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Abstract By picking unpopular sets of numbers in a lottery, it is possible to increase one’s expected
winnings. We have used the Maximum Entropy method to estimate the probability of each of the 14
million tickets being chosen by players in the UK National Lottery. We discuss the parallel solution of the
non-linear system of equations on a variety of platforms and give results which indicate the returns
achieved by a syndicate buying a large number of tickets each week.
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1 Introduction
In many lotteries the prizes which players win depend on the number of other winners. In the example of
the UK National lottery, which we use throughout this paper, players pick 6 numbers from 1 to 49. A
similar system operates in many lotteries across the world: the Florida state lottery also allows choice of 6
numbers from 49, whilst in the California State lottery (Superlotto) players pick 6 from 51. For the UK
National lottery, 6 main and a bonus number are drawn every Wednesday and Saturday. Players are
awarded a fixed £10 prize if they match 3 of the main numbers. The prizes in the other categories depend
on the numbers of winners and are typically £62 for a 4-match, £1500 for 5-match, £100 000 for
matching 5 of the main numbers and the bonus, while a typical jackpot winner receives around £2000000
[1, 2, 3]. The prize fund is made up of 45 pence from every pound ticket bought.
In a previous paper [4] we applied the Maximum Entropy method to elicit structure in players’ choices
of numbers starting from the published numbers of prize winners. We estimated the popularity of each of
the 14 million tickets, from which we computed the popularity of individual numbers and pairs of
numbers. A crude calculation showed that it is possible to double one’s expected winnings when
purchasing a single unpopular ticket.
In this paper we focus on the parallel solution of the system of non-linear equations which result from
the application of the Maximum Entropy method and show the returns to a syndicate buying a large
number of tickets. The layout of the paper is as follows. In section 2 we discuss the application of the
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Maximum Entropy method. We discuss the nature of the parallel solution of the resulting set of non-linear
equations and give some of the first scientific results using Fortran with MPI on a commodity cluster of
DEC Alpha workstations running Windows NT [5] in section 3. The new results we present in section 4
show that a syndicate which buys around 75000 tickets per week would benefit from choosing the
unpopular numbers which we can identify. We draw our conclusions in section 5.

2 Application of Maximum Entropy
We wish to determine the probability of each of the possible 13 983 816 tickets being bought, subject to
the constraints that the probabilities are consistent with the numbers of winners observed in the draws so
far. The data is available from an independent internet source [6]. Jaynes’ Maximum Entropy Principle
says that if one is forced to assign probabilities, pi, using limited information, one should do so by
maximising the entropy of the distribution:

S=−

∑p

i

log pi ,

(1)

i

subject to the constraints of known expectation values [7]. This Maximum Entropy distribution is “the
most conservative assignment in the sense that it does not permit one to draw any conclusions not
warranted by the data.” [8].
We use the following notation [4]. Each ticket is denoted by a single index t, which is an abbreviation
for six numbers, chosen without repetition, from the set of integers {1, 2, ..., 49}. P(t) is the probability
that a player chooses the ticket labelled t. The winning set of numbers drawn in a particular week is
denoted by n. Let

∆ r (t , n) = 1 If t and n have exactly r numbers in common.
0 Otherwise.

(2)

The expected fraction of players matching exactly r numbers, in a week when the winning numbers
are indexed by n, is then given by fr(n) where:

f r (n) = ∑ ∆ r (t , n) P(t ) .

(3)

t

Suppose W lottery draws have been made, then values of f3(n), f4(n), and f5(n) are known for W
different values of n: n1, n2, ..., nW. Equation (3) then leads to a set of 3W constraints that apply to the
distribution P(t). We assume that P(t) is independent of time and since players make independent samples
from P(t), the number of players buying ticket t follows a Poisson distribution with parameter µ(t) = P(t)
× N, when N tickets are sold. We find the maximum entropy estimate of the popularity of each ticket is

P$ (t ) :
2



1
P$ (t ) =
exp ∑ λrj ∆ r (t,n j ) ,
Z
j,r


(4)

in which Z, the partition function, normalises the probability distribution:



Z = ∑ exp ∑ λrj ∆ r (t , n j )
t

j,r

(5)

To find the unknown Lagrange multipliers, λrj, we substitute P$ (t ) from (4) into the constraint
equations (3). For W draws, the constraint equations define a set of 3W non-linear equations for the
Lagrange multipliers, λrj:

f r (n j ) =




1
∆ r (t , n j ) exp ∑ λrj ∆ r (t , n j )  .
∑
Z t 
 j ,r


(6)

3 Parallel Computational Method
To solve the non-linear equations defined by (6), we use an iterative technique based on Newton’s
method [9] in which we supply the analytic Jacobian. The procedure converges in 5- 8 iterations. The
equations (6) may be written as:




j
G r = ∑ {∆ r (t , n j ) − f r (n j )} exp ∑ λ rj ∆ r (t , n j ) = 0 ,
t 
 j ,r



(7)

which yields the following explicit elements of the Jacobian:
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(8)

Each iteration updates the Lagrange multipliers using

( )

λis (new) = λis (old ) − J rj si

−1

j

Gr .

(9)

We have designed an efficient parallel algorithm to solve the system of non-linear equations (7) which
consists of two parts:
1.

The Jacobian for the system is filled in parallel, by dividing up the sum over t (the 14 million

tickets) in (8) between the processors.
2.

Calculation of the Jacobian may be expressed as computation of the partition function (5). Using

the aggregate memory on the multiple processors, it is possible to store a lookup table from which the
partition function may be computed easily.
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The lookup table yields which tickets won prizes in which weeks. For each week of data this table has
respectively 246 820, 13 545, and 258 entries from tickets winning 3, 4, and 5 match prizes. To store the
lookup table for a few hundred weeks of data requires several hundred Mb of memory.
To illustrate the storage scheme for the partition function, we consider a simple lottery in which three
numbers are chosen out of {1, 2, 3, 4, 5}. Prizes are awarded for those tickets matching 2 or 3 numbers.
Let the winning numbers drawn be {1,2,3}, {1,3,4}, and {1,4,5}. In this case ticket {1,2,3}, for example,
won a 3-match in week 1 and a 2-match in week 2. Its contribution to the partition function (5) is
exp( λ13 + λ22 ). For convenience, each Lagrange multiplier is labelled by a single index: λm = λ rj , where m
= (r-2)×W + j, where r = 2, …, 3 and j = 1, …, W = 3. The lookup table consists of a counted array of the
prizes each ticket has won, labelled by m. The first element for each ticket is the number of prizes the
ticket has won, followed by a list of the labels m. For our example ticket, the entries would thus be 2 (the
number of prizes won), 4 (3-match in week 1), and 2 (2 match in week 2). To reduce the storage further, it
is possible to combine the first two table entries for each ticket into a single number by shifting one of the
numbers to the left and adding. This has the advantage that the size of the lookup table is reduced and it
grows by a fixed amount as more weeks of data are used. Each processor evaluates the partition function
over its set of tickets, and the final result is obtained using a global reduction. The Jacobian matrix is
filled in an analogous manner.
In Figure 1 we show the processing time for 73 weeks of data. The efficiency on the 16 node SP
system is just over 90%. Use of the lookup table is memory intensive: indeed the single node performance
of the code is limited by the available memory bandwidth. The SP thin2 nodes have twice the memory
bandwidth of the thin2 nodes (and a slightly larger cache) and perform nearly twice as fast. The
interconnection network between processors on our commodity cluster of DEC Alpha workstations is
100Mbit switched ethernet. At the time of writing (Feb 1998), the 0.92 Beta release MPI implementation
on NT 4.0 [10] which we are using limits the efficiency for running parallel jobs: it is intended for use on
shared memory systems. It achieves a bandwidth of 56 kBs-1, compared with file transfer bandwidth of 47 Mbs-1. We supplied our own Fortran bindings for this [5]. Whilst our results should not be interpreted as
a benchmark of the performance of MPI on NT, we are encouraged by the speedup (15%) obtained on
two nodes.

4

4000
IBM SP (Thin1)
3500
IBM SP (Thin2)
Time (seconds)

3000
500 MHz DEC Alpha Cluster
2500
2000
1500
1000
500
0
1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

Number of Processors

Figure 1 Total processing time for 73 weeks of data on an various machines with parallel construction of
the Jacobian matrix and table lookup to calculate the partition function.
Whilst a speedup of 14.5 is derived from using a 16 node machine by a simple parallelisation of the
algorithm, it is worth noting that implementation of the lookup table made the code run 17 times faster!
Good distributed parallel algorithms should exploit not only the processing power, but also the aggregate
memory available on several processors.
We used 6 thin2 SP nodes to compute the Lagrange multipliers for W ≥ 100 and used task farming to
our 8 node DEC cluster for W < 100. All other calculations, which did not require significant memory
resources, were performed using the commodity cluster.

4 Results
In the UK, a number of organisations buy a large number of tickets each week and distribute them for
advertising purposes. We have considered a syndicate which buys 75000 tickets each week. If such a
syndicate bought tickets at random, then the expected prizes in the various categories would be the
average £10 (fixed), £62, £1500, £100 000, and £2 000 000 for matching 3, 4, 5, 5 plus bonus, and 6
numbers respectively.
We have considered a syndicate which buys, in the next draw, the least popular 75000 tickets which
our Maximum Entropy technique can identify using the previous W weeks of data. We recompute the
prizes in the next draw as if our syndicate had bought these tickets, taking into account the effect of
rollovers and “super draws” (where the jackpot is topped up) using the published prize structure [6]. In
Table 1 we compare what such a syndicate would have won using the real lottery data with the average
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prizes won over the first 224 weeks of the lottery. In all cases where picking unpopular tickets can
increase the prize won, the prizes won are increased by between 36% to 101%.

Jackpot

5 + bonus 5 match 4 match 3 match

Maximum Entropy Syndicate Average Prize

£3 307 196 £210 821

£2690

£87

£10

Observed Prize

£1 946 366 £104 881

£1574

£64

£10

71

36

(Fixed)

% Increase

70

101

Table 1 Average Prizes won by syndicate compared with average prizes observed from the lottery data

In Figure 2 we show the syndicate’s average return on their total investment as the draws progress.
The peaks in the graph occur when the syndicate won 5+bonus prizes (draws 73, 76, 105, 109, 133, 222)
or a jackpot prize (draw 133). In total the syndicate spent £15.3 million and won back £10.3 million. This
compares with the theoretical £6.9 million expected from buying tickets at random. Our syndicate would
have won 50% more money using our Maximum Entropy technique. It is important to note that the
chances of winning are unaffected: the additional winnings are only due to picking unpopular sets of
winning numbers.
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Figure 2 Average return per ticket for syndicate buying 75000 tickets per week as a function of draw
number
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5 Conclusions
We have applied the Maximum Entropy method to estimate the probability of each ticket being bought in
the UK National Lottery using the fraction of winners in the 3, 4, and 5 match categories. The resulting
system of non-linear equations were solved using an efficient parallel algorithm on a distributed memory
IBM SP and on a commodity cluster of DEC Alpha workstations. We consider a syndicate which buys, in
the next draw, the least popular 75000 tickets that we can identify using data from the previous weeks.
We find that the average prize in the 4, 5, 5 + bonus match and jackpot category is increased by at least
36%. The overall return is increased by 50% from 45 pence in the pound (buying randomly) to 67 pence.
In the future we intend to perform the same calculations for a number of other lotteries.
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