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Stability and Controllability of a Class of 2-D Linear
Systems With Dynamic Boundary Conditions

E. Rogers, K. Galkowski, A. Gramacki, J. Gramacki, and D. H. Owens

Abstract—Discrete linear repetitive processes are a distinct class (i.e., k) direction. Such behavior is easily generated in simula-
of two-dimensional (2-D) linear systems with applications in areas tion studies and in experiments on scaled models of industrial
ranging from long-wall coal cutting through to iterative learning  ,rqcegses such as long-wall coal cutting. In this last case, these
control schemes. The feature which makes them distinct from other S .S . . '
classes of 2-D linear systems is that information propagation in one oscillations are caused by the_machlne s weight as it comes to
of the two independent directions only occurs over a finite dura- €St on the newly cut floor profile ready for the start of the next
tion. This, in turn, means that a distinct systems theory must be pass of the coal face.
developed for them. In this paper a complete characterization of Attempts to remove this problem by standard, or one-di-

stability and so-c'alled.pass controllability_ (and several resulting mensional (1-D), control action fail precisely because such an
features), essential building blocks for a rigorous systems theory, ’

under a general set of initial, or boundary, conditions is developed. approach ignores their inherent two-dimensional (2-D) systems
Finally, some significant new results on the problem of stabilization Structure, i.e., information propagation along a given pass (
by choice of the pass state initial vector sequence are developed. direction) and from pass to pask (lirection). In particular,
Index Terms—Controllability, dynamic boundary conditions, so-called disc_re_te linear repetitive_process_es considered in this
repititive processes, stability, stabilization. paper are a distinct class of 2-D discrete linear systems where,
in contrast to 2-D discrete linear systems described by the
well known and extensively studied Roesser [9] and Fornasini
Marchesini [5] models, information propagation in one of the
HE essential unique characteristic of a repetitive proces®o independent directions only occurs over a finite duration.
(also termed a multipass process in the early literature)The 1-D approach to stability analysis for these processes
can be illustrated by considering machining operations whetempletely ignores the effects of resetting one part of the initial,
the material or workpiece involved is processed by a series@fboundary, conditions before the start of each new pass. This
sweeps, or passes, of the processing tool. Assuming the pass key distinguishing feature of these processes and there is
lengtha < 400 to be constant, the output vector, or pass profilevidence to strongly suggest that the form of the boundary con-
yr(t), 0 < ¢ < (¢ being the independent spatial or temporalitions, and, in particular, the pass state initial vector sequence
variable), generated on thigh pass acts as a forcing functionin the defining state-space model, at the start of each new pass
on, and hence contributes to, the dynamics of the new pass psceritical to their stability and control properties [11].
file yp41(t), 0 <t <, k > 0. In this paper, a general set of boundary conditions for dis-
Industrial examples of repetitive processes include long-wallete linear repetitive processes is defined and a complete char-
coal cutting operations and metal rolling operations [4], [11acterization of stability under these conditions is obtained. Also
Also a number of so-called algorithmic examples exist wheeepreviously developed 1-D equivalent discrete linear systems
adopting a repetitive process setting for analysis has clear athte-space model of the underlying dynamics is used to de-
vantages over alternative approaches to systems related avelbp new results which lead to computationally feasible sta-
ysis. These include iterative learning control schemes [1], [B]lity tests and the characterization of physically relevant con-
and iterative solution algorithms for dynamic nonlinear optimatollability properties. Finally, the problem of stabilization by
control problems based on the maximum principle [8]. choice of the pass state initial vector sequence is solved. The sta-
The essential unique control problem for these processebility analysis starts from the stability theory for linear repetitive
that the output sequence of pass profiles generated can gmmcesses developed in [10] on the basis of an abstract model in
tain oscillations that increase in amplitude in the pass to pasBanach space setting which includes all such processes as spe-
cial cases and therefore a fundamental task is to interpret the re-
. . . . . . sulting abstract model stability conditions to the particular case
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pass profile, and(p) is ther x 1 vector of control inputs (and
k,p,a € N)

Tr1(p+ 1) =Az41(p) + Bust1(p) + Boyr(p) QX2(0)=d2+f(Y10))

Ykr1(p) =Ciq1(p) + Dury1(p) + Doyr(p). (1) _ k
o o x1(0)=d1+f(yo(})) ®
To complete the process description, it is necessary to spec

the ‘initial conditions'—termed the boundary conditions here
i.e., the state initial vector on each pass and the initial pass p
file. The simplest possible form for these is

Tr+1(0) =dp11,k >0
vo(p) =y(p),0<p<a—1 )

whered;, 41 is an nx 1 vector with constant entries angp) is yo(i), J=0,1, ... ,a-1
an mx 1 vector whose entries are known functiongofThese _. . . .
. . . . . =ig. 1. lllustrating the dynamic boundary conditions.
boundary conditions occur in the iterative learning control appﬁ—
cation where the repetitive processing setting provides distirr t[

advantages over alternatives for the case of linear dynamics L. is a bounded linear operator mappifig into itself. The

particular, studying the stability of such schemes in a repetiti\/grmL yx represents the contribution from pasto passt + 1

process setting glso producgs, for no extra computational C%ﬂdbkﬂ represents known initial conditions, disturbances and
precise information on stability and, uniquely, on both the ra&%ntrol input effects. We denote this model By
0 . )

of convergence to the learned signal and the errors generate Rt this stage, introduce the Banach spdte = £2'[0, ] of
successive passes (termed trials in the iterative learning CO”FeOAIm %1 vect;)rs (corresponding fo= 0, 1,2 2@ N Lin
- ) ) 10t )

literature). -
. . (1)). Also regardy, = [yx(0),yx(1),...,yx(a — 1)] as a point
In some cases, the‘boundary (fOI’]dItIOI’]S of (2) are sim E,. Thenitis routine to show that (1) and (3) define a special
not strong enough to ‘adequately’ model the underlying d)(:_ase of (4) with
namics—even for preliminary simulation/control analysis. For
example, the optimal control application [8] requires the use

f ~ &= —1—r
pass state initial vectors which are a function of the previoggay’“)(p) =CAY+ Z CAP" Boyn(r)

his modely,. € E, isthe pass profile on pagsb,+1 € W,

. . . . r=0
pass profile. In this and the next section, we define a general set _
of boundary conditions for discrete linear repetitive processes +Douyr(p),0<p<La—1 (5)
and obtain a complete characterization of stability under thesbere
conditions. a—1
Clearly, it is of prime importance to start with the general j= K;u(h) (6)
form of boundary conditions with subsequent specialization to =0
particular cases as required. Other work [11] has concluded that
the most general set results from replacing1(0), & > 0, in and
(2) by ke
bk+1(p) = CAPdy 41 + Z CAP~1! Bug4 (7)
a—1 r=0
2141(0) = dipr + Y Kjun(h) 3) +Dup1(p),0<p<a—1. (7)
=0
wherekK;, 0 £ j < o — 1, are nx m matrices with constant Il STABILITY ANALYSIS

entries. The_se are precisely qf the form re_quired_in t_he optimalrpa finear repetitive process is said to be asymptotically
control application and the existence of this application (whegg, po [10] if3 a real scalas > 0 such that, given any ini-

the major interestis in the convergence properties oftheiterat'w{,g profile 4o and any disturbance sequenfig.}is1 € W,
solution algorithm) provides a major motivation to undertakﬁounded in norm (i.eJjbx| < ¢ for some constant; > ‘8

a detailed investigation of the systems theoretic properties;ﬂ{dW > 1), the output sequence generated by the perturbed
processes described by (1) and (3), and for which the results;in oo™

this paper are the first major outcomes of such an investigation.
Fig. 1 illustrates the boundary conditions for the discrete linear Y1 = (Lo +7)up + brg1,k >0 (8)
repetitive processes under consideration here. _ )

The stability theory for linear constant pass length repetitije Pounded in norm whenevgr|| < 6. _
processes is based on the following abstract model of the unThis definitionis easily shown to be equivalent to the require-
derlying dynamics wherg,, is a suitably chosen Banach spac@'ent that finite real scalars/,, > 0 andA, € (0,1) such that
with norm||.|| and W, is a linear subspace &, ILE| < Mo AR k>0 ©)

(83

Y1 = Lotk + Uiy, k> 0. (4) (where]|.|| is also used to denote the induced operator norm).
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A necessary and sufficient condition [10] for (9) to hold isnapf — ¢(¢) f is bounded and& = [zT(0),---, 2T (a—1)]7,
that the spectral radius(L,, ), of L,, satisfies and entry(h,v) in the na x na matrix M () is then x n
r(Ly) < 1. (10) matrix (A + ("1 BoC)*K,C. It is now routine to show that
“ a sufficient condition for the existence of a solutidnhis that
Consider also the case whep, 1 (0) is of the form givenin (2). (¢I,,, — M(¢)) # 0.
Then, in this case, it is known that the necessary and sufficientn this situation, it is a standard fact thais not a spectral
condition for asymptotic stability is that(Dy) < 1. Thisis value of L,, i.e., (¢o(L,) Wheres(-) denotes the spectrum
clearly a necessary condition for asymptotic stability under tlg its argument. Also it is easy to conclude that this nonsingu-
pass state initial conditions of (3) and is hence assumed to hglelty condition is necessary by using the controllability assump-
in what follows. Also, it is convenient to first establish the contion to construct arf such that there is no solution tol,.. —
dition for asymptotic stability in the special case whgn= 0.  A7(¢)]X = f(¢), and hence no solution tg7 — Lo )y = f for

Introduce that choice off. Finally, it is easy to see that the matdX(()
a-1 ' can be written as
M(C) := Z K;C(A+ ¢ 1By0) (11) I,
3=0 9

[KoC, -, Ka1C] (16)

where 0 is a complex scalar. Then, we have the followin 1 o

resuIt.C a P ° (A+ ¢ B0)™
Theorem: Suppose tha{A, By} is controllable, and con- and note thatdet(Cl,, — M(()) = ¢™*Vdet(¢l, —

sider the linear repetitive processgenerated by (1) and (3) 3= 1 ;

(with Dy = 0). Then the resulting bounded linear operatqr Z K;C(A+ (" BoC)) . Hence

defined, in this case, by (5) and (6) has spectral radius given &y’

a—1
"(La) = sup{[¢| : det(Cln = M(Q)) =03} (12)  ,(p ) = ¢ det(CT, — 3" K 0(A+ (' BoC)Y) = 0.
Proof: Evaluation ofr(L,,) for any case is equivalent to 3=0

finding the spectral value (or eigenvalue in the finite dimen- ) . 17)
sional case) of this bounded linear operator which has the largestorollary 1: The linear repetitive processgenerated by (1)
modulus. To do this, we follow a standard route in function@"d (3) WithDo = 0) is asymptotically stable if, and only if,
analysis (see, for example, [10] and the relevant cited ref@! solutions of

ences) and examine the problem of solving the equdtjér-
Ly)y = ffory € E, whenf € E,. In particular, we deter-
mine the set of all values af such that the map +— % is de-
fined and bounded ii&,,. Then by definition-(L,,) is obtained have modulus strictly less than unity.

by taking the supremum of the absolute values of the memberd-urther simplification (reduction in dimension) is possible in
of this set (in effect, the member of this set with the largest mogome cases, e.g., the following.

a—1
det(Cln — Y K;C(A+ (T BCY)=0  (18)

i=0

ulus). Corollary 2: Consider the linear repetitive procesgener-
Write ) = Loy. ThenCy —n = f = y = ¢"Y(f +n) and ated by (1) and .(3) (withDy = 0) in the special case vyhen
the relationship betweefiands; is described by K; = KT;,0 <j < a—1,whereK is ann x m matrix with
constant entries arfl;, 0 < j < o — 1, is anm x m matrix
z(p+ 1) =Az(p) + Boy(p) 1 with constant entries. Then this process is stable along the pass
— ) if, and only if, all solutions of
n(p) =Cx(p), =(0) = Y _ K,y(j). (13) o
j=0 —1 5
det(¢I,, — T,C(A4+ ("B CYK)=0 (19)
Usingy = ¢ 1(f + 1) we now have ( ]z::O it 0Oy K)
z(p+1) =(A+ T BoC)x(p) + ¢ Bof(p) have modulus strictly less than unity.
y(p) =C"HCx(p) + f(p)) (14) Note: Often, it will be the case that >> m, i.e., the pass

state vector dimension is much greater than that of the pass pro-

and the general solution far(p) can be writteninthe form g6 \ector and, where it applies, this last corollary offers great

. a1 . . . computational savings.
2(p) = (A+ (T BoCP > (MK [Ca(h) + f(5)] In the case whet, # 0, first define the following transfor-
J=0 mation:

p—1
3 CHA+ (T BT I By f(). (15) Uk1(P) == Yrt1(p) — Dour(p),0 <p < v — 1,k > 0. (20)
j=0 Then, it is routine that the proof Theorem 1 still holds under the
The existence of a solutianto (¢7 — L, )y = f is equivalent following substitutions

to the consistency of (15) at the points= 0,1,2,-- -, — 1. Bo —(Bo(CLn — Do)t
Also, the« equations obtained by successively evaluating the e K(CL — Do)~ 21
equation fore(p) given by (15)ap = 0,1,2,---,«— 1, can be § G (G o)™ (21)
written in matrix form ag¢ .. — M(<)]X = g(¢)f, where the Hence we have the following result.
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Corollary 3: The linear repetitive processgenerated by (1) Proof: Replace all variables by their strong limits and note
and (3) withr(Dy) < 1 is asymptotically stable if, and only if, that, by considering the unforced case, we obtain the form of
all solutions of Z0(0) as the required inverses exist by asymptotic stability.

a1 Asymptotic stability of processes described by (1) and (3)
det(¢I, — Z K;¢(CLn — Do)t guarantees the existence of a limit profile which is described
—0 by a standard, or 1-D, discrete linear systems state-space model.

_1,\J Hence, in effect, if the process under consideration is asymptoti-
xC (A + Bo(Clm = Do) C) )=0 (2 cally stable, then its repetitive dynamics can, after a ‘sufficiently
have modulus strictly less than unity. large’ number of passes, be replaced by those of a 1-D discrete
Consider now the case when the boundary conditions areliggar time invariant system. This result has obvious implica-
the simple form (2). Then we have the ‘counter-intuitive’ retions in terms of the design of control schemes for these pro-
sult that asymptotic stability is essentially independent of tH&SSES.
process dynamics and, in particular, the eigenvalues of the maOwing to the finite pass length (over which duration even an
trix A. This is due entirely to the fact that the pass lengtis unstable 1-D linear system can only produce a bounded output),
finite and of constant value for all passes. This situation wiiSymptotic stability cannot guarantee that the resulting limit
change drastically if (as below) we lat— co. profile has ‘acceptable’ along the pass dynamics, where in this
In general, Theorem 1 shows that the property of asymptofi@se the basic requirement is stability as a 1-D linear system.
stability for discrete linear repetitive processes is critically déis a simple example to demonstrate this fact, consider the case
pendent on the structure of.41(0), & > 0. Suppose also that when4d = —0.5,B=1,By =0.5+3,C =1,D = 0.Do = 0,
this sequence is incorrectly modeled as in (2) instead of a spe+1(0) = 0, k > 0, whereJ is a real scalar. Then in the case
cial case of (3). Then, the process could well be interpreted\&Ben|3| = 1, the resulting limit profile dynamics are described
asymptotically stable when in actual fact it is asymptotically ui®y the unstable 1-D linear system
stable!
The above analysis provides necessary and sufficient condi- Yoo (P +1) = FYioo(p) + tiee(p)- (26)
tions for asymptotic stability but no really ‘useful’ information The natural definition of ‘stability along the pass’ for the
concerning transient behavior and, in particular, about the &ove example is to ask that the limit profile is stable in the sense
havior of the output sequence of pass profiles as the proct3at|3| < 1 if we let the pass length become infinite. This
evolves from pass to pass (i.e., in thedirection). The limit intuitively appealing idea is, however, not applicable to cases
profile provides a characterization of process behavior afteméere the limit profile resulting from asymptotic stability is not
‘large number’ of passes has elapsed. described by a 1-D linear systems state-space model. Conse-
Suppose that the abstract modeis asymptotically stable quently stability along the pass for the general mdtleés been
and let {b,},>1 be a disturbance sequence that convergésfined in terms of the rate of approach to the limit profile as the

strongly to a disturbande,,. Then the strong limit pass lengthy becomes infinitely large. One of several equiva-
_ lent formulations of this property is that is said to be stable
Yoo := kl{lfoo Y (23) along the pass if, and only if real numbersM., > 0 and

. . ) . o Ao € (0,1) which are independent ef and satisfy
is termed the limit profile corresponding to this disturbance se-

quence. Also it can be shown that, is uniquely given by ILE]| € MooAL, V> 0,V k > 0. (27

Yoo = (I = L) Ybon. (24 In physical terms, the essential difference between asymp-

i totic stability and stability along the pass can be highlighted
Note also that (24) can be formally obtained from (4) (whichy noting that they are, in effect, formulated in bounded-input
describes the dynamics 6% by replacing all variables by their bounded-output (BIBO) terms, where the term ‘bounded’ is de-
strong limits,i.e.yx1 andy;, by yo, andb.41 by b, and noting fined in terms of the norm on the underlying function space.

that asymptotic stability ensures thlat- L., is invertible. The concept of asymptotic stability demands that sequences of
Proposition 1: In the case whe' generated by (1) and (3) inputs (i.e., in terms of the abstract modél }«>1) produce
is asymptotically stable, the resulting limit profile is bounded pass profile sequencésg.(x>1) over the finite pass
1 length. Stability along the pass, however, is stronger in the sense
Too(p+1) =(A+ Bo(lm — Do) Clreo(p) that it demands this property uniformly with respect to the pass
+ (B + Bo (I — Do)™" D) oo (D) length.
_ Necessary and sufficient conditions [10] for (27) are that
yoo(p) :(Irn - DO) lcxoo(p) y [ ] ( )
+ (Im — Do) " Duc(p) roo = supr(La) <1 (28)
a—1
§=0 My :=sup sup ||(¢T — Lo) 7t < o0 (29)
a>0[¢[=A

iy —1
+Bo(Lm — Do)t C) doo 25
of 0) ")) (23) for some real number € (.., 1). Note also that (29) here does,

whered, is the strong limit of{dy }x>1. in fact, imply (28). The reason for retaining their separate iden-
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tities is that in many of the cases considered to date, includihgunded on any intervd®, «g] with o9 > « — 1. Condition
the one here (see below), (28) has proved much easier to in{®)-shows that the matrid + Bo(({,, — DO)_IC is bounded
pret than (29). Also as it is a necessary condition, if (28) doasd stable for all complex in the set{¢ : |¢| > A} where
not hold for a particular case then there is no need to consideris any point in the nonempty setup,,_; 7(G(p)),1).
(29). Hence for these values gBN > 0 ande € (0,1) such that
In the case of (28) for processes described by (1) and (3), fit§tA + Bo(¢1,, — DO)’IC)pH < Né?,Vp > 0,V|¢] > A.The
note that it follows immediately from the proof of Theorem Inap f — ¥ in £5*[ag, ) is hence uniformly bounded over
that the spectrum af,, in this case is independent of the pointshe infinite rangex > oy and{¢ : |¢| > A}. Condition (29)
on the previous pass profile defined by the ingéx (3). Hence, follows by combining these results.
(28) for stability along the pass in this case holds if, and only if, As to be expected intuitively, stability along the pass demands
Corollary 3 holds. thatr(A4) < 1, i.e., the first pass profile is uniformly bounded
To examine the ‘boundedness’ condition of (29), the methadith respect to the pass length. The simple example with limit
is to note that this condition is equivalent to the existence ofprofile given by (26) demonstrates, however, that this condition
A € (7, 1) such that the equatidig ] — L)y = fin E, has a is necessary but not sufficient (only the condition®p) is vi-
uniformly bounded, with respect te, solutiony for all choices olated if|3| > 1). Each of these conditions for stability along
of f € E. satisfyingsup,. || f|| < oo andVv|(| > 1. Clearly, the pass also has a well defined physical interpretation as sum-
a necessary condition for this property is th@t) < 1 (Equiva- marized next.

lently, the first pass profile produced is uniformly bounded witrl) Asymptotic stability demands thatthe sequehgg0)} x>1,
respect tax.) This condition is taken as an assumption in the e  the sequence formed by evaluating the pass profile at
following result which gives necessary and sufficient conditions  ;, — ¢ on each pass does not become unbounded in a well
for stability along the pass. defined sense as the pass numbes + cc.

Theorem 2: Suppose thafA, By} is controllable {C, A} is  2) The requirement that{ A) < 1 demands that the first pass
observable;(Do) < 1,andr(A) < 1. Thenthe linearrepetitive  profile is uniformly bounded with respect to the pass length.
processs generated by (1) and (3) is stable along the pass if, any The last condition effectively demands that each frequency
only if component of the initial pass profile is attenuated from pass

1) Corollary 3 holds; to pass.

2) all eigenvalues of the transfer function matrix.

IV. 1-D EQUIVALENT MODEL AND STABILITY TEST

_ — In this section, we use a previously developed 1-D equiva-
G(p) =C(pl,, — A)™'Bo+ D 30 2 ) ,

(o) (o ) o+ Lo (30) lent state-space model description of the dynamics of discrete
have modulus strictly less than unityp| = 1. linear repetitive processes described by (1) and (3) to develop

Proof: The necessity of (a) follows agL,) < 7o, < 1 NEW stability tests which can be implemented by direct applica-
requires asymptotic stability on finite intervals. To prove th#on of 1-D linear systems tests compatible with computer aided
necessity of (b), itis necessary to consider unbounded interva@8alysis. As necessary background, we first summarize the con-
Write [0, 4 o) = [0, ag] U [evg, + 00) With oy > o — 1 and let  Struction of the 1-D equivalent model.

f € E... Then condition (29) shows thate E... Also by the Consider a discrete linear repetitive process described by (1)
controllability assumption, we can choogeuch thatL’(Oéo) is with boundary conditions of the form (3) Then the basic steps
arbitrary and the resultant response[ag, 4+ o0) can then be in the construction of the 1-D equivalent model of the dynamics
calculated. The uniform boundedness of the response and @hhis process are given below — for a detailed treatment see [7].

observability assumption now establish that- Bo((~11,, — Step 1) The basic state-space model (1) is first transformed to
Do)~ 1C is Hurwitz, i.e., all solutions irp of det|pl,, — A — the standard 2-D linear systems Roesser state-space
Bo(¢L, — Do)~ *C| = 0, have modulus strictly less than unity model by applying a simple ‘forward transformation’
for all choices of the complex scalain the rang€g[¢ : || > A} of the pass profile vector followed by a change of vari-
Also we have that able in the pass number. In particular, set
det|ply, — (A + Bo(¢lm — Do) ~10)| = y—1(p) =uk(p), k20,0<p<a-11:=k+1 (32)
det(ply — A)det(¢ln — G(p)) (31) respectively. Then, on introducing these substitutions
det(¢Lm — Do) into (1) the dynamics of a discrete linear repetitive
which, noting the assumptions oD, ) andr(A), leads to con- process can be equivalently described by the stan-
dition (b) here on application of the multivariable Nyquist sta- dard (also termed regular or nonsingular) Roesser
bility criterion in the discrete domain. This completes the proof state-space model
of necessity. zi(p+ 1) =Azi(p) + Bu(p) + Bovi(p)

To prove sufficiency, first note that condition (a) and the .
fact that the spectrum df,, in this case is independent of vt (p) =Cz(p) + Dua(p) + Do vi(p) (33)
ensures that.. = 7(L,,) < 1foranywy > o — 1. Now wherel =1,2,..., p=20,1,2,...,a — 1.
consider the equatioft! — L,)y = f. Condition (a) ensures Step 2) To calculate the process response using this equivalent
that the mag(¢l — L,)™! : f — yin £3'[0, a] is uniformly description it is necessary to ‘transform’ and apply the
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correct set of boundary conditions. In the case of (3) Introducing these substitutions now leads immediately to the

these become

a—1
z(0) =di + Y Kju(j),l=1,2,
j=0

Ul(p):y(p)7p:071727"'7a_1' (34)

following 1-D equivalent model for the dynamics of discrete
linear repetitive processes described by (1) and (3)

Step 3) Now define the so-called global pass profile, state antiere

input super-vectors for (1) as

B UI(O)
Ul(].)

:w(oc.— 1)
(1)

_371(.04)
r U,I(O)

) (35)

_ul(a.— 1)

Also, define the matrice®, A, © andT, %, ¥ as shown in
(36)—(39) at the bottom of the page.

Y(I+1) =Y () + AU() + Od, (40)
X(1) =I'Y(l) + SU(I) + ¥d, (41)
o= [é + @K] (42)
r— [f + \IJK} . (43)

K =[KoKy Ko, ... (44)

Hence we get (45) and (46) shown at the bottom of the next
page.

Previous research in the 2-D/nD systems area has also devel-
oped a 1-D equivalent model for the underlying dynamics—see,
for example, [3]. A key point about the resulting model is that
it is ‘time varying’ in the sense that the dimensions of the ma-
trices and vectors which define itincrease as the process evolves
over the positive quadrant, and this fact alone has prevented its
effective use in the development of a mature systems theory for
the 2-D/nD processes it describes. This feature is not present in
the equivalent 1-D model for discrete linear repetitive processes

Do 0 0 ... 0
CBo Dy 0 ... 0
§-| CABy,  CB, Dy .. 0 (39)
LCA° 2By CA* 3B, CA* B, Do Jimascma
- D 0 0 ... 0
A—| ©caB CB D .0
|CA*~2B CA*~®B CA*~B D1 mascra
rC
CA
o | (37)
_CAQ_I ma Xn
— BO 0 0
. AB B 0
. Bo o _ (38)
_Aa_lBO Aa_QBo . BO noaXmao
— B 0 0
AB B 0
[ A®"1B A~2pB Bl axra
T A
AQ
yo | (39)
A(y

= naxn
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and hence it should be of major use in the development of a ‘ma-Now multiply the firstee — 1 block rows by the scalaf (which
ture’ systems theory for these processes. does not add any nonzero roots) and then perform the following
In what follows, we develop new results which use the 1-Block elementary operations.

model to obtain a computationally feasible test for asymptotic 1) Multiply the last block row from the left by the matrik
stability under the pass state initial vectors of the form (3). The  and add the result to the preceding block row.

starting point is the following result. 2) Multiply the penultimate row of the matrix resulting from
Lemma 1: The asymptotic stability condition of Corollary 3 1) from the left byA and add it to the block row above.

is equivalent to the requirement thbf (42) (or (45)) satisfies  3) Continue until the operation of 2) is applied to the first

r(®) < 1 two block rows.

Proof: Consider (22) and note that, by application of suit- Thijs shows that (47) is equivalent to (50) shown at the bottom
able block elementary operations which leave the determingtihe pagev|¢| > 1 where

invariant, this is equivalent to

Z/} = C(CIm - DO)_l (51)
I, -w .. 0 0 i ,
i i We can now write (50) in the form
0 1, . . 0
det | L ; £0, det ((Lno — PR) #0,¥/¢ 2 1 (52)
6 () v I, _W where P is of dimensionan x am and R = diag, {C}.
~War —Wag - =Wi (L, — Wy Hence by a standard fact from the theory of determinants

V(=1 (47) det (§Ina —_PR) = ¢((=mIadet (CIne — RP) and therefore
(47) is equivalent to (53) shown at the bottom of the page
where V|¢| = 1. Finally, extract the matrix on the right-hand side
from each block row (and note thatD,) < 1) and the proof
W =A+ Bo(¢Ln — Do)~'C (48) is completed by applying appropriate block row and column
W; =K;¢(¢I,, — Do)~ 'C, 0<j<a—1 (49) permutations.

Do + CK, CK, . CK, ,
O(By + AKo) (Do +CAKY) ... CAK,_,
P = CA(BO + AKO) C(BO + A2K1) . CA2KQ_1 (45)
CAaiQ(BO + AK()) CAaig(Bo + A2K1) - (Do + CAailKa_l)
By + AK, AK, . AK.,_,
A(By + AKy) (Bo + A%K;) . A’K,
= AQ(BO + AK()) A(BO + A2K1) e AgKa_l (46)
A(y_l(Bo + AK()) A(Y_Q(BO + AQKl) ... (BO + A(yKafl)
(T, — A K, pC —A"LKy opC — BypC -~ —A*~LKgpC — A°=2BypC
det : : : : £0 (50)
—AK,_19C —AK\_opC . — AKC — BoypC
- 0_11/}0 - 0—21/}0 T CIn - Koi/JC
(I —CA 'Ky 1Y) —CBgtp — CA* 'Ky o -+ —CA* 2By — CA* " Koy
det 5 ; 5 : £0 (53)
—CAK, 14 —CAK, . CBy — CAK )

_CKa—lw _CKQ—Qw T CIrn, - CKOT/)
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The following result now gives a set of conditions for stabilityAlso for (a,b) < (¢, d), the rectanglé(a, b), (¢, d)] is defined
along the pass of processes described by (1) and (3) which earfollows:

be tested by direct application of 1-D linear systems stability b D= D) < (i) < (c.d 58
tests which are compatible with a computer aided analysis en- [(a.0), (e, d)] :={{a,b) = (i.) = (e, d)}- (58)
vironment. Now, we proceed to the pass controllability property and (in the

Theorem 3: The linear repetitive proceségenerated by (1) following sub-section) so-called pass state controllability.
and (3) withr(Dy) < 1is stable along the pass if, and only if

. . . A. Pass Controllabilit
1) all eigenvalues of the transfer function matrix y

The property of so-called pass controllability for discrete

G(C) = K(Clpa — q;)—l@ (54) linear repetitive processes is defined as follows.
Definition 1: The discrete linear repetitive processes de-
have modulus strictly less than unify¢| = 1; scribed by (1) and (3) are said to be simultaneously, or pass,
2) r(A) < 1; controllable if3 a pass nhumbeK™ and control input vectors

3) all eigenvalues of the transfer function matri¥p) defined on the rectanglgo, 0), (K*, « — 1)] which will drive

defined by (30) have modulus strictly less than unit{he process to an arbitrarily specified pass profile on p&ss
Vip| = 1. Itis routine to see that pass controllability of the dynamics of

Proof: Itis only required to show that condition (a) here i£TOCESSeS described by (1) and (3) is equivalent to controllability

equivalent to the condition of Lemma 1. To establish this, simpff the equivalent 1-D model, i.e., the p&ib, A} is controllable.
note that Lemma 1 requires that his is stated formally as the following result.

Theorem: Discrete linear repetitive processes described by

det (Lo — @) = det((Lpa — @ — OK) = det(CLpa — P) (1) and (3) are pass controllable if, and only if

xdet(Ima — ((Ina — @) IOK) £0  V|¢|>1 (55) rank [zI — ®, Al =ma VY eC. (59)

The condition of (59) can be decomposed into a simpler struc-
ture equivalent form by introducing the following matrices:

Q0 = [CK17 CK27 T CKozflv D]

.
det(Ima = ((Ima = ®)7OK) 0 V(|21 (56) o —[0(B, + AKo), CAK>, -, CAKa_1,CB, D]

where the inverse used exists sin¢d),) < 1 (note the struc-
ture of @ of (36)). Equivalently, we require that

and the result now follows immediately on application of a stan- :
dard relationship from the theory of determinants. Qu_y1 = [CA°"2(By + AKy), -+, C

x (Bo+ A*2K._5),CA* 2B, CA* 3B, CA*™B,
... CAB,CB, D]. (60)

V. CONTROLLABILITY

In this section, we use the 1-D model to develop new results
which completely characterize so-called complete pass contrblen, we have the following result.
lability for discrete linear repetitive processes with boundary Corollary 4: Discrete linear repetitive processes de-
conditions of the form (3). As for other classes of 2-D linea¥cribed by (1) and (3) are pass controllable if, and only if,
systems, the situation re controllability for discrete linear repet-J = 0,1,---,a — 1
itive processes, with any form of boundary conditions, is some-rgnk [¢L — (Do + CAK;), Q] =m V¢ecl. (61)
what more complex than in the 1-D case. In particular, at a gen- . . . )
eral level, so-called point and pass controllability can be for- _Proof: The set of conditions given in (61) are, in fact,
mulated. In [6] the former property, essentially the existence Gflulvalent to the necessary and sufficient condition of (59) since
an admissible control sequence which will drive the system t38Y are obtained from it by an obvious decomposition of this

prescribed dynamics at a particular point on a particular paggndmon. .
was completely characterized in terms of rank properties of ma. | € following corollary holds for the case when the pass state
trices with constant entries. This used a 2-D Fornasini Marctitial vector sequence has the simpler form of (2). _
esini state-space model equivalent description of the underlying-orollary 5: Discrete linear repetitive processes described
dynamics. It was also shown there that it was not possible to (8 (1) and (2) are pass controliable if, and only if, the pair
this approach to characterize pass controllability. Here we sha0; 2} is controllable. .
that this task is possible using the 1-D equivalent model where! S résult shows that the property of pass controllability
the resulting conditions are in easily checkable form. cannot be present iy = 0 or D = 0.

The analysis which follows requires the following orderin% In the case of dynamic boundary conditions of the form (3),
of two tuple integers: he matrix® has a somewhat more complex structure tham

particular, it is the lower block triangular structuredfwhich
(f,h) <(k,p) iff f<kand h<p enables the simple necessary and suffipient conditions of Corol-
) =(k,p) iff f=k and h— lary 5 to be derived for pass controllability under boundary con-

P ° P ditions of the form (2). It is, however, also possible to derive
(f,h) <(k,p) iff (f,h) < (k,p) and (f,h) # (k,p). ‘relatively simple structure’ conditions for pass controllability
(57) inthe presence of boundary conditions of the form of (3).
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Theorem 5: Discrete linear repetitive processes described byence, in the 1-D model the matricésand A are transformed
(1) and (3) are pass controllable if the following conditions holtb
v¢ecd . . .

o* =S5719S, and AT = S7LA (66)

rank [(1,, — (Do + CKyp), D] =m, . R _ .
rank [1,, — (Do + CAK:), D] =m, respectively, wheré = diag{s, S,---, S}, and this completes

the proof.

B ' B. Pass State Controllability
rank [¢L, — (Do + CA* 'K,_1),D] =m.  (62) o ,
The property of pass state controllability is defined as fol-
Proof: This is an immediate consequence of the fact thigws.
the matrixA has, see (37), a lower block triangular structure in Definition 2: The discrete linear repetitive processes de-
this case. scribed by (1) and (3) are said to be simultaneously, or pass,
From the above analysis, we see the essential difference §gite controllable i a pass numbefk* and control input
tween pass controllability of processes with boundary condjectors defined on the rectanglé, 0), (K*, o — 1)] which
tions of the form (2) and (3) respectively. Inthe former case, it{§il| drive the process to an arbitrarily specified state vector
easy to see that the pass controllability horizon, i.e., the numkiguence on pads*.
of passed(™ required to attain the prescribed pass profile, can |n order to study this property, consider first the equivalent
be equal tan — the dimension of the pass profile vector. Thig_p Roesser state-space model representation of the dynamics
property is due to the block triangular structure of the matrices giscrete linear repetitive processes given by (33). Then in this
(36) and (37) which define this property for processes describggy model, the current pass state vector of the repetitive process
by (1) and (2). Inthe latter case, however, the pass controllabilifyireated as a local horizontal state sub-vector and the pass pro-
horizon must generally be assumed to be equal to the full (Sta§f) vector as a local vertical state sub-vector. Previously, after
dimension of the 1-D equivalent model, i.gu. introducing the 1-D state-space model we have investigated only
As a simple example to highlight the critical role of the,;sq controllability relative to the global pass profile vector as
boundary conditions on the pass controllability properties gfyenresents the global state of the process. The subject of this
linear repetitive processes of the form (1), consider the cagg, section is the pass controllability properties of global state
whene = 2 and vectorX(l) of (35). Note that it is never possible to simultane-
C=[1 1], D= [1} . Dy= [0 1} ' (63) ously achieve arbitrarily specified pass profile and state vector
2 10 sequences along a given pass, i.e., the processes considered in
This example is pass controllable when the boundary conditidfiéS Paper can never be simultaneously pass and pass state con-
are of the simple form (2), but if they are of the form (3), i.erollable. _
K = [K,, K] then it is easy to see that pass controllability Itis clear from (40) and (41) tha& (/) depends statically on
does not hold whedk, + 2K; = —3. Equally, it is possible the global pass profile vectdf(Z), since its dynamics have been
that a process with boundary conditions of the form (2) is n@bsorbed’ into the matrices which define the 1-D equivalent
pass controllable but can be made so by suitable choice of fRedel. HenceX(7) alone cannot be the subject of the control-
boundary conditions of the form (3). lability investigations. However, in applications we may only be
In common with the 1-D case, transformations of both tHeterested in reaching just the specified trajectiry/) and not
state and/or pass profile vector play an important role in thé(/). The conditions under which this can be achieved are es-
analysis of discrete linear repetitive processes. The most bdsielished next.
form of these are defined next whefeand S are nonsingular ~ The only way of obtaining a pre-defined set of state vectors
matrices of dimensions x » andm x m, respectively along a pre-specified pass number, $ayis to first obtain the
prescribed pass profile on pass humbérsayY™,
Tr1(t) =TEp4a (1)

Yr41(t) =S+1(). (64) YI=Y(A Limy = V(N 4 1)
S _ =0Y(N)+ AU(N)+ OX(N,0) (67)
These are termed similarity transformations.

Theorem 6: Pass controllability of processes described b§Hch thall on the next pgssf—i*—llacontrol input vectot/ (N +
(1) and (3) is invariant under the similarity transformations dé- Which gives the required’™, i.e.,

fined by (64) . X*=X(N+1) =TY(N+1)+XU(N+1)+¥X(N+1,0).
Proof: Applying (64) to (1) and (3) gives (68)
Frpi(p+1) =T AT i1 (p) The.initic_al state vecto_K(N +1,0)is pre—spgcified on each
1 1 . pass, i.e., it not the subject of any control action. Consequently
+ T Buggr () + 17 BoSin(p) introduce
raa(p) =57 CT o (p) X=X*-UX(N+1,0 69
+5 Dura(p) + 5 DoSin(p) =X - TNV LO) (69)
ol to yield from (68)

#r11(0) =T dyys + > T7'K;Sii(j).  (65) L
= X =TY(N +1)+SUN + 1), (70)
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The problem now is to find an admissible pass profile trajectoAlso, (79) has a solution if, and only if,
Y(N + 1) and inputtU (N + 1) such that (68) holds for a pre-

scribedX.. rank[B, B] = rank[By B X] (81)
The necessary and sufficient condition for a solution to this
problem clearly is and lety*(N +1,1) andl/*(N +1, 1) be its solution under this
R R R condition. Now continue this solution process until paint 1,
rank|I', 3 = rank|[', ¥, X]. (71) when we have

Since it is not possible to ugé(V + 1), set this vectorequalto  BoY(N +1,a— 1)+ BU(N+1,a—-1)=X, (82)
zero and then (70) and (71) become
where

X =TY(N+1) (72)

a—1
and Xo=Xoa=) (ABoY* (N +1,a—1)
=1
rank[l'] = rank[[", X] (73) —A'BU*(N +1,a—i—1)). (83)

respectively. From this is follows that to obtain a givEi we
must have pass controllability, i.6.Dy, D} must be a control-
lable pair.

Given that we can only obtain eithéf* or Y*, it follows
in the former case that the pass profile on the next pass will
given by

Hence, if the matriX By B] is of full row rank () then (70)
always has a solution and an arbitrary pass state vector can be
reached. If this rank condition does not hold, only an appropriate
B%mbination of pass states can be reached.

Suppose now that we wish to rea&H without control action
on the last pass. Then, in this case, the first sub-equation of (70)

Y = Y(N+2) = ‘in(N'i‘l)'FAU(N—i-l)—i—@X(N—i—l,()), can be written as

(74) .
Also, the block structure of the matrices in the above equation BoY (N +1,0) = X, (84)

can be exploited to good effect. In particular, write ) - )
and this condition has a solution when

_Xl
X=|:|=X"-UX(N+1,0) rank[By] = rank[By, X1]. (85)
L X,

FX(N+1,1) = AX(N +1,0) If this condition holds, let™ (N +1,0) be its solution. Also the

second sub-equation can be written as

= : . (75)
| X(N +1,a) = A*X(N +1,0) BoY (N +1,1) = X, (86)
Then, we can write the first sub-equation in (70) as where
BoY (N +1,0) 4+ BU(N +1,0) = X, (76) Xy = Ko — ABY*(N +1,0) (87)
and the solvability condition for this equation is which has a solution if, and only if,
rank [Bo, B] = rank | Bo, B, X1 . (77) rank[B,] = rank[Bo, Xo). (88)

If this condition is satisfied leY* (N +1,0) andl/*(N + 1, 0) Suppose also that (88) holds and¥et(N + 1,1) be its so-
be the corresponding solution. lution. Then continuing this process until poimt- 1 gives
The second sub-equation in (70) can now be written as

BoY(N+1,0—1) = X, (89)
ABoY"(N 4+1,0) + BoY(N +1,1)
+ABU*(N +1,0)+ BU(N +1,1) = X, (78) where
or R ~ a—1 ‘
A Xo=Xo—) ABY* (N+1,0—1—14). (90)
BoY (N 4+1,1)+ BU(N +1,1) = X, (79) =1
where From this, it follows that ifB3, has full row rank ¢) then (70)

X } always has a solution without control action on the last pass and
Xo=Xo— ABY*(N +1,0) — ABU*(N +1,0). (80) any pass state vector can be reached. If this condition does not
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hold then only an appropriate linear combination of such states Proof: Follows immediately from the theory of the 1-D

may be reached. discrete linear invariant pole placement problem with state ma-
trix ®, input matrix® and state feedback matrix.
VI. STABILIZATION BY CHOICE OF THEPASS STATE INITIAL At this stage, it is instructive to consider the single-input
VECTOR SEQUENCE single-output case when (91) takes the form of (92) shown at

the bottom of the page. It now follows immediately that this
n<,Sond|t|on holds whed # Dy. In the case whe, = 0, (92)

can we select a set of matricés;, 0 < j7 < « — 1, such
’ reduces to (93) shown at the bottom of the page, whe€ 0.
that the process (1) is asymptotically stable under the bound .
" . . : <t<n-—
conditions (3) defined by this choice? %re{ppose alsd an intege < ¢ < n — 1 such that
This question is of particular relevance in the optimal con- CA'By # 0. (94)

trol application (see [8]). As shown below, this problem can

be solved using the theory of 1-D discrete linear systems p@igso let ¢ be the minimum value of for which (94) holds and

placement by state feedback. henceC A*By = 0, t < t. Then itis easy to see that (94) in this
Inessence, the problem here is one of finding a mdfrsuch  case requires that

that the eigenvalues @b + ©K can be assigned to arbitrary
locations inside the unit circle in the complex plane, i.e., the C
pole placement problem for a 1-D discrete linear system with CA -
state matrix®, input matrix®, and state feedback matrix. rank : =1 (95)
Now introduce the following new controllability concept which CAt-1
is termed initial state pass controllability.

Definition 3: Discrete linear repetitive processes described In 1-D linear systems terms, this last resultis equivalent to the

by (1) and (3) are said to be initial state pass controllable pr&dquirement that the minimum dimension of the observability
vided subspace for a discrete 1-D linear system with state maltrix

and output matrix is equal tof. Also, by the Cayley-Hamilton
theorem, it follows that if there is n6 < ¢ < n — 1, then
} = ma veet. ©1) CA'By = 0, ¥t. Inwhat follows, we extend this analysis to the
multiple-input multiple-output case by use of similarity trans-
Now, we can establish the following theorem. forms which produce the Jordan canonical form for the matrix
Theorem 7: Consider discrete linear repetitive processes dé,.
scribed by (1) and (3). Thehan appropriate choice of matrices For ease of notation, 1€ denote the matrix on the left-hand
K;, 0 <j <« —1,andhence the matrik of (44), such that side of (91). Then we require to check thahk(Q) = ma for
the eigenvalues of the matrit = & + OK defined by (42) z = v,, 1 < i < m, where~; is an eigenvalue ab,. Here, as
can be assigned to arbitrary locations in the complex planeaf) alternative to numerical checking, we proceed by using the
and only if, the example under consideration is initial state paSshur decomposition d,. In particular, we use orthogonal or

rank[( e — @, 0

controllable. unitary matrices to implement the Schur decomposition, i.e., the
—CBy ¢— Dy 0 ‘e 0 CA
rank CABy —CBy ¢— Do ‘e 0 CA?
—CAQ_QBO —CAa_gBO —CAQ_4B0 s C — Dy CA>—1
=a,V(eC (92)
C 0 0 e 0 0
CA —CBy 0 ‘e 0 0
rank CA2 —CABO —CBO te 0 0 =« (93)

CA*! —CA* 2B, —CA*?®B, --- —CBy, 0
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matrix .S transforming the pass profile vector, see (64), satisfi@gheres;, 1 < i < m, denotes a row of’, and in (99)x denotes
S—1 = ST in the case whei, has only real eigenvalues, andhe fact that this matrix is lower triangular.
S§—1 = (S*) when this matrix has complex eigenvalues, where Due to the quasitriangular form 6§ here, it is possible to ob-
x denotes the complex conjugate transpose operation. tain simpler conditions where the matrices involved have con-
Executing the Schur decomposition now transforms (91) #iderably reduced dimensions. In particular, introducesthe
the requirement (96) shown at the bottom of the page, wherel x m — 1 matrix A;(wherex again denotes that this matrix is
lower triangular) given as (103) at the bottom of the page, and

Do = 8*DyS, C = 5*C, By = ByS. (97) also
Here the matrixD), is lower triangular and denote its eigen- [ c_l |
values byy;, 1 < ¢ < m. Also the matrix@2 can now be written :
in block form as Ai Ci AT 17 m
¢ = éi+i s Bo=1[b5 - bptogtt - g ]
Q:[Qi,j]ai:1a2a"'aaaj:1a2a"'aa+1 (98) :
L G
where (104)
~ \ 0 which are of dimensions: — 1 x n andn x m—1 respectively,
ZTA \ andby, 1 < i < m, denotes a column ab,. Now consider
Qii= T2 (99) the matrices@;, := Q|.=x,, ¢ = 1,2,---,m which can be
’ - transformed by appropriate row and column permutations to the
L * Z—=Am form
Q@j =0,j>iandj7éa+1 (100) Y] ey 7
M At r=|¢ B;J ¢ b;) ¢4 (105)
éQAi_l ciBo cibo CZ‘A
Qg1 = . (101) P _
. Ai—l where the matrlceé”Bg ((m — D X (a = 1)), Cty ((n:
- Cm s e Do x a), CtA (m — Do x n), ;B (o x (m — Da), ;b
flA;{ 71f}o (a x «), ande; A (a x n) are defined as shown in (106)—(110)
B e A" By . at the bottom of the next page, whéfg,,_, (V"™ 1:1) denotes
Qi; =— . , 1> ] (102) N .
’ : thel x m — 1(m — 1 x 1) row (column) vector whose firgt— 1
@mAi—j—IBO entries are nonzero and the rest are zero.
(In — Do 0 0 - 0 [
~CBy (I, — Dy 0o - 0 CA
rank(Q) —rank —CABO —CBO CIm, — DO s 0 CA2
—CA* 2B, —CA*3By, —CA**By --- (l,,— D, CA*!
=ma,V(eC (96)
F = i,
0
_ Ai = Ait
Ai = Ai — Aig1
*
L )\7 - )\rn J

i=1,2,+,m. (103)
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ClearlyA;, i = 1,2,---,m is nonsingular and hene&’ B} Theorem 8: Discrete linear repetitive processes described by
is also nonsingular. Now consid&t, multiply the first block (1) and (3) are initial state pass controllable if, and only if, each
row on the left byci B (C? B§)~!, and subtract the result fromof the matrices
the second block row to yield Cpe := [m — ¢@Bl(C'BL) O}

A ciBg(OiBg)*lciA} ,

.. CiB} Cibi) 1=1,2,---,m (112)
' 0 |ciby — ¢ By (CiBY)~1Cib} have full row rank.
A An alternative method of testing for initial state pass control-
— S ‘ (111) lability is to decompose the requirement of (91) into ‘slices,’
¢’ A= ' By(C'By) 10T A i.e., the condition is equivalent to the set of conditions shown
in (113) at the bottom of the page holdiRgz € C. Finally,
note that any equivalent set of conditions could be substituted
Then, the following result follows immediately. for each of the conditions in (113).

_ {XZ ) 0
-U'By A
CiBl = | —C'AB; —~C'Bj A (106)
L -Ciav2B) —CPA*3B) —CA By - A
[ Vi,nl—l 0
_67B(7) Vvl,rnfl
Bl =| —¢AB} —&'Byy Vim—1 (107)
i —éiAa_2.§é _éiAO‘_g_éé —éiAa_4Bé s ‘/l,rn—l
[ Vrn—l,l 0
—ézi)é Vrnfl,l
Ozb(l) _ —CZAZJB _Czb(z) Vm—l,l (108)
__C«f,A(y—Ql;g —CA'iA‘”—?’lAJZ’) _C«f,A(y—%g R
o 0
— &by 0
by =| —¢Ab —c'by 0 (109)
_—éiﬁa_QlAJé _éiAa—?;l;a _éiAa—ALlA% ... 0
- ACZ P
¢ia 4
Cid=| CA | GA=| &4 (110)
_é«iAozfl éiAOéfl

rank[z2],, — Do, C]=m
rank [ 2], — Dy, C[By ABg]]=m

rank [Z_lrn — .D()7 C [Bo ABy .- AnilBo] Bo] =m (113)
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VII. CONCLUSIONS

This paper has considered discrete linear repetitive proce
in the presence of the most general set of boundary conditio|
i.e., where the state initial vector on each pass is an expli
function of the previous pass profile (output) vector. It has be
shown, by the development of necessary and sufficient con
tions, that the stability of these processes is completely det
mined by the structure of the pass initial state vector sequence.
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