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Abstract—In this contribution we derive the super-trellis structure of (2)
turbo codes. We show that this structure and its associated decoding com- u(z) I—" SC"(Z) ~C

plexity depend strongly on the interleaver applied in the turbo encoder.
We provide upper bounds for the super-trellis complexity. Turbo codes are
usually decoded by an iterative decoding algorithm, which is suboptimum.
Applying the super-trellis structure, we can optimally decode simple turbo

codes and compare the associated bit-error rate results to those of iterative . . . .
algorithms. P the constituent interleaver appropriately [9], [10]. Conventional turbo

Index Terms—Code trellis, iterative decoding, MLSE decoding, turbo ~codes rely on convolutional component codes, which is what we will
codes. restrict ourselves to in this contribution. However, there have also been
proposed block component codes in the literature.
The outline of the correspondence is as follows. Section Il presents
a model of the turbo encoder. Section Il then provides a derivation
of the super-trellis structure of turbo codes. Section IV discusses the
. INTRODUCTION complexity of the super-trellises, while Section V gives a comparison
Turbo codes, which were proposed by Berrou, Glavieux, and Thiketween the performance of an optimum decoder for turbo codes and
majshima in 1993 [1], are at time of writing the most power-efficienie conventional iterative decoder. Finally, Section VI discusses the
binary channel codes for medium bit-error rates (BERs) [2]. Théysults obtained, followed by our conclusions in Section VII.
form a class of soft-input decodable block codes of relatively large
information word lengths (typically longer than 1000 bits), exhibiting Il. SYSTEM MODEL AND TERMINOLOGY
various coding rates. The encoder of a turbo code consists mainly Of:ig. 1 shows the model of a conventional turbo encoder. The

two s_o-called component encoders, Wh'Ch_ arejom_ed by an 'nter.leaveﬁ{toder consists of three parallel branches connected to the encoder
The first component encoder encodes the information symbols dlrec}ry

whereas the second component encoder encodes a permuted versﬁ)ur}’ which generate the three constituent parts of the codeword
. ' comp _ P =" (u; ¢V; ¢?). The vector of K" binary encoder input symbols

of the same information symbols. The decoding of a long turbo codelrl]ged

typically accomplished using an iterative decoding algorithm, which™

Fig. 1. System model of the turbo encoder.

for generating a codeword is referred to adrif@mation word

. . . S . . = (u1;...; ux). This information wordu directly forms the
is related to Gallager’s classical probabilistic decoding algorithm [31. stematic part of the codeword. The other two branches, referred
In contrast to the latter algorithm, in a turbo decoder, there are !

L . ) . as the first and the secormbmponentrespectively, contain the
component decoders operating in unison and passing soft 'nformat'sorr]amblersscr“) and scr®  which are also often referred to as
to each other in a'feedback loop. The compopent decodgrs mUStc ﬁwponent encoders, processing the information symbols in order
capable of generating soft outputs corresponding to each mformat&%n

; .. - ) . generate the component codewoefs and¢'?) constituting the
symbol'sa posterioriprobability from the soft inputs corresponding arity part of the codeword Throughout the correspondence, we use

to r;hbe? pg:)rtl pr??ﬁb'“tx ofnt1he r:ersltp?jcnvz |rr1fo;mrat|orr; finnd Cotdthhe following terminology. Capital letters denote random variables,
tsy K O'S. b ae-o”-the-a compo et deco ebs I% ca yll) ? 01:. Whereas lower case letters represent their specific manifestations.
ask are above all the maximuaposterior Symbol-by-Symbol €St~ jop1a \ith a superscript, such«$’ ande? are associated with

mation (MAPSSE) algorithm [4] and the soft-output Viterbi algorlthrqhe first and second component, respectively. The first component

(SOVA) [5]. Avital partofatqrbo encoder is its constituent |_nterleavegcramblerscr(l) is fed with the information symbola™® =
Reference [6] shows that if the average performance is evaluated

for th £ all ble interl the BER ¢ obeying their original ordering. The second component scrambler
or the range ol all possible Interieavers, te periormance gl.(2) ig fed with apermutedversionu(® of the information word.
the iterative decoder—although it is suboptimum—converges to t

. 2 . ) e third branch contains therefore an interleaver, which is goin
performance of a maximume-likelihood sequence estimation (MLS going

. . . . - . play a major role in our forthcoming elaborations. The vector
algorithm for medium and high signal-to-noise ratios (SNRs). Furth% ntaining the element-wise transpositions performed by the inter-

S?rt]:ir;)bliit'%nsr'r:c”thef?b?t\)'e mgntloged8l|tesrf::uretgocuswor: tr;f? iwﬁ'gle ver is denoted by = (m1; ...; mx). Interleaving ofu = uis
stribution profiie of turbo co es [7], [8]. ce the power EllICIeNCY, opjqyeq by permuting the vector elements generatify such that
of turbo codes deteriorates for low BERS, various methods have beep) (1) . - L

=u,  fori =1,..., K. For the sake of simplicity, we assume

. . U,
proposed for improving the performance of turbo codes by des'gmpo%ntical scramblers in both components. As usual, the scrambler

is a binary shift register with a feedback branch as exemplified in
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10 “sequence of states” and “sequence of state transitions” are used syn-
@—»c onymously, since the transitions can directly be derived from the se-
i

quence of states.
(ORI .
u . D D [Il. | NTRODUCING THE TURBO CODE SUPER TRELLIS
In this section we will develop a model of an FSM
=

Fr(t) = (Ur; Crs St(t); v (1))

Fig. 2. Example of a component scrambler or component encoder Wigh a Turbo encoder, where the subscriptrefers to the state ma-
feedback and feed-forward polynomials expressed in octal form@sd5,  chine of the turbo encoder. The parameténdicates that the turbo
respectively. encoder FSM is time-variant, which manifests itself in a trellis struc-
) ) ture that is different at different time instantsexhibiting different le-

where for every paif(s, u) with s € Ss _(pre,decessor state) andyitimate transitions at different instantsas we will show at a later

u € Us (scrambler input) a paifs’, ¢) with s’ € S, (SUCCESSOr giaq0 |t is possible to find the turbo encoder's FSM by modeling all
state) and- € C. (scrambler output) is specified. An FSM can b&¢ iis tour constituent elements in Fig. 1 by their respective FSMs and
graphically characterized by its state transition diagram or, if we alggmpining these. For the two-component scramblers of Fig. 1 itis rela-
incorporate the elapse of time, by its trellis. Fig. 3 displays the trellig,q|, straightforward to find the corresponding FSMs (see above). For
of the scrambler of Fig. 2. It consists of identical trellis segmentg, systematic branch of the encoder in Fig. 1, the corresponding FSM

since the scrambler FSM is time-invariant. The labels along thegjsts of a single state, where the output symbol equals the input
trellis transitions, e.g1 — 0, denote the scrambler input and outpug

) . X ) - {aﬁ/mbol. The only device in the turbo encoder that poses difficulties is
;s,ymb_(tn_ls, respectively, which are associated with the specific st e interleaver, which introduces memory, since the complete vector of
ransition.

. . input symbola:!") must have been inserted into the interleaver, before
Any FSMF(t) = (U(t); C(t); S(t); v(¢))—which can be poten-

) . ) A I ) the vector of output symbols(z) could be read out. Itis therefore cum-
tially also time-variant, as indicated kiy)—exhibits the Markovian bersome to model the interleaver by an FSM, which would be complex.
property, i.e., the state transition at a given discrete time instant

] ) : Hence we will choose a different way of finding the FSM of the com-
with the associated ending sta#tg , and output symbal’;; depends

) . ! plete turbo encoder.
only on the starting stat® and the input symbdf:., (and possiblyon " 4 yellis associated with the turbo encoder FSM will be referred

the timet, if the FSM is time-variant, which manifests itself in atrellisto as the turbo code'super-trellisin order to distinguish it clearly
structure that is different at different time instanis the sequence of ., the component scrambler trellises. Several proposals have already
consecutive trellis stages—an issue to_be augmente_d in more depth@é@n made to find a tree representation of a turbo code [11] and its
later stage), but not on any of the previous staesr input symbols g \yer trellis (e.g., [6], where it is referred to as the hyper-trellis). In

U1 With #' < #. Observe that a transition and its associated inpiibrast 1o [6], the structure presented in this contribution differs in
and output _Symbc’ls have the same time index asditeinatingstate that the complexity of the super-trellis is not only dependent on the in-
of the transition. _ _ _ terleaver lengths” but also on the interleaver structure. We will show

In our forthcoming elaborations, we will make use of the followingy,,; o simple interleavers the complexity of the super-trellis can be
three terms. Thpre-hlstoryof_an FSM as regard_s to timterepresents drastically reduced. In these cases, an optimum turbo decoder based
the state transitions and their associated FSM input, that the FSM 3,5 super-trellis can be implemented and its performance can be di-

versed through before and including the time instane., the trellis o4y compared to that of the suboptimum iterative turbo decoder. Let
section left ofS; in Fig. 3. By contrast, thpost-historyrepresents the | ¢ «ontinue our discourse with an example.

transitions after and excluding time instapite., the trellis section right
of S;. The current stat8, represents, therefore, theerfacebetween A. Turbo Encoder Super State
the pre-history of the FSM and its post-history in the following sense.

If a sequence of FSM states Example 1: For the sake of explanation, let us consider a turbo code

incorporating the scrambler of Fig. 2 and a simple two-column inter-
Si—=(..; Si—2; Si—1; Si=5), s € S, leaver of total interleaving length d€ bits obeying the mapping at the
bottom of the following page.
corresponds to a valid sequence of state transitions constituting the pre-et us now introduce the concept of super-trellis in the context of
history with respect to time and a sequence turbo codes. We assume that the turbo encoder’s input symbols are
Sii = (S = 5: Susr: Srya: ) given byUy, ..., Ux, where the ordering of the symbols is_important
o+ 75 Ot DS - and for the turbo encoder’s set we have € {0; 1}. The time-do-

corresponds to a valid sequence of state transitions constituting fR&in transition index of the super-trellis is denoted byrhich can be

post-history, then we can combine the sequences, and different from the corresponding transition index of the individual trel-
lises associated with the component codes, as will be shown later. Let
S=10(...; 825 Si—1; St = 87 Six1; Sezos ...) us consider the positions of the first five input symbols, namely, that of
) N Uy, ...,Us in both component trellises, which is illustrated in Fig. 4.
represents a valid sequence of state transitions for the FSM. The aBhteringt’; in the turbo encoder’s FSM corresponds te 5.
necessary and sufficient condition for combining the pre- and post-his the upper component trellis in Fig. 4 the symb&is’, ..., U{"

tory_is that_the value of the interface statg: betvv~een the leftandright 5re in consecutive positions. The transitions
tr(_allls sect~|0n3 must be_ the sameSlfy = (S = 5 St+1; Stqa; :..) _ S — (50— g: §O; .+ g
with s # §, then combining the pre- and post-history results in an in- S TAM0 T s e s
valid sequence, i.e., in an invalid history for the FSM. In other wordsprresponding to these input symbols constitute therefore the pre-his-
such a sequence of state transitions is illegitimate, sincedoth §  tory of the first component trellis with respectte= 5. (We note that

- . . S . ~ (1 _
ands; # s should hold, implying a contradiction. Note that the termghe component trellises emanate &t 0 from the zero-stat8; ' = 0.)
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Fig. 3. Trellis of the scrambler of Fig. 2 with memoiy = 2.
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Fig. 4. Trellis transitions in the two-component scrambler trellises up to time instani.

The post-history of the first component treligth respect tdin the fol- Uj(f/)zﬂ, L"j(f/)2+2. Hence, the corresponding transitions are located

lowing abbreviated by wrt) = 5 will be constructed from the input in the second component trellis seen at the bottom of Fig. 4 in two

symboIsUél),...,U}f) and from the corresponding state transitionslifferent sections. Consequently, the pre-history wrt= 5—i.e.,

8L = (s{V; 5LV ...). The interface between the pre- and post-hisart bits Uy, . .., Us, which belong to the first five transitions of the

tory of the first component trellis wrt the time instant= 5 is repre- turbo code super-trellis associated with the discrete-time instants of

sented bySél). t =0,...,5—corresponds to the transitions of the second component
Due to the permutation performed by the interleaver in Fig. 1 itiellis in these two distinct trellis sections of Fig. 4. The post-history

the second component trellis of Fig. 4, the same five Bits...,Us  of the secund component trellis wrt= 5 is constituted by the two

are transformed into the input symbolé'{z), Uéz), U:;Z) and remaining sections of the trellis, which are indicated by dots in Fig. 4.

Position 1 2 3 4 5 ... K/2+1 K/2+42
v U, Us Us Ua Us e Uk/ogi1 Uk /ate
U U | Us | Us | Ur | Us | ... Us U,
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The interface between the pre- and post-history, which is associateénown fromS;, u¢ dictates the transitio(s(,?}QH; s§3}2+3). Hence

with t = 5, is formed in the second component trellis by the sehe pre-history of state transitions for the second component code be-
(2), ¢(2) . o2 ; ; "
(537 8 Sk 242), which we will refer to as the “interface” statescomes

\ K/2 DK/ '
in the sec_ond component trellis. _ 322_) — (582) =0:...: Séz) — ng); 52{}2;
These issues are further augmented below as follows. An arbitrary
. o ) .
input sequence is given by i) as = S5 apas Sy = s(,?)/.2+3) .

(U1 Us; Us; Us; Us) = (Ul(z); U)yns U UR), [73(2)> From this we can easily infer the interfaces of the pSir. =
. . . . st 522_)), which is formed by the two pre-histories regarding
where the corresponding state transitions in both sections of the sec; mg instantt = 6. Hence the super state of the turbo encoder at
cpmponent trellis at the bottom of Fig. 4—which constitute the P'%his time instant can be identified by exploiting the knowledge of
history related ta = 5—are represented by g = (4, @, (2 (2 -
5= (s5’; 835 s ; ) yielding

/2% SK)/2
S = (S8 =0 S0 80 50 = o7 (50 o2 502) . o0) W, (@, @ @
5— ’ s P2y W 3 * S = 5 It 5
S5 = (56 P95 Sy SK/2+3> = ('5'6 383 5 Sk 2 5K/2+3>

2) _ (2 . ¢® . ¢? _ 2 \ \
SK/2 = Sicj2t Kzt Sk 24 = 51\"/2+2) * where both the state transitions,"’; s{") and(s(),,,: s\, )
Every valid post-history are associated with the value of the input symbols.
(2) _ (2) _ (2), ¢(2). L@ (@) . L
S = (53 =535 SK/z = Sk C. Generalized Definition of the Turbo Encoder Super States
(2) _.@ @ i i i i in thi -
SK/2+2 = i1 Sr\*/~z+3f ) As an extension of our previous introductory elaborations in this sec

tion we will present a generalized definition of the super state transi-
can, therefore, be combined Wiﬁf,?_) and forms a valid sequencetions in the super-trellis, which also defines implicitly the super states
of state transitions for the second component trellis, if and onlssociated with the super-trellis. For the sake of illustration the defini-
if the interface state$S;”; 5}5}2; Si), ) have identical values tion will be followed by the example of a simple super-trellis in Sec-

(sgz); 5(,\2}2 s(,?}2+2) in bOtthz,) andS_g?. tion 11I-D.
So far'we have elaborated on the details of the pre-history relatedirst we have to introduce a set of indicES. (), which contains

tot = 5 in the first and second component trellis, as well as on thelfie number of transitions belonging to the pre-history of the second
interfaces to the post-history. Hence, in the turbo encoder only th@lgponem trellis wrt time instant If and only if an index obeys €
interface states are important for the encoding of the forthcoming inpkit-=(?), the transition with this index is part of the pre-history of the
symbolsUs; Ux; .... The complete memory of the turbo encoder agecond component trellis at timelt follows immediately that a state
time instantt = 5, which is required for further encoding operationsﬁl(?) with index is an interface state in the second component trellis
can be bundled in the-tuple (5" 5§75 512),: §),.,), which  at timet, if and only if one of the two adjacent transitions belongs to
comprises all interfaces of both component trellises. It can be seen g pre-history and the other one does not, i.e., if and only if one of the
every valid pre-history pair of state transitiafis_ = (S{"; §{*) can following two cases is true:

be combined with every valid post-history p&it, = (S{; §$), JETIR® A (G+1) IR0

in order to form a valid pair of state transition sequences fgy,.

the two-component trellises, if and only if the interface states
(8575 889; 82),: 82),,,) in 85 are identical to those ii§3,,

242
IGNC e

”amer(Sél)? S35 Sk 28 ‘5K/2+2)'

Hence, as a super state of the example turbo encoder’'s FSM at t
instantt = 5 we define the abové-tuple, which is constituted by the
states of the component scramblers of the FSMs as follows:

* def 1 2 2) 2
S5 = (Sé )? S;(; ); Sl(x’;z; S§<;2+2)'

JETR A G+ eI,
For an arbitrary interleaver, which was shown in Fig. 1, we can
oW define the super states of the turbo encoder FSM as follows. At
time instantt = 0 both component trellises emanate from the zero
stateSS" = ' = 0. Hence the following equation holds for the
super state:

S = (s 887) = (0: 0). ()
B. Turbo Encoder Super-Trellis We initialize the index set by including only the (nonexistent) transition

Let us now investigate the migration from= 5 tot = 6, or equiv-  index0: Z:(0) = {0}.
alently, let us search for the super stafeunder the assumption that Evolution from time instant to ¢ + 1: the previous super staté
the super stat§; and the most recent turbo encoder input synipl is assumed to be known. For the first component code the relation
are known. For the input symbols of the first component scrambler wg,, = Ufﬂ holds, hence the input symbbl.1 = u:y: speci-
havelUs = Up(,l), such that the transition associated within the first  fies the transitior(Sf“; SEJIFJI) - (351); 5521) in the first component
component trellis is directly adjacent to the transitions in the pre-higode. (In the first component trellis at time instattte state with index
tory $¢” (upper trellis in Fig. 4). Since the valug'’ of 5" is known ¢, 5 is always the interface state contained in the super Sfatand
from SZ, the valueus of Us dictates the transitio(]sﬁ,”; sél)). The hencethe vaIueE” is known from the vectos; .) For the second com-
pre-history sequence of the state transitions of the first component cgd@ent code we havg, ., = U}z) with j = m41. The index of the
simply extends fronﬁ’él_) to associated transition in the second component trellisfor is 7, such

S((;_) _ (5(()1) =0 5!21) _ sél); Sél) _ sél)). that the corresponding transition beconqsg_)l; 5}2')).’ This transi-

] ) ) ) ) tion is not part of the pre-history wttand hencg ¢ Iéil(t). Updating

With the aid of Fig. 4 we can see tha}t for trgg)lnput symbols.of t@e set of indices means thaﬁ)e(t +1)= Ié?g(t) U {j1}. In order to
second component scramplgr th? relafion= U, , ; holds. In Fig. proceed fron{j — 1) to j, we have to distinguish between four different
4, the corresponding transition ('”d@;‘/? + 3 of the second cOMpo- ¢45es or scenarios, as far as the second component trellis is concerned,
nent trellis) therefore emanates frdff ), , , in the right trellis section, \yhich will be detailed below and will also be augmented in the context
which belongs to the pre-history. Since the va&@fé/HQ of SEE}QH of an example in Section I1I-D and Fig. 6. In fact, the reader may find
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it beneficial to follow the philosophy of our forthcoming generic dissition(sgz_)l; s(f)) due to the input symbcHJ(?) = u¢1. We will refer

cussions on a case-by-case basis by referring to the specific exantplthis scenario as th@peningof a new section in the second compo-

of Section IlI-D and Fig. 6. nent trellis. These aspects will be revisited in Section Ill-D and Fig. 6,
1) In order to encounter our first scenario, the following conditiomhere the transition = 1 — 2 corresponds to this specific scenario.

(2) ; (2) i . . .
must be mety > 1 € Zpre(t) andj + 1 & Tpe(t). The state with  4) The Jast possible scenario encountered by the second trellis is,
indexj — 1, 5,7, thus is one of the interface states in the vector, regghenj — 1 € 7'2(t) andj + 1 € Z'2(¢). The state associated
resenting the super staf§f, whereas the state with indgx S\”, is  with the indexj — 1, i.e., 5%, as well as the one with the indgx
not an interface state at time instaniThis implies that the transition j o (2 516 contained in the vector corresponding to super $ate

(2) . @y —_ (2. (2 ioh i r(2 _ ic di A
(821 5;7) = (55213 s; ' )—which is due tol/;” = w1 —is di-
rectly adjacent to the state transitions in the second component tr
already belonging to the pre-history in the second component code . : . :
the time instant. From a graphical point of view the transition is Io-t N |n_:_erfz?f:£2())f.tt;((ezg)re-hlf]tp;‘y_w{ﬁn tthe Sl_Jtper-trtetI_Ils. Alth,:)l;]gh ;he
cated directly to the right of the transitions, which have already been éﬁ;}n& ion(S;Z,; S;)—which is the transition at time instantt

countered in the trellis of Fig. 4. The new super stiite, of the turbo in the second component trellis—is not contained in the pre-history
encoder FSM can be inferred from the old super Sﬁteby substi- Wt £, nonetheless this transition is determineddjydue to its fixed

_ _ . 2 (2) . .
tuting the old interface in the first component trellis—namély,) = sta_rt .tatﬂd enq statefs c’;ﬂns“tmted?%lsan?ﬁ l’”r %spet(:jtll\:/gly.(SWet:N il th
sﬁl)—by the corresponding new one—namely,i&ﬁ _ sifl—and revisit these issues in the context of Section IlI-D and Fig. 6, where the

. ( : . transitiont = 6 — 7 constitutes an example of scenario 4).
also the old interface sta.ﬁ;@1 = 55-2,)1 by the corresponding new state - P )

. . (2) .
5% = (¥, where(s'”|; 5{”) is associated with 1. We will refer

"'he specific state value§2_)1 andsg-z) representing the interfacséz_)1
ellis (2) ’ : . -
S;” have already been determined by mean$bfepresenting

If this fixed transition(s;”;; sgz)) is legitimate and if it is associ-
j—=1 73

. o . S . i i (2)
to this transition front to ¢ + 1 asright-extensionsince in the second ated with the value:¢., of the most recent input symbél;™, then
component trellis a section is extended to the right in Fig. 4. Agaiffv0 interface states are connected by means of this particular transition

these issues will be exemplified in Section 11I-D and Fig. 6, where thi8 the second component trellis. Hence, the gap between two disjoint
scenario is encountered for transitiohs= 0 — 1,¢+ = 2 — 3, rellis sections of the pre-history is closed, and therefore we refer to

t=3_-4t=4— 5 andt =7 — 8. this scenario as thisionof these two sections. The new super state

» , . + + i i (2)

2) The condition for encountering our second scenario is as follow:+1 ((e;/)olves from the vectois‘(?l)by rer:jlc))vmg the two interfaces;™,
j—1¢ I8t andj + 1 € Z)(t). The state with indey, S](?), andS;” and by substituting, ’ by S; ;.
gl:ansc(%n'_stlthutesacor_npo?ent of the_vechtor reprecsj,entlng the supea_staﬁzowever, it may happen that for the interface staﬂ;@l and
o ( ', is hence an interface state in t e secon component trellis @l it oo determined by = si—the transitior{s(-z_ﬂ; s(_z))
time instantt), whereas the state with indgx— 1 is not an interface .7. .. . . S o 7

: L (2) . o(2) . . (2) . is illegitimate, since this state transition is nonexistent for the FSM
state. Accordingly, the transitior; ™, ; S;™') associated witth/;

J— ;'S of the component scramblers. In this case, assuming the wlue

dlrect_ly adjacent to the state tran_SItlons, which already belong to toFf“ S} constitutes a contradiction due to the illegitimate transition
pre-history wrt¢. In order to obtain the new super steig,; from . L . . .
the vector which represents the old super siiteone has (o replace and this transition is therefore deemed invalid. Furthermore, it can
the old interf es(l)p f the first P ffguzd: by th eS}\E')” occur that although the transitidr'>’ ; s{) is legitimate, it is not

€ old Intertaces; — of Ihe first component code by e N&W., associated with the current specific valug, of the input symbol

and also the old 'ntgffacs.EZ) in the second component code by thg the component scrambler FSM. Hence for this reason pairing the
corresponding nev$”, . In analogy to scenario 1), we will refer to super state} and the input symbat.+. is impossible. Therefore, in
this case ateft-extension the super-trelliso transition emerges from the super stafe = s7,

3) The third gotential scenario gncountered by the second trellis jghich is associated with.,1. This may appear to be a contradiction,
whenj —1 ¢ Z5:(+) andj +1 ¢ Z52(4). T{f;is implies that neither the sjnce this super state seems to have been reached due to the sequence

state associated with theindé)el,i.e.,SE,l, nor that with the index of input symbolsUs,...,U; and since in the super-trellis a path

J i.e.,SJ(-g) is contained in the vector corresponding to the super stase supposed to exist foall possible sequences of input symbols
Sr. The transitior(SEi)]; 55.2?), which is due td77(2), is not adjacent Ui, ..., Ui11. regardless of the specific value of the input symbol
to any of the transitions, which are already contained in the pre-histdry:+1. However, thefusion of two trellis sections must always be
wrt to ¢. In the pre-history wrt + 1 this transition hence constitutespreceded by thepeningof a new section in the second component
a separate section of the second component trellis, which consistdrellis, and—as we infer from scenario 3)—several super states are
only one transition. This section possesses the two interface $tates reached with equal probability from a sequence of input symbols

ands‘?. In order to obtain the super sta§é, , , one has to substitute U - - - - Ur. When for example the firsipeningis executed, a single
' 1) sequencé’y, ..., U, of input symbols leads tf§)S.|| = 2 possible

the interface statSEl) by S,ﬂr’] in the super stat8; and, in addition, tat 0 3) ab H i derstandable that
one has to extend the super state vector by these two new interfAdRE" States (see scenario ) a _ove). ence 1L 1s understandable tha
In the process of a secticiusion in the super-trellis, a proportion

states—namely, bﬁ;ﬂ andsgz)—in the second component trellis. M M . o
Observe, however, that neither the vahf;@ of ¥, nor the value of (27 — .1)/2: of al[ .(super statellqput symbol) palfst; 1)
) (2) . L, 7-1 ) represent invalid transitions. (For any interface state vajﬂ@ €S,
s; of 57" is specified byS;” = s;, which represents the interface ofyyhich is determined by the super state vakje and for any input
the pre-hlgtor)(/z\)/vrt |P2)the super-trellis. - symbol value:'?) € 4., there exists onlpneof 2 possible interface
The pair(5.~’;; 5.°’) can therefore assume all legitimate Valuegtate valuesg-zy € S,, such that the component scrambler transition

=13
(2) . 2 withi * . . S .

(5515 55 ) within the vectorSy, ; , which represent valid state transi (S(vz) . 352)) is associated with the input symb&f) ) We will further

augment this concept by means of an example in Section I1l-D. Note

tions and which correspond to the input symb'{ﬁ) = u¢41. The con- .
sequence is that if the super stateis known, several values are pos-y; the trellis section in the first component trellis with its interface

sible for the successor super stéfg, with equal probability. Specif- gia166(") s in all four above scenarios extended to the right, i.e., the

ically, the new interface statﬁj(-g_)l—which is contained in the associ- ey interface state Lgt(Jlr)1

ated super state vector—can assume all possible ﬁg‘?ﬁ)ﬁ‘se Ss and Let us now elaborate a little further. The output symbols of the turbo
the other new interface staﬂéz) will be sg-z), determined by the tran- encoder FSM—which are associated with a super state transition at
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U o—o(F—e—= D

0} (®
Se St
Fig. 5. Simple component scrambler and an associated trellis segments.
TABLE | t=1— 2: We havej = w41 = w2 =5, sincel is at position 5
INTERLEAV;[\‘RGEL?I:SHEESM(I)EFE?(iM-I;_IiEECZOMPONENT at the bottom of Table I. Now we find that-1=4¢$2)(1) and
j+1=6¢ (1), thus neithes'”, = 5% nor 54 = 5{*) is
Position | 1 | 2 | 31 4l5 6| 7]|s contained irb7 of Fig. 6 att=1. Thisis therefore scenario 3), rep-

resenting thepeningof a new section in the second component

trellis. The new super state & = (5$"; 52, s{*: 5% For

u® Up |Us |Us | Ur | Uy | Us | Us | Us every value of5 and every value ', there are@™ = 2' =2

possible values foﬁf), as seen in Table II. At this stage, careful

further tracing of the super-trellis evolution with the aid of Fig. 6

time instant + 1—consist of the systematic code symbik 1 and the e_md Table Il is helpful, in order to augment the associated opera-

output symbols emitted during the most recent state transitions in botn  1ONS.

component scrambler trellises. These are the state tran)sitions belonging 4 — 2 _, 3: This is scenario 1) a%;ai i.e.right-extensionThe

in bot?))of thev component trellises tolthe input syr.nUéL =Un new superstate iS; = (S5"; 5¢7; 575 1),

andU;” = Uiy, j = 41, respectively, and which therefore gen-

erate the output symbol:s’,ﬂr)1 and CJ(?), respectively. The output of

the turbo encoder FSH+ at time instant + 1 is therefore the vector
— . ( 2 t = 4 — 5: Scenario 1)sight-extension S = (S{"; §{¥.
Ciy1 = (L’t+1§ ijr)l: C'(r)tlrl) 5, S(z)) g ns (55 3

4 6 .

uw Uy | Uy |Us |Us {Us | Us | Ur | Us

t = 3 — 4: Scenario 1)right-extensions; = (5{"; S
587 58y,

and hence the relatiof; = [{0; 1}]* holds for the output set. This t = 5 — 6: Scenario 1)sight-extension S; = (Sél)- 552).

constitutes a turbo code of ratg3. At higher coding rates, the scram- (). S(z))

bler outputs are punctured, which also has to be taken into accountin ~* ° e

the output vecto€' of the turbo encoder FSM. Letus now illustratethe + = 6 — 7:j = w41 = w7 = 4, sincel~ is at position

above concepts with the aid of another example. 7 at the bottom of Table I. Sincg— 1 = 3 € Iﬁi(ﬁ) and
j+1 =75 ¢€ 78(6), ie., boths{” andS{* are contained

D. Example of a Super-Trellis in S¢, this is scenario 4), corresponding to flasionof two sec-
tions in the second component trellis of Fig. 6. As inferred from

Example 2: Let us now examine the super-trellis of a simple turbo
code, incorporating the memoyY = 1 scrambler of Fig. 5 and a
4 rowx 2 column rectangular interleaver resultingih = 8, which
is shown in Table I. The output of the turbo encoder is not punctured.
The segments of the super-trellis that is developed in the forthcoming
paragraphs for time instants= 0, . .., 8, are displayed in Fig. 6. The
indexj = w41 denotes in the second component trellis the transition
belonging to time + 1, i.e., to the transition index+ 1 in the super-
trellis. Let us now consider Fig. 6, where at

the trellis of Fig. 5, forU; = 0 the possible values of the state
transition(S{*; 5.') are (0; 0) and(1; 1), for Uy = 1, itis

(0; 1) and(1; 0). Depending on the value &f;, the super state

S¢ containing other values for the pdis®; S!*) thus has no
successor super state. If there is a valid transition emerging from
the super statég, which is associated with;, the successor
super state isst = (S{"; ,5{*). Otherwise, the transition

is marked as “invalid” or illegitimate. Observe that a portion of
(2™ —1)/2* = 1/2 of all transitions is invalid (see scenario 4)

t = 0: we initialize the super state to above.

S5 = (85" 85) = (0 0) t

= 7 — 8: Scenario 1) right-extensiorof the remaining section,
Si =

(5¢7: S8,

) . o We see from Table Il thaiz can only assume the valugs 0) and
t=0—1:Wehavej = m =m = 1, smceD%Q;S at po- (1. 1), since the last bit is the same in both the original and in the in-
sition 1 at thg) bottom of Table I. Af—1 = 0 € Z:e(0) and  erjeaved sequences. In other words, in our simple example at time in-
J+1=2¢Ipre(0), this corresponds to scenario 1) described igany = 8 the memory of the interleaver in Table | has been exhausted.
Subsection IlI-C, i.e., thﬂghF-ex)tens'cgg?f.an existing section i Hence hoth component scramblers have actually completed calculating
the second component trelli§\(’, = 5§ is one of the interface e parity in the information wora and must hence be in the same
states contained ifig, while 5}2) is not). Hence the new super state. For a random interleaver this may, however, be not the case.
state isS7 = (S}”:, S%z)). The possible values fof; —which If one or both component trellises are terminated by zeros, we im-
depend on the value &f, —are displayed in Table II. pose the restriction cﬁ}\f) =0and possiblySE?) = 0. Only the super

and the index set t622(0) = 0.
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S S e
©000) —Y 4(0:0)
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b

Fig. 6. Segments of the super-trellis for the turbo encoder FSM of Example 2.
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TABLE I TABLE Il (Continued)
STATE TRANSITIONS AND THEIR RESPECTIVEOUTPUT VECTORS FOR
THE TURBO ENCODER SUPER TRELLIS ASSOCIATED WITH THE Continued. . .
COMPONENT CODES OFFIG. 5 —
t | Sy U1 | Sty Cira
t | St Ui | St Cii1 (1;1;0;0) | 0 invalid
0 | (6;0) 0 (0;0) (0;0;0) 1 (0;0) (1;0;0)
1 (1;1) (1,1,1) (0;0;1;1) | 0 invalid
1| (60 0 (0;0,0;0) | (0;0;0) 1 (1;1) (1,1;1)
0;0;1;1) [ (0;0;1) (1;1;1;1) | 0 (1;1) (0;1;1)
1 (1;0;0;1) | (1;1;1) 1 invalid
(1;0;1;0) | (1;1;0) (1;0;0;1) | 0 (1;1) (0;1;0)
(1;1) 0 (1;1;0;0) | (0;1;0) 1 invalid
(1LL,L1 [ (L1) 0;1,0;1) | © invalid
1 0;1,0;1) [ (1;06,1) 1 (1;1) (1;1;0)
0;1;1;0) | (1;0;0) (1;0;1;0) | 0 invalid
2 | (0;0;0;0) | O (0;0;0;0) | (0;0;0) 1 (0;0) (1;0;1)
1 (1;1;0;0) | (11;1) (0;1;1;0) | 0 (0;0) (0;0;1)
0;0;1;1) | 0 (0;0;1;1) | (0;0;0) 1 invalid
1 LL41) | (LY 7 1 (0;0) 0 (0;0) (0;0;0)
(1;06;0;1) | 0 (1;0;0;1) | (0;1;0) 1 (1,1 (11;1)
1 (0;1;0;1) | (1;051) 1,1 0 (1;1) (0;1;1)
(1;0;1;0) [ 0 (1;0;1;0) | (0;1;0) 1 (0;0) (1;0;0)
1 (0;1;1;0) | (1;051)
(13;0;0) | 0 (1;1;0;0) | (0;151) . . . .
Following the above simple example it may now be a worthwhile re-
1 (0;0;0;0) | (1;0;0) visiting the generic super-trellis structure of Section I1I-C before pro-
€L 0 1,511 | (0;1;1) ceeding further.
1 (0;0;1;1) | (1;0;0)
0;1;0;1) | 0 0;1;0;1) | (0;0;1) IV. COMPLEXITY OF THE TURBO CODE SUPER TRELLIS
1 (1;0;0;1) | (1;1;0) With the goal of estimating the associated complexity of the turbo
©0;1;1;0) | 0 (0;1;1;0) | (0;0;1) code super-trellis, we will assume that the turbo encoder considered
e e o comprises two identical scramblers having a memoryfoénd an in-
1 (1;0;1;,0) | (1;1;0) terleaver of lengthy.
6 | (0;0;0;0) | 0 (0;0) (0;0;0) A. Rectangular Interleavers
1 invalid We will consider simplexy -rectangular interleavers, havipgows

andy columns. The data is written into the interleaver on a row-by-row
basis and read out on a column-by-column basis. Upon using the pre-
vious definition of the time instarit(transition at time instarttin the

statesSy, satisfying these restrictions are valid, all others have to bs%per-trellis is due to the input symbig] of the turbo encoder FSM),

discarded from the super-trellis. In the above example, if the COMPAe first component trellis is only extended to the right (scenario 1) in

nent trellises were terminated, the only remaining legitimate value fg%ction I1I-C) upon increasing In the second component trellis for

Sg would be(0; 0). The invalid transitions in the last super-trellis Segéveryt —9,...,y theopening(scenario 3) in Section I11-C) of a new

o ection will occur, respectively. As a result of this, in the second com-
E%nent trellis, a separate section exists for each of tbe@lumns of the

|?1terleaver. The section, which belongs to the first interleaver column
(the leftmost section in the second component trellis) is associated with
oneinterface state (at its right end), whereas the remairingl sec-
, . S tions possessvointerface states (left and right interface of the section,
and fort = 4 — 5. For the time instants = 2,...,6 we observe a . . . .

respectively). Therefore, together with thiagleinterface state of the

periodicity in the super-trellis, manifesting itself in two different trelli irst component trellis the turbo code super state is a vector consisting

sections, which are repeated alternately. This periodicity correspondgllcix interface states of the component trellises. Each of the interface

the number of columns in the interleaver, which in our case was tWo's%tates can assurgé&’ legitimate values. Hence the following statement

is also easy to see that the constraint length of the super-trellis is thrﬁ&ds for the complexity of the turbo code super-trellis
while that of the component scramblers is two. Hence the memory in- ’

troduced by the interleaver has increased the constraint length of th®ound for Rectangular InterleaversA turbo code, which is as-
code. These issues will be augmented in more depth in Section $dciated with g x x rectangular interleaver, can be described by a

d

ment of Fig. 6 { = 7 — 8) are marked with dash—dotted lines.

From Table Il and Fig. 6, we can clearly see that the turbo c
super-trellis is time-variant, i.e., the structure of the trellis sections
pends on the time instant exhibiting different legitimate transitions
for differentt values. More explicitly, the super-trellis is different for
t =2 — 3andt = 3 — 4, while it is identical fort = 2 — 3
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super-trellis having a maximum @&/ 2x states at any super-trellis the second component trellis, which belongs to the pre-history,wrt

stage. if and only if both of the following two conditions are satisfied.

Hence for our example turbo code incorporating 4he 2-rectan- 1) A section is situated directly at the Ieftﬁfz) . This implies that
gular interleaver and a scrambler of memady= 1, the super-trellis a transition, which already belongs to the pre-history #vig
can have a maximum &X'2? = 16 legitimate states. However, as directly adjacent to the left of this state in the second compo-
seen in Fig. 6, from the set of 16 possible states only eight are actually nent trellis. The input symbd]/*[m, which belongs to this tran-
encountered. On the other hand, f@:a4-rectangular interleaver, this sition must have been therefore already an input symbol of the

upper bound is 256 super states, although it can be readily shown that turbo encoder FSM, hence the relatibm € {1...t}, | = mp
this turbo code has an equivalent super-trellis representation occupying must hold. For an arbitrary and when averaged over all pos-
only eight of the 256 possible super states (cf. Example 2 and simply  sible interleaversr, this condition is met with a probability of
swap the first and the second component). pi(t) = t/K.

Inorderto elimina.te this ambiguity |n regard.to the treIIIS CompIeXity. 2) No section exists directly to the r|ghtﬁfz) , or correspondingly,
(one of the complexity upper bounds is associated with 16 states while  that the transition with indek+ 1, which is directly adjacent at

the other with 256 states), we can redefine the tiinehe super-trellis. the right, does not belong to the pre-history of the super-trellis
In contrast to the previous situation, we have to distinguish clearly be- it ¢, Hence, the relatioh+ 1 # T, Ym € {1,...,t} must
tween the input symbolSrsa, 1, - - .. Ursw, i of anabstractor hypo- hold. Under the assumption that condition 1) is fulfilled, condi-
thetical turbo encoder FSM and the input symtdls. .., Ux of the tion 2) will hold with a probability ofp, (1) = (K —t)/(K —1).

real turbo encoder. Let the input symlG)-su, . of the turbo encoder @) ) - ]

FSM at the time instarttbe the input symbal/; of the turbo encoder, ~ FOr every staté; ™, I = 1,..., i’ — 1 the probability that it repre-

so that (over all time instant§ the maximum number of super states$€nts the right interface to a section in the second component trellis at

is minimized. This definition of triggers a permutation of the input time instant is, thereforep.» (t) = pi (t) - p2(t) = [t (K = )]/[K -

symbolst; to Urs, <. From this definition it follows for @ x y-rect- (i — 1)]. Condition 2) is cancelled for stat&; ", since the end of

angular interleaver, that the order of the input symiiaisyi ; of the the trellis is located directly to the right of it. If the second component

turbo encoder ESM ’ trellis is terminated, then we ha®? = 0, and hences'? does not
appear as an interface state.

* corresponds to the order of the input symbols of the turbo encodeinn aritrary state therefore constitutes the right-hand side (RHS)
for p > x, i.e.,Ursm.. = Ui (there is one section in the first jterface of a section in the second component trellis with a probability
componenttrellis ang sections in the second component trellis) gy
obeys the order of symbols at the output of the rectangular inteps (t) = (K — 1)/K - pr1o(t) + 1/K -p1(t) =t - (K +1 — )/ K”
leaver in the turbo encoder fpr< y,i.e.,Ursm, : = Usg,, where at time instant. Hence there are on average
1 = ¢, is the inverse mapping of= =;. (There are sections in n(t)=K-ps(t)=t- (K+1-t)/K
the first component trellis and one section in the second cOmMpRHS interfaces in the second component trellis. This number is max-
nent trellis, while the definition of the super states is analogousii@ized fort,, = (K + 1)/2, for which there are:, (t,,) = (K +
that in Section I1I-C, where only the first and second componen? /(4K') RHS interfaces on average in the second component trellis.

trellis have to be swapped); Similarly, one can deduct that there argt) = n,(t) left-hand side
« for p = y the trellis complexity is minimal for both of the above(LHS) interfaces on average in the second component trellis, when the
mentioned orderings of the symbols. edge effects at the start and end of the trellis are ignored.

Along with the single interface stat@fl) in the first component
In summary, whem > y, we can exchange the two decoders, a§g|jis we obtain for the maximum total number of interfaces in both

in Example 2, angi ]E?e maximum number of super-trellis states can{&jises under the assumption of a uniform interleaver, as defined above
formulated as< 22 M min(e, x) (I 4 1)*
Nmax = 1 + T (2)
AY
and, therefore, the following bound accrues.

B. Uniform Interleaver . .
Bound for the Uniform InterleaverThe following upper bound

Instead of considering a specific random interleaver, we will nowelds for the number of super states in the minimal super-trellis of a
derive an upper bound for the super-trellis complexity, averaged oJdFo0 code, averaged over all possible interleavers of legth
all possible interleavers, a scenario, which s referred to as the so-called E (57 (#)[[] <2
uniform interleaver [6] of length". — MM A(K+1)*/(2K) fort=1,.... K.

Without loss of generality, we define the timesuch that the tran- . .
sition in the super-trellis at time instahis associated with the input From (2), for large \_/alues ok s 1€, for I%r%?/_l)nterleavers, we have
symbolU;. This implies that the order of the input symbols of the ab?max ~ K/2, for Wh'Ch, a maximum ,OQL - Super state; IS €x-
stract or hypothetical turbo encoder FSM is the same as for the rBQFt_Ed in the super-trellls_. Far < 2 th'sf means tha_t the trellis com-
turbo encoder, i.elrsui. « = U, Hence, only one section exists in thepIeX|ty of a turbo code with a random interleaver is on average only

first component trellis, which is extended to the right upon increasifg2dinally lower than that of a random code [12] ha\{ﬁfg code-
‘ words, which can be described by means of a trellis having a maximum

K
The specific input symbol of the second component s,craan2 states.

bler—which belongs to the input symbb} and hence is input to the
second scrambler simultaneously with entering the first one—is
Uﬁf) . Therefore, the corresponding transition in the second componenHaving illuminated the super-trellis structure of turbo codes, we can
trellis has the indexr:. Let us consider a statél@) with arbitrary now invoke this super-trellis, in order to optimally decode simple turbo
index! = 1,...,(K — 1) in the second component trellis at timecodes. Let us commence by defining the task a decoder should carry
instantt. This stateS,@) forms the interface at the right of a section inout. Specifically, the goal of a decoder may be that of finding the code-

V. OpTIMUM DECODING OF TURBO CODES
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word ¢; with the highest probability of having been transmitted, upotihe interleaver. Here we opted for rectangular interleavers having a low
reception of the sequenge which is formulated as identifying the number of columns and compared the decoding BER results to those
indexi of an iterative “turbo” decoder.
All'turbo codes in the following examples contain two identical com-
i = arg max (P(cily)) (3) ponent scramblers. The first component scrambler was terminated at
! the end of the information word, whereas the second component trellis
wherearg max returns the index of the maximum aitic,|y) is the Was leftopen atits right end. Puncturing was applied, in order to obtain
conditional probability that; is the transmitted codeword wheiis re- & turbo code of raté/2. The code symbols were transmitted over an
ceived. These decoders are usually referred to as maxamasteriori AWGN channel using Binary Phase Shift Keying (BPSK)/ N, rep-
sequence estimation (MAPSE) schemes, since they estimate a cE#ents the received energy per transmitted informatiofbttivided
plete codeword or the associated information word. By contrast, m&® the one-sided noise power spectral denSidy The conventional, it-
imum a posteriorisymbol-by-symbol estimation (MAPSSE) scheme§rative “turbo” decoder benchmarker used the MAPSSE algorithm [4]
[4] attempt to find the most probable values of all symbols containd@r decoding the component codes.
in the information word or codeword. First, we consider a turbo code with component scramblers of
It is straightforward to show that for memoryless additive whitghemory M = 1 and a two-column interleaver, as used above for
Gaussian noise (AWGN) channels, the decision rule of (3) for MAPSEXample 2. We examine a turbo code withi80 x 2 rectangular
decoding can be simplified to the following maximum-likelihoodnterleaver, i.e., the information word lengthfis= 998. Fig. 7 shows
sequence estimation (MLSE) type decoding using Bayes’ rule, if 4fle BER results of our simulations. We have used a Viterbi decoder

codewords:; appear with the same probability for the “MLSE decoded” super-trellis as well as the “iterative” turbo
decoder and plotted the BER results after the first and 16th iterations.
i = argmin (|le — y||*) . We observe that for this example the code performance is quite low
! (also displayed is the BER for uncoded transmission with the same
e . .
For MLSE decoding of a codeword transmitted over a memoryleS¥mbol energyE. = 3 E, as for the coded transmission with rate

AWGN channel, our decoding goal is equivalent to finding the valid/2)- There is virtually no difference between the MLSE decoder
codeworde; that is closest to the received sequepda terms of the and the iterative one. Furthermore, we note that there is no BER

Euclidean distance. We can thus introduce a Euclidian metric improvement for more than one iteration.
All turbo codes used in the following simulations incorporate com-
M., = |le -y’ (4) ponent scramblers of memoryY = 2, which was chosen in order

maintain a low complexity.
for each codeword, and having calculated the whole set of metrics, wérom Fig. 8 we can see that the BER differences between the nonit-

opt for the codeword having the lowest metric, yielding erative MLSE and iterative decoding become clearer for three-column
interleavers. We portrayed the simulation results f&¥3ax 3 (i.e.,
i = argmin (M.,). (5) K =99)anda333 x 3 (K = 999) interleaver, where the curves cor-

{ respond to noniterative MLSE decoding and iterative decoding. The

first and 16th iterations are shown. Here, there is a gain in the iter-

When the code used can be described by atrellis, i.e., when the cggle. 45orithm, when performing more than one iteration. However,

symbols are generated by an FSM, the task of finding the minimupy jerative decoder cannot attain the BER performance of the non-
metric can be accomplished by using a dynamic programming methgd e MLSE decoder. The remaining SNR gap is about 0.5 dB at

such as the Viterbi algorithm. This algorithm reduces the number QfBER of10~3. For lower BERs the associated curves seem to con-

metrics to be calculated by introducing metrics associated with palfi§ge The turbo codes have an identical number of 4096 super states
in the trellis, which can be recursively updated, if the path is extendgdl. i, ;nction with both interleavers, which explains, why their coding
by one transition. The maximum number of paths/metrics, that hasgg ormance is fairly similar. Since both interleavers have an identical
be kept in memory, i€ - [|S]], if S is the set of states in the trellis ,,yper of columns, which determines the number of super states, their
and each state transition is associated with a binary-input symbol. TR%§pective number of rows hardly affects the coding performance, al-
can be achieved without ever discarding the optimum path in the SeRsSugh at low BERS the curve for th8 x 3 interleaver diverges from

of (5). that of the333 x 3 interleaver. This is due to an edge effect at the
end of the super-trellis (or at the end of the two component trellises),
which shall not be discussed in more detail here and which causes an

Since we have found a super-trellis representation for turbo codesor floor. Fig. 9 shows the performance of the iterative algorithm for
we can now invoke the appropriately modified Viterbi algorithm irthe turbo code with th833 x 3 interleaver. Specifically, the BER is
order to MLSE decode the turbo code. In the Appendix, the optimalighown after one, two, four, eight, and 16 iterations, as is the BER curve
of this decoding approach is proven. Similarly, the algorithm [4] prdor the noniterative MLSE decoder. The performance improvements of
posed by Bahkt al. could be used in order to MAPSSE decode th#he iterative decoder appear to saturate after a few iterations, exhibiting
turbo code along its super-trellis, obtaining exagtosterioriproba- a performance gap with respect to the noniterative MLSE decoder. In
bilities for the information and code symbols. We have however impl&ig. 10 we see that a clear gap also exists between the word error rate
mented an MLSE decoder, since several other attempts have alre@l§zR) curves obtained for the noniterative MLSE and the iterative de-
been undertaken in order to MLSE decode turbo codes [13]-[15] apeder after 16 iterations using tB8 x 3 interleaver.
since the complexity of an MLSE decoder is considerably lower thanFig. 11 portrays the BER results for a turbo code incorporating a
that of an MAPSSE decoder. 39 x 5 rectangular interleaver, yielding = 195. Observe that a

In contrast to the aforementioned proposals for MLSE decoding gap of about 0.25 dB remains between the performance of the itera-
turbo codes, when the super-trellis is used, the super-trellis decodiivg and the noniterative MLSE decoder. Compared to Fig. 9, we note
imposes no restrictions on the information word lenfittof the code, that the gap has narrowed upon increasing the number of columns in
only on the super-trellis complexity and therefore on the structure thfe interleaver from 3 to 5. Note, however, that only a low number of

A. Comparison with Iterative Decoding
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Fig. 7. Turbo coded BER performance fof = 1,499 x 2 rectangular interleaver: comparison between optimum noniterative and iterative decoding.
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Fig.8. Turbo coded BER performance faf = 2,33 x 3 and333 x 3 rectangular interleavers: comparison between optimum noniterative and iterative decoding.

word errors were registered for each point in the BER curve of the oghich is about four times that of MLSE-decoding one of the compo-
timum decoder. For example, only 1457 codewords were transmitteeint codes (one forward and one backward recursion for both compo-
at an SNR ofl0log,,(E/No) = 3 (dB), of which 21 were in error nent codes [4], [1]). The optimum noniterative decoder associated with
after decoding. The reason for this low number of transmitted codize large super-trellis has therefore a complexity, which corresponds to
words is the complexity of the super-trellis for the turbo code, whichabout2?? /(4 - 4) = 2'% iterations in the conventional “turbo” decoder
possessex’’ super states. For the iterative decoder the associated cdor-the 39 x 5-interleaver.

plexity is considerably lower. The component scramblers have fourAn intermediate resultis that the process of iterative decoding is sub-
states each. The iterative decoder exhibits a complexity per iteratioptimum. In practice, the interleavers, which have been investigated so
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v-—'v  333x3 MLSE
|a----a  333x3: 1st, 2nd, 4th, 8th and 16th it.

BER

Fig. 9. Turbo coded BER performance fdf = 2, 333 x 3 rectangular interleavers: convergence behavior of the iterative algorithm compared to optimum
noniterative decoding.
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33x3: 16th it.

2 25 35 4 45
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Fig. 10. Turbo coded word error rate (WER) performancelbr= 2, 33 x 3 rectangular interleaver: comparison between optimum noniterative and iterative
decoding.

far, are not employed in practical turbo codes, since their performarfa@ly complex, as it was detailed in Section IV, and hence they cannot
is relatively low in comparison to other interleavers. For short informde used for noniterative MLSE decoding in practical codecs.

tion word lengths, such ds < 200, one normally employs rectangular
interleavers [16], where the number of rows approximately equals tge
number of columns. For high information word lengthsone nor-
mally employs random interleavers, in order to achieve a good codindn this subsection we do not wish to assess the performance of the it-
performance. The super-trellises, which belong to these schemes,aegive decoding algorithm in comparison to the optimum one. Instead,

Comparison with Conventional Convolutional Codes
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Fig. 11. Turbo coded BER performance faf = 2, 39 x 5 rectangular interleaver: comparison between optimum noniterative and iterative decoding.

we compare the performance of a turbo code to that of conventiofiai differentt values. More explicitly, the trellis was different for=
convolutional codes, whose trellis exhibits the same complexity as tRat— 3 andt = 3 — 4, while it was identical for = 2 — 3 and
of the turbo code super-trellis. fort =4 — 5. We found thap x x rectangular interleavers exhibit a
First of all we consider a turbo code with component scramblepgriodicity in the super-trellis (if edge effects are ignored), which has
having a memory ofif = 1 and a two-column interleaver, as in Ex-a period ofmin (p, x). By rearranging the interface states of the super
ample 2, but in this case with 409 x 2 rectangular interleaver. As state vector one can eliminate the time-variant nature of the trellis and
we have noted above in Example 2, the super-trellis is associated wihnce a time-invariant super-trellis can be generated, which is identical
a maximum of 16 super states, of which only eight super states atell values of. In the context of Example 2, we could relabel the super
actually encountered in the super-trellis. Therefore, in Fig. 12 we costate vectors as follows:
pared the performance of the turbo code (“TC”") havina x 2 rect-

angular interleaver and invoking noniterative MLSE decoding of the S; = (551); 5P 8% 59)
super-trellis with that of a convolutional code (“C") having a memory g _ (S(”- 5@, (@), 5(2)>
of M = 3 (eight states, octal generator polynomialslof and17,) 3 3 072 04 s
a.mdM :.4 (16 states, generator po!ynomialSZdL and35,), respec- Sr= (54(11); 5&2); Siz); Sé”)
tively, which are also MLSE (Viterbi) decoded. We observe that both » »
convolutional codes are more powerful, than the turbo code of the same Sy = (Sé”; 55; 8%, Séz))
decoder complexity, if the turbo code is optimally decoded. .

. . . i Sr = S(l) 5(2) 5(2) 5(2)

Furthermore, in Fig. 13 we compared a turbo code having compo 6 ( 6 597 19

nent scramblers of memoy/ = 2 and a333 x 3 rectangular in- )
terleaver, which has a maximum of 4096 super states, with a conidOrder to ensure that the two interface states, that have replaced two

lutional code of the same trellis complexity. Specifically, the convolURrevious interface states for generating super siate from 5;° (see
tional code’s memory was/ = 12 and the octal generator po|yn0_8ubsection II-C, scenario 1))_, are e_llways placed as the first two vector
mials werel0533, and17661,, which are optimal according to [17]. elements, whereas the remaining interface states are the Ias_t two ele-
Similarly to the previous case, for medium and high SNRs, the perfdRents of the super state vector. Table Ill shows the corresponding super
mance of this convolutional code is significantly better than that of tifate transitions for these relabeled super states. Note that relabeling of
optimally decoded turbo code of the same trellis complexity. the super states does not affect the output vectoassociated with a

In order to summarize, for both cases we found that a conventiokiglabeled) super state transition, which thus remains the same. Fig. 14

convolutional code is far more powerful than a noniterative MLSEShows & part of the super-trellis for Example 2, which has been ren-
decoded turbo code of the same trellis complexity. dered time-invariant by the above relabeling of the super states. It is

readily inferred that the constraint length for this example 2vias the
component scramblers, which increase@ for the super-trellis. The
minimum free Hamming distance for this rat¢3 code iSétee = 3,

As mentioned earlier, when inspecting the super-trellis of Fig. 6 aiifdwe take into consideration only paths in the time-invariant part of
Table 11, the trellis periodicity with perio@—which is based on the the super-trellis (i.e., ignoring edge effects at the super-trellis start and
periodicity of thet x 2 rectangular interleavers employed—is apparenend). For comparison, the best conventional convolutional code with
In other words, we stated before that the structure of the trellis segmeeigght states (constraint lengtf) and ratel/3 haség.. = 10 [17],
depends on the time instanexhibiting different legitimate transitions which explains the convolutional code’s superior BER performance.

VI. DISCUSSION OF THERESULTS
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Fig. 12. Turbo coded BER performance with a maximum of 16 super states, of which eight are reached, compared to convolutional codes with 16tesd eight sta
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Fig. 13. Turbo coded BER performance with 4096 super states compared to convolutional code with 4096 states.

In general, the time-invariant super-trellis of a turbo code havinghich is typically higher than the constraint length of a conven-
a p x x rectangular interleaver, which has been obtained by reldenal convolutional code, ifr is sufficiently high. The turbo code
beling the super states, is reminiscent of the trellis of a conventiorsalper-trellis exhibits< 22 super states. Unfortunately—as
block-based or zero-terminated convolutional code. In general, thederlined by our simulation results—its BER performance is
constraint length of the turbo code super-trelli$ #s m « M for com- inferior to that of a good conventional convolutional code having the
ponent scramblers having a memorydf, wherem = min (p, x), same number of states.



2226

TABLE I
STATE TRANSITIONS AND ASSOCIATEDOUTPUT AFTER REARRANGING THE
INTERFACE STATES IN THE SUPER STATE VECTOR FOREXAMPLE 2

Sz Urr | S5 Coa
(0;0;0;0) | 0 (0;0;0;0) | (0;0;0)
1 (1;3;0,0) | (1;1;1)
(0;0;1;1) | 0 (0;1;1;0) | (0;0;1)
1 (1,0;1;0) | (1;1;0)
0:1;0:1) [0 | (6;150;1) | (0;0;1)
1 (1;0;0;1) | (1;1;0)
(0;1;1;0) | 0 (0;0;1;1) | (0;0;0)
1 GLLY | (G51)
(1;0;0;1) | 0 (11;,0,0) | (0;1;1)
1 (0;0;0,0) | (1;0;0)
(1;0;1;0) | 0 (1;0;1;0) | (0;1;0)
1 0;1;1;,0) | (1,0;1)
(1;1;0;0) | 0 (1;0,0;1) | (0;1;0)
1 (0;1;0;1) | (1;0;1)
LLL1) |0 (LL11) | (053;1)
! (0,0, 1;1) | (1;0;0)
(0:0;0:0) Us e % (0:0:0;0)
(0;0;1;1) @ /w\ A p (0;0;1;1)
O1:0:1) ¢ \,l‘»\\\¢m\,l (0;1;051)
NI N ASNKE N /NS N
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Fig. 14. Three segments of the new time-invariant super-trellis of Example 2

obtained by relabeling the super states.
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convolutional codes having a high constraint length, which is decod-
able in an iterative fashion, is represented by the so-called low-density
parity-check codes [18]. Conventional turbo codes have a high number
of super states in their super-trellis and hence they are superior to con-
ventional convolutional codes having a low number of states. The ad-
vantage of turbo codes is that they are amenable to low-complexity
iterative decoding, although their super-trellis structure is not optimal
in terms of maximizing the minimum Hamming distangg:,. The

low minimum Hamming distance of turbo codes is also reflected by
the so-calleckrror-floor of the BER curve [6], [8]. In general, the code
performance is only determined at medium to high SNR&,by of the
code. Atlow SNR, where turbo codes show a high power efficiency, the
convenient shaping of the distance profile of turbo codes employing a
random interleaver, which has been described in [7], is more important
than achieving a high..i.. The complex super-trellis of the turbo code
does not endeavor to optimiZg;,, but instead it is responsible for the
attractive shaping of the distance profile. Specifically, although there
exist low-weight paths in the super-trellis, nonetheless, in comparison
to other types of channel codes, only a low number of these paths ex-
ists.

If we consider, for example, a conventional nonrecursive convolu-
tional code with a free distance &f.., a single '1” in the information
sequence at the input of the encoder results in a nonzero weight path,
which is associated with a low output weight with §.ec < 61 <
[L/R], whereL is the constraint lengtlR is the rate of the code, and
[e] denotes the upwards rounding (ceiling) function. Accordingly, one
can givel - 6; as the upper bound of the associated codeword weight
for every information word of lengtlk” of a block-based or zero-ter-
minated convolutional code, which contaihkinary “1” symbols. In
case of a smallvalue there are atleaf ) codewords of a block-based
or zero-terminated conventional convolutional code, which produce a
low output weight ofw < 1 - 4. For the class of recursive convo-
lutional codes this statement holds as well, since for every recursive
convolutional code, there is a nonrecursive code, that has the same set
of codewords and only differs in the mapping from information bits to
codewords. The same statement can be derived for turbo codes with a
rectangularinterleaver, which is due to the fact, that a time-invariant
super-trellis exists in this case, which exhibits a different trellis struc-
ture at different instants In a turbo code incorporatingrandomin-
terleaver, however, there are much fewer codewords of a low weight
[8], [6]. In contrast to rectangular interleavers, in conjunction with the
random interleavers the number of low-weight paths does not increase
with K, which is the reason for the interleaver gain [6], [8].

VII. CONCLUSION

We have shown that turbo codes can be described by means of a

Although turbo codes, which exhibit a complex super-trellis, cannsuper-trellis, if the trellises of the component scramblers and the inter-
be noniterative MLSE—decoded for complexity reason, they can bEaver structure are known. For rectangular interleavers one can model
subjected to iterative decoding. Indeed, the more complex the suphis super-trellis as time-invariant, so that it resembles the trellis of a
trellis, the closer the performance of the iterative decoding seemsctinventional convolutional code. We have also argued that a “good”
be to that of the noniterative MLSE decoding. The impact of the inteconventional convolutional code of the same trellis complexity can be
leaver is that it results in a high number of super states of the turbo codmre powerful than a turbo code. On the basis of simulations, we have

Hence the statistical dependencies betweeratpgori probabilities

found that iterative decoding is suboptimum, at least for the investi-

input to one of the component decoders, which stem from the extringiated simple rectangular interleavers having a low number of columns.
probabilities of the other component decoder, are reduced. This is &l¥e have presented an upper bound for the super-trellis complexity of
the reason that throughout our simulations the iterative algorithm wasbo codes based on rectangular interleavers and an upper bound for
unable to reach the performance of the noniterative MLSE decodirlye super-trellis complexity averaged over all possible interleavers. The
while according to [6] this is possible on average across the rangesetond bound gives rise to the supposition that the complexity of a turbo
all feasible interleavers, although nearly all of these interleavers @de having a random interleaver is of the same magnitude as that of a
sult in a relatively high super-trellis complexity. Another example afandom code.
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APPENDIX and lete, o5t represent all the code symbols belonging to the post-his-
PROOF OFALGORITHMIC OPTIMALITY tory at decoding stage+ 1

In order to show that using a Viterbi algorithm along the super-trellis
is optimum in the sense of noniterative MLSE decoding of turbo codes,

we have to demonstrate that when paths are discarded in the supgfy codeworde is hence constituted by these two vectors. Explicitly,
trellis (in the following referred to asuper pathpduring the course ¢ is a specific permutatiofl of a concatenation of these two vectors,
of the Viterbi algorithm, the specific super path associated with thghere the actual nature of the permutation is irrelevant in this context,
optimum codeword:,,;: in the sense of (5) (for BPSK transmissioneading to the following formulation:
over an AWGN channel) is never discarded.

Let M; be the set of codewords associated with the nondiscarded ¢ =TI (Cpre; Cpost) - 9)
super paths at decoding stagécorresponds to time instantin the

encoder), which implies at stage= 0 thatAM, = {all valid codewords ~ According to (8), for the post-histoms;,.: of any codeword, It)S

Cpost = (cpost, 15 +««3 Cpost, 1\7) .

¢;}. Let us now invoke the method of induction below. N constituent partg;.s:,» depend only on the encoder statg”
) at the beginning of the specific sectionn = 1,..., N in the cor-
We Claim That: ¢, € M.V1 responding component trellis and on the component scrambler input
Proof: (u{) 5 ...; uj') associated with the transitions inside this section.

Commence Induction Frome,,: € M.
Inductive Assumption:Let us assume that for an arbitraryhe
following is true:cop: € M. . . Crost = f4 (ngl); st sl upw> (10)
Induction Conclusion:When proceeding from the decoding ! 2 N
staget to the following stage + 1 by extending the surviving super \yhere
paths and then discarding all but one path merging into any super -
state, the super path associated with the optimum codewgrds not Upost = ( al) Y al®) u}’N))
discarded, i.egopt € My41, as shown below.

From the mappings of the component scrambler FSIF. we see represents the information symbols associated with the post-history
that the output symbaf.”’ of theith component scrambler at any tran-of this codeword:, and wheref, expresses a functional dependence,
sition indexk is a functionf, of the encoder Stategfil before this Which does not have to be further specified here. Furthermore, from (7),
transition and the currentinput symbdj) , which can be expressed asWe obtain a second dependence for the states at the end of the sections

(1), (2), . (in) (v, (), . (i),
c;,‘)zf(i)l:uﬁ))- ©) (5,11,5,22,...,5,;) 9 (All,skzz,...,bk;,upost).
11)

Hence we obtaln the following dependence:

Similarly to the output symboi , the new encoder sta.té) is also a

function of the previous stahé . and the input symbolL _as shown Again, g, represents a functional dependence, whose actual nature is

irrelevant in this context.

below
The encoder stateaé_ Li=1....T andsy™. n = 1,....N
s =g ( s sl >> . (7) constitute the super stat&, that the super path assomated with the
codeworde is merging into at time instarnt+ 1, as discussed in Sec-
A section(c sz)rl. z)) of a component codeword is therefore onl)ﬂon IlI-C. The codeword symbols belonging to the post-history can
dependent on the encoder staié at encoding stagk and the input therefore be expressed by
. o) .
symbols(uk+1 ) Cpost = F4 (575 Upost) (12)
( EJ)H; f; ) fa (SL ; 221; 'ugi)) . (8) and this vector,.s: exists, if and only if(s™; up0s:) is a valid pair

according to the condition of (11).

We now consider decoding stage- 1 of the Viterbi algorithm for When two super paths merge into a super statat decoding stage
the super-trellis. For the sake of simplicity, we omit the time index+ 1, then the interface states in all the component trellis sections
t + 1 in the variables. Lef be the total number of sections in the twoconstituting the pre-history as regardstte- 1 are identical for the
component trellises belonging to the pre-history of the super-trellis &o super paths, which is clear from the definition of the super states
regards to the current tintei- 1 entailing the sections in the componenin Section 1lI-C.
trellises, which have already been explored by the decoder at decodinguppose that the optimum codewerg; is associated with the super
staget + 1. Let \V be the number of trellis sections belonging to thejath;_ (the > identifies it as a path) merging into the super state
post-history as regards to+ 1, which entails the so-far unexplored ¥ . at decodlng stage+ 1. Since we have imposed that,, € M,
sections. Every turbo codewordcan be split into subvectors of two thIS super path has not been discarded in earlier decoding stages and

types, namely, intd subvectorsy.., ;. j = 1.....J ofcode symbols, js present in the Viterbi decoder at the current stagel before the
which are associated with thecomponent treIIis sections belonginggiscarding process commences.
to the pre-history as regardster 1, and in Lete.  denote the code symbols belonging to the super pagh
_ { (in) . () o r (i.e., the output of the turbo encoder FSM associated with this super
Cpost,n = (€115 3 , n=1,...,N
" i path oflengtht+1). Thuse.  isidentical tacope, pre (Pre-history part

Popt L
which are associated with thé sections belonging to the post-history.of ¢opt), andeops, post represpents the remaining code symbolsgf.
Let ey be a vector that contains all code symbols belonging to tiWe denote the information symbols associated with the post-history of
pre-history Copt DY Uopt, post . Then we see from (12) that

Cpre = (cpre, 15 ---5 Cpre, J) Copt, post = .f4 ( opts Wopt, post) (13)
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and from (9) we have

Cope = 11 <c’> (14)

Popt

; copt,post) .

Let e
P2

path1>)2 merging intos;,,, at time instant + 1. Then foreveryvalid
1>a.2, we can construct a valid codeword

=1 <C> copt,post)
P2

wheree ¢, post 1S given in (13).
If in the Viterbi algorithm,M . is the Euclidian metric (cf. (4))
Po
in the pre-history part (i.e., the Mmetric of the code symlzgls as-
Popt

) andM ¢, post is the metric associated

(15)

sociated with super paﬁlet

with the code symbolg,p:, pose iN the post-history part of the code- [17]

word ¢.pt, then the Euclidian metric af,,« is given by

M., =M.

Popt

+ Mopt, post (16)

Copt

which is the minimum of all codeword metridd ., .
For the metricM ., of the codeword:, this means that

M. =M.

C,
opt Popt

+Mopt,post S Mcz = M; +Mopt,post (17)
2

and, consequently, fall valid ]>;Z merging intos?

M-

Popt

<M. .

P2

(18)

In the discarding process of decoding stagel, any super patﬁ2

represent the code symbols associated with another super

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 46, NO. 6, SEPTEMBER 2000

[8] L. Perez, J. Seghers, and D. Costello, “A distance spectrum inter-
pretation of turbo codes,/EEE Trans. Inform. Theoryvol. 42, pp.
1698-1709, Nov. 1996.

A. Khandani, “Design of turbo-code interleaver using hungarian
method,”Electron. Lett, pp. 63—65, 1998.

K. Andrews, C. Heegard, and D. Kozen, “Interleaver design methods for
turbo codes,” iINEEE Int. Symp. Information Theqr€ambridge, MA,
1998, p. 420.

A. Ambroze, G. Wade, and M. Tomlinson, “Turbo code tree and code
performance, Electron. Lett, pp. 353-354, 1998.

C. Shannon, “A mathematical theory of communicatioBgll Syst.
Tech. J, pp. 379-427, 1948.

J. Sadowsky, “A maximume-likelihood decoding algorithm for turbo
codes,” inNEEE Communications Theory Workshdpicson, AZ, 1997.

P. Hoéher, “New iterative (“turbo”) decoding algorithms,” int. Symp.
Turbo CodesBrest, France, 1997, pp. 63-70.

C. Berrou, “Some clinical aspects of turbo codes,Trih Symp. Turbo
Codes Brest, France, 1997, pp. 26-31.

P. Jung and M. NaRRhan, “Dependence of the error performance of turbo-
codes on the interleaver structure in short frame transmission systems,”
Electron. Lett, pp. 287-288, 1994.

J. ProakisDigital Communications2nd ed. New York: McGraw-Hill,
1989.

A. Jimenez and K. Zigangirov, “Time-varying periodical convolutional
codes with low-density parity-check matrixJEEE Trans. Inform.
Theory vol. 45, pp. 2181-2191, Sept. 1999.

(9]
[10]

[11]
[12]
[13]
[14]
[15]

[16]

(18]

The Weight Hierarchies of Some Product Codes

Jeng Yune Park

Abstract—We determine the weight hierarchies of the product of an
n-tuple space and an arbitrary code, the product of anm-dimensional
even-weight code and the[24, 12, 8] extended Golay code, and the
product of an m-dimensional even-weight code and the[8, 4, 4]

leading to the super sta#g,  is discarded because of its higher metri€xtended Hamming code. The conjecturel, = d; is proven for all three

. . . . Ca
M. and the optimum super paﬁlpL leading to this super state is

P .
retained, i.e.¢opt € Miyr. O

ACKNOWLEDGMENT

The authors wish to thank the anonymous reviewers as well

J. Hamorsky, L. Piazzo, and A. Knickenberg for proofreading the

manuscript.

REFERENCES

Ses.

Index Terms—Generalized Hamming weight, product codes, weight hi-
erarchy.

I. INTRODUCTION
as . . . .
Throughout this correspondence, all codes considered will be binary

linear codes. We writd® < C whenD is a subcode of'.
Thesupporty (D) of a subseD C F3 is the set of positions where

at least one vector ify is nonzero. We remark thatl is a linear code

theny (D) x(basis ofD). The rth generalized Hamming weight

[1] C. Berrou, A. Glavieux, and P. Thitimajshima, “Near Shannon Iimi(GHW) of an[n, k. d] codeC is defined as

error-correcting coding and decoding: Turbo codes}hinConf. Com-
munications 1993, pp. 1064-1070.
[2
concatenated recursive systematic (turbo) codesGlatal Conf. Com-
mications 1994, pp. 1298-1303.
R. Gallager, “Low-density parity-check codedPEE Trans. Inform.
Theory vol. IT-8, pp. 21-28, Jan. 1962.

(3]

[4]
error rate,”|IEEE Trans. Inform. Theorwol. IT-20, pp. 284—287, Mar.
1974.

[5] J. Hagenauer, E. Offer, and L. Papke, “Iterative decoding of binary

block and convolutional codes|EEE Trans. Inform. Theoryol. 42,
pp. 429-437, Mar. 1996.

P. Robertson, “llluminating the structure of code and decoder of parallel

L. Bahl et al, “Optimal decoding of linear codes for minimizing symbol

dr = d-(C) = min{|x(D)||D € C anddim(D) = r} .
Theweight hierarchyof C' is the set of GHW{ do, di, do, ..., di}.

An [n, k] codeC is said to satisfy thehain conditiorprovided that,
for eachr(1 < r < k), there exists an-dimensional subcod®, of
C such that

d-(C) = |\(Dy)|andD, < Dy < D3 < -+- < Dy = C.

[6] S. Benedetto and G. Montorsi, “Unveiling turbo codes: Some results Manuscript received September 28, 1999; revised March 16, 2000.

on parallel concatenated coding schem#sEE Trans. Inform. Theory
vol. 42, pp. 409-428, Mar. 1996.

[7] G.Battail, “On random-like codes,” iEanadian Workshop on Informa-
tion Theory 1995.

The author is with the Department of Mathematics, University of Wisconsin—

Madison, Madison, W1 53706 USA (e-mail: park@math.wisc.edu).
Communicated by |. F. Blake, Associate Editor for Coding Theory.
Publisher Item Identifier S 0018-9448(00)07008-5.

0018-9448/00$10.00 © 2000 IEEE



IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 46, NO. 6, SEPTEMBER 2000 2229

Wei and Yang [2] introduced the notatidf for a product cod€’; @  assumption of the chain condition for bath andC> . In the following,
Cs, which is defined in terms of the GHWs 6f andC’. (See Section we do not assume the chain condition.
1I-B.) They conjectured thad, = d; if both C; andC satisfy the ) P
chain condition. In this correspondence, we prove the conjecture forLemma 5:Forallr suchthall < 7 < kike
two classes of product codes: the product ohaimensional even-
weight code and thR4, 12, 8] extended Golay code, and the product
of anm-dimensional code and th&, 4, 4] extended Hamming code.
At the same time, we determine the weight hierarchies of these two Proof: The result follows directly from the observation
product codes. We also show that(F5 @ C') = d; for an arbitrary

d,*(Cl [659) Cz) = d:(CQ @ Ch).

codeC'.

Il. PRELIMINARIES
A. Product Codes

Definitions 1: The product codeCy © C» of an[ni, k] codeC|
and ann., k2] codeC; is defined by

(cij)igi<n, €EC1V]
(Cij)lgjgnz € CZVZ

thatis, the set of; x n» arrays whose columns belong@s and rows
to C>. Theproductz @ y of two vectorse = (x1, @2, ..., x5, ) and
¥ = (Y1, Y2, - --» Un,) IS then; x ny matrixz”y whose(i, j)-entry
is z;y;.

The pair(i, j) is in x(C1 @ Cs) if there exists a codeword €
C1 ® Co with ¢;; # 0. The following lemma is well known.

Lemma 2: The productC; @ C» of an[n., ki, d'] codeC; and
an[nz, k2, d*] codeC, has parametefg,nz, ki k2, d*d?]. Further-
more, if {z(, z2, ..., @, } and{y,. ¥,, - ... y;, } are bases fof’,
andC-, respectively{z; © yj|1 <t < ki, 1 <j < ko}isabasis
for C(l @ Cg

Throughout this section, I€t1, C2 be[n, k1], [n2, k2] codes with
the weight hierarchiesd}, ds, ..., di, } and{d?, d3, ..., di,}, re-
spectively.

Helleseth and Klgve [4] refined the definition @f using the con-

cept of partition. In the following, we use the definition and notations

established in [4].

Definitions 3: A partition = of a positive integer is a sequence

(t1, t2, ..., ts) Of integers such that > ¢, > --- > t; > 1 and
>oi_, ti = r. We may think of a partitionr = (¢, t2, ..., t;) asan
s X t; matrix of squares and blanks, where rowontainst; squares,
all to the left. A(u, v)-partition of r is a partition(t1, t2, ..., ts)

such thats < » andt; < v. Let P(u, v, r) denote the set of all

(u, v)-partitions ofr.

Definition 4. For a partitionr = (¢1, t2,
defineV. by

ey fs) in P(kh kz, 7'),

s

Ve =Va(Ci, C2) =Y (d] —di_y)dj,

=1

andd;(C1 @ C2) by

Vw(cl- 02) = Z(dzl - d}—ﬂd?i

=1

5 t;
=3 N = dio)(dF = di)

i=1 j=1

made by Helleseth and Klgve [4] 0.

Lemma 6 [2]: If C; andC; satisfy the chain condition, then for all
rwithl < r < kike

dy(Ch @ Cy) 2 d (Cr 2 Cy).

Remark 7: Wei and Yang [2] conjectured that the equality in Lemma
6 holds for allr if both C', andC: satisfy the chain condition. They
established the conjecture in a few cases: for the product of two even-
weight codes, for the product of a dual Hamming code and an even-
weight code, and for the product of a first-order Reed—Muller code
and an even-weight code. Barbero and Tena [3] proved the conjecture
for » < 4 without assuming the chain condition. In Theorem 8 of the
following section, we do not assume the chain conditionfaither.

Helleseth and Klgve [4] used the following method to calculate
directly from the weight hierarchies of component codes. We will use
this method in the next section.

Letw = (t1, ta, ..., ts) € P(k1, k2, r). From the expression of
V=« (in the Proof of Lemma 5) we have

st
oYY A

i=1 j=1

)

whereA;; = (d{ —dj_,)(d; — d;_,). Consider thé:; x ks matrix

Ay A AN

Azl A22 AQI\:Z
A= .

Ap1 Agp2 Ay

Then, by (2), we ge¥ » by taking the sum of the elements of the matrix
covered byr.

lll. WEIGHT HIERARCHY C' & F3
Here,C represents an arbitrary binary linear code.

Theorem 8: Let C be an[m, k] code. Then, forall,0 < » < kn

4.(COF}) = & (C O FY).

d:(01 o3¢} Cz) = min{VT(C1, OQ)|’/T € p(lq. kz, r)} (1)
Proof: Let D be anr-dimensional subcode @f @ F5. We may
think of a codeword of” © F3 as al x n row vectorz:, &z, ..., &x]
We note that the chain condition was not assumed in the definitirherez;, =, ..., 2, arem x 1 column vectors of”. We now can

of 7. A result similar to the following lemma is stated in [2] with theconsider an x »n generator “matrix” ofD, whose entries ara x 1
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column vectors of”'. After elementary row operations and reorderingdror a fixedr with 1 < »

of column positions if necessary, we have a generator matrix

By

B2 *
D= Bs *

0]

B5 rXn
where
Ci1
i ci; €C . .
B;= . Ci1, Ci2, ..., Cit, linearly independent (3)
(fl, fz, .. -ts) S P(n, ]\“,., 'r).

Cit,;

Consider the matriD’ obtained fromD by changing: to 0

By
B

B3 0

/D!

with (3).  (4)

BS rxmn

The rows ofD’ are linearly independent, so it generates-atimen-

sional subcod®’ of C' © F7, such thatx(D')| < Ix(D)].
Onthe other hand, for any partitigny, ¢z, ...t.) €P(n, k, r),

can findt; linearly independent vectors ¢f for all i =1, 2,

Thus there is an-dimensional subcode, whose generator matrlx is

the form (4). Therefore, in order to finfl-(C @ F3 ), we only need to

we

consider the subcodd$’ that have a generator matrix of the form (4).

For a fixed partitionr = (¢4, t2, ..., ts) of r

t;

U

Jj=

s

(D= IX(Bol =}

i=1

Cl]

is minimal when| U *, x(ei;)| are minimal for alli = 1, 2,
This happens wherU]:1 x(ci;)| = di,(C). Hence

s

Z(ILZ.(C)M = (t1,...,ts) € P(nvk,'r)}
=1

= min{V.(C, F3)|r € P(n, k, r)}
=d; (C@F3).

d.(C ®@Fy) = min {

O

Let (G denote thg24, 12, 8] extended Golay code. The weight hier-

archy of G is [1]

{8, 12, 14, 15, 16, 18, 19, 20, 21, 22, 23, 24} (5)

As a corollary to the previous theorem, we determine the weight hier-

archy ofF5 ® G by finding d; (F5 @ G).

Corollary 9: Forl < r < 12n,d-(F; @ G) = 24(a — 1)+ dp(G)
wherea, b are positive integers such that 12(a—1)+ 5 0<b< 12.
Proof: The[n, n, 1] codeF5 has weight hierarchjd; = |0 <
i<n}andsol! —d!_, =1foralli =1, 2, ..., n. The Golay code
G has weight hierarchy as in (5). Hence we have
8§ 4 2 1 1 2 111111
A= oo
8421 12111111) .,
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< 12n, we can find unique positive integers
a andb such thatr = 12(a — 1) + 5,0 < b < 12. Let

7o = (12,12, ..., 12, b) € P(n, 12, 7).
~————

a—1

We will show thatd; = V., for all ». We claim that: Ifr # mo, then
we can find a partition’ € P(n, 12, r), obtained fromr by moving
the squares, such th&t,, < V. andr’ is closer tor, thanz is.

Considerr = (ty, t2, ..., ts) and letl be such that; = 12 for
eachi < [, butt; < 12. Note thats > [ (and sot; # 0) under our
assumptionr # mo. If t; + 1 # 2, 3, 6, definen’ by

’T/:(tl,...,

that is, one square is moved from rewo row I. SinceA; ;41 =

1 <Ay e, We haveVT, <V,
Ift;+1 =2, 3,0r6, thentl <

ti+t. <10 < 12 = t;—1 and

tlfl, t[ + 1, tl+1, PP ts—l7 ts —_ 1)

5 and sot; < 5. Hence, we have

= (tr, o, oy, ti bty tipry ey ts—1)

is an(n, 12)-partition ofr, obtained fromr by removing rows and
addingt; squares to row. The differencév . — V.- is positive because

vw - vﬂ" :(l;zs - (dizr‘rts - dfl)
=8 = (d3, — di,)
>2
fort; = 1,3,5.S0V, = V.

We contlnue the procedure until we redch s, i.e., until we obtain
mo. Henced; = V., and we getl;(F; © G) = 24((1 — 1)+ do(G)
yyherer = 12(a — 1) + 5,0 < b < 12. Therefore, by Lemma 5 and
Theorem 8, we have

1(F3 ©G) = 24(a — 1) + dy(G). O

IV. WEIGHT HIERARCHY OF E,,, @ G

The [24, 12, 8] extended Golay codé&' satisfies the chain condi-
tion [2]. The[m + 1, m, 2] even-weight cod€E,,, also satisfies the
chain condition. The product of the two codEs, @ G is a[24(m +
1), 12m, 16] code. In this section, we first calculatg( F,, @ G) and
then show that these upper bounds are equal to the GH\WS,. @ G).

A. dJ (B, © Q)

Let {d}|l < i € m} and{d?|1 < j < 12} be the weight hierar-
chies of E,,, andG, respectlvely The matnx& for the product code
E,. ® G is the followingm x 12 matrix:

A=AE,®G)
16 8 4 2 2 42 2 2 2 2 2
§ 42112111111
§ 42112111111

mx12

Notation 1: Forr suchthatl < r < 12m, lets andb be the unique
positive integers determined by the following:

r=12(s—1)+b,  0<b<12.

Note that thiss is the minimum possible number of rows that an
(m, 12)-partition ofr can have.

Lemma 10: Let r ands be as in Notation 1. Then

A (Em®G)=di(E;s® Q).
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O O0o4adaaoaao TABLE I
OO0 m d:(Bm @ G)
00 oo Aol 2 3 4 5 6 7 8 9 10 11 12
OO0 m 1116 24 286 30 32 36 38 40 42 44 46 48
2156 57 59 60 62 63 65 66 68 69 71 T2
U m 3|80 83 84 86 87 88 90 91 92 94 95 96
4 1104 108 109 110 112 113 114 115 117 118 119 120
Fig. 1. The corner positionalf in partition(6, 4, 4, 3, 1) 5 1198 132 134 135 136 137 138 140 141 142 143 144
6 152 156 158 159 160 161 163 164 165 166 167 168
TABLE | .
COMPARISON OFV,, With V. s : 24s + dip(Q)
t; | Vi, | maximum possible V.
L 8 8 TABLE I
2 12 6=4+2 dt(G)—F(]‘b_ﬂ(G)
3|14 |8=2+2+4 7o |1 2 3 4 5 6 7 8 9 10 11 12
4115 110=2+242+4 1 [ 8 12 16 18 19 20 22 23 24 25 26 27
2 16 gfg*g*g*g*; \ 2 |11 12 16 20 22 23 24 26 27 28 29 30
7 13 13:2"‘2*2*2*2*2 . 3 |12 13 14 18 22 24 25 26 28 29 30 31
8|50 | Tum gty 4 |12 13 14 15 19 23 25 26 27 29 30 31
Sotitidititatls 5 |12 13 14 15 16 20 24 26 27 28 30 31
9 21 115=24+242+24+2+4+2+1+1+1
6 |13 14 15 16 17 18 22 26 28 29 30 32
0] 22 |16=2424242+24241 414141
7 |13 14 15 16 17 18 19 23 27 29 30 31
11|23 |[17=24+24+2+2+2+2+1+1+141+1
12| 24 |18=2+42+42+2+242+1+1+1+1+1+1 § |12 14 15 16 17 18 19 20 24 28 30 31
9 |12 13 15 16 17 18 19 20 21 25 29 31
10 |12 13 14 16 17 18 19 20 21 22 26 30
Proof: We viewE, @ G as a subcode d,,, © G by viewing E, 11 |11 13 14 15 17 18 19 20 21 22 23 27
as a subcode d,,, with the latestn — s coordinates equal . Then, 12 18 12 14 15 16 18 19 20 21 22 23 24
by (1) and Lemma 2 d(G) |8 12 14 15 16 18 19 20 21 22 23 24

A (Em © G) < dy(E; © G).
Now we prove that there exists a partitioh € (s, 12, 7) such that ~ Lemma12: Letr, s, b be asin Notation 1 and Iét « be the unique

Var(EBm, G) = d7(Ewm @ G). integers satisfying = sk 4+ a,0 < a < s. Then
Letw € (m, 12, r) be such that | & =d*(Ep @ G)
Vie=Vilbn G)=d(En®d). 2d,(G), if1<r <12
If 7 € P(s, 12, r) then taker’ = =. Now suppose that _ ) min{24s + dy(G),
T=(ti, toy .o ) § P(s, 12, 7). (s+Ddi(G)+a+ 1} Hf13<r <72
Then! > s and there exists at least one “corner” among rows 245 + ‘ll’(q) ) - ifr 2 73.
1,...,1— 1.The “corners” are illustrated in Fig. 1. Proof: We first define two special partitions, and=; . The par-
Move the rightmost square in the last rowsofo one of the corners tition 7o is defined by
of 7. The result is a partition of, which hast; — 1 squares in row. wo = (12,12, ..., 12, b) € P(s, 12, r).
Sinces < I, we can continue this procedure until all the squares in the - .
row [ are removed. The final partition’ = (¢, ..., #;_;) hasl — 1 Then
rows, i.e..x' € P(I — 1, 12, r). Next, we show thaV’ ., < V.
Let V;, denote the sum of the elements®tovered by the last row v - 2d.(G), if s =1
of 7, andV .~ » denote the sum of the elementsdfcovered by the O 245 4 du(G), otherwise.

positions which are i’ but not inz. Then

The partitionr; is defined b
Ve =V + (Vi = Varnr). P T y

= (k41 k+1,....k+1,k .... k) €P(s, 12, r
By Table I,V:, > V .\, for all cases. Henc¥ . > V.. m=(htl ket -~ B ¥ "H,;/) €P(s ) 7)
If 7' has more tham rows (i.e.,l — 1 > s) then renamer’ asm _ N s—a
and repeat the procedure. We repeat thiss times to get a partition 1-€-, its conjugate partitiom, satisfies
= with s rows. In each stepy does not increase, 86 (E., G) > T=(s 5 ....8a) €Pk+1,s ).
Vi (Em, G). Also, sincer’ € P(s,12,7), Vo (Em, G) = —_—
V. (E,, G). Hence, we have |
" . , . . . o Hence
dy(Em © G) = Va(Em, G) 2 Vo (Ee, G) 2 d (E; ©G). O {Z(I,V(G), ifs=1
Ve =400 Forai
Remark 11: The above Lemma implies that (s +1Ddi(G) +a+1,  otherwise.
oo = &(Br © @) = d5(Em © G) Recall
=d(Emo1 @G)=---=di(E. 2 G). dy = dy(E, © G) = min{V(E,, G)|m € P(s, 12, r)}.

Let d; denote this common value. In order to fidfl, we only need to Cases = 1(1 < r < 12): Since there is only one partition in
consider partitions ifP(s, 12, r). P(1,12, r), mg = andd; = V., = V., = 2d,(G).
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TABLE IV
max{d.(G)+d;:_,, 3d(G)} [s = 1,1 < r < 12]

o] 1 2 3 4 5 6 7 8 9 10 11 12
1 [[24] [24] [32] [36] [38] [40] [44] 46 48 50
2 36 36 40 42 48 50 52 54 56
3 42 42 42 42 46 50 52 54 56
4 45 45 45 45 51 53 55
5 48 48 48 48 48
6 54 54 54 54 54 B4 54
7 57 57 57 57 57 57
8 60 60 60 60 60
9 63 63 63 63
10 66 66 66
11 69 69
12 72
d" |16 24 28 30 32 36 38 40 42 44 46 48

TABLE V
max{d:(G)+dr_,, 3d.(G)} [s = 2,13 < r < 24]
t\b| 1 2 3 4 5 6 7 8 9 10 11 12
1
2 | 58 60
3 |58 60 63
4 |57 59 61 63
5 58 60 62 64
6 58 60 62 64 66
7| 57 61 63 65 67
8 |60 60 60 64 66 68
9 |63 63 63 63 63 67 69
10|66 66 66 66 66 66 66 70
11169 69 69 69 69 69 69 69 69
1272 72 72 72 72 72 72 72 72 72 72
dr |56 57 59 60 62 63 65 66 68 69 71 72
TABLE VI
max{d:(G) +d:_,, 4d.(G)} [s = 3,25 < r < 36]
o] 1 2 3 4 ) 6 7 8 9 10 11 12
1
2 18 #4
3 |8 8 86
4 | 83 84 86 87
5|18 84 8 87 88
6 |8 84 8 87 8 90
7 (8 84 8 8 88 90 91
8 | 82 [83] 85 [86] 88 89 91 92
9 | 84 84 [84] [86] [87] 89 [90] 92 = 93
10| 88 83 88 88 88 93
1192 92 92 92 92 92 92 92
12196 96 96 96 96 96 96 96 96 96 96
;|8 8 84 8 87 8 90 91 92 94 95 96
Case < s < 6(13 < r < 72): Foreach, there are at most 11 par- Cases > 7(r > 73): Letn’ = (t1, to, ..., ts) € P(s, 12, r) be
titions in P (s, 12, r). Careful examination reveals that the minimundifferent fromm, = (12, ..., 12, b). Thent; > b and hence
V » occurs when the partition is eitherr, or 7. Hence Vi >V 2V te
dy = min{Vx,, Vs, } wheree € {1, 2, 4}. HenceV, — V., 2 e—1 > 0. So

= min{24s + dp(G), (s + 1)di(G) + a + 1}. dy = Vi, = 245 + dp(GQ). O
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TABLE VI
max{d:(G)+d:_,, 5d.(G)} [s = 4, 37 < r < 48]

N\o| 1 2 3 4 5 6 7 8 9 10 11 12
1 [[104]
2 | 107 [108
3 1108 109 110
4 | 107 109 110 111
5 | 107 [108] 110 111 [112
6 | 108 109 110 112 [112] 114
7 | 107 109 110 111 113 114 115
8 | 107 [108] 110 111 [112] 114 115 116
9 | 107 [108] [109] 111 [112] [113] 115 116 [117
10 | 110 110 110 [110) [112] [113] [114] 116 [117] [118
11| 115 115 115 115 115 115 115 [115] [117] |118] [119]
12120 120 120 120 120 120 120 120 120 120 120 [120]
dr | 104 108 109 110 112 113 114 115 117 118 119 120
TABLE VIl
max{d(G)+ d:_,, 6d.(G)} [s = 5,49 < r- < 60]
N[ 1 2 3 4 5 6 7 8 9 10 11 12
1 [[128
2 | 131 [132]
3132 133 [134
4 {132 133 [134] [135
5| 131 133 [134] [135] [136]
6 | 132 133 135 136 137 138
7 | 132 133 [134] 136 137 138 139
8 | 132 133 [134] [135] 137 138 139 [140
9 | 131 133 [134] [135] [136] 138 139 [140] [141
10 | 132 [132] [134] [135] [136 139 [140] [141] [142
11| 138 138 138 138 138 138 [138] [140] [141] [142] [143]
12 | 144 144 144 144 144 144 144 144 144 144 144 [144]
d* | 128 132 134 135 136 137 138 140 141 142 143 144

In Table Il, the number on thig, b)-position isd; wherer = 12(s— Now assumen > 1 andl < r < 12m. Let R; denote the subspace
1)+5,0 < b < 12. Except for the positions with bold numbers,of G' consisting ofith rows of all the elements i®. Without loss of
dy = Vx,. For the positions with bold numberg, = V., < V., generality

With Vg = Viey € {1, 2. 3} 0<dimB <dimR, 1<i<m+l.

Write t = dim Ry. Then by the monotonicity of GHW
di(G) < daim r,(G) Vi>1.

Also, by the definition of GHW

dp(Ep © G) > dr. IX(R)| = daim r,(G) Vi,

; . . So we have
Proof: Induction onm. Let D be anr-dimensional subcode of S 1
E,. ® G. We will show that|x(D)| > d;. Let s andb be the unique Ix(D)| = Z Ix(R:)| = Z daimr; (G) > (m 4+ 1) de(G).
positive numbers such that =1

B. GHW ofE,, ® G
Lemma 13: Forallm > 1 andl < » < 12m,

=1
Sincem > s > 1 andm > 2, we have

r=12(s— 1)+ 5,0 <D< 12. 3d,:(@), if s =1
) ()| 3 { 2 o
(s+1)d(G), if s > 2.
Supposen = 1. Thenl < r < 12 ands = 1. The elements of; © Considen basis elements fab. Using the elementary “row” oper-

G are2 x 24 matrices with identical rows, and these rows are Golaytions on these (m + 1) x 24 matrices as “rows,” we get a basis with
codewords. A basis db consists of linearly independent matrices of e following properties:

this type. Thus we have
i) the firstt elements have linearly independent first rows, which

(D) > 2d.(G) = d’, forl <r < 12 are Golay codewords;
i) the remainingr — ¢ basis elements have all zero first rows and,
by Lemma 12. viewed as elements d&,.,_1 © G, they generate afr — t)-di-
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TABLE IX
max{d:(G) +d:_,, Td.(G)} [s = 6,61 < r < 72]
N\o| 1 2 3 4 5 6 7 8 9 10 11 12
1 |[52]
2 | 155 [156]
3 | 156 157 [158
4 | 156 157 [158] [159
5 | 156 157 [158] [159] [160]
6 | 156 158 159 160 161 162
7 | 156 157 159 160 161 162 [163
8 | 156 157 [158] 160 161 162 [163] [164
9 | 156 157 [158] [159] 161 162 [163] [164] [165
10 | 156 157 [158] [159] [160] 162 [163] [164] [165] [166
11161 161 161 161 161 [161] [163] [164] [165] [166] [167]
12| 168 168 168 168 168 168 168 168 168 168 168 [168]
d- | 152 156 158 159 160 161 163 164 165 166 167 168
TABLE X
max{d:(G)+d:_,, 8d.(G)} [s = 7,73 < r < 84]
t\b| 1 2 3 4 5 6 7 8 9 10 11 12
1 [{176]
2 | 179 [180
3| 180 181 [182
4 | 180 181 [182] [183
5| 180 181 [182] [183] [184]
6 | 181 182 183 184 185 [186
7 1180 182 183 184 185 [186] [187
8 | 180 181 183 184 185 [186] [187] [188
9 | 180 181 [182] 184 185 [186] [187] [188] [189
10 | 180 181 [182] [183] 185 [186] |187| [188] [189] [190
11| 184 184 184 184 [184| |186| [187] [188] [189] [190] [191]
12 | 192 192 192 192 192 192 192 192 192 192 192 [192]
d* [ 176 180 182 183 184 186 187 188 189 190 191 192

mensional subcode &,.—1 @ G. Hence, we have another lower >d.

bound for|x(D)] If b < t, Tables IV=X show that

m-+1
IX(D)| = [x(B)[+ Y [x(Ri)| IN(D)| = max{(s + 1)di(G), d'—; + di(G)}
> d/(G) + dv—t(Bps @ G) z dr.
>d,(G)+d_, by induction hypothesis. (7) Cases = 8(r > 85):1f b > ¢, then
We show that one of the lower bounds (6) and (7) is bigger dy_; =245+ dy—,(G).
thand; .
Hence
Cases = 1(1 < r < 12):In this caset < r = b. In Table 1V, the )
number in(¢, b) position ismax{3 d:(G), d.(G) + dy_,}, which is (D) 2 di(G) + 245 + db—o(G)
a lower bound folty(D)|. For eachb (and so for each), the smallest =245+ [de(G) + dp—o(G)]
number is boxed for comparison wittf. The last row of the table is > 245+ do(G) by Table Il
dys. By the table, we see thdt < |y(D)]|in this case. —Ja
Case2 < s < 7(13 < r < 84):1f b > ¢, then '
<t
Dy = s+ dyi(G) — € If b < ¢, then
wheree = 0, 1, 2, or 3. Hence dr—y = 24(s = 1) + diz4p—o(G)-
(D) 2 di(G) +d;—y by (T) Hence

=dy(G) + 245 + dp—s(G) — € IX(D)| 2 di(G) + 24(s = 1) + di24p—+(G)

=245+ [di(G) + dp—t(G)] — € > 245+ [di(Q) + dioys—t(G) — 24]

>24s+ [dy(G)+ 4] — e by Table Il > 245+ dp(G) by Table I

> 245+ dp(G) =V, =d.
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Therefore, for alln > 1 andl < r < 12m A Linear Programming Estimate of the Weight Distribution

of BCH(255, k)
dr(E777, QTQ G) > (]j'
Massimiliano Sala and Aldo Tamponi

Theorem 14:Forallm > 1 andl < r < 12m
Abstract—To estimate the weight distribution of a binary linear code,

dr(Epm @ G) = d; a linear programming approach has been p_roposed, which leads to the
24,(@), if1<r<12 best known values for l_3C|—(_255_, k). Following that approach, we pro-
pose three methods which give tighter estimates. At the same time, we find
) min{24s + di(G), the distance of the dual of BCH255, 199, 15].
- (s + Ddp(G) + a + 1}, if 13 <r <72,

L Index Terms—BCH codes, dual distance, linear programming, unde-
24s + dip(G), if » > 73. tected error, weight distribution.

Proof: Let s denote the integer determined uniquely by
|. INTRODUCTION

r=12(s-1+b and 0<b<12 It is known that the weight distribution of a binary linear code gives

its P,. (Probability of Undetected Error) in the binary symmetric
channel [1, p. 397].

Extensive work has been done on estimating the weight distribu-
tion of Bose—Chaudhuri-Hocquenghem (BCH) codes, in particular
binary primitive codes BCK2™ — 1, k). The weight distribution of
BCH(127, k) codes is known for alk [2]; the weight distribution is
also known for BCH255, k) codes, fork < 63 andk > 207 [3].

Many estimates have been proposed, some recently (see, for example,
~ . . . . [4]), but for small codes (those that allow effective computation) the
Also, we sawd, (E, ® G) < d; in the previous section. Combine best estimates are obtained via the linear programming approach pro-
above with the previous lemma to get posed by Kasami, Fujwara, and Lin [5]. Our work is an improvement
to [5], which leads, in some cases, to significant tightening of the
estimates.

Let D be anr-dimensional subcode df; @ G such thax(D)| =
d.(E, ® G).

By appendingm — s) zero rows to each element &f, we get an
r-dimensional subcod®’ of E,, @ G with the same support as.
Thus we have

dr(Em @ G) < |X(D")| = do(B: © G).

df <do(BEpm @ G) < dy (B, © Q) < df.

Therefore,
Il. PRESENTATION OF THEMETHODS
A =d(En©G), for all m. 0O Let H be a binary linear code4; be the number of its words of
weighti and B; the number of words (of weight) of its dual. Then
eachA; can be represented as a linear function of Bhe via the
MacWilliams identities [6], and thé; have to satisfy the Pless iden-
V. WEIGHT HIERARCHY OF E,,, ® H tities, which are linear functions.
) Choosing two codesH; (called subcod§ and H> (called super-
The [8, 4, 4] extended Hamming cod# satisfies the chain con- codd, such thatd, ¢ H C H-, we defineA;(H:) (A;(Hz2)) as
dition and has the weight hierarchy, 6, 7, 8} [1]. The product of the number of words of weiglitof H, (H.) andB;(H,) (B;(H>))
an even-weight code and the Hamming cddle © H is an[8(m +  as the number of words of weightof the dual ofH; (H-). Then
1), 4m, 8] code. Using the same method as in fiig ® G case, we

can determine the weight hierarchy Bf, @ H. Vji€eA{0,....n}, B;(H,) <B; < B;(Hy) 1)
Theorem 15:For allm > 1 andl < r < 4m Vie{0,....n},  Ai(H) <A < Ai(Hy). )
2d,(H), ifl<r<4
dr(Bp @ H) = d; = ¢ 21, if r =6 Method A (Kasami, Fujiwara, and Lin [5])
8s+ dy(H), otherwise One solves a linear programming problem for eac¢hinking of the

B; as independent variables, of tHe as the function to be maximized

(or minimized) and of the Pless identities on the as constraints. In
particular for BCH2™ — 1, k) one can simplify the problem by using
known properties of such codes. First of all, one can consider the ex-
tended codes EBCI2™, k), because in this cask, = 0 andB;, =0

wheres, b are unique integers satisfyimg= 4(s—1)+b, 0 < b < 4.
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for i odd [9]. In addition,B,,—; = B; andA,_; = A; [3], where Another fact should be mentioned. Surprisingly enough, adding only
n = 2™ isthe length of the extended code. In this way, the computatitime constraint9 = A,(H.) < A; gives sometimes interesting im-

is simplified by reducing the number of variablgB,) and functions provements, in particular it prevents the lower estimates afitherms
(A;). From the estimated; of the extended code, one can come bacto be negative, as happens, for example, when applying Method A to
to the weight distribution of the nonextended one via two simple foBCH[255, 199, 15] to search the minima of the,.

mulas which hold for binary primitive BCH codes [7, Theorem 8.15,

p. 246]. Once these estimates are found, one can compufg, thfer IV. THE DISTANCE OF THE DUAL OF THE
any desired bit-error rate [1, p. 397]. BCH|255, 199, 15] CODE IS 64
Method B A crucial point is the Hamming distance of the dual cgde: the

) larger itis, the fewer variablgs3,) we have to use and the more accu-
~ ForanyH one can always find a supercode and a subcode, at leagk will be the result. For binary primitive BCH codes, the Hamming
just taking asi; and H>, respectively, the smallest code constitutedistance of the dual of the extended code is equal to the Hamming dis-
by the null word and the largest code constituted by the set of @llhce of the dual of the nonextended one 10, p. 176].
possible words. If one knows the valuBs(H), B,(H:), then one For EBCH256, 199, 16] (hence for BCHR55, 199, 15]) we have
can consider the inequalities (1) as natural constraints on the varial§snd the exact value af , which is a new result, as of the 1996 paper
B;, reducing the simplex containing the p_ossible solutiong. KnowirIg]. According to [8] and [9],d > 58 and, according to [3] (with
Ai(H.), Ai(Hz), one can use (2) to obtain more constraints on the obvious inclusion BCR55, 199, 15] C BCH[255, 207, 13]), it
B, as we can replace thé; with their expressions as functions of thejs 5150 known thatl’ < 64. But, according to [10, p. 181}/’ is a
B; via the MacWilliams identities. So, as in Method A, one solves gyjtiple of4. So the possible values fdf are only60 and64. Denoting

linear programming problem for eac¢hthinking of the B; as inde- RM(r, m) the Reed—Muller code of orderand lengtt2™, we find [6,
pendent variables and of the; as the function to be maximized (or , 3gs;)

minimized), but this time the constraints are the Pless identitid3;on
(1), (2). As for Method A, one can now compute tHg. . RM(4, 8) C EBCH[256, 199, 16] (3)
RM(3, 8) C EBCH[256, 139, 32] C EBCH[256, 191, 18]  (4)

Method C

Method B works also by using appropriate estimatesderand/or
H,. So we can propose an iterative form of Method B as follows.

Suppose that there exist two other codé@s, and G2, such that
Gy C Hi C H C H, C G- and whose weight distributions are
known. First, one applies Method B to estimate both the weight di
tribution of H, (via the inclusion relation&y C H; C G-) and the
weight distribution ofHf» (viathe inclusionrelation§; C H: C G2).
Second, one applies Method B to estimate the weight distribution of
H (via the standard inclusion relatiods;, ¢ H C H:), using for We present here an application of our methods to the fol-
Ai(H1), Ai(Hz), Bj(H1), Bj(H>) the values found in the previouslowing codes: BCHR55, 199, 15], BCH[255, 191, 17], and

where RM4, 8) has dimensio63 and RM 3, 8) has dimensiof3.
The inclusion (3) implies (passing to dual codes) that the dual code of
EBCH[256, 199, 16]isincludedin RM3, 8),as RM3, 8) is the dual
of RM(4, 8) [7, p. 317]. But RM3, 8) has no codeword of weiglit
10], so for EBCH256, 199, 16] Ao = 0, proving thatd’ is not60.
S a consequencd, is 64.

V. SOME SAMPLE CASES

step. Finally, one computes ttf&... BCH[255, 139, 31]. We use (3) and (4), since the weight distributions
of RM(3, 8) and RM4, 8) are known [10].
Method D For EBCHI[256, 199, 16], we take as supercode

EBCH[256, 207, 14], whose weight distribution is known [3], and as

One can slightly modify Method B. First, one fixes the value of th
subcode RNH, 8). So to BCH255, 199, 15] we apply Method B.

bit-error rate for which the estimate of tli&. is desired. Second, one
solves a linear programming problem, using the same variables anff®" EBCH[256, 191, 18], we choose RNB, 8) as H: and
the same constraints of Method B, but changing the functions to EBCH?256, 199, 16] as H». But the weight distribution of
maximized (minimized): instead of thé;, one can directly maximize EBCH256, 199, 16] is unknown, so we apply Method C, using
(minimize) theP,., seen as a linear function of ti . In this way one (h€ Upper estimates we derived previously for the #>), and as
does not find the weight distribution @f, but one obtains still tighter '0Wer estimates of thd;(H2) we take the weight distribution of the

estimates of thé®,.. for the chosen bit-error rate. dual of EBCH256, 207, 14].
For EBCH[256, 139, 32], we take RM3,8) as H; and

EBCH[256, 191, 18] asH-. As before, the weight distribution df-»

is not known, so we apply Method C, using the upper estimates we de-
Actual computation has shown remarkable improvements. To me#ed previously for thed; (H, ), and as lower estimates of tig (H.)

sure how accurate our (upper) estimates are, we have used two pamamput the weight distribution of the dual of EBCH6, 207, 14] (as

eters:max P,. and the relative error on the sum (RES) of the(the a matter of fact, we are iterating twice).

latter is not applicable to Method D). The parameterx P,. is the Ford' of BCH[255, 191, 17] and BCH255, 139, 31], exact values

maximum value of thé”,... in correspondence to all bit-error rates mul-are still unknown, so we use the best known lower estimates, respec-

tiple of 0.01. If we call o; an estimate ofi;, then we can define tively, 42 and26 [8], [9]. For each code we do five computations, fo-

cusing on the maximization of the functions, summarized in Tables |

RES= (Dai=d> ) /3 4. and Il

In fact, we know the value o} A;, which is just the total number * “RES 1,” the RES obtained by Method A;

of words in the code (i.e2"* if the code is an EBCR™, k)). The * “RES 2,” the RES obtained by Method B or C;
parametemax P, . is more strongly influenced by thé; terms with e “P,. 1,” themax P,. obtained by Method A;
lower i, while the RES is more strongly influenced by tHe terms e “Py. 2,” themax P,. obtained by Method B or C;
with highersi. ¢ “P,. 3," themax P,. obtained by Method D.

Ill. REMARKS
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TABLE | [6] F.J. MacWilliams and N. J. A. Sloan&he Theory of Error-Correcting
COMPARISON BETWEEN UPPER ESTIMATES Codes Amsterdam, The Netherlands: North Holland, 1977.
OF A; [71 W. W. Peterson and E. J. Weldon JrError Correcting
k d | RES 1 RES 2 H, | H; Codes Cambridge, MA: MIT Press, 1972.
= - [8] T.Schaub, “A Linear Complexity Appoach to Cyclic Codes,” Disserta-
199 164 | .408e-23 | .169e-23 | 163 | 207 tion ETH no. 8730 in Technical Sciences, Swiss Federal Inst. Technol.,
191 | 42 | .408e-17 | .899e-18 | 93 199% Zirich, Switzerland, 1988.
139 | 26 | .582e-3 .541e-3 | 93 191 [9] D. Augot and F. Levy-dit-Vehel, “Bounds on the minimum distance
of the duals of BCH codes[EEE Trans. Inform. Theorwol. 42, pp.
1257-1260, July 1996.
TABLE I [10] T. Kasami, N. Tokura, and S. Azumi, “On the weight enumeration of
. weights less than 2.5 d of Reed—Muller codéaform. Contr, vol. 30,
C’:OMPARISON BETWEEN UPPERESTIMATES OFmax P, . bp. 380-395, Apr. 1976.
k d | P 1 Pue 2 Pue 3 H, | H; [11] F. Levy-dit-Vehel, “Bounds on the minimum distance of duals of
199 | 64 | .28%e-14 | .769e-15 | .747e-15 | 163 | 207 extended BCH codes over FpXpplicable Algebra in Eng. Commun.
191 | 42 | .226e-15 | .395e-16 | .390e-16 | 93 | 199% Comput. AAECCvol. 6, pp. 175-190, 1995.
139 | 26 | .489e-24 | .121e-26 | .114e-26 | 93 191
TABLE Il

DIFFERENTUPPERESTIMATES OFmax P,. FORBCH[255, 139, 31]

max Py, computed via Method A A896-24 Separation of Random Number Generation and
max P, computed via Method C .121e-26 Resolvability

max P,. computed via Method D .114e-26

max P, computed via mixed approach, s =44 | .122e-26 Karthik Visweswariah Member, IEEE

max P, computed via mixed approach, s =38 | .264e-25 Sanjeev R. KulkarniSenior Member, IEEEand

Sergio Verdy Fellow, IEEE

In Table | the first column contains the dimension/6f the second
one contains the distance of the dual codéiofor a lower estimate),
the following two COIumns Conta_'n the RES_ Ca'C‘_J'ated as above, t provide achievability and converse results for a general source and
last two columnbcontain, respectively, the dimensionsiof andHz.  channel. For the special case of a full-rank discrete memoryless channel
Table Il is similar to Table | except for the middle columns, whichve give a stronger converse result than we can give for a general channel.
containmax .. calculated as above. Index Terms—Approximation theory, channel output statistics, random

If the computation of RES 2 (hence 6%, 2) is quite costly (@S number generation, resolvability, source—channel separation.
for the BCH255, 139, 31]) and the researcher is only interested in the

P,., we suggest a mixed approach between Method A and Method B
(or Method C), in three steps. First, one calculatesvalby Method

A. Second, one calculates only someby Method B (or Method C),  The classical separation theorem essentially states that source and
more precisely, the; with lower: (say: < s). Finally, one calculates channel coding can be done separately without losing optimality. In [5],
the estimate of thé”,. taking fori < s thea; obtained by the second 5 source—channel separation theorem was shown for sources and chan-
step and, for the remaining values, theobtained by the first one.  nels more general than those in the classical separation theorem. Here
A few results of the mixed approach for thmax P.. of \ye investigate an analogous separation theorem in the case of resolv-
BCH([255, 139, 31] are shown in Table II. ability and random number generation. Random number generation in-
volves finding a deterministic transformation to generate a sequence of
equiprobable bits from a given source of randomness. Resolvability is a
E.roperty of a channel which gives the amount of randomness required
10 simulate, at the output of the channel, any distribution that can be
achieved by a random input to the channel. We consider the two prob-
lems together, i.e., when can a given source of randomness be used to
simulate the output of a given channel due to any input, to arbitrary
accuracy. In Section Il, we give some notation and background to state

Abstract—We consider the problem of determining when a given source
an be used to approximate the output due to any input to a given channel.

|. INTRODUCTION

ACKNOWLEDGMENT

The authors wish to thank T. Berger, P. Charpin, T. Fujiwara, and
Traverso for their helpful suggestions.

REFERENCES

[1] E.R.BerlekampAlgebraic Coding Theory New York: McGraw-Hill,
1968.

[2] Y. Desaki, T. Fujiwara, and T. Kasami, “The weight distributions of ex-
tended binary primitive BCH codes of length 128EE Trans. Inform.
Theory vol. 43, pp. 1364-1371, July 1997.

[3] T. Fujiwara and T. Kasami, “The weight distributions @56, k) ex-

Manuscript received May 5, 1999; revised April 6, 2000. This work was sup-
ported in part by the National Science Foundation under Grants NYI Award
tended binary primitive BCH codes with< 63 andk > 207,”IEICE,  |RI-9457645 and NCR 9523805. The material in this correspondence was pre-
Tech. Rep. [T97-46 (1997-09), pp. 29-33. - sented in part at the Allerton Conference on Communication, Control and Com-
[4] O. Keren and S. Litsyn, “More on the distance distribution of BCHPUting, Monticello, IL, September 1998.
codes,"|EEE Trans. Inform. Theoryol. 45, pp. 251-255, Jan. 1999. K. Visweswariah is with IBM T. J. Watson Research Center, Yorktown
T. Kasami, T. Fujiwara, and S. Lin, “An approximation to the weighti€ights NY 10598 USA (e-mail: kvl@watson.ibm.com).

distribution of binary linear codes/EEE Trans. Inform. Theorwol. S. R. Kulkarni and S. Verdd are with the Department of Electrical Engi-
IT-31, pp. 769-780, Nov. 1985. neering, Princeton University, Princeton, NJ 08544 USA (e-mail: kulkarni

@ee.princeton.edu: verdu@ee.princeton.edu).
Communicated by |. Csiszar, Associate Editor for Shannon Theory.

1+ stands for “use of estimated values of weight distributions.” Publisher Item Identifier S 0018-9448(00)07014-0.

0018-9448/00$10.00 © 2000 IEEE



2238 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 46, NO. 6, SEPTEMBER 2000

the problem precisely. Sections lll and IV give achievability and corwhereY™ and Y™ are the outputs of the channel duegt@z™) and
verse results for a source to approximate the output of a given chaniél, respectively.

due to any input. We have not been able to show results fully analogous, . . N L
sing this definition of are-approximating source we can now de-

to [5] and there is a gap between the achievability and converse resylt Z100b imati dor W if it is e imati
that we have not been able to bridge. Section V deals with the spei}%f" 0 be anapproximating sourceor W T LIS c-approximating
I

r W foralle > 0.

case when the channel is discrete-memoryless and of full rank. For ﬁ'he resolvability of a channel is the minimum number of random bits
special case we will be able to show a converse which is stronger than y

the converse in Section IV for a general channel. required per input samplg to approximate arbitrarily well the out.pqt. of
the channel due to any input process (see [3] for a formal definition

of resolvability). The problem of resolvability of a channel was first

considered by Han and Verd ([3]) where it was shown that the resolv-
In this section we give, some basic definitions, a precise stateméhility of a channelisupy I(X, Y') (For a definition off (X, ') see

of the problem to be considered, and results which are already knol@h- The problem we consider here is that of finding necessary and suf-

for the problem of separation of resolvability and random number geficient conditions for a given sourcg to be an approximating source

Il. PRELIMINARIES AND PROBLEM FORMULATION

eration. for a channeW. To use a given source to approximate the output of
The following definition is as in [3] and we repeat it here for the saké channel due to another source we could use the source to generate
of completeness. random bits at the best possible rate and then use a deterministic trans-

formation of the random bits at the input of the channel. The problem of
random bit generation was considered by Vembu and Verdu [6], where
fundamental limits on the rate at which random bits can be generated
o) n n  n n nyoo from a given source were given. Using the results of [3] and [6] and
W ={W"(y"|a"): («", 1 A" x B"}02. i . !
(W "2 @7 w) € X B haz the two-step process outlined above we can easily show the following

- . ~sufficient condition.
Definition 2: A source of randomnesX is a sequence of finite-

dimensional distribution§ Py~ }5%, with X taking values ind" . Theorem 1:If H(Z) > S thenZ is an approximating source for a
channeW, whereS is the resolvability of the chann&¥ .
Note that there are no consistency requirements on the sequence of

finite-dimensional distributions, this is the difference between Defini- The converse below can also be derived using the results in [3]. A
tion 2 and the standard definition of a random process. Throughout §rceZ can be approximated usirigj(Z) random bits per sample [3,
assume that the source and channel alphabets are finite. Theorem 3]. This also means any process derived #ohy a deter-

We now give some notation that is used throughout this correspdilnistic transformation can be approximated usth@Z) random bits
dence. Let the output distribution, when the input is distributed aBer sample. Thus if a sourégis an approximating source for a channel

Definition 1: A channelW with input alphabetd and output al-
phabetB is a sequence of conditional distributions

cording toQ", be denoted by W™ . Thus then we can approximate any output of the channel Witl%) random
bits per sample and so the resolvabibitpf the channel must be smaller
Q"W"(y") = Z W™ (y" |2™)Q" (z™). thanH(Z). Thus we have the following theorem.
arear Theorem 2: If H(Z) < S thenZ is not an approximating source
Also let for a channeW .
.. Wb |a™) In the next two sections we will give an achievable and converse

ixnwn(a™, ") 2 1o
XA D)= 08 T ) results in the spirit of [5].

whereP;- is the output distribution wheRx~ is input to the channel
w*, and lIl. A CHIEVABILITY
hzn(z") 2 log % In this section we give a sufficient condition for a soueo be
Pzn(zm) an approximating source for a chan®&lwhich implies the sufficient
distance to measure the difference between two diggndition given by Theorem 1. The sufficient condition is analogous to

We will usel - e - ; .
y ﬁufhuent condition derived in [5] for the source—channel separation

tributions on the same alphabet. We will denote the distance betwék

P andQ by d(P, Q). We note that problem. We will first define the notion of a source strictly dominating
a channel.
(P, Q) =2 sup |P(E) — Q(E)| Definition 4: A sourceZ is said to strictly dominate a chanridl

if for every channel input proces¥ there exists @ > 0 such that
whereA is the alphabet on which the two distributions are defined. If
X andY are two random variables on the same alphabet we some- . 1 "
times writed(X, Y') for thel, distance between the distributions®f mefr {P {E hon (Z7) < en 5}
andY’. 1 ,
We now define precisely what we mean by a soufceeing an ap- +P {; ixnwn (X" Y™) > 0} } =0.
proximating source for a chanriél. ’

Definition 3: For anye > 0, the sourceZ with alphabetF’ is e note that (Z) > S implies thatZ strictly dominated¥ since

called ane-approximating source for the chani&l if for any arbi- i we takec, = (H(Z)+ S)/2 the required condition is satisfied. The
trary input sourceX , there exists a sequence of deterministic mappinggnverse, however, is not true.

{¢pn: F" — A™} such that for sufficiently large
Theorem 3: If a sourceZ strictly dominates a chann® thenZ is

Y™, Y") < e an approximating source for the chanbil
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Proof: If the sourceZ strictly dominates the chann®, then for a channeW then the source dominates the channel. The notion of
for each input procesX there exists a sequen€e, };=; andas > 0 a source dominating a channel would be defined (analogous to [5]) as

such that follows.
P F hoyn (Z7) < en + é} <7 ) Definition 5: A sourceZ dominates the chann&V if for every .
n processX, for everyé > 0, and for every sequence of nonnegative
and numbers{cy }52;
. ]- n . ]- . WA el —
P |:;l7 ]:X”VV” (}(ﬂ,; }fn) 2 Cn:| S T (2) HIEI;O P g hzn(Z )S Cn —(5:| P |:; tXnWn (}x ) Y ) Z Cn —0

It can be verified that if a source strictly dominates a channel then it

yvherern —>.O asn — oo Equation (1) |mp||esr that;/ve can approx-y ) ninates the channel. Also note thatZ) < S implies that the
imate any distribution with type less tharp » (c, + 2 6) using the )
y source does not dominate the channel.

distribution Z™. What we mean by type here is the following: A dis-
tribution is of typek if all probabilities that it assigns are integral mul-  We have not been able to show this statement that we set out to prove
tiples of 1/k. To show this we use the procedure in the Aggregatidsut we give a weaker statement that neither implies nor is implied by

Lemma [6]. Theorem 2. The result is stated in contrapositive form and is weaker
Define than the statement that we would like to make in two ways. First it
n n n - —n(ent6 involves the notion of a source being a strong approximating source
5 = |z F": Pyn(2") < (ento)y Invo o
=" € zn (27) < exp } for a channel and secondly, the necessary condition that we show for
Consider anyM -type distributionPy; on {1, 2, ..., M}. We will asource to be strongly approximating for a channel is weaker than the
place elements 0§ in bin B,, (i) until we have notion of a source dominating a channel.

We now give the stronger definition of an approximating source, fol-
lowing which we can state a necessary condition for a given source to
We stop either when we complete this process foralll, 2, ..., M  be a strong approximating source for a given channel.
or when we run out of sequences in the $&t. All remaining se-
guences irF™ are placed iB,,(1). At the end of this process we have

Pyo (B, (i) > Pu(i) — exp "(ent)

Definition 6: For anye > 0, the sourceZ with alphabet is called

a stronge-approximating source for the chanriéf if for any arbi-

M trary input sourceéX , there exists a sequence of deterministic mappings

> Pz (Bu(i) = Par (i) {én: F" — A"} such thatP;, zn) < Py. and such that for suffi-

=l ciently largen

< max (2]% exp "t or 4 M cxp_77'("”+6)) . .
dY", Y") <€

ForanyM < exp n (cn + % 6) theright-hand side of the last equation ~ . ‘

goes to zero, since, — 0. whereY™ andY™ are the outputs of the channel due¢t6Z") and
We will now state and use alemma the proof of which readily follows" " respectively.

from the argument used in [3, Proof of Theorem 4]. We callZ a strong approximating source fi if it is a stronge-ap-

Lemma 1: If proximating source foW for all ¢ > 0.
1 Note that the only difference between Definitions 3 and 6 is that the
Pl—ixnwn(X"Y") > cn| <7 latter places an extra constraint that the deterministic transformation
" can only map to those sequences which have nonzero probability under
wherer,, — 0 asn — oo then for anyy > 0 there exists a proce§ ~ the source whose output we are trying to approximate.
(producing outpul”) such that The following theorem states precisely a necessary condition for the
. 0 o source to be a strong approximating source for a channel. We note that
Jm d(Y7, YY) =0 in (4) below if we did not haves,, going to1 but just being strictly
and X" is an M-type distribution with) < exp n(cy + 7) ggg?;;t?:ﬁtgﬁ:ntnhéi condition would be the negation of a source
Equation (2) and Lemma 1 imply that there exists a proégssvith Theorem 4: Suppose that for some proceXs for somen, & > 0,

) 2 . .
type smaller thanxp n (.c" ts ﬁ).Wh!Ch approximates t.he Output o4 for some sequence of nonnegative numbers,Z,
due toX. We can approximate arbitrarily closely any distribution with

type less than or equal tap 7 (¢, + 26) (and henceX™) usingZ™.

This along with the fact that( PW, QW) < d(P, Q) for any channel

W and distributions?, @ imply thatZ can be used to approximate thean d
output of the channd¥ when the input process X. Since we can

find a sequencée, },,—; and & > 0 which satisfy (1) and (2) for any
input processX, the sourceZ can approximate the output due to any
processX .

P {l hon(Z") < en — 5} > a @3)
n

1 . -1 ~n P
P |:; 7,/\'77.]/[/77.(1‘& Y ) > (Zn:| > /37, (4)

for all n € I wherel is an infinite set of integers and, — 1 as
n — oo. Then the sourc& is not a strong approximating source for
the channeW.

In this section we will give a converse result stating a condition under  Proof: Equation (4) along with Feinstein’s lemma [2] implies
which the source will not be an approximating source for a chanrtbiat there exists a code of lengthwith exp n (¢, — ;) codewords
in a certain sense. We would like to have a result completely anabmnd with maximal probability of error less than for » € I where
gous to the necessary condition in [5] for the source—channel separa— 0 asn — oo. Consider agood code wit! = exp n (c,, -2 )

10
tion problem, which would have been:Zfis an approximating source codewords. Let the codewords bie } 2, and their corresponding de-

IV. CONVERSE
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coding sets b D;}?£,. Consider now the process” which places If a sourceZ does not dominat®” then there is a proces§ such
massﬁ on each of thélf codewords{b,}Z,. We will show that the that for somev, 6 > 0 and for some sequence of nonnegative numbers
output due to this process cannot be approximated well with our sour¢e, } 52

Consider the set

’ ‘ ‘ P |:l hyn (Z7) < ¢n — (5:| > (5)
S" = {" Lhyu(2") < cn — 61 n
and
By (3?, Py~ (S™) > « foralln € I. Consider any de_terministic p P o (Yn; }—,n) > Cn:| S ©)
mappinge,, (from F" to A™) and theN codewords to which the se- n

quences inS™ get mapped. Assume the codewords are numberedf%? all n
that these codewords afé, }'L,. Since|S™| < exp n(c, — 8), we '
haveN < exp n(c, — §).

Let

€ I where is an infinite set of integers. From [4,
Corollary 2] we have that for an FRDMGS = (. But for a DMC,
C = sup, I(X;Y). SinceS = supy I(X;Y) we have for a
FRDMC

B= U D; supI(X:;Y) =supI(X;Y).
. X X

Thus for an FRDMC if there is a proce38 such that (5) and (6) are

andY™ be the output due ta™". satisfied then there exists an i.i.d. proc&such that

N M C
1 1 o ) 6
Pyn(B) =57 > P(Blb:) + i > P(Bb) cw SIX:Y) + 15 )
i=1 T 4=N+41
N e, . for sufficiently largen € I. We will show that the sourc& cannot
< M + M (M -N) approximate the output due to process
< 2e, Define the set of sequencesf that are noty-typical (v > 0) by

where the last inequality holds for sufficiently largec I. Let X be Dxn(v) = {wn; ‘l N(a|z™) — Px(a)| > ~ for somea € A}
¢(Z) andletY” be the output process wifki as the input to the channel n

o where N (a|z") denotes the number of times thabccurs in the se-

Py (B) = P(B|b;)Px~(b; quencer”.
) Z (Blp) P (b) Also define the set of sequences jointhtypical with «™ by

i=1

N

> 3 P(D.fb) Pxn (b)) T (a", 7) = {J ‘l N(a, bla", 4"} = = N(ale" )W (bla)

=1 n n
2 (1 =€) Pzn(5") < ~forall (a, b) EAXB}
>(1—€n)a.

whereN (a, b|z", y™) denotes the number of times that &) occurs
Thus we have in (z", y").

Let W denote the matrix whose columns are the transition vectors

P (B) — Pyo(B) > (1 — €)= 26, {W(.|a)}aca. Letr be an|A|-dimensional vector and lat = Wr.
o ) ) SinceW is of full rank if |r;| > ~ for somei € {1, 2, ..., |A|} then
for all sufficiently largen € I. We note that the right-hand side of the|sj.| > k~forsomej € {1, 2, ..., |B|} and somé > 0 independent

equation a_bov_e does not goto zerouaisicreases and sB cannot be ¢, Thus we have that if” € D% (+) thenW N (2")/n differs from
an approximating source in the strong sense for the chabinel Oy p by k-~ in at least one component, whé¥é+" ), P are column

vectors consisting oV (a|z™), Px (a), respectively, fon € A. Now
V. A SPECIAL CASE if y* € Ty (x", ~) then

We will now look at the special case of a full-rank, discrete, memo- 1 1
ryless channel (FRDMC). A chann®T is of full rank if the transition =N (bly") — Z = N(al|a™)W (bla)
vectors{ W (.|a)}ac are linearly independent. For the FRDMC we " aca
will be able to show a result analogous to [5], that we would liked t]%r all b € B. Thus we have that if
show for general channels.

Theorem 5: For a FRDMC, if the sourcéZ is an approximating 2" € DX (%) and y" €Ty <T" ﬁ
source for the chann® then the sourc€ dominates the channB . ' :
Proof: We will show that if the sourc& does not dominate the then N(yn>/77 differs from Py in some component by at |ea§l'
FRDMCW thenZ is not an approximating source for the charel  Thysy™ € D2 (%'). We have shown that if” € D% (%) then ’
At the outset we mention why we need the assumption of full rank. ’
We show that if sourc& does not dominate the chani®l, the source o n 27
: : ; - wla", 577 ) €Dy | +
cannot approximate the output due to a particular independent and iden- 3|A4| 3
tically distributed (i.i.d.) inputX . The reason we need the full rank
S . S u
assumption is that to approximate the output of an i.i.d. input to an
FRDMC it is necessary to place mass on the typical sequencEs of P Dr 2y 0 ’
This is not true if the channel is not full-rank. yeityilsg)) 7% asn—ee

<4

o




IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 46, NO. 6, SEPTEMBER 2000 2241

and 0 asn — oo. Hence,Z cannot be an approximating source for the
FRDMCW. O
~

wr <TI%’ <”7n» 34| ) |=’l’n> -1 asn — oo We note that Theorem 5 implies thaiffi( Z) < S then the sourcg&
is not an approximating source fora FRDMC channel with resolvability

at a rate independent af* (from [1, Lemma 2.12]). So if the input -
¢"(Z") approximates the output due " then we must have
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for everyz"™ € D% (1) wheree(v) is continuous iny, independent
of " ande(v) — 0 asy — 0. Define

Qn = {Zn: lhzn(zn) S Cp — 6}
n

Clearly,|Q"| < exp(n(c, — §)). Also defineR™ as the image of)”
under the mapping™ and

St = U ot (;L —3|”4|>.

anerr DS, (1)
Then we have
|S™| < exp n(cn — 8) exp n(H(Y|X) 4 €(7))

and Pyn(znyW"(S™) > 5 for sufficiently largen € I. This is be-

cause
o n n v n
% <TH7 <I . m) |.E ) — 1

asn — oo at a rate independent of'

¥

Pyn [w(z”) € Din (Z)] —1

asn — oo and
Pru[6"(2") € R"] > a

for all n € I. Using (7) we can upper-bound”| by

|97 < expn <H(Y) - % + e(~,)) <expn <H(Y) - g)

for sufficiently largen € I, where the second inequality holds if
we choosey > 0 sufficiently small. We have?y-(S™) — 0 as

n — oo (by the strong source coding theorem for i.i.d. sources). For
any deterministic mapping” we can find a se6™ C B" such that
Pyn(ymyW"(5") > ¢ for sufficiently largen € I andPy~(5") —



