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Abstract— A detector basedon multiple-hyperplane partitioning of
the signal spaceis derived for realizing the optimal Bayesiandecision
feedbackequaliser (DFE). It is known that the optimal Bayesiandeci-
sionboundary separatingany two neighbouring signalclassesis asymp-
totically piecewiselinear and consistsof several hyperplanes,when the
signal to noiseratio (SNR) tends to infinity . The proposedtechnique
determinesthesehyperplanesand usesthem to partition the observa-
tion space.The resulting detector can closelyapproximate the optimal
Bayesian detector, at an advantage of considerably reduceddecision
complexity.

I . INTRODUCTION

For the class of DFEs that employ a symbol-decision
finite-memorystructurewith afixeddecisiondelay, theopti-
mal solutionis theBayesiandetector[1]–[3]. Thecomplex-
ity of theoptimalBayesianDFE is determinedby thefactor
of ����� , where � beingthesizeof thesymbolconstellation
and �	� the channelimpulseresponse(CIR) length. As the
complexity of this optimal detectorincreasesexponentially
with the size of symbolset � , the conventionalor linear-
combinerDFE [4]–[6] is oftenusedin practiceto provide a
trade-off betweenperformanceanddetectorcomplexity.

For the2-PAM case,theperformancedifferencebetween
theconventionalandoptimalBayesianDFEshasa geomet-
ric explanation: a linear-combinerDFE can only partition
theobservationspacewith a hyperplanewhile theBayesian
detectorcando sowith a hypersurface[2]. Asymptotically,
asthe SNR tendsto infinity, the Bayesianhypersurfacebe-
comespiecewise linear and is madeup of a set of hyper-
planes[7]. In practice,at largeratherthaninfinite SNR,the
Bayesiandecisionhypersurfacecancloselybeapproximated
by a multiple-hyperplaneform. This motivatedour previous
researchon multiple-hyperplanedetector[8].

Signal spacepartitioning techniquesfor binary channels
have beendevelopedfrom differentmotivations. Kim and
Moon [9],[10] developeda novel partitioningdesign.Their
techniquedeterminesa set of hyperplaneswhich separate
clustersof noiselesschannelstates.Theconvex regionsasso-
ciatedwith individual statesareconstructedby intersecting
hyperplanes.Theoveralldecisionregionis thenformedfrom

theseconvex regions. The decisioncomplexity andperfor-
manceof thedetectoris controlledduringdesignby a spec-
ified minimum separatingdistance.The main drawbackof
their designis thatit involvesextensivecomputationaleffort
duringthedesignprocess.In ourpreviouswork [8], wehave
proposeda muchsimpleralternative designto explicitly re-
alizetheasymptoticBayesiandecisionboundary.

This paperextendsthis multiple-hyperplanedetectorde-
sign to � -PAM channels. Basedon a geometrictransla-
tion propertyfor the � setsof noiselesschannelstates,the
asymptoticBayesianboundaryfor separatingany two neigh-
bouring signal classescan be deduced,and this allows us
to extendthe binary casedesign[8] to the general� -PAM
case.Similar to thebinarycase,thedesignof our multiple-
hyperplanedetectorfor � -PAM channelsis straightforward,
andguaranteesto realizethe asymptoticBayesianDFE de-
tector. Furthermore,the reductionin detectorcomplexity
with signal spacepartitioning approachis more significant
for ��

� .

I I . THE PROBLEM FORMULATION

We will assumethatthereal-valuedchannelgeneratesthe
receivedsignalsamplesof:��������� �������� � ����� �! ���#"%$&�	')(*���+��, (1)

where � � aretheCIR taps,theGaussianwhite noise - (*���+�/.
haszeromeanandvariance0�12 , andthe � -PAM symbol

 �����
takesthevaluesfrom theset: 354� -  � � � $6" � "
78,97;:$<: � . . TheSNRis definedas =?> � � �@�� ��� � 1�BA 0 1C�D 0 12 , where0 1C is the symbol variance. The DFE usesthe information
presentin thenoisyobservationvector E �F�+�G�IH �������J�K�F�L"7��KMBMNM&�����O"QPR'�7��!SUT andthe pastdetectedsymbolvectorVW�XN���+���YH[Z �F�K"G\]"^7_��MBMBM�Z �F�K"G\]" � �`SaT toproduceanestimateZ �F�b"c\*� of

 ����"c\*� , where\ , P and � arethedecisiondelay,
the feedforwardandfeedbackorders,respectively. We will
choose\d� � � "e7 , Pf� � � and � � � � "Y7 , as this



choiceis sufficient to guaranteea desiredlinearseparability
for differentsignalclasses[5].

Theobservationvector E ���+� canbeexpressedas[5]:E �����g�ih � W_jk���+�6'lh 1 W�XN���+�	')mK���+��, (2)

where W_jk���+�O�nH  ���+��MBMBM  ���o"
\*�!SUT , W_XN���+�O�nH  ���o"
\O"7��KMBMNM  ���c"p\q" � �!S T , m]�F�+���YH (*�����KMBMNMr(*���c"�PY'Q7_�`S T , and
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arethe P|{)��\}'~7�� and P�{ � CIR matrices,respectively.
Assumingcorrectpastdecisions,wehaveE �����g�ih � W j ���+�6'lh 1 VW X ���+�	')mK���+��� (5)

ThusthedecisionfeedbacktranslatestheoriginalspaceE ���+�
into a new space� ����� :� �F�+� 4� E ������"�h 1 VW X �����K� (6)

Let the � j � �5���J� possiblesequencesof W j �F�+� be W j�� ,7�:~��: � j . The setof thenoiselesschannelstatesin the
translatedsignalspace,namely,� 4� -_� �G��h � W�j/��,97}:���: � j�. (7)

canbepartitionedinto � conditionalsubsets:�c� ��� 4� -_� ��� �5�  �F�;"�\*���  N� .8,97�:�$�: � � (8)

TheoptimalBayesianDFE[3] cannow besummarized.The� decisionvariablesaregivenby� � � � ���+���g� ��&�/���	� �¢¡ ( �q£!¤ �y¥r¡a¦ ¤ � £!§§!¨ §© ,97q:Q$g: � , (9)

andtheminimum-error-ratedecisionis definedbyZ ���#"ª\«�<�  �a¬ª­¯®y°²± $r³´��µ�¶²·e¸¹µ�º��» � »�¼ - � � � � �F�+�r�/. (10)

TableI givesthecomplexity of this optimaldetector.

TABLE I

COMPARISON OF DECISION COMPLEXITY FOR THE FULL BAYESIAN

AND MULTIPLE-HYPERPLANE DETECTORS.

Full Bayesian Multiple-hyperplane
Additions ½�¾«¿?ÀoÁ �¯Â À Ã¢¾8¿�Ä�À Â ½�ÅÇÆ

Multiplications Ã¢¾8¿�Ä�È�Å�ÀoÁ � ¾«¿_ÆÉ�Ê À Á � —

I I I . MULTIPLE-HYPERPLANE DETECTOR

We first establisha geometrictranslationpropertyfor any
two neighbouringsubsetsof channelstates.

Lemma1: For 7l:Ë$o: � "57 , the subset
� � � �6� � is a

translationof
� � ���

by theamount��Ì�ÍÇÎ!Ï�#� � �6� � � �#� �¢� ' ��Ì ÍÇÎ!Ï , (11)

where Ì+ÍÇÎ!Ï �ÐH � ���?��� MNMBM � � � � SUT . Furthermore,
� � ���

and� � � �6� � arelinearly separable.

Proof: From the definitionsof
� � �¢�

and h � , for any ��Ñ �� � �¢�
, thereexistsa � � � � � � �6� � suchthat � � � ��Ñ '��  � �J� " _� � Ì Í[Î!Ï � � Ñ ' ��Ì ÍÇÎ!Ï , which implies(11). To provethelinear

separability, considerthehyperplaneÒ � � 'lÓ � � 4� ZÔ TlÕ � ' � Õ � � "%$!Ö Ì ÍÇÎ!Ï Ö�� v (12)

with ZÔ×�ÙØ vqv MNMBM v ��/Ú?Û T . For any ��Ñ � � � �¢� andany � � �� � � �6� � , we have
Ò � �_Ñ 'ÜÓ � ���Ý"}7ßÞ v and

Ò � � � '
Ó � �à�7 
 v . Fig. 1 illustratesthis lemmagraphically.

A. Asymptotic optimal boundary for two neighbouring
classes

Although it is alwayspossibleto constructa hyperplane
to correctlyseparate

� � �¢�
from

� � � �6� � , theoptimaldecision
boundaryá � that separates

� � �¢�
from

� � � �6� � cannotgener-
ally be approximatedby a single hyperplane.Without the
loss of generality, consider $â� ¼ 1 , the optimal decision

boundaryápã § for separating
� � ã § � and

� � ã § �6� � . Because

of lemma1, when SNRä å (or 0 12 ä v
), the influence

asymptotic Bayesian boundary

separating
hyperplaneŵ

reva2 

R(i)

R(i+1)

Fig. 1. Illustrationof shift property.



from all theother
� � ���

for $#æ� ¼ 1 and $#æ� ¼ 1 '~7 vanishes
muchmorequickly, and it effectively becomesa two-class
problem.We havethefollowing definition[8].

Definition1: A pair of opposite-classchannel states� � � � � � � � ã § �6� � , � � �
� � � � ã § � � is saidto be dominantifç � �}� � � ã § �@è � � ã § �6� � , � �Læ� � � �

�
and � �¹æ� � � � � :é � � " � � é 1 
 é � � � � " � � é 1 , (13)

where
è

denotestheunionoperatorand� � � � � � � ' � � � �� � (14)

Thefollowing propertiesof ápã § areusefulin thederivation
of amultiple-hyperplanedetector(see[7]). A necessarycon-
dition for a point �?ê � ápã § is

� ê � � � � � ' � � � �� 'Ëë � � � � " � � � �� ì�í , (15)

whereî í denotesanarbitraryvectorin thesubspaceorthog-
onalto î , � � � � and � � � � areapairof dominantstates;andthe
sufficient conditionsfor ��ê � ápã § areé �?ê " � � � � é 1 Þ é �?ê " � Ñ é 1 , ç � Ñ � � � ã § �6� � , � Ñ æ� � � �

� ,
(16)é �?ê " � � � � é 1 Þ é �?ê " � � é 1 , ç � ��� � � ã § � , � �¹æ� � � �
� ,
(17)é � ê " � � � � é 1 � é � ê " � � � � é 1 � (18)

Thefollowing lemmadescribingápã § in theasymptoticcase

of 0 12 ä v
is a directconsequenceof thenecessaryandsuf-

ficient conditions(15)-(18).

Lemma2: Asymptotically, theoptimaldecisionboundaryápã § separating
� � ã § � and

� � ã § �6� � is piecewise linear and
madeupof asetof ï hyperplanes.Eachof thesehyperplanes
is definedby a pair of dominantstates,thehyperplaneis or-
thogonalto the line connectingthe pair of dominantstates
andpassesthroughthemidpointof theline.

B. Multiple-hyperplane detector for two neighbouring
classes

Accordingto lemma2, amultiple-hyperplanedetectorcan
be constructedto partition the signalspaceinto the two re-
gionsof Z ���c"p\*�ð:�"}7 and Z �F�}"p\*�ðñ~7 , respectively. The
detectorwill consistof ï linear discriminantfunctionsand
a many-to-oneBooleanmapper, similar to the binary case
givenin [8]. For completeness,thedesignprocedurefor this
multiple-hyperplanedetectoris producedherewith thenec-
essarymodifications:

Step1 Selectall the ï pairsof dominantchannelstatesfrom

thetwo subsets
� � ã § � and

� � ã § �6� � . For eachpair, compute
a hyperplanethatseparatesthesetwo opposite-classstates.
Step2 A Booleanlogic function is obtainedto make a de-
cision basedon the locationof the observation vector � ���+�
relativeto eachhyperplane.This is achievedby first defining
a convex region associatedwith eachstatein a given class,

e.g. the class
� � ã § �J� � , and then forming a union of these

regions.

From(15)–(18),it is seenthatpairsof dominantstateswhich
definetheasymptoticboundarycanbeselectedusing:ÆLò�ó ;

FOR ôNõyö�÷øúùqû Ã ã § öKü ÅFOR ô õaý�÷þ ù�û Ã ã § Åÿ ò�� ���8¡� ö � �¢¦8¡�� ; �ðò��&ô õyö�÷ø Â ÿ � � ;
IF = �&ôNõyö�÷	 Â ÿ � ��
 �
���8ôNõyö�÷	 ù�û Ã ã § öKü Å �����ò�� A AND= �&ô õaý�÷	 Â ÿ � � 
 �
���8ô õaý+÷	 ù�û Ã ã § Å �����ò�� AÆ += 1;û������! #" Ã¢ôNõyö�÷$ ��ôNõaý�÷$ Å�%òpÃ¢ôNõyö�÷ø ��ôNõaý�÷þ Å ;
END IF

NEXT ôBõaý+÷þ
NEXT ôNõyö�÷ø

Eachpair � � � � �Ñ , � � � �Ñ �ð� �'&�(�)+* determinesahyperplaneÒ Ñ � � �g�ÜÔ TÑ � '-, Ñ � v (19)

that is a part of the asymptoticoptimal decisionboundary.
The weight vector Ô Ñ andbias , Ñ of the hyperplanecanbe
computedstraightforwardlyas:Ô Ñ � � = � � � �Ñ " � � � �Ñ Aé � � � �Ñ " � � � �Ñ é 1 (20)

and , Ñ ��" � � � �
�Ñ " � � � �Ñ �rT<� � � � �Ñ ' � � � �Ñ �é � � � �Ñ " � � � �Ñ é 1 � (21)

The hyperplanedefinedby (20) and(21) is a canonicalhy-
perplanewith � � � � �Ñ , � � � �Ñ � asits two supportvectors[6], and

hasthe propertythat
Ò Ñ � � � � �Ñ ��� 7 and

Ò Ñ � � � � �Ñ �p� "}7 .
The following definition is useful in the optimal multiple-
hyperplanepartitioning:

Definition2: A state� � � � � ã § � è � � ã § �6� � is saidto be
sufficiently separable by

Ò Ñ if
Ò Ñ canseparate� � correctly

with a “canonicaldistance” . Ô�TÑ � �<'�, Ñ . ñ 7 .
Notice that � � � � � ã § �6� � is sufficiently separableby

Ò Ñ
if f Ô�TÑ � �}'/, Ñ ñ 7 . Similarly, � ��� � � ã § � is sufficiently



separableby
Ò Ñ if f Ô TÑ � � '0, Ñ : "}7 . Numberthestatesin� � ã § � as � � � �� to � � � �132 andthosein

� � ã § �J� � as � � � �� to � � � �132 ,

where � C � � j D � . All thestatesin
� � ã § �6è � � ã § �6� � are

testedto seeif they canbeseparatedsufficiently by
Ò Ñ , and

this generatesthefollowing “separability”matrix:ô õaý+÷ü ô õ¢ý+÷� 45454 ô õaý+÷6 2 ô õyö�÷ü 45474 ô õyök÷6 28 ü 9�ü;: ü 9*ü;: � 45454 9 ü;: 6 2 9 ü;: 6 2 ö�ü 45474 9 ü;: � 6 2...
...

... 45454 ...
... 45474 ...8 $ 9 $ : ü 9 $ : � 45454 9 $ : 6 2 9 $ : 6 2 öKü 45474 9 $ : � 6 2

where < Ñ>= �c� - v ,B7�. . Therule in generatingthis matrix is: if
astatecansufficientlybeseparatedby

Ò Ñ , thecorresponding
binaryindex < Ñ>= �à��7 ; otherwise< Ñ>= �à� v .

Define the half-space? � � �Ñ 4� -_� �cÒ Ñ � � �Üñ v . . To

constructa convex region @ � � �A covering a state � � � �A �� � ã § �6� � , select those hyperplaneswhich can sufficiently

separate� � � �A and denote B � � �A 4� -DC � < Ñ>= A � 1 2 � 7�. .
Then @ � � �A is obtainedby the intersectionof all the ? � � ��
with �¹� B � � �A @ � � �A � E� �GF ���8¡� ? � � �� � (22)

In fact,asubsetof thehyperplanesdefinedby B � � �A isenough

to construct @ � � �A , provided that every statein
� � ã § � can

sufficiently be separatedby at leastone hyperplanein the
subset.Theoveralldecisionregion @ � � � associatedwith the
decision Z �F�;"�\*�ðñ~7 is simply

@ � � � � 1 2HA � � @ � �
�

A � (23)

The Booleanlogic function for the multiple-hyperplanede-
tectoris now completed.DefinethethresholddetectoroutputI � � � ���+��� for a lineardiscriminantfunction

Ò � � � �F�+�r� :I � � � ���+��� 4�KJ 78, Ò � � � ���+���ðñ v ,v , Ò �8� � ���+���ðÞ v � (24)

A Booleanlogic value L A � � �����r� indicatingwhether � �F�+���@ � � �A or not is obtainedvia a logic AND operation of- I � � � �����r� � �¹� B � � �A . :
L A � � ���+��� 4� E� �GF �M�«¡� I �8� � ���+���K� (25)

A Booleanlogic value N � � ���+��� indicating whether � �F�+�%�@ � � � (thatis, Z �F�¯"ß\*�ðñ~7 ) or not is obtainedvia a logic OR

operationof -OL A � � ���+����. for all P :
N � � �F�+�r� 4� 1Q2HA � � L A � � ���+���K� (26)

C. Multiple-hyperplanedetectorfor � classes

Accordingto lemma1, if
Ò Ñ � � � is ahyperplanethatforms

a part of the asymptoticdecisionboundaryfor separating� � ã § � and
� � ã § �6� � , Ò Ñ � � 'pÓ � � is ahyperplanethatis apart

of the asymptoticboundaryfor separating
� � �¢�

and
� � � �6� � ,

where Ó � �R� � " � $&� Ì Í[Î!Ï . In fact, theasymptoticdecision
boundaryfor separating

� � � �J� � and
� � � � 1 � is thetranslation

of theasymptoticdecisionboundaryfor separating
� � ���

and� � � �6� � by anamount��Ì�ÍÇÎ!Ï . NotethatÒ Ñ � � ���+�6'lÓ � � 4�iÔ TÑ � �F�+�	'SR, Ñ>= � � RÒ Ñ �F�+�	'SR, Ñ>= � , (27)

where R , Ñ>= � � Ô TÑ Ó � 'T, Ñ . To indicatewhich asymptoticde-
cision boundary, the index $ , 7 : $Q: � "e7 , is used.
The half-spacedefinedby the hyperplaneÔ�TÑ � '/R, Ñ>= � � v
is ? � � = �¢�Ñ 4� -N� � Ô�TÑ � ' R , Ñ>= � ñ v . , the convex region

covering � � � = �¢�A � � � � �J� � is @ � � = ���A , andthe decisionregion
for Z �F�¹")\*�cñ  � �6� is @ � � = ��� . ThecorrespondingBoolean
logic valuefor the lineardiscriminantfunction RÒ Ñ ���+��' R, Ñ�= �
is denotedby

I Ñ>= � ���+��� I Ñ � � �F�+�´'�Ó � � , the Booleanlogic

value indicating whether � ���+�l� @ � � = �¢�A or not is denoted
by L A = � �F�+�%� L A � � ���+�G'dÓ � � , and the Booleanlogic value
indicating whether � �F�+�I� @ � � = �¢� or not is denotedbyN � ���+�ß� N � � ���+�ð' Ó � � . The resultingmultiple-hyperplane
detectorcannow besummarized.At � :

FOR ��òpÈ to Æ
COMPUTE U8 	 Ã�V?Å�òXWZY	 ôNÃ�V?Å ;

NEXT �
FOR [*ò%È to À Â È

FOR �«òpÈ to Æ
COMPUTE U8 	 Ã\V�Å«Ä U] 	 : ^ ;NEXT �

COMPUTEBooleanlogic value _ ^ Ã�V?Å ;IF ( NOT _ ^ Ã�V?Å ) `ab Ã\V Âdc Å]ò b ^ ;BREAK;e
ELSEIF ( ( [+òbòoÀ Â È ) `ab Ã\V Âdc Å]ò bgf ;

BREAK;e
NEXT [

As all thevaluesof R, Ñ�= � arepre-computedat thedesignstage,
thedetectorcomplexity is whatis requiredto computethe ï
linear discriminantfunctions,aslisted at TableI. Thusthe
complexity of this multiple-hyperplanedetectoris ï times
of the linear-combinerDFE. As long as ï Þ ��� � , this
multiple-hyperplanedetectorrequireslesscomputationthan



theoptimalBayesiandetector. The ï pairsof dominantstates
areselectedfrom two subsets,which have �8�����_�@� states.
Empirically, we havefoundusually ï Þ �������N�@� .

IV. A SIMULATION EXAMPLE

An examplewasusedto testthe multiple-hyperplanede-
tector, in which 4-PAM symbolswere transmittedover a
3-tap channelspecifiedby the CIR Ì � H v � hÜ7�� v�v � i�SaT .
The structureparametersof the DFE were accordinglyset
to P �kj , \d� � and � � � . The channelstateset

�
had � jd�liGh states. Five pairs of dominantstateswere
found from the subsets

� � 1 � and
� ��m �

, giving rise to 5 sep-
aratinghyperplanes.The separatingmatrix is listed in Ta-
ble II, from which a requiredBooleanlogic function was
obtained. For instance,the states� � � = 1 �� to � � � = 1 �n in

� �om �
areseparatedfrom theopposite-classstates

� � 1 � by thetwo
hyperplanes

Ò � and
Ò 1 ; � � � = 1

�
p and � � � = 1 �q require

Ò m andÒsr
for separationfrom

� � 1 � ; and � � � = 1 �t to � � � = 1 �� n aresepa-
ratedfrom

� � 1 � by
Òsu

. The symbolerror rate (SER)per-
formanceof this multiple-hyperplanedetectoris compared
with thoseof theBayesianandconventionalminimummean
squareerror (MMSE) DFEs in Fig. 2 underdifferentSNR
conditions,whereit canbeseenthatthereis hardlyany SER
performancedifferencebetweenthemultiple-hyperplaneand
full Bayesiandetectors.For this example,the full Bayesian
detectorrequires380 additions,256 multiplicationsand64(Dv function evaluationsto detecta symbol. The multiple-
hyperplanedetector, however, needsonly 25 additionsand
15 multiplicationsto make a decision,which is lessthan6%
of thecomplexity requiredby thefull BayesianDFE.

V. CONCLUSIONS

We have extendeda signal spacepartitioning technique,
originally developedfor binary channels,to � -PAM chan-
nels. A schemeis presentedto construct a multiple-
hyperplanepartitioningthat is asymptoticallyoptimal. The
resulting detector consists of a set of linear discrimi-
nant functions and associatedBoolean logic values, and
it hasmuch lower decisioncomplexity comparedwith the
Bayesiandetector. Althoughthis multiple-hyperplanedetec-

TABLE II

SEPARABIL ITY MATRIX FOR THE TWO SUBSETS OF CHANNEL STATES.� � § ¡ � �xw!¡
1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
0 0 0 1 0 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 0 1 0 0 0 0 0 0 0
1 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1 1 1
0 0 0 0 0 0 0 1 0 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 0 1 0 0 0
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1
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Fig. 2. Performancecomparisonof theclassicalMMSE DFE(MMSE), the
multiple-hyperplanedetector(AB) andthefull BayesianDFE(FB) with
detectedsymbolsbeingfedback.

tor achieves the optimal Bayesianperformanceonly at the
asymptoticcaseof infinite SNR,in practice,it cancloseap-
proximatetheoptimalperformanceunderfinite SNRcondi-
tions.
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