DESIGN OF THE OPTIMAL SEPARATING HYPERPLANE FOR THE DECISION
FEEDBACK EQUALIZER USING SUPPORT VECTOR MACHINES

S Chen and C.J. Harris

Department of Electronics and Computer Science
University of Southampton, Southampton SO17 1BJ, U.K.

ABSTRACT lation results indicate that the performance of the SVM DFE
is virtually indistinguishable from the MBER DFE. Adap-
The conventional decision feedback equalizer (DFE) sepa-tive implementation of the SVM DFE is also discussed.
rates the different signal classes using a single hypegplan
It is well known that the popular minimum mean square er-
ror (MMSE) design is generally not the optimal minimum 2. THE DFE STRUCTURE
bit error rate (MBER) solution. We propose a method of de-
signing the separating hyperplane for the conventional DFE
based on support vector machines (SVMs). The SVM de-
sign achieves asymptotically the MBER solution and can be
computed efficiently. ng—1
y(k) = Y ais(k —i) +e(k), €)

=0

We will assume that the real-valued channel generates the
received signal samples of:

1. INTRODUCTION wheren, is the channel impulse response (CIR) length,

denotes the channel taps, the Gaussian white ndisg

The conventional or linear-combiner DFE is widely used in has zero mean and varianeg, and the symbol sequence
practice, since it provides a good balance between perfor-{s(k)} takes values from the sqtt1}. An extension to
mance and Comp|exity_ Geometrica”y, a DFE forms a hy_ M-PAM channels will be given later. The DFE studied in
perplane in the signal space. The most popular design stratthis paper produces an estimatg — d) of s(k — d) by
egy is the MMSE design with an advantage that it leads to aquantizing the filter output of:

simple adaptive implementation. A better design in terms of . .

perﬁ)rmané)e is to (E)hoose the equalizer coeffigients to mini- F(y(k),85(R)) = Wy (k) + D78 (k). @

mize bit error rate (BER) directly [1],[2]. The performance wherey(k) = [y(k) y(k — 1)---y(k — m + 1)]T and
of the resulting MBER DFE is superior to the MMSE DFE, Sy(k) = [8(k —d — 1)---5(k — d — n)]T are the obser-

but its adaptive implementation is computationally much yation and past detected symbol vectors, respectivelyewhi
more complex. Moreover, unlike the mean square error sur-.,. _ [wo wy - - ‘wm_l]T andb = [b; - -- bn]T are the co-
face, which is quadratic, the BER surface can be highly ir- eficient vectors of the feedforward and feedback filters, re
regular and a gradient algorithm cannot generally guaeante gnectively. Without the loss of generality, the decisiofagle
to converge to a global minimum. d = n, — 1, feedforward ordem = n, and feedback or-
dern = n, — 1 are chosen, as this choice is sufficient to

The method of SVMs is very powerful in solving various . .
¢ Quarantee the linear separability.

classification and regression problems [3],[4]. The idea o

SVMs originates from finding an optimal hyperplane to sep- The observation vector can be expresseqyab) = Fis; (k)
arate two classes with maximum margin, and this is veryrel- g sy(k) + e(k), wheres; (k) = [s(k)---s(k — d)]T

evant to. the DFE. We use the method of SVMs to o.btain the sp(k) = [s(k —d—1) - s(k —d —n)]”, and
separating hyperplane for the DFE. The SVM design leads

to a well-conditioned quadratic programming defined by a ay a1 Gp,—1

few channel states called support vectors (SVs) that lie on . :

the margin. The SVM solution is unique and can be com- F = 0 ao ' ' (3)
puted efficiently. Moreover it does not depend on the noise T T, ay

variance and it is asymptotically the MBER solution. Simu- 0 --- 0 ao



0 0 0 3. THE SVM DFE

Ap,—1 0
F, = (4) The minimum distance from the nearest poinkito a sep-
2 Ap,—2 Qp,—1 0 . . T . .
arating hyperplane, defined by’ r = 0, is given by:
0

T, Ty,
o o Qp, o Gp, 1 | p(w) = min [wir + min |wir,] , (12)

ricR+D Wl rjerCD Wl

are them x (d + 1) andm x n CIR matrices, respectively.
Under the assumption of correct decision feedback, we have, hich is referred to as the margin. The SVM design finds

Sb(k,) N ,Sb( ), and the decision feedback translates the the hyperplane that maximizes this margin. Since the weight
original signal spacg (k) into a new space(k): vectorw of the hyperplanev”r = 0 is linear dependent, it

A ) is appropriate to consider a canonical hyperplane [3] where
r(k) =y(k) — F> 8 (k) . (®)  wis constrained by
In the translated space, the DFE can be described by: mem |w ri|=1. (13)
fe(k) = whr(k). (6)

Define the integer sefy 2 {i : r; € R} and the class
indicatory; = +1, Vr; € R&YD. The maximization of
the margin (12) with the constraint (13) using the classical

Let the Ny = 24! possible sequences ef (k) be s;,
1 < j < Ny¢. The set of the noiseless channel states in the

A .
translated space, namely= {r; = Fisy;, 1 <j < Ny}, Lagrangian theory [5] gives rise to the optimal separating
can be partitioned into the two subsets: hyperplane:
w = i Yi i 14
REV 2 {r; € R:s(k —d) = +1}. % VM ie%g Y (14)
where
Lemmal R*Y andR(~Y are linearly separable. .
g = argmgin > Z Z 9i95 YiY; I‘ZTI‘]' - Z gi, (15)
The MMSE solutionwynyvsk is an example of the separat- i€ln j€In i€lr
ing hyperplane. The non-optimal nature of the MMSE solu- gi>0,Viclp. (16)

tion however becomes clear in the asymptotic case of large

signal to noise ratio (SNR).
I ( ) The optimization problem (15) with (16) is a quadratic pro-

gramming problem, whose solutighcan be computed ef-

Lemma 2 ficiently. As g; are the Lagrange multipliers of the primal
T problem, from the Kuhn-Tucker conditions [5]
SNR—o0 ao Gi (yiwgVMri - 1) =0, 17)
For the proofs of these two lemmas, see [1]. only those points;, which satisfyy,wlyyr; = 1, will

have non-zero Lagrange multipliers. These points are the
The weight vector of the optimal separating hyperplane canSvs [3]. All the SVs lie on the margin and the number of
be obtained by minimizing the BERg (w) [1] SVs can be very small. LeRsy be the set of SVs. The

hyperplanewsy) is uniquely determined bRgy .

WMBER — arg m“i,n PE (W) 5 (9)
Thus, the identical solution is obtained by substitutiRg
where with Rgy in (14) to (16). However, the SVs are unknown
9 apriori. We can select a smaller subg&i,;, of R, which
Pp(w) = — Z ( > , (10) contains all the SVs. We first point out that, because we
N R+ [[wlloe restrict the DFE to the linear structure (6) in the translate
space, the decision boundary is a hyperplane. If we allow
N, = 2% is the number of states iR(*+1) and a nonlinear structure, the decision boundary will become a
- ) hypersurface. The true optimal solution for the DFE with-
z) = / L exp <_$_> dr . (11) out restricting it to linear filtering is the nonlinear Bajas
V2r 2 solution [6],[7]. Asymptotically, the Bayesian boundasy i



piecewise linear, consisting of a set of hyperplanes. Eachwas used in our simulations. The DFE was accordingly cho-
of these hyperplanes is defined by a paidofinant states sen to bel = 3, m = 4 andn = 3. The full set of states

in R(+1Y [8]. The following algorithm can be used to select R has sixteen points. The subset selection produced a sub-
these pairs of the dominant states that define the set of theset Rg,1, of eight states, four of them being the SVs. The
asymptotic hyperplanes [9]: BERs of the MMSE and SVM DFEs with detected symbols
being fed back are plotted in Fig.2. The BER of the MBER
DFE was practically indistinguishable from that of the SVM

FORr] € R(HD DFE. Therefore, the BER curve of the MBER DFE is not in-
FORr; € RV cluded. From Fig.2, it can be seen that the performance of
x = (rf +r17)/2 the SVM DFE is significantly better than that of the MMSE
do = ||rf — x| DFE. At the BER ofl0—*, the SVM DFE has a SNR gain
IF (|[r;" = x|| > do,Vr;” € RFY,1 # i) AND of about 2 dB over the MMSE solution.

(Ilr; = x|| > do,Vr, € RV, 1 # j)
Rsub (rj,r;)

END IF 1
- MMSE
NE):_T I‘j 01 i "';" ,"G
NEXT r; @ BN
5 o001 %
As Rs,;, can be a smaller subset Bf using it to substitute g 0.001 %
R in the quadratic programming described by (14) to (16) ';L_J 0.0001
will result in considerable savings in computation. This is m B\
allowed, sinceRgy C Rsub. le-05
le-06
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2 -1 ?k) 1 2 For theM -PAM case s(k) takes values from the set
r
$i=2%—-M-1,1<i<M. (19)

Figure 1: Two asymptotic decision hyperplanes for the CIR
ofa=1[0.5 1.0]7. Let the Ny = M?+! sequences of; (k) besy;, 1 < j <
N¢. The set of the noiseless channel states in the translated

We comment thatvsyy, is the asymptotic MBER solution, spaceR A {r; = Fis;;, 1 < j < Ny}, can be partitioned
that isalimSNR—mo WMBER = WsvM- INn general,wSVM into M subsets T

will not be identical towygegr, but the difference is prac-

tically negligible for useful SNR conditions. Consider the R 2 (rjeR: stk—d)=s}, 1<i<M. (20)
CIR ofa = [0.5 1.0]”. The hyperplane of the SVM so- ! T

lution is depicted in Fig. 1. This is identical to the asymp-

totic MBER solution. When the SNR is reduced to 15 dB, Lemma3 R, 1 <i < M, are linearly separable.
wgyMm remains unchanged with a slope of -1, bufiggr is
changed from a slope of -1 to -1.02. Such a small difference

will hardly cause any difference in BER performance. The decision boundary of the DFE consistsiéf— 1 par-

allel hyperplanes defined by{r : w’r = 2i — M},
A numerical example with a four-tap CIR of 1 <i < M — 1. One of the hyperplanes{s : w’r = 0}.
The minimum symbol error rate (MSER) solutienser

a =[0.35 0.80 1.00 0.80]" (18) can be obtained by minimizing the symbol error rate [10].



It can readily be seen from (3) that the subBétt!) is a
translation ofR("):

ROFY = RY 4 (si41 — si)arey = RY + 28,0y, (21)

wherea,e, = [an,_1---a1ao]”. Thus, the weight vector

w is linear dependent and has to obey the constraint:

wTarev =1.

(22)

Similar to the binary case, the SVM solutienyy is deter-

mined by the two subse®") andR(+1), wherel = M/2,

via a simple guadratic programming with the extra con-
straint (22). This SVM solution is the asymptotic MSER

solution.

5. ADAPTIVE IMPLEMENTATION

An indirect adaptation scheme is suitable for adaptive im-

(1]

(2]

(3]

DFE is also discussed, and it is possible to realize the SVM
DFE in data storage systems and over slow time-varying
communication links.
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