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Abstract

The Maximum A-Posteriori (MAP) algorithm is
modified in order to incorporate the parity check
bit of extended BCH codes into calculating the
Log Likelihood Ratio (LLR) of the coded bits.
The algorithm is then used jointly with channel
equalisation — in a scheme referred to as turbo
equalisation — in order to mitigate the effects
of Inter-Symbol Interference (ISI) introduced by
dispersive channels. The performance of the ex-
tended BCH codes is evaluated and compared
to that of conventional BCH codes. For exam-
ple, the extended BCH(32,26) code was found
to outperform the conventional BCH(31,26) code
by approximately 0.5 - 1.0 dB at a bit error rate
(BER) of 10~° over dispersive Rayleigh-fading
channels.

1 Introduction

Conventional primary BCH codes are denoted by BCH-
(n,k,dmin), where n, k, dmin are the codeword length, the
number of information data bits and the minimum free
distance, respectively. They are referred to as extended
BCH(n + 1, k, dmin + 1) codes (1], if a parity check bit is
appended to the primary BCH codeword. The Maximum
A-Posteriori (MAP) algorithm {2] by Bahl et al. has been
modified for calculating the Log Likelihood Ratio (LLR)
of the encoded bits. The soft outputs of the coded bits
are fed back to the equaliser — in a scheme referred to as
turbo equalisation — in order to mitigate the effects of
Inter-Symbol Interference (ISI) introduced by dispersive
channels.

Turbo equalisation [3) was first introduced by C. Do-
uillard et al in 1995 for a serially concatenated rate
R = 0.5 convolutional coded BPSK system. Specifically,
Douillard et al demonstrated that the turbo equaliser was
capable of mitigating the effects of Inter-Symbol Interfer-
ence (ISI), provided that the channel’s impulse response
(CIR) is known. Instead of performing the equalisation
and error correction decoding independently, better per-
formance can be achieved by considering the channel’s
memory, when performing joint equalisation and decod-
ing iteratively. Gertsman and Lodge [4] then showed
that the iterative process of turbo equalisers can com-
pensate for the performance degradations due to imper-
fect channel estimation. Research into combined turbo
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coding using convolutional constituent codes and turbo
equalisation have also been investigated by Raphaeli and
Zarai (5].

2 Modified MAP Algorithm

The novel modified MAP algorithm generates, for each
decoded bit uy, the so-called Log Likelihood Ratio (LLR)
that this bit was +1 or —1, given the received channel
symbol sequence y as [2]:
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where (3,s) = wux = +1 describes the set of legitimate
decoding trellis transitions from the previous state 3 to
the present state s caused by the input bit u; = +1. Sim-
ilarly, (3, s) = ug = —1 represents the transitions caused
by bit ur = —~1, while ax_1(3), y#(3,s) and Bi(s) are
three independent probabilities [2]. The novel MAP al-
gorithm finds a4 (s) and Bk(s) for all states s throughout
the decoding trellis and ~x(3,s) for all possible transi-
tions from the previous states 3 to the current states s.
The values of ax(s) and Bx(s) can be calculated using
the forward recursion and the backward recursion [2], re-
spectively.
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Figure 1: Forward Recursion of af(s) and aj(s).

In order to incorporate the parity check bit of ex-
tended BCH codes in the MAP algorithm, we first make
modifications to both the forward and backward recur-
sion and then adjust the transition probability, which is
given in Equation 1. Let us define a}(s) as the proba-
bility that the current trellis state is s at time instant
k, and that the path arriving at this state gave an even
(e) number of transmitted bits, which were +1, given
that the received channel sequence up to this point was

Yickr Similarly, af(s) is the corresponding probability
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for the path which gave an odd (o) number of +1 trans-
mitted bits. For each state in the trellis, we have af(s)
and a3(s), which are shown in Figure 1. Subsequently,
using forward recursion and Figure 1, we can derive for
a binary trellis — for example in BCH codes — the to-
tal probability of an even number of transmitted binary
+1 bits as the sum of having an even number of +1s at
instant k — 1 and encountering a —1 during the current
transition, plus the probability of an odd number of +1s
at the previous stage and encounting a +1 during the
current transition, yielding:

af(s) = af-1(31) - ¢ (31, 8) + @i (32) 7:?1(&2,3)(- )
2

It is seen explicitly in Figure 1 that since transition
7,:1(.‘92, s) from the previous state $2 to the present state
s results in the transmitted bit being —1, the prod-
uct of_,(32) 5 '(32,5) is the probability of the path,
which reaches state s and gave an even number of trans-
mitted bits, that were +1. Conversely, af_;(31) is the
probability of the path, which reaches state 31 and gave
an odd number of transmitted +1 bits. Since transi-
tion ‘y,;"l(él, s) from the previous state 3; to the present
state s results in the transmitted bit being +1, af_; (31)-
Y 1(31, 5) is the probability of the path arriving at state
s, giving an even number of transmitted bits, that were
+1. Again, using forward recursion and Figure 1, of(s)
is derived for a binary trellis as:

02(s) = ofo1(31) -7 (Br, 8) + 21 (32) - vk (32, 8)

®3)

The same modification is made to the backward recur-
sion.

Figure 2: Probability of A Transition in the Trellis.

Now we have to adjust the transition probability ex-
pression in Equation 1. Figure 2 shows a simple trellis
diagram, which commences at state a and ends at state
e. The probability of the transition from state c to state
d is given by:

P(c = d) = ar-1(3) - vx(3,5) - Br(s) . 4)

For extended BCH codes, the probability of a transition
in the trellis no longer depends solely on ak—1(3), 7 (3, s)
and Bx(s). It also depends on whether the whole path
—gave an even or odd number of transmitted bits, which
were +1. In Figure 2, patha = b = ¢ — d — e gives an
odd number of transmitted bits, which were +1. Hence,
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the probability of the transition ¢ — d is:

P(c = d) = ak-1(3) - 1%(5,8) - B (8) - P(yn41|Tnsr = +1)) )
5

where yn41 and Tny1 are the received and transmitted
parity check bit and P(yn41]@ay1 = +1) is the proba-
bility of the path which gives an odd number of +1s.
Conversely, P(yn+1|Zn+1 = —1) is the probability of the
path which gives an even number of +1s. For each state,
we now have o (s), ai(s), Bi(s) and B7(s) as compared
to ax(s) and Bx(s) for the conventional MAP algorithm.
In other words, we have separated ax(s) and Bi(s) into
two groups, respectively, depending on the nature of the
paths that reached state s. Additionally, we also have
the probability P(yn+1|Zn+1) for the transmitted parity
check bit. Hence, upon using Equation 5 we can rewrite
the a-posteriori LLR L(uk|y) of Equation 1, while ob-
serving that the notations o, a°, 8° and 3° have been
simplified from af_,(3), at_1(3), Bi(s) and Bi(s), re-
spectively, as in Equation 6.

By definition, in the numerator of Equation 6, the
transition from the previous state § to the present state
s always results in a transmitted bit of +1. As it
can be visualised by the help of Figure 1, the path
af_1(8) - (5, 8) - Bi(s) results in an odd number of
transmitted +1 bits, since both the paths to state $, and
from state s, gave an even number of transmitted bits,
which were +1, and the transition from state § to state
s results in a transmitted bit of +1. Similarly, as seen in
Figure 1, the path o$_;(3) - 77 (3,5) - B2(s) also resuits
in an odd number of transmitted +1 bits. Therefore, the
probabilities of these transitions are
o -4 (3,8) - B° - P(yn+ilensr = +1) and o® -y} (3,5) -
B° - P(yn+1|Tn41 = +1), respectively. Conversely, paths
a1 (3) - %1(3,8) - BR(s) and a1 (3) - %1 (3, 5) - Bi(s)
would result in an even number of +1 transmitted
bits. Hence, the probabilities of these transitions are
o Y (3,5)-B% P(yn+1lEnsr = —1) and @®- 7} (3,5)-6°-
P(yn+1|®n41 = —1), respectively. The same argument is
applied to the denominator in Equation 6, in order to de-
rive the probabilities of each transition. Having described
the modified MAP algorithm for extended BCH codes, we
proceed to discuss the principles of turbo equalisation,
which will be employed in addition to turbo decoding in
order to evaluate the performance of the modified MAP
algorithm.

3 Principle of Turbo Equalisation
Using Turbo Codes

With reference to the turbo equalisation schematic in
Figure 3, we describe the turbo equalisation principle for
a baseband receiver consisting of an equaliser and Ny
component decoders. For conceptual simplicity, we have
omitted the channel interleaver m. and turbo interleavers
7. Instead, we have only marked their positions. The
superscript ‘—1’ is used to represent a deinterleaver. Typ-
ically, for turbo codes there are Ny = 2 component de-
coders, whereas for non-iterative BCH decoding we have
Ny = 1.

Each of the blocks in Figure 3 employ a Soft-In/Soft-
Out (SISO) algorithm, such as the optimal Maximum A
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Figure 3: Structure of the turbo equaliser using Ny = 2 component decoders. For conceptual simplicity, we
have omitted the interleavers and only marked the interleaver positions, where 7. and 7; represent the channel
interleaver and turbo interleaver, respectively. The superscript ‘—1’ is used to denote a deinterleaver.

Posteriori (MAP) algorithm {6] or the reduced-complex-
ity Log-MAP algorithm (7), which yields the a posteriori
information. The a posteriori information concerning a
bit is the information that the SISO block generates tak-
ing into account all available sources of information about
the bit. When using the MAP algorithm or the Log-
MAP algorithm, we express the a posteriori information
in terms of the Log Likelihood Ratio (LLR) [7]. For clar-
ity, we have employed the approach used by Gertsman
and Lodge [4] and expressed the LLR of the equaliser
and decoder using vector notations. The superscript de-
notes the nature of the LLR. Namely superscript c is used
for the composite a posteriori information, ¢ denotes the
combined channel and extrinsic information, e indicates
extrinsic information and a stands for the a priori infor-
mation. Furthermore, the subscript notation is used to
represent the iteration index, while the argument within
() is the index of the receiver stage. At the equaliser —
which is denoted by Stage 0 in Figure 3 — the composite
output a posteriori LLR L (0) is generated by the sum
of the LLR of the a priori information Lg(0), and the
LLR of the combined channel and extrinsic information
L:,, giving:

L3 (0) = Ly + Ly (0). ™
Here, the Stage 0 a priori information L;(0) is ob-
tained from the previously determined extrinsic informa-
tion Lj_,(1) and Lj_,(2) of the other Ny decoder stages
— namely Stages 1 and 2 in Figure 3, — which can be
expressed as:

Ng
L0y = Ly _1(j), (8)
j=1

where Ly_,(j) is the extrinsic LLR of the jth decoder
stage from the previous iteration, namely from p — 1.
Upon substituting Equation 8 into Equation 7, the com-
posite a posteriori LLR L;(0) at the output of the
equaliser in Figure 3 becomes:

. Na
Ly(0) =Ly + Y Li_1(5)

=1

)

The dth systematic decoder of the pth iteration — i.e.
at the inputs of Stages 1 and 2 in Figure 3 — receives
the sum of the augmented a priori information L$(d),
as well as the combined channel and extrinsic informa-
tion LLR L% from the equaliser. The augmented a priori
information at the pth iteration can be expressed as:

Ng
3 L)

j=d+1

d—1
Lyd) = Ly(5) + (10)
j=1

From Equation 10, we observe that the a priori informa-
tion Ly (d) consists of the extrinsic information from the
decoders of the previous stages — namely for j < d
in the current iteration — and from the decoders of
the later stages — namely for j > d from the pre-
vious iteration — but does not include any extrinsic
information from Stage d.

For the dth stage systematic decoder — i.e. at the
inputs of the Stages 1 and 2 in Figure 3 — the composite
a posteriori LLR L (d) can be expressed as the sum of
the augmented a priori information Lg(d), the extrinsic
information Ly (d) produced by the decoder stage and the
combined channel LLR and extrinsic LLR L:, from the



equaliser:
L(d) = L3(d) + Lo(d) + L}, (11)

By substituting Equation 10 into Equation 11 for our spe-
cific scheme, we obtain at the output of decoder Stages
1 and 2 in Figure 3:

Li(d) = Ly(d) + Ly(d) + Lj,

d—1 Ng
=2 L+ 3 LG+ L)+ L

i=1 jmd+1 (12)
d Ng )
=3 LG+ Y Lyoa() + L.
i=1 j=d+1

Explicitly, only two component encoders are used
in practical turbo encoders. Therefore, by substituting
Ng = 2 into Equations 9 and 12, we can determine the
a posteriori LLR. of the equaliser and decoders, whereas
Equations 8 and 10 can be used to determine the corre-
sponding a priori inputs of the equaliser and decoders.

4 Simulation Results

All simulation results were obtained using BPSK modu-
lation over a five-path dispersive Rayleigh fading channel,
using a normalised Doppler frequency of fs = 1.5 x 1074,
In our investigations, the fading magnitude and phase
was assumed to be constant for the duration of a trans-
mission burst, a condition which we refer to as employing
burst-invariant fading. The CIR coefficients of the band-
limited and symbol-spaced channel were fo = +/0.45,
fi = V025, f2 = V0.15, fa = +/0.1 and f4 = +/0.05.
Both the turbo equaliser and the channel decoders em-
ployed the Log-MAP algorithm [7], in order to calcu-
late the soft-outputs of the bits. Note that the term
turbo decoding iteration refers to a decoding itera-
tion, where information is passed iteratively between the
component decoders, but not between the decoders and
the equaliser. Information is only passed iteratively be-
tween the equaliser and decoder(s), when turbo equal-
isation is employed.

72 microseconds

31 72 data symbols 27 symbols| 72 data symbols {3|10.5
Data Training Data P
: sequence L
Tailing q Te.uhng
Bits

non-spread speech burst

Figure 4: Transmission burst structure of the FMA1
non-spread speech burst of the FRAMES proposal [8]

The transmission burst structure used in this system
is the FMA1 non-spread speech burst as specified in the
Pan-European FRAMES proposal [8], which is shown in
Figure 4. In our forthcoming discourse the effects of dif-
ferent number of iterations are shown. Specifically, Fig-
ure 5 portrayed our performance comparison between the
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Figure 5: Turbo decoding performance compar-

ison between the turbo BCH(31,26) and turbo
BCH(32,26) codes for different number of turbo de-
coding iterations using BPSK modulation over five-
path symbol-spaced Rayleigh fading channels using
burst-invariant fading.

turbo decoding of the conventional BCH(31,26) and ex-
tended BCH(32,26) codes after one, two and six turbo
decoding iterations. Both systems employed a random
turbo interleaver depth of 14,976 bits. The random chan-
nel interleaver depth utilised was 20,736 and 21,888 bits
for the turbo BCH(31,26) and turbo BCH(32,26) codes,
respectively. As we can see from this figure, the perfor-
mance of the extended turbo BCH(32,26) code was al-
ways better, than that of the turbo BCH(31,26) scheme,
irrespective of the number of iterations. We achieved a
higher performance gain, when using the extended turbo
BCH(32,26) code as compared to the conventional turbo
BCH(31,26) scheme employing six turbo decoding itera-
tions. Explicitly, the performance of the extended turbo
BCH(32,26) code was approximately 0.8 dB better, than
that of the conventional turbo BCH(31,26) at a BER
of 107°. For comparison, the performance of the ex-
tended turbo BCH(32,26) code after 6 turbo decoding
iterations over a non-dispersive Gaussian channel with-
out inter-symbol interference was also shown in Figure 5.
Beyond six turbo decoding and turbo equalisation itera-
tions no significant performance gain was attained.

Figure 6 showed the turbo equalisation performance
comparison between the extended turbo BCH(32,26)
code and the conventional turbo BCH(31,26) scheme for
different number of turbo equalisation iterations. Ran-
dom turbo interleavers possessing depths of 14,976 bits
were employed by both systems. Similarly, random chan-
nel interleavers having depths of 19,800 bits and 20,900
bits for the turbo BCH(31,26) and turbo BCH(32,26)
codes were employed, respectively. The performance of
the turbo BCH(32,26) codes was again observed to be
superior to that of the turbo BCH(31,26) codes by ap-
proximately 1 dB after 6 turbo equalisation iterations
at BER= 10~°. Pigure 6 also showed that the maxi-
mum performance gain was achieved by employing turbo
equalisation in conjunction with turbo BCH codes, as
compared to turbo decoding in Figure 5. Furthermore, a
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Figure 6: Performance comparison between the

turbo BCH(31,26) and BCH(32,26) codes for dif-
ferent number of turbo equalisation iterations us-
ing BPSK modulation over five-path symbol-spaced
Rayleigh fading channel using burst-invariant fading.

higher iteration gain — defined as the gain in E;/Ng per-
formance terms with respect to the first iteration — can
be achieved by this scheme as compared to the schemes
characterised Figure 5 and 7. The performance of the
turbo BCH(32,26) code over non-dispersive AWGN chan-
nels was also shown in Figure 6. We also observed that
the turbo equaliser was capable of removing the channel-
induced inter-symbol interference more effectively, than
the turbo decoder of Figure 5.
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Figure 7: Turbo equalisation performance com-
parison between the conventional non-turbo
BCH(31,26) and the extended BCH(32,26) codes for
different number of turbo equalisation iterations us-
ing BPSK modulation over five-path symbol-spaced
Rayleigh fading channel using burst-invariant fading.

Figure 7 portrays our performance comparisons be-
tween the conventional non-turbo BCH(31,26) code and
the extended BCH(32,26) code for different number of
turbo equalisation iterations. Both systems, namely the
BCH(31,26)-coded BPSK system and the BCH(32,26)-

coded BPSK scheme, employed random channel inter-
leavers having interleaving depths of 17,856 bits and
18,432 bits, respectively. At a BER of 107°, the perfor-
mance of the BCH(32,26) code was about 0.5 dB better,
than that of the BCH(31,26) scheme after one and six
turbo equalisation iterations. However, the turbo equal-
isation iteration gain of these non-turbo coded schemes
was lower in terms of E,/Ny as compared to the turbo
coded schemes of Figure 6. This was due to the fact that
the channel equaliser exploits the inherent channel diver-
sity and hence achieves a good performance even after the
first turbo equalisation iteration. Furthermore, the per-
formance obtained approximated the BER achieved for
the non-dispersive AWGN channel without inter-symbol
interference, which was the curve marked with the circles
in Figure 6. This curve was also equivalent to the perfor-
mance of Viterbi decoding the BCH(32,26) codes in the
non-dispersive AWGN channel.

5 Conclusion

In conclusion, we have proposed a modified MAP algo-
rithm for extended BCH codes, in order to incorporate
the parity check bit into calculating the soft-outputs of
the coded bits. The modified MAP algorithm was then
used to improve both turbo decoding and turbo equali-
sation. It was shown that the turbo decoding and turbo
equalisation performance of the extended BCH(32,26)
code was superior to that of the conventional BCH(31,26)
code by approximately 0.5 — 1.0 dB at BER= 1075.
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