variety as the union of the varieties corresponding to the minimal prime divisors of ann M, called the minimal primes of M, only. The remaining associated primes of M, called embedded primes, correspond to proper subvarieties of those corresponding to the minimal primes. It is however necessary to consider all associated primes, since this makes available the primary decomposition theorem, which will be applied in §7. In general, the coassociated primes of a behaviour contain more information than the characteristic variety.

The next standard result will prove invaluable in breaking down the set of poles into subsets (e.g. controllable poles) with certain properties.

Lemma 4.7. Let M, M^′, M^{′′} denote finitely generated R-modules which form an exact sequence 0 −→ M^′ −→ M −→ M^{′′} −→ 0 Then V (ann M) = V (ann M^′) ∪ V (ann M^{′′}), and Ass M^′ ⊆ Ass M ⊆ (Ass M^′) ∪ (Ass M^{′′}).

Proof. The first claim is found in [3, Ch. II, §4.4], and the second in [3, Ch. IV, §1.2] or [10, p. 92].

5. Controllable and Uncontrollable Poles. In this section we present our new definition of a pole of an nD system, and provide a decomposition of the set of poles into controllable and uncontrollable poles. The controllable poles are poles of the controllable part of the system, and are associated with the transfer matrix. The uncontrollable poles play the role of input-decoupling zeros.

5.1. Controllable and uncontrollable poles. In our motivational discussion at the beginning of §4, we discussed the classical interpretation of a pole, as a frequency a for which the zero-input behaviour contains a non-zero exponential trajectory. We then discussed the characterization of such points a using the notion of the characteristic variety. We now use this notion to define a pole (point) in the obvious way. However, we do not yet consider states; these are introduced under the guise of latent variables in §6. Note also the distinction between “poles”, which are prime ideals, and “pole points”, which are points in real or complex space.

Definition 5.1. Let B = D(M) be a behaviour with a given input/ output structure and controllable part B^c.

1. The pole variety, pole points and poles of B are defined to be the characteristic variety, characteristic points and coassociated primes respectively of the zero-input behaviour B_{0,y}.

2. The controllable pole variety, controllable pole points and controllable poles of B are defined to be the characteristic variety, characteristic points and coassociated primes respectively of the behaviour (B^c)_{0,y}.

3. The uncontrollable pole variety, uncontrollable pole points and uncontrollable poles of B are defined to be the characteristic variety, characteristic points and coassociated primes respectively of the behaviour B/B^c.

These definitions are all new, and are not trivially equivalent to any previously given definitions which we are aware of. The behaviours concerned in Definition 5.1, and the corresponding finitely generated modules, can be captured in a dual pair of commutative exact diagrams (5.1)–(5.2); compare with the diagrams on p14 of [31]). 0 0 F === F 0 −→ tM −→ M −→ M/tM −→ 0 ‖ 0 −→ tM −→ M/F −→ M/(F ⊕ tM) −→ 0 0 0

(5.1)

In the diagram (5.1), F denotes a maximal free submodule of M, for example that generated by the elements e_i + B^⊥, where e_i is the ith natural basis vector in R^{1,q} , for each index i corresponding to an input component. The dual of M/F is B_{0,y}, the dual of M/tM is B^c, as already discussed, and the dual of M/(tM ⊕ F ) is B^c ∩ B_{0,y} = (B^c)_{0,y}. Diagram (5.1) dualizes to (5.2). 0 0 0 −→ (B^c)_{0,y} −→ B_{0,y} −→ B/B^c −→ 0 ‖ 0 −→ B^c −→ B −→ B/B^c −→ 0 A^m === A^m 0 0

(5.2)

Note: it is important not to confuse the zero-input behaviour (B^c)_{0,y} with the behaviour (B_{0,y})^c. The latter is uninteresting as it is always zero, whereas the former in general is not, and we will henceforth write B^c_{0,y} for (B^c)_{0,y}.

It is possible to regard the behaviour B_{0,y} as the “pole module” of the system, though we feel that it would be more appropriate to give this name to the finitely generated module M/F to which B_{0,y} is dual. This terminology ties in loosely with that of Kalman, Conte, Perdon, Wyman and Sain [6, 21, 45], and we could extend it to an “input decoupling zero module” etc, though there does not seem to be a strong link between the two sets of definitions. The significance of a “pole module” is that the pole points themselves are the points where the annihilator of the pole module vanishes. This interpretation is also possible in the earlier work of Kalman and others. The term “pole module” (etc) has also been used by Bourlès and Fliess [4], where it is equivalent (for 1D systems) to the definition we have suggested; see also Pommaret and Quadrat [31].

One important consequence of our definitions is that the number of poles (and also the number of controllable poles and the number of uncontrollable poles) is finite. This follows from Theorem 4.6. Also, for any pole J, V (J) is contained in the pole variety, and indeed the pole variety is the union of such V (J)’s; similarly for controllable and uncontrollable poles.

The following characterization of pole points is immediate from Theorem 4.4. Corollary 5.2. Let B be a behaviour with a given input/ output structure, and let a be a point in C^n ((C \0)^n ). Let (−Q P ) be a kernel representation of B, where the submatrix P corresponds to the output variables. Then the following are equivalent:

1. a is a pole point of B.

2. P (a) has less than full column rank.

3. B_{0,y} contains a non-zero exponential trajectory of frequency a.

5.2. Controllable poles. The controllable poles (pole points, etc) of B are poles (pole points, etc) of the controllable part B^c of B. Hence for any controllable pole point a, there is an exponential trajectory w(t) ∈ B^c_{0,y} ⊆ B_{0,y} which can be concatenated with the zero trajectory in the sense of behavioural controllability, i.e. such a w(t) can be controlled.

Recall that B^c is the unique minimal element of the transfer class of B. Since there is a strong relationship between B^c and the transfer matrix G of B, it is not surprising that the controllable pole points of a behaviour are captured in the structure of its transfer matrix.

Not only the variety V (ann B^c_{0,y}) but also the ideal ann B^c_{0,y} can be described via the transfer matrix, and this gives ann B^c_{0,y} and also the corresponding coassociated primes a special structure.

Theorem 5.3. Let B be a behaviour with a given input/ output structure and transfer matrix G. Then we have

ann B^c_{0,y} = {r ∈ R | rG is a polynomial matrix}

(5.3)

In particular, ann B^c_{0,y} is principal, and indeed generated by the least common denominator of the entries of G. The controllable poles of B are also principal.

Proof. Recall equation (3.6): (B^c_{0,y})^⊥ = {v ∈ R^{1,p} | vG ∈ R^{1,m}} For any element v of R^{1,p}, we therefore have ann (v + (B^c_{0,y})^⊥) = {r ∈ R | (rv)G ∈ R^{1,m}} (5.4)

Taking the intersection of these sets for all v ∈ R^{1,p} gives us ann R^{1,p}/(B^c_{0,y})^⊥ = ann B^c_{0,y}, and thus we obtain (5.3). Furthermore, equation (5.4) also tells us that the annihilator of any v+(B^c_{0,y})^⊥ is equal to (d), where d is the least common denominator of the entries of vG. In particular, each such annihilator is principal, including the coassociated primes of B^c_{0,y}, which are the controllable poles.

Corollary 5.4. Let B be a behaviour with a given input/ output structure and transfer matrix G. Let (−Q^c P^c) be a generalized factor left prime matrix such that P^cG = Q^c, e.g. P^c is square and (P^c)^{−1}Q^c = G is a minor left coprime matrix fraction description of G, if such exists. Let a ∈ C^n ((C \0)^n ). Then the following are equivalent:

1. a is a controllable pole point of B. 2. P^c(a) has less than full column rank.

3. The denominator of some entry of G vanishes at a. 4. B^c_{0,y} contains a non-zero exponential trajectory with frequency a.

Proof. If (−Q^c P^c) is generalized factor left prime and P^cG = Q^c then (−Q^c P^c) is a kernel representation of a controllable behaviour with transfer matrix G, which is therefore the controllable part of B. From [43, Cor. 7.9], any minor left prime matrix is generalized factor left prime, and therefore this situation particularly applies when (P^c)^{−1}Q^c is a minor left coprime matrix fraction description of G.

P^c is then a kernel representation of B^c_{0,y} (up to trivial isomorphism), and the equivalence of 1,2 and 4 now follows from Theorem 4.4. Condition 3 is immediate from equation (5.3) in Theorem 5.3.

Note that the condition “the denominator of some entry of G vanishes at a” can be expressed formally by the localization condition: G ∉ R^{p,m}_{I(a)}, where I(a) is the maximal ideal corresponding to the point a.

Corollary 5.4 also characterizes controllable pole points in terms of left matrix fraction descriptions (MFDs) of G; these must be minor left coprime for the characterization to apply, and not every transfer matrix has a minor left coprime MFD. The same characterization can be applied to right MFDs, since it is known that if P^{−1}Q = QP^{−1} are minor left coprime and minor right coprime MFDs of a transfer matrix, then |P | = |P | to within a unit [19, Thm. 2.12].

This correspondence between the controllable pole points and the transfer matrix is similar to the classical 1D characterization of transmission poles. However, transmission poles are defined with respect to a state-space representation, and so it is not accurate to identify controllable pole points with transmission poles. The nD behavioural equivalent of the classical transmission poles will be discussed in §6.2.

5.3. Uncontrollable poles. The uncontrollable poles are defined independently of any input/ output structure, i.e. a system has the same uncontrollable poles regardless of the input/ output structure imposed. This is only interesting if we have a proper interpretation of an uncontrollable pole, but we will see that it corresponds in appropriate cases to the idea of an input decoupling zero.

The uncontrollable poles can be characterized as follows:

Lemma 5.5. Let B = D(M) be a behaviour with a given input/ output structure. The uncontrollable poles are the coassociated primes of B/B^c ∼= B_{0,y}/B^c_{0,y} ∼= D(tM). (5.5)

The uncontrollable poles of B are precisely the non-zero coassociated primes of B. Furthermore, a behaviour is controllable if and only if it has no uncontrollable poles.

Proof. The duality B/B^c ∼= D(tM) is known (see equation (3.5) and the discussion following), and the isomorphism B/B^c ∼= B_{0,y}/B^c_{0,y} comes from the standard module isomorphism theorems; see also diagram (5.2). The uncontrollable poles of B are the associated primes of tM, and it is easy to see that these are the non-zero associated primes of M, i.e. the non-zero coassociated primes of B. Finally, B has no uncontrollable poles if and only if tM has no associated primes, i.e. if and only if tM = 0, i.e. B = B^c.

The last result of Lemma 5.5 is reminiscent of the result that a controllable state-space representation of a 1D system is precisely one with no input decoupling zeros. However it is not appropriate to identify the uncontrollable poles with input decoupling zeros, since the concept of an input decoupling zero only has meaning when inputs, outputs and states are involved; we will develop this connection further in §6.2.

We now consider the characterization of uncontrollable pole points in terms of properties of B and its representations.

Theorem 5.6. Let B = D(M) be a behaviour with kernel representation E. Then:

1. B is controllable if and only if it has no uncontrollable pole points. 2. Let a ∈ C^n ((C \0)^n ), and write I(a) ⊆ R for the ideal of polynomials vanishing at a. We have that:

B\B^c contains a non-zero exponential trajectory with frequency a

⇒ a is an uncontrollable pole point of B ⇒ E loses rank at a, i.e. rank E(a) fi rank E, or equivalently, the localization M_{I(a)} is not free.

3. The statements in claim 2 are equivalent when B^c is strongly controllable, and in particular for a 1D system. More generally, if E^c is a kernel representation of B^c, then the statements are equivalent for points a at which E^c does not lose rank. In particular, these statements are equivalent for points a which are not controllable pole points.

4. Suppose that a is not an uncontrollable pole point of B. Then E loses rank at a if and only if E^c loses rank at a.

Proof.

1. B has no uncontrollable pole points if and only if ann B/B^c = R, i.e. B = B^c. 2. Write J = I(a), and suppose that B\B^c contains a non-zero exponential trajectory w with frequency a. Then Jw = 0 ∈ B^c, so w + B^c is an element of B/B^c which is annihilated by J. By Theorem 4.4, a is a characteristic point of B/B^c, i.e. an uncontrollable pole point of B. From this it follows that ann tM ⊆ J, or equivalently by Theorem 4.6 that t(M_J ) = (tM)_J ≠ 0, i.e. M_J is not torsionfree. Hence M_J is not free, which by [24, Thm. 7.69] means that E loses rank at a.

3. Now suppose that E loses rank at a but that E^c does not. Equivalently, (M/tM)_J is free but M_J is not. Due to the exact sequence 0 −→ (tM)_J −→ M_J −→ (M/tM)_J −→ 0, (5.6)

we must have (tM)_J ≠ 0, and so by Theorem 4.6 ann tM ⊆ J, from which a is an uncontrollable pole point of B. Next, if a is such a point, and furthermore E^c does not lose rank at a, we again have the exact sequence (5.6). Since again (M/tM)_J is free, (5.6) splits, and so we can tensor with R_J /J_J = R/J to obtain the exact sequence 0 −→ tM/JtM −→ M/JM −→ M^c/JM^c −→ 0, where M^c denotes M/tM, and its dual 0 −→ [B^c : J] −→ [B : J]^ρ−→ [B/B^c : J] −→ 0 (5.7)

Since a is an uncontrollable pole point of B, by Theorem 4.4 there exists a non-zero element v in [B/B^c : J]. From the exactness of (5.7), there must be an element w ∈ [B : J] with ρ(w) = w + B^c = v. Since v ≠ 0, we must have w ∉ B^c, and as J annihilates w, it is an exponential trajectory with frequency a, as required. This proves the equivalence of the three conditions in claim 2 for points a at which E^c does not lose rank. If E^c = (−Q^c P^c) is a decomposition of E^c with respect to an input/ output structure, so that P^c is a kernel representation of B^c_{0,y}, then we know that rank E^c = rank P^c. Now if a is not a controllable pole point of B, so that by Corollary 5.4 P^c does not lose rank at a, then E^c does not lose rank at a, and the equivalence of the given statements applies.

If B^c is strongly controllable, then E^c is zero left prime, and so E^c loses rank nowhere. For a 1D system, B^c is always strongly controllable.

4. Again we have an exact sequence 0 −→ (tM)_J −→ M_J −→ (M/tM)_J −→ 0 As in the proof of the previous claim, the condition that a is not an uncontrollable pole point of B means that (tM)_J = 0, from which M_J ∼= (M/tM)_J . Hence M_J is free if and only if (M/tM)_J is free. By [24, Thm. 7.69], an equivalent statement is that E loses rank at a if and only if E^c loses rank at a.

It is not true in general that an uncontrollable pole point of B = ker_A E is precisely a point where E loses rank. Consider the example: E = ( z_1 0 z_2 0 z_2 z_3 )

and the corresponding behaviour B with signal space A = C^∞(R^3 , C ). The matrix E has a rank-loss point (0, 0, a_3) for any a_3 ∈ C , but it is minor left prime (i.e. the second order minors have no common factor), and therefore GFLP by [43, Cor. 7.9]. B is therefore controllable by Theorem 3.8, and so by Theorem 5.6 it has no uncontrollable pole points.

Uncontrollable pole points can also be characterized in terms of other behaviours and representations:

Theorem 5.7. Let B = ker_A E be any behaviour with controllable part B^c = ker_A E^c. Let K be any polynomial matrix with E = KE^c, and let C be a minimal left annihilator of E^c; write L = ( K C ) . Then L is a kernel representation of E^cB ∼= B/B^c, and the following are equivalent for any point a ∈ C^n ((C \0)^n ):

1. a is an uncontrollable pole point of B. 2. L(a) has less than full column rank.

3. E^cB contains a non-zero exponential trajectory with frequency a.

Proof. Given E, E^c, K, C and L as described, it is easy to see that LE^c is a kernel representation of B, and we also have ker_A L ⊆ im_A E^c. Now w ∈ E^cB implies Lw = 0, and conversely w ∈ ker_A L implies that w = E^cv for some v, so (LE^c)v = 0, i.e. v ∈ B. Hence ker_A L = E^cB. As E^cB ∼= B/B^c, the uncontrollable pole points are the characteristic points of E^cB, and the remaining assertions follow on applying Theorem 4.4.

5.4. The uncontrollable–controllable decomposition. As implied by the nomenclature, poles are either uncontrollable poles or controllable poles (or possibly both), and similarly for pole points:

Theorem 5.8.

1. The union of the uncontrollable pole variety and the controllable pole variety is the pole variety.

2. The union of the set of uncontrollable poles and the set of controllable poles is the set of poles.

Proof. From the commutative exact diagram (5.2), we have an exact sequence 0 −→ (B^c)_{0,y} −→ B_{0,y} −→ B / B^c −→ 0, which is dual to a corresponding sequence of finitely generated modules in reverse order in the diagram (5.1). Applying Lemma 4.7 gives us the first claim concerning pole points immediately, and also the following:

{uncontrollable poles} ⊆ {poles} ⊆ {uncontrollable poles, controllable poles}

It remains to show that every controllable pole is a pole. Write M_{0,y} and M^c_{0,y} respectively for the modules to which B_{0,y} and B^c_{0,y} are dual. We now have the following:

Ass M^c_{0,y} ⊆ supp M^c_{0,y} ⊆ supp M_{0,y}

As ann M_{0,y} ≠ 0 (its dual is autonomous), 0 ∉ supp M_{0,y}. Now by Theorem 5.3, every element of Ass M^c_{0,y} is principal and therefore has height 1. Each such element must therefore be minimal in supp M_{0,y}, and so by Theorem 4.6 is therefore in Ass M_{0,y}. This proves that Ass M^c_{0,y} ⊆ Ass M_{0,y}, i.e. the controllable poles are also poles, as required.

In the proof above, the fact that every controllable pole is a pole relies on the fact that every controllable pole is principal (from Theorem 5.3). In §6 we will encounter decompositions of sets of poles where such an observation does not apply, and therefore only partial results of this nature can be obtained.

Note that, contrary to the implication of the nomenclature, it is possible for a pole to be both a controllable pole and an uncontrollable pole, and similarly for pole points! A complete partitioning of poles into controllable and uncontrollable ones would require a suitable notion of multiplicity, which is beyond the scope of this paper.

5.5. The dimension of the characteristic variety. Another important question for an nD system is how “large” the poles are, in a geometric sense. For a 1D system, the pole variety is just a set of isolated points. For a 2D system, the pole variety may be a set of isolated points, or it may include curves. For a 3D system, there is the additional possibility that the pole variety may contain a two-dimensional surface. The dimensions of the pole variety, controllable pole variety and uncontrollable pole variety, or more generally of the characteristic variety, are therefore of interest.

Lemma 5.9. Let B = ker_A E. Then:

1. For B ≠ 0, the dimension of the characteristic variety of B is n minus the “right primeness degree” [43] of E.

2. B is finite-dimensional if and only if it has a finite number of characteristic points.

3. The controllable pole variety has dimension either −1 (it is empty) or n − 1. The former case occurs if and only if the transfer matrix is a polynomial matrix. In the latter case, each maximal irreducible subvariety of the controllable pole variety has dimension n − 1.

4. If the transfer matrix is not a polynomial matrix, the pole variety has dimension n − 1.

Proof. The first claim is immediate from Theorem 4.4 and the definition of the right primeness degree. The second claim is given in [26, 29].

From Theorem 5.3, ann B^c_{0,y} is principal, and it must therefore be either R or an ideal of height 1. Hence V (ann B^c_{0,y}) is either empty or of dimension n − 1. Again by Theorem 5.3, the former occurs precisely when the transfer matrix is polynomial. In the other case, Theorem 5.3 says further that every coassociated prime of B^c_{0,y}, including the minimal prime divisors of ann B^c_{0,y}, has height 1, so the maximal irreducible subvarieties of V (ann B^c_{0,y}) have dimension n − 1.

Claim 4 follows from claim 3, as the pole variety contains the controllable pole variety.

The dimension of the characteristic variety (pole variety, etc), can be found algorithmically, as discussed in [43]. For a system with signal space kN^n , this quantity can also be interpreted as a measure of the order of magnitude of the system’s initial condition set, the “autonomy degree” [43]. The interpretation for systems with other signal spaces is still open.

When the transfer matrix is not a polynomial matrix, Lemma 5.9 states that every maximal irreducible subvariety of the controllable pole variety has dimension n − 1. In consequence, every maximal irreducible subvariety of the pole variety having dimension less than n − 1 must also be a maximal irreducible subvariety of the uncontrollable pole variety. This is also trivially true when the transfer matrix is a polynomial matrix.

6. Observable and Unobservable Poles. In this section we will look at the additional structure which occurs when the behaviour is a latent variable representation of some other behaviour. The principal example of this is when the latent variables are “state variables”, e.g. in the context of the classical 1D theory. When the behaviour is defined through a Rosenbrock system matrix (or “polynomial matrix description”), this additional structure allows us to relate certain submatrices to various sets of poles.

6.1. Observable and Unobservable poles. Consider now a behaviour B_{l,w} which is a latent variable description of some other behaviour B_w. The behaviour B_w is called the manifest behaviour of the full behaviour B_{l,w}, the variables of w are called manifest variables and the variables of l are called latent variables. These ideas are described in [40] for the 1D case and [22, 32] for the 2D case. Formally, we have the following for some polynomial matrices E, F : B_{l,w} = {( l w ) ∈ A^{d+q} | | | Ew = F l } (6.1)

B_w = { w ∈ A^q | | | | ∃ l ∈ A^d s.t. ( l w ) ∈ B_{l,w} } (6.2)

It is easy to derive a kernel representation of B_w: we construct a minimal left annihilator L of F , and we have B_w = ker_A (LE) [22], [24, p27]. There is also the behaviour B_{l,0}, which we will call the unobservable behaviour, consisting of all elements of B_{l,w} with w = 0. B_{l,0} is isomorphic to ker_A F , and vanishes precisely when the latent variables are observable (in the behavioural sense) from the manifest variables. We can show that B_w is the factor module of B_{l,w} by B_{l,0}, so we have an exact sequence 0 −→ B_{l,0} −→ B_{l,w} −→ B_w −→ 0 (6.3)

Now consider the pole structure of these behaviours. Take an input/ output structure on B_{l,w} for which the number of inputs which are in the variables w is maximized (when the latent variables are state variables, all the input variables can of course be taken to be manifest variables). We will refer to such an input/ output structure on B_{l,w} as a maximally manifest input/ output structure. Divide the components w and l into input and output components, so w = (w^T_1 , w^T_2 )^T and l = (l^T_1 , l^T_2 )^T , where (l^T_1 , w^T_1 )^T is a complete input vector for B_{l,w}. It follows that (w_1, w_2) is an input/ output structure on B_w, and (l_1, l_2) is one on B_{l,0} (it is for this reason that we restrict our consideration to i/o structures which are maximally manifest). These i/o structures are called the induced input/ output structures on B_w and B_{l,0}.

The poles of B_{l,w} fall naturally into two categories. The first is the set of poles which are observable from the behaviour B_w, and the second is the set of poles which cannot be determined from the manifest behaviour (they are poles of the unobservable behaviour).

Definition 6.1. Let B_{l,w} be a behaviour with latent variables l and a maximally manifest i/o structure with input variables (w_1, l_1) and output variables (w_2, l_2). Take the induced i/o structures on B_w and B_{l,0}.

1. The unobservable pole variety, unobservable pole points and unobservable poles of B_{l,w} are defined to be the pole variety, pole points and poles of the unobservable behaviour B_{l,0}.

2. The observable pole variety, observable pole points and observable poles of B_{l,w} are defined to be the pole variety, pole points and poles of the manifest behaviour B_w.

In effect we have defined the unobservable poles as the coassociated primes of the behaviour B_{l1=0,l2,w1=0,w2=0} (notation interpreted in the obvious way), and the observable poles as those of the behaviour B_{w1=0,w2} ⊆ B_w. The poles of B_{l,w} itself are the coassociated primes of B_{l1=0,l2,w1=0,w2} and B_{w1=0,w2} is the factor module of B_{l1=0,l2,w1=0,w2} by B_{l1=0,l2,w1=0,w2=0}, so we have an exact sequence 0 −→ B_{l1=0,l2,w1=0,w2=0} −→ B_{l1=0,l2,w1=0,w2} −→ B_{w1=0,w2} −→ 0 (6.4)

Theorem 6.2. Let B_{l,w} be a behaviour with latent variables l and a maximally manifest i/o structure. Then the poles/ pole points of the full behaviour B_{l,w} have the following properties:

1. A point a is an observable pole point if and only if there exists (l, w) ∈ B_{l,w} such that w_1 = 0 and w_2 is non-zero and exponential with frequency a.

2. A point a is an unobservable pole point if and only if there exists (l, w) ∈ B_{l,w} such that w = 0, l_1 = 0 and l_2 is non-zero and exponential with frequency a.

3. Suppose that the latent variables l contain no free variables, i.e. B_{l,0} is autonomous. Then B_{l,w} is observable if and only if it has no unobservable poles, or equivalently no unobservable pole points.

4. The union of the unobservable pole variety and the observable pole variety is the pole variety.

5. Every observable pole is a pole. Every pole is either an unobservable pole or an observable pole (or both).

Proof. The first two claims follow on applying Theorem 4.4, and the last two are immediate from Lemma 4.7 together with the exact sequence (6.4). For claim 3, the condition that B_{l,w} is observable is equivalent to the condition B_{l,0} = 0, or alternatively to the vanishing of the module to which B_{l,0} is dual. The result follows since a finitely generated module M is 0 precisely when it has no associated primes (Theorem 4.6), or equivalently when V (ann M) = ∅.

We do not claim that every unobservable pole is a pole. Claim 3 of Theorem 6.2 is similar to the classical 1D result that a system in state-space form is observable if and only if it has no output decoupling zeros. Note that the condition on this last result is satisfied if the latent variables l are interpreted as states.

6.2. Complete classification of poles. We can combine the partitioning of pole points into unobservable and observable pole points with the partitioning into uncontrollable and controllable pole points. This involves the controllable part of B_{l,w}, and its associated unobservable and manifest behaviours. We denote by B^c_{l,w} the controllable part of B_{l,w}, by B^c_{l,0} the unobservable behaviour of B^c_{l,w}, by B^c_w the manifest behaviour of B^c_{l,w}, and so on. Care must be taken with this notation, as it is not generally the case that B^c_{l,0} = (B_{l,0})^c.

Our final refinement of the pole structure is defined as follows: Definition 6.3. Let B_{l,w} be a behaviour with latent variables l and a maximally manifest i/o structure. Then:

1. The unobservable uncontrollable pole variety, unobservable uncontrollable pole points and unobservable uncontrollable poles are the characteristic variety, characteristic points and coassociated primes of B_{l,0} / B^c_{l,0}.

2. The unobservable controllable pole variety, unobservable controllable poles points and unobservable controllable poles are the pole variety, pole points and poles of B^c_{l,0}.

3. The observable uncontrollable pole variety, observable uncontrollable pole points and observable uncontrollable poles are the characteristic variety, characteristic points and coassociated primes of B_w / B^c_w.

4. The observable controllable pole variety, observable controllable pole points and observable controllable poles are the pole variety, pole points and poles of B^c_w.

To show that the unobservable uncontrollable poles are meaningfully defined, we have to show that (B^c)_{l,0} is a sub-behaviour of B_{l,0}, which is evident from the fact that (B^c)_{l,0} = B_{l,0} ∩ B^c. To show that the observable uncontrollable poles are meaningfully defined, we have to show that (B^c)_w is a sub-behaviour of B_w, which follows by definition. In fact, a stronger claim is possible:

Theorem 6.4. Let B_{l,w} be a behaviour with latent variables l. Then the manifest behaviour of the controllable part of B_{l,w} is equal to the controllable part of the manifest behaviour of B_{l,w}.

Proof. We write B = B_{l,w} as usual. Clearly (B^c)_w is a sub-behaviour of B_w. It is also clear from the definition of controllability that as B^c is controllable, so is (B^c)_w. Now write E for any kernel representation of B, and E^c for any kernel representation of B^c. Since B and B^c have the same input/ output structures, any submatrices comprised of corresponding columns of E and of E^c must have the same rank. In particular, m(B_{l,0}) = m((B^c)_{l,0}). Now we use the additivity of the number of free variables:

m((B^c)_w) = m((B^c)_{l,w}) − m((B^c)_{l,0}) = m(B_{l,w}) − m(B_{l,0}) = m(B_w)

Summarizing, (B^c)_w is a sub-behaviour of B_w which has the same number of free variables and is controllable. This suffices to prove that (B^c)_w is the controllable part of B_w.

Theorem 6.4 proves that the observable controllable poles are equal to the controllable poles of the manifest behaviour (if you like, the “controllable observable poles”). This result also shows that we can use the notation B^c_w without fear of ambiguity.

Currently we have a pair of exact sequences of autonomous behaviours whose coassociated primes correspond to various sets of poles: 0 −→ B_{l1=0,l2,w1=0,w2=0} −→ B_{l1=0,l2,w1=0,w2} −→ B_{w1=0,w2} −→ 0 (6.5) 0 −→ B^c_{l1=0,l2,w1=0,w2=0} −→ B^c_{l1=0,l2,w1=0,w2} −→ B^c_{w1=0,w2} −→ 0 (6.6)

and each module in the sequence (6.6) is a submodule of the corresponding module in the upper sequence (6.5). Let us look at the corresponding factor modules. Since B^c_{l1=0,l2,w1=0,w2=0} = B_{l1=0,l2,w1=0,w2=0} ∩ B^c_{l1,l2,w1,w2} , the factor module is B_{l1=0,l2,w1=0,w2=0} B_{l1=0,l2,w1=0,w2=0} ∩ B^c_{l1,l2,w1,w2} ∼= B^{l1=0,l2,w1=0,w2=0} + B^{cl1,l2,w1,w2} B^c_{l1,l2,w1,w2} (6.7)

This is obviously a submodule of B_{l1,l2,w1,w2} / B^c_{l1,l2,w1,w2} , which by equation (5.5) is isomorphic to B_{l1=0,l2,w1=0,w2} /B^c_{l1=0,l2,w1=0,w2} . These behaviours are all shown in Figure 6.1. By the Snake Lemma (e.g. [10, Ex. A3.10]), we also have an isomorphism B_{l1,l2,w1,w2} B_{l1=0,l2,w1=0,w2=0} + B^c_{l1,l2,w1,w2} ∼= B^{w1=0,w2} B^c_{w1=0,w2} , (6.8)

and the diagram in Figure 6.1 is commutative and exact.

Reading the non-trivial behaviours in Figure 6.1 from left to right and from top to bottom, we see that the coassociated primes are respectively the following: the unobservable uncontrollable poles, the uncontrollable poles, the observable uncontrollable poles, the unobservable poles, the poles, the observable poles, the unobservable controllable poles, the controllable poles, and the observable controllable poles.

We now apply Lemma 4.7 again. This gives us the basic structure of the poles of a behaviour given by a latent variable description.

1. The union of the unobservable uncontrollable pole variety and the observable uncontrollable pole variety is the uncontrollable pole variety. Every observable uncontrollable pole is an uncontrollable pole. Every uncontrollable pole is either an unobservable uncontrollable pole or an observable uncontrollable pole.

2. The union of the unobservable pole variety and the observable pole variety is the pole variety. Every observable pole is a pole. Every pole is either an unobservable pole or an observable pole.

3. The union of the unobservable controllable pole variety and the observable controllable pole variety is the controllable pole variety. Every observable controllable pole is a controllable pole. Every controllable pole is either an unobservable controllable pole or an observable controllable pole.

0 0 0

0 −→^{Bl1=0,l2,w=0+Bcl,w} B^c_{l,w} −→ B_{l,w} B^c_{l,w} −→ B_{l,w} B_l1=0_{,l}2_{,w}=0+B^c_{l,w} −→ 0 0 −→ B_{l1=0,l2,w=0} −→ B_{l1=0,l2,w1=0,w2} −→ B_{w1=0,w2} −→ 0 0 −→ B^c_{l1=0,l2,w=0} −→ B^c_{l1=0,l2,w1=0,w2} −→ B^c_{w1=0,w2} −→ 0 0 0 0

Fig. 6.1. Exact commutative diagram for complete classification of poles. Note that the columns of this diagram are read upwards, contrary to convention; this is to achieve symmetry in Figure 6.2.

4. The union of the unobservable uncontrollable pole variety and the unobservable controllable pole variety is the unobservable pole variety. Every unobservable uncontrollable pole is an unobservable pole. Every unobservable pole is either an unobservable controllable pole or an unobservable uncontrollable pole.

5. The union of the uncontrollable pole variety and the controllable pole variety is the pole variety. The union of the set of uncontrollable poles and the set of controllable poles is the set of poles.

6. The union of the observable uncontrollable pole variety and the observable controllable pole variety is the observable pole variety. The union of the set of observable uncontrollable poles and the set of observable controllable poles is the set of observable poles.

In general, we do not expect the inclusions of sets of poles missing from the list above to hold (e.g. we do not expect every unobservable uncontrollable pole to be an uncontrollable pole). Note however that we are able to make a full decomposition in the last case of observable poles. This is possible because the observable controllable poles are a subset of the controllable poles, and are therefore principal by Theorem 5.3. We can therefore apply the same argument as in the proof of Theorem 5.8 to deduce that every observable controllable pole is an observable pole. This reasoning cannot be applied to cases 1–4.

We summarize the relationships between the various sets of poles in a conceptual exact diagram (Figure 6.2). This diagram should be interpreted as follows: if 0 −→ Set 1 −→ Set 2 −→ Set 3 −→ 0 is a row or column, then the union of the pole variety of Set 1 and the pole variety of Set 3 is the pole variety of Set 2. The corresponding statements for the poles themselves is slightly weaker, except for the middle and right-hand columns, for which an analogous law holds.

Example. Take the 2D behaviour given by the following polynomial matrix:

B_{l,u,y} = ker_A E_1,

E_1 = ( (z^2_1 − z_2)(z_1 + z_2)(z_1 − 1)z_2 0 z^2 (z^2_1 − z_2) −(z^2_1 + z^2 − 1) (z^2_1 − z_2)(z_1 + z_2)(z_1 − 1)z_1 (z_1 + z_2)^2 z_1z_2(z^2_1 − z_2) (z^2_1 + z^2 − 1) )

0 0 0

0 −→ unobs. unctrl. poles −→ unctrl. poles −→ obs. unctrl. poles −→ 0

0 −→ unobs. poles −→ poles −→ obs. poles −→ 0

0 −→ unobs. ctrl. poles −→ ctrl. poles −→ obs. ctrl. poles −→ 0

0 0 0

Fig. 6.2. Relationships between sets of poles.

The signal space A can be taken as kN^n , C^∞(R^n , k) or D^′(R^n , k) for k = R or C ; the ring R = k[z]. The behaviour B_{l,u,y} has 2 inputs, 1 output and 1 latent variable. We will now find the 9 pole varieties of this behaviour. This requires constructing representations for 9 related behaviours — those appearing in Figure 6.1. To begin with, we have the zero-input and unobservable behaviours:

B_{l,u=0,y} ∼= ker_A E_2, E_2 = ( (z^2_1 − z_2)(z_1 + z_2)(z_1 − 1)z_2 −(z^2_1 + z^2 − 1) (z^2_1 − z_2)(z_1 + z_2)(z_1 − 1)z_1 (z^2_1 + z^2 − 1) )

B_{l,u=0,y=0} ∼= ker_A E_3, E_3 = ( (z^2_1 − z_2)(z_1 + z_2)(z_1 − 1)z_2 (z^2_1 − z_2)(z_1 + z_2)(z_1 − 1)z_1 )

Next, observe that we can write E_1 = LE_4, where L and E_4 are given by: L = ( z_2 −1 z_1 1 ) , E_4 = ( (z^2_1 − z_2)(z_1 + z_2)(z_1 − 1) (z_1 + z_2) z_2(z^2_1 − z_2) 0 0 (z_1 + z_2)z_2 0 (z^2_1 + z^2 − 1) )

Since E_4 is minor left prime, ker_A E_4 = B^c_{l,u,y}. Hence we have the following representations:

B^c_{l,u=0,y} ∼= ker_A E_5, E_5 = ( (z^2_1 − z_2)(z_1 + z_2)(z_1 − 1) 0 0 (z^2_1 + z^2 − 1) )

B^c_{l,u=0,y=0} ∼= ker_A E_6, E_6 = ( (z^2_1 − z_2)(z_1 + z_2)(z_1 − 1) 0 )

For the manifest behaviours of B_{l,u,y} and B^c_{l,u,y}, we need minimal left annihilators of E_3 and E_6, and these are easily found to be the matrices E_7 = (z_1 − z_2) and E_8 = (0 1) respectively. The zero-input manifest behaviours are now found by taking the appropriate sub-matrices of E_7E_1 and E_8E_4 respectively:

B_{u=0,y} ∼= ker_A E_9, E_9 = (−(z^2_1 + z^2 − 1)(z_1 + z_2)) B^c_{u=0,y} ∼= ker_A E_{10}, E_{10} = (z^2_1 + z^2 − 1)

Since E_4 has full row rank, Theorem 5.7 tells us that a kernel representation of E_4B_{l,u,y} ∼= B_{l,u,y}/B^c_{l,u,y} is the matrix L. Similarly, the representation found for B^c_{u,y}

Fig. 6.3. Example of pole varieties

also has full row rank, and so a kernel representation for B_{u,y}/B^c_{u,y} is the matrix E_{11} = (−(z_1 + z_2)). Using a similar trick, a kernel representation for B_{l,u=0,y=0}/B^c_{l,u=0,y=0} is E_{12} = ( z_2 z_1 ) . Now the 9 sets of pole points, 9 behaviours of relevance and 9 kernel representations are listed as follows:

Pole point set Behaviour Rep. matrix Unobservable uncontrollable pole points B_{l,u=0,y=0}/B^c_{l,u=0,y=0} E_{12} Uncontrollable pole points B_{l,u,y}/B^c_{l,u,y} L Observable uncontrollable pole points B_{u,y}/B^c_{u,y} E_{11} Unobservable pole points B_{l,u=0,y=0} E_3 (System) pole points B_{l,u=0,y} E_2 Observable pole points B_{u=0,y} E_9 Unobservable controllable pole points B^c_{l,u=0,y=0} E_6 Controllable pole points B^c_{l,u=0,y} E_5 Observable controllable pole points B^c_{u=0,y} E_{10} For this example, it is now easy to plot the various pole varieties as the rank-loss varieties of the corresponding matrices (however in general we suspect that computation of the annihilator is a more efficient method). These varieties are shown in Figure 6.3.

Note that the behaviour B_{l,u=0,y=0}/B^c_{l,u=0,y=0} giving the unobservable uncontrollable pole points has a single pole (z_1, z_2). We have conjectured that not every unobservable uncontrollable pole is an uncontrollable pole. We can confirm this using the current example; we have to show that (z_1, z_2) is not an associated prime of Coker_R L, where L is the matrix given above. Equivalently, we show that no element of R^{1,2}\Im_R L is taken into Im_R L by the actions of z_1 and z_2. Let N denote the set of all elements x of R^{1,2} such that z_1x ∈ Im_R L and z_2x ∈ Im_R L. Then N is the set of polynomial vectors corresponding to the first two components of the kernel (natural left action) of the matrix

K = z_1 0 z_2 z_1 0 0 0 z_1 −1 1 0 0 z_2 0 0 0 z_2 z_1 0 z_2 0 0 −1 1

T

However, it is possible to show that the kernel of this matrix is equal to the image of the matrix ( z_2 −1 −z_1 0 −z_2 0 z_1 1 0 −z_1 0 −z_2 )

and hence N = Im_RL. This proves that (z_1, z_2) is not an associated prime of Coker_RL, and hence is not an uncontrollable pole of the behaviour, although it is an unobservable uncontrollable pole.

6.3. Rosenbrock system matrices. One important class of representations of 1D and nD systems is the class of Rosenbrock system matrices, also called polynomial matrix descriptions; see e.g. [33] for the 1D case and [19] for the nD case.

We write here x for the latent variables, u for the (manifest) free variables, and y for the remaining manifest variables. We can think of u as the input, x as the state, and y as the output. Since x is to be interpreted as a vector of state variables, it is assumed to contain no free variables, i.e. the behaviour with zero input and zero output is assumed to be autonomous. We consider state-input-output behaviours given by the following classical system of equations:

T (z)x(t) = U(z)u(t)

(6.9) y(t) = V (z)x(t) + W (z)u(t)

(6.10)

We can write the resulting behaviour in kernel form as follows: B_{x,u,y} = ker_A ( T −U 0 V W −I ) (6.11)

The submatrix ( T −U V W )

is called a Rosenbrock system matrix. We define the pole points of the Rosenbrock system matrix to be the points where T fails to have full column rank. This is the definition previously given in the 1D case (e.g. in [20]).

Note that the standard input/ output structure on B_{x,u,y} is trivially a maximally manifest input/ output structure, with the states being treated as additional outputs in the behavioural sense.

Lemma 6.5. Let B_{x,u,y} be a differential or difference behaviour given by a Rosenbrock system matrix (6.9–6.10). Then:

1. The pole points of B_{x,u,y} are precisely the pole points of the Rosenbrock system matrix.

2. The unobservable pole points of B_{x,u,y} are precisely the points where the matrix (T^T V^T )^T has less than full column rank.

3. Each uncontrollable pole point of B_{x,u,y} is a point where (T − U) has less than its normal rank; the converse holds for 1D systems.

4. The observable controllable pole points of B_{x,u,y} are precisely the points a such that the denominator of some entry of the input-to-output transfer matrix of the Rosenbrock system matrix vanishes at a.

Proof.

1. A kernel representation of B_{x,0,y} is ( T 0 V −I )

(to within isomorphism). By Corollary 5.2, the pole points are the points where this matrix, or equivalently T , fails to have full column rank.

2. The unobservable pole points are the characteristic points of

B_{x,0,0} ∼= ker_A ( T V ) . By Theorem 4.4, the unobservable pole points are the points where this matrix fails to have full column rank.

3. By Theorem 5.6, in the 1D case the uncontrollable pole points are the points where the whole matrix ( T −U 0 V W −I )

has less than its normal rank. These are equal to the rank-loss points of (T − U).

4. By Theorem 6.4, the observable controllable pole points are the controllable pole points of B_{u,y}, the transfer matrix of which is the input-to-output transfer matrix of the PMD. The claim now follows from Corollary 5.4.

Lemma 6.5 is enough to prove that, in the 1D case, the pole points, unobservable pole points, uncontrollable pole points, and observable controllable pole points of B_{x,0,y} correspond respectively to the poles, output decoupling zeros, input decoupling zeros and transmission poles of the system, as defined classically. Note also that, in the general nD case, we have proved in Theorem 5.6 and Theorem 6.2 that a behaviour is controllable (resp. observable) if and only if it has no uncontrollable pole points (resp. no unobservable pole points).

We can readily apply our theory to characterize the pole points of special classes of nD systems, for example systems governed by the Roesser or Fornasini–Marchesini state space models. In these cases we find that the pole points are the points where the “characteristic polynomial” vanishes, as has been anticipated by many other authors. Such an analysis is however beyond the scope of this paper.

7. Polar Decomposition and Integral Representation. In this section we discuss a decomposition of a behaviour that emerges from the theory of poles, and also the related integral representation theorem.

7.1. Polar and decoupling zero decompositions. In a 1D system, any trajectory with zero input can be written as a sum of polynomial exponential trajectories with frequencies corresponding to the system poles. This results from a decomposition of the behaviour as a sum of certain sub-behaviours, a decomposition which is dual to the classical algebraic “primary decomposition”. We can apply the same principles in the nD case.

Consider the ring R = k[z] or R = k[z, z^{−1}] (or more generally any Noetherian ring) and a finitely generated R-module L. Given a proper submodule N of L, N has a primary decomposition (e.g. [3, 5, 10]) into submodules of L containing N: N = l⋂ i=1 N_i, (7.1)

where each quotient L/N_i is J_i-coprimary for some prime J_i, i.e. Ass (L/N_i) consists of the single prime J_i, and the J_i’s include all the associated primes of L/N. The intersection can be taken to be such that the J_i’s are precisely the associated primes of L/N, each occurring precisely once, in which case it is called a minimal primary decomposition. Such a decomposition is in general non-unique.

The dual of (7.1) allows us to express any behaviour B as the sum of subbehaviours B_i, where each B_i has a single coassociated prime, and these primes are precisely the coassociated primes of B. This idea has two interesting applications:

Theorem 7.1. Let B be a differential or difference behaviour. Then the zeroinput behaviour has a decomposition:

B_{0,y} = l∑ i=1 B_i, (7.2)

where each behaviour B_i has only a single coassociated prime J_i, and the J_i’s are precisely the poles of B. We call this decomposition a polar decomposition of B_{0,y}.

The behaviour B itself also has a decomposition:

B = B^c + r∑ l=1 B^′_l, (7.3)

where each behaviour B^′_l has only a single coassociated prime J^′_l , and the J^′_l ’s are precisely the uncontrollable poles of B.

Proof. The first claim follows immediately by application of the dual version of (7.1) to the zero-input behaviour B_{0,y}. For the second part, assume firstly that B is not autonomous, since otherwise B^c = 0, the uncontrollable poles are the coassociated primes of B, and the result is immediate by the dual of (7.1). Hence by Theorem 3.3 M is not a torsion module and so 0 is an associated prime. Thus B^⊥ has a minimal primary decomposition: B^⊥ = ⋂_r l=0 N_l, where in particular N_0 is the module such that Ass (R^{1,q} /N_0) = {0}. Define B^′_l = (N_l)^⊥ for l = 0, 1, . . . , r. This gives us: B = r∑ l=0 B^′_l (7.4)

Now by Lemma 5.5, the uncontrollable poles of B = D(M) are precisely the coassociated primes of the behaviours B^′_l for l = 1, . . . , r. Finally, R^{1,q} /N_0 is 0-primary, or equivalently torsionfree (e.g. on applying [10, Prop. 3.4]), and so by Theorem 3.8 B^′_0 is controllable. The sum ∑_r l=1 B^′_l is autonomous as the sum of autonomous behaviours, and so by the controllable–autonomous decomposition B^′_0 is the controllable part of B. This completes the proof.

Note that the polar decomposition also leads to a decomposition of B itself, by combination with the controllable–autonomous decomposition. However such a decomposition of B must be redundant, since by (7.3) it is possible to do this using only the uncontrollable poles. Indeed, the uncontrollable pole decomposition of B is a refinement of the controllable–autonomous decomposition. The 2D polar decomposition is also similar to a decomposition discussed by Valcher [38], in which any 2D autonomous behaviour can be decomposed into the sum of a finite-dimensional behaviour and a behaviour with a square kernel representation.

The annihilator of a finitely generated module M can be computed using Gröbner basis techniques; an algorithm has been presented in [43]. This is in general the closest we can get to computing the characteristic variety of a behaviour. The decompositions in Theorem 7.1 can be computed via the primary decomposition, algorithms for which have been given in the algebraic literature, for example [1, 11, 17]. The construction of a primary decomposition necessarily includes an identification of the associated primes, i.e. the poles or uncontrollable poles.

7.2. The integral representation theorem. The integral representation theorem was originally formulated by Ehrenpreis in 1961 and then proven in full generality by Malgrange and Palamodov [28, Thm. VI.4.1]. A simplified special case was presented by Björk in [2, Thm. 8.1.3]. Roughly, the integral representation theorem gives an explicit form for any C^∞ behaviour, in which each trajectory is expressed as a sum of integrals of polynomial exponential functions which also lie in the behaviour. In the following, we write ⟨a, t⟩ for the inner product of two vectors a, t. Using the language of the behavioural approach, Björk’s statement of the theorem reads as follows:

Theorem 7.2. (Integral Representation Theorem) Let B be a differential behaviour with signal space C^∞(R^n , C ). Then there exist polynomial vectors p_1, . . . , p_L in 2n variables with the following property. For any compact and convex subset H of R^n with non-empty interior K, and for any trajectory w ∈ B, there exists measures μ_1, . . . , μ_L on C^n for which

w(t) = L∑ i=1 ∫ C^n p_i(a, t)e^{⟨a,t⟩} dμ_i(a) (7.5)

for all t ∈ H, and for which the following conditions also hold:

1. Each function p_i(a, t)e^{⟨a,t⟩} is a polynomial exponential trajectory of B for any a in the support of the measure μ_i. In particular the support of μ_i is contained in the characteristic variety of B.

2. We have ∫ C^n e^{H(a)}(1 + ||a||^c) d|μ_i|(a) < ∞ for all c, where H(a) = sup_{t∈H}(⟨ℜe(a), t⟩). In particular, the integrals on the right of (7.5) are absolutely convergent and can be differentiated with respect to t under the integral sign for t ∈ K.

The integral representation (7.5) can be broken down by first applying the decomposition (7.3) in Theorem 7.1 in order to write B as a sum of sub-behaviours B_i each with a single coassociated prime. For each B_i, we then obtain an integral representation, and when summed these give a representation of B.

Assume therefore that B has a single coassociated prime J, or equivalently that R^{1,q} /B^⊥ is a J-coprimary. Then according to [28, Cor. IV.4.2] or [2, Thm. 8.4.5], there is a q × L matrix A(z, ∂/∂z) of differential operators with polynomial coefficients such that B^⊥ = {v ∈ R^{1,q} | A^T (a, ∂/∂a)v^T (a) = 0 for all a ∈ V }, where V denotes the characteristic variety of B. Such a matrix A is called a Noetherian operator for B^⊥ ⊆ R^{1,q} , and we can show that, for all a ∈ V , E(∂/∂t)(A(a, t)e^{⟨a,t⟩}) = (A^T (a, ∂/∂a)E^T (a)e^{⟨a,t⟩})^T = 0, i.e. that A(a, t)e^{⟨a,t⟩} is a trajectory of B. The columns of A(a, t) then become the polynomial vectors p_i(a, t) in the right-hand side of (7.5); see [2, proof of Thm. 8.1.3].

It is easy to construct a Noetherian operator in the special case when we know in addition that ann R^{1,q} /B^⊥ is a radical ideal, i.e. when the annihilator of R^{1,q} /B^⊥ is equal to its single associated prime. In this case, M = R^{1,q} /B^⊥ is a torsionfree R/J-module. We write R = R/J, and for any matrix Q over R we use the notation Q for the matrix over R obtained by projection of each entry. Now consider a kernel representation E ∈ R^{g,q} of B, and construct an A ∈ R^{q,L} such that

Im_R E = Ker_R A,

which is possible as Coker_R E is torsionfree over R. We now have

B^⊥ = Im_R E = {v ∈ R^{1,q} | vA = vA = 0 ∈ R^{1,L}} = {v ∈ R^{1,q} | A^T (a)v^T (a) = 0 for all a ∈ V (ann B)}

This proves that A(z, ∂/∂z) = A(z) is a Noetherian operator for M. The polynomial vectors in the integral representation are then extracted as the columns of A.

The preceding argument can be applied in the case where B is controllable (and with no other conditions). For it then holds that B has the single coassociated prime {0}, which is equal to ann B. The ring R is simply equal to R, and so the Noetherian operator A is just any matrix such that Im_R E = Ker_R A or equivalently ker_A E = im_A A, i.e. A is any image representation of B. Thus in the controllable case we obtain:

Corollary 7.3.

Let B be a controllable differential behaviour with signal space C^∞(R^n , C ) and an image representation F . Let F_1, . . . , F_L denote the columns of F . Then for any

a ∈ C^n , Fi(a)e^{⟨a,t⟩} is an exponential trajectory of B, and every trajectory w of B can

be written w(t) = L∑ i=1 ∫ C^n F_i(a)e^{⟨a,t⟩} dμ_i(a), (7.6)

for suitable measures μ_1, . . . , μ_L as in Theorem 7.2.

34 J. WOOD, U. OBERST, E. ROGERS AND D. H. OWENS

Corollary 7.4.

Let u ∈ A^m, y ∈ A^p satisfy P (z)y = u, where A = C^∞(R^n , C ) and P is a square non-singular matrix. Then there are measures μ_1, . . . , μ_p on C^n such that

y_j (t) = ∫ C^n e^{⟨a,t⟩} dμ_j (a), j = 1, . . . , p u(t) = p∑ i=1 ∫ C^n P_i(a)e^{⟨a,t⟩} dμ_i(a) and as in Theorem 7.2, where P_i denotes the ith column of P .

Proof. This result is immediate from Corollary 7.3, since (U^T I_p)^T is an image representation of ker_A (−I_p U), the given controllable behaviour.

In the case of a finite-dimensional behaviour B, the characteristic variety is finite (see Lemma 5.9), and each integral in the summation of (7.5) can be taken as an evaluation of the integrand at a given characteristic point, multiplied by a suitable constant. In this situation we can recover the result that every trajectory is a polynomial exponential trajectory [26], which generalizes the well-known decomposition of trajectories of 1D systems. Results for the case of a zero-dimensional characteristic variety are also given in [2, p365]. The general construction of Noetherian operators is addressed in [27].

REFERENCES

[1] D. Bayer and D. Mumford, What can be computed in algebraic geometry. Preprint, 1992. [2] J.-E. Björk, Rings of Differential Operators, North-Holland Publishing Company, 1979. [3] N. Bourbaki, Commutative Algebra, Hermann, Paris, 1972.

[4] H. Bourlès and M. Fliess, Finite poles and zeros of linear systems: an intrinsic approach, Int. J. of Control, 68 (1997), pp. 897–922.

[5] P. Cohn, Algebra, vol. 2, John Wiley and Sons, Chichester, UK, 2nd ed., 1989. [6] G. Conte and A. Perdon, Zeros, poles and modules in linear system theory, Lecture Notes in Control and Information Sciences, 135 (1989), pp. 79–100.

[7] D. Cox, J. Little, and D. O’Shea, Ideals, Varieties and Algorithms, Springer-Verlag, 2nd ed., 1996.

[8] C. Desoer and J. Schulman, Zeros and poles of matrix transfer functions and their dynamical interpretation, IEEE Transactions on Circuits and Systems, 21 (1974), pp. 3–8.

[9] L. Ehrenpreis, Fourier Analysis in Several Complex Variables, Wiley-Interscience Publishers, 1970.

[10] D. Eisenbud, Commutative Algebra with a View Toward Algebraic Geometry, vol. 150 of Graduate Texts in Mathematics, Springer-Verlag, 1995.

[11] D. Eisenbud, C. Huneke, and W. Vasconcelos, Direct methods for primary decomposition, Inventiones Mathematicae, 110 (1992), pp. 207–235.

[12] M. Fliess, Some basic structural properties of generalized linear systems, Systems and Control Letters, 15 (1990), pp. 391–396.

[13] M. Fliess, Controllability revisited, in Mathematical System Theory (the influence of R.E.

Kalman), ed. A.C. Antoulas, Springer-Verlag, 1991, pp. 463–474.

[14] , Une interprétation algébrique de la transformation de Laplace et des matrices de transfert, Linear Algebra and Its Applications, 203–204 (1994), pp. 429–442.

[15] E. Fornasini, P. Rocha, and S. Zampieri, State space realization of 2-D finite-dimensional behaviours, SIAM Journal on Control and Optimization, 31 (1993), pp. 1502–1517.

[16] S. Fröhler and U. Oberst, Continuous time-varying linear systems, Systems and Control Letters, 35 (1998), pp. 97–110.

[17] P. Gianni, B. Trager, and G. Zacharias, Gröbner basis and primary decomposition of polynomial ideals, J. Symbol. Comput., 6 (1988), pp. 149–168.

[18] L. Hörmander, An Introduction to Complex Analysis in Several Variables, North-Holland/ American Elsevier, 1973.

[19] D. Johnson, Coprimeness in Multidimensional Systems and Symbolic Computation, PhD thesis, Loughborough University of Technology, March 1993.

[20] T. Kailath, Linear Systems, Prentice-Hall, Inc., Englewood Cliffs, N.J., 1980. [21] R. Kalman, Algebraic structure of linear dynamic systems. I. The module of sigma, Proc. Nat.

Acad. Sci. (USA), 54 (1965), pp. 1503–1508.

[22] J. Komorník, P. Rocha, and J. Willems, Closed subspaces, polynomial operators in the shift, and ARMA representations, Applied Mathematics Letters, 4 (1991), pp. 15–19.

[23] A. Macfarlane and N. Karcanias, Poles and zeros of linear multivariable systems: A survey of the algebraic, geometric and complex variable theory, International Journal of Control, 24 (1976), pp. 33–74.

[24] U. Oberst, Multidimensional constant linear systems, Acta Applicandae Mathematicae, 20 (1990), pp. 1–175.

[25] , Variations on the fundamental principle for linear systems of partial differential and difference equations with constant coefficients, Applicable Algebra in Engineering, Communication and Computing, 6 (1995), pp. 211–243.

[26] , Finite dimensional systems of partial differential or difference equations, Advances in Applied Mathematics, 17 (1996), pp. 337–356.

[27] , The Construction of Noetherian Operators, Preprint submitted for publication, 1999. [28] V. Palamodov, Linear Differential Operators with Constant Coefficients, Springer-Verlag, 1970.

[29] H. Pillai and S. Shankar, A behavioural approach to control of distributed systems, SIAM J.

on Control and Optimization, 37 (1998), pp. 388–408.

[30] J.-F. Pommaret, Partial Differential Equations and Group Theory: New Perspectives for Applications, Mathematics and Its Applications Vol 293, Kluwer, Dordrecht, 1994.

[31] J.-F. Pommaret and A. Quadrat, Algebraic analysis of linear multidimensional control systems, Tech. Report 98–131, CERMICS/ INRIA, ENPC, France, 1998, to appear in IMA J. on Mathematical Control and Information.

[32] P. Rocha, Structure and Representation of 2-D Systems, PhD thesis, University of Groningen, The Netherlands, 1990.

[33] H. Rosenbrock, State-space and Multivariable Theory, Nelson, London, 1970. [34] J. Rudolph, Duality in time-varying linear systems — a module theoretic approach, Linear Algebra and Its Applications, 245 (1996), pp. 83–106.

[35] C. Schrader and M. Sain, Research on system zeros — a survey, International Journal of Control, 50 (1989), pp. 1407–1433.

[36] S. Shankar and V. Sule, Algebraic geometric aspects of feedback stabilization, SIAM J. of Control and Optimization, 30 (1992), pp. 11–30.

[37] V. Sule, PhD thesis, Dept. of Elec. Engineering, IIT Bombay, 1990.

[38] M. Valcher, Characteristic cones and stability properties of two-dimensional autonomous behaviors. To appear in IEEE Trans. Circ. and Sys. Part I, 1999.

[39] J. Willems, From time series to linear system — part I: Finite-dimensional linear time invariant systems, Automatica, 22 (1986), pp. 561–580.

[40] , Paradigms and puzzles in the theory of dynamical systems, IEEE Transactions on Automatic Control, 36 (1991), pp. 259–294.

[41] , On interconnections, control, and feedback, IEEE Transactions on Automatic Control, 42 (1997), pp. 458–472.

[42] J. Wood, E. Rogers, and D. Owens, Controllable and autonomous nD systems, Mult. Systems and Signal Processing, 10 (1999), pp. 33–69.

[43] , A formal theory of matrix primeness, Mathematics of Control, Signals and Systems, 11 (1998), pp. 40–78.

[44] J. Wood and E. Zerz, Notes on the definition of behavioural controllability, Systems and Control Letters, 37 (1999), pp. 31–37.

[45] B. Wyman and M. Sain, Module theoretic zero structures for system matrices, SIAM Journal of Control and Optimization, 25 (1987), pp. 86–99.

[46] E. Zerz, Primeness of multivariate polynomial matrices, Systems and Control Letters, 29 (1996), pp. 139–146.

[47] Y. Zheng, J.C. Willems, and C. Zhang, Common factors and controllability of nonlinear systems, Proceedings of the 36th IEEE Conference on Decision and Control, (1997), pp. 2584–2589.