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Abstiact— A detector basedon multiple-hyperplane partitioning of
the signal spaceis derived for realizing the optimal Bayesiandecision
feedbackequaliser (DFE). It is known that the optimal Bayesiandeci-
sionboundary separatingany two neighbouring signal classess asymp-
totically piecewiselinear and consistsof several hyperplanes,when the
signal to noiseratio (SNR) tendsto infinity. The proposedtechnique
determinesthesehyperplanesand usesthem to partition the obsewa-
tion space.The resulting detector can closelyapproximate the optimal
Bayesian detector, at an advantage of considerably reduced decision
complexity.

|. INTRODUCTION

For the class of DFEs that emplgy a symbol-decision
finite-memorystructurewith afixeddecisiondelay the opti-
mal solutionis the Bayesiandetecto1]-[3]. The complex-
ity of the optimal BayesiarDFE is determinedby the factor
of M™=, whereM beingthesizeof thesymbolconstellation
andn, the channelimpulserespons€CIR) length. As the
compleity of this optimal detectorincreasesxponentially
with the size of symbolset M, the corventionalor linear
combinerDFE [4]-[6] is oftenusedin practiceto provide a
trade-of betweemerformancenddetectorcomplexity.

For the 2-PAM case the performancelifferencebetween
the corventionaland optimal BayesianDFEshasa geomet-
ric explanation: a linearcombinerDFE can only partition
the obsenation spacewith a hyperplanewhile the Bayesian
detectorcando sowith a hypersurfice[2]. Asymptotically
asthe SNRtendsto infinity, the Bayesianhypersuracebe-
comespiecavise linear and is madeup of a setof hyper
planeg[7]. In practice,at largeratherthaninfinite SNR,the
Bayesiardecisionhypersurlcecancloselybeapproximated
by a multiple-hyperplandorm. This motivatedour previous
researcton multiple-hyperplaneletector8].

Signal spacepartitioning techniquedor binary channels
have beendevelopedfrom different motivations. Kim and
Moon [9],[10] developeda novel partitioningdesign. Their
techniquedeterminesa set of hyperplanesvhich separate
clustersof noiselesghannektates Thecorvex regionsasso-
ciatedwith individual statesare constructedy intersecting
hyperplanesTheoveralldecisionregionis thenformedfrom

thesecorvex regions. The decisioncompleity and perfor-
manceof the detectoris controlledduring designby a spec-
ified minimum separatinglistance. The main dravback of
their designis thatit involvesextensive computationakffort
duringthedesignprocessin our previouswork [8], we have
proposeda muchsimpleralternatve designto explicitly re-
alizetheasymptoticBayesiardecisionboundary

This paperextendsthis multiple-hyperplaneletectorde-
signto M-PAM channels. Basedon a geometrictransla-
tion propertyfor the M setsof noiselesshannelstatesthe
asymptotidBBayesiarboundaryfor separatingny two neigh-
bouring signal classescan be deduced,and this allows us
to extendthe binary casedesign[8] to the generalM -PAM
case.Similar to the binary case the designof our multiple-
hyperplanaletectorfor A/-PAM channelss straightforvard,
andguarantee$o realizethe asymptoticBayesianDFE de-
tector Furthermore the reductionin detectorcomplexity
with signal spacepartitioning approachis more significant
for M > 2.

Il. THE PROBLEM FORMULATION

We will assumehatthereal-valuedchannelgenerateshe
receivedsignalsamplesf:
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Z ais(k —1) + e(k),

=0

y(k) = (1)

whereaq; arethe CIR taps,the Gaussiarwhite noise{e(k)}
haszeromeanandvariancer2, andthe M -PAM symbols(k)

takesthevaluesfrom theset: S 2 {5i=2i—M-1,1<
i < M}. TheSNRis definedas (E?:“O_l a?) 02/02, where

o2 is the symbolvariance. The DFE usesthe information
presenin the noisy obserationvectory (k) = [y(k) y(k —
1)---y(k — m + 1)]¥ andthe pastdetectedsymbolvector
8y(k) = [6(k—d—1) - - - 3(k—d—n)]T to produceanestimate
3(k—d) of s(k—d), whered, m andn arethedecisiondelay
the feedforward andfeedbackorders,respectiely. We will

choosed = n, — 1, m = n, andn = n, — 1, asthis



choiceis sufficient to guaranteea desiredinear separability
for differentsignalclasseg5].

Theobsenationvectory (k) canbe expresseds|[5]:

y(k) = Fis¢(k) + F2 sp(k) + e(k), )
Wheresf( ) = [8( ) ( )]T sp(k) = [s(k = d —
1)---s(k—d-n)7, = -e(k—m+1)]7,and
ana—l
F = : (3)
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arethem x (d + 1) andm x n CIR matrices respectiely.
Assumingcorrectpastdecisionsye have

y (k) (5)

Thusthedecisionfeedbackranslatesheoriginal spacey (k)
into anew spacer(k):

= F1sp(k) + F2 8p(k) + e(k) .

A
r(k) =y (k) (6)
Letthe N; = MI+! possiblesequencesf s;(k) besy;,
1 < j £ N;. Thesetof the noiselesshannelstatesin the
translatedsignalspacenamely

— By 8y(K).

RE({r;="Fi s;, 1<j<Ns} 7)
canbe partitionedinto M conditionalsubsets:
RO 2(r;eR: s(k—d)=s}, 1<i<M. (8)

TheoptimalBayesiarDFE [3] cannow besummarizedThe
M decisionvariablesaregivenby

N EOR
pl(r(k)) = Z € 272 ) 1 S i S M; (9)
rjER(")
andthe minimum-errorratedecisionis definedby
3(k —d) = s with ¢* = arglrsr%)]cu{pi(r(k))} (10)

Tablel givesthe compleity of this optimal detector

TABLE |
COMPARISON OF DECISION COMPLEXITY FOR THE FULL BAYESIAN
AND MULTIPLE-HYPERPLANE DETECTORS.

Full Bayesian | Multiple-hyperplane
Additions 2ng M™e — M (ne + M —2)L
Multiplications | (n, + 1)M™a ngL
e’ M™na —

I1l. MULTIPLE-HYPERPLANE DETECTOR

We first establisha geometrictranslationpropertyfor ary
two neighbouringsubset®f channektates.

Lemmal: For1l < i < M — 1, the subsetR(i*+1) is a
translationof R(Y by theamount2a,c,

R = RO 1 2a,, (11)

wherea,e, = [an, 1---a1 ag)’. Furthermore,R(Y and
RO+D arelinearly separable.

Proof. From the definitionsof R and Fy, for ary r; €
R thereexistsar; € RV suchthatr; = r; + (8541 —
8;)arey = Iy + 2ayey, Whichimplies(11). To provethelinear
separabilityconsiderthe hyperplane

AT<1-+2(%—@'> arev) =0 (12

T .
[00...0 al_o] . Foraryr; € R andaryr; €

RO+Y 'wehave H(r; +¢;) = =1 < 0andH(r; +¢;) =
1 > 0. Fig. Lillustratesthis lemmagraphically

e

H(r +¢;)

with w =

A. Asymptotic optimal boundary for two neighbouring
classes

Althoughit is always possibleto constructa hyperplane
to correctlyseparateR(® from R(i+1), the optimal decision
boundaryD; thatseparateR(®) from R(+1) cannotgener
ally be approximatedby a single hyperplane. Without the
loss of generality consideri = % the optimal decision

boundaryD% for separatingR(%) andR(%+1). Because
of lemmal, when SNR— oo (or 6> — 0), the influence

asymptotic Bayesian boundary

R(+1)
~—23rev

~., T~.separatin
- hyBerpIangé//V

s RO

Fig. 1. lllustrationof shift property



from all theother R for i # & andi # % + 1 vanishes
much more quickly, and it effectively becomesa two-class
problem.We have thefollowing definition[8].

Definition1: A pair of opposite-classchannel states
® e R(E+1) +) ¢ R(¥)) is saidto be dominantif
vr; € R YR+ r; # ™ andr; # r():

llej = roll* > [Ir*) — xo|?, (13)
wherel J denoteghe unionoperatorand
) 4 (=)
ro = % . (14)

Thefollowing propertiesof D% areusefulin the derivation
of amultiple-hyperplaneletector(se€[7]). A necessargon-
dition for apointrp € Dy is
) 1) [ (7t
rp = 2 + |: ) :| )

(15)

wherex' denotesanarbitraryvectorin thesubspacerthog-
onaltox, r*) andr(~) areapairof dominantstatesandthe
sufficient conditionsfor rp € D% are

leg — M| < |lrp —1]?, Vr; € RUFH), py £ 2D,

(16)
M _

e — 2O < flep —rj)2, Ve € RE), vy #200),

(17)

les — D)2 = [lrg — x| (18)

Thefollowing IemmadescribingD% in theasymptoticcase

of 02 — 0 is adirectconsequencef the necessarandsuf-
ficientconditions(15)-(18).

Lemma2: Asymptotically theoptimaldecisionboundary
D% separatingR(%) and R(¥+1) is piecavise linearand
madeup of asetof L hyperplanesEachof thesehyperplanes
is definedby a pair of dominantstatesthe hyperplands or-
thogonalto the line connectingthe pair of dominantstates
andpasseshroughthe midpointof theline.

B. Multiple-hyperplane detector for two neighbouring
classes

Accordingto lemma2, amultiple-hyperplaneetectorcan
be constructedo partition the signalspaceinto the two re-
gionsof §(k —d) < —1 and3(k — d) > 1, respectiely. The
detectorwill consistof L linear discriminantfunctionsand
a mary-to-one Booleanmapper similar to the binary case
givenin [8]. For completenesshedesignprocedurdor this
multiple-hyperplanaletectoris producedcherewith the nec-
essarymodifications:

Stepl Selectall the L pairsof dominantchannektatedrom
thetwo subsetsR(¥) andR(¥+1). For eachpair, compute
ahyperplanghatseparatethesetwo opposite-classtates.
Step2 A Booleanlogic function is obtainedto make a de-
cision basedon the location of the obsenation vectorr(k)
relativeto eachhyperplaneThisis achievedby first defining

a corvex region associateavith eachstatein a given class,
e.g.the cIassR(%“), and then forming a union of these
regions.

From(15)—(18),it is seenthatpairsof dominantstatesvhich
definethe asymptotidooundarycanbe selectedising:

q i .

= >——:n=||r
IF (||rl(+) —x[2>n,veP e ROTH) 12 q) AND

i

(||rl(_) —xl? > 0w e ROP) 1 2 j)
L+=1;
Rasym « (r
ENDIF
NEXT (™)
NEXT riF

-\ A —
() 2 e

Eachpair(rl(+),rl(_)) € Rasym determinesihyperplane

Hi(r)=w/r+b=0 (19)

thatis a part of the asymptoticoptimal decisionboundary
The weight vectorw; andbiasb; of the hyperplanecanbe
computedstraightforvardly as:

+ _
2 (rl( ) —rl( )) (20)
W = ————F—
) — {72

and
() — e 4 x)
et — {72

by =— (21)
The hyperplanedefinedby (20) and(21) is a canonicalhy-
perplanewith (rl”) , rl(’)) asits two supportvectors[6], and
hasthe propertythat Hl(l‘,H)) = 1 andH, (rl(’)) = -1
The following definition is useful in the optimal multiple-
hyperplanegoartitioning:

Definition2: A stater; € R(¥) (J R(¥+) is saidto be
suficiently sepaable by H; if H; canseparatar; correctly
with a“canonicaldistance’|w}r; + b;| > 1.

Notice thatr; € R(¥H) s sufficiently separableby H,
iff wlr; +b > 1. Similarly, r; € R(¥) is sufficiently



separabléy H; iff WlTr]‘ + b; < —1. Numberthe statesn
R(¥) asr{ 7 tor{,” andthosein R(¥+1) asr{" tor{}",

whereN, = N;/M. Al thestatesn R(¥) J R(¥+1) are
testedto seeif they canbe separatedguficiently by H;, and
this generateshefollowing “separability” matrix:

[0 ) e D 9
Hy | h1a  hip2 hi,n, hinN,+1 hi2N,
Hp | hpy  hrp hp, N, hrL,N,+1 hr,on,

whereh; ; € {0,1}. Therulein generatinghis matrixis: if
astatecansuficientlybe separatethy H;, thecorresponding
binaryindex h; ; = 1; otherwiseh; ; = 0.

Define the half-space#(" £ {r : H(r) > 0}. To
constructa corvex region R,(,“L) covering a state r,(,+) €
R(%“), selectthose hyperplaneswhich can sufiiciently
separaters”) anddenoteG{Y 2 {1 : hgn, = 1}
ThenR§") is obtainedby the intersectionof all the # "

with j € G4

_ (+)
R = [ ;.
jea®

(22)

In fact,asubsebf thehyperplaneslefinedby G((IJF) isenough

to ConstructhJr), provided that every statein R(¥) can
sufiiciently be separatedy at leastone hyperplanein the
subsetTheoverall decisionregion R(+) associateavith the
decisions(k — d) > 1 is simply

N,
RHE) = U Rg+) . (23)
g=1

The Booleanlogic function for the multiple-hyperplanele-
tectoris now completedDefinethethresholddetectooutput
B;(r(k)) for alineardiscriminantfunction H; (r(k)):

ﬂ,(r(k))é{ L (k) >0,

0, H;(x(k)) <0. e4)

A Booleanlogic valueé,(r(k)) indicatingwhetherr(k) €
Rff) or not is obtainedvia a logic AND operation of

(B;(x(k)) : j € G}

6,c(k) 2 [ Bix(k)).

jeGyH

(25)

A Booleanlogic value a(r(k)) indicatingwhetherr(k) €
R (thatis, 3(k —d) > 1) or notis obtainedvia alogic OR

operationof {6,(r(k))} for all ¢:

N,
a(r(k) 2 | 0,(x(k)) . (26)

C. Multiple-hyperplanedetectorfor M classes

Accordingto lemmal, if H;(r) is ahyperplanghatforms
a part of the asymptoticdecisionboundaryfor separating
R(¥) andR(¥+1), H,(r + c;) is ahyperplanehatis a part
of the asymptotichoundaryfor separating?? and R(+1),
wherec; = (M — 2i)a,ey. In fact,the asymptoticdecision
boundaryfor separating?‘*t!) and R(i+2) is thetranslation
of the asymptoticdecisionboundaryfor separating?(? and
RU+1) by anamount2a,.,. Notethat

Hy(c(k) +¢;) 2 wie(k) + by = H(k) + b, (27)

whereBl,z- = w,Tc,- + b;. To indicatewhich asymptoticde-
cision boundary the index 4, 1 < @ < M — 1, is used.
The half-spacedefinedby the hyperplanew; r + b;; = 0
is ’HIH’“ 2 {r : wfr + b,; > 0}, the corvex region
coveringry™? € RO+ is R{HD  andthe decisionregion
for 3(k — d) > si4q is R™H9. Thecorrespondingoolean
logic valuefor the linear discriminantfunction H; (k) + b; ;
is denotedby §;,;(k) = Bi(r(k) + ¢;), the Booleanlogic
valueindicating whetherr(k) € Rff’” or not is denoted
by 6,.:(k) = 0,(r(k) + ¢;), andthe Booleanlogic value
indicating whetherr(k) € R(t+9 or not is denotedby
a;(k) = a(r(k) + ¢;). Theresultingmultiple-hyperplane
detectorcannow be summarizedAt k:

FOR!I=1toL
COMPUTEH; (k) = w]
NEXT !
FORi=1toM —1
FORl=1toL
COMPUTEH; (k) + by 4
NEXT
COMPUTEBooleanlogic valuea; (k);
IF (NOT a;(k)) {

r(k);

3k —d) = s;;
BREAK;

YELSEIF ((i == M —1){
3(k —d) = sur;
BREAK;

}
NEXT i

As all thevaluesof b; ; arepre-computedtthe designstage,
thedetectorcompleity is whatis requiredto computethe L
linear discriminantfunctions,aslisted at Tablel. Thusthe
compleity of this multiple-hyperplanedetectoris L times
of the linearcombinerDFE. As long as L < M™=, this
multiple-hyperplanaletectorrequireslesscomputatiorthan



theoptimalBayesiardetector The L pairsof dominantstates
are selectedrom two subsetswhich have 2M™=~1 states.
Empirically, we have foundusually L, < 2M™=~1,

IV. A SIMULATION EXAMPLE

An examplewas usedto testthe multiple-hyperplanale-
tector, in which 4-PAM symbolswere transmittedover a
3-tap channelspecifiedby the CIR a = [0.4 1.0 0.6]%.
The structureparametersf the DFE were accordinglyset
tom = 3,d = 2 andn = 2. The channelstateset R
had N; = 64 states. Five pairs of dominantstateswere
found from the subsetsk(?) and R, giving riseto 5 sep-
aratinghyperplanes.The separatingnatrix is listed in Ta-
ble Il, from which a requiredBooleanlogic function was
obtained. For instance the statesr{"? to r{"? in R®
areseparatedrom the opposite-classtatesR(*) by the two
hyperplanesd; and Hy; r$+’2) andr§+’2) require H3 and
H, for separatiorfrom R®; andr{"? to r{{"® aresepa-
ratedfrom R by H;. The symbolerror rate (SER) per
formanceof this multiple-hyperplanaletectoris compared
with thoseof the Bayesiarandcorventionalminimummean
squareerror (MMSE) DFEsin Fig. 2 underdifferent SNR
conditions,whereit canbe seernthatthereis hardlyany SER
performancelifferencebetweerthemultiple-hyperplanand
full Bayesiandetectors.For this example,the full Bayesian
detectorrequires380 additions,256 multiplicationsand 64
e® function evaluationsto detecta symbol. The multiple-
hyperplanedetectoy however, needsonly 25 additionsand
15 multiplicationsto make a decisionwhichis lessthan6%
of thecompleity requiredby thefull BayesiarDFE.

V. CONCLUSIONS

We have extendeda signal spacepartitioning technique,
originally developedfor binary channelsto M-PAM chan-
nels. A schemeis presentedto constructa multiple-
hyperplanepartitioning that is asymptoticallyoptimal. The
resulting detector consists of a set of linear discrimi-
nant functions and associatedBoolean logic values, and
it hasmuch lower decisioncompleity comparedwith the
Bayesiardetector Althoughthis multiple-hyperplan@letec-
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Fig. 2. Performanceomparisorof theclassicaMMSE DFE (MMSE), the
multiple-hyperplaneletector(AB) andthefull BayesiarDFE (FB) with
detectedsymbolsbeingfed back.

tor achievesthe optimal Bayesianperformanceonly at the
asymptoticcaseof infinite SNR,in practice,it cancloseap-
proximatethe optimal performanceaunderfinite SNR condi-
tions.
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