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Abstract

The paper analyzes the sensitivity of closed-loop stability with respect to (w.r.t.) finite word length (FWL) effects
in the implementation of the controller coefficients using both the shift and delta operator parameterizations. A unified
approach is established to optimize a closed-loop stability lower bound for FWL controller structures. This provides a
general framework to compare the FWL closed-loop stability characteristics of the controller structures based on the shift
and delta operators, respectively. Two numerical examples are given, and the simulation results show that the optimal
FWL controller realizations with the delta operator have better closed-loop stability margins than those with the shift
operator. (©) 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction

Controller implementations with fixed-point arithmetic offer the advantages of speed, memory space and
simplicity over floating-point arithmetic. However, a designed stable closed-loop system may become unstable
when the infinite-precision controller is implemented using a fixed-point processor due to FWL effects. The
“robustness” of closed-loop stability w.r.t. controller parameter perturbations therefore is a critical issue in
fixed-point implementations of digital controllers. A discrete-time system can be described and realized either
with the usual shift z operator or the delta § operator [12]. Two major advantages are claimed for the use of
0 operator realization: a theoretically unified formulation of continuous-time and discrete-time systems; and
better numerical properties in FWL implementations [8].

The issues of FWL controller realizations in the z domain have been addressed [7,11,10]. Investigations on
finite-precision controller realizations with the z operator parameterization and relevant optimization problems
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have mainly been based on the sensitivity of the closed-loop pole positions w.r.t. FWL effects [11,10,3]. This
approach has recently been extended to study the closed-loop stability issues of FWL controller structures using
the 6 operator formulation [14,4]. In this paper, we provide a comparative study on optimizing closed-loop
stability bounds of finite-precision controller structures with the z and é operator parameterizations.

We present a unified approach for analyzing the sensitivity of closed-loop stability w.r.t. FWL effects
for both the z and J parameterizations. A tractable lower-bound stability measure is provided. The optimal
FWL controller realization, which maximizes this lower-bound stability measure, can be obtained by solving
a constrained optimization problem. For the PID controller, this constrained optimization can be decoupled
into two unconstrained ones. As the optimization criteria are non-smooth and non-convex, a conventional
optimization algorithm [1,6] may become trapped at some local minima and give misleading results. It is
therefore critical to employ a global optimization method, such as genetic algorithms or adaptive simulated
annealing (ASA) [9,2], in our comparative study. We adopt the ASA because of its simplicity in programming.

Two numerical examples, an IFAC benchmark PID control system [13] and a control system with a
high-order controller [5], are used in the comparative study. The simulation results demonstrate that the
o-based controller realization has better stability robustness to FWL effects than the z-domain approach, par-
ticularly for fast sampling. When the sampling rate increases, the closed-loop stability of the z-based FWL
controller deteriorates significantly while the d-based FWL controller is actually improved slightly.

2. Closed-loop stability with FWL controller structures

We first define a “generalized” operator p for discrete-time systems. It is understood that p =z or 9,
depending on which operator is actually used. The J operator is given by [12]

z—1
d= — (1)

where 4 is the sampling period. Given a transfer function G(p), the state-space model is
px(k) = Ap cx(k) + By gu(k),
y(k) = Cp.gx(k) + D, gu(k).

(2)

The state-space realization of an input—output transfer function is not unique. Define

S, 2 {(4,6.B,.6.Cp,G.Dy.6): G(p) = Cp6(pl — ApG) "B+ Dy} 3)

Then if (4,,6,B,.6.Cp,6.Dp,c) €S, (f’lAp,Gf, fﬁlBﬂﬁg,Cp,Gf,Dﬂ,G) € S, for any non-singular .7°. The
relationships relate the two state-space representations in the z and J operators are

Aog=hdsc+1, B.g=hBsg, C.c=Csg, D.c=Dsg. 4
Let {/,,:} be the eigenvalues of 4, ¢. The following lemma relates {4s;} to {A.;}.
Lemma 1. /.; =1+ his;, Vi
It is well known that the discrete-time system (4 g, B:.g,C: ¢, D- ) is stable if and only if all the eigen-
values |4 ;| < 1. From Lemma 1, we have the condition of the stability of the discrete-time system described

with the 0 operator.

Lemma 2. The discrete-time system (A4s.6,Bs.6,Cs.c,Ds.c) is stable if and only if

)\,(5’1' + ‘ < -, Vi (5)

Consider the sampled-data system depicted in Fig. 1, where the continuous-time plant P(s) is strictly proper.
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continuous
time plant
e(s S
6 e |2

e(z) Y

H, Cp) S,
hold digital sampler
device controller  (period /)

Fig. 1. Sampled-data system with digital controller realization, where p =z or 9.

The discrete-time plant P(p) = S,P(s)H, has a state-space realization (4,p € R™" B,p € R"™ ! C,p €
R7>™,0). The controller C(p) has a state-space realization (4, c € R"*", B, c € R, C, ¢ € R*", D, c €
R/*4). The corresponding state-space realization (A,,, Bp, Cp, D ») of the closed loop system is

1 [4r O] [Br 0][Dpc Coc][Cor O
710 0 0 L||Buc Apc 0o I,
=My + M X,M, = 4,(X,), (6)
B -BP’P] C,=[Cop0], D,=0 (7)
14 0 ) P p,P ) p — Y
where
D1 D2 I pq+n

D, c Cp’c } _ Pg+nt1 Pg+ni2 s D2(q+n) (8)

Xp = [
B A
p,C p,C
P+n—1)(g4+n)+1 P+n—1)(g+n)+2 o Pl+n)(g+n)

is the controller matrix. Denote the eigenvalues of pr(Xp) by {/"_Lp,i, 1<i<m + n}. We define the “stability
margin” of 1,; as

1_‘;:_2,i|5 pP =2z,
%_"10! h’ p=0.

StMa(7,,;) = { 9)
Let C(p) be chosen to make the closed-loop system stable. Then StMa(i_p,i) >0, Vi.

When the realization (4, c,B,.c,Cpc, D, c) is implemented with a fixed-point processor, X, is perturbed
into X, + 4X, due to the FWL eflects, where

4p Ap, . APgin
APgin+i APpgint2 o AP
A%, = o o S (10)
Apian—iygrm+1  APU+n—1)g+mt2 Apn

and N = (! + n)(q + n). Each element of AX, is bounded by ¢/2, that is,

€
4X,) & Api| < <. 11

wAxX,) £ max |4pi] <3 (11)

For a fixed-point processor of B bits, ¢ =2~(F~5x) and 25¢ is a normalization factor such that the absolute

value of each element of 2~ BXX is not larger than 1. With the perturbation AX,, )v/“ is moved to )v/“ The
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sampled-data system will be unstable if there exists i € {1,...,m + n} such that StMa(/Tp,[)go. To see when
the round off error will cause the closed-loop system to become unstable, define the stability measure
tpo(X,) £ inf{u(4X,): A,(X, + AX,) is unstable}. (12)
From this definition, it is obvious that:
Proposition 1. 4,(X, + 4X,) is stable if p(AX,) < w,0(X,).
The large p,0(X,) is, the bigger FWL error the closed-loop can tolerate. For a given X,, the closed-loop
stability is guaranteed if the FWL error lies in the bounded region:
2AX,) £ {4X,: W(4X,) < w,0(X,)}. (13)

Thus, pu,0(X,) quantifies the stability robustness of the realization X, to the FWL effects. However, computing
explicitly the value of p,(X,) is an unsolved open problem. For the computational purpose, we define the
following tractable alternative:

. StMa(7,,;)
,Up,l(Xp):l<r-n<1n N = Pl .
sisminy o 11020,/ pjlx, |

(14)

Proposition 2. There exists a rather large k > 0 such that
VAX, € P(X,) & {4X, : w(4X,) <k}, (15)
Ay(X, + AX,) is stable if W(AX,) < p,1(X,).
The proof of this proposition for the case of p =9 is given in [4]. The requirement of 4X, € #(X,) is not
over restricted, since #(X,) covers at least a large part of 2(X,).
Corollary 1. 1, 1(X,) <p0(X,) if

,up,O(Xp) < AX,,gl.;(X,,) :u(AXp )-

Thus, p1,,1(X,) can be considered as a lower bound of p, ¢(X,), provided that u, o(X,) is small enough. The
following theorem shows that y, 1(X,) can be computed easily.

Theorem 1. Let {Zp,i, 1<i<m+n} be the eigenvalues of/Ip(Xp), and x; and y; be the right and reciprocal
left eigenvectors corresponding to A, ;, respectively. Then

I 02p.i 02p.i 02p.i
ap1 op2  0pgen
) 02p.i 02 oy
Op.i = OPg+n+1 OPg+n+2 Opagin) | = M]yixIM], (16)
aXP . . .
0lp.i Olp.i 0.
L 0PUintygimt1  OPUintyigimia opy |

where T denotes the transpose operation, and * the conjugate operation.

The proof of this theorem is identical to the special case of p =z given in [11,10]. A
How “robust” a controller is to the FWL effects can also be viewed from another angle. Let By"™ be the
smallest word length that can guarantee the closed-loop stability. It would be highly desirable to know B{™"
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for a given realization X,. However, except in simulation, it is impossible to test the closed-loop system by
reducing B, until it becomes unstable. An estimate of BY'" is given by

BY™ =Int[ — logy(1,,1(X,))] — 1 + By, (17)
where Int[x] rounds x to the nearest integer and Int[x]>x. From (11) and Proposition 2, it can be seen that

the closed-loop system is stable when X, is implemented with a fixed-point processor of at least B?m bits.
It is worth emphasizing a practical consideration on the FWL implementation of J-based controllers. The
state-space equation of the Jd-based controller

ox(k) = As,cx(k) + Bs,cu(k) (18)
is realized using
x(k + 1) =x(k) + h(45,cx(k) + Bs,cu(k)). (19)

The sampling period / should be implemented exactly without any FWL errors. Otherwise, analysis based on
X; may not be valid. Assume that 4 can be realized exactly by Bj bits with the integer part of /4 requiring
By, bits and the fractional part of A requiring By bits. A modified estimate of Bi*" is

é;r:n = max{B;,I,BX} + max{B;,F,égmn — BX}. (20)
This modified estimate can be pessimistic, but the estimate (17) is not always correct for 0 realizations.
Controllers based on the z operator do not have this problem.

3. Optimal FWL controller realizations

From the previous discussions, we know that there are different realizations X, for a given C(p), and the
stability measure 11, 1(X,) is a function of the realization. It is of practical importance to find a realization such
that u, 1(X,) is maximized. Such a realization is optimal in the sense that it has maximum stability robustness
to FWL effects. The digital controller implemented with an optimal realization means that the stability of the
closed-loop system is guaranteed with a minimum hardware requirement in terms of word length. Given an
initial realization X, o of C(p),

Dl C°
Xpo=| ¢ e, (21)
Bp,C Ap,C
any realization of C(p) can be expressed as
I 0 I 0
Xp,ﬂ_ é |:0 9'—1 :| AX}),O |: (‘)] g':| s (22)
where 7 € R"*" and det(7 ) # 0. From (6), the transition matrix of the closed-loop system is
- I, 0 - I, O
Ap(Xp,ﬂ/’) = [ 0 3-—1 ] Ap(Xp,O) |: 0 3-} . (23)

Since the eigenvalues of f],,(X,,,o) and /ip(Xp,y) are identical, the same symbol i_p,[ is used to denote their
i-th eigenvalue. From (23), applying Theorem 1 results in

6):17’,- _ [1 0 a/]_vp,i
X “lo 77| x

[lg fO_T } . (24)

X=X,0

X:Xp.vf
From (14), (16) and (24), we can define the optimal controller realization as the solution of the following
maximization problem:
StMa(7.,,;
©p £  max Up,1(Xp,7) = max min alp.i) . (25)

] N =
g nXxn g nxn 1 <i< . .
7€R 7€R isminy 1 1020,i/0pjlx=x, ;|
det(7)£0 det(7)£0
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For the complex-valued matrix M € C"*" with elements M; ;, define a norm

Ml 230> M. (26)

i=1 j=1

The optimization problem (25) is equivalent to the minimization problem

1
v,=— =2 min f,(T 27
p p
©p TEeR™<"
det(:7)#0

with the cost function

I; 0 1 0
T — | Ha
fp('/ )_ lértngai)ri‘rn |:0 E9-T:| ¢p,l |: 0 '7—T:| . (28)
and the constraint det(.7 ) # 0, where
01,.i/0X |, _
D, = p—|_X—Xﬂ“ (29)
StMa(4.,,;)
In practice, the constrained optimization (27) is solved by solving for the unconstrained optimization problem
7, £ min f,(7) (30)
]ERHXH

with a measure of monitoring the singular values of 7 to make sure that det(7 ) # 0. Because the cost
function f,(.77) is non-smooth and non-convex, non-gradient based optimization methods are required. The
conventional non-gradient optimization algorithms, such as Rosenbrock and Simplex algorithms [1,6], in gen-
eral can only obtain a local minimum solution. To overcome this difficulty, we adopt an efficient global
optimization strategy based on the ASA. The ASA algorithm is detailed in [9,2].

4. Optimal FWL PID controller realizations

In this section, we specifically discuss the optimal realization problem of digital PID controllers. Let (A0 c€

R2*2, B0 € R¥¥1, C0 € R!%2, DO ¢ € R) be an initial realization of the PID controller C(p). From (27),
the 0pt1mal PID controller reahzatlon problem is defined as

1 0 1 0
A . A
o = .721%{9“ | {0 74 Pp.i [0 Q'T] . (31)
det(7)540

The following theorem shows that the constrained optimization problem (31) can be decoupled into the two
“simpler” unconstrained problems. First we define the two cost functions

w 0 0 1/w 0 0
fp1(x, y,w)=max 0 x 0 [®,;| O I/x 0 (32)
1<i<m+2
0 y 1Iix 0 -y x|,
and
w 0 0 1/w 0 0
So2(x, y,u,w) = max 0 X u|®,;| 0 y —u . (33)
A xy—Dfu y 0 (I=xy)u x ||,
Theorem 2. Let
Vo1 = min Soa(x, 3, w) (34)
x€(0,+00)
y€(—o00,4+00)

we(0,4-00)
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and

Vp2 = min fp,Z(x: Vs M,W). (35)
XE(—00,+00)
YE(—00,+00)
u€(0,4-00)
we(0,+00)

Then
v, =min{v,1,V,2}. (36)

If vp =v,1 and (Xpt1, Yopti> Wopt1) 1S the optimal solution of the problem (34), the optimal solution of the
problem (31) is given as

1 [x YVoptl
T oot = optl opt . 37
! Woptl | 0 1/xoptl (37)

If v, = v, and (Xopt2, Yopt2, Uopt2, Wopt2) 18 the optimal solution of the problem (35), the optimal solution of
the problem (31) is given as

opt —

1 _xoptZ (xoptZyoptZ - ])/uopt2:| . (38)
Wopt2 | Uopt2 Yopt2

The proof of Theorem 2 is identical to the special case of p =z given in [3]. Because f, (x,y,w) and
Jfp.2(x, y,u,w) are both non-smooth and non-convex functions, we will adopt the ASA algorithm to solve for
the two corresponding optimization problems.

5. Numerical examples

Example 1. This was the IFAC93 benchmark PID control system [13]. The continuous-time plant model was
25(—04s + 1)

P(s) = 39
)= T3+ 250G +1) (39)
and the designed PID controller was
0.431 1.048
C(s) = 1311 + : (40)

1+12.92s

The sampled-data system with the infinite-precision controller was stable when the sampling period 4 <23. The
range of the sampling period used in the simulation was 23 to 27!2. Given a sampling rate, the discrete-time
plant model P(p) and the digital controller C(p) were obtained using the MATLAB discretizing routines,
which are based on the bilinear (Tustin) transformation. The initial controller realization X, o was chosen to
be the “controllable canonical” form. When X, o was provided, the eigenvalues {)_L,,,,-} of the ideal closed-loop
system and the eigenvalue sensitivity matrices {®,;} were computed. The ASA algorithm was then used to
search for an optimal transformation matrix 7 o, by solving for the optimization problem (31) using Theorem
2. This produced the corresponding optimal controller realization X, o5 that maximizes p, 1(X,, 7).

Fig. 2 compares the values of p,; given different sampling rates, for the initial and optimal controller
realizations. It can be seen from Fig. 2(a) and (b) that optimization effectively improved the FWL closed-loop
stability performance for both the z and ¢ based controller structures. Fig. 2(c) shows that the optimal
J-based controller realization has a much larger FWL closed-loop stability margin than its z-based counterpart.
Furthermore, as the sampling rate increases, the stability measure for X o, improves slightly and eventually
levels out while the stability measure for X . decreases exponentially. This confirms with a well-known fact
that the J parameterization has some important advantages over the z parameterization, especially under fast
sampling conditions. Fig. 3 depicts the estimated minimum bit lengths for the optimal z and ¢ realizations.
As mentioned previously, for the § parameterization, the sampling period % should be implemented exactly
without FWL errors. Even taking into account this requirement, the optimal J-based realization requires a
smaller bit length in FWL implementation.
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Fig. 2. FWL stability measure pu,; as a function of sampling rate for different controller realizations. IFAC93 benchmark
PID controller system. (a) Initial and optimal z-based controller realizations. (b) Initial and optimal J-based controller realizations.
(c) Optimal z and o-based controller realizations.

Example 2. This was the control system cited in [5]. The continuous-time plant model was given by

1.6188s — 0.1575s — 43.9425

P(s)= 41
() (s* 4+ 0.1736s% + 27.90015% + 0.01865)(s + 1) 4D
and the continuous-time stabilizing controller designed using the #,, method was
0.0465° 4 1.58625° + 3.09s5* + 44.35° + 4277855 4 0.02867s + 1.58 x 10~*
C(s) = (42)

50+ 3.766s° + 34.9509s* + 106.25% 4 179.25% + 166.43s + 0.0033

The range of the sampling rate tested in the simulation was 2! to 2'2. Again, the discretizing routines in
MATLAB were used to obtain the discrete-time plant model P(p) and the digital controller C(p). The ASA
algorithm was used to solve for the resulting optimization problem (27). This produced the corresponding
optimal realization X, op;. For this example, the controller order was n = 6 and the optimization space had
a dimension of n x n = 36. This was by no means a small task, and the ASA algorithm performed very
efficiently.

Fig. 4 compares the values of the FWL stability measure for X op,x and X opr, respectively, under various
sampling conditions. Fig. 5 shows the corresponding estimated minimum bit length that can guarantee the
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Fig. 3. Estimated minimum bit length as a function of sampling rate for different controller realizations. IFAC93 benchmark PID controller
system. (a) B;mn based on yu.; for the optimal z-based realization Xz opt. (b) é:mn based on ps; only for the optimal §-based realization

X5 opt- (€) Ez;i" based on s and / for the optimal J-based realization X qp.

closed-loop stability for these two controller realizations. In this example, E’;nm = ﬁ;‘;n for the o realization
Xs,opt- The results clearly show the advantages of the ¢ parameterization over the z operator approach.

6. Conclusions

The paper addresses the issues of closed-loop stability of sampled-data control systems with FWL imple-
mented digital controllers. A unified stability measure quantifying the robustness of closed-loop stability to
the FWL effects in both the z and § domains has been presented. It has been shown that the optimal FWL
controller realization can be interpreted as a constrained nonlinear optimization problem. In particular, for PID
controller realizations, the optimization can be decoupled into two unconstrained optimization problems. A
comparative study using two numerical examples have been given to optimize closed-loop stability bounds
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Fig. 4. FWL stability measure p, | as a function of sampling rate for the two different optimal controller realizations. The high-order
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Fig. 5. Estimated minimum bit length as a function of sampling rate for the two different optimal controller realizations. The high-order
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controller system. (a) E;mn for the optimal z-based realization X opt. (b) By (=B, ) for the optimal J-based realization X op.

of finite-precision controller structures for both the z and J operator parameterizations. The results obtained
demonstrate that the digital controllers described with the § operator has better closed-loop stability robustness
to FWL effects, particularly in fast sampling conditions.
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