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Abstract: This paper present a new effective algorithm for the optimal realization of 
sampled-data SJSO two order controller structures using the delta operator subject. to 
Finite-Word-Length (FWL) constraints. The problem is formulated as a non-linear 
progrmmning problem with a maximum of four independent variables to provide an 
easy and efficient optimization tool to solve such complex problems. Simulation 
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1. INTRODUCTION 

The recent advances in fixed-point implementation of 
digital controllers such as the design of dedicated 
fixed-point Digital Signal Processors (DSP) and new 
Digital Control Processors (DCP) architectures made 
Finite Word Length (FWL) implementation an 
important issue in modem digital control engineering 
design applications. Improved control performance 

and increased levels of integration are especially 
important in mallY areas such as consumer electronic 
products, automotive and electro-mechanical control 
systems. This is because hardware controller 
implementation with fixed-point aritlmletic offer the 
advantages of speed, memory space, cost and 
simplicity over floating-point arithmetic. 

The FVv'L effects have been well studied in digit:J1 
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signal processing, especially in digital filter 
implementation since the 1970's (Roberts and Mullis, 
1987). The results have recently been extended to the 
study of FWL effects of digital controller on control 
systems. Moroneyet al. (1980) studied the effects of 
FWL implemented digital controller on the 
degradation of an LQG cost function from a 
statistical point of view. Fialho and Georgiou (1994) 
analyzed the effects of FWL implemented digital 
controller on the stability and performance of 
sampled data systems. A FWL stability measure 110 

was presented by Moroncy et al. (1980) and Fialho 
and Georgiau (1994), but computing explicity this 
measure seems very hard and is still an open problem. 
Based on the first order approximation, Li and 
Gevers (1996) and Istepanian et at. (1998b) 
developed two tractable FWL stability measures 
which are the lower bounds of J.~o respectively. 

More recently, Istepanian et al. (1996, 1998a, 1998c), 
Madievski et al. (1995), Qiu et al. (1993), and 
Whidbome et al. (1998) dealt with FWL 
implementation issues using different approacbes. 

In all these studies of FWL effects of digital 
controllers were described and realized using the 
usual shift operator z structure. It is well known that a 
discrete time system can also be described and 
realized with a different discrete operator called delta 
operator (MiddIeton and Goodwin, 1990). The delta 
operator paramctrization provides a mIificd 
formulation between the continuous time and discrete 
time systems. This paper presents the FWL stability 
issues of sampling data control systems using the 
delta operator domain. The results of Li and Gevers 
(1996) and Istepanian et al. (I998b) are extended 
using the delta operator formulation and a delta­
based FWL stability measure is derived. The relevant 
procedures for computing tillS measure and the 
algorithmic approach for the optimal FWL 
realizations providing the maximum stability 
measures are also presented. The theoretical 
approach is illustrated by a nwnerical example. 

2. THE DELTA OPERATOR FORMULATIONS 

From a continuous time transfer function G(s), as the 
results of a discretization procedure with the shift 
operator z and a sampling period h, a discrete time 
transfer function G 2 (z) can be obtained. Define 

0= z-I 
h 

(1) 

with this definition, the transfer function G z (z) can 

be re-expressed in i5 form: 
G.(z)=G,,(8) (2) 

which means er.{z) and G 5 (0) are two different 

but equivalent paramctrinllions representing the 
same object. These two input-output relationships 
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can be represented by a shift operator 
operator) state space model as follows: 

{
ZXz (k) == Az .. Xz (k) + B;:u(k) 

y(k) ~ (':x: (k) + Dzu(k) 

{iixo(k): A"xo (k)+ B"u(k} 

y(k) = C,5X,) (k) + Dsu(k) 

(resp. 8-

(3) 

Thc following relationships relate the internal and 
ex1emal representations: 

G:: (z) = C:: (z] - A:: ) I B:: + D :: 

= G" (0) = Cs (0] -A,,) -J B" +Di5 

A z = hAs +1 (4) 
B, =hB;s 

C z =Cs 

Define 
.':,'f' = {(4p, B p,c'p' D p): 

Gp (p) =Cp (pI -A(,) -J Bp +Dp} 

where p == z or 0 is called generalized operator. 

Hence if (Ap,Bp,C,,,Dp)ES p , 

(T-]ApT,T-IBpJ~pT.Dp)E;:;p if and only if T is 

nonsingular. The following lermnas result directly. 

Lemma 1: A, (A;:) == 1 + hA., (A,,) ,where ;ti 0 is the 

eigenvalue. 

It is well known that the discrete time system 

(A z , B:: , C z ' D z) is stable if and only if I Ai (A z ~ < 1. 

From lemma 1, we can get the condition of the 
stability of tllc discrete time system described with 
the delta operator: 

Lemma 2: The 
(A",B",Cs , Ds ) IS 

lA; (A" ) + ±) < ~ . 

discrete 
stable if 

time 
and 

system 
only if 

3. DELTA-BASED STABILITY ROBUSTNESS 
MEASURES WITH FWL CONSIDERATlON 

Considering the sampled data system 2:] shown as 

Figure 1. 

plant 
e(.s) 

Fig. 1. Sampled data system 
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where F(() is the continuous time plant, C(o) is the 

discrete time controller, Sh is the sampler with 

sampling period h, 
y(z) = S'hY(S) : y(k),.., y(kh) 

H h is the hold device with sampling period h. 

e(s) = H /le(z) : e(t) = e(k), (kh < t S (k + l)h) 
Suppose F(s) is strictly proper. Let (Ap,Bp,Cp,O) 

be a state description of P(s) i.e. 

p(s) "" Cp(s] - Ai') 1 Bp where 

AI' EO R mxm ,Bp E Rm'z ,Cp E Rq,m. 

(Ac .Bc ,Cc,Dc ) be a state deSCription of 

C(5)"" Cc (51- Ac )-1 Bc + Dc 

Let 

C(5), i.e. 

where 

Ac E R"''',Bc E R"xq ,Cc E RI"', Dc E R1xq. In this 

paper. (Ac, Bc ' Cc ' Dc) is also called a realization 

of C(3). The realizations of C(O) are not unique. 

in fact, if ~1~, B~, C~ ,nZ ) is a realization of C(S). 
Then so is (rIAZT,rlB~~,C~T.D~) for any 

similarity transformation T ER"'" . Considering the 
behaviour of the sampled data system 2:1 only at its 

sampling instants, we arrive at a discrete time 
feedback system L2 : 

{Y(Z) "" S"p(s)H ne(z) 
e(z)=C(o)y(z) 

(5) 

The plant pea) "" s"p(s)JJ h = Cg (81 - Aa tl Ba is 

the discretized F(s) whose state description is 
(As ,Bs ,Cs ,0), where 

(6) 
R o=.!. rh eAr' H d7: EO R mx1 C _ '" C E Rqxm 

,5 h Jo P 'b P 

It can be easily seen that the corresponding state 

description (A,R,C, D) of the discrete time closed 

loop system 2:2 without FWL effect is given by: 

"4 "'lA" +BoD.cCs BoC.c ] 
BeC" Ac 

= [A; ~J +[B; I~I~; C l[C e s 

Ac J 0 I~J (7) 

= Mo +AIIXAI2 = A(X) 

B = [B; J C = re" 0115 == 0 (8) 

'where lv! 0 E R(m+nj,(m+,,), 1'.11 E R(m, n):<(I+n) , 

1\;/ 2 ER (q+n)x(m+n) are fixed matrices that depend on 

P(s) and h; X ER (Hn)x(q+n) is called the controller 
matrix: J n denotes n x n identity matrix. Suppose 

C(O') has been given to make the sampled data 

system LI stable, and the realization of C(8) is 
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ld~ C~l ' X 0 = ~ . ~ . Smce the sampled data system 
Bc Ae 

LI is stable if and anly if system 2:2 is stable (Chen 

and Francis, 1991), if follows from lenuna 2 that 

';jj E {I, ''',m +n}, lA, (A(Xo)) +*/ < *. When 

realization (A~,BrC?,Dz) of C(S) is 

implemented with a DCP, the controller matrix 
r 
I p] 

X =1 Pq~rn-" 
lP(I+n-l;(1'"n)+1 

P
q+" 1 P2(~+n) (9) 

P(ll n)(ql n) 

Pq+n+2 

P(l+n-l)(q+n)+2 

is perturbed into: 

v AV [D~ 
,--. 0 +l.VI."" B~ 

col 
·c 1+ 
.iO <"icJ l f,pl 

f,pql >1+1 

f),p(l H>-~)(q+nJ' 1 i1p(l f n-l )('f"') c2 

/!:,p q+h j' (l 0) 
i1p2(q+n) 

!Jp {I-~ Xq+n) 

due to the FWL effect, where each element of t.X 

is bounded bv !!... i.e. , 2· 

~ e 
fi(6X) = max It.p,1 S - (Il) 

i~\l. .. ·,(i+nlCq·' n)j 2 
For a fixed point processor of Bs bits, 

e = 2-(H,-fh) (12) 

where 2Rx is a nonnalization factor such that each 

parameter of 2 - Bx X () is absolutely not bigger than 

1. With the perturbation M, ;1, (A(x 0») may be 

moved to A, (4 (X 0 + ~)()). TIle sampled data system 

L] is lUlstable if and only if there is ; EO ~, ••• , m + n} 

such that IAi (A(xo +M))+±!?: *. 
When ~X is small, Vi E {l .. ·,m+n}. we have (Li 
and Gevers. 1996 and lstepanian et al.. 1998a) 

~A! = Ai (4(.\' 0 + bJ\'))- A, (A(X 0)) 

== f (!A, I t.Pj (13) 
t:p 

j--'=l J IX=,XO 

where 1V = (/ + 11 ) X (q + n) is (he number of elements 

of X. Tt follows that: 

,y 01. I It.Ail~f; cP~. X=X
D 

It.pj! 

:s; J~(D..\') ± ~i I' 

J~I CfJ J X~Xo 

(14) 
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Thus Yi E {l, "',m + n} if 

~-IAj 0(x 0 ))+ ' ~I 
Ji(~Y) < h h 

t :~L~xo 
(15) 

we have 

(\6) 

which means the sampled data system L I is stable. 
Let 

(17) 

From (16), one can reach to the following: 

Theorem 1: System 2:1 with FWL effect IS stable 
when Ji(AX) < Jil (Xo)· 

Onc can compute PI (X 0) using the following 
lemma. which was proved by Li and Gevers (1996) 
and Istepanian et al. (1998a). 

Lemma 3: Assume ."4(\:') described in (7) be 

diagonalizable and have {Aj }== ~, (4(X) as its 

eigenvaJues, let Xi be a right eigenvector of A(X) 

corresponding to 

jIx == [XI x2 

,VI .. = [Yl Y2 

the eigenvaJue 
xm _ n ] 

Ym+n]= Ar;,H , 

A, . Denote 

and 

where Yi is 

called the reciprocal left eigenvector corresponding 
to A" Then ViE {J. .. . , m + n} 

OA, T' r T 
OX =M l y/xi M 2 (l8) 

where Yi is conjugate to Yj , "Tt! denotes the 
transpose operation. 

Based on 111 ( ... :r 0), one can compute B~ln, the 
smallest integer which is not less than 

-10g2 PI (X 0) -1 + B x , From (11), (12) and theorem 

1. we know that the sampled data system :El is 

stable when )(0 is implemented with a DCP of at 

least B'.:tD bits. 

4. OPTIMAL DELTA REALIZA nON OF 
CONTROLLER WITH FWL CONSIDERA nON 

In this section we will discuss the optimal realization 
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problem of digital SISO (Single Input Single Output) 
two order controllers because of I.he wider industrial 
use and simple application of such controllers. The 
usual PID controller is a kind of two order controller. 

As a SISO two order controller, the initial realization 

Let Xjo be a right eigenvector of A(Xo) 

corresponding to the eigenvalue J...;' "" Aj (A(X 0)) , 
o 

Yi be the reciprocal left eigenvectOJ corresponding 
o 

to Xi. Applying lemma 3, we have 

~X~XT 
=[~ l~r; ;~ }Y;)'(~Ol[l; o Ie;; 0] 

iT 0 12 (20) 

=[~ ~T~x=xJ~ :r} 
For complex matrix 

M= : [
Alll 

: _ (-'11 ' If 
. .. Afln 1 
. .. . c (21) 

/'v1 ml Afmn 

denote 
m n 

1~\III , = L2]Hg l (22) 

From (17), (18), (20) and (22), we can describe the 
optimal FWL realization problem of digital SISO two 
order controller as an optimization problem. 

1 
v 

h JI[l 0] [1 0]1 = min max r dJ, 
T(cR2~2 1"(1 ..... 111+2 0 T~ 0 1'-T . 
det([)' O s 

where qJ; is a fixed complex matrix. The following 
lemma proven by ISlCpanlan et al., (l998b) show that 
optimization problem (23) can be expressed by 
solving the other two associated optimization 
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problems (24) and (26). 

Lemma 4: Let 
min I. (x,y, w) 

.tC(O.Ld)) 
YE(-W.TU)l 
wE(O.+<£.) 

where 
iJ ex, y, w) 

[
w 0 

=max Ox 
'E{I, .... rn+2f 0 

y 

01 [IfW o tJ), 0 

l/x 0 

Let 
U 2 == min /2 (X,y, Z, w) 

",(-'-".+00) 
yE(--<~.+",) 
ZE(O,'W') 
WE (0.+00) 

where 
12 (X,y,z, w) 

0 0 

== max x y 

o 
Ijx 
-y 

i,,{1,,'.m'12 l~ xV-l +'l~ Y 0 
1- .l:J' 

z z 

Then If 

(24) 

:] (25) 

s 

(26) 

:1 (27) 

and 

(Xnptl ,Yopn. W opt!) is the optimal solution of problem 

(24), rile optimal solution of problem (23) can be 
given as: 

T == ~l~[XoPtl 
Of" 0 wopt1 

Yoptl l 
ljx{)pll J (28) 

If V == u 2 and (xapi2,Yopt2,ZOp12,WOP'2) is the 

optimal solution of problem (26), tlle optimal 
solution of problem (23) can be given as: 

1 lXOP12 (Xop,2Yopl2 -1)/Zopt2 Jl 
Top, "" -- (29) 

W opt2 Z opt2 Yapl2 

Evidently, the problems (24) and (26) are 
rnultivariable nonlinear programming problems 
which can be solved efficiently using the Rosenbrock 
algorithmin (Dixon, 1972). 

5, APPLICA nON TO ELECTROHYDRAULIC 
ACTUATOR SYSTEM 

In order to iIIuslratc how the optimization approach 
presented earlier can be used efficiently for the delta­
based parameterization issues of optimal FWL 8ISO 
two order controller structures with improved 
stability bounds and mlOlInllm word-Iengtll 
requirements, We consider the following industrial 
electrohydraulic actuator PI control system to 
confirm our theoretical results. 

The continuous time linearized model P(s) of 
electrohydraulic actuator system is given by : 
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o 
Ap :=r-2'46~7Xl~ -6;800 

-25485xld 0 -55113 

1.8595>:: Id2 0 

o 

o 

~ "118~331cp =(0 0 -2.250Oxl0--4 4.0200<10-4] 

L 0 
To provide a high bandwidth force control loop, a 
stabilized force feedback PI controller with a pre­
filter is designed: 

- I l' 0.005 + 0.05) 
O.OOOLI'+l s 

The sampling period chosen as h =' r12. Using 
bilinear (Tustin) method we obtain tile initial 

realization of C(o) as: 

AZ =[~ -4.5o~lx1031B~ =[~J 
cg =[-10.179 4-56101DZ =[-2.7518x10 3 ] 

For problem (24). we set initial point 

x 01 = 1, .vOl = 0, w 01 = 1. The realization 

corresponding to (X01 'YOl ' WO]) is ':\:'0. By using 
Rosenbrock iterative aIgoritlun, we get the solution 
xopt1 :::: 17.688,YoPl1 :::: 253.86, woprl == 56.399 and 

v l == 5353.7158. The new realization corresponding 

to (xopt], Yop i1 ' W OPlI) is )(optl. For problem (26), 

we set initial point xll2 = L, Y02 = 1, zQ2 = 1, W 02 = I , 
The resultant realization corresponding to 

(x02 'Y02,Z02'W 02 ) is ':\:'2. By using Roscnbmck 
iterative algorithm. we get the solution 

x opt2 =2.5207xI0 2 • Y opt2 =2.3182xl0- 3 , 

Zopt2 =co5.6092xIO·2, W opt2 = 5.6776 x 10 and 

U 2 = 5353.7027. The realization corresponding to 

(x op/2 • Y opt2 • Z opl2 ' W"PI2) is given as: 

r
-2.7518x 10-3 -l.2974 X 10-i 3.1908 j 

X optl = 1.3162xlO-1 -3.8316 -132.27 

-3.184-7 -L3034x10 2 -4499.2 

Hence v = min(u l · v 2 )= v 2 = 5353.7027 and 

X opt2 is the relevant optimal realization. 

Table I Stabllity Measures and word lengths 

Realization /-'1 i3min 
-,1 

"\:'0 1.6647 x W-5 31 

X 2 R.7076 x 10 -6 32 

.\npll 1.867862x 10-4 25 

)(npr2 l.867866x 10-4 25 
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Tablc 1 sununarizes the results for the different finite 
realizations and show their relevant stability 

robustness measure f.11 and the stabilized word 
iJmm 

length .d for the electrohydraulic actuator 
sampled data system. 

6. CONCLUSION 

In this paper a new delta-based FWL stability 
measure is introduced. It has been shown that the 
relevant optimal FWL realizations for two order 
controller structures can be interpreted as a 
constrained nonlinear optimization problem. A 
numerical example using a PI electrohydraulic 
actuator sampled data control system is presented to 
verify the improved parametrization characteristics at 
high sampling rates. Ongoing work is currently 
unden'lay to generalize the methodology to higher 
order controller structures with integrated robust 
formulations. 
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