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Residue Number System Arithmetic
AssistedM-ary Modulation

Lie-Liang Yang,Member, IEEE and Lajos HanzoSenior Member, IEEE

Abstract—A residue number system basedM-ary modem _
. . K . Information .
is proposed and its performance is evaluated over Gaussian symbol lélr{é;ym (r1,72, ... Tu)
channels. When one or two redundant moduli are employed, a [ v
signal-to-noise ratio gain of 1.2-2 dB was achieved for a 16-ary,
32-ary and 37-ary modem, respectively, at a bit error rate of 10°.
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I. INTRODUCTION

HE SO-CALLED residue number system (RNS) [1]—{3]  mformation | p. oo

has two inherent features that render the RNS attractive oo < Binary  |4Z: U2 Us)
in comparison to conventional weighted number systems, Comverson. | (A1 Az, -+, Au)
such as for example the binary representation. These two _
features are [2]: 1) the carry-free arithmetic and 2) the ladkd- 1+ The system block diagram.
of ordered significance amongst the residue digits. The first
property implies that the operations related to the individualtuple (ry, ro, -+, r,), Where0 < r; < m;, there exists
residue digits of different moduli are mutually independerne and only one integeN such thato < N < M; and
because of the absence of carry information. The secopd= N(modm;), which allows us to recover the messalje
property of the RNS arithmetic implies that some of the residg@m the received residue digits.
digits can be discarded without affecting the result, provided For incorporating error control [2], [3], the RNS has
that a sufficiently “high dynamic range” is retained in théo be designed with redundant moduli, which is referred
“reduced” system in order to unambiguously contain the resuls as a redundant residue number system (RRNS). A

Demodulator

as argumented below. RRNS is obtained by appending an additional — v)
In this letter, a RNS-based/-ary signaling scheme is number of modulim, 1, myga, -+, my, Where m,,; >
proposed and analyzed, when the RNS is designed with@fix {m,, my, ---, m,} is referred to as a redundant

without redundant moduli and the channel is assumed to inﬂiﬁbdums, to the previous|y introduced RNS, in order to form
additive white Gaussian noise (AWGN) A new ratio Statistiﬁn RRNS ofu positi\/e, pairwise relative prime moduli. Now
test (RST) technique is proposed for dropping a number of thff integer N in the range[0, M;) is represented as a-
M-ary redundant outputs. Numerical results show that, wheiple residue sequence;, , s, - - -, r,) with respect to the:
the RNS is designed using a moderate number of redundgfiduli. In RRNS, the integelNV can be recovered by any
moduli, we can improve the bit error rate (BER) performancgyt of « residue digits using their related moduli due to the

of the proposed system. second inherent property of the RNS arithmetic.
The block diagram of the proposed RNS-based orthogonal
II. SYSTEM MODEL communication system is shown in Fig. 1. In the transmit-

. . ' . ter, a multibit information symbol is first transformed to a

A residue number system is defined [1] by the choiceg . o ] . .
of v positive integersm;, (i = 1, 2,---,v) referred to as fesidue sequende, ra, -, ) With respect to the moduli
. P ngl, ma, -~ -, m,) Of the RNS. Themu residue digits are

moduli. If all the moduli are pairwise relative primes, an ; : .
. . : AR ransmitted using amM-ary scheme one by one serially,
integer N, describing a nonbinary message in this letter, ca . .

ere M > max{my, ma, - -, m,}. It is worth noting at

be uniquely and unambiguously represented by the so—call%IS stage that no limitations apply to thef-ary scheme
\r/a?:a?zis?uﬁf?foﬁﬁs re77r;)sérr]1ttsh?h§nr%§i)daejvdi< itM 05{7 used. Hence, phase-shift keying (PSK), frequency-shift key-
Lo i) 'ep 9 ing (FSK), and quadrature amplitude modulation (QAM) are

upon division bym;, and M; = [];_; m, is the information : . . e
symbols’ dynamic range. Conversely, according to the S§\gually applicable. In the receiver, the signal is first coherently

: . . ~demodulated using the correlation receiver technique of [4, pp.
called Chinese Reminder Theorem (CRT) [3], for any give 60-263] forM -ary orthogonal signals over AWGN channels.
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with redundant moduli, metrics of; for ¢ = 1, 2, ---, » in  procedure. We refer to our decision rule as the RST for
Fig. 1 are produced in the process of the demodulation addciding which demodulator outputs will be dropped, which
used for making decision of which demodulator outputs wilve defined as

be dropped before the residue to binary conversion, which _ Ymax{Xo, X1, -+, Xp—1} 4

will be discussed in Section Il i 2max;{Xo, X1,--, Xp—1} (4)

where ! max; {-} and ?max; {-} represent the maximum
[ll. PERFORMANCE ESTIMATION and the second maximum of the correlator outputs, say

In this section we evaluate the performance of the RN$Xo, X1, -+, Xa—1}, respectively, for receiving residue
based orthogonal signaling system, when the RNS is desigihigit 7i. Our RST is based on the fact that a unreliable
without redundant moduli or withl = (x — v) number of received signal is likely to have nearly equal energy in both
redundant moduli, over an AWGN channel. With af-ary the correlation branch matched to the correct signal and the
orthogonal signaling scheme, the probability that a residgGerrelation branches mismatched to the transmitted signal.
digit is decided correctly by selecting the branch exhibitinglence, we can argue that the correlator outputs with low

the largest correlator output is expressed as [4]: absolute value of\;| are the low-reliability outputs and can be
discarded before residue-to-binary conversion. Consequently,

P.(C)= L /Oo [1— Q(y)|M—te~=v20*/2 gy (1) if we assume that the received residue digits are independent,
V27 J oo the probability that a symbol is recovered correctly by the

whereQ(y) is defined as [4D(y) = 1/mfyoo 2 v = residue to binary conversion can be expressed as

d
&/ulNy is the signal-to-noise ratio (SNR) at the demodulator . U _ L w—lk
output. Furthermore)V, represents the variance of the noise, »(C) = ;::O k [ = PO PO P, ) (5)

¢ is the energy of the transmitted inf()vrmation s_ymbol, Whicu/hereP,,(C) is given by (1), whileP(d, k) is the probability
celm‘be fomplu'fi;_jt by E IEb : U(t;gz ILi-: mth* dSIt?Ctehkb = 4.8 the event that there aree demodulator outputs which are
L1og2 [ Loy ‘mZJ; ! Synj' 0ls (;]an € represen et y .ef[es' Wecided erroneously, but thenumber of erroneously decided
sequencesry, ry, -, m,), Where || represents an in €9€" 4e modulator outputs happen to be discarded by dropping those

not exceedingz, and £, is the energy per bit . .d number of the demodulator outputs, which have the lowest
Consequently, for an RNS-based orthogonal S'gna“r\'/%lue of |\s|. Accordingly, we haveP(d,0) = 1, but P(d, k)
scheme without redundant moduli, that is foer = v, the " T N ’ ’
timati £ the t itted -bit bol aft e t for & # 0 depends on the distribution ¢&;|.
estimation ot the transmitleg,-bit Symbo! after residue to Let H; andH represent the assumptions that a residue digit

binary conversion is correct, if and only if, all thenumber is demodulated correctly or erroneously, respectively. Then,

of residue digits are received correctly. Hence, the aver ¢ 4 given value of\/ and a given residue digit the pdf's
correct symbol probability after residue-to-binary conversio& I\i| under assumptions of, and Ho, i.e., fix, (y|Hs)

can be written as with 6 € {1, 0} can be derived using the distribution density

P,(C) = [P.(O) (2) functions of the correlator outputs matched or mismatched
) to the transmitted residue digit. Examples of the exact nu-
and the average BER can be approximated by [4] merically evaluated_pdf’.s Ofa, (| H1) andf|)\i.|(y|H0) with
Py(e) ~ 1 (1= P(C)). 3) M =16 are shown in Fig. 2 at an SNR per bit of 2 and 5 dB.

As expected, undefl;, the value of|);| is distributed most
If an RNS-basedV/-ary signaling system is designed withprobably in the area of > 1, while underHy, the value of \; |

d = uw—wv > 0 number of redundant moduli, then, ass distributed very close tg = 1. Moreover, when increasing
discussed previously, up tnumber of demodulator outputsthe SNR per bit of the transmitted signal, the distribution of
can be dropped before residue to binary conversion, whifg,  (y|H;) will shift to the right-hand side, while the peak
still recovering the transmitted symbol using the retainesf the distribution of f|5,|(y|Ho) aty = 1 becomes higher
demodulator outputs, provided that the retained demodulatord higher.
outputs are those matched to the related residue digits, i.e.However, using the exact pdf's ¢f, (y|Hs) to compute
there were no residue digit errors. Conventionally, this kin(d, %) is an arduous task due to the quadruple integrals
of dropping is referred to as “erasure.” An example of thigvolved. Hence, we invoke approximations to simplify the
is known in the context of Reed—Solomon (RS) [5] codesomputations. First, undef;, the pdfs of the maximum
where the low-reliability symbols are erasured and error-anghd the second maximum ofmax;{-} and ?max; {-} can
erasure correction decoding is employed. Since the errbe approximated as the pdf [4] of the correlator output
and-erasure correction decoding of RS codes should corrggitched to the transmitted residue digit and the pdf [6] of the
random errors and also fill erasures, the decoding complexitiaximum amongst the other correlator outputs mismatched to
and energy cannot be decreased by dropping the erasutegltransmitted residue digit. Upon using these pdf's, we can
symbols. However, for a RNS designed withredundant obtain the pdf of\; under assumptiod; as
moduli, up tod residue digits having a low-reliability metric M_1
A; can be discarded, and the discarded residue digits fréy|H;) ~ / {[Q(a:)]1”_2(3_(’”3”’\/%)2/2
not required to be considered during the residue to binary 2r - Jo
conversion, and consequently simplify the symbol recovery + 1= Q)M 2= Fv—vIN 2y =" 2 (6)
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Fig. 2. Exact probability density functions of\;| = |1n1aXi{-}/ Fig. 3. BER performance of the RNS-based orthogonal system with or
2 maxi{-}, under the assumptions @, and Ho. without redundant moduli over an AWGN channel.
TABLE |
The pdf Offl&l(mHl) then can be CompUted by THE PARAMETERS RELATED TO THE NUMERICAL COMPUTATIONS
fl)\il(y|Hl) :f)\i(y|Hl)+f)\i(_y|Hl)' (7) M| d | ky | mi| ma| mz| my| ms| mg| my
Second, we approximate the pdf df;| under H, as 16101137 | 111314
fini(ulHo) = 6(y — 1), where §(-) is a delta function. 11317 |11|13]14|15

Note that, if|\;| is distributed symmetrically aroung = 1,
the result obtained using(y — 1) is just the average of
y over the effective area off|, (y|Ho). However, since

32(10(22|19]23| 25| 27| 28

122119} 22| 25| 27| 28] 29

the distribution of f|5,(y|Ho) in Fig. 2 is not symmetrical, 2)22019)22)25)27)28| 29| 31
the result obtained using(y — 1) consequently yields an 37)0|24|23|29]|31|3233
approximation. We further note that the first approximation 11924l 23l 290 31]32!33|3s

increases the estimated BER, while the second approximation
decreases the BER. However, when the SNR per bit of the
transmitted signal is sufficiently high, for exampi€ dB for

the M = 16-ary orthogonal system, the result is very clos¢aple |. The results of Fig. 3 show that, for the RNS-based

2(24(23(29(31|32/33(35]37

the exact BER. o _ 'system with 16-ary, 32-ary and 64-ary orthogonal signaling
By using the above approximations, we finally obtaigchemes, up to 1.2-2 dB of bit SNR, depending on the value
P(d, k) in (5) as of M, can be conserved by using one or two redundant moduli,
d—k 1 m respectively, at the BER of 16.
uw—k
Pty =3 (8| [ s ea]
m=0 \ 0 V. CONCLUSIONS

0 u—k—m . .
We have proposed and analyzed a novel communication
. ((y|Hy) d 8 . ) . L
Ul T () y} ® system, which combines the RNS arithmetic with tiieary

o rthogonal signaling technique. Our approach is applicable to
whered = u — v represents the number of redundant modulgrbitrary QAM and PSK systems.

Consequently, the correct symbol probability of the proposed

RRNS-based orthogonal system can be evaluated by combin- REFERENCES
ing (5) and (8) and the average BER can be approximated by
(3)_ [1] K. W. Watson, “Self-checking computations using residue arithmetic,”

Proc. |IEEE vol. 54, pp. 1920-1931, Dec. 1966.

[2] E. D. D. Claudio, G. Orlandi, and F. Piazza, “A systolic redundant

IV. NUMERICAL RESULTS residue arithmetic error correction circuitEEE Trans. Computersol.

) 42, pp. 427-432, Apr. 1993.

Fig. 3 portrays the BER performance of the RNS-basegB] H. Krishna and J. D. Sun, “On theory and fast algorithms for error

orthogonal system usingw = 16-ary, M = 32-ary or correction in residue number system product codéEEE Trans.

. . . Computersyol. 42, pp. 840-852, July 1993.
M = 37-ary OrthOQOnal S|gnallng schemes for the transmlssmfh] J. G. ProakisDigital Communications3rd ed. New York: McGraw-

of the residue digits. Note that, the value &f obeys the Hill, 1995. _
; > 5 ’ [5] S. Lin and D. J. CostelloError Control Coding-Fundamentals and
relation of M > an{ml’ m2; ’m“} but not necessary Applications. Englewood Cliffs, NJ: Prentice-Hall, 1983.

limited to an integer power of 2 in the RNS-based system. Th@] J. N. Pierce, “Theoretical diversity improvement in frequency-shift
parameters related to the BER computations were given in the keying,” Proc. IRE,vol. 46, pp. 903-910, May 1958.



