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A CSP Approach To Action SystemsMichael J. Butler, Wolfson CollegeThesis submitted for the degree of Doctor of Philosophyat the University of Oxford, Michaelmas Term, 1992AbstractThe communicating sequential processes (CSP) formalism, introduced by Hoare[Hoa85], is an event-based approach to distributed computing. The action-systemformalism, introduced by Back & Kurki-Suonio [BKS83], is a state-based approachto distributed computing. Using weakest-precondition formulae, Morgan [Mor90a]has de�ned a correspondence between action systems and the failures-divergencesmodel for CSP. Simulation is a proof technique for showing re�nement of actionsystems. Using the correspondence of [Mor90a], Woodcock & Morgan [WM90]have shown that simulation is sound and complete in the CSP failures-divergencesmodel.In this thesis, Morgan's correspondence is extended to the CSP in�nite-tracesmodel [Ros88] in order to deal more properly with unbounded nondeterminism. Itis shown that simulation is sound in the in�nite-traces model, though completenessis lost in certain cases.The new correspondence is then extended to include a notion of internal action.This allows the de�nition of a hiding operator for action systems that is shownto correspond to the CSP hiding operator. Rules for simulation steps involvinginternal actions are developed.A parallel operator for action systems is de�ned, in which interaction is basedon synchronisation over shared actions. This operator is shown to correspond tothe CSP parallel operator.The correspondence between action systems and CSP is extended again so thatactions may have input and output parameters. This allows parallel action-systemsto pass values on synchronisation.The original motivation for the work described in this thesis was the use of theaction system formalism in the development of telecommunications systems, whereinteraction is often based on synchronised value-passing. The techniques developedhere are applied to a series of case studies involving telecommunications-type sys-tems. The techniques are used to re�ne and decompose abstract speci�cationsof these systems into parallel sub-systems that interact via synchronised value-passing. i
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Chapter 1IntroductionThe telecommunications systems that originally motivated the work described inthis thesis are forms of reactive systems. Reactive systems maintain an on-goinginteraction with their environment and may consist of parallel subsystems [Pnu86].In this chapter, we look at some existing formalisms for modelling and reasoningabout reactive systems. We shall be interested in how these formalisms deal withspeci�cation, re�nement, and composition of reactive systems.The formalisms may be classi�ed as state-based or event-based approaches. Instate-based approaches, the behaviour of a system is described in terms of obser-vations about its state. In event-based approaches, the state is not observed onlythe events that cause the state changes.Section 1.1 looks at communicating processes, which are an event-based ap-proach to reactive systems. Section 1.2 looks at a state-based approach to se-quential programs. Section 1.3 looks at some state-based approaches to reactivesystems. Section 1.4 looks at ways in which the state-based and event-based ap-proaches may be linked. Finally, Section 1.5 gives an overview of the remainingchapters.1.1 Communicating ProcessesWell-known event-based approaches to concurrency include Hoare's communicat-ing sequential processes (CSP) [Hoa85], Milner's calculus for communicating sys-tems (CCS) [Mil89], and Bergstra & Klop's algebra for communicating processes(ACP) [BK85]. In each of these approaches, a process communicates with its envi-ronment by engaging in atomic events, and the behaviour of a process is de�ned interms of the temporal ordering of events. The use of algebraic expressions and lawsto specify and reason about process behaviour is common to the three approaches,though there are some di�erences between them. Here we present an introduction1



to CSP, then mention some di�erences between it and CCS and ACP.1.1.1 CSP AlgebraThe set of events in which a process P can engage is called its alphabet, written �P.The behaviour of P may be speci�ed by writing P b= E , where E is an algebraicexpression constructed from elements of �P, basic processes, and CSP operators.An example of a basic process is the process STOP that refuses to engage in anyevent.Sequencing of events is described by the pre�x operator (!): the expressiona ! P describes the process that engages in the event a and then behaves asprocess P. External choice of behaviour is described by the choice operator ([]):P []Q represents the process that o�ers the choice to the environment betweenbehaving as P or as Q. CSP also has a separate nondeterministic choice operator(u): P uQ represents the process that internally chooses between behaving as Por as Q, leaving the environment with no control over that choice.The parallel composition of two processes P and Q is expressed P k Q. HereP and Q interact by synchronising over common events in �P \ �Q, while eventsnot in �P \ �Q can occur independently. An event common to both P and Qbecomes a single event in P k Q and can be o�ered by P k Q only when both Pand Q are prepared to o�er it. As an example of the algebra, such synchronisationis represented in the following law:(a ! P) k (a !Q) = a ! (P k Q):Independent occurrence of events is represented in the following algebraic law(assume b 62 �P, a 62 �Q):(a ! P) k (b ! Q) = a ! (P k (b !Q))[] b ! ((a ! P) k Q):In�nitary behaviour can be described by a recursively de�ned expression, writ-ten (�X � E (X )), where E (X ) is some expression containing X . For example,the expression (�X � a ! X ) describes the process that continually engages inthe a-event. We sometimes write P b= E (P) for P b= (�X � E (X )).When composing processes using the parallel operator it is convenient to beable to hide the interaction between them from the environment. This is achievedusing the CSP hiding operator (n): if C � �P, then P n C describes the processthat behaves as P but with each event in C hidden. The e�ect of hiding is2



represented in the following algebraic laws:(a ! P) n C = a ! (P n C ) if a 62 C(c ! P) n C = P n C if c 2 C :Hiding possibly in�nite behaviour causes a process to diverge, i.e. behave chaoti-cally. The process that diverges immediately is called CHAOS , and we have, forexample, that (�X � a ! X ) n fag = CHAOS :1.1.2 CSP SemanticsThe simplest semantic model for CSP is the traces model in which process be-haviour is modelled by a non-empty, pre�x-closed set of event-traces. For example,the process, with alphabet fa; bg, that performs an a-event, then a b-event, andthen stops is modelled by the setf hi; hai; ha; bi g:However, the traces model does not distinguish internal and external choice,nor does it model divergence. In the failures-divergences model, a process withalphabet A is modelled by a set of failures F and a set of divergences D . Afailure is a pair of the form (s;X ), where s 2 A� (the set of �nite sequences ofelements of A) is an event-trace and X � A is a refusal set. If (s;X ) is in F ,then after engaging in the sequence of events s, a process may refuse all events X .For example, the process, with alphabet fa; bg, that nondeterministically o�ers ana-event or a b-event then stops is modelled by the failure setf (hi; fg); (hi; fag); (hi; fbg) g [f hai;X j X � fa; bg g [ f hbi;X j X � fa; bg g:A divergence is simply a �nite event-trace and s 2 D means that, after engagingin s, a process may diverge.A CSP process model is then a tuple of the form (A;F ;D). To be a propermodel of a CSP process, F and D must satisfy seven well-formedness conditionsC0{C6 listed in [Hoa85, p.103]. For example, C1 says that the traces should bepre�x-closed: for s; t 2 A�, X � A,(st ;X ) 2 F ) (s; fg) 2 F :Process models satisfying C0{C6 constitute the (failures-divergences) semanticdomain for CSP. 3



The semantics of an expression P is written (�P;F [[P]];D[[P]]), or [[P]] forshort. Corresponding to the algebraic operators there are functions on the semanticdomain, and [[P]] is de�ned by structural induction using these. For example,assuming `n' is the semantic function for hiding,[[P n C ]] b= [[P]] n C :The semantic function is used to justify the algebraic laws: for expressions P, Q,P = Q i� [[P]] = [[Q]]:1.1.3 CSP Re�nementThe CSP algebraic laws can be used to show that a process P 0 is a valid imple-mentation of a process P. For example, supposeP b= (a ! b ! c ! P) [] (b ! a ! c ! P)Q b= (a ! c !Q) Q0 b= (b ! c !Q0):Using the algebraic laws of CSP it can be shown thatP = Q k Q0;i.e. Q k Q0 is a valid implementation of P.More general than equality, however, is the CSP notion of re�nement: a processmodel � = (A;F ;D) is re�ned by �0 = (A;F 0;D 0), written � v �0, ifF � F 0 and D � D 0:Note that the alphabet of � and �0 must be the same. For processes P and P 0,we write P v P 0 if [[P]] v [[P 0]]. This means that any behaviour exhibited by P 0may be exhibited by P, and so P 0 is a valid implementation of P. Clearly, theCSP re�nement ordering is transitive.As well as justifying the algebraic laws, the semantic model may be used towrite speci�cations for CSP processes. A trace-speci�cation is a condition ona variable tr , representing the traces of a process. For example, consider thespeci�cation S (tr) b= tr � ha; b; a; b; : : :i:This is satis�ed by any process that continually performs an a-event then a b-eventin sequence. Similarly a trace-refusal speci�cation S (tr ;X ) can be used to describe4



process behaviour in terms of traces and refusals. For speci�cation S (tr ;X ) onalphabet A, let � b= (A; f tr ;X j S (tr ;X ) g; fg):Then P satis�es the speci�cation S (tr ;X ) if � v [[P]]. Hoare [Hoa85] presents aset of proof rules that may be used to show when a process satis�es its speci�-cation. These rules are de�ned on the algebraic structure of P and describe thespeci�cations satis�ed by P in terms of those satis�ed by its components.1.1.4 CCS and ACPThe algebraic notations of CCS [Mil89] and ACP [BK85] are similar in principleto that of CSP. One signi�cant di�erence, however, is their treatment of hiding.Both CCS and ACP have a special event, denoted � , representing the unobservablecommunication. If an event is to be hidden it is simply renamed to � . Bisimula-tion (�) is then used to compare processes: P � Q if any observable behaviourexhibited by P may be exhibited by Q, and vice versa. For example, CCS1 hasthe following law: a:�:P � a:P :Unlike in CSP, hiding of in�nite behaviour in CCS and ACP does not cause aprocess to behave chaotically. For example, while in CSP we have(�X � c ! X ) n fcg = CHAOS ;in CCS we have (�X � �:X ) � NIL :ACP treats hiding in a manner similar to CCS.Another di�erence is that neither CCS nor ACP have a separate operator forinternal choice. Instead, the � -event may be used to describe internal choice. Forexample, the internal choice between P and Q may be expressed in CCS as�:P + �:Q :Here, the environment has no control over which � -event will occur. Bisimulationdistinguishes internal and external choice since�:P + �:Q 6� P +Q :1CCS uses `.' for CSP's `!', `+' for `[]', and `NIL' for `STOP '.5



The semantics of an expression in CCS is de�ned by a set of transition rules.A process P makes a transition to a process Q by engaging in some event. Thetransition rules are de�ned on the algebraic structure of process expressions anddescribe all possible transitions of a process. Bisimulation between processes isde�ned by comparing their observable transition sequences.The semantics of an expression in ACP is de�ned by mapping it to a processgraph. A process graph is directed outwards from a root node and each edge islabelled by an event. Corresponding to each algebraic operator, there is a functionon process graphs. Equivalence of process graphs is based on bisimulation.1.2 Sequential ProgramsWe brie
y consider Dijkstra's guarded command-language and its associated weakest-precondition calculus [Dij76]. Programs in the guarded command-language act onvariables, and are sequential and intended to be terminating. The language in-cludes assignment to variables, sequential composition of statements (programs),IF-statements, and DO-loops. The behaviour of a program is speci�ed in termsof a condition on the initial values of the program variables (precondition) and acondition on the �nal values of the program variables (postcondition).Programs may be modelled as relations between initial states and �nal states.However, dealing with non-termination in this model requires the introductionof a bottom state ? which complicates the model. The weakest preconditionsemantics introduced by Dijkstra deals with termination in a simpler fashion. Forstatement S and postcondition post , wp(S ; post) (weakest precondition of S w.r.t.post) represents all those initial states from which S is guaranteed to terminatein a state satisfying post . The weakest-precondition semantics of assignment isde�ned in terms of variable substitution, while the weakest-precondition semanticsof compound statements is de�ned in terms of its components.S satis�es a speci�cation (pre; post) ifpre ) wp(S ; post):Dijkstra [Dij76] presents a calculus for verifying that programs satisfy their speci-�cations.Various authors have extended Dijkstra's calculus to develop an approach re-ferred to as the re�nement calculus [Bac80, Bac90a, Mor90b, MRG88, Mrr87]. Inthe re�nement calculus, speci�cations are given a weakest-precondition semanticsand are themselves regarded as statements. A statement S 0 is said to re�ne S if S 0satis�es any speci�cation satis�ed by S . Program development then involves step-6



wise re�nement of an abstract program into an executable program by applicationof a series of correctness preserving transformations.Data re�nement involves replacing abstract variables with concrete variablesthat are more easily implemented [Bac90a, GM88, HHS86, Mrr87]. A represen-tation relation Rep relating the abstract variables a and concrete variables c isused to replace abstract statements with concrete statements. Let (var x � S )be the statement S with the variable x localised. Then we say that \S is data-re�ned by S 0 under Rep" if Rep can be used to show that (var a � S ) is re�nedby (var c � S 0).The VDM [Jon86] and Z [Spi89] methods are closely related to the re�nement-calculus approach. Both provide rich speci�cation notations, based on predicatecalculus and set theory, that allow abstract programs to be speci�ed in a clear,structured manner. They also provide re�nement rules for program development.1.3 State-Based Reactive SystemsTypically, a state-based reactive system is modelled by a transition system [Lam89,Pnu86]. In this section, we look at transition systems, and also look at the relatedaction systems.1.3.1 Transition SystemsA transition system T consists of a set of states S , an initialisation I � S , anda set of transition relations R, where each r 2 R is a relation on S . T starts insome initial state s0 2 I . Then some transition r 2 R such that s0 2 dom(r), isselected and T enters some state s1, where (s0; s1) 2 r . This process of selectionand execution continues until a terminating state is reached, i.e. a state not in thedomain of any transition relation.A state-trace u of a transition system T = (S ; I ;R) is a �nite or in�nitesequence of states from S , u = s0 ! s1 ! � � �where s0 2 I , and for each i � 0 there is some transition ri 2 R such that(si ; si+1) 2 ri . If u is �nite then the last element of u is a terminating state. Astate-trace u represents a possible behaviour of T , either terminating (u is �nite)of non-terminating (u is in�nite). Alternatively, a terminating behaviour maybe represented by an in�nite sequence with constant tail. We denote the set ofstate-traces of a transition system T by tr(T ).7



The behaviour of a transition system may be nondeterministic in two ways:the selection of a transition may be nondeterministic, and the e�ect of executinga transition may be nondeterministic. However, the state-trace model does notdistinguish these forms of nondeterminism: consider the transition systems T1and T2 as follows:T1 = ( f0; 1g; f0g; fr0 = f0 7! 0g; r1 = f0 7! 1gg )T2 = ( f0; 1g; f0g; fr2 = f0 7! 0; 0 7! 1gg ):T1 has two deterministic transitions (r0 and r1), while T2 has a single nondeter-ministic transition (r2), yet we can show that tr(T1 ) = tr(T2 ).A transition system may be speci�ed using properties as shown by Lamport[Lam89] and Pnueli [Pnu86]. A property is a set of state-traces, and a transitionsystem T is said to satisfy a property P if tr(T ) � P . Usually a property isspeci�ed as the intersectionM \L of a safety propertyM and a liveness property L.A safety property asserts that \something bad never happens", or more precisely:if a partial state-trace violates a safety property, then there is no extension of thattrace satisfying the property. A liveness property asserts that \something goodeventually happens", or more precisely: for any partial state-trace, there is alwayssome extension of that trace satisfying the liveness property.Rather than specifying properties as sets of state-traces, they can be speci�edusing temporal logic formulae [Lam83, Pnu86]. For example, if p is a temporallogic formula, then 2p (invariant p) speci�es the safety propertyf u 2 S! j (8 i � 0 � u[i ::] satis�es p) g;while 3p (eventually p) speci�es the liveness propertyf u 2 S! j (9 i � 0 � u[i ::] satis�es p) g:Here S! is the set of in�nite traces of elements of S , and u[i ::] is the trace startingat the ith position of u (note u = u[0::]).Fairness requirements can be used to constrain the selection of transitions[Fra86, Pnu86]. These determine the frequency with which enabled transitionsshould be executed. To model fairness requirements, the transitions are includedin state-traces as follows: u = s0 r0! s1 r1! � � � :An example of a fairness requirement is weak fairness. For R0 � R, R0 is saidto be enabled if some transition from R0 is enabled. Then a trace is said to8



be weakly fair with respect to R0 if whenever R0 is continuously enabled fromsome position i on the trace, then some transition from R0 is executed at someposition after i . In contrast, a trace is said to be strongly fair with respect to R0 ifwhenever R0 is in�nitely often enabled, then in�nitely often some transition fromR0 is executed. Fairness is a form of liveness property since any partial trace canalways be extended in such a way that it satis�es a fairness requirement.1.3.2 Action SystemsWe shall use the term action system to refer to a transition system in which thestate space is represented by one or more program variables, and the initialisationand transitions are represented by statements in Dijkstra's guarded command-language. Typical examples include Back's action system formalism [BKS83], andChandy & Misra's UNITY [CM88].In Back's action systems, an action (transition) is a statement of the formg ! com;where g is a guard (condition on the state variables) and com is a command (pro-gram statement). An action is enabled in any state satisfying g. An action systemproceeds by �rstly executing the initialisation. Then, repeatedly, an enabled ac-tion is selected and executed. An action system terminates if it reaches a statein which no action is enabled. In addition, an action system aborts if either itsinitialisation or one of its actions aborts.If it is intended that an action system, with initialisation I and action set A =fA0;A1; : : :g should terminate, then it can be modelled simply as the statementI ; do A0 []A1 [] � � � od:If an action system is intended to be reactive, then it is modelled by a set of state-traces as described in the previous subsection. Aborting behaviour is modelled bya trace of the form u = s0 ! s1 ! � � � ! sn ! ? :Usually only weak fairness with respect to the full set of actions is assumed (i.e.an action system terminates only if no action is enabled), though stronger fairnessrequirements can be speci�ed [Bac90b, BKS90].In Back's formalism, an action system is speci�ed explicitly with an initialisa-tion command and a set of guarded commands, rather than being speci�ed by a set9



of properties. Examples speci�ed using the formalism include a mutual-exclusionalgorithm [Bac92b], a Gaussian-elimination algorithm [BS89], and a telephone ex-change [KSK88].A UNITY program [CM88] is an action system in which each action is de-terministic, non-aborting, and always enabled2. In addition, there is a fairnessrequirement on a UNITY program which says that each action must be executedin�nitely often.A UNITY program may be speci�ed explicitly as an initialisation and a set ofactions, or alternatively, may be speci�ed using UNITY logic. UNITY logic is aform of temporal logic, though, rather than characterising a set of state-traces, aformula in UNITY logic constrains the actions of a program. For example, if pand q are conditions on state variables, then the formula p unless q declares thateach action A of a program must satisfy the following:p ^ : q ) wp(A; p _ q ):Thus p unless q is a safety constraint on a program that says p remains true atleast until q becomes true. The formula p ensures q is used to specify livenessconstraints: this declares that some action of a program must establish q from p,and because of the UNITY fairness requirement, an action that establishes q willeventually be executed.A speci�cation in UNITY consists of a set of logic formulae, and a program sat-is�es a speci�cation if its actions satisfy each of the formulae. Examples speci�edin UNITY logic include the Dining-Philosophers problem [CM88], various sort-ing and searching algorithms [CM88], and a distributed Electronic Funds-Transfersystem [Sta88].1.3.3 Internal StateWhen developing systems it is convenient to be able to make part of the stateunobservable. Abadi & Lamport [AL88] use the notion of external and internalstate to achieve this in transition systems. Elements of the state-space consist ofpairs of the form (e; h), where e is the external component and h is the internalcomponent. A state-trace will have the form(e0; h0)! (e1; h1)! � � � :2UNITY does allow conditional assignment, but the conditional assignment `x := E ; if c' isthe same as the statement `if c ! x := E []: c ! skip �' which is always enabled.10



Since only the external behaviour of a transition system T is of interest, we assumethat tre(T ) strips away the internal components from state-traces, so a state-tracein tre(T ) looks like e0 ! e1 ! � � � :Transitions in which only the internal state is changed, e.g.(e0; h0)! (e0; h1)! (e0; h2)! � � � ;result in stuttered (repetition of) external behaviour. Finite stuttering of externalstate is not regarded as signi�cant, and two external state-traces are equivalent ifthey di�er only by �nite amounts of stuttering. So we further assume that tre(T )is the closure under stuttering of the external state-traces of T . The speci�cationof a system is then a property P on the external state, that should be closed understuttering, and T is said to satisfy P if tre(T ) � P .1.3.4 Re�nementA property P 0 is said to re�ne a property P if P 0 � P . If properties are writtenusing temporal logic, then temporal proof-rules, such as those developed by Manna& Pnueli [MP84], can be used prove the correctness of such re�nements. Showingthat a transition system T satis�es a property P is also a form of re�nement, andwhen properties are separated into safety and liveness, then satisfaction of a safetyproperty can be proven using an invariance argument, while satisfaction of a live-ness property can be proven using a well-foundedness argument [AS87]. Chandy& Misra [CM88] have also developed proof rules for verifying that a UNITY logicspeci�cation is re�ned (satis�ed) by another, and that a speci�cation is satis�edby a program.A transition system T 0 is said to re�ne a transition system T if tre(T 0) �tre(T ). Re�nement mappings, as developed by Abadi & Lamport [AL88], canbe used to show re�nement between transition systems. We shall now look atthe re�nement mappings of Abadi & Lamport, and then at Back's approach toaction-system re�nement.Re�nement mappings are de�ned for transition systems that are more generalthan those already presented: a transition system has components (S ; I ;R) asbefore, as well as an extra component L, which is a liveness property. The fullstate-traces of a transition system T = (S ; I ;R;L) are de�ned as tr(S ; I ;R) \ L.When showing that T = (S ; I ;R;L) is re�ned by T 0 = (S 0; I 0;R0;L0), the externalstate of T will be the same as that of T 0, though their internal states may bedi�erent. Let (s; t) 2 R be short for (9 r 2 R � (s; t) 2 r). Assume f is a11



function from S 0 to S that preserves the externally visible component. Then f isa re�nement mapping from T 0 to T if it satis�es:1. f (I 0) � I (f takes initial states to corresponding initial states)2. (s; t) 2 R0 ) (f (s); f (t)) 2 R _ f (s) = f (t) (a transition in T 0 eithercorresponds to a transition in T , or causes a stutter)3. f (tr(T 0)) � L (the combined traces of T 0 correspond to some subset of L,the liveness property of T ).Conditions 1 and 2 ensure that T 0 satis�es the safety properties of T , and can bechecked by reasoning about states and individual transitions. Condition 3 ensuresthat T 0 satis�es the liveness properties of T and is more di�cult to check sinceit involves state-traces. It is usually checked using a well-foundedness argument.Abadi & Lamport show that if there is a re�nement mapping f from T 0 to T , thentre(T 0) � tre(T ), i.e. the re�nement-mapping technique is sound.Abadi & Lamport also introduce two correctness-preserving transformationson transition systems: addition of a history variable, and addition of a prophecyvariable. They show that if tre(T 0) � tre(T ), then this can always be shown usinga combination of re�nement mapping, history variable, and prophecy variable, i.e.the re�nement-mapping technique is complete3.In Back's formalism, the technique of data re�nement for sequential programsis applied to action systems to show that one action system is re�ned by another[Bac90b, Bac92b]. The state variables of an action system are partitioned intotwo sets, internal and external. To show that action system T is re�ned by T 0,the internal variables of T are regarded as abstract variables, while the internalvariables of T 0 are regarded as concrete variables. Back's �rst rule for action systemre�nement doesn't allow for stuttering, so there must be a direct correspondencebetween actions in T 0 and in T . If Rep is a representation relation on variables ofT 0 = (I 0;A0) and T = (I ;A), then T 0 is a re�nement of T under Rep if1. I is data re�ned by I 0 under Rep2. A is data re�ned by A0 under Rep3. Rep ^ gd(A) ) gd(A0).Here A is short for the nondeterministic composition of all the actions in the setA, and gd(A) is the guard of A.3All completeness results referred to here are valid only for systems that are boundedly non-deterministic. We shall discuss this in Section 3.612



Conditions 1 and 2 are similar to Conditions 1 and 2 of Abadi & Lamport'sre�nement-mapping rule (without allowing for stuttering) which ensure preserva-tion of safety properties. Condition 3 ensures that T 0 can only terminate if Tterminates, so that T 0 satis�es the liveness properties of T . One di�erence be-tween Back and Lamport & Abadi, however, is that Rep is a relation between theconcrete and abstract state-spaces rather than a function. This makes the use ofhistory variables unnecessary.Back also presents a more general re�nement rule that allows for stutteringactions in the concrete action systems. As well as the main actions A0, the concreteaction system T 0 is allowed to contain a set of auxiliary actions H 0 that causestuttering steps. Now, T 0 = (I 0;A0;H 0) is a re�nement of T = (I ;A) if Conditions1 and 2 hold as before and the following conditions also hold:3'. Rep ^ gd(A) ) gd(A0) _ gd(H 0)4 . skip is data re�ned by H 0 under Rep5 . Rep implies termination of do H 0 od.Condition 4 ensures that the auxiliary actions of T 0 cause only stuttering transi-tions, while Condition 5 ensures that T 0 introduces only �nite amounts of stutter-ing. Back shows that action-system re�nement is sound in the state-traces model[Bac90b].1.3.5 Parallel CompositionSeveral authors have developed ways of composing transition systems into hi-erarchies of interacting systems. Component systems are intended to representconcurrently-executing systems and, typically, interaction between systems is basedon shared state or variables.In Back's formalism, two action systems are composed by simply joining to-gether their respective action sets [Bac90b, Bac92b]: assumeT1 = (x := x0;A1); T2 = (y := y0;A2);where x and y are the internal variables of T1 and T2 respectively. Then theaction system T1 k T2 , representing their parallel composition, is de�ned as:(x ; y := x0; y0;A1 [ A2):T1 and T2 interact by sharing external variables.13



A decomposition step involves showing that T is re�ned by T1 k T2 , andcan be achieved by constructing T1 k T2 and then showing that T is re�ned byT1 k T2 under some Rep.Back shows that under certain conditions parallel composition is monotonicw.r.t. data re�nement, i.e. if T1 is re�ned by T1 0 under Rep, thenT1 k T2 is re�ned by T1 0 k T2 under Rep:Such monotonicity holds when the representation relation Rep is invariant in theaction system T2 . This condition is necessary since Rep may make assumptionsabout variables shared by T1 and T2 , and these assumptions must be preservedby T2 .The union operator for UNITY programs [CM88] is similar to parallel com-position in Back's formalism. Chandy & Misra have developed compositionalproof-rules for proving decomposition steps correct. These allow one to reasonabout assertions on a composite system T1 k T2 in terms of assertions on T1 andT2 . For example, they have the following rule about unless:p unless q in T1 k T2 i� p unless q in T1 ^ p unless q in T2 :Abadi & Lamport [AL90] approach composition in terms of properties. Thecomposition of properties P1 and P2 is de�ned simply as P1 \ P2 . A speci�-cation P has the form E ) M \ L, where E represents assumptions about theenvironment (e.g. the environment only reads a certain variable) and M and Lare safety and liveness properties respectively. If P1 b= E1 ) M1 \ L1 andP2 b= E2 ) M2 \ L2 are to be composed, then P1 should satisfy E2 and P2should satisfy E1 . Abadi & Lamport also describe some compositional proof-rulesfor proving the correctness of decomposition steps.Owicki & Gries [OG76] have developed proof rules for reasoning about par-allel programs in a Dijkstra-like language that share variables. These rules in-volve reasoning about preconditions and postconditions of statements in compo-nent programs, and soundness is based on the assumption that only reads andwrites to shared variables are atomic. However, the Owicki-Gries method is nottruly compositional in that component programs must be constructed before theparallel proof-rule can be applied. The rely/guarantee method of Jones [Jon83]is a compositional extension of the Owicki-Gries method that is used to reason14



about programs in the style of VDM. A speci�cation has the form (P ;R;G;Q),where P is a condition describing a set of states, and R, G, and Q are condi-tions on state-transitions (i.e. relations between before-states and after-states).The precondition P and rely condition R constitute assumptions about the envi-ronment, and in return, an implementation must satisfy the guarantee conditionG and the postcondition Q when operated in an environment ful�lling the as-sumptions. Stirling [Sti88] has also developed a compositional extension of theOwicki-Gries method. Again, Stirling uses rely and guarantee conditions in spec-i�cations, though these are conditions on states rather than on state-transitions.St�len [St�91] extends the rely/guarantee method by introducing a wait conditionthat describes when a program may be safely blocked by its environment. Thisallows synchronisation between programs to be dealt with. Xu & He [XH91] alsoextend the rely/guarantee method and introduce a run condition to deal with syn-chronisation. The environment must establish the run condition when a programis blocked.1.4 Linking Events and StateIn this section, we look at some approaches in which the event-based and state-based views of reactive systems are linked. Each of these use transition systems,but primary importance is placed on the events (transition labels) rather than thestate. We look at the work of various authors on a CSP approach to transitionsystems and action systems, then brie
y at I/O-automata.1.4.1 Transition Systems and CSPA labelled transition-system is a transition system in which each transition has anassociated label. A labelled transition system may be regarded as a CSP processby treating the transition labels as events. Josephs [Jos88] and He Jifeng [He89]have given a CSP semantics to labelled transition-systems. Here we look at thework of He Jifeng | the work of Josephs is similar though it doesn't deal withdivergence.Consider a transition system T = (A;S ; I ;TA), where A is a set of labels, Sis a set of states, I � S is an initialisation, and TA = f Ta j a 2 A g is a setof labelled transitions on S . For �nite label trace t = ha0; : : : ; ani, let Tt be therelational composition of Ta0; : : : ;Tan :Tt b= Ta0; : : : ; Tan :Also, let Thi be the identity relation on S . Now, T can engage in the sequence of15



transitions labelled from t if Tt relates some initial state to some other state. Sot 2 A� is a trace of T if (9 i 2 I ; s 2 S � i(Tt)s):When T is in state s, it can refuse the transition labelled a if s 62 dom(Ta). Sofor trace t 2 A� and refusal set X � A, (t ;X ) is a failure of T if(9 i 2 I ; s 2 S � i(Tt)s ^ (8a 2 X � s 62 dom(Ta))):The bottom state ? is introduced to represent the divergent state, and a divergenceis any trace that can reach ?. Also, the de�nition of failures is extended to ensurethat the CSP well-formedness conditions C0{C6 [Hoa85, p.130] are satis�ed.In order to show that transition system T is re�ned by T 0 in the CSP sense,He Jifeng uses simulation relations. Assume T and T 0 have the same label setsthough possibly di�erent state sets, S and S 0. A downwards4 simulation is arelation d 2 S $ S 0 satisfying:1. I ; d � I 02. Ta ; d � d ; T 0a for each a 2 A3. dom(Ta); d � dom(T 0a) for each a 2 A.If there is a downwards simulation between T and T 0, then it is shown that T isre�ned by T 0 in the CSP sense, i.e.failures(T ) � failures(T 0) and divergences(T ) � divergences(T 0):Upwards5 simulation is complementary to downwards simulation and involves athe use of a relation u 2 S 0 $ S . He Jifeng shows that downwards and upwardssimulation are jointly complete. The proof of completeness involves constructing acanonical form for T , denoted T#. It is shown, using a combination of downwardsand upwards simulation, that T and T# have exactly the same failures-divergencessemantics. If the failures and divergences of T include those of T 0, then thereis always a downwards simulation from T# to T 0. So using a combination ofdownwards and upwards simulation, it can be shown that T is re�ned by T 0.Downwards and upwards simulation were introduced by He, Hoare & Sanders[HHS86] as a complete method for data re�nement of sequential programs in therelational framework.4Also called forwards simulation.5Also called backwards simulation. 16



Olderog & Hoare [OH86] have shown how safety and liveness are representedin the CSP semantic model. The traces of a process represent safety, since theydescribe those event-traces that a process may safely engage in. Refusal-sets rep-resent liveness, since they may describe what a process must not refuse to engagein. In light of this, a correspondence between He Jifeng's simulation, the re�ne-ment mappings of Abadi & Lamport [AL88], and Back's action-system re�nement[Bac90b, Bac92b] can be seen: Conditions 1 and 2 of downwards simulation aresu�cient to ensure trace inclusion (safety), while Condition 3 ensures that T 0 mayonly refuse an event if T refuses it (liveness).He Jifeng de�nes operators on labelled transition-systems that are shown tocorrespond to the CSP operators on processes. For example, the hiding operatorhides a transition labelled c to form T n fcg. The de�nition of T n fcg is some-what complicated, and involves composing the transitive closure of Tc with eachof the remaining transitions, and calculating the divergences introduced by hidingc. The simulations described above do not allow for stuttering. However, basedon his hiding operator for transition systems, He Jifeng has developed simulationsthat allow the concrete systems to have hidden transitions [He90].The parallel operator composes T1 and T2 to form T1 k T2 . The state-spaceof T1 k T2 is the Cartesian product of the state-spaces of T1 and T2 . Thetransitions of T1 k T2 are formed from those of T1 and T2 in such a way thatT1 k T2 can engage in transitions whose labels are common to T1 and T2 onlywhen both T1 and T2 can engage in them. In this way, interaction between T1and T2 is by synchronisation over shared events as in CSP.1.4.2 Action Systems and CSPMorgan [Mor90a] has de�ned failures-divergences semantics for (labelled) actionsystems. However, rather than de�ning them in terms of relations as in [He89,Jos88], Morgan de�nes them in terms of weakest-precondition formulae. Usingweakest preconditions means that there is no need to introduce a special divergentstate and so the de�nitions are less complicated.Morgan & Woodcock [WM90] have formulated upwards and downwards simu-lation in terms of weakest preconditions and have shown them to be sound methodsfor showing that one action system is re�ned by another in the CSP sense. Theyhave also shown that both simulation methods are jointly complete by constructingcanonical forms for action systems in the manner of [He89, Jos88]. Morgan's CSPsemantics for action systems, along with simulation, will be described in Chapter 2.17



1.4.3 I/O-AutomataI/O-automata, introduced by Lynch & Tuttle [LT87], are labelled transition-systems with some fairness requirements. The labels of an I/O-automaton arepartitioned into input events, output events, and internal events. Fairness require-ments are usually speci�ed by justice sets: a justice set is a set of transition labels,and a system should be weakly fair w.r.t. each justice set. The full behaviours ofan I/O-automaton are of the form:u = s0 a0! s1 a1! � � � :The event-traces of an I/O-automaton are formed by stripping the states andinternal event labels from all its fair behaviours. Note that, unlike CSP, sets ofevent-traces are not necessarily pre�x-closed. An I/O-automaton may be speci�edby a set of �nite and in�nite traces of input and output events, and re�nement isde�ned in terms of trace inclusion.The parallel composition operator for I/O-automata is similar to the one de-�ned by He Jifeng: commonly-labelled actions are combined so that interaction isbased on shared events.There are a number of restrictions on I/O-automata however. Firstly, inputevents should always be enabled and, when using the parallel operator, outputevents should only be composed with input events. This is because I/O-automataare intended to model asynchronous communications-networks, and so, an outputevent should never be blocked by the receiving end. Secondly, fairness require-ments should not constrain input events. This simpli�es composition of fairnessrequirements, since only input events can be blocked by composition.Lynch [Lyn90] has de�ned a form of re�nement mapping for I/O-automatacalled a multivalued-possibilities mapping. This maps elements of the concretestate-space to subsets of the abstract state-space, and so is akin to using a sim-ulation relation. Jonsson [Jss90] takes a similar approach to Lynch & Tuttle.Instead of using multivalued-possibilities mappings to show re�nement, he usesdownwards- and upwards-simulation relations. Thus he provides a completemethodfor checking re�nement between I/O-automata.1.5 OverviewMorgan's CSP semantics of action systems [Mor90a], mentioned in the previoussection, forms the basis for the work presented in this thesis. Although simulationrules for CSP re�nement of action systems are presented in [WM90], no means,18



for example, of hiding actions or of composing action systems are presented. Someof these shortcomings are addressed here.Many of the results presented depend on properties of weakest preconditions.Thus, in Chapter 2, such properties are summarised, along with some extensions toDijkstra's guarded-command language. Chapter 2 also presents Morgan's failures-divergences semantics of action systems, as well as simulation for action systems.Chapter 4 describes a way of hiding actions. However, it will be shown thatunbounded nondeterminism in actions means that our de�nition of action systemhiding does not always correspond to the failures-divergences de�nition of CSPhiding. It was discovered that this problem could be overcome by extending theCSP semantics of action systems to the in�nite-traces model for CSP. The in�nite-traces model was introduced by Roscoe [Ros88] speci�cally to deal with unboundednondeterminism in CSP. The in�nite-traces model is described in Chapter 3, andthe in�nite-traces semantics of action systems is de�ned. Also, simulation is shownto be sound in the in�nite-traces model, under certain conditions.Then, in Chapter 4, hiding of actions is de�ned and shown to correspond toCSP hiding in the in�nite-traces model. Action hiding is de�ned using a programconstruct for nondeterministic iteration. Since this construct is given a weakest-precondition semantics, it is not necessary to deal separately with the introductionof divergence, as is required in He Jifeng's relational approach [He89]. A simulationrule that turns out to be similar to Back's stuttering-re�nement rule for actionsystems is also developed in Chapter 4.Chapter 5 describes a parallel operator for action systems in which interactionis based on synchronisation over common actions. This operator is de�ned by�rstly introducing a parallel operator for pairs of actions. Again, the action systemoperator is shown to correspond to CSP parallel composition in the in�nite-tracesmodel.In Chapter 6, action systems are extended to deal with communication of val-ues. This extension is based on the CSP notion of value communication presentedin [Hoa85]. Individual actions are parameterised by input and output variables,representing input and output value communications. The parallel operator is ex-tended to allow passing of values between action systems. Hiding and simulationare also extended.Chapter 7 presents some case studies that show how the action system tech-niques developed may be used in practice. These case studies involve the speci-�cation, re�nement, and decomposition to parallel sub-systems of some telecom-munications examples. Since the re�nement orderings we use are transitive, anyre�nements may be carried out in stepwise fashion. An advantage of de�ning the19



CSP semantics of an action system in terms of weakest preconditions rather thanrelations is that it is readily linked to the re�nement calculus. Chapter 7 demon-strates how some techniques of the re�nement calculus may be used to specifyaction systems, and to verify re�nement conditions between action systems.
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Chapter 2PreliminariesThis chapter presents some mathematical background and de�nitions needed inlater chapters. It describes predicate transformers, some extensions to the guarded-command language, and Morgan's CSP semantics for action systems.2.1 PredicatesLet � be some non-empty set of states. We interpret a predicate � to be a subset of� and not, for instance a formula in a �xed langauge like �rst-order logic [Ham78].Our view of predicates is found, for example, in [Nel89], and avoids the necessityof higher-order logic when quantifying over predicates: with our approach, thestatement \for all predicates �" is interpreted as \for all subsets � of �".Two predicates � and  are equivalent, written � �  , if � and  are equal assets. Predicate � entails  , written �V  , if � is a subset of  . Entailment (V) isan ordering on predicates with bottom element fg, written false, and top element�, written true. Non-emptiness of � means that false and true are distinct.Let �i represent an i -indexed set of predicates. The least upper-bound andgreatest lower-bound of the set of predicates �i are written respectively as(_ i � �i) and (^ i � �i):Both (_ i � �i) and (^ i � �i ) exist: (_ i � �i) is the predicate containing all thosestates of � in at least one �i , while (^ i � �i) is the predicate containing all thosestates of � in each �i . (_ i � �i) and (^ i � �i) are also called disjunction andconjunction respectively. Note that the range of any disjunction or conjunctionused in this thesis will always be bounded by some ordinal to ensure that thedisjunction or conjunction is over a set of predicates.We write �1 _ �2 for (_ i 2 f1; 2g � �i) and �1 ^ �2 for (^ i 2 f1; 2g � �i).The negation of predicate �, written : � is simply � � �. We write � )  for21



: � _  .It is assumed that � is some Cartesian product-space. Variables are the coordi-nate functions that project the state space onto its Cartesian factors. A predicate� is independent of a variable x if any two states that di�er in the x coordinateonly are either both in � or both not in � [Nel89]. A variable x is said to be freein � if � is not independent of x .(9 x � �) is de�ned as [Nel89] the least predicate  satisfying is independent of x and �V  .(8 x � �) is de�ned as [Nel89] the greatest predicate  satisfying is independent of x and �W  .Two variables have the same type if their corresponding Cartesian factors arethe same set. For variables x ; y of the same type, and predicate �, �[xny] represents� with all free occurrences of x replaced by y. A state s satis�es �[xny] if s 0satis�es �, where s 0 is a state that coincides with s in all coordinates exceptx , where it has the value y(s) [Nel89]. For expression E , �[xnE ] is short for(9 y � y = E ^ �[xny]). Substitutions may be composed and distributed in theusual manner.Standard laws of the predicate calculus [Ham78] may be used to that � �  ,or �V  .2.2 Predicate TransformersA predicate transformer is a function from predicates to predicates. Variablesubstitution is an example of a predicate transformer: consider the function sub,where for any predicate �, sub(�) b= �[xnE ]:Predicate transformer f is strict if f (false) � false and is monotonic if�V  implies f (�)V f ( ):f is conjunctive if it distributes over any conjunction of predicates in its domain:f (^ i � �i ) � (^ i � f (�i)):f is positively-conjunctive if it distributes over any non-empty conjunction. A setof predicates �i is a chain if for each i , j�i V �j or �j V �i :22



A predicate transformer is ^-continuous if it is conjunctive over a chain.Disjunctivity is the dual of conjunctivity:f (_ i � �i ) � (_ i � f (�i)):We also have positive-disjunctivity and _-continuity.The conjugate of a predicate transformer f is written f and de�ned as:f (�) b= : f (: �):Note that the conjugate of f is f . It can easily be shown that if f is monotonic,then so is f , and that f enjoys the dual of any junctivity properties enjoyed by f ,e.g. if f is _-continuous then f is ^-continuous.2.3 Speci�cation LanguageThe speci�cation language used in this thesis is an extension of Dijkstra's guarded-command language [Dij76]. The meaning of a statement S in this language is givenby the weakest-precondition predicate-transformer: S transforms postcondition �into the precondition wp(S ; �). We write the predicate transformer explicitly aswp(S ; ). For statements S and TS = T i� wp(S ; �) � wp(T ; �) for each predicate �.For any statement S in Dijkstra's original language de�nition, wp(S ; ) is strict,monotonic, positively conjunctive, and _-continuous. In our extended language,wp(S ; ) will be monotonic and positively conjunctive, but we lose strictness (alsocalled Law of Excluded Miracle) and _-continuity (also called Bounded Nondeter-minism). Statement S is miraculous if wp(S ; ) is not strict.The language extensions are de�ned in terms of weakest preconditions. The�rst is the \naked" guarded-command (G ! S ):De�nition 2.1 For predicate G, statement S , postcondition �,wp(G ! S ; �) b= G ) wp(S ; �):2G ! S is a miracle provided G 6� true. The extreme case is the statementmiracle de�ned as false ! skip.The choice of a collection of statements Si is written ([] i � Si) and de�ned as:23



De�nition 2.2 For postcondition �,wp( ([] i � Si ); �) b= (^ i � wp(Si ; �)):2We will sometimes use the simpler case of (S1 []S2). ([] i � Si) is a miracle if therange of i is empty and need not be _-continuous (consider the unboundedly-nondeterministic statement ([] i 2 
 � x := i) which does not distribute over thechain-disjunction (_ j 2 
 � j > x )).The speci�cation statement is written v : [pre; post ] and speci�es that variablev may change to a state satisfying predicate post assuming predicate pre is satis�edinitially. Both pre and post may refer to state variables, besides v , which remainunchanged, and post may refer to the initial value of v as v0. The speci�cationstatement is de�ned by:De�nition 2.3 For postcondition �,wp(v : [pre; post ]; �) b= pre ^ (8 v � post ) �)[v0nv ]:2For example, the statement x : [x � y; x = x0 � y] decrements x by y providedx � y, otherwise it aborts. We adopt the convention that v : [post ] is short forv : [true; post ]1. A speci�cation statement may be miraculous (e.g. v : [false]) andneed not be _-continuous (consider the unboundedly-nondeterministic statementx : [x 2 
]).We sometimes use two special cases of the speci�cation statement. The �rst isgeneralised assignment, written v :� e, de�ned as:De�nition 2.4 v :� e b= v : [ v � e[vnv0] ].Here e is some expression and � is a binary relation such as =, <, 2. The secondcase is the coercion, written [post ], which is a speci�cation statement in whichno state variables are allowed to change value. We usually use it sequentiallycomposed with some other statement and write S [post ] for S ; [post ]. The e�ect isto reduce the nondeterminism of S by forcing it to take a path that satis�es post .1This is di�erent to [Mor88b] where it is short for v : [ (9 v � post)[v0nv ]; post ].24



For example, (x :2 
)[x < 10] assigns some natural number less than 10 to x :wp( (x :2 
)[x < 10]; �)� wp(x :2 
; x < 10) �) De�nition 2.3� (8 x � x2
) (x < 10) �)) De�nitions 2.4,2.3� (8 x � (x2
 ^ x < 10)) �) predicate calculus� wp(x : [x 2 
 ^ x < 10]; �) De�nition 2.3.If S cannot satisfy post then it becomes miraculous, e.g.(x := 10)[x 6= 10] = miracle:The ability to coerce the outcome of the preceding statement is shared by allmiracles.Other extensions are local variables and substitution-by-value:De�nition 2.5 For postcondition � independent of x ,wp( (var x � S ); �) b= (8 x � wp(S ; �)):2De�nition 2.6 For expression E, postcondition � independent of x ,wp(S [value xnE ]; �) b= wp(S ; �)[xnE ]:2For example, we have(var x � x := m ; m := n ; n := x ) = m;n := n;m(m := x )[value xn5] = m := 5:We sometimes use halt(S ) to represent those initial states from which statementS is guaranteed to terminate:De�nition 2.7 For statement S , halt(S ) b= wp(S ; true).Sources: Miracles are introduced by Nelson [Nel89], Morris [Mrr87], and Mor-gan [Mor88b], and \naked" guarded-commands and choice are de�ned by each25



author. Back [Bac80] introduced the weakest-precondition semantics of speci�-cation statements, though his speci�cation statements were restricted to be non-miraculous. Morris [Mrr87] and Morgan [Mor88b] also de�ne speci�cation state-ments, and our de�nition of speci�cation statements (including generalised assign-ment and coercion) is from [Mor88b]. Local variables are de�ned in various placesincluding [Nel89] and [Mor90b], and substitution-by-value is de�ned in [Mor88a].Originally, bounded nondeterminism was required in the guarded-command lan-guage in order to de�ne the weakest-precondition semantics of iteration by nat-ural induction [Dij76]. However, Boom [Boo82] showed how the restriction tobounded nondeterminism could be removed by using ordinal induction instead.Back [Bac81] used an in�nitary logic to remove the restriction to bounded nonde-terminism in the guarded-command language.2.4 Conjugate Weakest PreconditionThe conjugate of predicate transformer wp(S ; ) is written wp(S ; ). Since wp(S ; )is monotonic and positively conjunctive in our language, we have that wp(S ; ) ismonotonic and positively disjunctive. Becausewp(S ; �) � : wp(S ;: �);wp(S ; �) is understood to represent those initial states from which S could possiblyestablish � [Mor90a]. This also means that a non-terminating statement couldpossibly establish anything:: halt(S ) � wp(S ; false) De�nition 2.7V wp(S ; �) monotonicity.wp and wp are related by the following theorem which follows from monotonic-ity and positive conjunctivity of wp(S ; ):Theorem 2.8 For any statement S , predicates � and  ,wp(S ; �) ^ wp(S ;  ) V wp(S ; � ^  ):22.5 Statement & Variable IndependenceA statement is independent of a variable x if it is neither a�ected by nor a�ectsx . We say that statement S is an x -statement if it is independent of all vari-26



ables except x . Nelson [Nel89] has de�ned variable independence formally, and hisde�nition is similar2 to the following:De�nition 2.9 A statement S is independent of variable x if1. if predicate � is independent of x , then so is wp(S ; �),2. for x -predicate  , any �, wp(S ; � _  ) � wp(S ; �) _ ( ^ halt(S )):2For example, the statement y := f (y; z ) is independent of x .2.6 Re�nement of StatementsSeveral authors have investigated re�nement of statements in terms of weakestpreconditions, [Bac90a, Nel89, Mrr87, GM88]. We use the de�nitions of Gardiner& Morgan [GM88] and write S � T for statement S is (algorithmically) re�nedby statement T :De�nition 2.10 S � T if for each predicate �,wp(S ; �) V wp(T ; �):2Clearly, � is a transitive ordering.Data re�nement is used when S has abstract variable a and T has concretevariable c (and both may have variable z in common). If S is an (a; z )-statement,T is a (c; z )-statement, rep is a predicate transformer that maps a-dependentpredicates to c-dependent predicates, then we write S �rep T for \S is data-re�ned by T under representation function rep":De�nition 2.11 S �rep T if for each predicate � independent of concrete variablec, rep(wp(S ; �)) V wp(T ; rep(�)):2[GM88] shows that if rep enjoys certain properties and S �rep T , then(var a � S ) � (var c � T ):2Nelson's de�nition is in terms of weakest liberal precondition (wlp) formulae [Dij76] ratherthan wp. 27



2.7 Action Systems and CSPThis section presents the correspondence between action systems and CSP intro-duced by Morgan [Mor90a]. An action system P has the formP = (A; v ; P{; PA)where A is an alphabet of labels (possibly in�nite), v is the state-variable3, P{ isan initialisation, and PA = f Pa j a 2 A g is a set of labelled actions. P{ and eachPa are statements in the extended Dijkstra language. This is similar to Back'sformalism, except that we are also interested in action labels.For a labelled action Pa , we understand the predicate : wp(Pa ; false), the ini-tial condition under which Pa is non-miraculous, to represent its enabling conditionor guard. This is written gd(Pa ) whereDe�nition 2.12 For statement S , gd(S ) b= wp(S ; true).For example, if S is non-miraculous, then gd(G ! S ) � G.The correspondence between action systems and CSP is de�ned by giving afailures-divergences semantics to action systems. Firstly we have some de�nitionsand conditions. For trace s 2 A�, we write Ps for the sequential composition of Pactions drawn from s:De�nition 2.13 For a 2 A, s; t 2 A�,Phi b= skipPhai b= PaPst b= Ps ; Pt :2For set X � A, we write gd(PX ) for the disjunction of the guards of actions drawnfrom X :De�nition 2.14 For X � A, gd(PX ) b= (_ a 2 X � gd(Pa )).We require that the initialisation P{ is non-miraculous (gd(P{) � true), and thatthe outcome of P{ is independent of the initial value of the state variable, that is,for any v -predicate �,wp(P{; �) � true or wp(P{; �) � false:The failures-divergences semantics of action system P , denoted f[P ]g, are givenby the following de�nition [Mor90a]:3It is not necessary to mention v , since it can be inferred from P{ and PA. However, we shall�nd it useful later on to have it explicitly mentioned.28



De�nition 2.15 For action system P = (A; v ; P{; PA),f[P ]g b= (A;Ff[P ]g;Df[P ]g)where Ff[P ]g are those s 2 A�, X � A satisfyingwp(Ph{is;: gd(PX ))Df[P ]g are those s 2 A� satisfying: halt(Ph{is):2(s;X ) is a failure if, after initialisation, P could possibly engage in the action traces and then refuse all actions X . Trace s is a divergence if Ph{is aborts. Morgan[Mor90a] claims that using properties of wp, it can be shown that f[P ]g satis�eswell-formedness conditions C0{C6 of [Hoa85, p.130]4. For example, C1 says thatthe traces of P must be pre�x-closed (let T f[P ]g b= ft j (t ; fg) 2 Ff[P ]gg):st 2 T f[P ]g � wp(Ph{ist; true) De�nition 2.15� wp(Ph{is;wp(Pt ; true)) De�nition 2.13V wp(Ph{is; true) monotonicity� s 2 T f[P ]g De�nition 2.15.Note that the requirement that the initialisation of an action system be non-miraculous is necessary in order to ensure that well-formedness condition C0 issatis�ed [Mor90a]. C0 says that the traces of a process must contain the emptytrace at least:hi 2 T f[P ]g � truei� wp(P{; true) � true De�nition 2.15i� wp(P{; false) � false:For action systems P , Q , we write P = Q for f[P ]g = f[Q ]g.Figure 2.A shows the notation used to specify simple action systems. K1 is anaction system with alphabet fa; bg and boolean variable g. Using De�nition 2.15it can be shown that K1 has the same failures-divergences as the CSP process K1de�ned as: K1 b= (�X � (a ! X ) u (b ! X )):4Roscoe [Ros88] uses a stronger version of C3 to deal with in�nite alphabets. It can easilybe shown that f[P ]g satis�es this version. 29



K1 b= 0BBBBB@ var g : boolinitially g :2 ftrue; falsega :{ g ! g :2 ftrue; falsegb :{ : g ! g :2 ftrue; falseg 1CCCCCAFigure 2.A: Example action system.2.8 Re�nement of Action SystemsRecall from Chapter 1 that the CSP re�nement ordering is de�ned in terms offailures-divergences inclusion:(A;F ;D) v (A;F 0;D 0) i� F � F 0; D � D 0:For actions systems P , Q , we write P v Q for f[P ]g v f[Q ]g. Woodcock & Morgan[WM90] have de�ned downwards simulation and upwards simulation for actionsystems, and show that if there is a simulation of either form between P and Q ,then P v Q (i.e. simulation is sound).A simulation is a relation between action systems with the same alphabet butpossibly di�erent state spaces:P = (A; v ; P{; PA) and Q = (A; w ; Q{; QA):Assume that v = (v 0; z ) and w = (w 0; z ), so that v 0 is the abstract variable, w 0 isthe concrete variable and z is common to both P and Q . Simulation relies on datare�nement between corresponding actions of P and Q . To deal with initialisationstatements we introduce a special case of data re�nement (�0rep):De�nition 2.16 S �0rep T if for each predicate � independent of concrete variablec, wp(S ; �) V wp(T ; rep(�)):2 Unlike [WM90], we make no distinction between upwards and downwards sim-ulation, but simply de�ne a simulation as follows:30



De�nition 2.17 A simulation, with representation function rep, is a relation onaction systems, denoted vrep, such that for action systemsP = (A; v ; P{; PA) and Q = (A; w ; Q{; QA)P vrep Q if each of the following conditions hold:1. P{ �0rep Q{2. Pa �rep Qa , each a 2 A3. rep(gd(PX )) V gd(QX ), each X � A.2Note: Condition 3 implies that rep is strict (take X = fg). We shall refer to 1 and2 as data-re�nement conditions, and 3 as a progress condition.Soundness of simulation is given by the following theorem:Theorem 2.18 If P vrep Q then P v Q.Proof: from Conditions 1 and 2 it can be shown by induction over s 2 A� thatwp(Ph{is; �) V wp(Qh{is; rep(�)): (i)For failures inclusion:(s;X ) 2 Ff[Q ]g � wp(Qh{is;: gd(QX )) De�nition 2.15V wp(Qh{is; rep(: gd(PX ))) Condition 3, monotonicityV wp(Ph{is;: gd(PX )) by (i)� (s;X ) 2 Ff[P ]g De�nition 2.15.For divergences inclusion:s 2 Df[Q ]g � wp(Qh{is; false) De�nition 2.15V wp(Qh{is; rep(false)) monotonicityV wp(Ph{is; false) by (i)� s 2 Df[P ]g De�nition 2.15.2 If rep is disjunctive then, rather than ensuring progress over subsets of A(Condition 3, De�nition 2.17), we only need to ensure it for individual actions:31



Lemma 2.19 If rep is disjunctive andrep(gd(Pa)) V gd(Qa ); each a 2 Athen rep(gd(PX )) V gd(QX ), each X � A.2 The proof of Theorem 2.18 is similar to the proofs of soundness of both upwardsand downwards simulation presented by Woodcock & Morgan [WM90]. Theirdownwards simulation is the same as our simulation with the following represen-tation function, (where a represents the abstract variable):repd(�) b= (9 a � I ^ �):Here the predicate I describes a correspondence between the abstract variableand the concrete variable. In downwards simulation, it is only necessary to en-sure progress over individual actions, since repd is disjunctive (cf. Lemma 2.19).Their upwards simulation is the same as our simulation with the following (non-disjunctive) representation function:repu(�) b= (8a � I ) �):Woodcock & Morgan have shown that upwards and downwards simulation arejointly complete. Since downwards and upwards simulation are just special casesof De�nition 2.17, their completeness result means that De�nition 2.17 is complete.Combining downwards and upwards simulation into a single de�nition follows thework of Gardiner & Morgan [GM89] which shows that De�nition 2.11 is completefor data re�nement of programs.2.9 Internal and External ChoiceThe de�nition of simulation used by us is similar to Back's rule for data re�nementof action systems (without stuttering) as described on Page 12 of this thesis. Onedi�erence, however, is that, in our case, the second condition of De�nition 2.17compares individual actions as follows:Pa �rep Qa ; each a 2 A;whereas in Back's rule, actions of the respective systems are bunched together asfollows: ([] a 2 A � Pa) �rep ([] a 2 A � Qa):32



K2 b= 0BB@ initially skiptea :{ skipco�ee :{ skip 1CCAK3 b= 0BBBBB@ var g : boolinitially g :2 ftrue; falsegtea :{ g ! g :2 ftrue; falsegco�ee :{ : g ! g :2 ftrue; falseg 1CCCCCAFigure 2.B: External and internal choice.Similarly, our third condition is over all subsets of A (or individual actions if rep isdisjunctive), whereas Back's third condition is simply on all actions of A together.Back's rule allows more 
exibility in re�nement but it does not distinguish in-ternal and external choice. Consider the action systems K2 and K3 of Figure 2.B.K2 o�ers the environment the choice between a tea-event or a co�ee-event, whereasK3 chooses internally whether to o�er a tea-event or a co�ee-event. So, it is notthe case that K2 v K3 , and De�nition 2.17 fails (in particular, the progress con-dition fails). However, using Back's rule it can be shown that K2 is re�ned byK3 (take Rep � g 2 ftrue; falseg). This is because Back's rule ensures state-tracere�nement and, as mentioned in Section 1.3, the state-traces model of transitionsystems does not distinguish choice of transition (external choice) from nondeter-ministic e�ect of a transition (internal choice).
33



Chapter 3In�nite-Traces ModelIn this chapter, the correspondence between action systems and CSP is extendedto the in�nite-traces model for CSP. This is achieved by developing a theory ofin�nite sequential-composition for statements.3.1 IntroductionIt is well-known that the failures-divergences model for CSP does not deal ad-equately with unbounded nondeterminism [Ros88]. Consider the CSP processesL1 and L2 shown in Figure 3.A. L1 may continue to perform a-events or maynondeterministically deadlock at any time. L2 performs an unbounded number ofa-events and then stops. The essential di�erence between these processes is thatL1 might perform a-events continually, while L2 is guaranteed to stop eventually.But the failures-divergences model fails to distinguish L1 and L2 , since[[L1 ]] = [[L2 ]] = (fag; fag� � �fag; fg):The consequences of this are noticeable if the hiding operator is applied to L1and L2 . Divergence is introduced by the hiding operator when possible in�nitebehaviour is hidden and, in the failures-divergences model, in�nite behaviour isinterpolated from �nite behaviour rather than being modelled explicitly. By thede�nition of the CSP hiding operator [Hoa85, p.128,131] we getL1 n fag = L2 n fag = CHAOS ;the process that diverges immediately. But intuitively we expect thatL2 n fag = STOP :The in�nite-traces model for CSP was introduced by Roscoe [Ros88] in order todeal with the shortcoming. It extends the failures-divergences model by including34



L1 b= (�X � STOP u a ! X )L2 b= (u i 2 
 � L2 i)where L2 0 b= STOP ; L2 i+1 b= a ! L2 iFigure 3.A: Bounded and unbounded nondeterminism in CSP processes.all possible in�nite behaviours of a process. A process model now has components(A;F ;D ; I ). A, F and D are as in the failures-divergences model, and I is somesubset of A!, the set of in�nite sequences of elements of A. In the extended modelL1 and L2 are distinguished:[[L1 ]] = (fag; fag� � �fag; fg; fag!)[[L2 ]] = (fag; fag� � �fag; fg; fg):The hiding operator in the in�nite-traces model uses the I component to determinewhen divergence may be introduced [Ros88]. So now we get L1 n fag = CHAOSand L2 n fag = STOP as expected.It is necessary to extend the correspondence between action systems and CSP tothe in�nite-traces model because we allow statements to be unboundedly nondeter-ministic. Although the correspondence with the failures-divergences model (De�-nition 2.15) does not depend on nondeterminism being bounded, we will show inChapter 4 that the hiding operator we introduce for (unboundedly-nondeterministic)action systems only corresponds to CSP hiding in the in�nite traces model, andnot in the failures-divergences model. To de�ne the in�nite traces of an actionsystem we introduce the predicate inf (�), for an in�nite sequential-compositionof statements �. We also extend simulation so that it is sound in the in�nite-tracesmodel, though, we show that completeness is lost in certain cases. Firstly, we lookat some �xed-point theory.3.2 Fixed-Point TheoryA set A with partial order V is a complete lattice if every subset B of A has aleast upper bound and a greatest lower bound [Tar55]. We have that the set of allpredicates, with the entailment ordering V, forms a complete lattice.35



A �xed-point of a predicate transformer f is any predicate X satisfyingf (X ) � X :We write the least and greatest �xed-points of f respectively as (�X � f (X ))and (� X � f (X )). The Knaster-Tarski Theorem [Tar55] proves the existence of(�X � f (X )) and (� X � f (X )) for monotonic f :Knaster-Tarski Theorem For complete lattice (A;V), and monotonic f onA to A, (�X � f (X )) and (� X � f (X )) exist. Furthermore (�X � f (X )) isequivalent to the least solution of f (X ) V X (i)and (� X � f (X )) is equivalent to the greatest solution off (X ) W X : (ii)2 As well as proving the existence of (�X � f (X )) and (� X � f (X )), the theoremis useful in other ways. For example, if we wish to show that for some predicate �� V (� X � f (X ))then we only need to show that � is a solution of (ii).If f is _-continuous then it can be shown that(�X � f (X )) � (_ i 2 
 � f i(false))where f i is application of f i times. Hitchcock & Park [HP72] have improvedon this in their Generalised Limit-Theorem, by extending the range of i to theordinals so that _-continuity is no longer required. We use the version presentedby Nelson [Nel89]:Theorem 3.1 (Generalised Limit-Theorem) Let f be a monotonic function,and for ordinal �, let f � be de�ned inductively byf � b= (_ � j � < � � f (f �)):Then f has a least �xed-point given by f �, for some ordinal �.2 36



Note that the range of the disjunction de�ning f � is bounded by ordinal �, thusensuring that the disjunction is over a set of predicates.The theorem is proven by showing �rstly that we can always choose an � whosecardinality exceeds the cardinality of the domain of f , in which case f � � f � forsome � < �, and secondly that in this case f � is the least �xed-point of f . TheGeneralised Limit-Theorem allows us to reason about (�X � f (X )) using ordinalinduction. The theorem was used by Nelson [Nel89] to introduce general recursionto the guarded-command language. The theorem has a dual as follows:Theorem 3.2 Let f be a monotonic function, and for ordinal �, let f � be de�nedinductively by f � b= (^ � j � < � � f (f �)):Then f has a greatest �xed-point given by f �, for some ordinal �.23.3 In�nite Sequential-CompositionTo formalise in�nite sequential-composition we employ in�nite sequences of predi-cates of the form � = h �i j i 2 
 i. A lifted ordering on such sequences is de�nedpointwise:De�nition 3.3 �V 	 i� �i V 	i for each i 2 
.In�nite sequences of predicate transformers are of the form F = h Fi j i 2 
 i.Application of F to � is de�ned by shifting � one place and applying F pointwise:De�nition 3.4 F (�) b= h Fi(�i+1) j i 2 
 i.Such application is monotonic provided each individual Fi is monotonic.Given an in�nite sequence of statements h Si j i 2 
 i we write their in�nitesequential-composition as ( ; i j i 2 
 � Si ):It is intended that ( ; i j i 2 
 � Si ) = (S0 ; S1 ; S2 ; : : : ). Given an in�nitarystatement � = ( ; i j i 2 
 � Si ), an in�nite sequence of predicate transformers,written wp1(�; ), may be constructed as follows:De�nition 3.5 wp1(�; ) b= h wp(Si ; ) j i 2 
 i.37



For an in�nitary statement �, we require the predicate inf (�) to characterise thoseinitial states in which execution of all of � in sequence is possible. Operationally,for this to be possible in some state it must be the case that S0 is enabled andthat execution of S0 could result in a state in which S1 is enabled and so on foreach Si . So for in�nite predicate � satisfying�i V wp(Si ;�i+1); each i 2 
, (iii)we have that �0 represents a set of initial states in which execution of all of � ispossible. (Note that wp(Si ;�i+1) V gd(Si ).) This includes the possibility thatone of the individual Si 's will abort. Now (iii) can be rewritten as�V wp1(�;�): (iv)Since we are looking for the weakest condition under which execution of all � ispossible we de�ne inf (�) to be the �rst element of the in�nite sequence 	, where 	is the weakest (i.e. greatest) solution of (iv). By the Knaster-Tarski Theorem, thegreatest solution of the equation X V f (X ), for monotonic f , is also the greatest�xed-point of f . So inf (�) is de�ned as follows:De�nition 3.6 For � = ( ; i j i 2 
 � Si ) let 	 b= (� X � wp1(�;X )). Theninf (�) b= 	0:2 Least upper-bound and greatest lower-bound of sets of in�nite predicates maybe calculated pointwise:Theorem 3.7 For a collection of in�nite predicates �j ,(_ j � �j ) � h (_ j � �ji ) j i 2 
 i(^ j � �j ) � h (^ j � �ji ) j i 2 
 i:2The set of in�nite predicates, with the lifted ordering, forms a complete lattice, so(� X � wp1(�;X )) exists by the Knaster-Tarski Theorem.The following theorem, describing a relationship between inf and wp, is provenusing the Knaster-Tarski Theorem (see Appendix A):Theorem 3.8 inf (S ; �) � wp(S ; inf (�)).A special case of in�nite sequential-composition is the homogeneous sequenceS1, de�ned as 38



De�nition 3.9 For statement S , S1 b= ( ; i j i 2 
 � S ):From the Knaster-Tarski Theorem and Theorem 3.8, we can prove the following(see Appendix A):Theorem 3.10 inf (S1) � (� X � wp(S ;X )).3.4 Extended CSP CorrespondenceFor action system P = (A; v ; P{; PA) and in�nite trace u 2 A!, letPu b= ( ; i j i 2 
 � Pui ):f[P ]g now has an extra component: the failures and divergences of P are as givenin De�nition 2.15, and the in�nites of P are de�ned byDe�nition 3.11 If[P ]g are those u 2 A! satisfyinginf (Ph{iu):2Theorem 3.12 In the in�nite-traces model, f[P ]g is well-formed.Proof: The components of f[P ]g must satisfy the well-foundedness conditions ofthe failures-divergences model (C0{C6), as well as three extra conditions (C7{C9) given in [Ros88]1. C7 and C8 are straightforward: for t 2 A�, u 2 A!,C7 tu 2 I ) (t ; fg) 2 FC8 t 2 D ) tu 2 I :Satisfaction of C7 and C8 follows easily from Theorem 3.8.C9 is more involved. It requires that any process is equal to the nondeter-ministic choice of all its pre-deterministic implementations. A process is pre-deterministic if it is deterministic until it diverges. Showing that f[P ]g satis�es C9involves constructing pre-deterministic implementations of P . Details are given inAppendix A.2 1C7{C9 are numbered C6{C8 in [Ros88].39



3.5 Re�nementIn the in�nite-traces model, the re�nement ordering is de�ned in terms of failures-divergences-in�nites inclusion [Ros88]:(A;F ;D ; I ) v (A;F 0;D 0; I 0) i� F � F 0; D � D 0; I � I 0:The simulation relation between action systems (De�nition 2.17) may be ex-tended to the in�nite-traces model, provided the representation function rep is_-continuous:Theorem 3.13 For _-continuous rep, if P vrep Q, then P v Q in the in�nite-traces model.Proof: Failures-divergences inclusion is as for Theorem 2.18. From Condition 2of simulation (De�nition 2.17) and _-continuity of rep the following can be proven:Lemma 3.14 For u 2 A!, inf (Qu ) V rep(inf (Pu)).Proof of this lemma by the Generalised Limit-Theorem is given in Appendix A.Now, to show in�nites inclusion we have, for u 2 A!,u 2 If[Q ]g� wp(Q{; inf (Qu )) De�nition 3.11, Theorem 3.8V wp(Q{; rep(inf (Pu))) monotonicity, Lemma 3.14V wp(P{; inf (Pu)) since P{ �0rep Q{� u 2 If[P ]g Theorem 3.8, De�nition 3.11.2 We say that an action system is boundedly nondeterministic if its initialisationand each of its actions are boundedly nondeterministic. Simulation is sound forboundedly-nondeterministic action-systems even if rep is not _-continuous, as thefollowing theorem shows:Theorem 3.15 For any rep, and boundedly-nondeterministic P, if P vrep Q,then P v Q in the in�nite-traces model.Proof: Failures-divergences inclusion is as for Theorem 2.18. Since P is boundedlynondeterministic, we have the following lemma:Lemma 3.16 (^ s < u � wp(Ph{is; true)) V inf (Ph{iu).40



This means that u is an in�nite trace of P if each �nite subsequence of u is a traceof P . The lemma is proven in Appendix A. Now, to show in�nites inclusion wehave, for u 2 A!,inf (Qh{iu)V (^ s < u � wp(Qh{is; true)) Theorem 3.8, monotonicityV (^ s < u � wp(Ph{is; true)) since P vrep QV inf (Ph{iu) Lemma 3.16.2 Thus, simulation is sound in the in�nite-traces model if rep is _-continuous, orif P is boundedly nondeterministic.3.6 CompletenessRecall the discussion of downwards and upwards simulation for action systems inSection 2.8. For downward simulation the disjunctive (and hence _-continuous)representation function repd is used, so that downward simulation is always soundin the in�nite-traces model. However, the representation function repu is not ingeneral _-continuous, so that upwards simulation is not sound in the in�nite-traces model for unboundedly-nondeterministic action-systems. Therefore, theproof that downwards and upwards simulation are jointly complete, presented in[WM90], is no longer valid for the in�nite-traces model. In particular, the repuused to show that an action system P is re�ned by its canonical form P# is not_-continuous, so that for unboundedly nondeterministic P , it is not possible toshow that P = P#. Simulation is complete in the in�nite-traces model only forboundedly-nondeterministic action-systems, since in that case it doesn't matterthat repu is non-continuous.This limitation on completeness arises elsewhere. The upwards simulation ofHe, Hoare & Sanders [HHS86] for data re�nement of sequential programs is soundonly for �nitary representation-relations (i.e. each concrete state corresponds toonly �nitely many abstract states). The construction of a canonical form, andhence completeness, is then only valid for boundedly-nondeterministic programs.Gardiner & Morgan's [GM89] completeness proof for data re�nement of predicatetransformers (De�nition 2.11) is also valid only for boundedly-nondeterministicprograms.Likewise, there are limitations on the completeness of Abadi & Lamport's[AL88] re�nement mappings. Re�nement mappings are only complete for tran-41



L1 b= 0BB@ var g : boolinitially g :2 ftrue; falsega :{ g ! g :2 ftrue; falseg 1CCAL2 b= 0BB@ var n : 
initially n :2 
a :{ n > 0! n := n � 1 1CCAFigure 3.B: Bounded and unbounded nondeterminism in action systems.sition systems that are �nitely invisibly nondeterministic2. A transition system Tis �nitely invisibly nondeterministic if corresponding to any externally-visible tran-sition e0 ! e1 in T , there are only �nitely many full transitions (e0; h0)! (e1; h1).Jonsson [Jss90] places similar restrictions on his completeness result for I/O-automata.The completeness result of He Jifeng [He89] and Josephs [Jos88] for CSP re�ne-ment of transition systems is not restricted to bounded nondeterminism. Neitheris the completeness result of Woodcock & Morgan [WM90] for CSP re�nement ofaction systems. The reason is that they only work with the failures-divergencesmodel for CSP, rather than the in�nite-traces model. Consider the action systemsL1 and L2 of Figure 3.B. It is easy to see that they correspond respectively tothe CSP processes L1 and L2 of Figure 3.A. Note that the initialisation of L2is unboundedly nondeterministic. Using Woodcock & Morgan's simulation rules,it can be shown that L2 v L1 . This is not surprising, since they both have thesame failures-divergences semantics. Yet L1 may engage in a-events continually,while L2 must terminate eventually. In the in�nite-traces model, it is not truethat L2 v L1 , so there can be no _-continuous representation function rep suchthat L2 vrep L1 .Despite losing completeness, we shall continue to assume that our action sys-tems are unboundedly nondeterministic, and so representation functions shall berequired to be _-continuous.2Completeness in Lamport & Abadi also depends on internal continuity (cf. [AL88]).42



Chapter 4Internal ActionsIn this chapter, action systems are extended to include internal actions. We intro-duce the program construct it S ti, representing nondeterministic iteration overS , to give a CSP meaning to such action systems. We show that internalisation ofactions corresponds to CSP hiding, and show how re�nement steps involving theintroduction of internal actions may be achieved.4.1 IntroductionAn action system with internal actions has the form:P = (A; v ;P{;PA;PH ):The intention is that any number of executions of an internal action Ph ; h 2 H ,might occur in between each execution of a visible action Pa . If the action systemreaches a state where internal actions can be executed in�nitely then the actionsystem diverges.Process events in CSP are internalised by the hiding operator: hiding of a setof events C � �P is written P n C . The semantics of process P n C is de�ned interms of the semantics of process P:[[P n C ]] b= [[P]] n C :The de�nition of the semantic function `n' is given later in this chapter.A corresponding operator for action systems is introduced in Section 4.5: hidingof the set of actions labelled C in action system P results in the action systemP n C . Hiding will be achieved simply by internalising the actions labelled C , andwe will give a meaning to internal actions such thatf[P n C ]g = f[P ]g n C : (i)43



The correspondence between action systems with internal actions and the CSPin�nite-traces model is de�ned using it S ti and shown to satisfy the well-formednessconditions. We also show that equation (i) holds in the in�nite-traces model andthat hiding in the failures-divergences model is inappropriate for unboundedly-nondeterministic action systems.Using a de�nition of action system hiding that is exactly CSP hiding givesus the bene�t of those properties enjoyed by the CSP hiding operator, such asmonotonicity. Also, CSP hiding is implemented by some concurrent programming-languages, e.g. occam [JG88]. One of the di�culties of using CSP hiding, however,is ensuring that divergence is not introduced. A well-foundedness theorem for theiterate construct will be given which allows a variant function to be used to provethat divergence is not introduced by a re�nement step, in the same manner thatloop termination is proven for sequential programs.4.2 The Iterate ConstructThe iterate construct it S ti, introduced in [Mor79], causes the statement S to beexecuted zero or more times and is de�ned by the equationit S ti = skip [] (S ; it S ti): (ii)That is, nondeterministically terminate, or execute S and then iterate again. If Sbecomes miraculous, then it S ti is forced to terminate, e.g.it false ! S ti = skip:We require it S ti to be the least-re�ned program satisfying equation (ii), soits weakest precondition w.r.t. postcondition � is the least predicate Y satisfying:Y � wp(it S ti; �)� wp(skip [] (S ; it S ti); �) from (ii)� wp(skip; �) ^ wp(S ;wp(it S ti; �)) wp-calculus� � ^ wp(S ;Y ):The precise de�nition isDe�nition 4.1 For predicate �, wp(it S ti; �) b= (�X � � ^ wp(S ;X )):Immediately we see that it S ti is non-miraculous:wp(it S ti; false) � false ^ wp(S ;wp(it S ti; false))� false:44



As an example of the iterate construct, consider the following statement:Dec b= it n > 0! n := n � 1 ti:Assuming n is always a natural number it can be shown that Dec = n : � n,i.e. that Dec always terminates having decremented n by some nondeterministicamount. On the other hand, consider the statementFlip b= it g ! g :2 ftrue; falseg ti:This loop will only terminate when g becomes false, but since the loop body is notguaranteed to falsify g the loop may never terminate. It can be shown that(g := true ; Flip) = abort:The following theorem about it S ti is important and leads to other properties:Theorem 4.2 Let S i be i copies of S composed sequentially (S 0 = skip) andlet S1 be the in�nite sequential-composition of S (De�nition 3.9). Then for anypredicate �,wp(it S ti; �) � (^ i 2 
 � wp(S i ; �)) ^ : inf (S1):2Proof of this theorem uses the Generalised Limit-Theorem (3.1) and is given inAppendix B.It can be shown by induction over i that S i preserves monotonicity and positiveconjunctivity, hence by Theorem 4.2 the iterate construct also preserves theseproperties. The following lemmas, which also follow from Theorem 4.2, will beuseful later:Lemma 4.3 If PB = ([] b 2 B � Pb) thenwp(it PB ti; �) � (^ t 2 B� � wp(Pt ; �)) ^ (^ u 2 B! � : inf (Pu)):2Lemma 4.4 it S ti ; it S ti = it S ti.Lemma 4.5 If PB = ([] b 2 B � Pb) and PC = ([] c 2 C � Pc) thenit PB []PC ti = it PB ti ; it (PC ; it PB ti) ti= it (it PB ti ; PC ) ti ; it PB ti:2 45



Each of these lemmas is proven in Appendix B.Observation: Lemmas 4.4 and 4.5 illustrate a similarity between our speci�-cation language and regular expressions [Min67]. If \ ; ", \[]", and \it S ti" cor-respond to the regular-expression operators for sequencing, choice, and iterationrespectively, then these lemmas are also satis�ed by regular expressions. Back-house & van Gasteren [BvG92] refer to the regular-expression rule correspondingto Lemma 4.5 as \star decomposition". Nelson [Nel92] also uses a similar rule forhis nondeterministic iterate operator on statements similar to our it S ti. However,the correspondence with regular expressions is not exact: if skip corresponds tothe empty expression, then in regular expressions we would have it skip ti = skipwhereas from De�nition 4.1 we can show that it skip ti = abort. To achieve anexact correspondence with regular expressions, we would need to de�ne an iterateconstruct that is the most -re�ned solution of equation (ii).Van Gasteren has provided a proof for star decomposition in regular expressions[vG92]. However, since the correspondence with our it S ti is not exact, that proofdoes not apply to Lemma 4.5. In our case, Lemma 4.5 is proven using Lemma 4.3(see Appendix B).4.3 Correspondence with CSPFor action system P = (A; v ;P{;PA;PH ), let the statement ITH be de�ned asfollows: ITH b= it ([] h 2 H � Ph) ti:For trace t , let Pt � H represent t interspersed with the statement ITH :De�nition 4.6 For a 2 A, �nite traces s; t 2 A�, in�nite traces u 2 A!,Phi � H b= skipPhai � H b= Pa ; ITHPst � H b= (Ps � H ) ; (Pt � H )Pu � H b= ( ; i j i 2 
 � Pui � H ):2Note that a trace is not preceded by ITH . We write Pa � H for Phai � H . To dealwith refusal sets we de�ne gdH (PX ) as follows:De�nition 4.7 For X � A,gdH (PX ) b= (_ a 2 X � gd(ITH ; Pa)):2 46



The semantics of an action systemwith internal actions is given by the followingde�nition:De�nition 4.8 For action system P = (A; v ;P{;PA;PH )f[P ]g b= (A; Ff[P ]g; Df[P ]g; If[P ]g)where Ff[P ]g are those s 2 A�;X � A satisfyingwp(Ph{is � H ;: gdH (PX ))Df[P ]g are those s 2 A� satisfying: halt(Ph{is � H )If[P ]g are those u 2 A! satisfyinginf (Ph{iu � H ):2Theorem 4.9 For an action system P with internal actions, f[P ]g is well-formedin the in�nite-traces model.Proof: Given P , construct the action system P 0, as follows:P 0 b= (A; v ; (P{ ; ITH ); f (ITH ; Pa ; ITH ) j a 2 A g ):P 0 is an action system with no internal actions, and so f[P 0]g is well-formed byTheorem 3.12. It is easy to show that P 0 has exactly the same failures, divergencesand in�nites as P , hence f[P ]g is also well-formed.2 Note: The action system P 0, de�ned in the proof of Theorem 4.9, was our orig-inal de�nition of the e�ect of internal actions on action system P . De�nitions 4.6and 4.7 were derived from this. For example, we required that Ph{;ai � H = P 0h{;aiand we haveP 0h{;ai = (P{ ; ITH ) ; (ITH ; Pa ; ITH )= P{ ; ITH ; Pa ; ITH since ITH ; ITH = ITH .For refusal sets, we required that gdH (PX ) � gd(P 0X ), and we havegd(P 0X ) � (_ a 2 X � gd(ITH ; Pa ; ITH ))� (_ a 2 X � gd(ITH ; Pa)) since gd(ITH ) � true.Constructing P 0 is di�cult in practice, since ITH can be di�cult to calculate. Forthis reason, we keep internal actions separate and develop operators and simulationrules for action systems with internal actions.47



M1 b= 0BBBBBB@ var n : 
initially n := 10a :{ n = 0! n := 10internal b :{ n > 0! n := n � 1 1CCCCCCAM1 b= (�X � a ! X )Figure 4.A: Action system and corresponding CSP process.4.4 ExampleFigure 4.A speci�es an action system with visible action a and internal action b.The internal action continually decrements n until n = 0, so that action a willeventually be enabled. Using De�nition 4.8 it can be shown that M1 has the samesemantics as CSP process M1 of Figure 4.A, which always o�ers a-events.One may be tempted to believe, because of the nondeterminism of the iterateconstruct, that the internal action needn't be executed enough times to decreasen to zero, in which case a will not be enabled and M1 will deadlock. In fact,because of the de�nition of gdH (PX ) and the coercion property of miracles, in thiscase the internal action is forced to iterate until a is enabled: considerITb ; M1 a = it n > 0 ! n := n � 1 ti ; n = 0! n := 10:Here the guard n = 0 forces the preceding iterate-construct to take a path whichdecrements n to zero so that M1 cannot refuse to o�er a. It can be shown bycalculation that gd(ITb ; M1 a) � n � 0:The coercion property isn't always able to force the o�ering of events. If the aaction of M1 was instead a :{ n = 1! n := 10;then because of the de�nition of the failures of an action system (De�nition 4.8),where iteration of internal actions is always allowed before testing for refusal,action b may decrease n all the way to zero and cause deadlock.48



M2 b= 0BBBBBB@ var n : 
initially n := 10a :{ n = 0! n := 10b :{ n > 0! n := n � 1 1CCCCCCAM2 b= (�X � 10 timesz }| {b ! � � � ! b ! a ! X )Figure 4.B: M2 and corresponding CSP process.4.5 Hiding Operator for Action SystemsThe hiding operator for action systems simply internalises the actions to be hidden:De�nition 4.10 For action system P = (A; v ;P{;PA;PH ), label set C � A,P n C b= (A� C ; v ; P{; PA�C ; PH[C ):2 As an example of hiding, consider M2 of Figure 4.B. M2 is an action systemwith no internal actions and it can be shown that it behaves as the CSP processM2 of Figure 4.B. Immediately it can be seen that action systemM1 of Figure 4.Ais exactly M2 n b. Correspondingly, using the algebraic laws of CSP, it can beshown that the processM2 n b is equal to the processM1 speci�ed in Figure 4.A.4.6 Correspondence of the Hiding OperatorsThe semantic function for CSP hiding is given by the following de�nition, whichis based on that in [Ros88]:De�nition 4.11 For process model � = (A;F ;D ; I ), C � A, let B b= (A � C ).Then � n C b= (B ; � nF C ; � nD C ; � nI C )where � nF C are those r 2 B�, X � B satisfying(_ s 2 A� j s�B = r � (s;X [ C ) 2 F )_ (_ u 2 A! j u�B � r � u 2 I )49



� nD C are those r 2 B� satisfying(_ s 2 A� j s�B = r � s 2 D)_ (_ u 2 A! j u�B � r � u 2 I )� nI C are those v 2 B! satisfying(_ u 2 A! j u�B � v � u 2 I ):2Thus, (r ;X ) is a failure of � n C if there is some trace of A-events s such thats�B = r and (s;X [C ) is a failure of �. Alternatively, (r ;X ) is a failure of � n Cif r is a divergence introduced by hiding C , i.e. there is some in�nite trace of A-events u that, when restricted to B -events, is a �nite subsequence of r . Similarlyfor divergences and in�nites of � n C .The main result of this section is Theorem 4.17 which shows that action-systemhiding (De�nition 4.10) corresponds to CSP hiding (De�nition 4.11). To reachthis theorem, a series of lemmas are presented which express certain constructsof action system P n C in terms of action system P . Each of these lemmas isproven in Appendix B. For the remainder of this section assume that Q b= P n C ,B b= A� C , and G b= H [ C . We have by De�nition 4.10Q = (B ; v ;Q{;QB ;QG) = (A �C ; v ;P{;PA�C ;PH[C ):The statement Qb � G describes the e�ect of executing action Qb followed byiterating over the internal actions of Q . Using Lemma 4.5, the following can beshown:Lemma 4.12 For action b 2 B [ f{g,Qb �G = Pb � H ; it ([] c 2 C � Pc � H ) ti:2 Combining this lemma and Lemma 4.3 we get the following conjugate weakest-precondition equivalence:Lemma 4.13 For action b 2 B [ f{g, predicate �,wp(Qb �G; �) � (_ s 2 C � � wp(Phbis � H ; �))_ (_ u 2 C ! � inf (Phbiu � H )):2 50



By induction over �nite traces r 2 B� we then get the following lemma whichdescribes the e�ect of visible trace r in Q in terms of traces of P :Lemma 4.14 For trace r 2 B�, predicate �,wp(Qh{ir �G; �) � (_ s 2 A� j s�B = r � wp(Ph{is � H ; �))_ (_ u 2 A! j u�B � r � inf (Ph{iu � H )):2Note: in the second disjunct of the right-hand side of this lemma, u�B � r meansthat u ends in an in�nite sequence of C -events.There is a similar lemma for in�nite traces:Lemma 4.15 For trace v 2 B!,inf (Qh{iv �G) � (_ u 2 A! j u�B � v � inf (Ph{iu � H )):2 To deal with refusal sets we have the following lemmawhich relates guardednessconditions in Q to guardedness conditions in P :Lemma 4.16 For label set X � B,wp(ITG;: gdG(QX )) � wp(ITG;: gdH (PX[C )):2 These lemmas are now used to prove that action-system hiding corresponds toCSP hiding:Theorem 4.17 For action system P, C � �P, f[P n C ]g = f[P ]g n C in thein�nite-traces model. 51



Proof: To show failures equality we have, for r 2 B�, X � B ,(r ;X ) 2 Ff[P n C ]g� wp(Qh{ir �G;: gdG(QX )) De�nition 4.8� wp(Qh{ir �G;wp(ITG;: gdG(QX ) )) Lemma 4.4� wp(Qh{ir �G;wp(ITG;: gdH (PX[C ) )) Lemma 4.16� wp(Qh{ir �G;: gdH (PX[C ) ) Lemma 4.4� (_ s 2 A� j s�B = r � wp(Ph{is � H ;: gdH (PX[C ) ))_ (_ u 2 A! j u�B � r � inf (Ph{iu � H )) Lemma 4.14� (_ s 2 A� j s�B = r � (s;X [ C ) 2 Ff[P ]g)_ (_ u 2 A! j u�B � r � u 2 If[P ]g) De�nition 4.8� (r ;X ) 2 f[P ]g nF C De�nition 4.11.Similarly, using Lemma 4.14 with � � false we get, for r 2 B�,r 2 Df[P n C ]g � r 2 f[P ]g nD C ;and using Lemma 4.15 we get, for v 2 B!,v 2 If[P n C ]g � v 2 f[P ]g nI C :2 The proof of Theorem 4.17 may be summarised as follows: Theorem 4.2 allowsus to separate the �nite and in�nite behaviour of it S ti; this then allows us todescribe the behaviour of action system P n C in terms of the �nite and in�nitebehaviour of P , in the same way that the behaviour of CSP process P n C isde�ned in terms of the �nite and in�nite behaviour of P.4.7 Failures-Divergences ModelIn the introduction to Chapter 3, it was claimed that the correspondence betweenunboundedly-nondeterministic action-systems and the CSP failures-divergencesmodel is lost after application of the hiding operator. We can now verify thisclaim. Consider, again, the action system L2 of Figure 3.B, with the unboundedly-52



nondeterministic initialisation:L2 b= 0BB@ var n : 
initially n :2 
a :{ n > 0! n := n � 1 1CCA :Using De�nition 4.8 it can be shown that L2 has the same failures-divergencessemantics as the CSP process L2 of Figure 3.A. Recall that in the failures-divergences model L2 n fag = CHAOS . However, using De�nition 4.8 it canbe shown that action system L2 n fag has the same failures and divergencesas the process STOP . Thus, in the failures-divergences model, L2 n fag andL2 n fag do not correspond, even though L2 and L2 do.In the case that statement S is boundedly nondeterministic, it can be shownthat wp(it S ti; �) � (^ i 2 
 � wp(S i ; �)) ^ (_ i 2 
 � wp(S i ; false)):Given this equality, the hiding operators can be shown to correspond in the failures-divergences model, provided we assume that action systems are boundedly non-deterministic and contain only a �nite number of internal actions. Of courseTheorem 4.17 is more general, since it assumes action systems may be unbound-edly nondeterministic and the number of actions internalised may be in�nite. Thisstrengthens our claim that the in�nite-traces model for CSP is a more appropriatelink between action systems and CSP.Note: Back introduced a similar characterisation of do S od for boundedly-nondeterministic S in [Bac92a]:wp(do S od; �) � (^ i 2 
 � wp(S i [: gd(S )]; �)) ^ (_ i 2 
 � wp(S i ; false)):This may be generalised to unbounded nondeterminism using our inf :wp(do S od; �) � (^ i 2 
 � wp(S i [: gd(S )]; �)) ^ : inf (S1):4.8 Properties of the Hiding OperatorBecause of Theorem 4.17, any properties enjoyed by the CSP hiding-operator willalso be enjoyed by the action-system hiding-operator. An important property ofthe CSP hiding-operator is its monotonicity w.r.t. the re�nement ordering: from[Ros88] we have for process models �1, �2, event set C :�1 v �2 implies �1 n C v �2 n C :53



So immediately we get, for action systems P , Q :P v Q implies P n C v Q n C :Another property of CSP hiding means that the order in which events arehidden is not important. For action systems we have(P n C ) n D = (P n D) n C = P n (C [D):4.9 Re�nement and Internal ActionsSimulation for action systems was introduced in Section 2.8. There is a similarde�nition for action systems with internal actions:De�nition 4.18 A simulation, with representation function rep, is a relation onaction systems, denoted vrep, such that for action systemsP = (A; v ; P{; PA; PH ) and Q = (A; w ; Q{; QA; QG);P vrep Q if each of the following conditions hold:1. P{ � H �0rep Q{ �G2. Pa � H �rep Qa �G, each a 2 A3. rep(gdH (PX )) V gdG(QX ), each X � A.2 Simulation is sound provided rep is _-continuous:Theorem 4.19 For _-continuous rep, if P vrep Q, then P v Q in the in�nite-traces model.Proof of this theorem is exactly the same as the proof of Theorem 3.13. If rep isdisjunctive, then the progress condition can be simpli�ed to (cf. Lemma 2.19):rep(gdH (Pa)) V gdG(Qa); each a 2 A.4.10 Simpli�ed Simulation-RulesWe will now show that the case where the abstract action system P has no internalactions leads to a simpli�ed set of simulation rules. A well-foundedness theoremfor IT-loops is introduced to ensure non-divergence of the internal actions of the54



concrete action system Q which is similar to Dijkstra's well-foundedness theoremfor DO-loops [DS90]. A set WF , with irre
exive partial order <, is well-founded ifeach non-empty subset of WF contains a minimal element under <. For example,the natural numbers with the usual ordering, or the cartesian product of two ormore well-founded sets with lexicographic ordering, all form well-founded sets.Theorem 4.20 If WF is some well-founded set ordered by <, E is some expres-sion in the state-variables, and for some predicate �,� V E 2WFE = e ^ � V wp(S ;E < e ^ �)then � V wp(it S ti; �)2E is a variant function, and the antecedent requires that S is guaranteed to pre-serve � and to decrease E . Since E is always an element of WF , and so cannotbe decreased forever, S must eventually become miraculous if it is repeatedly ex-ecuted, i.e. it S ti must terminate. Theorem 4.20 is proven in Appendix B.The well-foundedness theorem is used to simplify the data-re�nement condi-tions as follows:Corollary 4.21 To show that Conditions 1 and 2 of De�nition 4.18 hold whenPH = fg, it is su�cient to show for some well-founded set WF ordered by <, andsome variant E, that the following conditions hold:1. P{ �0rep Q{2. Pa �rep Qa , each a 2 A3. skip �rep Qg , each g 2 G4. rep(true) V E 2WF5. E = e ^ rep(true) V wp(Qg ;E < e), each g 2 G.Proof: From Condition 4 above we get for predicate �rep(�)V rep(true)V E 2 WF :From Conditions 3 and 5 above we getE = e ^ rep(�)V (^ g 2 G � wp(Qg ;E < e) ^ wp(Qg ; rep(�)))V wp( ([] g 2 G � Qg) ;E < e ^ rep(�)):55



Hence by Theorem 4.20 rep(�)V wp(ITG; rep(�)), that isskip �rep ITG: (iii)Now Condition 2 of De�nition 4.18 holds:Pa � H = Pa since H = fg�rep Qa since Pa �rep Qa�rep Qa ; ITG (iii) and monotonicity of wp= Qa �G:Similarly for Condition 1 of De�nition 4.18.2 The progress condition of De�nition 4.18 isrep(gdH (PX )) V gdG(QX ); each X � A.For X = fg, this follows from strictness of rep. In the case where H is empty andX is non-empty, the condition can be rewritten asrep(gd(PX )) V wp(ITG; gd(QX )); each X � A:This means that any concrete state corresponding to gd(PX ) must enable someiteration of G actions which could establish gd(QX ). To simplify the condition,we introduce the following theorem:Theorem 4.22 For statement S , wp(it S ti; � _ gd(S )) V wp(it S ti; �):Proof: It is easy to show that wp(it S ti; � _ gd(S )) is a solution ofX V � _ wp(S ;X ): (iv)The theorem now follows since wp(it S ti; �) is the greatest solution of (iv) by thethe de�nition of it S ti and the Knaster-Tarski Theorem.2Corollary 4.23 To show Condition 3 of De�nition 4.18 holds when H = fg, itis su�cient to show that1. skip �rep ITG2. rep(gd(PX )) V gd(QX ) _ gd(QG), each X � A.56



Proof: If X = fg, then Condition 3 follows by strictness of rep. For X 6= fg,rep(gdH (PX ))V rep(gd(PX )) since H = fgV wp(ITG ; rep(gd(PX ))) since skip �rep ITGV wp(ITG ; gd(QX ) _ gd(QG)) assumptionV wp(ITG; gd(QX )) Theorem 4.22V gdG(QX ) since X 6= fg2 All the derived conditions which are su�cient to show that P vrep Q in thecase that PH = fg are collected in Figure 4.C. We shall refer to Figure 4.C asthe hiding-re�nement rule, and refer to Conditions 1, 2, and 3 as data-re�nementconditions, Conditions 4 and 5 as non-divergence conditions, and Condition 6 asa progress condition.In certain cases, because of the monotonicity of the hiding operator, the hiding-re�nement rule can be used even if the abstract action system P has a non-emptyset of internal actions: assume we have two action systemsP = (A; v ;P{;PA;PH ) Q = (A;w ;Q{;QA;QH[H 0 ):Notice how each internal action of P has a correspondingly labelled internal actionin Q . To show P v Q , construct action systems P 0 and Q 0 as follows:P 0 b= (A [ H ; v ;P{;PA[H ; fg) Q 0 b= (A [ H ;w ;Q{;QA[H ;QH 0):Now, using the hiding re�nement rule, show that P 0 vrep Q 0. Hence, we have thatP 0 v Q 0, and by monotonicityP 0 n H v Q 0 n H :That is P v Q .4.11 Example Re�nementIn Section 4.4, it was claimed that M1 of Figure 4.A is a correct implementation ofprocessM1 by appeal to De�nition 4.8. Of course calculating the semantic modelof an action system is not a practical veri�cation-technique. Figure 4.D speci�es anaction system which clearly always o�ers an a-action. Using the hiding-re�nement57



For action systemsP = (A; v ;P{;PA; fg) and Q = (A;w ;Q{;QA;QG)P vrep Q if the following conditions hold, for _-continuous representation-functionrep, well-founded set WF with ordering <, and variant E,1. P{ �0rep Q{2. Pa �rep Qa , each a 2 A3. skip �rep Qg , each g 2 G4. rep(true) V E 2WF5. rep(true) ^ E = e V wp(Qg ;E < e), each g 2 G6. rep(gd(PX )) V gd(QX ) _ gd(QG), each X � AFurthermore, if rep is disjunctive then 6 can be replaced by6'. rep(gd(Pa)) V gd(Qa ) _ gd(QG), each a 2 A.Figure 4.C: Hiding-re�nement rule.rule, we shall demonstrate thatM3 v M1 , i.e. thatM1 is a correct implementationof M3 .To show M3 v M1 , the following disjunctive representation-function is used:rep(�) b= 0 � n � 10:Demonstrating the data-re�nement conditions is straightforward. For example,Condition 3: skip �rep M1 bi� rep(�) V wp(n > 0! n := n � 1; rep(�) )i� rep(�) V n > 0) rep(�)[nnn � 1]i� (0 � n � 10) V n > 0) (0 � n � 1 � 10)i� true:As a variant function we simply use n. It is easy to see that n is always in the58



M3 b= 0B@ initially skipa :{ skip 1CAFigure 4.D: Action system that always o�ers a-action.well-founded set 0..10, and that the internal action of M1 always decreases n:rep(true) V n 2 0::10rep(true) ^ n = n0 V wp(M1 b;n < n0):Thus, the non-divergence conditions are satis�ed. Finally, the progress conditionis satis�ed:rep(gd(M3 a ))V 0 � n � 10V n = 0 _ n > 0V gd(M1 a) _ gd(M1 b):In Chapter 7 we shall present more examples of action-system re�nement, andprovide some detail on how the representation function is chosen.4.12 RemarksOur hiding operator for action systems resembles He Jifeng's hiding operator fortransition systems [He89]. Suppose the transition labelled c is to be hidden in T .Then, the visible transitions of T n fcg are calculated as follows:(T n fcg)a b= (Tc)�; Ta ; (Tc)� [ NewDiv :Here (Tc)� is the re
exive, transitive closure of Tc and NewDiv is a relation thatdetermines if Tc introduces divergence when hidden. NewDiv is calculated usingthe following: Tc may iterate at most n times if (Tc)n+1 is empty, and TC doesnot cause divergence if there is some n � 0 such that (Tc)n+1 is empty.Now the construction of T n fcg resembles the construction of the actionsystem P 0 described in Theorem 4.9, since (Tc)� resembles it Tc ti. The di�erence59



is that (Tc)� doesn't deal with in�nite iteration, whereas it Pc ti does. Thus, HeJifeng needs to add NewDiv to the de�nition. By giving a weakest-preconditionsemantics to the iterate construct, we don't need to deal with the introduction ofdivergence separately.Another feature of He Jifeng's hiding operator is its treatment of unboundednondeterminism. Since in�nite iteration is interpolated from �nite iterations, atransition that may iterate an unbounded number of times will be interpreted asbeing able to iterate in�nitely. For example, if T2 is the transition system corre-sponding to the action system L2 of Figure 3.B, then T2 n fag = CHAOS . Also,He Jifeng's hiding operator allows only a �nite number of transitions to be hidden.In [He90], a hiding-re�nement rule for transition systems, that is similar to ourrule of Figure 4.C, is developed.Our hiding-re�nement rule is also similar to Back's rule for stuttering re�ne-ment in action systems (see Page 13). Condition 3 of Figure 4.C is akin to sayingthat the internal actions of the concrete action system should only cause stutteringsteps, while the non-divergence conditions ensure that Q only causes a �nite num-ber of stuttering steps. A slight di�erence is that Back's non-divergence conditionis written in terms of termination of do S od, whereas our conditions are used toshow termination of it S ti. However, it can be shown that do S od and it S tihave exactly the same termination condition, i.e. halt(do S od) � halt(it S ti).A more signi�cant di�erence is that only our hiding-re�nement rule distinguishesinternal and external choice (cf. Section 2.9).As mentioned in Chapter 1, CCS [Mil89] and ACP [BK85] di�er from CSP intheir treatment of hiding. Recall that, in both CCS and ACP, possible in�niteoccurrence of internal events does not cause a process to behave chaotically. Forexample, (�X � �:X ) � NIL in CCS. Event hiding like that of CCS or ACPwould be quite di�cult to implement in action systems. It would require additionof a mechanism that prevents in�nite iteration of internal actions, though allowsenough iteration for progress of the visible actions to be possible. As this chaptershows, implementation of CSP hiding in action systems is more straightforward.
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Chapter 5Parallel CompositionIn this chapter, parallel composition for action systems is de�ned and shown tocorrespond to CSP parallel-composition. To achieve this, we introduce a paralleloperator for statements. We also demonstrate how re�nement steps involvingparallel decomposition can be achieved.5.1 IntroductionRecall that the CSP process P k Q represents the parallel composition of the pro-cesses P and Q. Operationally, P and Q interact by synchronising over commonevents in �P \ �Q, while events not in �P \ �Q can occur independently. Anevent common to both P and Q becomes a single event in P k Q, and can beo�ered by P k Q only when both P and Q are prepared to o�er it.As an example consider the CSP processesN1 b= (�X � a ! c ! X ); N2 b= (�X � b ! c ! X ):Here c is the only event common to N1 and N2 , and using the algebraic laws ofCSP it can be shown thatN1 k N2 = (�X � a ! b ! c ! X[] b ! a ! c ! X ):That is, the a or the b events can occur in either order, then both processes mustsynchronise on event c.Correspondingly, we write the parallel composition of action systems P andQ as P k Q . The actions of P k Q are formed from the actions of P andQ : commonly-labelled actions are placed in parallel, while independently-labelledactions remain independent. An important assumption we make is that actionsystems P and Q have no common state-variables, so that interaction between P61



and Q is based purely on synchronisation. Before formally de�ning P k Q we in-troduce an operator for combining individual actions (statements) in parallel. Thisoperator is only valid for statements with independent state-variables. Propertiesof the operator will be used in Section 5.4 to prove the correspondence betweenaction-system and CSP parallel-composition.5.2 Parallel Composition of StatementsFor v -statement S and w -statement T in our speci�cation language, we writeS k T for their parallel composition provided v and w are distinct. Since v andw may represent collections of variables, we say that v and w are distinct if theyhave no common components. Assume that v and w are distinct for the remainderof this chapter.Rather than completely de�ning the parallel operator for statements we assumethat it preserves monotonicity and positive conjunctivity, and satis�es the followingdisjunctivity property:Property 5.1 For v-statement S , w-statement T , v-predicate �, w-predicate  ,wp(S k T ; � _  ) � gd(S ) ^ gd(T )) (wp(S ; �) ^ halt(T )_ halt(S ) ^ wp(T ;  )):2This property means that S k T is enabled only when both S and T are en-abled. As we shall see in Section 5.4, monotonicity, positive conjunctivity andProperty 5.1 are su�cient to prove the correspondence between action system andCSP parallel-composition. This is because any postcondition of interest to us canbe written as two separate predicates in the state variables of the respective actionsystems.The following operator can be shown to satisfy Property 5.1:De�nition 5.2 For v-statement S , w-statement T ,S 
T b= gd(S ) ^ gd(T )! S ; T :2 Note: We could have used De�nition 5.2 as the de�nition of the paralleloperator. However, this gives more than is required. For example, we can calculatewp(S 
 T ; v = w). Property 5.1 highlights what is required of the operator toshow the correspondence between action-system and CSP parallel-composition.62



N1 b= 0BBBBB@ var m : 
initially m := 0a :{ m = 0! m := 1c :{ m = 1! m := 0 1CCCCCA N2 b= 0BBBBB@ var n : 
initially n := 0b :{ n = 0! n := 1c :{ n = 1! n := 0 1CCCCCAN1 k N2 = 0BBBBBBBB@ var m;n : 
initially m := 0 ; n := 0a :{ m = 0 ! m := 1b :{ n = 0! n := 1c :{ m = 1 ^ n = 1! m := 0 ; n := 0 1CCCCCCCCAFigure 5.A: Example parallel action systems.5.3 Parallel Composition of Action SystemsParallel composition of action systems is de�ned as follows:De�nition 5.3 For action systemsP = (A; v ;P{;PA;PH ) and Q = (B ;w ;Q{;QB ;QG)P k Q b= (A [ B ; (v ;w); P{ k Q{; par(PA;QB); PH [QG)where par(PA;QB) b= PA�B [ QB�A [ f Pc k Qc j c 2 A \ B g:2The alphabet of P k Q is the union of A and B . The state variable is the pair(v ;w). The initialisations and the commonly-labelled actions are respectively com-posed using the parallel operator introduced in the previous section. Independentactions remain independent. The respective internal actions are simply bunchedtogether.As an example of parallel composition, consider the action systems N1 , N2and N1 k N2 of Figure 5.A. Here, the 
-operator has been used to calculate theaction system N1 k N2 . Notice the correspondence with the CSP processes ofSection 5.1. 63



5.4 Correspondence of Parallel CompositionThe semantic function `k' de�nes CSP parallel-composition and is given by thefollowing de�nition, which is based on the de�nition in [Ros88]:De�nition 5.4 For process models �i = (Ai ;Fi ;Di ; Ii), i = 1; 2, let C b= A1[A2,Ti b= ft j (t ; fg) 2 Fig, Tracesi b= Ti [ Ii . Then�1 k �2 b= (C ; �1 kF �2; �1 kD �2; �1 kI �2)where �1 kD �2 are those t 2 C � satisfying(_ s � t � s�A1 2 D1 ^ s�A2 2 T2_ s�A1 2 T1 ^ s�A2 2 D2)�1 kF �2 are those t 2 C �, Z � C satisfying(_ X � A1;Y � A2 j X [ Y = Z � (t�A1;X ) 2 F1 ^ (t�A2;Y ) 2 F2)_ t 2 �1 kD �2�1 kI �2 are those u 2 C ! satisfyingu�A1 2 Traces1 ^ u�A2 2 Traces2_ (_ t < u � t 2 �1 kD �2 ):2Here, t�A denotes the trace t restricted to elements of A.The main result of this section is Theorem 5.17 which shows that parallel com-position for action systems (De�nition 5.3) corresponds to CSP parallel-composition(De�nition 5.4). As in Section 4.6 we present a series of lemmas leading to The-orem 5.17, each of which is proven in Appendix C. For convenience we have thefollowing de�nition:De�nition 5.5 For statements R and R0, R �= R0 if for each v-predicate � andeach w-predicate  , wp(R; � _  ) � wp(R0; � _  ):2 Using the de�nition of statement-variable independence (De�nition 2.9), it canbe shown that skip acts as a unit for parallel composition of statements:64



Lemma 5.6 For v-statement S ,S k skip �= S :2 A relationship between the iterate construct and parallel composition of state-ments is described by the following lemma:Lemma 5.7 For v-statement S , w-statement T ,it S ti k it T ti �= it S []T ti:2This means that the iteration of the individual statements S and T is independentrather than being synchronised.Now we can express certain constructs of action system P k Q in terms of Pand Q . Let R b= P k Q , C b= A [ B and I b= H [G, so by De�nition 5.3:R = (C ; (v ;w); R{; RC ; RI )= (A [ B ; (v ;w); P{ k Q{; par(PA;QB ); PH [QG):Also, let A{ b= A [ f{g. Similarly for B{ and C{. We have the following de�nition:De�nition 5.8 For any c 2 C{~Pc b= Pc; if c 2 A{b= skip; otherwise ~Qc b= Qc ; if c 2 B{b= skip; otherwise.2From De�nition 5.3 and because skip acts as a unit for the statement parallel-operator, we have the following lemma about actions of R:Lemma 5.9 For any c 2 C{, Rc �= ~Pc k ~Qc.The statement Rc � I describes the e�ect of executing action c in R followed byiterating over the combined internal-actions. From Lemmas 5.7 and 5.9 we haveLemma 5.10 For action c 2 C{, Rc � I �= (~Pc � H ) k ( ~Qc �G).Since Property 5.1 is a disjunctivity property, the conjugate of Property 5.1 isa conjunctivity property, as the following lemma shows65



Lemma 5.11 For v-statement S , w-statement T , v-predicate �, w-predicate  ,wp(S k T ; � ^  ) � wp(S ; �) ^ wp(T ;  )_ : halt(S ) ^ gd(T )_ gd(S ) ^ : halt(T ):2 By induction over �nite traces we have, from Lemmas 5.10 and 5.11, the fol-lowing lemma which describes possible e�ects of trace t in R in terms of of tracesof P and Q :Lemma 5.12 For action trace t 2 C{�, v-predicate �, w-predicate  ,wp(Rt � I ; � ^  ) � wp( ~Pt � H ; �) ^ wp( ~Qt �G;  )_ (_ s � t � : halt( ~Ps � H ) ^ gd( ~Qs �G)_ gd( ~Ps �H ) ^ : halt( ~Qs �G)):2 There is a similar lemma for in�nite traces:Lemma 5.13 For action trace u 2 C{!,inf (Ru � I ) � inf ( ~Pu � H ) ^ inf ( ~Qu �G)_ (_ s < u � : halt( ~Ps � H ) ^ gd( ~Qs �G)_ gd( ~Ps � H ) ^ : halt( ~Qs �G)):2 To deal with refusal sets we have the following lemma:Lemma 5.14 For Z � C,wp(ITI ;: gdI (RZ )) � (_ X � A;Y � B j X [ Y = Z �wp(ITI ;: gdH (PX ) ^ : gdG(QY ))):2Note that the postcondition on the right-hand side is a conjunction of a v -predicate(: gdH (PX )) and a w -predicate (: gdG(QY )).The following two lemmas relate P and ~P (there are similar relations betweenQ and ~Q):Lemma 5.15 For �nite trace t 2 C �, ~Ph{it � H = Ph{i(t�A) � H .66



Lemma 5.16 For in�nite trace u 2 C !,inf ( ~Ph{iu � H ) � inf (Ph{i(u�A) � H ) _ gd(Ph{i(u�A) � H ):2Note the disjunction on the right-hand side of Lemma 5.16. This is because u�Acould be an in�nite or a �nite trace.We now state and prove Theorem 5.17:Theorem 5.17 For action systems P, Q, f[P k Q ]g = f[P ]g k f[Q ]g in thein�nite-traces model.Proof: To show divergences equality we have, for t 2 C �,t 2 Df[P k Q ]g� wp(Rh{it � I ; false) De�nition 4.8� (_ s � t � : halt( ~Ph{is � H ) ^ gd( ~Qh{is �G)_ gd( ~Ph{is � H ) ^ : halt( ~Qh{is �G)) Lemma 5.12� (_ s � t � : halt(Ph{i(s�A) � H ) ^ gd(Qh{i(s�B) �G)_ gd(Ph{i(s�A) � H ) ^ : halt(Qh{i(s�B) �G)) Lemma 5.15� (_ s � t � s�A 2 Df[P ]g ^ s�B 2 T f[Q ]g_ s�A 2 T f[P ]g ^ s�B 2 Df[Q ]g) De�nition 4.8� t 2 f[P ]g kD f[Q ]g De�nition 5.4.67



To show failures equality we have, for t 2 C �, Z � C ,(t ;Z ) 2 Ff[P k Q ]g� wp(Rh{it � I ;: gdI (RZ )) De�nition 4.8� (_ X � A;Y � B j X [ Y = Z �wp(Rh{it � I ;: gdH (PX ) ^ : gdG(QY ))) Lemma 5.14, disjunction� (_ X � A;Y � B j X [ Y = Z �wp( ~Ph{it � H ;: gdH (PX )) ^ wp( ~Qh{it �G;: gdG(QY ))_ wp(Rh{it � I ; false)) Lemma 5.12� (_ X � A;Y � B j X [ Y = Z �wp(Ph{i(t�A) � H ;: gdH (PX )) ^ wp(Qh{i(t�B) �G;: gdG(QY )))_ wp(Rh{it � I ; false) Lemma 5.15� (_ X � A;Y � B j X [ Y = Z �(t�A;X ) 2 Ff[P ]g ^ (t�B ;Y ) 2 Ff[Q ]g)_ t 2 f[P ]g kD f[Q ]g De�nition 4.8� (t ;Z ) 2 f[P ]g kF f[Q ]g De�nition 5.4.To show in�nites equality we have, for u 2 C !,u 2 If[P k Q ]g� inf (Rh{iu � I ) De�nition 4.8� inf ( ~Ph{iu � H ) ^ inf ( ~Qh{iu �G)_ (_ t < u � wp(Rh{it � I ; false)) Lemma 5.13� (inf (Ph{i(u�A) � H ) _ gd(Ph{i(u�A) � H ))^ (inf (Qh{i(u�B) �G) _ gd(Qh{i(u�B) �G))_ (_ t < u � wp(Rh{it � I ; false)) Lemma 5.16� u�A 2 (If[P ]g [ T f[P ]g) ^ u�B 2 (If[Q ]g [ T f[Q ]g)_ (_ t < u � t 2 f[P ]g kD f[Q ]g) De�nition 4.8� u 2 f[P ]g kI f[Q ]g De�nition 5.4.2 68



5.5 Properties of Parallel CompositionBecause of Theorem 5.17, any properties enjoyed by the CSP parallel-operator willalso be enjoyed by the action-system parallel-operator (cf. Section 4.8). Monotonic-ity and associativity are two such important properties. Because of associativitywe write (P k Q) k R simply as P k Q k R:Also, we write the parallel composition of a �nite collection of action systems Pias (k i � Pi ), where (k i � Pi) is calculated by successive application of the binaryparallel-operator. Such calculation can deal with multi-party interaction wheremore than two action systems share some action label.5.6 Parallel Composition and Re�nementUsing parallel composition in conjunction with re�nement is straightforward. Toverify a re�nement of the form(k i � Pi) v (k j � Qj );calculate (k i � Pi) and (k j � Qi ) separately, and then use simulation. The
-operator (De�nition 5.2) may be used to calculate (k i � Pi) and (k j � Qi). InChapter 7, we shall introduce a parallel operator for speci�cation statements thatallows for straightforward calculation.In the case studies of Chapter 7, we shall make use of design steps of the form:P v (k j � Qj ):This is used to decompose a single action-system into parallel action-systems.Because of the monotonicity of the parallel operator, components of (k j � Qj ) canthen be individually re�ned and the composition of the re�ned components willcontinue to be a re�nement of P .As an example of parallel decomposition, consider the action system speci�edin Figure 5.B. We can show that N3 is implemented by the parallel compositionof N1 and N2 of Figure 5.A, i.e.N3 v N1 k N2 :N1 k N2 has already been calculated using the 
-operator. To relate the variablesof N3 to those of N1 and N2 we use the following (disjunctive) representationfunction:rep(�) b= (0 � m;n � 1) ^ �[ sn(fa j m = 1g [ fb j n = 1g) ]69



N3 b= 0BBBBBBBB@ var s � fa; bginitially s := fga :{ a 62 s ! s := s [ fagb :{ b 62 s ! s := s [ fbgc :{ fa; bg = s ! s := fg 1CCCCCCCCAFigure 5.B: Example action systemwhere � is independent of m, n. From the de�nition of simulation and the de�ni-tion of N1 k N2 , we have proof obligations as follows:1. N3 { �0rep (N1 { 
 N2 {)2. N3 a �rep N1 a3. N3 b �rep N2 b4. N3 c �rep (N1 c 
 N2 c)5. rep(gd(N3 a)) V gd(N1 a)6. rep(gd(N3 b)) V gd(N2 b)7. rep(gd(N3 c)) V gd(N1 c) ^ gd(N2 c).These are easily checked using predicate calculus and wp-calculus. Note thatobligation 7 relies on gd(S k T ) � gd(S ) ^ gd(T );which follows easily from Property 5.1.5.7 RemarksSince interaction in our parallel operator is based on shared actions, it is similarto the parallel operator for transition systems de�ned by Josephs [Jos88] andHe Jifeng [He89]. They both use relational cross-product to compose commonlylabelled transitions, whereas we develop a weakest precondition characterisation ofparallel composition. Our characterisation was arrived at by a mixture of informal,operational consideration and experimenting with the proof of Theorem 5.17.70



Based on category-theoretic considerations, Martin [Mce91] has developed across-product operator for predicate transformers written S �T . This representsthe parallel composition of statements S and T and doesn't require the variablesof S and T to be distinct. It is de�ned as follows:De�nition 5.18 For u-statement S , v-statement T , (u; v)-predicate �,wp(S � T ; �) b= (_ �; j � ^  V � � wp(S ; �) ^ wp(T ;  ))where � ranges over all u-predicates and  ranges over all v-predicates.2This operator preserves monotonicity and positive conjunctivity [Mce91]. Unlikeour parallel operator for statements, the � operator is strict w.r.t. abort:S � abort = abort while S k abort �= gd(S ) ! abort:However, provided u and v are distinct, it can be shown that �0 satis�es Prop-erty 5.1, where S �0 T b= gd(S ) ^ gd(T )! (S � T ):Our parallel operator also resembles the parallel operator for I/O-automatadeveloped by Lynch & Tuttle [LT87]. However, their operator is not a binary op-erator, rather a generalised operator over a possibly in�nite set of I/O-automata.Section 5.5 discussed how a generalised parallel operator over a �nite set of ac-tion systems may be de�ned. In order to de�ne a parallel operator over in�nitesets of action systems, we would need to generalise the CSP de�nition of parallelcomposition (De�nition 5.4) and also our parallel operator for statements.Our parallel operator di�ers from Back's parallel-operator [Bac92b] and theUNITY union-operator [CM88], where interaction is based on shared variablesrather than shared actions. However, Back does mention an alternative form ofparallel composition in [Bac92b], in which interaction is based on shared actions.We could easily lift our restriction that parallel action-systems have distinctvariables, so that interaction would be based on both shared variables and sharedactions. Using the �-operator on statements given above, we could even allowshared actions to share the same variables. However, we would then lose thecorrespondence with CSP. For example, consider the action systems P and P 0 asfollows:P b= 0@ initially f := truea :{ f ! skip 1A P 0 b= 0@ initially g := truea :{ g ! skip 1A :71



It is easy to see that P = P 0. Now consider the action system Q as follows:Q b= 0@ initially g := trueb :{ g ! g := false 1A :If Q was composed with P and P 0 in the usual way, then it would not be the casethat Q k P = Q k P 0, since Q k P 0 refuses a-actions after engaging in a b-action,while Q k P never refuses a-actions.In Chapter 7, a superposition operator for composing action systems, thatallows sharing of variables, will be introduced. However, this operator will notcorrespond to any CSP operator. In the next chapter, we shall introduce a meansfor action systems to pass values amongst each other that does correspond to CSP.
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Chapter 6Value CommunicationIn this chapter, the CSP notion of value communication is extended to actionsystems. To achieve this, we introduce value-passing action-systems and give thema CSP semantics. We show how re�nement, hiding, and parallel composition applyto these action systems.6.1 Communication in CSPHoare [Hoa85] introduced the notion of a channel for use when describing CSPprocesses that communicate values with their environment. A channel namedc is represented by a set of events of the form c:i . Occurrence of an event c:irepresents communication of the value i over the channel c. The set of all valuesthat a process P can communicate over a channel c is de�ned as follows:valuesP(c) b= f i j c:i 2 �P g:Hoare distinguishes syntactically between two forms of channel communication.A process P is said to be prepared to accept an input on a channel c when theprocess o�ers the environment the choice between each event c:i in �P. Thenotation c?x is used to describe this form of communication, and is de�ned by(c?x ! Px ) b= ([] i 2 valuesP (c) � c:i ! Pi):So (c?x ! Px ) describes a process that accepts any value x on channel c, andthen behaves as process Px . Note that x is bound by the parentheses.A process is said to be prepared to output a value on a channel c when it in-ternally chooses which particular event c:i to o�er the environment. The notationc!e is used to describe this form of communication, and is de�ned by(c!e ! P) b= (c:e ! P):73



So (c!e ! P) describes a process that outputs the value e (where e is an expres-sion) on channel c, and then behaves as process P.As an example, we have the following CSP process DOUBLE , that acceptsnumbers on channel left and outputs their double on channel right :�DOUBLE b= f left :i j i 2 
 g [ f right :i j i 2 
 gDOUBLE b= (left?x ! right !(2 � x )! DOUBLE):When processes with commonly-named channels are placed in parallel, thenpassing of values from one to the other is possible. Assume process P is ready forc!e, and process Q is ready for c?x . If P and Q are placed in parallel, then theycan engage simultaneously in the event c:e, and in this way the value e is passedfrom P to Q. This is represented by the following algebraic law:(c!e ! P) k (c?x ! Qx ) = c:e ! (P k Qe):Note that the right-hand side of this law can itself be written c!e ! (P k Qe).6.2 Communication in Action SystemsWe may represent communication events in action systems with actions whoselabels are of the form c:i . As in CSP, we group such actions into distinct sets ofactions representing separate channels, so that each channel c is represented by aset of actions whose labels are of the form c:i , and execution of the action labelledc:i represents communication of value i on channel c.Often it is the case that for a particular channel c, each action labelled c:i willhave similar behaviour. For example, consider the action system Bu�er , speci�edin Figure 6.A. Bu�er can always engage in each of the actions left :i , so this setof actions represents input on channel left . Provided the sequence t is non-empty,Bu�er can engage in some action right :i , so the set of actions right :i representsan output channel.It would be more convenient to represent the set of actions labelled left :i witha single action parameterised by variable x , such as the following:left :{ t := thx i:Here, the intention is that the initial value of variable x represents the input valueon channel left .Similarly, we could represent the set of actions labelled right :i with a singleaction parameterised by variable y as follows:right :{ t 6= hi ! y := hd(t) ; t := tl(t):74



�Bu�er b= f left :i j i 2 
 g [ f right :i j i 2 
 gBu�er b= 0BBBBBBBBBBBBBBBBBB@ var t : seq 
initially t := hileft :0 :{ t := th0ileft :1 :{ t := th1i...right :0 :{ t 6= hi ^ hd(t) = 0! t := tl(t)right :1 :{ t 6= hi ^ hd(t) = 1! t := tl(t)...
1CCCCCCCCCCCCCCCCCCAFigure 6.A: Communicating action system.Here, the intention is that the value assigned to y by the action right representsthe value to be output on channel right .6.3 Value-Passing Action-SystemsIn light of the considerations of the previous section, we introduce value-passingaction-systems, which have the formP = (A; v ; P{; PA; PH ; dir):Here A is a set of channel names, rather than a set of communication events. Asbefore, v is the state variable, and P{ and PH are the initialisation and the internalactions. The component dir is a total function from A to the set fin; outg, andPA = fPa j a 2 Ag is a set of actions labelled by channel names. If dir(a) = in,then Pa is a (v ; x )-statement that doesn't change variable x , and we say that Pais an input action and x is its input parameter. If dir(a) = out , then Pa is a(v ; y)-statement that doesn't read the initial value of y, and we say that Pa is anoutput action and y is its output parameter. Both x and y must be distinct fromthe state variable v .A value-passing action-system can accept an input on a channel a 2 A, wheredir(a) = in, whenever action Pa is enabled. Variable x of Pa represents the inputvalue on channel a. A value-passing action-system is prepared to output a value75



Bu�er b= 0BBBBB@ var t : seq 
initially t := hichan left in :{ x 2 
! t := thx ichan right out :{ t 6= hi ! y := hd(t) ; t := tl(t) 1CCCCCAFigure 6.B: Value-passing action-system.on a channel a 2 A, where dir(a) = out , whenever action Pa is enabled. Thevalue assigned to variable y by Pa represents the value to be output on channel a.Assume that W is an in�nite set containing all possible values we will everwant to communicate. We de�ne the alphabet of the semantic model of an actionsystem with channel set A to be the set AW , whereAW b= f a:i j a 2 A ^ i 2 W g:If c is an input channel, then, unlike Hoare's input communication form, we shallnot require an action system to o�er the environment the choice between the setof events fc:i j i 2 Wg. Rather we assume that it o�ers the environment thechoice between some subset of fc:i j i 2 Wg. This point is discussed further inSection 6.10 where type restrictions on channels are introduced.We can rewrite Bu�er of Figure 6.A as a value-passing action-system, as shownin Figure 6.B. Bu�er has a single input channel left , and a single output channelright . The keywords in and out are used to indicate the direction of each channel.The guard of the input action (x 2 
) means that Bu�er will only accept naturalnumbers on the input channel left .To de�ne the CSP semantics of a value-passing action-system P , it is necessaryto determine the e�ect on P of an event of the form a:i 2 AW , and to determinewhen an arbitrary set of events, X � AW , may be refused by P . We look at inputactions and output actions in turn.6.4 Input ActionsGiven an input action Pa parameterised by x , and a value i 2 W, the unparame-terised action corresponding to the communication event a:i is denoted Pa:i . Theaction Pa:i is calculated from Pa and i using substitution-by-value (De�nition 2.6)as follows: 76



De�nition 6.1 If dir(a) = in, then Pa:i b= Pa [value xni ]:For example, the action corresponding to left :0 in Bu�er is:Bu�erleft:0 = (x 2 
! t := thx i)[value xn0]= 0 2 
! t := th0i:Now, consider a refusal set of the form fa:i j i 2 Sg, where S � W. We writethis as a:S , and for a given S � W, the states in which a:S may be refused byP will be represented by : commgd(Pa:S). For input action Pa , commgd(Pa:S ) isde�ned as follows:De�nition 6.2 If dir(a) = in, then for S � W,commgd(Pa:S) b= (9 x 2 S � gd(Pa));where gd(Pa) is determined in the usual way and may contain x .2For example, Bu�er may refuse the set of communications left :S if S contains nonatural numbers:: commgd(Bu�erleft:S ) � : (9 x 2 S � gd(Bu�erleft ))� : (9 x 2 S � x 2 
):6.5 Output ActionsAn output action Pa chooses a value to be output on channel a by assigning avalue to variable y. We shall require that any output action Pa is independent ofthe initial value of y, i.e. for any predicate �, wp(Pa ; �) is independent of y. Givenan output action Pa parameterised by y, and a value i 2 W, the unparameterisedaction Pa:i is determined by forcing y to take the value i as follows:De�nition 6.3 If dir(a) = out, then Pa:i b= (var y � Pa [y = i ]):For example, the action corresponding to right :0 in Bu�er is calculated as follows:Bu�erright:0= (var y � t 6= hi ! y := hd(t) ; t := tl(t) [y = 0]) De�nition 6.3= t 6= hi ! (var y � y := hd(t)[y = 0]) ; t := tl(t) y independent of t= t 6= hi ! (var y � hd(t) = 0! y := hd(t)) ; t := tl(t)property of coercion= t 6= hi ^ hd(t) = 0! t := tl(t) y is local.77



The extended Dijkstra-language allows us to write an output action that non-deterministically chooses a value to be output. For example, if variable s is a set,then we could specify an action that outputs some value from s on channel c asfollows: chan c out :{ y :2 s:This is a useful speci�cation-technique that will be used in the case studies ofChapter 7, but it does mean that we have to be careful when testing for refusal ofa set of output communications.Consider the action system VP with a single output-channel as follows:VP = 0@ initially skipchan c out :{ y :2 f0; 1g 1A :From De�nition 6.3 we getVPc:0 = skipVPc:1 = skipVPc:i = miracle; for i 62 f0; 1g:If testing for refusal was based on the individual communications c:i , then VPwould o�er the choice between c:0 and c:1 to the environment (since skip isalways enabled). But our intention in specifying VP was that the choice between0 and 1 should be made internally, i.e. VP should behave as the CSP process VPde�ned as follows: VP b= (u i 2 f0; 1g � c!i ! VP):We overcome this problem by testing for refusal of a set of events a:S , S �W,as follows: if Pa is an output action, then we say that P may refuse a:S whenPa is disabled, or, when Pa is enabled but has a possible outcome that results iny 62 S , i.e. P may refuse a:S in any state satisfying: gd(Pa ) _ wp(Pa ; y 62 S ):This leads us to de�ne commgd(Pa:S) as follows:De�nition 6.4 If dir(a) = out, thencommgd(Pa:S) b= gd(Pa ) ^ wp(Pa ; y 2 S ):2 78



So, for example, VP may refuse c:S when: commgd(VPc:S ) � : (gd(VPc) ^ wp(VPc; y 2 S ))� : (0 2 S ^ 1 2 S ):In particular, VP can refuse c:f0g and c:f1g, though not c:f0; 1g.6.6 Correspondence with CSPArmed with the de�nitions of Pa:i and commgd(Pa:S) for both input and outputactions, we can now de�ne the CSP semantics of a value-passing action-systemP = (A; v ;P{;PA;PH ; dir).For a trace of communication events t 2 (AW� [ AW!), we write Pt � H forthe sequential composition of actions (of the form Pa:i) drawn from t , interspersedwith ITH , the statement that iterates over the internal actions (cf. De�nition 4.6).Let chan be a total function from AW to A, such that for each a:i 2 AW ,chan(a:i) b= a:For set X � AW , let X�a be de�ned asX�a b= fx 2 X j chan(x ) = ag:This means that for any X � AW , X�a will be of the form a:S for some S � W.For any X � AW , commgd(PX ) is then de�ned as follows:De�nition 6.5 For X � AW ,commgd(PX ) b= (_ a 2 chan�X � � commgd(PX�a ));where commgd(PX�a ) is given by De�nitions 6.2 and 6.4.2So, for example, if X = fleft :0; right :3; left :4; right :7g, thencommgd(PX ) � commgd(Pleft:f0;4g) _ commgd(Pright:f3;7g):To deal with the internal actions of P we de�ne commgdH (PX ) as follows:De�nition 6.6 For X � AW ,commgdH (PX ) b= (_ a 2 chan�X � � wp(ITH ; commgd(PX�a ))):2 79



The semantics of a value-passing action-system P , denoted f[P ]g, is given bythe following de�nition:De�nition 6.7 For P = (A; v ; P{; PA; PH ; dir),f[P ]g b= (AW ;Ff[P ]g;Df[P ]g;If[P ]g)where Ff[P ]g are those s 2 AW�;X � AW satisfyingwp(Ph{is � H ;: commgdH (PX ))Df[P ]g are those s 2 AW� satisfying: halt(Ph{is � H )If[P ]g are those u 2 AW! satisfyinginf (Ph{iu � H ):2 The following theorem tells us that f[P ]g satis�es the well-formedness conditionsof the in�nite-traces model, given certain restrictions:Theorem 6.8 For a value-passing action-system P, f[P ]g is well-formed in thein�nite-traces model, provided halt(Pa) � true, for each a 2 A, where dir(a) =out.Proof: Let OUT be the set of output channels fa 2 A j dir(a) = outg. Toprove that f[P ]g is well-formed, we construct an action system P+ which has analphabet AW , and a set of labelled actions fP+a:i j i 2 Wg corresponding to eachPa . To ensure that the choice of value on an output channel is nondeterministic, weintroduce an extra state variable ya , for each a 2 OUT . We construct a statementCHS which mimics the e�ect of choosing an output value for each output channela 2 OUT , by assigning a value to each ya . The construction of CHS is the causeof the restriction on P . CHS is always executed before o�ering any visible actions,and any output action P+a:i is guarded by \ya = i". Now since P+ is a normal actionsystem, with simple non-parameterised actions, f[P+]g is given by De�nition 4.8and f[P+]g is well-formed by Theorem 4.9. It can be shown that f[P ]g = f[P+]g, andtherefore f[P ]g is also well-formed. Details are given in Appendix D.2 We shall require that any value-passing action-system satis�es the restrictionimposed on output actions by Theorem 6.8. Requiring that output actions should80



always terminate does not prevent us from specifying an action system that outputsa value and then diverges, as an output action can be made to enable an in�nitesequence of internal actions.It can be shown that the semantic model of a value-passing action-system Psatis�es the following condition: for t 2 AW�, a:i 2 AW , where dir(a) = out ,tha:ii 2 T f[P ]g ) (t ; fa:j j j 6= ig) 2 Ff[P ]g:This says that if P can output a value i on channel a, then it can refuse to outputall other values on channel a, i.e. P never o�ers a deterministic choice of valueson an output channel. This is a consequence of the de�nition of commgd .6.7 Re�nementIn this section, the simulation conditions of De�nition 4.18 are modi�ed to dealwith value-passing action-systems. Simulation will now be used to relate actionsystems of the form:P = (A; v ;P{;PA;PH ; dir) and Q = (A;w ;Q{;QA;QG; dir);where P is the abstract action-system and Q is the concrete action-system. Notethat P and Q have the same set of channels A, and that the channel directions arethe same in both. Each of the input actions must be parameterised by variable x ,and each of the output actions must be parameterised by variable y.It is easy to show that P v Q if the following conditions hold for some repre-sentation function rep:1. P{ � H �0rep Q{ �G2. Pa:i � H �rep Qa:i �G , each a:i 2 AW3. rep(commgdH (PX )) V commgdG(QX ) , each X � AW .However, these conditions would be di�cult to check in practice, since they in-volve comparison of individual communications Pa:i and Qa:i rather than simplyparameterised actions. If rep is disjunctive, then only parameterised actions needbe compared, as we now show.De�nition 6.9 A simulation, with representation function rep, is a relation onvalue-passing action-systems, denoted vrep, such that forP = (A; v ;P{;PA;PH ; dir) and Q = (A;w ;Q{;QA;QG ; dir);P vrep Q if each of the following conditions hold:81



1. P{ �0rep Q{2. Pa �rep Qa , each a 2 A3. ITH �rep ITG4. for each a 2 f a 2 A j dir(a) = in g,rep(wp(ITH ; gd(Pa))) V wp(ITG; gd(Qa))5. for each a 2 f a 2 A j dir(a) = out g, any y-predicate  ,rep(wp(ITH ; gd(Pa) ^ wp(Pa ;  ))) V wp(ITG; gd(Qa ) ^ wp(Qa ;  )).2 If the representation function rep satis�es certain conditions, then simulationfor value-passing action-systems is sound:Theorem 6.10 For value-passing action-systems P and Q, and representationfunction rep, P vrep Q implies P v Q in the in�nite-traces model, provided repsatis�es the following conditions:(a). rep is disjunctive(b). for i 2 W, predicate �, rep(�[xni ])V rep(�)[xni ](c). for y-predicate  , rep( )V  where x is the input parameter used by input actions, and y is the output parameterused by output actions.Proof: From (a), (b), (c) and Pa �rep Qa , we can prove the following lemma (seeAppendix D):Lemma 6.11 For a:i 2 AW , Pa:i �rep Qa:i .Then, since ITH �rep ITG, we get(Pa:i � H ) �rep (Qa:i �G); each a:i 2 AW : (i)From (a) and Conditions 4 and 5 of De�nition 6.9, we can prove the followinglemma (see Appendix D):Lemma 6.12 For X � AW , rep(commgdH (PX )) V commgdG(QX ).82



Finally by (i), Lemma 6:12, and P{ �0rep Q{, we can show that P v Q in themanner of Theorem 3.13.2 In the case of output actions, Condition 2 of De�nition 6.9 allows Qa to bemore deterministic in its choice of output value than Pa . For example, considerthe action systems VP and VP 0 as follows:VP = 0@ initially skipchan c out :{ y :2 f0; 1g 1A VP 0 = 0@ initially skipchan c out :{ y := 0 1A :It is easy to show that there is a simulation between VP and VP 0. However, thesoundness of this simulation is only valid because of our view that VP internallychooses between outputting 0 or 1. If VP was understood to o�er the choice tothe environment between 0 or 1, then it would not be the case that VP v VP 0,since VP 0 refuses to o�er a 1.Comparison of De�nitions 4.18 and 6.9, shows that Condition 2 of De�ni-tion 4.18 has been replaced by Conditions 2 and 3 in De�nition 6.9. Splitting theobligation like this is necessary becausePa � H �rep Qa �Gis not su�cient to show CSP re�nement, in the case where Pa and Qa are outputactions. Consider the action systems P and Q as follows:P b= 0BBBBB@ var f : boolinitially f := falsechan a out :{ (y; f := 0; true) [] (y; f := 1; false)internal h :{ f ! skip 1CCCCCAQ b= 0BBBBB@ var f : boolinitially f := falsechan a out :{ (y; f := 1; true)internal g :{ f ! skip 1CCCCCA :It can easily be shown that P and Q respectively have the same semantics as theCSP processes P and Q de�ned as:P b= (a:0! CHAOS )u (a:1! P) Q b= (a:1! CHAOS ):Since it is not the case that P v Q, it cannot be the case that P v Q either.However, we can show thatPa ; it Ph ti = Qa ; it Qg ti = abort83



For value-passing action-systemsP = (A; v ;P{;PA; fg; dir) and Q = (A;w ;Q{;QA;QG; dir)P vrep Q if the following conditions hold, for representation function rep satisfy-ing (a), (b) and (c) of Theorem 6.10, well-founded set WF, and variant E,1. P{ �0rep Q{2. Pa �rep Qa , each a 2 A3. skip �rep Qg , each g 2 G4. rep(true) V E 2WF5. rep(true) ^ E = e V wp(Qg ;E < e), each g 2 G6. rep(gd(Pa)) V gd(Qa ) _ gd(QG), each a 2 A.Figure 6.C: Hiding-re�nement rule for value-passing action systems.so that Pa � H �rep Qa �G.The upwards simulation repu (cf. Section 2.8) used by Woodcock & Morgan[WM90] is not disjunctive. This means their completeness argument cannot beused for simulation in value-passing action-systems as de�ned here. We leave thecompleteness of simulation value-passing action-systems for further study.In the case that the abstract action system P has no internal actions, then avariant function can be used, and the conditions of De�nition 6.9 can be simpli�ed.These simpli�ed conditions are listed in Figure 6.C, and are similar to the hiding-re�nement conditions of Figure 4.C for normal (non-value-passing) action-systems.Corollary 6.13 The simpli�ed conditions of Figure 6.C are su�cient to showthat P vrep Q.Proof: Conditions 1 and 2 of De�nition 6.9 are immediately satis�ed. From 3, 4,and 5 of Figure 6.C, we can showskip �rep ITGas shown in the proof of Corollary 4.21. Then, since PH = fg, Condition 3 ofDe�nition 6.9 is satis�ed. For input actions, Condition 4 of De�nition 6.9 follows84



from Condition 6 of Figure 6.C and Theorem 4.22 (cf. Corollary 4.23). For outputactions, we have for y-predicate  ,rep(wp(ITH ; gd(Pa ) ^ wp(Pa ;  )))V rep(gd(Pa) ^ wp(Pa ;  )) since PH = fgV wp(ITG ; rep(gd(Pa) ^ wp(Pa ;  ))) since skip �rep ITGV wp(ITG ; rep(gd(Pa)) ^ rep(wp(Pa ;  ))) monotonicity of repV wp(ITG ; (gd(Qa) _ gd(QG)) ^ wp(Qa ; rep( ))) Conditions 6, 2V wp(ITG; gd(Qa) ^ wp(Qa ; rep( ))) Theorem 4.22V wp(ITG; gd(Qa) ^ wp(Qa ;  )) (c) of Theorem 6.10.So, Condition 5 of De�nition 6.9 is satis�ed.2 Recall that Section 4.10 describes how the monotonicity of the hiding operatorallows us, in certain cases, to use the hiding-re�nement rules of Figure 4.C evenif the abstract action-system P has internal actions: we simply treat the internalactions of P , and the corresponding internal actions of Q , as visible actions. Thisalso applies to value-passing action-systems, since the hiding operator for valuepassing action systems is monotonic, as we shall see.6.8 Channel HidingIn CSP, a channel c is hidden in a process P by hiding each event of the formc:i in the alphabet of P. In a value-passing action-system P , the channel c ishidden by internalising the parameterised action Pc. For value-passing action-system P = (A; v ; P{; PA; PH ; dir), and channel set C � A, P n C denoteshiding of the channels C in P , and is de�ned by:De�nition 6.14P n C b= (A� C ; v ; P{; PA�C ;PH [ f (var x ; y � Pc) j c 2 C g; C � dir)where x is the input parameter used by input actions of P, and y is the outputparameter used by output actions of P.2 85



Here, C � f restricts the domain of function f to those elements not in set C .Notice that the parameters x and y are localised in each action to be hidden.In CSP terms, our intention with this de�nition is to hide the set of com-munications CW � AW . The following theorem shows that we get the requiredcorrespondence with CSP hiding:Theorem 6.15 For value-passing action-system P, channel set C � A,f[P n C ]g = f[P ]g n CW ;where f[P ]g n CW is given by De�nition 4.11.Proof: Proof of this theorem is similar to the proof of Theorem 4.17: Let Q b=P n C , B b= A� C , QG b= PH [ f (var x ; y � Pc) j c 2 C g. Corresponding toLemma 4.12 we have (see Appendix D):Lemma 6.16 For b:i 2 BW ,Qb:i �G = Pb:i � H ; it ([] c:i 2 CW � Pc:i � H ) ti:This leads to lemmas corresponding to Lemmas 4.14 and 4.15 with AW ;BW insteadof A;B . Corresponding to Lemma 4.16 we have (see Appendix D):Lemma 6.17 For X � BW ,wp(ITG;: commgdG(QX )) � wp(ITG;: commgdH (PX[CW )):Theorem 6.15 can then be proven in the same manner as Theorem 4.17.2 Because of Theorem 6.15, we have that the hiding operator for value-passingaction-systems enjoys any properties enjoyed by the CSP hiding operator (cf. Sec-tion 4.8).6.9 Parallel Composition { IntroductionParallel composition will be de�ned for value-passing action-systems of the form:P = (A; v ; P{; PA; PH ; dirP)Q = (B ; w ; Q{; QB ; QG; dirQ):As in Chapter 5, we require that the state-variables v and w are distinct. Eachinput action of P and of Q is parameterised by x , and each output action isparameterised by y. Parallel composition of P and Q is achieved by composing86



commonly-labelled actions of P and Q , leaving independently-labelled actions un-changed. If c is a channel name common to both P and Q , then there are threepossibilities: either both Pc and Qc are input actions, one is an output action andthe other is an input action, or, both Pc and Qc are output actions.Consider the case where both Pc and Qc are input actions. Suppose, for ex-ample, that Pc and Qc are as follows:Pc b= x 2 X ^ GP ! v := xQc b= x 2 X 0 ^ GQ ! w := x :On its own, P will o�er the choice between each value in X on channel c wheneverGP is satis�ed, and similarly for Q . The parallel composition of P and Q willonly o�er the choice between values they both agree on (i.e. values from X \X 0),when both GP and GQ are satis�ed. To compose Pc and Qc, the 
-operator(De�nition 5.2) may be used:Pc 
Qc = gd(Pc) ^ gd(Qc )! Pc ; Qc= x 2 X ^ GP ^ x 2 X 0 ^ GQ ! v := x ; w := x= x 2 X \ X 0 ^ GP ^ GQ ! v := x ; w := x :Notice that Pc 
Qc is itself parameterised by the input variable x .Now, consider the case where Pc is an output action, and Qc is an input action.Suppose, for example, that Pc and Qc are as follows:Pc = GP ! y := eQc = x 2 X ^ GQ ! w := x :Out intention in composing Pc and Qc is that the output value produced by Pcshould be passed on as the input value for Qc . To compose Pc and Qc we may usethe ~
-operator, de�ned as follows:De�nition 6.18 For output action Pa , input action Qa ,Pa ~
Qa b= Pa ; Qa [value xny]:2In the case of the examples given, we getPc ~
Qc = (GP ! y := e) ; (x 2 X ^ GQ ! w := x )[value xny]= (GP ! y := e) ; (e 2 X ^ GQ ! w := e)= GP ^ e 2 X ^ GQ ! y := e ; w := e:87



Note that Pc ~
Qc is itself parameterised by the output variable y.However, nondeterministic output-statements can cause problems when com-posing an output action with an input action. Consider the action systems P andQ de�ned as follows:P b= 0@ initially skipc out :{ y :2 f0; 1g 1A Q b= 0@ initially skipc in :{ x > 0! skip 1A :Here, P nondeterministically outputs 0 or 1 on channel c, while Q accepts anyinput value greater than 0 on channel c. P and Q behave respectively as the CSPprocesses P and Q de�ned as follows:P b= (u i 2 f0; 1g � c:i ! P) Q b= ([] i > 0 � c:i ! Q):Using the algebraic laws of CSP, it can be shown thatP k Q = STOP u (c:1! P k Q):Here, deadlock occurs when P is only prepared to o�er 0 on channel c. If wecompose Pc and Qc using the ~
-operator to form the action system P k Q , we getP k Q = 0@ initially skipc out :{ y := 1 1A :Action system P k Q never deadlocks, but continually outputs the value 1 onchannel c, which is not the same as the CSP process P k Q. This is because theinput action Qc forces the output action Pc to choose a path that sets y to begreater then 0, and so Pc sets y to 1. It is not possible to specify an action systemcorresponding to P k Q that has skip as its initialisation. The CSP process P k Qdoes correspond to the action system R as follows:R = 0BB@ var f : boolinitially f :2 ftrue; falsegc out :{ f ! y := 1 ; f :2 ftrue; falseg 1CCA :Here, the nondeterministic choice between whether or not deadlock occurs (rep-resented by the setting of 
ag f ), has to be made before action c can be o�ered.So, action system R cannot be constructed from P and Q by simply composingcommonly-labelled actions, but rather requires a more complicated construction.The case where both actions to be composed are output actions causes a similarproblem: deadlock will occur unless both output channels guarantee to outputexactly the same value, but constructing an action system that tests for this cannotbe achieved by simply composing both output actions.88



We shall overcome these problems, �rstly, when composing an output actionPc with an input action Qc , by requiring that Pc is always guaranteed to output avalue that is acceptable by Qc. This restriction is formalised in the next section.Secondly, parallel composition of commonly-labelled output actions will not beallowed.6.10 Channel TypingTo deal with the parallel composition of an output and an input action, we intro-duce type restrictions on the values that may be communicated on the channels ofa value-passing action system. A value-passing action system will now have theform: P = (A; v ; P{; PA; PH ; dir ; type):The function type maps each channel name to some subset ofW. For each channela 2 A, type(a) represents the range of values that may be communicated alongchannel a.The actions of P must obey the restrictions imposed by the function type. Aninput action Pa may only accept input values that are in type(a), and also, if Pais enabled, then it must accept all input values in type(a). To ensure this, eachinput action must satisfy the following property:Property 6.19 For each a 2 fa 2 A j dir(a) = ing, Pa must satisfygd(Pa) � x 2 type(a) ^ gd(var x � Pa):2For example, if type(a) = 
, then the actionPa b= x 2 
! t := thx isatis�es Property 6.19, while the actionPa b= x 2 
 ^ x � 10! t := thx idoes not satisfy Property 6.19, since it won't accept natural numbers less than 10.An output action Pa should never output a value that is outside type(a). Toensure this, each output action must satisfy the following property:Property 6.20 For each a 2 fa 2 A j dir(a) = outg, Pa must satisfywp(Pa ; y 2 type(a)) � true:2 89



Note that this property implies that output actions are always guaranteed to ter-minate, a condition we already require in order to ensure that the semantics of avalue-passing action-system are well-formed (Theorem 6.8).Now, when composing an output action Pc of type typeP (c) with an inputaction Qc of type typeQ(c), we shall require that typeP(c) � typeQ(c). We will seethat the composite action is also guaranteed to output a value in typeP(c).If a value-passing action-system P satis�es Properties 6.19 and 6.20, then itcan be shown that the type constraints are re
ected in the semantic model ofP . Firstly, any non-divergent communication, input or output, is always properlytyped: for t 2 AW�, a:i 2 AW ,tha:ii 2 T f[P ]g ^ t 62 Df[P ]g ) i 2 type(a):If P diverges, however, then it no longer obeys this type restriction. Secondly, ifP accepts any communication on an input channel a, then all values of type(a)may be communicated, and if P refuses some value in type(a), then it refuses allvalues on input channel a: for t 2 AW�, a:i 2 AW , where dir(a) = in,tha:ii 2 T f[P ]g ) (8 j 2 type(a) � tha:j i 2 T f[P ]g)(t ; fa:ig) 2 Ff[P ]g ^ i 2 type(a) ) (t ; fa:j j j 2 Wg) 2 Ff[P ]g:6.11 Parallel Composition { De�nitionThe parallel operator for value-passing action systems is now de�ned for P and Qof the form P = (A; v ; P{; PA; PH ; dirP ; typeP )Q = (B ; w ; Q{; QB ; QG ; dirQ ; typeQ):We do not use the 
-operator or the ~
-operator to de�ne parallel compositionof value-passing action-systems formally. Instead, to compose input actions, thek-operator for statements introduced in Section 5.2 is used. In order to use it, wemust loosen the constraints on this operator: instead of composition of v -actionPc and w -action Qc , where v and w are distinct, composition of (x ; v)-action Paand (x ;w)-action Qa will be allowed, provided both Pa and Qa leave variable xunchanged, i.e. x is an input parameter in both actions. (Note: Property 5.1will still be concerned only with postconditions in v and in w , as we will not beinterested in postconditions containing input parameter x .) The composite actionPa k Qa is an (x ; v ;w)-action, with x serving as the input parameter.90



To compose an output action Pc with an input action Qc, we introduce the~k-operator. We write Pc ~kQc for the composition of Pc and Qc, where it is under-stood that the y-value produced by Pc is passed on as the x -value for Qc. The~k-operator should preserve monotonicity and positive conjunctivity, and shouldsatisfy the following properties:Property 6.21 The ~k-operator satis�es(a): For i 2 W, (Pa ~kQa )[y = i ] �= (Pa [y = i ]) k (Qa [value xni ])(b): For y-predicate  , wp(Pa ~kQa ;  ) � gd(var x � Qa)) wp(Pa ;  )(c): For any predicate �, wp(Pa ~kQa ; �) is independent of y.2For example, it can be shown that the ~
-operator satis�es Property 6.21, providedboth Pa and Qa terminate. The composite action Pa ~kQa is a (y; v ;w)-action,with y serving as the output parameter. Because of Theorem 6.8, we require thathalt(Pc ~kQc) � true, and to achieve this it must be the case that halt(Qc) � true,in addition to halt(Pc) � true. So any input action to be composed with an outputaction must always terminate.For value-passing action-systemsP = (A; v ; P{; PA; PH ; dirP ; typeP)Q = (B ; w ; Q{; QB ; QG ; dirQ ; typeQ)let the sets IN , OUTP , and OUTQ be de�ned as follows:IN b= f c 2 A \ B j dirP(c) = in ^ dirQ(c) = in gOUTP b= f c 2 A \ B j dirP(c) = out ^ dirQ(c) = in gOUTQ b= f c 2 A \ B j dirP(c) = in ^ dirQ(c) = out g:The parallel composition of P and Q , written P k Q , is de�ned if the followingconditions are satis�ed:1. Common actions of P and Q satisfy the type restrictions (Properties 6.19and 6.20)2. typeP(c) � typeQ(c), each c 2 OUTP3. typeQ(c) � typeP(c), each c 2 OUTQ4. P and Q have no common output-actions91



5. For input action Qc , where c 2 OUTP , halt(Qc) � true6. For input action Pc, where c 2 OUTQ , halt(Pc) � true.Parallel composition of P and Q is then given byDe�nition 6.22P k Q b= (A [ B ; (v ;w); P{ k Q{; par(PA;QB ); PH [QG ; dir ; type)where par(PA;QB ) b= PA�B [QB�A[ f Pc k Qc j c 2 IN g[ f Pc ~kQc j c 2 OUTP g[ f Qc ~kPc j c 2 OUTQ gdir(c) b= dirP(c); if c 2 A� Bb= dirQ(c); if c 2 B � Ab= in; if c 2 INb= out ; if c 2 OUTP [ OUTQtype(c) b= typeP(c); if c 2 A� B _ c 2 OUTPb= typeQ(c); if c 2 B � A _ c 2 OUTQb= typeP(c) \ typeQ(c); if c 2 IN .2 Parallel composition preserves type restrictions:Theorem 6.23 If P and Q satisfy the type restrictions, then composite inputactions of P k Q satisfy Property 6.19, and composite output-actions of P k Qsatisfy Property 6.20.Proof: In the case that both Pc and Qc are input actions, we havegd(var x � Pc k Qc)� (9 x � gd(Pc) ^ gd(Qc)) de�nition of k� (9 x � x 2 typeP (c) ^ gd(var x � Pc) ^ x 2 typeQ (c) ^ gd(var x � Qc))since Pc and Qc satisfy Property 6.19� (9 x � x 2 typeP (c) ^ x 2 typeQ(c)) ^ gd(var x � Pc) ^ gd(var x � Qc) .92



Now, Pc k Qc satis�es Property 6.19, sincegd(Pc k Qc)� (gd(Pc) ^ gd(Qc)) de�nition of k� x 2 typeP (c) ^ x 2 typeQ(c) ^ gd(var x � Pc) ^ gd(var x � Qc)since Pc and Qc satisfy Property 6.19� x 2 type(c) ^ gd(var x � Pc k Qc) de�nition of type and from above.In the case that Pc is an output action and Qc is an input action, Pc ~kQc satis�esProperty 6.20, sincewp(Pc ~kQc ; y 2 type(c))� wp(Pc ~kQc ; y 2 typeP(c)) de�nition of type� gd(var x � Qc)) wp(Pc; y 2 typeP(c)) Property 6.21 (b)� true Pc satis�es Property 6.20.The case where Pc is an input action and Qc is an output action is similarlyproven.2 The following theorem shows that parallel composition of value-passing action-systems corresponds to CSP parallel-composition:Theorem 6.24 For value-passing action-systems P and Q, if P k Q is de�ned,then f[P k Q ]g = f[P ]g k f[Q ]g;where f[P ]g k f[Q ]g is given by De�nition 5.4.Proof: Proof of this theorem is similar that of Theorem 5.17: Let R b= P k Q ,C b= A [ B , I b= H [G. Let~Pc:i b= Pc:i ; if c 2 Ab= skip; otherwise.Likewise for ~Qc:i . Corresponding to Lemma 5.10 we get, using Property 6.21 (a)and Lemma 5.7, the following lemma (see Appendix D):Lemma 6.25 For c:i 2 CW , Rc:i � I �= (~Pc:i � H ) k ( ~Qc:i �G).93



This leads to lemmas corresponding to 5.12 and 5.13. From Property 6.21 (b), thefollowing lemma, corresponding to Lemma 5.14, can be proven (see Appendix D):Lemma 6.26 For Z � CW,wp(ITI ;: commgdI (RZ )) �(_ X � AW ;Y � BW j X [ Y = Z �wp(ITI ;: commgdH (PX ) ^ : commgdG(QY ))):Theorem 6.24 can then be proven in the same manner as Theorem 5.17.2 Note: Instead of using AW as the alphabet for the semantic model of a value-passing action-system (De�nition 6.7) we could have used the setf a:i j a 2 A ^ i 2 type(a) g:However, using AW simpli�es parallel composition, since, if P and Q have channelc in common, then the alphabets of both f[P ]g and f[Q ]g include the set f c:i j i 2W g. Otherwise, the alphabets of f[P ]g and f[Q ]g would need to be extended, toensure they had at least f c:i j i 2 typeP(c) [ typeQ (c) g in common.Because of Theorem 6.24, the parallel operator for value-passing action-systemsenjoys properties such as monotonicity and associativity. As in Section 5.5, wewrite (k i � Pi) for the parallel composition of a �nite collection of action systemsPi . Note that the restrictions imposed on the parallel operator for value-passingaction-systems do not hinder associativity, i.e. (P k Q) k R is de�ned i� P k(Q k R) is de�ned. The restrictions allow for a straightforward de�nition of theoperator. We shall see in the case studies chapter that the operator is easy to useand that the restrictions re
ect natural design decisions.6.12 Bi-directional ChannelsBi-directional channels may be modelled in CSP with events of the form c:i :j[Len88]. A communication on a bi-directional channel is described using the no-tation c?x !e, and we have(c?x !e ! Px ) b= ([] i 2 valuesP (c) � c:i :e ! Pi):This is similar to the rendezvous mechanism in the programming language Ada[WWF87] which allows synchronised value-passing in two directions.In this section, value-passing action-systems are extended to include bi-directionalchannels. A bi-directional channel is represented by an action that is parameterised94



by both x and y, where x is the input parameter and y is the output parameter.The value assigned to y by the action may depend on x . An example of such anaction is the following:G ^ x 2 T ! v ; y := f (v ; x ); f 0(v ; x ):Value-passing action-systems now have the formP = (A; v ; P{; PA; PH ; dir ; type);where dir is a function from A to the set fin; out ; inoutg, and type has two compo-nents when dir(a) = inout : typein(a) and typeout(a). Also, when dir(a) = inout ,Pa has input parameter x and output parameter y.We must extend the CSP semantics of value-passing action-systems. A bi-directional channel a in action system P will be represented by the set of commu-nications f a:i j i 2 W g. However, P can only communicate a:i if i is a pair, i.e.i = (j ; k) for some j , k . So occurrence of a:(j ; k) represents input of value j andoutput of value k on channel a.Given a bi-directional channel Pa and a value i 2 W, the unparameterisedaction corresponding to the communication a:i (cf. De�nitions 6.1 and 6.3) isgiven by the following de�nition:De�nition 6.27 If dir(a) = inout, thenPa:i b= (var x ; y � [(x ; y) = i ] Pa [(x ; y) = i ] ):2Notice that Pa:i =miracle if i is not a pair.For S � W, those states in which a:S may be refused by P is representedby : commgd(Pa:S ) (cf. De�nitions 6.2 and 6.4). For bi-directional channels,commgd(Pa:S ) is de�ned as follows:De�nition 6.28 If dir(a) = inout, then for S � W,commgd(Pa:S ) b= (9 x 2 fst(S ) � gd(Pa ) ^ wp(Pa ; y 2 Sx ))where fst(S ) b= f j j (9 k � (j ; k) 2 S ) gSj b= f k j (j ; k) 2 S g:2 The de�nition of the CSP semantics of value-passing action-systems is exactlythe same as De�nition 6.7, though De�nitions 6.27 and 6.28 are now also part ofthe de�nition. The semantics is well-formed given certain restrictions.95



Theorem 6.29 For a value-passing action-system P with input, output, and bi-directional channels, f[P ]g is well-formed in the in�nite-traces model, providedhalt(Pa) � true, for each a 2 A, where dir(a) = out or dir(a) = inout.Proof of this theorem is outlined in Appendix D.Simulation for action systems with bi-directional channels is given by De�ni-tion 6.9, with the �fth condition of De�nition 6.9 applying to both output andbi-directional channels (see Appendix D for proof). The simpli�ed simulationconditions of Figure 6.C hold for bi-directional channels also.Hiding for action systems with bi-directional channels is exactly as given inDe�nition 6.14 (see Appendix D for proof). Parallel composition of bi-directionalchannels is left for further study.6.13 RemarksOur use of parameterised actions was in
uenced by the parameterised operationsof Z [Spi89]. In Z, an operation is described by a predicate on the initial valuesand the �nal values of state variables, similar to the speci�cation statements usedhere. An operation in Z may also have input parameters, usually denoted `x?',and output parameters, usually denoted `y!'. Both y! and the �nal values of thestate variables may depend on the initial values and on x?.The problem of ensuring that the choice of output value is made internally hasbeen considered by He Jifeng for transition systems [He90]. His approach is toexplicitly identify which transitions represent output communications. Then thefailures semantics are de�ned in such a way that the choice between all outputtransitions is always internal. This is similar to our approach except that, in HeJifeng's case, the internal choice is not on a \per channel" basis, but rather overthe entire set of output communications. This means that a system o�ering outputto the environment on more than one output channel cannot be speci�ed using hisapproach.The designers of the speci�cation language SL0 also treat this problem [Old91].SL0 is used for specifying communicating systems which are to be implemented inan occam-like programming language. The semantics of SL0 are a variant of thereadiness semantics for CSP [OH86]: the semantics R of a process with alphabetA consists of a set of trace-ready pairs of the form t 2 A�;S � A, and, (t ;S ) 2 Rmeans that after engaging in event trace t , the process may be ready to engage ineach event in S . To model value-passing programs, SL0 uses pairs consisting of atrace of communication events and a set of channel names, i.e. t 2 AW�;S � A.96



Channels are either input or output so the set of values a program is ready tocommunicate over a channel c is implicit: if c is an input channel, then c ina ready set S means that a process is ready to accept each value on channel c,while, if c is an output channel, then c in a ready set means that a process is readyto output some value on channel c. To ensure this, the semantics must satisfy thefollowing conditions:dir(c) = in ^ (t ;S ) 2 R ^ c 2 S ) (8 i 2 type(c) � thc:ii 2 T )dir(c) = out ^ (t ;S ) 2 R ^ c 2 S ) (9 i 2 type(c) � thc:ii 2 T ):It is possible to take a similar approach to the failures semantics of value-passingaction-systems: instead of having trace-refusal pairs of the form t 2 AW�;X � AW ,we would have pairs of the form t 2 AW�;X � A, satisfying conditions similar tothose above. However, in order to use such a model it would be necessary to de�nethe semantics of hiding and parallel composition in the new model and ensure thatthey result in well-formed processes and satisfy properties such as monotonicityand associativity. By using the in�nite traces model of [Ros88] these results areprovided for us.
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Chapter 7Case StudiesThis chapter demonstrates how the action system techniques developed in previouschapters may be used in practice. Three case studies involving the speci�cation andre�nement of action systems are presented. The �rst case study is an unorderedbu�er, the second is a distributed message-passing system, and the third is adistributed �le-system.Interspersed with the case studies, a series of design rules for action systemsare presented. These rules are specialisations of action system techniques alreadypresented, and of existing speci�cation and re�nement techniques. The rules weresuggested by the needs of the case studies, but are general enough to be usefulelsewhere.7.1 Specifying Action SystemsIn this section, some notational conventions used for specifying action systems areintroduced. Each of the examples in this chapter will be speci�ed as a value-passingaction-system. Action system speci�cations will consist of the following:� declaration of state variable with invariant� initialisation statement� speci�cation of channels with associated type and parameterised action� speci�cation of internal actions.A state variable v with invariant I (predicate on v) is declared byvar v where I :By convention, var v : V where I will be short for var v where v 2 V ^ I .98



Initialisations and parameterised actions will be described using speci�cationstatements (De�nition 2.3). An initialisation will be speci�ed by notation of theform initially [ post ];where post may contain state variable v , but is independent of v0. We adopt theconvention that if v has been declared with invariant I , then the above representsthe statement v : [ I ^ post ]:In order that an action system be well-formed, its initialisation statement must benon-miraculous. This may be checked with the following rule:Rule 7.1 Initialisation statement [ post ] is non-miraculous if(9 v � post) � true:2In this and subsequent rules, it is assumed that post includes the invariant I .In parameterised actions, input parameters will be represented by variablesending in `?', and output parameters will be represented by variables ending in`!'. An input channel left , along with its type T , and its associated input actionparameterised by x?, will be described by notation of the formchan left in x? : T :{ u : [ post ];where post is independent of x?0 and u is some subset of state variable v . Byconvention, the speci�ed action will represent the actionu : [ x? 2 T ^ I0 ^ I ^ post ];where I0 b= I [vnv0]. Notice that the action is not allowed to change x?, so anyreference to x? will be to its initial value.An output channel right will be described by notation of the formchan right out y! : T :{ u : [ post ];where post is independent of y!0. By convention, the speci�ed action will representthe action y!; u : [ y! 2 T ^ I0 ^ I ^ post ]:99



Here, the action may change y!, and, since post is independent of y!0, it doesn'trefer to the initial value of y!.A bi-directional channel bi will be speci�ed by notation of the formchan bi in x? : S out y! : T :{ u : [ post ];where post is independent of x?0 and y!0. By convention, the speci�ed action willrepresent the actiony!; u : [ x? 2 S ^ y! 2 T ^ I0 ^ I ^ post ]:In order that an action system be well-formed, it must be the case that eachof its output actions and bi-directional actions terminates (cf. Theorem 6.29). Byde�nition, actions of the form u : [ post ] always terminate. In addition, becauseof our convention, output actions always satisfy Property 6.20.An internal action h will be speci�ed by notation of the frominternal h :{ u : [ post ]:Again, by convention, the action part will represent the actionu : [ I0 ^ I ^ post ]:Note: Our treatment of types and invariants is similar to that used by Morgan[Mor89] for the guarded command-language. The di�erence is that in our case,a statement will be miraculous if the invariant is not satis�ed initially, while inMorgan's case a statement will abort. Our treatment ensures that the requirementthat output actions and bi-directional actions terminate is satis�ed.7.2 Unordered Bu�erOur �rst case-study is an unordered bu�er. An unordered bu�er has two channels:left and right . It is always ready to accept an input on channel left , and to outputon channel right some value that has been input but not yet output. It does notguarantee to output values in the order in which they are input.We will describe an unordered bu�er with an action system that has a bagof values as its state variable. A bag is a collection of elements that may havemultiple occurrences of any element. We write bag T for the set of �nite bagsof type T . Bags will be enumerated between bag brackets � and �. Addition ofbags b, c, is written b + c, while subtraction is written b � c.The action system UBu� 1 of Figure 7.A describes an unordered bu�er thatcommunicates values of type T . The initialisation statement of UBu� 1 sets the100



UBu� 1 b= 0BBBBB@ var a : bag Tinitially [ a = �� ]chan left in x? : T :{ a : [ a = a0 +�x?� ]chan right out y! : T :{ a : [ y! 2 a0 ^ a = a0 ��y!� ] 1CCCCCAFigure 7.A: Unordered bu�er.bag to be empty, and it can easily be shown by Rule 7.1 that this statement isnon-miraculous. The input action left accepts input values of type T , adding themto the bag a. Provided a is non-empty, the output action right takes some elementfrom a and outputs it.In the style of Hoare [Hoa85], we can draw a connection diagram for UBu� 1,with channels represented by arrows of appropriate direction, as follows:UBu� 1- -left rightWe wish to decompose UBu� 1 into two parallel bu�ers, UBu� l and UBu� r,that communicate with each other via a hidden channel mid . This design isrepresented by the following connection diagram:UBu� l UBu� r- - -left mid rightOur goal will be to show thatUBu� 1 v (UBu� l k UBu� r) n fmidg:To reach this goal, we shall introduce action system UBu� 2 with internal actionmid . We will show that UBu� 1 v UBu� 2 (re�nement step), and then thatUBu� 2 = (UBu� l k UBu� r) n fmidg (parallel decomposition step).Before proceeding with this case study, we introduce some rules that will beused to prove the correctness of the re�nement step. We then introduce some rulesthat will be used to prove the correctness of the parallel-decomposition step.7.3 Re�ning Action SystemsIn this section, we introduce some rules for re�ning action systems which arespecialisations of the simulation conditions of Figure 6.C to suit our speci�cation101



notation. Suppose we wish to show that P v Q whereP = (A; v ; P{; PA; fg; dir ; type)Q = (A; w ; Q{; QA; QG ; dir ; type):The simulation conditions of Figure 6.C require a representation function rep totransform predicates in the abstract state variable to predicates in the concretestate variable. If a is the abstract variable, and c is the concrete variable, then for� independent of c, we use a representation function of the formrep(�) � (9 a � AI ^ �):Here, AI is an abstraction invariant that relates variables a and c. Usually it willbe the case that AI V I C , where I C is the state invariant of the concrete actionsystem.In order for simulation to be valid, Theorem 6.10 requires that rep satis�escertain conditions. Provided the abstraction invariant is independent of input andoutput variables x? and y!, then it can be easily shown that the above form of repsatis�es these conditions.The six conditions of Figure 6.C were categorised as data-re�nement conditions(1, 2 and 3), non-divergence conditions (4 and 5), and a progress condition (6).For each of these categories, we present rules speci�c to speci�cation statements.Data-Re�nement ConditionsTo check data-re�nement conditions, we use the re�nement calculator for speci-�cation statements introduced by Morgan & Gardiner [MG88]. The re�nementcalculator is given by the following rule:Rule 7.2 For post independent of c,a; z : [ pre; post ] �rep c; z : [ (9 a � AI ^ pre); (9 a � AI ^ post) ]:2However, Rule 7.2 does not treat a0 or z0 as representations of the initial values ofa or z . To apply Rule 7.2, we must regard a0 and z0 as logical constants so thata; z : [ pre; post ] represents(con a0; z0 � a; z : [ a0 = a ^ z0 = z ^ pre; post ]);where con is de�ned by 102



De�nition 7.3 For � independent of x ,wp( (con x � S ); �) b= (9 x � wp(S ; �)):2 In this chapter, we will only be interested in speci�cation statements of theform z : [ post ]. From Rule 7.2 and De�nition 7.3, the following rule can bederived:Rule 7.4 Let AI0 b= AI [a; c; zna0; c0; z0]. Then for post independent of c; c0,a; z : [ post ] �rep (con a0 � c; z : [ AI0 ^ (9 a � AI ^ post) ] ):2 To deal with initialisation statements, we have the following rule:Rule 7.5 For post independent of a0; c; c0,a; z : [ post ] �0rep c; z : [ (9 a � AI ^ post) ]:2 Morgan & Gardiner show how the re�nement calculator may be simpli�ed inthe case that the abstraction invariant is of the formAI � (a = F ) ^ I C ;where both F and I C are independent of a, a0. Such an abstraction invariant is saidto be functional, since for any concrete value, there is at most one correspondingabstract value. With a functional abstraction-invariant, we get rep(�) � I C ^�[anF ]. Also, Rules 7.4 and 7.5 may be simpli�ed as follows:Rule 7.6 Let I C0 b= I C [c; znc0; z0], F0 b= F [c; znc0; z0]. Then for post independentof c; c0, a; z : [ post ] �rep c; z : [ I C0 ^ I C ^ post [a; a0nF ;F0] ]:2Rule 7.7 For post independent of a0; c; c0,a; z : [ post ] �0rep c; z : [ I C ^ post [anF ] ]:2 103



The result of application of any of the above rules can then be algorithmicallyre�ned, since for statements S ;T ;T 0, we have:S �rep T and T � T 0 implies S �rep T 0S �0rep T and T � T 0 implies S �0rep T 0:For speci�cation statements, algorithmic re�nement is given by the following rule:Rule 7.8 If post W post 0, then u : [ post ] � u : [ post 0 ]:Non-divergence ConditionsSatisfaction of simulation conditions 4 and 5 of Figure 6.C ensures that the internalactions QG of the concrete action-system do not introduce divergence. We mustprovide a well-founded setWF and a variant E that is an expression in the concretevariables. We then have the following rule:Rule 7.9 Conditions 4 and 5 of Figure 6.C are satis�ed if:(a): (9 a � AI ) V E 2WF(b): for each g 2 G, where Qg = v : [ postg ],(9 a � AI )[vnv0] V (8v � postg ) E < E [vnv0]):2Validity of part (b) follows easily from De�nition 2.3. Note: if the abstractioninvariant is of the form AI � (a = F ) ^ I C , then (9 a � AI ) is simply I C .Progress ConditionThe sixth simulation-condition of Figure 6.C involves action guards:rep(gd(Pa)) V gd(Qa ) _ gd(QG); each a 2 A. (i)The following rule will be used to calculate the guard of a speci�cation statement:Rule 7.10 gd(v : [ post ]) � (9 v ; y! � post)[v0nv ].Here, y! is only relevant when v : [ post ] is an output or a bi-directional action.104



UBu� 2 b= 0BBBBBBBBBBBB@ var b; c : bag Tinitially [ b = c = �� ]chan left in x? : T :{ b : [ b = b0 +�x?� ]chan right out y! : T :{ c : [ y! 2 c0 ^ c = c0 ��y!� ]internal mid :{ b; c : 24 (9 x 2 b0 � b = b0 ��x�^ c = c0 +�x�) 35 1CCCCCCCCCCCCAFigure 7.B: Unordered bu�er with internal action.7.4 Re�nement of Bu�erUBu� 2 is speci�ed in Figure 7.B. In UBu� 2, the input action places input valuesin bag b, while the output action takes output values from bag c. Values are movedfrom b to c by the internal action mid , which is enabled as long as b is non-empty.To show that UBu� 1 v UBu� 2, we use the functional abstraction invariantAI b= I 2 ^ a = b + c;where I 2 is the state invariant of UBu� 2, i.e. b; c 2 bag T .In the following, we write init i for the initialisation of UBu� i, and left i for theleft action of UBu� i. Similarly for right and mid . We write I i for the state invari-ant of UBu� i, and I i0 for I i with state variables replaced by their 0-subscriptedversion. We must show that each of the six conditions of Figure 6.C are satis�ed.Data-Re�nement Conditions1. The initialisations are related by �0rep :init1 = a : [ a 2 bag T ^ a = �� ]�0rep b; c : [ I 2 ^ (a 2 bag T ^ a = ��)[anb + c] ] Rule 7.7� b; c : [ b; c 2 bag T ^ b + c = �� ] Rule 7.8� b; c : [ b; c 2 bag T ^ b = c = �� ] Rule 7.8= init2: 105



2. Commonly-labelled actions are related by �rep :left1 = a : 24 I 10 ^ I 1 ^ x? 2 T^ a = a0 +�x?� 35�rep b; c 2664 I 20 ^ I 2 ^(b0 + c0); (b + c) 2 bag T ^ x? 2 T^ (b + c) = (b0 + c0) +�x?� 3775 Rule 7.6� b; c : 24 b0; c0; b; c 2 bag T ^ x? 2 T^ b = b0 +�x?� ^ c = c0 35= left2:Similarly, right1 �rep right2.3. The internal action of UBu� 2 re�nes skip:skip = a : [ a = a0 ]�rep b; c : [ I 20 ^ I 2 ^ b + c = b0 + c0 ] Rule 7.6� b; c : 24 I 20 ^ I 2 ^ (9 x 2 b0 � b = b0 ��x?�^ c = c0 +�x?�) 35� mid2:Non-divergence ConditionsWe use the size of bag b, written #b, as a variant, with 
 as a well-founded set.Since b is always a �nite bag, #b is always in 
:I 2 V b 2 bag T V #b 2 
:It can be seen here why we require I 2 to be part of the abstraction invariant. Toshow that the internal action of UBu� 2 always decreases #b, we use Rule 7.9 andproceed as follows (we write postmid2 for the postcondition of action mid2):(8 b; c � postmid2 ) #b < #b0)W (8 b; c � I 20 ^ I 2 ^ (9 x 2 b0 � b = b0 ��x� ^ c = c0 +�x�)) #b < #b0)W (8 b � (b0; b 2 bag T ^ #b = #b0 � 1)) #b < #b0)W true: 106



Thus the non-divergence rules of Figure 6.C are satis�ed.Progress ConditionWe must demonstrate the following:rep(gd(left1)) V gd(left2) _ gd(mid2) (ii)rep(gd(right1)) V gd(right2) _ gd(mid2): (iii)We calculate the guard of left1 as follows:gd(left1)� (9 a � I 10 ^ I 1 ^ x? 2 T ^ a = a0 +�x?�)[a0na] Rule 7.10� (I 10 ^ x? 2 T )[a0na] 1-pt rule� I 1 ^ x? 2 T :Similarly, gd(left2) � I 2 ^ x? 2 T . So it is easy to see that (ii) is satis�ed.We calculate the guard of right1 as follows:gd(right1)� (9 a; y! � I 10 ^ I 1 ^ y! 2 a0 ^ a = a0 ��y!�)[a0na] Rule 7.10� (I 10 ^ a0 6= ��)[a0na]� I 1 ^ a 6= ��:Similarly, gd(right2) � I 2 ^ c 6= ��gd(mid2) � I 2 ^ b 6= ��:Now, (iii) is satis�ed sincerep(gd(right1))V rep(I 1 ^ a 6= ��)V I 2 ^ (b + c) 6= ��V (I 2 ^ b 6= ��) _ (I 2 ^ c 6= ��)V gd(mid2) _ gd(right2): 107



7.5 Parallel-Decomposition RuleIn this section, we introduce a rule for parallel decomposition of action systems.This rule will be used to show thatP = (Q k R) n H ;where P has internal actions H , and Q and R have no internal actions and onlyhave the actions H in common.Assume P , Q , and R are as follows:P = (A [ B ; (v ;w); P{; PA[B ; PH ; dirP ; typeP )Q = (A [ H ; v ; Q{; QA[H ; fg; dirQ ; typeQ)R = (B [ H ; w ; R{; RB[H ; fg; dirR; typeR):Assume that A and B are disjoint. Let INQ b= fh 2 H j dirQ(h) = ing, OUTQ b=fh 2 H j dirQ(h) = outg, INOUTQ b= fh 2 H j dirQ(h) = inoutg, and similarlyfor INR, OUTR, and INOUTR. Assume that INOUTQ = fg, INOUTR = fg,INQ = OUTR, and OUTQ = INR. Assume also that the types of OUTQ andOUTR are respectively compatible with those of INR and INQ , and that P , Q , andR agree on the direction and type of channels in A[B . Based on De�nitions 6.14(hiding) and 6.22 (parallel composition), we then have the following rule for paralleldecomposition:Rule 7.11 P = (Q k R) n H , provided1. P{ = Q{ k R{2. PA = QA and PB = RB3. for each h 2 INQ , input action Qh satis�es Property 6.19, and for eachh 2 INR, input action Rh satis�es Property 6.194. Ph = (var y! � Qh ~kRh); each h 2 OUTQPh = (var y! � Rh ~kQh); each h 2 OUTR:2 The parallel-composition operator for statements k must satisfy Property 5.1,while the value-passing version ~kmust satisfy Property 6.21. It can easily be shownthat the operators on speci�cation statements de�ned by the following rules, satisfythose properties respectively: 108



Rule 7.12 For u-predicate post1, v-predicate post2, where u and v are distinct,and u 0 and v 0 are subsets of u and v respectively,u 0 : [ post1 ] k v 0 : [ post2 ] b= u 0; v 0 : [ post1 ^ post2 ]:2Rule 7.13 For (y!; u0; u)-predicate post1, (x?; v0; v)-predicate post2, where u andv are distinct, and u 0 and v 0 are subsets of u and v respectively,u 0 : [ post1 ] ~k v 0 : [ post2 ] b= u 0; v 0 : [ post1 ^ post2 [x?ny!] ]:2 Condition 3 of Rule 7.11 above mentions Property 6.19. Recall this propertyensures that an input action accepts exactly those input values in its type wheneverit is enabled. To show that an input action satis�es Property 6.19, the followingrule will be used:Rule 7.14 chan left in x? : T :{ v : [ post ] satis�es Property 6.19 provided(9 x?; v � post) ^ x? 2 T V (9 v � post):2 To localise input variables, the following rule will be used:Rule 7.15 (var y! � v : [ post ]) = v : [ (9 y! � post) ]:7.6 Parallel Decomposition of Bu�erThe action systems UBu� l and UBu� r are speci�ed in Figure 7.C. To showthat UBu� 2 = (UBu� l k UBu� r) n fmidg;we only need to show, by Rule 7.11, that1. init2 = init l k init r2. left2 = left l and right2 = right r3. mid r satis�es Property 6.194. mid2 = (var y! � mid l~kmid r): 109



UBu� l b= 0BBBBB@ var b : bag Tinitially [ b = �� ]chan left in x? : T :{ b : [ b = b0 +�x?� ]chan mid out y! : T :{ b : [ y! 2 b0 ^ b = b0 ��y!� ] 1CCCCCAUBu� r b= 0BBBBB@ var c : bag Tinitially [ c = �� ]chan mid in x? : T :{ c : [ c = c0 +�x?� ]chan right out y! : T :{ c : [ y! 2 c0 ^ c = c0 ��y!� ] 1CCCCCAFigure 7.C: Parallel bu�ers.It is easy to see that 2 is satis�ed. It can be shown that 1 is satis�ed by Rule 7.12,and that 3 is satis�ed using Rule 7.14 withpost � c0; c 2 bag T ^ x? 2 T ^ c = c0 +�x?�:Finally, 4 is satis�ed since(var y! � mid l~kmid r)= (var y! � b; c : 24 b0; b 2 bag T ^ y! 2 b0 ^ b = b0 ��y!� ^(c0; c 2 bag T ^ c = c0 +�x?�)[x?ny!] 35) Rule 7.13= b; c : [ I 20 ^ I 2 ^ (9 x 2 b0 � b = b0 ��x� ^ c = c0 +�x�) ] Rule 7.15= mid2:7.7 Simple Re�nement of Action SystemsIn the case that neither the abstract nor the concrete action-system has internalactions, the conditions of Figure 6.C are simpli�ed by the following rule:Rule 7.16 When P and Q have no internal actions, P v Q if1. P{ �0rep Q{ 110



Bu� l b= 0BBBBB@ var bs : seq Tinitially [ bs = hi ]chan left in x? : T :{ bs : [ bs = bs0hx?i ]chan mid out y! : T :{ bs : [ y! = hd(bs0) ^ bs = tl(bs0) ] 1CCCCCAFigure 7.D: Ordered bu�er.2. Pa �rep Qa , each a 2 A3. rep(gd(Pa))V gd(Qa ), each a 2 A.2 This rule can be used to re�ne UBu� l and UBu� r. Bu� l of Figure 7.D is abu�er that outputs values in the same order in which they are input. A sequenceis used to maintain the order of the values.To show that UBu� l v Bu� l, we use Rule 7.16 with the abstraction invariantAI � bs 2 seq T ^ b = bag(bs);where bag is the function that converts a sequence to a bag, maintaining multipleoccurrences of elements. The proof is straightforward, and details are omitted.It can also be shown that UBu� r v Bu� r, where Bu� r is an ordered versionof UBu� r. Since parallel composition and hiding are monotonic, we then haveUBu� 1 v (Bu� l k Bu� r) n fmidg:7.8 More Speci�cation TechniquesThis section presents some more speci�cation techniques that will be used in thesecond and third case-studies.InvariantsZ schemas [Spi89] will sometimes be used to specify the state variables and invari-ant of an action system. A schema Sch takes the form111



Schv : TIwhere v is a state variable, T is a type, and I is a predicate. If Sch is de�ned asshown, then the declaration var Sch will be short forvar v : T where I :Array VariablesAn array of type T with index set D may be represented by a function f 2 D ! T .(D ! T represents the set of total functions from D to T .) A speci�cationstatement can be made to update f at index i by containing the formulaf = f0 � fi 7! Eg;where f0 � fi 7! Eg represents the overriding of function f0 with the functionfi 7! Eg. For convenience, f = f0 � fi 7! Eg will be written simply asf (i) = E :Similarly, in substitutions, [f (i)nE ] will be short for [f nf0 � fi 7! Eg].Since f 2 D ! T is well-de�ned for each i 2 D , f may be regarded as a set ofindependent variables f fi j i 2 D g. So a statement such asf : [ f (i) = E ]can be written simply as fi : [ fi = E ]:Indexed Channel-SetsThe action systems of the next case study will contain indexed sets of channels,each one o�ering similar behaviour. An indexed statement will be used to specifythe actions associated with such channel sets. For example, to specify an indexedset of input channels f lefti j i 2 F g, with associated types and actions, thefollowing notation will be used:for i 2 F chan lefti in xi? : Ti :{ ui : [ posti ]:112



The intention is that the i -indexed statement represents a set of input actions.Similarly for an indexed set of output channels and an indexed set of bi-directionalchannels. An indexed set of internal actions f hi j i 2 F g will be speci�ed byfor i 2 F internal hi :{ ui : [ posti ]:Because of the meaning given to internal actions by De�nition 6.7, a set of internalactions f hi j i 2 F g is the same as the choice over that set ([] i 2 F � hi). So wehave the following rule:Rule 7.17 An internal actioninternal h :{ u : [ (9 i 2 F � posti) ]is the same as the set of internal actionsfor i 2 F internal hi :{ u : [ posti ]:27.9 Message-Passing SystemOur second case-study is a message-passing system. We suppose that a message-passing system allows a set of users to exchange messages amongst each other.Each user resides at a node, and each user may engage in either a send action, ora receive action.Let Node represent the set of nodes in the system. We shall assume that Nodeis �nite. Let Mess represent the type of messages that may be exchanged, and letEnv be the cartesian product of Node and Mess, i.e.Env b= Node �Mess:In the pair (r ;m) 2 Env , r is the recipient node, m is the message, and we saythat (r ;m) is an envelope.The initial speci�cation of the message-passing system, MPS 1, is given in Fig-ure 7.E. Variable mail contains all messages sent but not yet received. Initiallymail is empty. For each node n, there is a sendn action and a receiven action.Action sends accepts an envelope (r?;m?) at node s and adds it to the bag mail .If there is at least one message for recipient r in mail , then action receiver choosesone of these messages and outputs it.Our goal is to implement MPS 1 as a store-and-forward network, where notall nodes are directly connected, and envelopes may pass through a number of113



MPS 1 b=0BBBBBBBBBBBBBBBBB@ var mail : bag Envinitially [ mail = �� ]for s 2 Node chan sends in (r?;m?) : Env :{mail : [ mail = mail0 +�(r?;m?)� ]for r 2 Node chan receiver out m! :Mess :{mail : [ (r ;m!) 2 mail0 ^ mail = mail0 ��(r ;m!)� ]
1CCCCCCCCCCCCCCCCCAFigure 7.E: Message-passing system.intermediate nodes before reaching their recipient. In the �rst re�nement step,we introduce data structures more closely resembling the store-and-forward archi-tecture, and introduce internal actions for passing envelopes between these datastructures. Then the system is decomposed into a set of agents, one residing ateach node, and a set of media, by which the agents communicate.7.10 First Re�nement of MPSIn MPS 2, mail will be replaced by a set of stores, one per node, and a set ofbu�ers representing direct links. The constant relation net 2 Node $ Node willrepresent the connectivity of the network: (a; b) 2 net will mean there is a directcommunications link from node a to node b.Routing relations will be used to determine which intermediate nodes an en-velope may pass through. Before de�ning a route, we present some graph theoryconcepts [Ore62]. We say that a graph G is a relation on a set of nodes N (e.g.net is a graph on Node). A path from a to b in G is a non-empty sequence p ofnodes from N , such that piGpi+1, for 0 � i < #p � 1, and p0 = a and p#p�1 = b.Let G� be the re
exive, transitive closure of G. Then aG�b means there is a pathfrom a to b in G. Note that there is always a path from a to a in G. An arc froma to b in G is a path from a to b in which all nodes are distinct. If N is �nite,then the elongation from a to b in G, written eG(a; b), is the length of the longestarc from a to b in G. Since the only arc from a to a is hai, we have eG(a; a) = 1.We introduce routes as follows: 114



De�nition 7.18 Let G be a graph on nodes N . Then Routes(G), the set ofroutes of G, is the set of subgraphs of G such that for all R 2 Routes(G), and alla; b; c 2 N , where a 6= c,aRb ^ bR�c ) eR(a; c) > eR(b; c):2Here, each R 2 Routes(G) is a routing relation, (a; b) is a single step in R, and cis a destination node. The de�nition says that as we move from node a to node bon the route, the elongation to the destination node decreases.MPS 2 will contain a �xed set of routes, each one uniquely identi�ed by a tagfrom a set Tag. These routes will be represented by the constant functionroute 2 Tag ! Routes(net):On input, each envelope will be assigned one of these routes by being tagged withthe route identi�er. At any point on its journey the choice of the next node towhich an envelope is sent will be determined by its destination and its assignedroute. Since a route is a relation, the choice of next node may be nondeterministic.We shall use elongations as a variant to ensure that all envelopes eventually reachtheir destination.The state variables of MPS 2, with invariant, are declared by the followingschema:INV 2store : Node ! bag Tag � Envlink : net ! bag Tag � Env(8(i ; r ;m) 2 Tag � Env ; a; b 2 Node �(i ; r ;m) 2 store(a)) (a; r) 2 route(i)�(a; b) 2 net ^ (i ; r ;m) 2 link(a; b) ) (b; r) 2 route(i)�)Corresponding to each node in the network, there is a store (bag) of tagged en-velopes. These are modelled by the variable store. Corresponding to each directlink in the network, there is an unordered bu�er of tagged envelopes. These aremodelled by the variable link . The predicate part of INV 2 means that there isalways a path from the current position of an envelope to its recipient in the as-signed route. In order that each distinct pair of nodes be connected by at leastone route, we shall assume that the constant function route satis�es:([i 2 Tag � route(i)�) = Node �Node:115



MPS 2 b=0BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

var INV 2initially 24 (8a 2 Node � store(a) = ��)^ (8(a; b) 2 net � link(a; b) = ��) 35for s 2 Node chan sends in (r?;m?) : Env :{store : 24 (9 i 2 Tag � (s; r?) 2 route(i)�^ store(s) = store0(s) +�(i ; r?;m?)� ) 35for r 2 Node chan receiver out m! : Mess :{store : 24 (9 i � (i ; r ;m!) 2 store0(r)^ store(r) = store0(r)��(i ; r ;m!)� ) 35internal forward :{store;link : 2666664 (9(a; b) 2 net ; (i ; r ;m) 2 store0(a) �r 6= a ^ (a; b) 2 route(i) ^ (b; r) 2 route(i)�^ store(a) = store0(a)��(i ; r ;m)�^ link(a; b) = link0(a; b) +�(i ; r ;m)� ) 3777775internal relay :{store;link : 2664 (9(a; b) 2 net ; (i ; r ;m) 2 link0(a; b) �^ link(a; b) = link0(a; b)��(i ; r ;m)�^ store(b) = store0(b) +�(i ; r ;m)� ) 3775

1CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCAFigure 7.F: Message-passing system with internal actions.MPS 2 is then speci�ed by Figure 7.F. All stores and links are initially empty.The action sends accepts an envelope (r?;m?), chooses a route i that connects sto r?, and adds (i ; r?;m?) to the bag store(s). If there is at least one messagefor recipient r in store(r), then action receiver chooses one of those messages andoutputs it.The internal action forward takes a tagged envelope that has not yet reachedits recipient from some store(a), chooses the next node b to forward the envelopeto, and places the envelope in link(a; b). The internal action relay simply takesan envelope from some link(a; b) and places it in store(b).116



By a sequence of forward and relay actions, a message sent at node s iseventually delivered to the store of its recipient node r . This is the case sinceMPS 1 v MPS 2, as we will now show.Data-Re�nement ConditionsThe abstract and the concrete variables will be related by equating mail withthe sum of envelopes in each store and each link. We write (�i � bi) for thesummation of a set of bags bi . Let env be the function that removes tags fromtagged envelopes, i.e. env(i ; r ;m) = (r ;m). If b is a bag of tagged envelopes, thenenv(b) is the corresponding bag of untagged envelopes. The abstract invariant AIis de�ned as follows:AI b= INV 2 ^ mail = (�a 2 Node � env(store(a)))+(�(a; b) 2 net � env(link(a; b))):The data-re�nement obligations are as follows:init1 �0rep init2send1s �rep send2sreceive1r �rep receive2rskip �rep forward2skip �rep relay2:These are easily proven using the data-re�nement calculators and properties ofbags.Non-divergence ConditionsA variant that is decreased by both forward2 and relay2 must be chosen. We willuse the elongation from the current position of each envelope to its destinationin its route to de�ne a variant. We will show that the characterising property ofroutes (De�nition 7.18) is necessary to ensure that this variant is decreased byforward2. Let (�j � nj ) represent the summation of a set of naturals nj , and letei (a; b) be the elongation from a to b on route(i), i.e. eroute(i)(a; b). The variantE is then de�ned as follows:E b= (�a 2 Node � (�(i ; r ;m) 2 store(a) � ei (a; r) � 2))+(�(a; b) 2 net � (�(i ; r ;m) 2 link(a; b) � (ei (b; r) � 2) + 1)):117



It is easy to show that INV 2 V E 2 
. Let E0 b= E [store; linknstore0; link0].Using Rule 7.9 to prove that forward2 decreases E , we proceed as follows:(8 store; link � postforward2 ) E < E0)W (8 store; link �0BBBBB@ 9(a; b) 2 net ; (i ; r ;m) 2 store(a) �r 6= a ^ (a; b) 2 route(i) ^ (b; r) 2 route(i)�^ store(a) = store0(a)��(i ; r ;m)�^ link(a; b) = link0(a; b) +�(i ; r ;m)� 1CCCCCA) E < E0)W (8 store; link �(8(a; b) 2 net ; (i ; r ;m) 2 store(a) �0BB@ r 6= a ^ (a; b) 2 route(i) ^ (b; r) 2 route(i)�^ store(a) = store0(a)��(i ; r ;m)�^ link(a; b) = link0(a; b) +�(i ; r ;m)� 1CCA) E < E0))W (8(a; b) 2 net ; (i ; r ;m) 2 store(a) �(r 6= a ^ (a; b) 2 route(i) ^ (b; r) 2 route(i)�)) E 24 store(a)nstore0(a)��(i ; r ;m)�;link(a; b)nlink0(a; b) +�(i ; r ;m)� 35 < E0) 1-pt RuleW (8(a; b) 2 net ; (i ; r ;m) 2 store(a) �(r 6= a ^ (a; b) 2 route(i) ^ (b; r) 2 route(i)�)) (E0 � (ei(a; r) � 2)) + (ei (b; r) � 2) + 1 < E0)by de�nition of EW (8a; b; r 2 Node; i 2 Tag �(r 6= a ^ (a; b) 2 route(i) ^ (b; r) 2 route(i)�)) ei (b; r) < ei (a; r)):Now, since route(i) 2 Routes(net), this �nal predicate is equivalent to true byDe�nition 7.18.Note: De�nition 7.18 was derived by �rstly attempting the above proof, andthen requiring that routes should satisfy the �nal predicate of the proof.The proof that relay2 decreases E is a simpler version of the above proof.Progress ConditionsWe must show thatrep(gd(send1s )) V gd(send2s ) _ gd(FR) (iv)118



rep(gd(receive1r )) V gd(receive2r ) _ gd(FR); (v)where FR b= fforward2; relay2g. By calculation, the action guards are as follows:gd(send1s ) � mail 2 bag Env ^ (r?;m?) 2 Envgd(receive1r ) � mail 2 bag Env ^ (9m � (r ;m) 2 mail)gd(send2s ) � INV 2 ^ (r?;m?) 2 Envgd(receive2r ) � INV 2 ^ (9 i ;m � (i ; r ;m) 2 store(r))gd(forward2) � INV 2 ^ (9 a; i ; r ;m � a 6= r ^ (i ; r ;m) 2 store(a))gd(relay2) � INV 2 ^ (9 a; b; i ; r ;m � (i ; r ;m) 2 link(a; b)):It is easy to see that (iv) is satis�ed, while (v) is satis�ed since:rep(gd(receive1r ))V rep(mail 2 bag Env ^ (9m � (r ;m) 2 mail))V INV 2 ^ (9m � (r ;m) 2 (�a � env(store(a))) + (�a; b � env(link (a; b))))V INV 2 ^ (9 a; i ;m � (i ; r ;m) 2 store(a))_ INV 2 ^ (9 a; b; i ;m � (i ; r ;m) 2 link(a; b))V INV 2 ^ (9 i ;m � (i ; r ;m) 2 store(r))_ INV 2 ^ (9 a; i ;m � a 6= r ^ (i ; r ;m) 2 store(a))_ INV 2 ^ (9 a; b; i ;m � (i ; r ;m) 2 link(a; b))V gd(receive2r ) _ gd(forward2) _ gd(relay2):Thus all the simulation conditions of Figure 6.C are satis�ed and MPS 1 vMPS 2. Our next design step will be to decompose MPS 2. However, before doingthis we shall simplify the invariant of MPS 2 in order to simplify the obligations offurther design steps.7.11 Invariant Simpli�cationA statement S is said to establish invariant I iftrue V wp(S ; I ):A statement S is said to preserve invariant I ifI V wp(S ; I ):119



If an invariant is established by the initialisation statement of an action system, andpreserved by each action, then that invariant can be eliminated, as the followingrule shows:Rule 7.19 Assume action system P has been de�ned to have invariant I ^ J .Assume A is the channel set of P, and H is the label set of the internal actionsof P. Let action system P 0 be the same as P but without the invariant I . ThenP v P 0 provided1. P 0{ establishes I2. P 0� preserves I , each � 2 A [ H .2Soundness of this rule is proven by using simulation, with the representation func-tion rep(�) b= I ^ �.Rule 7.19 can be used to simplify the state invariant ofMPS 2. The speci�cationof MPS 3 is the same as that of MPS 2, except that its state invariant is simply:INV 3store : Node ! bag Tag � Envlink : net ! bag Tag � EnvIt can easily be shown that the initialisation of MPS 3 establishes INV 2, and thateach action of MPS 3 preserves INV 2. Hence, by Rule 7.19, with INV 2 for I andINV 3 for J , we have MPS 2 v MPS 3:7.12 Parallel Decomposition of MPSIn this step, MPS 3 is decomposed into two parallel action-systems: Agents andMedia, both of which are speci�ed in Figure 7.G. Agents represents the behaviourof all the nodes of the network, and has a send , receive, forward , and relay channelfor each network node. Agents only has the state variable store. Media representsthe communications links of the network, and has a forward and a relay channelfor each network node. Media only has the state variable link . Agents and Mediacommunicate via forward and relay channels, and we have thatMPS 3 = (Agents k Media) n f forwarda j a 2 Node g [ f relayb j b 2 Node g:120



Agents b=0BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

var store : Node ! bag Tag � Envinitially h (8a 2 Node � store(a) = ��) ifor s 2 Node chan sends in (r?;m?) : Env :{store : 24 (9 i 2 Tag � (s; r?) 2 route(i)�^ store(s) = store0(s) +�(i ; r?;m?)� ) 35for r 2 Node chan receiver out m! :Mess :{store : 24 (9 i � (i ; r ;m!) 2 store0(r)^ store(r) = store0(r)��(i ; r ;m!)� ) 35for a 2 Node chan forwarda out b! : Node; i ! : Tag; (r !;m!) : Env :{store : 2664 (i !; r !;m!) 2 store0(a) ^ r ! 6= a^ (a; b!) 2 route(i !) ^ (b!; r !) 2 route(i !)�^ store(a) = store0(a)��(i !; r !;m!)� 3775for b 2 Node chan relayb in a? : Node; i? : Tag; (r?;m?) : Env :{store : 24 (a?; b) 2 net )store(b) = store0(b) +�(i?; r?;m?)� 35

1CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCAMedia b=0BBBBBBBBBBBBBBBBBBBBBBB@
var link : net ! bag Tag � Envinitially h (8(a; b) 2 net � link(a; b) = ��) ifor a 2 Node chan forwarda in b? : Node; i? : Tag; (r?;m?) : Env :{link : 24 (a; b?) 2 net )link(a; b?) = link0(a; b?) +�(i?; r?;m?)� 35for b 2 Node chan relayb out a! : Node; i ! : Tag; (r !;m!) : Env :{link : 24 (a!; b) 2 net ^ (i !; r !;m!) 2 link0(a!; b)^ link(a!; b) = link0(a!; b)��(i !; r !;m!)� 35

1CCCCCCCCCCCCCCCCCCCCCCCAFigure 7.G: Network agents and network media.This decomposition step is an example of what Hoare [Hoa85] terms subordi-nation: the channel set of Media is a subset of the channel set of Agents, and the121



common channels to be hidden are exactly those of Media. Media is said to besubordinate to Agents, since its behaviour is exactly under the control of Agents.To prove this decomposition step correct, we �rst replace the internal actionsof MPS 3 with corresponding indexed sets of internal actions using Rule 7.17. Forexample, internal relay is replaced in MPS 3 byfor b 2 Node internal relayb :{store;link : 2664 (9 a 2 Node; (i ; r ;m) 2 link j (a; b) 2 net �^ link(a; b) = link0(a; b)��(i ; r ;m)�^ store(b) = store0(b) +�(i ; r ;m)� ) 3775 :Then Rule 7.11 is applied as shown in Section 7.6.Note 1: The �rst attempted speci�cation of the relayb action of Agents wasstore : 24 (a?; b) 2 net ^store(b) = store0(b) +�(i?; r?;m?)� 35 :However, this action violates Property 6.19, since it only accepts input values a? if(a?; b) 2 net , and therefore, it cannot be placed in parallel with the relayb actionof Media. The relayb action of Agents shown in Figure 7.G accepts all input valuesa? 2 Node, though it's behaviour is unspeci�ed if (a?; b) 62 net . It could be re�ned,for example, bystore : 24 (a?; b) 2 net ) store(b) = store0(b) +�(i?; r?;m?)�(a?; b) 62 net ) store = store0 35 :The same is true of the forwarda actions of Media.Note 2: The relayb action of Agents doesn't check if b is on the route of thetagged envelope (i?; r?;m?) that it accepts as input. So, on its own, Agents couldaccept a tagged envelope on channel relayb for which it has no routing information,i.e. INV 2 could be violated. Similarly, Media never checks tagged envelopes forviolation of INV 2. However, since MPS 3 preserves INV 2, the combined systemAgents k Media also preserves it, and so envelopes for which there is no routinginformation can never be communicated between Agents and Media.In the next section, we introduce a rule that will allow us to decompose Agentsinto individual parallel-agents.7.13 Another Parallel-Decomposition RuleWe introduce a parallel-decomposition rule in which the constituent action-systemsof the parallel composition do not communicate with each other. This rule will be122



used to show that P = (k i 2 F � Qi )where P has alphabet A, each Qi has alphabet Ai , and h Ai j i 2 F i is a partitionof A. The rule will only be valid for �nite F . The rule will be used to distributeindividual members of the same indexed set of channels on to separate, parallelaction-systems.Assume that P and each Qi are of the formP = (A; v ; P{; PA; PH ; dir ; type)Qi = (Ai ; vi ; Q i{ ; Q iAi ; Q iHi ; diri ; typei):Assume that h Ai j i 2 F i partitions A, h vi j i 2 F i partitions v , and h Hi j i 2F i partitions H . Assume also that ([i 2 F � diri) = dir and ([i 2 F � typei) =type. The decomposition rule is then as follows:Rule 7.20 P = (k i 2 F � Qi) provided1. (k i 2 F � Q i{ ) = P{2. Q ia = Pa , each i 2 F ; a 2 Ai3. Q ih = Ph , each i 2 F ; h 2 Hi .2Soundness of the rule is proven by successive application of the binary parallel-operator, hence the requirement that F be �nite.The following rule may be used to show that Condition 1 above is satis�ed:Rule 7.21 Let h vi j i 2 F i be a partition of v. Then(k i 2 F � vi : [ posti ]) = v : [ (8 i 2 F � posti) ]provided each posti is independent of vj , for j 6= i .27.14 Parallel Decomposition of AgentsIn this step, Agents is decomposed into a set of parallel action-systems, each onerepresenting the behaviour of an individual node of the network. We haveAgents = (k n 2 Node � Agentn ):123
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var storen : bag Tag � Envinitially h storen = �� ichan sendn in (r?;m?) : Env :{storen : 24 (9 i 2 Tag � (n; r?) 2 route(i)�^ storen = (storen)0 +�(i ; r?;m?)� ) 35chan receiven out m! :Mess :{storen : 24 (9 i � (i ;n;m!) 2 (storen)0^ storen = (storen)0 ��(i ;n;m!)� ) 35chan forwardn out b! : Node; i ! : Tag; (r !;m!) : Env :{storen : 2664 (i !; r !;m!) 2 (storen)0 ^ r ! 6= n^ (n; b!) 2 route(i) ^ (b!; r !) 2 route(i)�^ storen = (storen)0 ��(i !; r !;m!)� 3775chan relayn in a? : Node; i? : Tag; (r?;m?) : Env :{storen : 24 (a?;n) 2 net )storen = (storen)0 +�(i?; r?;m?)� 35

1CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCAFigure 7.H: Individual agent.Agentn is speci�ed in Figure 7.H. Each Agentn only has the state variable storen ,which is simply a bag of tagged envelopes. Rule 7.20 can be used to prove thecorrectness of this decomposition step.The �xed routing-relations route may be replaced by �xed routing-tables in asubsequent re�nement-step. For n; r 2 Node, i 2 Tag, we de�ne tablen (r ; i) asfollows:tablen (r ; i) b= f b 2 Node j (n; b) 2 route(i) ^ (b; r) 2 route(i)� g:At each node n, tablen (r ; i) is the set of next nodes to which messages for recipientr on route(i) may be sent. The forwardn action of Agentn may then be replaced124



by the following:chan forwardn out b! : Node; i ! : Tag; (r !;m!) : Env :{storen : 2664 (i !; r !;m!) 2 (storen)0 ^ r ! 6= n^ b! 2 tablen (r !; i !)^ storen = (storen)0 ��(i !; r !;m!)� 3775 :The choice of which next node to pass a message to is nondeterministic iftablen (r ; i) contains more than one element. A possible further re�nement wouldbe to introduce an ordering on elements of tablen (r ; i) and choose elements fromtablen (r ; i) for successive messages on a \round-robin" basis.In Section 7.16, an adaptive routing mechanism will be introduced, wherecongestion information is passed around the network, and the node chosen fromtablen (i ; r) is on the \least-congested" path to r .7.15 Superposition of Action SystemsIn this section, we introduce a technique for action-system re�nement which issimilar to UNITY superposition [CM88]. In UNITY superposition, variables andstatements are added to an existing program. The additional statements may onlymake assignments to the additional variables, though they may read the existingvariables. A statement S is added to the existing program P in one of two ways:S is simply added to the statement set of P (union rule), or, a statement T ofP is transformed into a statement S k T that executes S and T simultaneously(augmentation rule). In UNITY, each property of the existing program is preservedby superposition.We shall regard superposition as a non-symmetric operator between two actionsystems: an action system Q is superposed on to an existing action-system P toresult in the action system P nnQ . If P is of the formP = (A; v ; P{; PA; PH ; dir ; type)then Q should be a simple action system of the form:Q = (B ; (v 0;w); Q{; QB ; QG)where B � A, v 0 � v , H and G are disjoint, and no action of Q may write tovariable v . P nnQ is then given by the following de�nition:De�nition 7.22 P nnQ b= (A; (v ;w); (Q{ ; P{);PA�B [ f Qb ; Pb j b 2 B g; PH [QG ; dir ; type):2 125



Superposing Q on to P has the e�ect of adding variables and statements to P .Superposing the actions QB is similar to using the UNITY augmentation-rule1,while superposing the actions QG is similar to using the UNITY union-rule. Pro-vided Q satis�es certain conditions, then superposition preserves all properties ofthe existing system P in the sense that P v (P nnQ). The conditions on Q arelisted in the following rule:Rule 7.23 Let I be an invariant that is established by (Q{ ; P{) and preserved byeach P�; � 2 A [ H , and each Q�; � 2 B [G. Then for action systems P and Qas shown above, P v (P nnQ) provided the following conditions hold:1. for each � 2 f{g [ B [G, predicate � independent of w,I ^ � V wp(Q�; �)2. for each b 2 B, I V gd(Qb)3. for some expression E, well-founded set WF, I V E 2WF,and for each g 2 G, I ^ E = e V wp(Qg ;E < e):2 Condition 1 says that provided I is satis�ed, then each action of Q must leaveall variables except w unchanged, and must terminate. Condition 2 says that eachaction in QB must be enabled whenever I is satis�ed. This ensures that Q doesnot reduce the choice of actions o�ered by P . Condition 3 ensures that the internalactions QG do not introduce divergence. The soundness of Rule 7.23 can be provenusing the hiding-re�nement rule with the representation function rep(�) b= I ^ �,for � independent of w .Condition 1 of Rule 7.23 may be checked syntactically using the following rule:Rule 7.24 For predicate � independent of w, � V wp(w : [post ]; �).Remarks On SuperpositionUNITY superposition does not have any equivalent of Condition 3. Because of thefairness assumptions in UNITY, where each statement is executed in�nitely often,possible in�nite execution of actions introduced by the UNITY union rule will not1Since Qb does not make assignments to the variables of Pb , executing Qb followed by Pb hasthe same e�ect as executing Pb and Qb simultaneously.126



prevent execution of existing statements. However, Condition 3 is necessary in ourcase since the extra actions QG are internal and therefore outside the control ofthe environment, and we make no fairness assumptions about internal actions.Our decision to treat superposition as an operator between two action systemsis similar to the approach taken by Francez and Forman [FF90]. They de�ne a su-perposition operator for programs of the IP (interacting processes) language. Thesemantics of IP programs and of the superposition operator are given in termsof state transitions. Goldman [Gol91] takes a similar approach to superpositionin I/O-automata [LT87]. It does not seem possible to give a truly abstract de�-nition of a superposition operator, i.e. a de�nition in terms of the CSP failures-divergences-in�nites model. This is because, unlike the CSP parallel operator,interaction between P and Q in P nnQ is not based on event synchronisationalone, but rather Q is allowed to read the state of P .The only correspondence our superposition operator has with CSP is that itis a special case of hiding re�nement. Back also treats superposition as a specialcase of his stuttering re�nement [BS92].7.16 Adaptive RoutingIn this section, we introduce an adaptive-routing mechanism to MPS 2 of Fig-ure 7.F. The mechanism chooses the \least-congested" path to pass messages on,and is introduced in two stages: �rstly, Detect , a system that detects congestion atnode stores and propagates that information through the network, is superposedon to MPS 2, and secondly,MPS 2 is re�ned so that it makes use of this congestioninformation.7.16.1 Superposition StepWe say that a node is congested if the number of messages stored at that nodeexceeds the �xed value upper . When a node becomes congested, Detect will notifyall other nodes of this fact. A node becomes decongested when the number ofmessages at that node drops below the �xed value lower , where lower � upper .Again, Detect will notify other nodes when some node becomes decongested.The state variables of Detect are given by the following schema:127



DTstore : Node ! bag Tag � Envcong : �Nodenotices : bag Node �Node � boollocalcong : Node ! �NodeThe variable store is included as Detect will need to read it. The set cong willcontain those nodes that have been detected as being congested. All noti�cationsare passed via the bag notices: (a; b; true) 2 notices noti�es node a that node bhas become congested, while (a; b; false) 2 notices noti�es node a that node b hasbecome decongested. Based on the notices it receives, each node will record thosenodes it believes to be congested: localcong(n) contains those nodes that node nbelieves to be congested.The action system Detect is speci�ed in Figure 7.I. The action detcong detectswhen a node becomes congested and sends a notice to all other nodes. Similarly,the action detdecong detects when a node becomes decongested. The action notereads notices and updates localcong accordingly.We let DMPS b= (MPS 2 nnDetect), and use Rule 7.23 to show that MPS 2 vDMPS . By Rule 7.24 we can see that each action of Detect satis�es Condition 1of Rule 7.23, and doesn't change the variables of MPS 2. Condition 2 is triviallysatis�ed since Detect only has internal actions. In order to show that Condition 3of Rule 7.23 is satis�ed, we must de�ne a variant that is decreased by each of theinternal actions of Detect . We use the following expression as a variant:E b= (C +D ;#notices)where C b= #f n 2 Node j #store(n) > upper ^ n 62 cong gD b= #f n 2 Node j #store(n) < lower ^ n 2 cong g:The ordering we use on E is the usual lexicographic ordering on tuples. Althoughthe detcong action increases the second component of E , it is easy to show thatit decreases the �rst component of E . Similarly for the detdecong action. It isalso easy to show that the note action decreases the second component of E , whileleaving the �rst component unchanged. So each action of Detect does decrease E ,and the conditions of Rule 7.23 are satis�ed.In DMPS , localcong need not be a true re
ection of cong, since there is noguarantee that notices will be received by nodes before envelopes are passed be-tween nodes. For this reason we say that localcong(n) represents what node nbelieves to be true. 128
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var DTinitially cong; localcong;notices : 24 cong = fg ^ notices = ��^ (8n 2 Node � localcong(n) = fg) 35internal detcong :{cong;notices : 2666666664 (9n 2 Node j n 62 cong0 �#store(n) > upper^ cong = cong0 [ fng^ notices =notices0 +� (r ;n; true) j r 2 Node n fng �) 3777777775internal detdecong :{cong;notices : 2666666664 (9n 2 Node j n 2 cong0 �#store(n) < lower^ cong = cong0 n fng^ notices =notices0 +� (r ;n; false) j r 2 Node n fng �) 3777777775internal note :{localcong;notices : 2666664 (9(a; b; f ) 2 notices0 �notices = notices0 ��(a; b; f )�^ f ) localcong(a) = localcong0(a) [ fbg^ : f ) localcong(a) = localcong0(a) n fbg) 3777775

1CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCAFigure 7.I: Congestion detection mechanism.7.16.2 Re�nement StepIn this section, DMPS is re�ned so that it makes use of the congestion informationin localcong for adaptive routing. Each node a will give a congestion weightingwa(b) to each other node b, depending on whether it believes it to be congestedor not, as follows: wa (b) b= 1 ; if b 2 localcong(a)b= 0 ; if b 62 localcong(a).129



A node will give a weighting to a path by adding the weights of all its intermediatenodes: for p 2 Node�,wa (p) b= (�i j 1 � i < #p � 1 � wa(pi)):We de�ne AMPS (MPS with adaptive routing) to be the same as DMPS ,except that the forward action is replaced by the following:internal forward :{store;link : 2666666664 (9(a; b) 2 net ; (i ; r ;m) 2 store0(a) �r 6= a ^ (a; b) 2 route(i) ^ (b; r) 2 route(i)�^ BestPath^ store(a) = store0(a)��(i ; r ;m)�^ link(a; b) = link0(a; b) +�(i ; r ;m)� ) 3777777775 :The predicate BestPath ensures that the chosen b is on a path that has theleast congestion-weighting, and is de�ned as follows:BestPath b= (9 p 2 bestpaths(a; r ; i) � snd(p) = b)where paths(a; r ; i) b= f p 2 Node� j p is an arc from a to r in route(i) gbestpaths(a; r ; i) b= f p 2 paths(a; r ; i) jwa(p) = minf wa(p0) j p0 2 paths(a; r ; i) g gsnd(p) b= second element of p :To show that DMPS v AMPS using simulation, we need to show1. DMPSforward � AMPSforward2. gd(DMPSforward ) V gd(AMPSforward ).The �rst obligation follows easily by Rule 7.8, while the second follows from:(a; r) 2 route(i)� ^ a 6= rV (9 p 2 paths(a; r ; i)) ^ a 6= rV (9 p 2 bestpaths(a; r ; i) ^ #p > 1)V (9 b � BestPath): 130



That is, if the forward action of DMPS could choose a next node b, then so couldthe forward action of AMPS .The fact that DMPS is re�ned by AMPS , is independent of the chosen weight-ing (provided it is well-founded). So we could instead use a weighting functionsuch as w 0a(b) b= 10 ; if b 2 localcong(a)b= 1 ; if b 62 localcong(a).With this weighting the routing would be based on a mixture of least-congestedand shortest path.Further re�nements of AMPS are not presented here. It is possible to re�neAMPS in such a way that there is a detcongn and a detdecongn action for eachnode n that only reads store(n), and the congestion notices get passed aroundthe network on the same communications links as envelopes. In this way, theadaptive-routing mechanism will also be a distributed system.The techniques presented here allow us to ensure that the introduction of theadaptive-routing mechanismpreserves correctness with respect to the original spec-i�cation MPS 1. However, quite di�erent techniques would be required to measurethe e�ectiveness of the adaptive-routing mechanism in terms of increasing theperformance of the message-passing system.7.17 Distributed File-SystemIn this section, we build a distributed �le-system using the message-passing sys-tem of Figure 7.E. We suppose that a distributed �le-system consists of a set of�le servers, in which �les are stored, and a set of terminals through which usersmay access �les. The location of �les will be transparent to users, though knownto terminals. Terminals and servers will communicate via the message-passingsystem.The approach we take is to model the �le system initially as a single actionsystem, with a single �le store, and an indexed set of channels through whichusers access �les. This action system is then re�ned several times, and eventuallydecomposed into a set of terminals, a set of servers, and a message-passing system.7.17.1 Initial Speci�cationAll �les will be of type File and will be identi�ed by names of type Fid . Forconvenience, we assume that ? is an element of File representing the \unde�ned"131



�le, and we represent the abstract �le store as a total function from Fid to File:fstore : Fid ! File:An operation on a �le updates that �le and produces a reply of type Rep. Ratherthan de�ning a set of �le operations, we shall simply assume that Op, the set ofall �le operations, satis�esOp � File ! (File � Rep):If a user requests that an operation p be performed on a �le identi�ed by n, thenthe �le store will be updated as follows:fstore = fstore0 � f n 7! f gwhere (f ; r) = p(fstore0(n));and the reply r will be passed back to the user. Formal speci�cations of several�le operations can be found in [MS87].The terminals of the �le system are identi�ed by the set Tid . We assume thatTid is �nite. Corresponding to each terminal, there is a request channel and aresponse channel. Each request channel is bi-directional: it accepts a �le identi�erand an operation as input, and immediately outputs a unique request identi�er oftype Rid . The request identi�er allows the user to associate an operation requestwith the reply to that operation. Once an operation has been performed on the�le store, its reply is ready to be output on the response channel of the terminalthrough which it entered, along with its associated request identi�er.The state variables of the �le system are as follows:FS 1fstore : Fid ! Filewait : Rid � (Tid � Fid �Op)comp : Rid � (Tid � Rep)unused : �Riddisjoint hdom(wait); dom(comp); unusediOperation requests that have been accepted but not yet performed are held inwait , while replies from completed operations that have not yet been output areheld in comp. Both wait and comp are partial functions with disjoint domains,so that a request identi�er can be associated with at most one request or reply.Request identi�ers that are free to be used are held in unused .132
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var FS 1initially 24 fstore = (� n : Fid �?)^ wait = comp = fg ^ unused = Rid 35for t 2 Tid chan reqt in n? : Fid ; p? : Op out i ! : Rid :{wait ;unused : 2664 i ! 2 unused0^ unused = unused0 n fi !g^ wait = wait0 [ f(i !; t ;n?; p?)g 3775for t 2 Tid chan respt out i ! : Rid ; r ! : Rep :{comp : 24 (i !; t ; r !) 2 comp0^ comp = fi !g� comp0 35internal service :{wait ;comp;fstore : 2666666666664 (9 i : Rid ; t : Tid ; n : Fid ; p : Op; f : File; r : Rep �(i ; t ;n; p) 2 wait0^ (f ; r) = p(fstore0(n))^ wait = fig� wait0^ comp = comp0 [ f(i ; t ; r)g^ fstore = fstore0 � fn 7! f g) 3777777777775

1CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCAFigure 7.J: File system.The initial speci�cation of the �le system, FileSys1, is given in Figure 7.J. Areqt action accepts n? and p? as input and immediately chooses a request identi�erfrom unused as output. Then n? and p?, along with the request identi�er andterminal identi�er are placed in wait . We assume Rid is in�nite, so that a requestaction can always choose an identi�er from unused . If there is at least one replyfor terminal t in comp, then action respt chooses one of those replies and outputsit along with its request identi�er. File operations are performed by the internalaction service, which takes requests from wait , updates the �le store appropriately,and places the reply in comp.Since the service action chooses elements from wait nondeterministically, theorder in which �le operations are performed will be nondeterministic. This is133



ReqRespSys b=0BBBBBBBBBBBBBBBBB@ var requests : bag Tidinitially h requests = �� ifor t 2 Tid chan reqt in n? : Fid ; p? : Op out i ! : Rid :{requests : h requests = requests0 +�t� ifor t 2 Tid chan respt out i ! : Rid ; r ! : Rep :{requests : h t 2 requests0 ^ requests = requests0 ��t� i
1CCCCCCCCCCCCCCCCCAFigure 7.K: Request-response system.intended to re
ect the fact that the system may perform �le operations in anyorder. Although service is outside the control of the environment, we can show thatit never causes divergence, and it never blocks communication at an output channelrespt if there are outstanding requests from terminal t in wait . We do this byshowing that FileSys1 is a re�nement of ReqRespSys of Figure 7.K. ReqRespSys hasthe same channels as FileSys1. For each reqt that it accepts, ReqRespSys o�ers arespt, though it ignores input values, and produces nondeterministic output-values.It can be shown that ReqRespSys v FileSys1 using the abstraction invariantrequests = � t j (9 i ;n; p � (i ; t ;n; p) 2 wait) �+ � t j (9 i ; r � (i ; t ; r) 2 comp) �;and variant E = #dom(wait).7.17.2 Distributed ImplementationSeveral successive re�nements and decompositions of FileSys1 are presented inAppendix E. The correctness of these transformations can be proven using tech-niques already presented. In this section, we describe the �nal transformation ofFileSys1, which is its distributed implementation.Each terminal t is represented by an action system Terminalt . To identifythe servers, we introduce the (�nite) set Sid . Each server s is represented by anaction system Servers . Each Terminalt has a reqt channel and a respt channelcorresponding to those of FileSys1. Each Terminalt also has a sendt and a receivet134



channel to interface with the message-passing system. Each Servers has a sendsand a receives to interface with the message-passing system. We equate the nodesof the message-passing system with terminals and servers:Node b= Tid [ Sid :Two types of message may be passed on the message-passing system. The �rstis a request from a terminal to a server, which consists of a request identi�er, aterminal identi�er, a �le identi�er, and an operation. The second message type isa reply from a server to a terminal, which consists of a request identi�er and thereply. So we de�ne messages as follows:Mess b= mq(Rid � Tid � Fid �Op)j mp(Rid � Rep):Here we are using a \free type" de�nition from the Z notation [Spi89]. The de�ni-tion declares mq to be an injective function from Rid �Tid � Fid �Op to Mess,mp to be an injective function from Rid � Rep to Mess, and mq and mp to havedisjoint ranges.To distribute the �le store amongst the servers, we assume the existence of a�xed function which, that maps �le identi�ers to servers:which : Fid ! Sid :A terminal uses the function which when deciding which server to pass a re-quest to. To distribute request identi�ers amongst the terminals, we assume thatinit unused is a partition of Rid , such that for each t 2 Tid , init unusedt is anin�nite subset of Rid .The action system Terminalt is speci�ed in Figure 7.L. The set waitt containsthose requests that have been received by terminal t , but not yet passed on to theappropriate server. The set compt contains those replies that have been returnedby a server to terminal t and have yet to be passed to the user. The sendt actionchooses some request from waitt , determines which server s! to send it to, andgenerates the appropriate message m!. The action receivet accepts a message and,provided it is of the correct form, it extracts the i and r components, placing themin compt .The action system Servers is speci�ed in Figure 7.M. The �le store of Serversis represented by the function fstores. The only part of fstores of interest isf n 7! f j fstores(n) = f ^ which(n) = s g:Servers has two control states represented by the boolean variable bs. If bs is false,then Servers is ready to receive a request, and, if bs is true, then Servers is ready135
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var 2664 waitt : �(Rid � Fid �Op)compt : �(Rid � Rep)unusedt : �Rid 3775initially 24 waitt = compt = fg^ unusedt = init unusedt 35chan reqt in n? : Fid ; p? : Op out i ! : Rid :{waitt ;unusedt : 2664 i ! 2 (unusedt)0^ unusedt = (unusedt)0 n fi !g^ waitt = (waitt)0 [ f(i !;n?; p?)g 3775chan respt out i ! : Rid ; r ! : Rep :{compt : 24 (i !; r !) 2 (compt)0^ compt = (compt)0 n f(i !; r !)g 35chan sendt out s! : Node; m! : Mess :{waitt : 2666666664 (9 i : Rid ; n : Fid ; p : Op �(i ;n; p) 2 (waitt)0^ s! = which(n)^ m! = mq(i ; t ;n; p)^ waitt = (waitt )0 n f(i ;n; p)g) 3777777775chan receivet in m? :Mess :{compt : 2664 m? 2 ran(mp))(9 i : Rid ; r : Rep j m? = mp(i ; r) �compt = (compt)0 [ f(i ; r)g) 3775

1CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCAFigure 7.L: Individual terminal.to output a reply. When the receives action accepts a request, it updates fstores,and assigns appropriate values to the state variables bs , is , ts , rs. The values in is ,ts , and rs are then used by the sends action to determine what message should besent where. 136



Servers b=0BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

var 24 fstores : Fid ! Filebs : bool; is : Rid ; ts : Tid ; rs : Rep 35initially 24 fstores = (� n : Fid �?)^ bs = false 35chan receives in m? : Mess :{bs ;is;ts;rs;fstores : 2666666666666664 (bs)0 = false ^m? 2 ran(mq))(9n : Fid ; p : Op; f : File �m? = mq(is ; ts ;n; p)^ (f ; rs) = p((fstores)0(n))^ fstores = (fstores)0 � fn 7! f g^ bs = true) 3777777777777775chan sends out t ! : Node; m! :Mess :{bs : 2666664 (bs)0 = true^ bs = false^ t ! = ts^ m! = mp(is; rs) 3777775

1CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCAFigure 7.M: Individual �le server.Finally, from the transformations presented in Appendix E, we have thatFileSys1 v0BB@ (k t 2 Tid � Terminalt)k (k s 2 Sid � Servers)kMPS 1 1CCA n 0@ f sendn j n 2 Node g[ freceiven j n 2 Node g 1A :Like the decomposition of MPS into Agents and Media, this is another ex-ample of subordination. Here, the servers and the message-passing system aresubordinate to the terminals. 137



7.18 RemarksDistributed systems, similar in nature to the systems presented in this chapter,have been developed using various state-based approaches.Staskaukas [Sta88] has developed a distributed funds-transfer system in UNITY.This system maintains a set of accounts, and allows money to be transferred be-tween them through \point-of-sale" terminals. Sere [Ser91] has developed a re-active processor-farm using Back's action system formalism. This accepts tasksfrom its environment and distributes them amongst slave processors via a commu-nications network. In both of these case studies, the system is speci�ed initiallyas a single system that interacts with its environment. Then the system is re�nedand decomposed into interacting subsystems by a series of transformations. In thecase of [Sta88], transformation is achieved using UNITY logic proof rules, whilein the case of [Ser91], transformation is achieved using Back's re�nement and par-allel composition rules for action systems [Bac90b]. One di�erence between boththese case studies and the case studies presented in this chapter concerns the formof interaction used. In our case, interaction with the environment and betweensub-systems is via shared actions, while, in the case of both [Sta88] and [Ser91],interaction is via shared variables. For example, in the processor farm of [Ser91],the environment o�ers a task to the processor farm by appending it to a variablerepresenting a queue.Kurki-Suonio & Kankaanp�a�a [KSK88] have used Back's action-system formal-ism to develop a telephone exchange. In this case, interaction is via shared actionsrather than shared variables. For example, the environment initiates a telephonecall by engaging in a `lift-receiver' action jointly with the telephone exchange. Thestate-traces model (with transitions labelled by actions) is used to reason aboutinteraction via shared actions.The structure of the �le-system implementation presented in this chapter re-sembles the open-systems interconnect (OSI) reference model used to describe stan-dards for telecommunications services [HS88]. In the OSI reference model, com-munications services are divided into seven hierarchical layers. Each layer uses theservices of the lower layers to provide more enhanced services. The lowest layer ofthe model (physical layer) is concerned with physical communications links, whilethe highest layer (application layer) is concerned with end-user services such aselectronic mail and �le transfer. In the case of the �le-system implementation, wehave three layers rather then seven. The bottom layer is the action systemMedia,which resembles the OSI physical-layer. The middle layer is the message-passingsystem, which is implemented using Media. The service provided by the message-138



passing system resembles that provided by the OSI network -layer, which controlsend-to-end routing. Finally, the top layer is the distributed �le-system, which isimplemented using the message-passing system.The language LOTOS [vEVD89] has been used to specify several OSI layers,including the transport layer and the session layer. LOTOS consists of a processalgebra based on CCS [Mil89], and an abstract-data-type algebra based on ACT-ONE [EM85]. The process algebra is used to describe ordering of communicationevents, while the abstract-data-type algebra is used to specify data structuresand operations on them. Usually the event parts and the data parts of LOTOSspeci�cations are re�ned separately [vEVD89]. This contrasts with our approach,where the event parts and data parts are not speci�ed separately, and re�nementis more uniform.
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Chapter 8DiscussionIn this chapter, we draw some conclusions, make some comparisons with relatedwork, and suggest future developments.8.1 ConclusionsThe starting point for our CSP approach to action systems was Morgan's CSPfailures-divergences semantics for action systems [Mor90a]. We developed this ina number of ways and demonstrated the usefulness of our developments with aseries of case studies.In Chapter 3, we extended the action-system semantics to the CSP in�nite-traces model in order to deal properly with unbounded nondeterminism. Un-bounded nondeterminism can arise quite naturally in speci�cation; for example,the reqt actions of FileSys (Figure 7.J) are unboundedly nondeterministic in theirchoice of identi�er i !. The predicate inf (�) was introduced to de�ne the in�nitetraces of action systems. Using properties of wp and inf , the in�nite traces se-mantics of action systems were shown to satisfy the well-formedness conditionsof the in�nite traces model given by Roscoe [Ros88]. It was shown that thesimulation proof technique for re�nement of action systems is sound in the in-�nite traces model, though completeness is lost for unboundedly-nondeterministicaction-systems.Chapter 4 introduced internal actions in order to de�ne a hiding operator foraction systems. The nondeterministic-iterate construct was used in the de�ni-tion of the CSP in�nite traces semantics of action systems with internal actions,and it was shown that the hiding operator for action systems corresponds ex-actly to the CSP hiding-operator in the in�nite-traces model. Therefore, anyproperties enjoyed by the CSP operator, such as monotonicity, are also enjoyedby the action-system operator. It was shown, using a simple example, that the140



CSP failures-divergences model is inappropriate for unboundedly-nondeterministicaction-systems, since the failures-divergences correspondence may be lost after ap-plication of the action-system hiding-operator.Also in Chapter 4, simulation was extended to deal with internal actions. Aspecial case of simulation, called hiding re�nement, was developed, which maybe used to introduce internal actions representing hidden communication betweensub-systems. In hiding re�nement, only the concrete action system has internalactions. These actions are \stuttering steps", since they cause no change to thecorresponding abstract state and no in�nite sequence of internal actions is possible.A well-foundedness argument may be used to check that no in�nite sequence ofinternal actions is possible. It was shown how hiding re�nement may also be usedwhen the abstract action-system has internal actions, and the concrete action-system has an internal action corresponding to each abstract internal-action.Chapter 5 introduced an operator for composing two action systems in parallel,in which interaction is based on synchronisation over commonly-labelled actions.The operator was shown to correspond to the CSP parallel-operator in the in�-nite traces model, so that any properties enjoyed by the CSP parallel-operatorare enjoyed by the action-system parallel-operator. The operator may be usedto show that the parallel composition of two or more action systems is a validimplementation of some single action-system (parallel-decomposition step).In Chapter 6, value-passing action-systems were de�ned, in which each actionis parameterised by an input variable and/or an output variable. Value-passingaction-systems were given a CSP semantics such that each action corresponds toa CSP channel, and the parameter variables of an action represent the values thatmay be communicated on that channel. The CSP semantics was de�ned so thatan output value for a channel is always chosen internally by an action system.This corresponds to our operational understanding of output communication andmeans that a re�nement of an action systemmay be more deterministic in its choiceof output values. The simulation technique was extended to value-passing action-systems, though the restrictions on representation functions meant that simulationis incomplete even for boundedly-nondeterministic action-systems. The hiding op-erator and parallel operator were also extended to value-passing action-systemsand shown to correspond to the respective CSP operators. As well as involv-ing synchronisation over commonly-labelled channels, the parallel operator allowspassing of values between action systems, just as in CSP value-communication.However, parallel composition of bi-directional channels was left for further study.Chapter 7 demonstrated the use of the action-system techniques through aseries of case studies. Example action systems were described using speci�cation141



statements. Several design rules for re�nement and parallel composition of actionsystems were developed and used to re�ne and decompose example action sys-tems into parallel interacting sub-systems. These design rules were based on ourde�nitions of hiding re�nement and parallel composition for action systems andwere intended to be general enough for use elsewhere. Some of the design ruleswere also based on rules of the re�nement calculus, which was possible since ourde�nition of action re�nement is the same as that used in the re�nement calculus[Bac80, Bac90a, Mor90b, MRG88, Mrr87]. The case studies demonstrate that ourapproach is suited to the design of distributed systems, including telecommunica-tions systems, in which interaction is based on value-passing communication.In several places, restrictions were imposed on action systems in order to main-tain the correspondence with CSP. In Chapter 2, initialisation statements wererequired to be non-miraculous. This ensures that the traces of any action systemcontain the empty trace at least. In Chapter 5, parallel action-systems were notallowed to share variables. This ensures that interaction between the systems isbased on shared actions alone. In Chapter 6, output actions were required to beterminating. This was because the value to be output by an action can only bedetermined when that action has terminated. Also in Chapter 6, typing restric-tions were imposed on input and output actions. These ensure that the case wherean output action tries to o�er a value not acceptable by the corresponding inputaction never arises.8.2 Related WorkThe structure of our action systems is based on that introduced by Back & Kurki-Suonio [BKS83]. This structure allows the actions of a single action-system tointeract via shared variables. For example, the send and receive actions of MPS 1(Figure 7.E) interact through the shared variable mail . Such interaction is usefulwhen specifying complex systems. However, in our CSP approach, although theactions of a single action system may interact via shared variables, parallel actionsystems may only interact via shared actions. In order to decompose an actionsystem into parallel sub-systems, we must introduce internal actions representinginteraction between the sub-systems, and re�ne the state variables so that theycan be partitioned amongst the sub-systems. In contrast, Back's formalism allowsparallel action systems to interact via shared variables. This provides more 
ex-ibility, since action systems may be decomposed by an arbitrary partitioning ofactions.Back gives a state-trace semantics to action systems, whereas we give a CSP142



semantics. The basic-re�nement rule used by Back (see Page 12) is similar toour simulation rule, and, Back's stuttering re�nement is similar to our hidingre�nement. Back's re�nement rules ensure state-trace re�nement in the mannerof Abadi & Lamport [AL88], whereas our simulation rules ensure CSP re�nement.Back's parallel and (variable) hiding operators are de�ned on the structure ofaction systems, and properties of the operators are derived from these de�nitions.For example, the monotonicity of Back's parallel-operator w.r.t. action-systemre�nement is proven from the way in which the parallel composition of two actionsystems is constructed. In our case, although the parallel and hiding operators arede�ned on the structure of action systems, their properties are simply inheritedfrom the corresponding CSP operators rather than being proven separately.The state-traces model for action systems makes no distinction between in-ternal and external choice of action. This is not important when interaction be-tween systems is based on shared variables. However, the distinction is importantwhen interaction is based on shared actions. The case study by Kurki-Suonio &Kankaanp�a�a [KSK88], mentioned in Chapter 7, uses Back's action system formal-ism to describe a telephone exchange in which interaction between users and thesystem is based on shared actions. After lifting the receiver, a user may engagein a dial-action or a hangup-action. In the state-traces model, this could be im-plemented by a system that internally chooses between o�ering a dial-action or ahangup-action, thus possibly preventing the user from dialling. One way of disal-lowing this is to place fairness constraints on the system | the system should beweakly fair w.r.t. the dial-action and w.r.t. the hangup-action. Then, an implemen-tation satisfying these fairness constraints couldn't prevent a user from eventuallydialling. This is the approach taken with I/O-automata by Lynch & Tuttle [LT87]and by Jonsson [Jss90]. In our CSP approach to action systems, the distinctionbetween internal and external choice is modelled, so it is not necessary to usefairness constraints in this case. With CSP re�nement, an implementation of thetelephone exchange cannot choose internally between o�ering a dial-action or ahangup-action, but must allow the user to choose. Of course, we cannot specifymore general fairness requirements on action systems in our CSP approach.Hofstee et al [HMvdS90, Hof92] have developed a distributed sorting-algorithmusing an approach similar to ours. They start with a sequential program whosestructure resembles that of Back's sequential action-systems, i.e. an initialisationfollowed by a DO-loop. They then decompose that program onto an array of pro-cesses with interaction based on synchronised value-passing. The value-passingis introduced by replacing an assignment statement x : = E with a pair of com-munications primitives out !E k in?x . These communications primitives were in-143



troduced to the guarded-command language by Martin [Mar81] and they providesynchronisation based on a notion of process suspension, along with distributedassignment. In the approach of Hofstee et al, the communications primitives areembedded within the actions of a program and communication primitives for thesame channel may appear in more than one place in a program. This can makereasoning about parallel compositions more di�cult. In contrast, with our ap-proach, all communications on a channel are represented by a single action, andwhen composing systems, we only have to reason about pairs of corresponding ac-tions. Also, they lack a formal basis for communication and concurrency in theirapproach. It should be possible to develop their distributed algorithms using ourapproach.The distributed implementation of the sorting algorithm described by Hofsteeet al in [HMvdS90] is based on a linear array of processes. Since each process hasto communicate with at most two neighbours, and since these communications areeasily interleaved, there is no need for processes to o�er external choice betweenchannels. In [Hof92], the implementation is a more general graph-like array ofprocesses, and a process may have to communicate with any number of neighbours,so that external choice is required. This is achieved by using probes [Mar85]. Aprobe is boolean 
ag associated with a channel that can be read by a process tocheck the readiness of its neighbour to communicate on that channel. A probe canbe read without having to communicate on a channel. In our approach, externalchoice between channels is achieved simply by having actions with overlappingguards. It is worth noting that probes allow a process to test if its neighbour isnot ready to communicate. Martin [Mar85] shows how this test can be used todescribe a system o�ering fair choice between channels. Such a test cannot bedescribed in our approach, nor in CSP.Our CSP approach to action systems is similar to the CSP approach to transi-tion systems of He Jifeng [He89] and Josephs [Jos88]. They use relations to de�nethe CSP semantics of transition systems. We, on the other hand, use weakest-precondition formulae which provides a more uniform treatment of divergence.This can be seen, for example, in our hiding operator which is simpler than HeJifeng's hiding operator since he has to deal separately with the introduction of di-vergence. Both He Jifeng and Josephs only use the CSP failures-divergencesmodel,whereas we use the CSP in�nite-traces model and thus we treat unbounded non-determinism properly. Also, our value-passing action systems allow for straight-forward speci�cation of value communication. From the practical point of view,an advantage of our approach over that of He Jifeng and Josephs is our closenessto the re�nement calculus which allows us to apply its speci�cation statements144



and re�nement rules to the development of action systems.The ability to use speci�cation statements to describe actions also means thatour approach is related to the Z [Spi89] and VDM [Jon86] methods. Operations inZ and VDM are described using predicates on the initial and �nal values of statevariables, just like speci�cation statements. A system in Z or VDM is speci�edby a set of state variables and a set of operations on those variables, which is thesame as the structure of an action system. (The examples of Chapter 7 could easilybe rewritten using either the Z or VDM notations.) Houston & Josephs [HJ92]have described a technique for parallel composition of systems speci�ed in Z whichturns out to be similar to our way of composing action systems. Their approachis intended to be based on CSP parallel composition [Jos91], though their linkbetween CSP and Z speci�cations is informal. By using speci�cation statementsin action systems, we provide a formal link between Z and CSP, and as well asproviding a sound parallel-operator, we provide a sound notion of internal action.8.3 Future WorkAs the case studies of Chapter 7 demonstrate, the structure of action systemsprovides much 
exibility in re�nement and parallel decomposition. However, theaction-system approach does not cover the entire life-cycle of system development.At early stages of system development it may be convenient to specify ac-tion systems more abstractly using, for example, temporal-logic formulae as inPnueli [Pnu86] and UNITY [CM88], or using trace-refusal speci�cations as in CSP[Hoa85]. A set of proof rules would then be required to show that an action systemsatis�es its speci�cation.Later stages of system development involve implementation in programminglanguages. Action systems cannot be written directly in any programming lan-guage, since they contain no explicit 
ow of control, but rather any action maybe executed if it is enabled. However, it should be possible to implement certainaction systems as sequential programs in languages that provide synchronised com-munication such as occam [JG88] and Ada [WWF87]. For example, Figure 8.Acontains an action system that accepts a value on channel left and then outputsthat value on channel right . Figure 8.A also contains an occam program thatimplements the action system COPY . In the action system, the 
ow of control isdetermined by the boolean variable and the action guards, whereas in the occamprogram it is determined by the WHILE-loop and the order in which the commu-nication events are written. In this case, our justi�cation for saying that the occamprogram implements the action system is intuitive. It would be useful to have a145



COPY b= 0BBBBB@ var f : bool; n : Tinitially f := falsechan left in x? : T :{ : f ! f ;n := true; x?chan right out y! : T :{ f ! f ; y! := false;n 1CCCCCAPROC copy(CHAN left ; right : T ) =WHILE trueVAR n : TSEQleft?nright !nFigure 8.A: Action system and its occam implementation.set of compositional proof-rules for checking that an occam program implementsan action system.The designers of the speci�cation language SL0 [Old91] have attempted toachieve aims similar to those mentioned in the previous paragraph. In SL0,a combination of CSP algebraic-notation and the transition-system approach of[He89, Jos88] is used to specify a communicating system. A set of compositionalproof-rules are provided for transforming SL0 speci�cations into occam programs.Back & Sere [BS90] have also investigated the transformation of action systemsinto occam programs.Reed & Roscoe [RR86] have developed a timed model for CSP, and Seidel[Sei92] has developed a probabilistic model for CSP. It may be possible to treattiming and probability in action systems using these models. The timed modelmay allow us to specify that an action must terminate within a certain time. Theprobabilistic model may allow us to attach probability measures to internal andexternal choices. Timing would be useful in the design of safety-critical systems,for example, while probability would be useful in the design of fault-tolerant com-munications networks.As Roscoe points out [Ros88], it should be possible to specify fairness require-ments in CSP by using the in�nite-traces model. If notions of fairness were devel-oped for the in�nte-traces model, then it should be possible to apply them to ourapproach to action systems. 146



Appendix AProofs for Chapter 3Proof of Theorem 3.8Theorem 3.8 inf (S ; �) � wp(S ; inf (�)).Proof by mutual entailment:(a): Let � b= (� X � wp1(S ; �;X )). Now �[1::] is a solution ofX V wp1(�;X ):Hence, by Knaster-Tarski, �[1::] V (� X � wp1(�;X )), and, by De�nition 3.6,�1 V inf (�): (i)Finally,inf (S ; �) V wp(S ;�1) defn of �V wp(S ; inf (�)) monotonicity, (i):(b): Let 	 b= (� X � wp1(�;X )), 	0 b= hwp(S ; inf (�))i	, �0 b= S ; �. Now	0 is a solution of X V wp1(�0;X ):Hence, by Knaster-Tarski, 	0 V (� X � wp1(�0;X )), and, by De�nition 3.6, 	00 V inf (�0);that is, wp(S ; inf (�)) V inf (S ; �):Proof of Theorem 3.10Theorem 3.10 inf (S1) � (� X � wp(S ;X )).147



Proof by mutual entailment:(a): By Theorem 3.8, inf (S1) is a solution ofX V wp(S ;X ):Hence, by Knaster-Tarski, inf (S1) V (� X � wp(S ;X )).(b). Let � b= h (� X � wp(S ;X )) j i � 0 i. Now � is a solution ofX V wp1(S1;X ):Hence, by Knaster-Tarski, � V (� X � wp1(S1;X )), and, by De�nition 3.6,(� X � wp(S ;X )) V inf (S1).Proof of Lemma 3.14Lemma 3.14 For u 2 A!, inf (Qu) V rep(inf (Pu)).Proof: Let F b= wp1(Qu ; ); G b= wp1(Pu ; ):For in�nite predicate � � h �i j i 2 
 i, let rep(�) b= h rep(�i) j i 2 
 i; (unlikeDe�nition 3.4). From Condition 2 of De�nition 2.17 we can showF (rep(�)) V rep(G(�)) (ii)Then by ordinal induction we show F� V rep(G�) as follows: assume holds for� < �, thenF� � (^ � < � � F(F �))V (^ � < � � F(rep(G�))) induction hypothesis, monotonicityV (^ � < � � rep(G(G�))) by (ii)V rep(^ � < � � G(G�)) since rep is ^-continuous� rep(G�)Thus, by Theorem 3.2 (� X � F (X )) V rep(� Y � G(Y ));and by De�nition 3.6, inf (Qu) V rep(inf (Pu)):Proof of Lemma 3.16Lemma 3.16 (^ s < u � wp(Ph{is; true)) V inf (Ph{iu).148



Proof: Let � b= h (^ s < u[i ::] � wp(Ps ; true)) j i � 0 i. Note that (^ s < u[i ::] �wp(Ps ; true)) is a chain-conjunction. Thenwp1(Pu ;�)� h wp(Pui ; (^ s < u[i + 1::] � wp(Ps ; true))) j i � 0 i De�nition 3.4� h (^ s < u[i + 1::] � wp(Phuiis ; true)) j i � 0 ieach Pa is boundedly nondeterministic� h (^ s < u[i ::] � wp(Ps ; true)) j i � 0 i� �Hence, by Knaster-Tarski, � V (� X � wp1(Pu ;X )), and by De�nition 3.6,�0 V inf (Pu), that is,(^ s < u � wp(Ps ; true)) V inf (Pu):Lemma now follows since P{ is also boundedly nondeterministic.Satisfaction of Well-formedness Condition C9A process P = (A;F ;D ; I ) is pre-deterministic if it satis�es:(s ;X ) 2 F ) s 2 D _ (8 a 2 X � (shai; fg) 62 F ); each s 2 A�, X � A (iii)I = fu 2 A! j (8 s < u � (s ; fg) 2 F )g: (iv)Note: for in�nite trace u, s < u means that s is a �nite pre�x of u. The set of pre-deterministic implementations of a process, imp(P), is de�ned as:imp(P) b= f Q j P v Q ^ Q is pre-deterministic g:Well-formedness condition C9 is written as:C9 (A;F ;D ; I ) = (u imp(A;F ;D ; I )):Roscoe [Ros88] shows that C9 can be replaced byF = [f F 0 j (A;F 0;D 0; I 0) 2 imp(A;F ;D ; I ) g: (v)Our task then is to show: (a) that any pre-deterministic action system satis�es (iii)and (iv), and, (b) that for any action system P , f[P ]g satis�es (v).(a). A pre-deterministic action system is one in which the initialisation and eachlabelled action is pre-deterministic. A statement S is pre-deterministic ifwp(S ; �) V : halt(S) _ wp(S ; �):From this we get, for pre-deterministic action system P = (A;V ;P{;PA), s 2 A�,wp(Ph{is; �) V : halt(Ph{is) _ wp(Ph{is ; �):149



Thus, for fg � X � A,(s ;X ) 2 Ff[P ]gV wp(Ph{is;: gd(PX )) De�nition 2.15V : halt(Ph{is) _ wp(Ph{is;: gd(PX )) P pre-deterministicV : halt(Ph{is) _ (8 a 2 X � : wp(Ph{is; gd(Pa))) positive conjunctivityV s 2 Df[P ]g _ (8 a 2 X � (shai; fg) 62 Ff[P ]g): De�nition 2.15That is, f[P ]g satis�es (iii) (note: if X = fg, then (iii) is trivially satis�ed).If statement S is pre-deterministic, then it is easy to show that wp(S ; ) is ^-continuous. If the initialisation and each labelled action of an action system P is con-tinuous, then it is easy to show, for u 2 A�, (cf. Lemma 3.16)inf (Ph{iu) � (^ t < u � gd(Ph{it)):Hence, for pre-deterministic P , f[P ]g satis�es (iv).(b). Equation (v) is equivalent to(s ;X ) 2 F ) (9F 0;D 0; I 0 � (s ;X ) 2 F 0 ^ (A;F 0;D 0; I 0) 2 imp(A;F ;D ; I )):To show that any action system P = (A;V ;P{;PA) satis�es this, we construct, for each(s ;X ) 2 Ff[P ]g, a pre-deterministic implementation of P that also has (s ;X ) as a failure.Firstly we have the following lemma about a trace s 2 A� and an action system Q whichis constructed from P :Lemma A.1 For trace s 2 T f[P ]g, let action system Q be such thatQ{ = Mhi ; t := hiQa = thai � s ! Mthai ; t := thai[] thai 6� s ! Na each a 2 Awhere Mt is de�ned for t � s, Na is de�ned for a 2 A, and M and N satisfy:1. P{ � Mhi2. gd(Mhi) � true3. Pa � Mthai; each thai � s4. gd(Pa)V gd(Mthai); each thai � s5. Mt is pre-deterministic; each t � s6. Pa � Na ; each a 2 A7. gd(Pa)V gd(Na); each a 2 A8. Na is pre-deterministic; each a 2 A.Then f[Q ]g 2 imp(P). 150



Proof: Since each action of Q is pre-deterministic, f[Q ]g is pre-deterministic. To showthat P v Q , use simulation with the (_-continuous) representation function rep(�) b= �;where � is independent of state variable t .2 This lemma provides a way of constructing a pre-deterministic implementation ofP : simply construct M and N satisfying the conditions listed in the lemma. We willsee shortly that this is always possible. Furthermore, for any (s ;X ) 2 Ff[P ]g, we canconstruct M in such a way as to ensure that (s ;X ) 2 Ff[Q ]g. This is achieved as follows:for a given (s ;X ) 2 Ff[P ]g, we de�ne a set of predicates �t , for each t � s , where�s b= : gd(PX )�t b= wp(Pa ; �thai); each thai � s;so that �hi � wp(Ps ;: gd(PX )), and, since (s ;X ) 2 Ff[P ]g, we have thatwp(P{; �hi) � true:Then, construct M such thattrue V wp(Mhi; �hi) (vi)�t V wp(Mthai; �thai); for t 6= hi, thai � s. (vii)If M satis�es (vi) and (vii), then it is easy to show that Q satis�es:true V wp(Qh{is;: gd(QX ))V (s ;X ) 2 Ff[Q ]g:Now well-formedness condition C9 is satis�ed, provided, for each (s ;X ) 2 Ff[P ]g, Q canbe constructed such that M satis�es (vi) and (vii), and M and N satisfy the conditionsof Lemma A.1. Lemma A.2 (see below) ensures thatM and N can always be constructedas required. For example, given �t V wp(Pa ; �thai)Lemma A.2 says we can construct Mthai such that�t V wp(Mthai; �thai)and Mthai satis�es 3, 4, 5 of Lemma A.1.Lemma A.2 Given a statement S, predicates � and  , such that �V wp(S ;  ) thereis an S 0 satisfying:1. S � S 02. gd(S)V gd(S 0)3. S 0 is pre-deterministic4. �V wp(S 0;  ). 151



Proof: For any statement S , we construct its equivalent speci�cation statement SP ,then construct SP 0 satisfying 1..4. Assume S is a v -statement, then SP is de�ned as:SP b= v : [ halt(S); wp(S ; v = v 0)[vnv0][v 0nv ] ]where v 0 is some fresh variable independent of v . Using the de�nition of variable inde-pendence (De�nition 2.9) and the de�nition of speci�cation statements (De�nition 2.3),it can be shown that SP = P . (Note: construction of SP is similar to the corre-spondence between predicate transformers and predicates described by Nelson [Nel89,Theorem 1].) Now SP is of the form SP = v : [pre; post ]; and predicates � and  aresuch that �V wp(SP ;  ). Construct relations R, R0, as follows:R b= fv0; v j post ^  g R0 b= fv0; v j postg:Let f and f 0 be functions such thatf � Rdom(f ) = dom(R) f 0 � R0dom(f 0) = dom(R0)Note that f and f 0 exist by the Axiom of Choice [End77]:(8 relation R � (9 function f � f � R ^ dom(f ) = dom(R))):Finally, construct statement SP 0:SP 0 b= v : " pre; �[vnvo] ) v = f (v0): �[vnvo] ) v = f 0(v0) #SP 0 is pre-deterministic since the new value for v is chosen by a function. It is also easyto show that SP � SP 0gd(SP) V gd(SP 0)� V wp(SP 0;  ):
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Appendix BProofs for Chapter 4Proof of Theorem 4.2Let g(Y ) b= � ^ wp(S ;Y ). From De�nition 4.1 we havewp(it S ti; �) � (�X � g(X )): (i)Let f (Y ) b= wp(S ;Y ). From Theorem 3.10, we haveinf (S1) � (� X � f (X )):Using the Knaster-Tarski Theorem, we can prove the following lemma:Lemma B.1 For monotonic f , (�X � f (X )) � : (� X � f (X )).So we have : inf (S1) � (�X � f (X )): (ii)Let C � (^ i 2 
 � wp(S i ; �)), and let g� and f � be as de�ned in Theorem 3.1.Then we have lemmas as follows:Lemma B.2 For any ordinal �, g(C ^ f �) � C ^ f �+1.Proof: g(C ^ f �)� � ^ wp(S ; (^ i 2 
 � wp(S i ; �)) ^ f �) de�nition of g and C� � ^ wp(S ; (^ i : 
 � wp(S i ; �))) ^ wp(S ; f �) conjunction� wp(S0; �) ^ (^ i 2 
 � wp(S i+1; �)) ^ f �+1 conjunction, de�nition of f� C ^ f �+1 join conjuncts2Lemma B.3 For each ordinal �, g� � C ^ f �:153



Proof by ordinal induction:g� � (_ � j � < � � g(g�)) de�nition of g�� (_ � j � < � � g(C ^ f �)) induction hypothesis� (_ � j � < � � C ^ f �+1) Lemma B.2� C ^ (_ � j � < � � f �+1) C is independent of �� C ^ f � de�nition of f �2Lemma B.4 For ordinal �, let f � be a �xed-point of f . Then g� is a �xed-point of g.Proof: Follows from Lemma B.3.Theorem 4.2 Let S i be i copies of S composed sequentially (S0 = skip) and let S1be the in�nite sequential composition of S (De�nition 3.9). Then for any predicate �wp(it S ti; �) � (^ i 2 
 � wp(S i ; �)) ^ : inf (S1):Proof: C ^ : inf (S1)� C ^ f � by (i) and Theorem 3.1, where f � � f �+1� g� Lemma B.3� wp(it S ti; �) by Lemma B.4, Theorem 3.1 and (ii).Proof of Lemma 4.3Firstly, we have Lemmas B.5 and B.6:Lemma B.5 PBi = ([] t 2 B� j #t = i � Pt).Proof by induction on i : Case i = 0 is trivial. For case i + 1, we havePBi+1 = ([] t 2 B� j #t = i � Pt) ; ([] b 2 B � Pb)= ([] t 2 B� j #t = i � ([] b 2 B � Pthbi)= ([] t 0 2 B� j #t = i + 1 � Pt 0)2Lemma B.6 inf (PB1) � (_ u 2 B! � inf (Pu)):Proof: Let R b= (_ u 2 B! � inf (Pu)).(a): It can be shown that R is a solution ofX V wp(PB ;X ) (iii)and since inf (PB1) is the greatest solution of (iii), we get R V inf (PB1).154



(b): Assume inf (PB1). By the de�nition of inf we have an in�nite sequence ofpredicates � such that �0 � inf (PB1) and, for each i ,�i V wp(PB ; �i+1)V (_ b 2 B � wp(Pb ; �i+1)):So for each i we can choose some b 2 B to construct an in�nite sequence u 2 B! suchthat �i V wp(Pui ; �i+1):Therefore �0V inf (Pu) for such a u, hence, inf (PB1)V (_ u 2 B! � inf (Pu)).2Lemma 4.3 If PB = ([] b 2 B � Pb) thenwp(it PB ti; �) � (^ t 2 B� � wp(Pt ; �)) ^ (^ u 2 B! � : inf (Pu)):Proof: wp(it PB ti; �)� (^ i 2 
 � wp(PB i ; �)) ^ : inf (PB1) Theorem 4.2� (^ i 2 
; t 2 B� j #t = i � wp(Pt ; �))^ : (_ u 2 B! � inf (Pu)) Lemmas B.5 and B.6� (^ t 2 B� � wp(Pt ; �))^ (^ u 2 B! � : inf (Pu)) predicate calculus.Proof of Lemma 4.4Lemma 4.4 it S ti ; it S ti = it S ti.Proof: Firstly, assuming i ; j 2 
, we havewp(S i ;wp(it S ti; �))� wp(S i ; (^ j � wp(S j ; �))) ^ wp(S i ;: inf (S1)) Theorem 4.2, conjunction� (^ j � wp(S i+j ; �)) ^ : inf (S i ; S1) conjunction, Theorem 3.8� (^ j � wp(S i+j ; �)) ^ : inf (S1) de�nition of S1.So that wp(it S ti ; it S ti; �)� (^ i � wp(S i ;wp(it S ti; �))) ^ : inf (S1) Theorem 4.2� (^ i � (^ j � wp(S i+j ; �)) ^ : inf (S1)) ^ : inf (S1) from above� (^ i � wp(S i ; �)) ^ : inf (S1) pred. calc.� wp(it S ti; �) Theorem 4.2.155



Proof of Lemma 4.5Lemma 4.5 If PB = ([] b 2 B � Pb) and PC = ([] c 2 C � Pc) thenit PB []PC ti = it PB ti ; it (PC ; it PB ti) ti (iv)= it (it PB ti ; PC ) ti ; it PB ti: (v)Proof: We prove case (iv). Proof of case (v) is similar. Firstly we have lemmas asfollows:Lemma B.7 For i > 0,wp((PC ; it PB ti)i ; �)� (^ t 2 (B [ C )� j #(t�C ) = i ^ fst(t) 2 C � wp(Pt ; �))(^ u 2 (B [ C )! j 0 < #(u�C ) � i ^ fst(u) 2 C � : inf (Pu)):Proof: By induction on i , using Lemma 4.3.Lemma B.8inf ((PC ; it PB ti)1) � (_ u 2 (B [ C )! j fst(u) 2 C � : inf (Pu)):Proof: Similar to the proof of Lemma B.6.Lemma B.9wp(it (PC ; it PB ti) ti; �) � �̂ (^ t 2 (B [ C )� j fst(t) 2 C � wp(Pt ; �))^ (^ u 2 (B [ C )! j fst(u) 2 C � : inf (Pu)):Proof: From Lemmas B.7 and B.8.Finally we prove case (iv) of Lemma 4.5:wp(it PB ti ; it (PC ; it PB ti) ti; �)� (^ t 2 B� � wp(Pt ;wp(it (PC ; it PB ti) ti; �)))^ (^ u 2 B! � : inf (Pu)) Lemma 4.3� (^ t 2 B� � wp(Pt ; �))^ (^ t 2 B�; s 2 (B [ C )� j fst(s) 2 C � wp(Pts ; �))^ (^ t 2 B�; v 2 (B [ C )! j fst(v) 2 C � : inf (Ptv))^ (^ u 2 B! � : inf (Pu)) Lemma B.9� (^ t 2 (B [ C )� j t�C = hi � wp(Pt ; �))^ (^ t 2 (B [ C )� j t�C 6= hi � wp(Pt ; �))^ (^ u 2 (B [ C )! j u�C 6= hi � : inf (Pu))^ (^ u 2 (B [ C )! j u�C = hi � : inf (Pu)) pred. calc.� (^ t 2 (B [ C )� � wp(Pt ; �))^ (^ u 2 (B [ C )! � : inf (Pu)) pred. calc.� wp(PB []PC ; �) Lemma 4.3.156



Proof of Lemma 4.12Lemma 4.12 For action b 2 B [ f{g,Qb �G = Pb �H ; it ([] c 2 C � Pc �H ) ti:Proof: Qb �G= Pb ; ITH[C De�nition 4.6= Pb ; ITH ; it ([] c 2 C � Pc) ; ITH ti Lemma 4.5= Pb �H ; it ([] c 2 C � Pc �H ) ti distribution of ; , De�nition 4.6.Proof of Lemma 4.13Lemma 4.13 For action b 2 B [ f{g, predicate �,wp(Qb �G ; �) � (_ s 2 C � � wp(Phbis �H ; �))_ (_ u 2 C ! � inf (Phbiu �H )):Proof: wp(Qb �G ; �)� wp(Pb �H ;wp(it PC �H ti; �)) Lemma 4.12� wp(Pb �H ; (_ s 2 C � � wp(Ps �H ; �))_ (_ u 2 C ! � inf (Pu �H )) )Lemma 4.3 with PB = ([] c 2 C � Pc �H )� (_ s 2 C � � wp(Phbis �H ; �))_ (_ u 2 C ! � inf (Phbiu �H )) disjunction.Proof of Lemma 4.14Lemma 4.14 For action trace r 2 B�, predicate �,wp(Qh{ir �G ; �) � (_ s 2 A� j s�B = r � wp(Ph{is �H ; �))_ (_ u 2 A! j u�B � r � inf (Ph{iu �H )):Proof by induction on r :Case hi :wp(Qh{i �G ; �)� (_ s 2 C � � wp(Ph{is �H ; �))_ (_ u 2 C ! � inf (Ph{iu �H )) Lemma 4.13� (_ s 2 A� j s�B = hi � wp(Ph{is �H ; �))_ (_ u 2 A! j u�B � hi � inf (Ph{iu �H )) pred. calc.157



Case rhbi; b 2 B :wp(Qh{irhbi �G ; �)� wp(Qh{ir �G ; wp(Qb �G ; �) )� wp(Qh{ir �G ; (_ s 0 2 C � � wp(Phbis 0 �H ; �)))_ wp(Qh{ir �G ; (_ u 2 C ! � inf (Phbiu �H ))) Lemma 4.13� (_ s 2 A� j s�B = r � wp(Ph{is �H ; (_ s 0 2 C � � wp(Phbis 0 �H ; �))))_ (_ u 2 A! j u�B � r � inf (Ph{iu �H ))_ (_ s 2 A� j s�B = r � wp(Ph{is �H ; (_ u 2 C ! � inf (Phbiu �H )))) ind. hyp.� (vi) _ (vii) _ (viii)(vi) � (_ s 2 A�; s 0 2 C � j s�B = r � wp(Ph{ishbis 0 �H ; �)) disjunction� (_ s 2 A�; s 0 2 C � j (shbis 0)�B = rhbi � wp(Ph{ishbis 0 �H ; �)) pred. calc.� (_ s 2 A� j s�B = rhbi � wp(Ph{is �H ; �)) pred. calc.(vii) � (_ u 2 A! j u�B � r � inf (Ph{iu �H ))� (_ u 2 A! j u�B < rhbi � inf (Ph{iu �H )) pred. calc.(viii) � (_ s 2 A�; u 2 C ! j s�B = r � inf (Ph{ishbiu �H )) disjunction� (_ s 2 A�; u 2 C ! j (shbiu)�B = rhbi � inf (Ph{ishbiu �H )) pred. calc.� (_ u 2 A! j u�B = rhbi � inf (Ph{iu �H )) pred. calc.(vi) _ (vii) _ (viii)� (_ s 2 A� j s�B = rhbi � wp(Ph{is �H ; �) )_ (_ u 2 A! j u�B < rhbi � inf (Ph{iu �H ) )_ (_ u 2 A! j u�B = rhbi � inf (Ph{iu �H ) )� (_ s 2 A� j s�B = rhbi � wp(Ph{is �H ; �) )_ (_ u 2 A! j u�B � rhbi � inf (Ph{iu �H ) ) pred. calc.Proof of Lemma 4.15Lemma 4.15 For action trace v 2 B!,inf (Qh{iv �G) � (_ u 2 A! j u�B � v � inf (Ph{iu �H )):Proof by mutual entailment:(a): Let v 0 = h{iv and � � (�Y � wp1(Qv 0 �G ;Y )). So for each i � 0 ,�i V wp(Qv 0i �G ;�i+1)V (_ s 2 C � � wp(Phv 0iis �H ;�i+1))_ (_ u 2 C ! � inf (Phv 0iiu �H )) Lemma 4.13.158



Now, either for each i � 0,�i V (_ s 2 C � � wp(Phv 0iis �H ;�i+1)) (ix)or, there is a j � 0 such that�i V (_ s 2 C � � wp(Phv 0iis �H ;�i+1)) each i < jand�j V (_ u 2 C ! � inf (Phv 0iiu �H )): (x)Given (ix) we can construct an in�nite sequence u 2 A! such thath{i(u�B) = v 0 = h{ivand �0 V inf (Ph{iu �H )V (_ u 2 A! j u�B � v � inf (Ph{iu �H )):Given (x) with j = 0, we immediately have�0 V (_ u 2 C ! � inf (Ph{iu �H ))V (_ u 2 A! j u�B � v � inf (Ph{iu �H )):Given (x) with j > 0, then there exists some t 2 A� such thath{i(t�B) = v 0[0::j � 1]and �0 V wp(Ph{it �H ;�j )V wp(Ph{it �H ; (_ u 2 C ! � inf (Phv 0j iu �H )))V (_ u 2 C ! � inf (Ph{ithv 0jiu �H ))V (_ u 2 A! j u�B � v � inf (Ph{iu �H )):(b): Assume we have a trace u 2 A! such that inf (Ph{iu �H ).Case u�B = v : Let u0 = h{iu and v 0 = h{iv . Since u�B = v there exist s0; s1; : : : suchthat u 0 = hv 00is0hv 01is1 : : :There is an in�nite sequence of predicates 	 such that 	0 � inf (Pu 0 �H ) and for eachi � 0 	i V wp(Phv 0iisi �H ;	i+1)V (_ s 2 C � � wp(Phv 0iis �H ;	i+1))V wp(Qv 0i �G ;	i+1) Lemma 4.13159



so that 	0 V inf (Qv 0 �G):Case u�B < v :u�B < v ^ inf (Ph{iu �H )V (_ s 2 A�; u 0 2 C ! j s�B < v �inf (Ph{isu 0 �H )) pred. calc.V (_ s 2 A� j s�B < v �wp(Ph{is �H ; (_ u 0 2 C ! � inf (Pu 0 �H )))) disjunctionV (_ s 2 A� j s�B < v �wp(Ph{is �H ;wp(it PC �H ti; false))) Lemma 4.3V (_ s 2 A�; t 2 B� j t = s�B ^ t < v �wp(Ph{is �H ;wp(ITG; false)))V (_ t 2 B� j t < v � wp(Qh{it �G ; false)) Lemma 4.14V (_ t 2 B�; v 0 2 B! j tv 0 = v �wp(Qh{it �G ; inf (Qv 0 �G))) monotonicityV inf (Qh{iv �G):Proof of Lemma 4.16Let PC b= ([] c 2 C � Pc). Then we have lemmas as follows:Lemma B.10 ITG = it ITH ; PC ti ; ITH .Proof: Follows easily from Lemma 4.5.Lemma B.11 wp(it S ti;: gd(S)) � wp(it S ti; true).Proof: wp(it S ti;: gd(S)) is the greatest solution ofX V : gd(S) _ wp(S ;X ) (xi)We can easily show that true is a solution of (xi), and since wp(it S ti; true) � true, thelemma follows.2Lemma B.12 For predicate �, � V wp(it S ti; �).Proof: � V � _ wp(S ;wp(it S ti; �)) V wp(it S ti; �)2Lemma B.13 wp(ITG; true) � wp(ITG;: gdH (PC )).160



Proof: If C = fg then lemma is trivially true. If C 6= fg thenwp(ITG; true)� wp(it ITH ; PC ti ; ITH ; true) Lemma B.10� wp(it ITH ; PC ti; true) since wp(ITH ; true) � true� wp(it ITH ; PC ti;: gd(ITH ; PC )) Lemma B.11� wp(it ITH ; PC ti;: gdH (PC )) since c 6= fg� wp(ITG;: gdH (PC )) Lemmas B.12,B.10Also, wp(ITG;: gdH (PC)) V wp(ITG ; true) by monotonicity.2Lemma B.14 For fg � X � B,: gdH (PX ) ^ : gd(ITH ; PC ) � : gdH (PX[C ):Proof: : gdH (PX ) ^ : gd(ITH ; PC )� (^ a 2 X � wp(ITH ;: gd(Pa))) ^ wp(ITH ;: gd(PC )) De�nition 4.7� wp(ITH ;: gd(PX )) ^ wp(ITH ;: gd(PC )) since X 6= fg� wp(ITH ;: gd(PX[C)) conjunction� : gdH (PX[C ) since X 6= fg2Lemma B.15 For predicate �,wp(it S ti; �) V wp(it S ti; � ^ : gd(S)):Proof: Let C b= wp(it S ti; � ^ : gd(S)). Can show that C is a solution of� ^ wp(S ;X ) V X (xii)Now, since wp(it S ti; �) is the least solution of (xii), we have wp(it S ti; �)V C .2Lemma B.16 � ^ : gd(S) V wp(it S ti; �).Proof: � ^ : gd(S)V � ^ wp(S ; false) De�nition 2.12V � ^ wp(S ;wp(it S ti; �)) monotonicityV wp(it S ti; �) De�nition 4.12Lemma B.17 For fg � X � B, : gdG(QX ) V wp(ITG;: gdH (PH[C )).161



Proof: : gdG(QX )V wp(ITG ;: gd(PX )) conjunction, PX = QXV wp(it ITH ; PC ti;wp(ITH ;: gd(PX ))) Lemma B.10V wp(it ITH ; PC ti;wp(ITH ;: gd(PX )) ^ : gd(ITH ; PC )) Lemma B.15V wp(it ITH ; PC ti;: gdH (PX[C )) Lemma B.14V wp(it ITH ; PC ti ; ITH ;: gdH (PX[C )) Lemma B.12V wp(ITG;: gdH (PX[C )) Lemma B.102Lemma B.18 For fg � X � B, : gdH (PX[C ) V : gdG(QX )Proof: : gdH (PX[C )V : gdH (PX ) ^ : gd(ITH ; PC ) Lemma B.14V wp(it ITH ; PC ti;: gdH (PX )) Lemma B.16V wp(it ITH ; PC ti;wp(ITH ;: gd(PX ))) since X 6= fgV wp(ITG ;: gd(QX )) Lemma B.10, PX = QXV : gdG(QX ) since X 6= fg2Lemma 4.16 For action set X � B,wp(ITG;: gdG(QX )) � wp(ITG;: gdH (PX[C )):Proof: Case X = fg follows from Lemma B.13. Case X 6= fg follows from Lemmas B.17and B.18.Proof of Theorem 4.20Theorem 4.20 If WF is some well-founded set ordered by <, E is some expressionin the state-variables, and for some predicate �� V E 2WFE = e ^ � V wp(S ;E < e ^ �)then � V wp(it S ti; �):162



Proof: It can be shown that induction over a set is valid precisely when that set iswell-founded (e.g. [DS90, Chapter 9]). LetY � wp(it S ti; �)By induction over x 2WF , we can show that E = x ^ � V Y :E = x ^ �V � ^ wp(S ;E < x ^ �) antecedent of theoremV � ^ wp(S ; (_ x 0 < x � E = x 0 ^ �)) where x 0 ind. of E, �, SV � ^ wp(S ; (_ x 0 < x � Y )) induction hypothesis, monotonicityV � ^ wp(S ;Y ) Y independent of x 0V Y Y a soln. of X � � ^ wp(S ;X )Finally� V E 2WF ^ � antecedent of theoremV (_ x 2WF � E = x ^ �) predicate calculusV (_ x 2WF � Y ) from aboveV Y Y independent of x .
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Appendix CProofs for Chapter 5Proof of Lemma 5.7Ordinal addition is used in order to prove Lemma 5.7. Ordinal addition is not, in general,commutative, but does satisfy the following properties (�, � represent any ordinal, �represents limit ordinals, m, n represent ordinals less than !) [End77]:Lemma C.1 m + n = n +m.Lemma C.2 �; � < � ) �+ � < �.Lemma C.3 � < �0 ^ � < �0 ) �+ � < �0 + �0.Lemma C.4 � < �0 ^ � < �0 ) � + � < �0 + �0.Lemma C.5 � + n = � , � = � ^ n = 0.The following lemma about S []T is proven using De�nition 2.9:Lemma C.6 For v-statement S, w-statement T, v-predicate �, w-predicate  ,wp(S []T ; � ^  ) � wp(S ; �) ^  _ � ^ wp(T ;  )_ wp(S ; false) _ wp(T ; false)2 Let C be de�ned as C b= (_ i � wp(S i ; �)) ^ (_ i � wp(T i ;  )). For predicate X ,de�ne predicate transformers f , g, h as:f (X ) b= � ^  _ wp(S []T ;X )g(X ) b= wp(S ;X )h(X ) b= wp(T ;X ):By ordinal induction we getLemma C.7 For each ordinal �,f � � C _ (_ � � �; n < ! j � + n = � � g� ^ hn _ gn ^ h�):164



Proof: zero case is trivial.Case successor ordinal : using Lemmas C.6, C.1 and properties of wp it can be shownthat, if the equation is true of f �, then it is also true of f �+1.Case limit ordinal :f � � (^ � < � � C _ (_ �; n j � + n = � � g� ^ hn _ gn ^ h�))� C _(^ � < � � (_ �; n j � + n = � � g� ^ hn _ gn ^ h�)) (i)By predicate calculus (i) V g� ^ (i) _ : g� ^ (i) (ii)Now, : g� ^ (i)V : (^ 
 < � � g
)^ (^ � < � � (_ �; n j � + n = � � g� ^ hn _ gn ^ h�)) defn. of g
V (_ 
 < � � : g
^ (^ � < � � (_ �; n j � + n = � � g� ^ hn _ gn ^ h�)))negation, distributionV (_ 
 < � � : g
^ (^ � < � � (_ �; �0 j (� + �0 = � _ �0 + � = �) � g�0 ^ h�)))V (_ 
 < � �^ (^ � < � � (_ �; �0 j �0 < 
 ^ (� + �0 = � _ �0 + � = �) � h�)))since �0 � 
 ^ : g
 V : g�0V (^ � < � � h�) see belowV h�:Take any �0 < �, show h�0 :�0 < �V �0 + 
 < � Lemma C.2V (_ �; �0 j �0 < 
 ^ (� + �0 = �0 + 
 _ �0 + � = �0 + 
) � h�) from aboveV (_ �; �0 j �0 � � � h�) Lemmas C.3, C.4V h�0 �0 � � ^ h� V h�0so we get (^ �0 < � � h�0). Finally, from (ii), and since g� V (i), h� V (i), : g� ^(i)V h�, we get (i) � g� _ h�so thatf � � C _ g� _ h�� C _ (_ �; n j � + n = � � g� ^ hn _ gn ^ h�) Lemma C.52 165



Lemma C.8 For �; �; � � !, let g� be a �xed-point of g, h� be a �xed-point of h,� � �+ �, and � � � + �. Then f � is a �xed-point of f , andf � � C _ g� _ h� :Proof: Firstly,f � � C_ (_ �; n j � + n = � � g� ^ hn)_ (_ �; n j � + n = � � gn ^ h�) Lemma C.7� C_ (_ �; n j � + n = � � g� ^ hn) since g� � g� for � � �_ (_ �; n j � + n = � � gn ^ h�) since h� � h� for � � �� C _ g� _ h�:Secondly,f (f �)� � ^  _ wp(S []T ;C _ g� _ h�)� C _ g�+1 _ g� ^ h1 _ g1 ^ h� _ h�+1 Lemma C.6, defn. of g�, h�� C _ g� _ g� ^ h1 _ g1 ^ h� _ h� since g� � g�+1, h� � h�+1� C _ g� _ h�� f �2Lemma 5.7 For v-statement S, w-statement T, it S ti k it T ti �= it S []T ti.Proof: Let g� be a �xed-point of g , h� be a �xed-point of h , and let � � �+ �; � + �.Then wp(it S []T ti; � ^  )� f � Lemma C.8� C _ g� _ h� Lemma C.8� C _ inf (S1) _ inf (T1) Theorem 3.10� wp(it S ti; �) ^ wp(it T ti;  )_ inf (S1) _ inf (T1) Theorem 4.2� wp(it S ti; �) ^ wp(it T ti;  )_ wp(it S ti; false)_ wp(it T ti; false) since wp(it S ti; false) � inf (S1)� wp(it S ti k it T ti; � ^  ) Lemma 5.11.166



Proof of Lemma 5.10Lemma 5.10 For action c 2 C{, Rc � I �= (~Pc �H ) k ( ~Qc �G).Proof: wp(Rc � I ; � ^  )� wp(~Pc k ~Qc ;wp(ITI ; � ^  ))� wp(~Pc k ~Qc ;wp(ITH ; �) ^ wp(ITG;  )_ : halt(ITH )_ : halt(ITG)) Lemma 5.7, gd(IT ) � true� wp(~Pc k ~Qc ;wp(ITH ; �) ^ wp(ITG;  ))_ wp(~Pc k ~Qc ;: halt(ITH ))_ wp(~Pc k ~Qc ;: halt(ITG)) disjunction� wp(~Pc ;wp(ITH ; �)) ^ wp( ~Qc ;wp(ITG ;  ))_ wp(~Pc ;: halt(ITH )) ^ gd( ~Qc)_ gd(~Pc) ^ wp( ~Qc ;: halt(ITG))_ : halt(~Pc) ^ gd( ~Qc)_ gd(~Pc) ^ : halt( ~Qc) Property 5.1� wp(~Pc �H ; �) ^ wp( ~Qc �G ;  )_ : halt(~Pc �H ) ^ gd( ~Qc �G)_ gd(~Pc �H ) ^ : halt( ~Qc �G)since : halt(S)V : halt(S ; T ), gd(S) � gd(S ; IT )� wp(~Pc �H k ~Qc �G ; � ^  ) Property 5.1.Proof of Lemma 5.12Lemma 5.12 For action trace t 2 C{�, v-predicate �, w-predicate  ,wp(Rt � I ; � ^  ) � wp(~Pt �H ; �) ^ wp( ~Qt �G ;  )_ (_ s � t � wp(~Ps �H ; false) ^ wp( ~Qs �G ; true)_ wp(~Ps �H ; true) ^ wp( ~Qs �G ; false)):Proof by induction over t : Base case is trivially true.167



Case thci :wp(Rt � I ;wp(Rc � I ; � ^  ))� wp(Rt � I ;wp(~Pc �H ; �) ^ wp( ~Qc �G ;  ))_ wp(Rt � I ;wp(~Pc �H ; false) ^ wp( ~Qc �G ; true))_ wp(Rt � I ;wp(~Pc �H ; true) ^ wp( ~Qc �G ; false)) Lemma 5.10� wp(~Pt �H ;wp(~Pc �H ; �)) ^ wp( ~Qt �G ;wp( ~Qc �G ;  ))_ wp(~Pt �H ;wp(~Pc �H ; false)) ^ wp( ~Qt �G ;wp( ~Qc �G ; true))_ wp(~Pt �H ;wp(~Pc �H ; true)) ^ wp( ~Qt �G ;wp( ~Qc �G ; false))_ (_ s � t � wp(~Ps �H ; false) ^ wp( ~Qs �G ; true)_ wp(~Ps �H ; true) ^ wp( ~Qs �G ; false)) induction hypothesis� wp(~Pthci �H ; �) ^ wp( ~Qthci �G ;  )_ wp(~Pthci �H ; false) ^ wp( ~Qthci �G ; true)_ wp(~Pthci �H ; true) ^ wp( ~Qthci �G ; false)_ (_ s � t � wp(~Ps �H ; false) ^ wp( ~Qs �G ; true)_ wp(~Ps �H ; true) ^ wp( ~Qs �G ; false))� wp(~Pthci �H ; �) ^ wp( ~Qthci �G ;  )_ (_ s � thci � wp(~Ps �H ; false) ^ wp( ~Qs �G ; true)_ wp(~Ps �H ; true) ^ wp( ~Qs �G ; false)):Proof of Lemma 5.13Let R = wp1(Ru � I ; ); P = wp1(~Pu �H ; ); Q = wp1( ~Qu �G ; );so that for suitable ordinal �,inf (Ru � I ; ) � (R�)0; inf (~Pu �H ; ) � (P�)0; inf ( ~Qu �G ; ) � (Q�)0:Also, let C � hci j i � 0i, whereci � (_ s < u[i ::] � wp(~Ps ; false) ^ wp( ~Qs; true)_ wp(~Ps ; true) ^ wp( ~Qs ; false))Lemma C.9 For i 2 
, wp(Rui � I ; ci+1) � ci .168



Proof: wp(Rui � I ; ci+1)� (_ s < u[i + 1::] �wp(Rui � I ;wp(~Ps �H ; false) ^ wp( ~Qs �G ; true))_ wp(Rui � I ;wp(~Ps �H ; true) ^ wp( ~Qs �G ; false))) disjunction� (_ s < u[i + 1::] �wp(~Pui �H ;wp(~Ps �H ; false)) ^ wp( ~Qui �G ;wp( ~Qs �G ; true))_ wp(~Pui �H ;wp(~Ps �H ; true)) ^ wp( ~Qui �G ;wp( ~Qs �G ; false))_ wp(~Pui �H ; false) ^ wp( ~Qui �G ; true)_ wp(~Pui �H ; true) ^ wp( ~Qui �G ; false)) Lemma 5.10� (_ s < u[i ::] �wp(~Ps �H ; false) ^ wp( ~Qs �G ; true)_ wp(~Ps �H ; true) ^ wp( ~Qs �G ; false))� ci2Lemma C.10 For i 2 
,wp(Rui � I ; ( (P�)i+1 ^ (Q�)i+1 ) _ ci+1) � ( (P�)i ^ (Q�)i ) _ ci):Proof: wp(Rui � I ; ( (P�)i+1 ^ (Q�)i+1 ) _ ci+1)� wp(Rui � I ; (P�)i+1 ^ (Q�)i+1)_ wp(Rui � I ; ci+1) disjunction� wp(~Pui �H ; (P�)i+1) ^ wp( ~Qui �G ; (Q�)i+1)_ wp(~Pui �H ; false) ^ wp( ~Qui �G ; true)_ wp(~Pui �H ; true) ^ wp( ~Qui �G ; false)_ ci Lemmas 5.10,C.9� (P�+1)i ^ (Q�+1)i_ wp(~Pui �H ; false) ^ wp( ~Qui �G ; true) (iii)_ wp(~Pui �H ; true) ^ wp( ~Qui �G ; false) (iv)_ ci� (P�+1)i ^ (Q�+1)i_ ci since (iii)V ci , (iv)V ci2Lemma C.11 For any ordinal �,R( (P� ^ Q�) _ C ) � (P�+1 ^ Q�+1) _ C :Proof: R( (P� ^ Q�) _ C )� wp1(Ru �G ; (P� ^ Q�) _ C )� h wp(Rui �G ; ( (P�)i+1 ^ (Q�)i+1 ) _ ci+1) j i � 0 i� h ( (P�+1)i ^ (Q�+1)i ) _ ci j i � 0 i Lemma C.10� (P�+1 ^ Q�+1) _ C2 169



Lemma C.12 For each ordinal �, R� � (P� ^ Q�) _ CProof by ordinal induction:R�� (^ � j � < � � R(R�))� (^ � j � < � � R( (P� ^ Q�) _ C )) induction hypothesis� (^ � j � < � � (P�+1 ^ Q�+1) _ C ) Lemma C.11� (^ � j � < � � P�+1 ^ Q�+1) _ C C independent of �� ( (^ � j � < � � P�+1) ^ (^ � j � < � � Q�+1) ) _ C pred. calc.� (P� ^ Q�) _ C2Lemma 5.13 For action trace u 2 C{!,inf (Ru � I ) � inf (~Pu �H ) ^ inf ( ~Qu �G)_ (_ s < u � wp(~Ps �H ; false) ^ wp( ~Qs �G ; true)_ wp(~Ps �H ; true) ^ wp( ~Qs �G ; false)):Proof: inf (Ru � I )� (R�)0� ( (P�)0 ^ (Q�)0 ) _ c0 Lemma C.12� inf (~Pu �H ) ^ inf ( ~Qu �G)_ (_ s < u � wp(~Ps �H ; false) ^ wp( ~Qs �G ; true)_ wp(~Ps �H ; true) ^ wp( ~Qs �G ; false)):Proof of Lemma 5.14Firstly we have lemmas as follows:Lemma C.13 halt(ITI ) � halt(ITH ) ^ halt(ITG):Proof: halt(ITI )� halt(ITH k ITG) Lemma 5.7� gd(ITH ) ^ gd(ITG)) halt(ITH ) ^ halt(ITG) Property 5.1� halt(ITH ) ^ halt(ITG) since gd(IT ) � true2Lemma C.14 For v-predicate �, wp(ITI ; �) � halt(ITI ) ^ wp(ITH ; �):170



Proof: wp(ITI ; �)� wp(ITH ; �) ^ halt(ITG) Lemma 5.7, gd(IT ) � true� wp(ITH ; �) ^ halt(ITH ) ^ halt(ITG) since wp(IT ; �)V halt(IT )� wp(ITH ; �) ^ halt(ITI ) Lemma C.132Lemma C.15 For Z � (A� B),halt(ITI ) ^ : gdI (RZ ) � halt(ITI ) ^ : gdH (PZ ):Proof: halt(ITI ) ^ : gdI (RZ )� halt(ITI ) ^ (^ c 2 Z � wp(ITI ;: gd(Rc))) De�nition 4.7� halt(ITI ) ^ (^ c 2 Z � wp(ITI ;: gd(Pc))) since c 62 B� halt(ITI ) ^ (^ c 2 Z � wp(ITH ;: gd(Pc))) Lemma C.14� halt(ITI ) ^ : gdH (PZ ) De�nition 4.72 Similarly we have:Lemma C.16 For Z � (B � A),halt(ITI ) ^ : gdI (RZ ) � halt(ITI ) ^ : gdG(QZ )2Lemma C.17 For set Z , predicates �i ,  i ,(^ i 2 Z � �i _  i) � (_ X ;Y � Z j X [Y = Z � (^ i 2 X � �i ) ^ (^ i 2 Y �  i)):Proof by mutual entailment:(a): Assume (^ i 2 Z � �i _  i). Let X b= fi 2 Z j �ig, Y b= fi 2 Z j  ig. ThenX [Y = fi 2 Z j �i _  ig= Z since �i _  i , each i 2 Zhence (_ X ;Y � Z j X [Y = Z � (^ i 2 X � �i) ^ (^ i 2 Y �  i))(b): (_ X ;Y � Z j X [Y = Z � (^ i 2 X � �i ) ^ (^ i 2 Y �  i))V (_ X ;Y � Z j X [Y = Z � (^ i 2 X � �i _  i) ^ (^ i 2 Y � �i _  i))V (_ X ;Y � Z j X [Y = Z � (^ i 2 (X [ Y ) � �i _  i))V (^ i 2 Z � �i _  i)2 171



Lemma C.18 For Z � (A\ B),halt(ITI ) ^ : gdI (RZ ) �halt(ITI ) ^ (_ X ;Y � Z j X [ Y = Z � : gdH (PX ) ^ : gdG(QY )):Proof: halt(ITI ) ^ : gdI (RZ )� halt(ITI ) ^ (^ c 2 Z � wp(ITI ;: gd(Rc))) De�nition 4.7� halt(ITI ) ^ (^ c 2 Z � wp(ITH k ITG ;: gd(Pc) _ : gd(Qc))) since c 2 A \ B� halt(ITI ) ^ (^ c 2 Z � wp(ITH ;: gd(Pc))_ wp(ITG ;: gd(Qc))) Property 5.1, Lemma C.13� halt(ITI ) ^ (_ X ;Y � Z j X [Y = Z �(^ c 2 X � wp(ITH ;: gd(Pc)))^ (^ c 2 Y � wp(ITG;: gd(Qc)))) Lemma C.17� halt(ITI ) ^ (_ X ;Y � Z j X [Y = Z �: gdH (PX ) ^ : gdG(QY )) De�nition 4.72Lemma C.19 For Z � C,halt(ITI ) ^ : gdI (RZ ) �halt(ITI ) ^ (_ X � A;Y � B j X [ Y = Z � : gdH (PX ) ^ : gdG(QY )):Proof: halt(ITI ) ^ : gdI (RZ )� halt(ITI ) ^ : gdI (RZ�B) ^ : gdI (RZ�A) ^ : gdI (RZ\A\B) conjunction� halt(ITI ) ^ : gdH (PZ�B) ^ : gdG(QZ�A) ^(_ X ;Y � Z j X [ Y = Z \ A \ B �: gdH (PX ) ^ : gdG(QY )) C.15, C.16, C.18� halt(ITI ) ^(_ X ;Y � Z j X [ Y = Z \ A \ B �: gdH (PX[(Z�B)) ^ : gdG(QY[(Z�A))) conjunction� halt(ITI ) ^(_ X ;Y � Z j X [ Y = Z \ A \ B �(_ X 0 � A;Y 0 � B j X 0 = X [ (Z � B) ^ Y 0 = Y [ (Z � A) �: gdH (PX 0) ^ : gdG(QY 0)))� halt(ITI ) ^(_ X 0 � A;Y 0 � B j X 0 [Y 0 = (Z \ A \ B) [ (Z � B) [ (Z �A) �: gdH (PX 0) ^ : gdG(QY 0))� halt(ITI ) ^(_ X 0 � A;Y 0 � B j X 0 [Y 0 = Z �: gdH (PX 0) ^ : gdG(QY 0))2 172



Lemma C.20 For any action S, predicate �,wp(it S ti; �) � wp(it S ti; halt(it S ti) ^ �):Proof: We have LHS W RHS by monotonicity. It is easy to show that wp(it S ti; �)is a solution of X V halt(it S ti) ^ � _ wp(it S ti;X ) (v)and since wp(it S ti; halt(it S ti) ^ �) is the greatest solution of (v), LHS V RHS .2Lemma 5.14 For Z � C,wp(ITI ;: gdI (RZ )) � (_ X � A;Y � B j X [Y = Z �wp(ITI ;: gdH (PX ) ^ : gdG(QY ))):Proof: wp(ITI ;: gdI (RZ ))� wp(ITI ; halt(ITI) ^ : gdI (RZ )) Lemma C.20� wp(ITI ; halt(ITI) ^(_ X � A;Y � B j X [Y = Z �: gdH (PX ) ^ : gdG(QY ))) Lemma C.19� (_ X � A;Y � B j X [Y = Z �wp(ITI ;: gdH (PX ) ^ : gdG(QY ))) disjunction, Lemma C.20.
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Appendix DProofs for Chapter 6Proof of Theorem 6.8Given P = (A;V ;P{;PA;PH ), construct P+ and show that f[P ]g = f[P+]g. Beforeconstructing P+, we present some de�nitions. For statement S , S [�x v ] behaves as Son all variables except v which it leaves unchanged:De�nition D.1 wp(S [�x v ]; �) b= wp(S [vnl ]; �)[lnv ], where l is some fresh variableindependent of v , S and �.For example, (v ; y := E ;F )[�x v ] = y := F . For statement S , feasible(S) behaves asS in those states in which S is enabled, otherwise it behaves as skip:De�nition D.2 feasible(S) b= S [] [: gd(S)].Note that feasible(S) is always non-miraculous.For each output statement Pa of P , construct a statement CHSa as follows:CHSa b= feasible(Pa [ynya ][�x v ]):CHSa assigns to ya what Pa would assign to y , and leaves v unchanged. Becausehalt(Pa) � true (see Theorem 6.8), CHSa always terminates. For example, ifPa = (v 6= hi ! y := hd(v) ; v := tl(v))then CHSa = (v 6= hi ! ya := hd(v) []v = hi ! skip).We introduce a generalised parallel operator over a possibly in�nite set of predicates.Generalised composition over the set Si ; i 2 I is written (k i 2 I � Si), and satis�es thefollowing property:Property D.3 Let f vi j i 2 I g be a set of distinct variables. For each i 2 I , let Sibe a vi -statement, and �i be a vi -predicate. Then the generalised parallel operator forstatements satis�es:wp( (k i 2 I � Si); (_ i 2 I � �i) )� (^ i 2 I � gd(Si)) ) (^ i 2 I � halt(Si)) ^ (_ j 2 I � wp(Sj ; �j ))2 174



Note: For in�nite I , (k i 2 I � Si) cannot be constructed using sequential compo-sition. However, we can de�ne an operator on speci�cation statements that satis�esProperty D.3:(k i � vi : [ prei ; posti ]) b= ([i � vi) : [ (^ i � prei); (^ i � posti) ]:Using the \predicate correspondence" (cf. construction of SP in Lemma A.2), this op-erator can be applied to any set of statements.Construct the statement CHS as follows:CHS b= (k a 2 OUT � CHSa):Now construct P+ as follows:P+ b= (AW ; v [ f ya j a 2 OUT g; P+{ ; fP+a:i j a:i 2 AWg; fP+h j h 2 H g)where P+{ b= P{ ; CHS ;P+a:i b= Pa [value xni ] ; CHS ; if dir(a) = in;P+a:i b= ya = i ! (var y � Pa [y = i ]) ; CHS ; if dir(a) = out ;P+h b= Ph ; CHS :P+ is a normal action system with non-parameterised actions and by Theorem 4.9, f[P ]gis well-formed. Before showing that f[P ]g = f[P+]g, we present some lemmas about CHS :Lemma D.4 CHS ; CHS = CHS.This is a consequence of the fact that each output action is independent of the initialvalue of y (Condition 2 of theorem). The following disjunctivity results follow fromProperty D.3:Lemma D.5 Let �a represent any predicate that may depend on ya , but is independentof each ya 0, for a0 6= a. Then for X � OUT,wp(CHS ; (_ a 2 X � �a)) � (_ a 2 X � wp(CHSa ; �a))2Lemma D.6 For  independent of each ya , any �,wp(CHS ; � _  ) � wp(CHSa; �) _  2 For a:i 2 AW , Pa:i is de�ned by De�nitions 6.1 and 6.3. The following lemma givesa relationship between Pa:i and P+a:i :Lemma D.7 For v-predicate �,wp(Pa:i ; �) � wp(CHS ; P+a:i ; �):175



Proof: If dir(a) = in then proof is trivial. If dir(a) = out then,wp(CHS ; P+a:i ; �)� wp(CHS ; ya = i ^ wp(Pa ; y = i ^ �)) de�nition of P+a:i� wp(CHSa ; ya = i ^ wp(Pa ; y = i ^ �)) Lemma D.5� wp(CHSa ; ya = i) ^ wp(Pa ; y = i ^ �) Lemma D.6� wp(Pa ; y = i) ^ wp(Pa ; y = i ^ �) de�nition of CHSa� wp(Pa:i ; �) de�nition of CHSa2 Because CHS ; CHS = CHS and each action of P+ (visible and internal) ends inCHS , it is easy to prove the following lemma by induction on traces:Lemma D.8 For v-predicate �, s 2 AW�,wp(P+h{is �H+; �) � wp(Ph{is �H ; �)2 Similarly, it is easy to prove the following lemma using a �xed-point argument:Lemma D.9 For u 2 AW!,inf (P+h{is �H+) � inf (Ph{is �H )2 Lemma D.8 allows us to compare the e�ect of �nite traces of communication eventson P and on P+, and Lemma D.9 allows to compare the in�nite traces of P and ofP+. So to show that f[P ]g = f[P+]g we only need to be able to compare the conditionsunder which P and P+ may refuse sets of communications. This will be provided byLemma D.23, but before giving this lemma, we present a series of lemmas leading to it.Lemma D.10 For S 6= fg, a 2 OUT,commgd(Pa:S ) V (_ i 2 S � wp(Pa ; y = i)):Proof: From Theorem 2.8 we get gd(Pa) ^ wp(Pa ; y 2 S)V wp(Pa ; y 2 S), and lemmafollows by disjunction.2Lemma D.11 For S 6= fg, a 2 OUT,commgd(Pa:S) V (^ i 2 S 0 � wp(Pa ; y = i)) ^ wp(Pa ; y 2 S 0)where S 0 is some non-empty subset of S.Proof: Assume commgd(Pa:S), thentrue� (^ i 2 S � wp(Pa ; y = i) _ wp(Pa ; y 6= i))V (^ i 2 S � wp(Pa ; y = i) _ wp(Pa ; y 6= i)) ^ (_ i 2 S � wp(Pa ; y = i))Lemma D.10V (^ i 2 S 0 � wp(Pa ; y = i)) ^ (^ i 2 (S � S 0) � wp(Pa ; y 6= i))V (^ i 2 S 0 � wp(Pa ; y = i)) ^ (^ i 2 (S � S 0) � wp(Pa ; y 6= i)) ^ wp(Pa ; y 2 S)since commgd(Pa:S )V wp(Pa ; y 2 S)V (^ i 2 S 0 � wp(Pa ; y = i)) ^ wp(Pa ; y 2 S 0)2 176



Lemma D.12 For a 2 OUT, wp(CHSa ; gd(P+a:S)) � commgd(Pa:S ).Proof: For S = fg, proof is trivial. For S 6= fg, by mutual entailment:(a). wp(CHSa ; gd(P+a:S))V wp(CHSa ; (_ i 2 S � ya = i ^ wp(Pa ; y = i))) de�nition of P+a:iV wp(CHSa ; (_ i 2 S � ya = i) ^ gd(Pa))V wp(CHSa ; ya 2 S ^ gd(Pa))V wp(Pa ; y 2 S) ^ gd(Pa) de�nition of CHSaV commgd(Pa:S)(b). commgd(Pa:S)V (^ i 2 S 0 � wp(Pa ; y = i)) ^ wp(Pa ; y 2 S 0) Lemma D.11V (^ i 2 S 0 � wp(Pa ; y = i)) ^ wp(CHSa ; ya 2 S 0) de�nition of CHSaV wp(CHSa ; ya 2 S 0 ^ (^ i 2 S 0 � wp(Pa ; y = i))) Lemma D.6V wp(CHSa ; (_ i 2 S � ya = i ^ wp(Pa ; y = i))) S 0 non-emptyV wp(CHSa ; gd(P+a:S)) de�nition of P+a:i2Lemma D.13 For a 2 fa 2 A j dir(a) = ing, gd(P+a:S) � commgd(Pa:S).Proof: Follows easily from de�nition of P+ and commgd .Let PH = ([] h 2 H � Ph), P+H b= ([] h 2 H � P+h ), ITH b= it PH ti, IT+H b= it P+H ti.The following two lemmas are true since CHS is independent of any previous executionof CHS :Lemma D.14 CHS ; ITH+ = ITH ; CHS.Lemma D.15 P+H ; ITH+ = PH ; ITH ; CHS.We also haveLemma D.16 For v-predicate �, wp(IT+H ; �) � wp(ITH ; �).Lemma D.17 For X � AW, gdH (P+X ) V gd(P+X ) _ gd(PH ).Proof: gdH (P+X )V (_ a:i 2 X � wp(IT+H ; gd(P+a:i))) De�nition 4.7V (_ a:i 2 X � gd(P+a:i) _ wp(P+H ; IT+H ; gd(P+a:i))) property of it S tiV (_ a:i 2 X � gd(P+a:i)) _ gd(P+H ) wp(s ; �)V gd(S)V gd(P+X ) _ gd(PH ) gd(P+H ) � gd(PH )2 177



Lemma D.18 For X � AW, wp(CHS ; gdH+(P+X ))V commgd(PX ) _ gd(PH ).Proof: wp(CHS ; gdH+(P+X ))V wp(CHS ; gd(P+X ) _ gd(PH )) Lemma D.17V wp(CHS ; gd(P+X )) _ gd(PH )V wp(CHS ; (_ a 2 chan�X � j dir(a) = in � gd(P+X�a))_ (_ a 2 chan�X � j dir(a) = out � gd(P+X�a))) _ gd(PH )V (_ a 2 chan�X � j dir(a) = in � gd(P+X�a))_ (_ a 2 chan�X � j dir(a) = out � wp(CHSa; gd(P+X�a))) _ gd(PH ) Lemma D.5V (_ a 2 chan�X � j dir(a) = in � commgd(PX�a))_ (_ a 2 chan�X � j dir(a) = out � commgd(PX�a)) _ gd(PH )Lemmas D.12 and D.13V commgd(PX ) _ gd(PH )2Lemma D.19 For X 6= fg,wp(ITH ; CHS ; gdH+(P+X )) V commgdH (PX ):Proof: wp(ITH ;wp(CHS ; gdH+(P+X )))V wp(ITH ; commgd(PX ) _ gd(PH )) Lemma D.18V wp(ITH ; commgd(PX )) Theorem 4.22V commgdH (PX ) disjunction2Lemma D.20 For X � AW,wp(ITH ; CHS ; gdH+(P+X )) V wp(ITH ; commgdH (PX )):Proof: For X = fg, proof is trivial. For X 6= fg we have:wp(ITH ; CHS ; gdH+(P+X )))V wp(ITH ; ITH ; CHS ; gdH+(P+X ))) ITH ; ITH = ITHV wp(ITH ; commgdH (PX )) Lemma D.192Lemma D.21 For a 2 OUT,wp(ITH ; commgd(Pa:S))V wp(CHSa ;wp(IT+H ; gd(P+a:S)):178



Proof: wp(ITH ; commgd(Pa:S))V wp(ITH ;wp(CHSa; gd(P+a:S))) Lemma D.12V wp(CHSa ; gd(P+a:S)) _ wp(PH ; ITH ;wp(CHSa; gd(P+a:S)))property of it S tiV wp(CHSa ; gd(P+a:S)) _ wp(PH ; ITH ; CHS ; gd(P+a:S)) Lemma D.5V wp(CHSa ; gd(P+a:S)) _ wp(P+H ; IT+H ; gd(P+a:S)) Lemma D.15V wp(CHSa ; gd(P+a:S) _ wp(P+H ; IT+H ; gd(P+a:S))) Lemma D.6V wp(CHSa ;wp(IT+H ; gd(P+a:S)))2Lemma D.22 commgdH (PX )V wp(CHS ; gdH+(P+X )).Proof: commgdH (PX )V (_ a 2 chan�X � j dir(a) = in � wp(ITH ; commgd(PX�a)))_ (_ a 2 chan�X � j dir(a) = out � wp(ITH ; commgd(PX�a)))De�niton 6.6V (_ a 2 chan�X � j dir(a) = in � wp(IT+H ; gd(P+X�a)))_ (_ a 2 chan�X � j dir(a) = out � wp(CHSa;wp(IT+H ; gd(P+X�a))))Lemmas D.16, D.13, D.21V wp(CHS ; (_ a 2 chan�X � j dir(a) = in � wp(IT+H ; gd(P+X�a)))_ (_ a 2 chan�X � j dir(a) = out � wp(IT+H ; gd(P+X�a))))Lemma D.5V wp(CHS ; gdH+(P+X ))2Lemma D.23 wp(CHS ; IT+H ; gdH+(P+X )) � wp(ITH ; commgdH (PX )).Proof: By Lemma D.14 only need to showwp(ITH ; CHS ; gdH+(P+X )) � wp(ITH ; commgdH (PX ))and this follows from Lemma D.20, and Lemma D.22 and monotonicity.2 Finally to show that f[P ]g = f[P+]g, we have �rstly failures equality: for a 2 A�W ,X � AW , (s ;X ) 2 Ff[P ]g� wp(Ph{is �H ;: commgdH (PX ))� wp(P+h{is �H+;: commgdH (PX )) Lemma D.8� wp(P+h{is �H+;: gdH (P+X )) Lemma D.23� (s ;X ) 2 Ff[P+]gSimilarly, divergences equality follows from Lemma D.8 with � � false, and in�nitesequality follows from Lemma D.9. 179



Proof of Lemma 6.11Lemma 6.11 For each a:i 2 AW , Pa:i �rep Qa:i .Proof:Case dir(a) = in :rep(wp(Pa:i ; �))V rep(wp(Pa ; �)[xni ]) De�nition 6.1V rep(wp(Pa ; �))[xni ] (b) of Theorem 6.10V wp(Qa ; rep(�))[xni ] since Pa �rep QaV wp(Qa:i ; rep(�)) De�nition 6.1Case dir(a) = out :rep(wp(Pa:i ; �))V rep(wp((var y � Pa [y = i ]); �)) De�nition 6.3V rep(wp(Pa ; y = i ) �)) wp(Pa ; �) independent of yV wp(Qa ; rep(y = i ) �)) since Pa �rep QaV wp(Qa ; y = i ) rep(�)) disjunction, (c) of Theorem 6.10V wp(Qa:i ; rep(�)) De�nition 6.3.Proof of Lemma 6.12Firstly we have lemmas as follows:Lemma D.24 rep(9 x 2 S � �)V (9 x 2 S � rep(�)).Proof: From (a) and (b) of Theorem 6.10.Lemma D.25 For fg � S � W,rep(wp(ITH ; commgd(Pa:S))) V wp(ITG; commgd(Qa:S)):Proof: Case dir(a) = in :rep(wp(ITH ; commgd(Pa:S)))V rep(wp(ITH ; (9 x 2 S � gd(Pa))) De�nition 6.2V rep(9 x 2 S � wp(ITH ; gd(Pa))) ITH ind. of x ,disjunctionV (9 x 2 S � rep(wp(ITH ; gd(Pa)))) Lemma D.24V (9 x 2 S � wp(ITG; gd(Qa))) Condition 4 of De�nition 6.9V wp(ITG; commgd(Qa:S)) disjunction, De�nition 6.2180



Case dir(a) = out :rep(wp(ITH ; commgd(Pa:S)))V rep(wp(ITH ; gd(Pa) ^ wp(Pa ; y 2 S))) De�nition 6.4V wp(ITG; gd(Qa) ^ wp(Qa ; y 2 S)) Condition 5 of De�nition 6.9V wp(ITG; commgd(Qa:S)) De�nition 6.42Lemma 6.12 For X � AW , rep(commgdH (PX )) V commgdG(QX ).Proof: Follows from Lemma D.25 and disjunction.Proof of Lemma 6.16In the following, we assume that x ; y 2 W � true. This can always be ensured bymaking x ; y 2 W an invariant of each action (cf. Section 7.1). We have the followinglemma:Lemma D.26 For c 2 C, (var x ; y :W � Pc) = ([] i 2 W � Pc:i).Proof: For � independent of x ; y ; i ; we haveCase dir(c) = in :wp(([] i 2 W � Pc:i); �)� (^ i 2 W � wp(Pc:i ; �)) De�nition 2.2� (^ i 2 W � wp(Pc ; �)[xni ]) De�nition 6.1� (8 x 2 W � wp(Pc ; �)) Pc, � ind. of i� (8 x ; y 2 W � wp(Pc ; �)) Pc ind. of y� wp((var x ; y :W � Pc); �) De�nition 2.5Case dir(c) = out :wp(([] i 2 W � Pc:i); �)� (^ i 2 W � wp(Pc ; y = i ) �)) De�nitions 2.2 and 6.3� wp(Pc ; (^ i 2 W � y = i ) �)) conjunction� wp(Pc ; y 62 W _ �) � ind. of i� wp(Pc ; �) y 2 W � true� (8 x ; y 2 W � wp(Pc ; �)) wp(Pc ; �) ind. of x ; y� wp((var x ; y :W � Pc); �) De�nition 2.52Lemma 6.16 For b:i 2 BW ,Qb:i �G = Pb:i �H ; it ([] c:i 2 CW � Pc:i �H ) ti:181



Proof: Qb:i ; ITG= Pb:i ; it PH []([] c 2 C � (var x ; y :W � Pc)) ti De�nition 6.14= Pb:i ; ITH ; it ([] c 2 C � (var x ; y :W � Pc)) ; ITH ti Lemma 4.5= Pb:i ; ITH ; it ([] c 2 C � ([] i 2 W � Pc:i)) ; ITH ti Lemma D.26= Pb:i ; ITH ; it ([] c:i 2 CW � Pc:i) ; ITH ti join choices= Pb:i �H ; it ([] c:i 2 CW � Pc:i �H ) ti defn. of �H.Proof of Lemma 6.17Firstly, we have the following lemma:Lemma D.27 commgd(Pc:W) � gd(var x ; y :W � Pc).Proof:Case dir(c) = in :commgd(Pc:W)� (9 x 2 W � gd(Pc)) De�nition 6.2� gd(var x :W � Pc) De�nition 2.5� gd(var x ; y :W � Pc) since Pc independent of yCase dir(c) = out :commgd(Pc:W)� gd(Pc) ^ wp(Pc ; y 2 W) De�nition 6.4� gd(Pc) wp(Pc ; y 2 W) � true� gd(var x ; y :W � Pc) since �, wp(Pc ; �) independent of x ; y2 Given this lemma we can showLemma D.28 For C � A,commgd(PCW ) � gd([] c 2 C � (var x ; y :W � Pc))2 We also have lemma as followsLemma D.29 For X � BW,commgd(PX[CW ) � commgd(PX ) _ commgd(PCW ):Proof: Follows easily from De�nititon 6.6 and disjunction.Lemma 6.17 For X � B,wp(ITG;: commgdG(QX )) � wp(ITG;: commgdH (PX[CW )):Proof: Given Lemmas D.28, D.29, proof is similar to proof of Lemma 4.16.182



Proof of Lemma 6.25Firstly, we have lemmas as follows:Lemma D.30 For input action Pc, output action Qc,(Pc [value xni ]) k (Qc [value xni ]) �= (Pc k Qc)[value xni ]:Proof: Follows easily from Property 5.1 and De�nition 2.6.Lemma D.31 For c:i 2 CW , Rc:i �= ~Pc:i k ~Qc:i .Proof: In the case that c 2 A � B , proof is trivial since ~Qc:i = skip. Similarly forc 2 B � A. In the case that c 2 IN , proof follows from Lemma D.30. In the case thatc 2 OUTP , we haveRc:i = Rc [y = i ] De�nition 6.1= (Pc ~kQc)[y = i ] De�nition 6.22�= (Pc[y = i ]) k (Qc[value xni ]) Property 6.21 (a)= Pc:i k Qc:i De�nitions 6.3, 6.1= ~Pc:i k ~Qc:i de�nition of ~P ; ~QSimilarly for c 2 OUTQ .2Lemma 6.25 For c:i 2 CW, Rc:i � I �= (~Pc:i �H ) k ( ~Qc:i �G)Given Lemma D.31, proof of Lemma 6.25 is similar to proof of Lemma 5.10.Proof of Lemma 6.26Lemma D.32 For c 2 OUTP [OUTQ , S � W,commgd(Rc:S ) � commgd(Pc:S) ^ commgd(Qc:S ):Proof: In the case where c 2 OUTP , we have �rstlycommgd(Qc:S)� (9 x 2 S � gd(Qc)) De�nition 6.2� (9 x 2 S � x 2 typeQ(c) ^ gd(var x � Qc)) Property 6.19� S \ typeQ (c) 6= fg ^ gd(var x � Qc) pred. calc.secondly commgd(Pc:S)� gd(Pc) ^ wp(Pc ; y 2 S) De�nition 6.4� gd(Pc) ^ wp(Pc ; y 2 S ^ y 2 typeQ(c))Property 6.20, typeP (c) � typeQ (c)� gd(Pc) ^ wp(Pc ; y 2 S ^ S \ typeQ(c) 6= fg) pred. calc.� gd(Pc) ^ wp(Pc ; y 2 S) ^ S \ typeQ (c) 6= fg since halt(Pc) � true183



so that commgd(Rc:S )� gd(Rc) ^ wp(Rc ; y 2 S) De�nition 6.4� gd(Pc ~kQc) ^ wp(Pc ~kQc ; y 2 S) De�nition 6.22� gd(Pc) ^ gd(var x � Qc) ^ wp(Pc ; y 2 S) Property 6.21 (b)� gd(Pc) ^ wp(Pc ; y 2 S) ^ S \ typeQ (c) 6= fg ^ gd(var x � Qc) see above� commgd(Pc:S) ^ commgd(Qc:S ) see aboveProof is similar for the case where c 2 OUTQ .2Lemma D.33 For c 2 OUTP ,commgd(Qc:S) V gd(var x � Qc) ^ S \ typeP (c) 6= fg:Proof: Follows from Property 6.19 and typeP(c) � typeQ (c). There is a similar lemmafor c 2 OUTQ .Lemma D.34 For c 2 OUTP , J ;K � W, where K \ typeP(c) = fg,wp(Pc ; y 62 J ) V wp(Pc; y 62 (J [ K )):Proof: wp(Pc; y 62 J )V wp(Pc; y 62 J ) ^ wp(Pc ; y 2 typeP(c)) Property 6.20V wp(Pc; y 62 J ) ^ wp(Pc ; y 62 K ) K \ typeP(c) = fgV wp(Pc; y 62 J ^ y 62 K ) Theorem 2.82Lemma D.35 For S � W, c 2 A\ B,halt(ITI ) ^ : commgdI (Rc:S ) (i)� halt(ITI ) ^ (_ J ;K j J [ K = S � : commgdH (Pc:J) ^ : commgdG(Qc:K )): (ii)Proof: In the case that c 2 IN , we havehalt(ITI ) ^ : commgdI (Rc:S )� halt(ITI ) ^ wp(ITI ; (8 x 2 S � : gd(Rc))) Defn. 6.2, negation� halt(ITI ) ^ wp(ITI ; (8 x 2 S � : gd(Pc) _ : gd(Qc))) Property 5.1� halt(ITI ) ^ (8 x 2 S � wp(ITI ;: gd(Pc) _ : gd(Qc))) conjunction� halt(ITI ) ^ (8 x 2 S � wp(ITH ;: gd(Pc)) _ wp(ITG;: gd(Qc))) Lemma 5.7� halt(ITI ) ^ (_ J ;K j J [K = S �(8 x 2 J � wp(ITH ;: gd(Pc)))^ (8 x 2 K � wp(ITG;: gd(Qc)))) Lemma C.17� halt(ITI ) ^ (_ J ;K j J [K = S �: commgdH (Pc:J ) ^ : commgdG(Qc:K )) conjunction.184



Now, consider the case where c 2 OUTP . To show (i) V (ii), use Lemma D.32 andtake J = K = S . To show (ii) V (i), we have for J [K = S ,halt(ITI ) ^ : commgdH (Pc:J) ^ : commgdG(Qc:K )V halt(ITI ) ^ wp(ITH ;: gd(Pc) _ wp(Pc; y 62 J ))^ wp(ITG ;: gd(var x � Qc) _ K \ typeP(C ) = fg) Lemma D.33V halt(ITI ) ^ wp(ITH ;: gd(Pc) _ wp(Pc; y 62 J ))^ (wp(ITG;: gd(var x � Qc)) _ K \ typeP(C ) = fg) move const. outV halt(ITI ) ^(wp(ITG;: gd(var x � Qc))_ wp(ITH ;: gd(Pc) _ wp(Pc ; y 62 J )) ^ K \ typeP (C ) = fg) pred. calc.V halt(ITI ) ^(wp(ITG;: gd(var x � Qc))_ wp(ITH ;: gd(Pc) _ wp(Pc ; y 62 S))) Lemma D.34V halt(ITI ) ^ (: commgdH (Pc:S ) _ : commgdG(Qc:S )) Defs. 6.2,6.4V halt(ITI ) ^ : commgdI (Rc:S ) Lemma D.32The case where c 2 OUTQ is similarly proven.2Lemma D.36 For Z � (A [ B)W,halt(ITI ) ^ : commgdI (RZ )� halt(ITI ) ^ (_ X ;Y j X [ Y = Z � : commgdH (PX ) ^ : commgdG(Qy)):Proof: By deductive argument along the lines of Lemma C.17, using Lemma D.35.Lemma 6.26 For Z � CW,wp(ITI ;: commgdI (RZ ))� (_ X � AW ;Y � BW j X [ Y = Z � wp(ITI ;: commgdH (PX ) ^ : commgdG(Qy))):Proof: Follows from Lemma D.36, as shown in proof of Lemma 5.14.Bi-directional Channels and Well-formednessWe show that Theorem 6.8 holds for action systems with bi-directional actions. Firstly,we assume that any bi-directional action leaves the input parameter unchanged, so thatthe following property is satis�ed:Property D.37 For inout action Pa , x-predicate  , any �,wp(Pa ;  _ �) �  _ wp(Pa ; �)2 185



Assume that W satis�es the following property:Property D.38 (j ; k) 2 W � j 2 W ^ k 2 W.Let W0 b= f i 2 W j i is not a pair g. We then have the following lemma:Lemma D.39 For inout action Pa , value i 2 (W�W0), let j b= fst(i) and k b= snd(i).Then Pa:i = Pa [value xnj ][y = k ]:For i 2 W0, Pa:i = miracle.Proof: In the case that i 2 (W �W0), we have:wp(Pa:i ; �)� wp((var x ; y � [(x ; y) = (j ; k)]Pa[(x ; y) = (j ; k)]); �) De�nition 6.27� (8 x ; y � x = j ^ y = k ) wp(Pa ; x = j ^ y = k ) �)) wp-calc.� wp(Pa ; x = j ^ y = k ) �)[xnj ] wp(Pa ; �) ind. of y� (x = j ) wp(Pa ; y = k ) �))[xnj ] Property D.37� wp(Pa [value xnj ][y = k ]; �) wp-calc.In the case that i 2 W0 then trivially Pa:i =miracle.2 The proof that Theorem 6.8 holds with bi-directional channels is similar to the proofalready given for mono-directional channels: construct an action system P+ and showthat f[P+]g = f[P ]g. For input and output actions, the construction of the correspondingactions of P+ is as already given. For each bi-directional channel Pa of P , add the setof distinct variables f ya:i j i 2 W g to P+. A value for each ya:i is chosen byCHSa:i b= feasible(Pa [value xni ][ynya:i ][�x v ]):For each bi-directional channel Pa of P , add the set of actions f Pa:i j i 2 W g as follows:for i 2 (W �W0), where i = (j ; k),P+a:i b= ya:j = k ! (var y � Pa [value xnj ][y = k ]) ; CHS ;while, for i 2 W0, Pa:i b= miracle.Using lemma D.39, it can be shown that f[P+]g = f[P ]g in the manner already givenfor Theorem 6.8. Since f[P+]g is a normal action system, it is well-formed, thus f[P ]g isalso well-formed.Bi-directional Channels and Re�nementWe show that Theorem 6.10 holds for action systems with bi-directional channels. Note:Condition 5 of De�nition 6.9 now applies to bi-directional actions as well as outputactions. Firstly, we have that Lemma 6.11 is valid for bi-directional channels:186



Lemma 6.11 For a:i 2 AW , Pa:i �rep Qa:i .Proof: In the case that i 2 W0, proof is trivial. In the case that i 2 (W�W0), we havei = (j ; k) for some j ; k , andrep(wp(Pa:i ; �))V rep(wp(Pa [value xnj ][y = k ]; �)) Lemma D.39V rep(wp(Pa ; y = k ) �)[xnj ])V rep(wp(Pa ; y = k ) �))[xnj ] (b) of Theorem 6.8V wp(Qa ; rep(y = k ) �))[xnj ] Pa �rep QaV wp(Qa ; y = k ) rep(�))[xnj ] disjunction,(c) of Theorem 6.8V wp(Qa:i ; rep(�)) Lemma D.392 Secondly, Lemma D.25 is valid for bi-directional actions:Lemma D.25 For fg � S � W,rep(wp(ITH ; commgd(Pa:S))) V wp(ITG; commgd(Qa:S)):Proof: Case fst(S) = fg :rep(wp(ITH ; commgd(Pa:S)))V rep(wp(ITH ; false)) Def. 6.28V rep(wp(ITH ; gd(Pa) ^ wp(Pa ; false))) monotonicityV wp(ITG; gd(Qa) ^ wp(Qa ; false)) 5 of Def. 6.9V wp(ITG; false) since wp(Qa ; false) � : gd(Qa)V wp(ITG; commgd(Qa:S)) Def. 6.28Case fst(S) 6= fg :rep(wp(ITH ; commgd(Pa:S)))V rep(wp(ITH ; (9 x 2 fst(S) � gd(Pa) ^ wp(Pa ; y 2 Sx )))) Def. 6.28V (9 x 2 fst(S) � rep(wp(ITH ; gd(Pa) ^ wp(Pa ; y 2 Sx )))) disjunctionV (9 x 2 fst(S) � wp(ITG ; gd(Qa) ^ wp(Qa ; y 2 Sx ))) 5 of Def. 6.9V wp(ITG; (9x 2 fst(S) � gd(Qa) ^ wp(Qa ; y 2 Sx ))) disjunctionV wp(ITG; commgd(Qa:S)) Def. 6.272 This means that Lemma 6.12 also holds for bi-directional actions (see proof of Lem-mma 6.12). Finally, P vrep Q implies P v Q as described in the proof of Theorem 6.10.187



Bi-directional Channels and HidingHiding of bi-directional channnels is as described in De�nition 6.14. We have thatf[P n C ]g = f[P ]g n CW :Proof is as in the proof of Theorem 6.15. Firstly, Lemma D.26 holds for inout actions:Lemma D.26 (var x ; y :W � Pc) = ([] i 2 W � Pc:i)Proof: wp( ([] i 2 W � Pc:i); �)� (^ i 2 W � wp(Pc:i ; �))� (^ j ; k 2 W � wp(Pc:(j ;k); �))^ (^ i 2 W0 � wp(Pc:i ; �))� (^ j ; k 2 W � wp(Pc ; k = y ) �)[xnj ])^ (^ i 2 W0 � true) Lemma D.39� (^ j 2 W � wp(Pc ; (^ k 2 W � k = y ) �))[xnj ]) conjunction� (8 x ; y 2 W � wp(Pc ; �)) �, wp(Pc ; �) ind. of y� wp((var x ; y 2 W � Pc); �))2Thus, Lemma 6.16 holds for bi-directional actions.Secondly, Lemma D.27 holds for bi-directional actions:Lemma D.27 commgd(Pc:W) � gd(var x ; y :W � Pc).Proof: commgd(Pc:W)� (9 x 2 fst(W) � gd(Pc) ^ wp(Pc ; y 2 Wx )) De�nition 6.28� (9 x 2 W � gd(Pc) ^ wp(Pc ; y 2 W)) Property D.38� (9 x 2 W � gd(Pc)) halt(Pc) � true� gd(var x ; y :W � Pc) gd(Pc) ind. of y2Thus Lemma 6.17 holds for bi-directional actions.Finally, f[P n C ]g = f[P ]g n CW is proven as described in the proof of Theorem 6.15.
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Appendix ERe�nement of File SystemFirst Re�nement of File SystemReplace wait with twait and mwait :FS2fstore : Fid ! Filetwait : Rid � (Tid � Fid �Op)mwait : Rid � (Sid � Tid � Fid �Op)comp : Rid � (Tid � Rep)unused : �Riddisjoint fdom(twait); dom(mwait); dom(comp); unusedgFS1 and FS2 are related by the following abstraction invariant:1AI 2 b= FS2 ^wait = twait [ f (i ; t ; n; p) j (9 s � (i ; s ; t ; n; p) 2 mwait gFileSys2 is de�ned as follows:var FS2initially 264 fstore = (�n : Fid �?)^ twait = mwait = comp = fg^ unused = Rid 375for t 2 Tid chan reqt in n? : Fid ; p? : Op out i ! : Rid :{twait ;unused : 264 i ! 2 unused0^ unused = unused0 n fi !g^ twait = twait0 [ f(i !; t ; n?; p?)g 375for t 2 Tid chan respt out i ! : Rid ; r ! : Rep :{comp : " (i !; t ; r !) 2 comp0^ comp = fi !g� comp0 #189



Requests are moved from twait to mwait by treq :internal treq :{twait ;mwait : 2666664 (9 i : Rid ; s : Sid ; t : Tid ; n : Fid ; p : Op �(i ; t ; n; p) 2 twait0^ s = which(n)^ twait = fig� twait0^ mwait = mwait0 [ f(i ; s ; t ; n; p)g) 3777775internal sreq :{mwait ;comp;fstore : 266666664 (9 i : Rid ; s : Sid ; t : Tid ; n : Fid ; p : Op; f : File; r : Rep �(i ; s ; t ;n; p) 2 mwait0^ (f ; r) = p(fstore0(n))^ mwait = fig�mwait0^ comp = comp0 [ f(i ; t ; r)g^ fstore = fstore0 � fn 7! f g) 377777775To show FileSys1 v FileSys2, �rstly rename service1 to sreq1. This re�nement stepthen consists of introducing treq , so the hiding re�nement rule is applied.Second Re�nement of File SystemReplace comp with scomp, mcomp and tcomp:FS3fstore : Fid ! Filetwait : Rid � (Tid � Fid �Op)mwait : Rid � (Sid � Tid � Fid �Op)scomp : Sid � (Rid � Tid � Rep)mcomp; tcomp : Rid � (Tid � Rep)unused : �Ridran(scomp) 2 Rid � (Tid � Rep)disjoint fdom(twait); dom(mwait); f i j (i ; t ; r) 2 ran(scomp) g;dom(mcomp); dom(tcomp); unusedg2AI 3 b= FS3 ^comp = mcomp [ tcomp [ ran(scomp)FileSys3 is de�ned as follows:var FS3initially 26664 fstore = (�n : Fid �?)^ twait = mwait = fg^ scomp = mcomp = tcomp = fg^ unused = Rid 37775190



for t 2 Tid chan reqt in n? : Fid ; p? : Op out i ! : Rid :{(body as FileSys2)for t 2 Tid chan respt out i ! : Rid ; r ! : Rep :{tcomp : " (i !; t ; r !) 2 tcomp0^ tcomp = fi !g� tcomp0 #internal treq :{ (body as FileSys2)internal sreq :{mwait ;scomp;fstore : 266666666664 (9 s : Sid ; i : Rid ; t : Tid ; n : Fid ; p : Op; f : File; r : Rep �s 62 dom(scomp0)^ (i ; s ; t ;n; p) 2 mwait0^ (f ; r) = p(fstore0(n))^ mwait = fig�mwait0^ scomp = scomp0 [ f(s ; i ; t ; r)g^ fstore = fstore0 � fn 7! f g) 377777777775Responses are moved from scomp to mcomp by sresp:internal sresp :{scomp;mcomp : 26664 (9 s : Sid ; i : Rid ; t : Tid ; r : Rep �(s ; i ; t ; r) 2 scomp0^ scomp = fsg� scomp0^ mcomp = mcomp0 [ f(i ; t ; r)g) 37775Responses are moves from mcomp to tcomp by tresp:internal tresp :{mcomp;tcomp : 26664 (9 i : Rid ; t : Tid ; r : Rep �(i ; t ; r) 2 mcomp0^ mcomp = fig�mcomp0^ tcomp = tcomp0 [ f(i ; t ; r)g) 37775In this step, two internal actions, sresp and tresp, have been introduced, so the hidingre�nement rule is used to show FileSys2 v FileSys3.Third Re�nement of File SystemSimplify the invariant: 191



FS4fstore : Fid ! Filetwait : �(Rid � Tid � Fid �Op)mwait : �(Rid � Sid � Tid � Fid �Op)scomp : �(Sid � Rid � Tid � Rep)mcomp; tcomp : �(Rid � Tid � Rep)unused : �RidUse Rule 7.19 to show FileSys3 v FileSys4.Fourth Re�nement of File SystemReplace mwait and mcomp with mail :FS5fstore : Fid ! Filetwait : �(Rid � Tid � Fid �Op)scomp : �(Sid � Rid � Tid � Rep)tcomp : �(Rid � Tid � Rep)mail : bag Envunused : �Rid(8 s : Sid ; t : Tid �(s ;m) 2 mail ) m 2 ran(mq)^ (t ;m) 2 mail ) m 2 ran(mp))Here, the invariant ensures that messages for servers are requests and messages forterminals are responses.4AI 5 b= FS5 ^mwait = f (i ; s ; t ;n; p) j (s ;mq(i ; t ; n; p))2 mail gmcomp = f (i ; t ; r) j (t ;mp(i ; r)) 2 mail gFileSys5 is de�ned as follows:var FS5initially 26664 fstore = (�n : Fid �?)^ twait = scomp = tcomp = fg^ mail = ��^ unused = Rid 37775for t 2 Tid chan reqt in n? : Fid ; p? : Op out i ! : Rid :{(body as FileSys2)for t 2 Tid chan respt out i ! : Rid ; r ! : Rep :{(body as FileSys3) 192



internal treq :{twait ;mail : 266666664 (9 i : Rid ; s : Sid ; t : Tid ; n : Fid ; p : Op; m :Mess �(i ; t ; n; p) 2 twait0^ s = which(n)^ m = mq(i ; t ; n; p)^ twait = fig� twait0^ mail = mail +�(s ;m)�) 377777775internal sreq :{mail ;scomp;fstore : 2666666666666664 (9 s : Sid ; i : Rid ; t : Tid ; n : Fid ; p : Op;f : File; r : Rep; m :Mess �s 62 dom(scomp0)^ (s ;m) 2 mail0^ m = mq(i ; t ; n; p)^ (f ; r) = p(fstore0(n))^ mail = mail0 ��(s ;m)�^ scomp = scomp0 [ f(s ; i ; t ; r)g^ fstore = fstore0 � fn 7! f g) 3777777777777775internal sresp :{scomp;mail : 2666664 (9 s : Sid ; i : Rid ; t : Tid ; r : Rep; m :Mess �(s ; i ; t ; r) 2 scomp0^ scomp = fsg� scomp0^ m = mp(i ; r)^ mail = mail0 +�(t ;m)�) 3777775internal tresp :{mail ;tcomp : 2666664 (9 i : Rid ; t : Tid ; r : Rep; m :Mess �(t ;m) 2 mail0^ m = mp(i ; r)^ mail = mail0 � �(t ;m)�^ tcomp = tcomp0 [ f(i ; t ; r)g) 3777775Fifth Re�nement of File SystemFS6 b= FS5 193



Replace sreq with:internal sreq :{mail ;scomp;fstore : 266666666666666664 (9 s : Sid ; i : Rid ; t : Tid ; n : Fid ; p : Op;f : File; r : Rep; m :Mess �s 62 dom(scomp0)^ (s ;m) 2 mail0^ mail = mail0 ��(s ;m)�^ m 2 ran(mq))(m = mq(i ; t ; n; p)^ (f ; r) = p(fstore0(n))^ scomp = scomp0 [ f(s ; i ; t ; r)g^ fstore = fstore0 � fn 7! f g))
377777777777777775Replace tresp with:internal tresp :{mail ;tcomp : 266666664 (9 i : Rid ; t : Tid ; r : Rep; m :Mess �(t ;m) 2 mail0^ mail = mail0 � �(t ;m)�^ m 2 ran(mp))(m = mp(i ; r)^ tcomp = tcomp0 [ f(i ; t ; r)g)) 377777775These re�nements mean that sreq and tresp will not refuse to take messages of thewrong type from mail . This will be important for the parallel decomposition step.Sixth Re�nement of File SystemSimplify the invariant:FS7fstore : Fid ! Filetwait : �(Rid � Tid � Fid �Op)scomp : �(Rid � Sid � Tid � Rep)tcomp : �(Rid � Tid � Rep)mail : bag Envunused : �RidDecomposition of File SystemDecompose FileSys7 to (Terminals1 k Servers1 kMPS1):Terminals 194



TMS1twait : �(Rid � Tid � Fid �Op)tcomp : �(Rid � Tid � Rep)unused : �RidTerminals1 is de�ned as follows:var TMS1initially " twait = tcomp = fg^ unused = Rid #for t 2 Tid chan reqt in n? : Fid ; p? : Op out i ! : Rid :{twait ;unused : 264 i ! 2 unused0^ unused = unused0 n fi !g^ twait = twait0 [ f(i !; t ; n?; p?)g 375for t 2 Tid chan respt out i ! : Rid ; r ! : Rep :{comp : " (i !; t ; r !) 2 tcomp0^ tcomp = fi !g� tcomp0 #for t 2 Tid chan sendt out s ! : Node; m! :Mess :{twait : 2666664 (9 i : Rid ; n : Fid ; p : Op �(i ; t ; n; p) 2 twait0^ s ! = which(n)^ m! = mq(i ; t ; n; p)^ twait = fig� twait0) 3777775for t 2 Tid chan receivet in m? :Mess :{tcomp : 264 m? 2 ran(mp))(9 i : Rid ; r : Rep j m? = mp(i ; r) �tcomp = tcomp0 [ f(i ; t ; r)g) 375ServersSVS1fstore : Fid ! Filescomp : �(Sid � Rid � Tid � Rep)Servers1 is de�ned as follows:var SVS1initially " fstore = (�n : Fid �?)^ scomp = fg #195



for s 2 Sid chan receives in m? :Mess :{scomp;fstore : 266666666664 s 62 dom(scomp0) ^m? 2 ran(mq))(9 i : Rid ; t : Tid ; n : Fid ; p : Op; f : File; r : Rep �m? = mq(i ; t ; n; p)^ (f ; r) = p(fstore0(n))^ scomp = scomp0 [ f(s ; i ; t ; r)g^ fstore = fstore0 � fn 7! f g) 377777777775for s 2 Sid chan sends out t ! : Node; m! :Mess :{scomp : 26664 (9 i : Rid ; r : Rep �(s ; i ; t !; r) 2 scomp0^ scomp = fsg� scomp0^ m! = mp(i ; r)) 37775Rename internal treq of FileSys7 tofor t 2 Tid internal sendtusing Rule 7.17. Similarly rename tresp to receivet, sreq to receives, and sresp to sends .Use Rule 7.11 to showFileSys7 = (Terminals1 k Servers1 kMPS1) n fsend ; receiveg:Re�nement of TerminalsReplace twait ; tcomp; unused with ltwait ; ltcomp; lunused :TMS2ltwait : Tid ! �(Rid � Fid � Op)ltcomp : Tid ! �(Rid � Rep)lunused : Tid ! �Riddisjoint ran(lunused)^ (8 t : Tid � lunused(t) is in�nite)TMS1 and TMS2 are related by:1TAI 2 b= TMS2 ^twait = f (i ; t ; n; p) j (i ; n; p) 2 ltwait(t) gtcomp = f (i ; t ; r) j (i ; r) 2 ltcomp(t) gunused = ([t : Tid � lunused(t))Terminals2 is de�ned as follows:var TMS2initially " (8 t 2 Tid � ltwait(t) = ltcomp(t) = fg)^ ran(lunused) partitions Rid #196



for t 2 Tid chan reqt in n? : Fid ; p? : Op out i ! : Rid :{ltwait ;lunused : 264 i ! 2 lunused0(t)^ lunused(t) = lunused0(t) n fi !g^ ltwait(t) = ltwait0(t) [ f(i !; n?; p?)g 375for t 2 Tid chan respt out i ! : Rid ; r ! : Rep :{ltcomp : " (i !; r !) 2 ltcomp0(t)^ ltcomp(t) = ltcomp0(t) n f(i !; r !)g #for t 2 Tid chan sendt out s ! : Node; m! :Mess :{ltwait : 2666664 (9 i : Rid ; n : Fid ; p : Op �(i ; n; p) 2 ltwait0(t)^ s ! = which(n)^ m! = mq(i ; t ; n; p)^ ltwait(t) = ltwait0(t) n f(i ; n; p)g) 3777775for t 2 Tid chan receivet in m? :Mess :{ltcomp : 264 m? 2 ran(mp))(9 i : Rid ; r : Rep j m? = mp(i ; r) �ltcomp(t) = ltcomp0(t) [ f(i ; r)g) 375Assume init lunused satis�es TMS2. Then the invariant of Terminals2 is simpli�edas follows: Replace TMS2 with:TMS3ltwait : Tid ! �(Rid � Fid � Op)ltcomp : Tid ! �(Rid � Rep)lunused : Tid ! �RidReplace initialisation of Terminals2 with:initially " (8 t 2 Tid � ltwait(t) = ltcomp(t) = fg^ lunused(t) = init lunused(t)) #Decomposition of TerminalsDecompose Terminals3 to (k t 2 Tid � Terminal1t ):TM 1tltwaitt : �(Rid � Fid �Op)ltcompt : �(Rid � Rep)lunusedt : �Rid 197



For each t 2 Tid , Terminal1t is de�ned as follows:var TM 1tinitially " ltwaitt = ltcompt = fg^ lunusedt = init lunused(t) #chan reqt in n? : Fid ; p? : Op out i ! : Rid :{ltwaitt ;lunusedt : 264 i ! 2 (lunusedt)0^ lunusedt = (lunusedt)0 n fi !g^ ltwaitt = (ltwaitt)0 [ f(i !; n?; p?)g 375chan respt out i ! : Rid ; r ! : Rep :{ltcompt : " (i !; r !) 2 (ltcompt)0^ ltcompt = (ltcompt)0 n f(i !; r !)g #chan sendt out s ! : Node; m! : Mess :{ltwaitt : 2666664 (9 i : Rid ; n : Fid ; p : Op �(i ; n; p) 2 (ltwaitt)0^ s ! = which(n)^ m! = mq(i ; t ; n; p)^ ltwaitt = (ltwaitt)0 n f(i ; n; p)g) 3777775chan receivet in m? :Mess :{ltcompt : 264 m? 2 ran(mp))(9 i : Rid ; r : Rep j m? = mp(i ; r) �ltcompt = (ltcompt)0 [ f(i ; r)g) 375Use Rule 7.20 to show Terminals3 = (k i 2 Tid � Terminal1t ). Note thatltwaitt ; ltcompt ; lunusedt are written respectively as waitt ; compt ; unusedt in Figure 7.L.Re�nement of ServersReplace SVS1 with:SVS2lfstore : Sid ! (Fid ! File)b : Sid ! booli : Sid ! Ridt : Sid ! Tidr : Sid ! RepSVS1 and SVS2 are related by:1SAI 2 b= SVS2 ^fstore = ([s : Sid � (which�1(s)� lfstore(s)))scomp = f (s ; i(s); t(s); r(s)) j b(s) = true g198



Servers2 is de�ned as follows:var SVS2initially " (8 s 2 Sid � lfstore(s) = (�n : Fid �?)^ b(s) = false) #for s 2 Sid chan receives in m? :Mess :{bs ;is ;ts ;rs ;lfstore : 266666666664 (bs)0 = false ^m? 2 ran(mq))(9n : Fid ; p : Op; f : File �m? = mq(is ; ts ; n; p)^ (f ; rs) = p(lfstore0(s ; n))^ lfstore(s) = lfstore0(s)� fn 7! f g^ bs = true) 377777777775for s 2 Sid chan sends out t ! : Node; m! :Mess :{bs : 26664 (bs)0 = true^ bs = false^ t ! = ts^ m! = mp(is ; rs) 37775Decomposition of ServersDecompose Servers2 to (k s 2 Sid � Server1s ):SV 1slfstores : Fid ! Filebs : boolis : Ridts : Tidrs : RepServer1s is de�ned as follows:var SV 1sinitially " lfstores = (�n : Fid �?)^ bs = false #chan receives in m? :Mess :{bs ;is ;ts ;rs ;lfstores : 266666666664 (bs)0 = false ^m? 2 ran(mq))(9n : Fid ; p : Op; f : File �m? = mq(is ; ts ; n; p)^ (f ; rs) = p((lfstores)0(n))^ lfstores = (lfstores)0 � fn 7! f g^ bs = true) 377777777775199



chan sends out t ! : Node; m! :Mess :{bs : 26664 (bs)0 = true^ bs = false^ t ! = ts^ m! = mp(is ; rs) 37775Use Rule 7.20 to show Servers2 = (k i 2 Sid � Servers1s ). Note that lfstores iswritten fstores in Figure 7.M.
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