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Low Complexity Erasure Insertion in RS-Coded SFH
Spread-Spectrum Communications With Partial-Band
Interference and Nakagami-Fading

Lie-Liang Yang Member, IEEEand Lajos HanzoSenior Member, IEEE

Abstract—In this paper we propose two novel low-complexity, “error-correction-only” decoding, provided that a reliable era-
LOV\;-CES%)efast'{e_intseftio_n schemz;:s,trmmdely, tt_hetﬁUtpﬁt rgr?h?'d sure insertion scheme is invoked. By definition, the codeword
es and joint maximum output and ratio threshold Tes ; T i
(MO-RTT). The employment of the OTT and MO-RTT is bene- decodlpg error probability is the probability of the event that a
ficial in the context of the “errors-and-erasures” Reed—Solomon ransmitted codeword cannot be successfully recovered by the
(RS) decoding in a slow frequency-hopping spread-spectrum decoder. In recent years the performance of RS coded SFH/SS
(SFH/SS) system usingM -ary frequency-shift keying (MFSK). systems using “errors-and-erasures” decoding based on erasure
The statistics of the erasure insertion related decision variables jnsertion schemes, such as the ratio threshold test (RTT)
associated with the OTT, MO-RTT as well as with the ratio _ ; _ ;
threshold test (RTT) are investigated, when the channel of each [4.] [13] or .the Bayesian approach [.14] [18], has- recenved
frequency-hopping (FH) slot is modeled as flat Nakagamin wide attention. In. the RTT [5] the .I’ZB.IIO of t'he maximum to
fading. The transmitted signals also experience both additive the “second maximum” of the decision variables, which are
white Gaussian noise (AWGN) as well as partial-band Gaussian input to the maximum likelihood decision (MLD) unit of the
interference (PBGI). The properties of these erasure insertion Af-ary orthogonal demodulator is observed, in order to make
schemes are investigated with the aid of their statistics. The a decision whether an erasure is inserted or a RS code symbol
performance of the proposed erasure insertion schemes and that . .
of the erasure insertion scheme using the RTT is investigated IS output by the demodulator. By co.n.trast, 'n_ the cqntext of the
and compared in the context of RS coded SFH/SS systems usingBayesian approach [4] all the decision variables input to the
MFSK. Furthermore, the performance of the RS coded SFH/SS MLD unit are observed for making an erasure decision.
systems is also compared both with and without side-information In this contribution two novel erasure insertion schemes,
concerning the PBGI. namely the output threshold test (OTT) and the joint maximum

Index Terms—Errors-and-erasures decoding, frequency-hop- output and ratio threshold test (MO-RTT) are proposed. The
ping, joint maximum output and ratio threshold test, M-ary OTT uses only the maximum of decision variables input to
frequency-shift keying, Nakagami fading, output threshold test, e \LD unit, i.e., the actual output of the/-ary orthogonal
partial band interference, ratio threshold test, Reed—Solomon demodulator. in order to make an erasure decision. B trast
codes, spread-spectrum communications. ; ! - By contrast,

in the MO-RTT both theM-ary orthogonal demodulator’s
output involved in the OTT and the ratio involved in the RTT

. INTRODUCTION [5] are observed, in order to make an erasure decision. The

N SLOW frequency-hopping (SFH) spread-spectruPove erasure insertion schemes have a similar complexity
I (SFH/SS) communication systems forward error-correctidf that of the classic RTT [5], when employed in RS coded
(FEC) using, for example Reed—Solomon (RS) codes is oft&ffH/SS systems using MFSK. In this paper, the performance
used, in order to mitigate the performance degradation duedothe OTT, RTT and MO-RTT is investigated, when the
background noise, intentional and unintentional interferengéf@nnel is modeled as a flat Nakagamifading channel [20]
as well as channel fading [1]-[4]. In the context of the Rr&nd the transmitted signals are also subjected to partial-band
coded SFH/SS systems usidg-ary frequency-shift keying 9aussian interference (PBGI) [3]. We derive the exact Prob-
(MFSK) data modulation [1], [2], “errors-and-erasures@Dility Density Functions (PDF) of the decision variables for
decoding is preferable to “error-correction-only” decodind?aking erasure insertion decisio_ns as_sociated with the OTT,
since “errors-and-erasures” decoding can typically achieveRd T and the MO-RTT erasure insertion schemes over flat

significantly lower codeword decoding error probability, thaflakagamim fading channels, under the hypotheses that the
M-ary demodulated symbol is corre¢f{) and incorrect fy).

These PDFs are then used to investigate the characteristics of
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employing the OTT, RTT and MO-RTT is then evaluated anthermal noise, and it has a uniform spectral densityVgf2.

compared with each other. Furthermore, the performance Tdfus, in the portion of the frequency band contaminated by

the RS coded SFH/SS systems is investigated both with d@PBGI, the total two-sided power spectral density of the noise

without perfect side-information concerning the PBGI inflicteds N,,/2 = N;/2p + Ny /2. In the remainder of the band, the
The remainder of this paper is organized as follows. In thetal noise power spectral density 26,/2 = N,/2. Based

next section, previous work concerning the SFH/SS system the above assumptions, the received sigri@ at the

using MFSK modulation in the presence of PBGI is reviewedhput of the energy detector—given that the first of fhieary

and the required statistics of thé-ary decision variables are MFSK signals is transmitted during the internv@, 7,]—can

derived over the flat Nakagamir fading channels considered.be expressed as

Section Il investigates the symbol and bit error probabilities of

the uncoded MFSK-based SFH/SS system over Nakagami- "(f) =@V 2P:Re cos2n(fn + 1)t + O1] +1(t) + nu(t),

fading channels. In Section IV we derive the associated PDFs 0<t<T, (2)

of the OTT, RTT and MO-RTT erasure insertion schemes, and

provide the necessary expressions for computing the co ; i )
word decoding error probability using “errors-and-erasure@nd data modulation are absorbed dy which is uniformly

decoding. Our numerical results are provided in Section V, afiptributed over(0, 2x], n() represents the AWGN anal; (2)
finally in Section VI we present our conclusions. represents the PBGI. In (2)is an amplitude fading parameter,
which obeys Nakagam distribution having the PDF given

1ere we assumed that the phases due to channel delay, FH

[I. SYSTEM OVERVIEW AND STATISTICS OF THE by [20]
DECISION VARIABLES 2r2m=L s m mr?
e oo mo="to @) eo(-5) @
The system under consideration was described in [3], [9], (m)

[19], and the reader might like to consult these references Wﬁerel“(-) is the gamma function [24K2 = E[o?] andm

their des_cription. Inthe system consi(_jered SFH/SS using MFRKine Nakagamin fading parameter, which characterizes the
modulation, noncoherent demodulation based onbsquare-lawg&;erity of the fading. For a more detailed discourse concerning
tection, and an extendetlS (N, K) c?de over GR{’) are em- o Nakagamin distribution readers are referred to [20].

ployed. We assume thatl = N = 2° > 4, so that eachh-bit  1he demodulator consists of a bank af parallel non-

RS code symbol describes ad-ary MFSK symbol. Further- coperent square-law detectors [9], [19]. The detectors are
more, we assume that the RS code symbols are interleavegifwed by a decision device that employs a threshold test.
the transmitter, in order to randomize the bursts of symbol &fre gecision whether to erase or not is made independently
rors. When using SFH spreading and MFSK modulation, th& each MFSK/RS symbol. For those MFSK/RS symbols not

transmitted signal can be expressed as erased, standard hard-decision demodulation is employed. The
o oo decision device is followed by ai/-ary symbol deinterleaver
s(t) = /2P, R, Z Z Pr(t — nT) P (t — iT}) and a decoder that employs “errors-and-erasures” RS decoding.

60 oo Let Uy, Us,,..., Uy be the outputs of thél/ noncoherent
ceos2n(fn + [t +on +@i] (1) square-law detectors, which are assumed to be independent
random variables. Then, it can be shown that, if the first of the
where P, is the transmitted symbol’s power without FER, -ary MFSK/RS symbols is transmitted, the corre_sponding
is the coding ratePr, (t) and Py (¢) are unit pulses of dura- €Nergy detector's output’; obeys the noncentral chi-square
tion 7, and7}, respectively, whileZ,, and7;, are the FH dwell distribution with two degrees of freedom, which is given by [24]

interval and MFSK symbol duration, respectively. We assume g2 S
(— ”) Ip <\/5—2) L 20 (4)
g

that L MFSK/RS symbols are transmitted in each FH dwell infu, (2]S%)= 2% expl — 5 5
terval, i.e.,7. = LT;. Furthermore, in (1), is the hopping 7 4
frequency during thexth hopping interval,f; is theith tone wherely( ) is the modified Bessel function of the first kind of
frequency associated with theh transmitted MFSK/RS data order zeroS is the noncentral parameter, which can be derived
symbol. Finally,¢,, andy, are random phases during thth as
FH interval and théth symbol interval. - 2

The FH patterns are modeled as sequences of independent g2 _ <E / ’ 7(t) cos[2n(f, + fl)t]dtD
random variables, each of which is uniformly distributed 0
over the set of legitimate FH frequencies. For each FH tone,

+ <E

the channel is modeled as a frequency nonselective fading
process obeying Nakagami-distribution [20]-[23]. However,
different FH tones encounter independent fading. Furthermore, 9 o

. . . a"P,R.T
the communication channel is assumed to be contaminated by =2 s (5)
both PBGI [19] and additive white Gaussian noise (AWGN). 2
The PBGI occupies a fractign< 1 of the band, and the powerwhile o> = N, 7;/4, whereN,, = No + N7/p or N, = Ny
spectral density of this contaminating sourceNg/2p. The depending on whether the FH tone is interfered by the PBGI.
AWGN is included in the analysis for modeling the receiver’sve assume thdtl; } ., are independent identically distributed

/0 "r(t) sin2r(f + fl)t]dt] )
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(i.i.d.) variables. Then, the energy detector’s outpit for [ll. ERRORPERFORMANCEWITHOUT FEC GODING
¢ = 2.’ 3,..., M obeys the exponential distribution with its Let H; andH represent the hypotheses of correct decisions
PDF given by and erroneous decisions concerning/dnrary symbol in the
1 z MFSK demodulator using hard-detection. LBt; (H;) and
fui(w) = 202 eXP(_ﬁ) ’ 20 (6) Py, (Hp) be the average correct and erroneous symbol prob-
abilities, respectively, for a given value 6f,. Then, we have
wheres? is the same as that in (4). Py (Hy) = 1— Py, (Ho). Furthermore, given the symbol error

After the normalization of U;} by 20, (4) and (6) can be probability Py, (Hy), the average BER can be expressed as [24]
written as

2b—1
fu, () = exp(=[y + Mo (\/ 4’72/) . w20 (7) P (0) = g P, (Ho). (12)
Ju.(y) = exp(—y), i>1,y>0. (8) whereb represents the number of bits pef-ary symbol, i.e.,
b = log, M.
In (7) Remembering that the first/-ary symbol is transmitted,
g2 o2 then, for a given value ofV,, the average erroneous symbol
e ) (9) probability of Py, (Ho) for M-ary orthogonal systems can be

expressed as

wherevy, = R.QE,/N, = R.QVE,/N,, E;, = P,T, rep- P (Ho) — P(Us < Us Us < U U U

resents the transmitted energy per symbol without FEG; Na(Ho) =1 = P(U2 <UL Us <UL,..., Afy 1< 1),

log, M represents the number of bits per MFSK/RS symbol, IR v N

and finally, we haveV,, = Ny + N;/p with a probability ofp, =1 o fun () o fv, (z)de dy (13)

while N,, = Ny holds with a probability of 1 — p). _ .
Since« is a random variable obeying Ehe Nazkagamidis- wherefy, (y) andfy, (x) are given by (11) and (8), respectively.

tribution of (3), with the aid of (3) it can be shown that the PD{/PON Substituting them into the above equation and using the
of ~ defined in Eq. (9) can be expressed as binomial expansion [24], it can be shown that

,ym—l m m mey > M-l k+n (1 — m)k M-1
fly) = <—> exp<— ) . yz0. (10) Pv.(Ho)=1-) > (-1 L
T'im) \ 7. Ve k=0 n=0 :
m — kH
After removing the conditioning o in fy, (y|v) of (7) by av- ) < m ) < Te ) < Te ) )
eraging it over the valid range of which obeys the distribution m+ve m+ye mn + ny.+m
of (10), the unconditional PDF df; for transmission over the (14)

flat Nakagamim fading channel can be expressedl as For a Rayleigh fading channel associated with= 1 in (3),

m \™ my we have(l — m), = 1 and(1 — m) = 0 for k& # 0. In this
fu(y) = <m T %) €xp <—m T %) case (14) can be simplified to
YelY M-1 n+l(M-1
~1F1<1—m,1;— ) y>0 (11) Po (H) — =™ ) 1
m+ e N ( 0)—;—1+n+n% (15)

where () is the confluent hyper-geometric function [25]

which is defined as ‘which represents the average erroneous symbol probability of

M-ary orthogonal signaling given in [24, (14-4-47)] over flat
= (@) Rayleigh fading channels.
(e, by2) = Z @)kl b#0,-1,-2,... Above we have derived the average erroneous symbol prob-
k=0 ability conditioned on a given value d¥,,, as shown in (14).
where(a), = ala+1)(a+2) - (a+k—1), (a)o = 1. Above Since the fractiorp of the band is jammed, the average erro-
we have given an overview of the SFH/SS systems considerBgOUS symbol probability and BER considering both AWGN
derived the statistics of the decision variables input to the MFSHONe and AWGN plus PBGI can be written as
demodulator [9] over flat Nakagami fading channels. With 1
the aid of these PDFs the average error probabilities can now be P(Ho) =(1= )P, (Ho) + PPyt /(Ho) - (16)

b—1
derived for the SFH/SS systems considered without FEC. P(b) = 2 P(H,) (17)
M-1
1Since(—n)n4+1 = 0, if n is a positive integer, thepgF; (—n, b, x) is the
sum of only a limited number of terms, which can be expressed as where Py, (Ho) and Py,yn,,,(Ho) represent the average
N . erroneous symbol probabilities, given that the corresponding
Fy(—nbor) =Y (?b"))’;\" _ FH tone is free from or is jammed by the PBGly, (Hy) and
k=0 L

Pn,+n,/,(Hp) can be computed according to (14) by em-

Therefore, ifm is a positive integer, (11) consists of the sum of a limited numbd?|0YiNg Ve = RAWE,/No andy. = RQbE,/(No + Ni/p),
of terms. respectively.
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IV. PERFORMANCE ANALYSIS USING As shown in the Appendix, the joint PDFs &f and A =
“ERRORSAND-ERASURES D ECODING Y>/Y; under the hypothesds$; of correction decision anél
of erroneous decision, respectively, can be expressed as
Itis well known that in the context of RS coding, “errors-and-
erasures” decoding is preferable to “error-correction-only” dethA(y’ r|HL)
coding, since more erasures than errors can be corrected. In _ (M —1)y < m )m Xp[_ < m +T> y}
m+ e

order to take advantage of the powerful “errors-and-erasures” - Py, (H) \m+7.
correction capability of the RS code concerned, it is essential to _ VY
; o ; ; : : 1 —exp(—y) M (1 -m, 1; —
design efficient erasure insertion schemes. In this section, era- Pt i T mte )

sure ipsertion schemes usipg the.OTT [12], RTT [5] as well as 0<y<oo,0<r<1 (21)
the joint MO-RTT [13] are investigated and the PDFs of the (y, r|Ho)

guantities involved in these erasure insertion schemes are der-l’A v 0 m

rived. From these PDFs, we can gain an explicit insight into — (M —1)y {( m ) eXp<_W)

the properties of the related erasure insertion schemes. Further- P, (Ho) m+ e m—+.
more, with the aid of these PDFs, the corresponding RS code- [1— exp(—yr)M~2 0 (1 —m, 1; — VYT
word decoding error probability using “errors-and-erasures” de- Py i T m4 .
coding can be evaluated using a numerical approach. + (M — 2)exp[—(r + D)y][1 — exp(—yr)]¥ 3

. . . L= B(yr < <r<
A. Statistics of the Erasure Insertion Related Variables [t (I)(‘W)]} ’ Osy<oo,0srsld (22)
Let {U1, Us,. .., Uy} represent the decision variables inpuivhere P, (H,) and Py, (Ho) are the correct and erroneous
to the MFSK demodulator of [9, Fig. 1]. We denote the ma&ymbol probabilities, respectively, for a given value &f,
imum and the “second” maximum ¢t/;, Us, ..., Uy} by Py, (H1) = 1 — Py, (Ho), while Py, (Ho) is given by (14).
Furthermore, in (22) we have

Yi = IIllaX{Ul,UQ, ey U]w} (18) <I>(y) — / fUl(-T) dr
Yo = IHQELX{U17U27 vy Unr ke (19) Y I -
-(5) Ry
In the context of the OTT, the decision variable subjected to an m+ Ye m+e) =6 =6
erasure insertion i%7, i.e., the actual demodulator output is (1—m Yo\ K my \"
observed. In order to analyze the properties of the OTT-based TRt (_E) <m) (23)

erasure insertion scheme and to evaluate its correspondin . . . .
“errors-and-erasures” RS decoding performance, the PDFngpOn integrating both sides of (21) and (22) in terms of the

fvi (y|H1) and fy, (y|Ho), given that the associated demodu}—ﬁ”ﬁble);hfromgzer? to on(:,dwe. qbtaln g;e I?DFSYH undsr
lated symbol is correctH;) and incorrec{ Hy), respectively, 1€ Nypotneses, of correct decision andio of erroneous de-
must be derived. cision, which can be expressed as

The ratio involved in Viterbi’s RTT is defined as the ratio of (1) — < m )m eXp(_ my )
the maximum to the “second” maximum [5], or equivalently, ' Py, (Hy) \m+ 7. m+ e
it can be defined as the ratio of the “second” maximum to the _ Ve
; . l—exp(=)M R (1-m, 1; ——2—

maximum, which can be expressed as e T Tt )

v 0<y <o (24)
A=22  0<A<L. (20) M-1 N

Yy fyi(ylHo) = Pv_ (Ho) exp(—y)[1—&(y)][1—exp(—y)]M 2,

Similarly, in order to analyze the “errors-and-erasures” RS de- 0<y < oo, (25)

coding performance in terms of the RTT, the PDFgqfr|H1) Similarly, upon integrating both sides of (21) and (22) in

and fx(r|Ho), given that the associated demodulated symboligrms of the variable from zero to infinity, we arrive at the

correct () and incorrect fio) will be derived. PDFs of\ = Y5/Y; under the hypothesed4; of correct deci-
Finally, in the context of the joint MO-RTT, the erasure insersion andH, of erroneous decision, which can be expressed as

tion is based on the observation of both the maximgrof (18) m oo M—2

and the ratio\ of (20). Hence, the joint two-dimensional (2-D) fa(r|Hy) = M-1 < m ) Z Z (_1)n+k

PDFs of fy; Ay, 7| H1) and fy; A(y, 7| Ho) will be derived, in Py (H)\m+v.) &=
order to evaluate the “grr.ors-and-erasures" RS decpdmg perfor- M =2\ (k+ 1)1 —m) e k
mance in terms of the joint MO-RTT erasure insertion scheme. . n A et

Sincefy, (y|Hy) and f\(r|Hy) constitute the “marginal’ PDFs g2
of the joint PDFs offy, (v, | Hy) associated witl# € {0,1}, ) < m+ e ) 0<r<1
all the PDFs considered can be derived by first deriving the joint m+(m+y.)(n+1)r ’ -
PDFs of fy, A(y,r|Hy) in terms of the MO-RTT. (26)
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Lo AT -m=10 f T 35F 3
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E . 1.0 3
(& - — (8] 3
0.05F — 3
L - 7] L. =
5 E E LR o R o i =
o 0.0C o 0.0 Bt P R Xy oy S

) 5 10 15 20 25 30 35 40 0.0 0.2 0.4 0.6 0.8 1.0

Normalized demodulator output (Y;) Ratio variable ())

Fig. 1. The PDFs oY, = max{-} under the hypotheses &, andH, using Fig. 2. The PDFs oA = Y>/Y; under the hypotheses &f, and H, using
M = 64, average SINR per bit oE,/N,, = 5 dB and Nakagami fading M = 32, an average SINR per bit &, /N,, = 5 dB and Nakagami fading
parameters ofn = 1, 2,10, 1000 over flat Nakagami= fading channels. parameters ofn = 1. 2,10, 1000.

Sa(r|Ho)

— (M=) Y (-

wen G ()

% <(n +1)(m+ ’y:)T:‘7+ mr—+m+ %)JH]
+ 12 Af(—l)"<M )

g

M_1 i (1—m) < m )"l—?) M=64, m=10, E,/N,=5dB \
PNn (Ho) o k! m—+ ve
2 M-2 .
G2 ) e ()
ver) \m+7.) & n

, k+2
-w+n< e )
(mn +nye +m)r +m+ 7.

k M-3

j=0 n=0

Probability density conditioned on H, or H,

n=0
2
1 <, < Fig. 3. The joint 2D PDFs offy, a(y,r|H1) and fy, x(y,r|Hy) using
nr+r+1 ’ 0<r< 1 (27) parameters ol = 64, m = 10 and an average SINR per bit &% /N,, = 5
dB over flat Nakagami» fading channels.

The properties of the proposed OTT, Viterbi’'s RTT as well

as MO-RTT can be studied with the aid of their correspondirtgaving relatively low values of, while f»(»|Hp) is mainly dis-
PDFs fy; (y|H1) and fy, (y|Ho) for the OTT shown in Fig. 1, tributed over the range having relatively high values ofhere-
fr(r|H1) and fi(r|Ho) for the RTT shown in Fig. 2, while fore, the demodulated symbols having a relatively low rati& of
the joint 2D PDFs offy, x(y,|H1) and fy, A(y,r|Hy) for the are more reliable, than those having relatively high values of
MO-RTT seen in Fig. 3 for a range of parameters, which af@onsequently, a pre-set threshaolg can be invoked, in order
summarized in the figures. In the context of the OTT of Fig. 1p erase these low-reliability symbols associated with a ratio of
we observe thafy, (y| H1) is mainly distributed over a normal- A > Az. Finally, in the context of the joint MO-RTT having
ized demodulator output range associated with relatively higtDFs of Fig. 3, we observe that for the given parameters the
values ofY7, while fy, (y|Hy) is spread over a range havingpeak of the distributiorfy, 1(y, 7|H1) is located at a relatively
relatively low values ot; . Consequently, we can argue that th&igh value ofY; or a relatively low value of\, while the peak
demodulated symbols having relatively low value§pare less of the distributionfy, 1(y,7|Ho) is located at a relatively low
reliable than those having relatively high valuesyef Let Y value ofY; and a relatively high value of. The above observa-
be a threshold associated with making an erasure decision bagaus in turn imply thatfy, »(y, 7|H1) is mainly spread over the
on the OTT. Then, ifY; < Y7, the associated demodulatedange having relatively high values®f or relatively low values
symbol should be erased. OtherwiseYif > Y7, the demod- of X, while fy, A(y,7|Ho) is mainly distributed over the range
ulator outputs a RS code symbol. In the context of the RTT bhving relatively low values of; and relatively high values of
Fig. 2, we observe thgh (| H, ) is mainly spread over the rangeX. Therefore, if a demodulated symbol has a maximum output



YANG AND HANZO: LOW COMPLEXITY ERASURE INSERTION IN RS-CODED SFH SPREAD-SPECTRUM COMMUNICATIONS 919

AT

value ofY; and a ratio of\, that had fallen in the main range of
' J Pi(Na, A) =Pu,(Ho) | fa(r|Ho)dr — (31)
0

fri a(y, 7|Ho), the symbol concerned must be a low-reliability
symbol and must be replaced by an erasure. By contrast, if a de-
modulated symbol has valuesXif and A that had fallen outside

the main range ofy, (y, 7| Ho), then this symbol is likely to

be correct and the corresponding RS code symbol can be for-
warded to the RS decoder. Consequently, in order to erase the, (7, v, A;)
low-reliability RS coded symbols, we assume thiatand Ay

are two thresholds, which activate an erasure insertion, when- = Py, (Hl)/
everY; < YrandA > Ar. 0

where the PDFs of\(»|H1) and f\(r|Hp) are given by
(26) and (27), respectively.
* MO-RTT:

Yr ol
le,)\(yv T|Hl) dr dy
AT

Yo ol
B. Codeword Decoding Error Probability . (HO)/O /)\T foi, Ay, 7lHo) dr dy (32)

In the previous subsection we have derived the required PDF$% (N, Y1, Ar)
for the OTT, RTT, and MO-RTT erasure insertion schemes, in Yroopl
order to investigate the codeword decoding error probabilities = £, (Ho) ll—/ fvi, Ay, r|Ho)drdy|  (33)
associated with using “errors-and-erasures” RS decoding. Let 0 AT
us now compute the RS code symbol error probability and RS \yhere fyvi Ay, r|Hy) and fy, x(y, r|Ho) are the joint
code symbol erasure probability, after the erasure insertion de- ppFs ofy; and\ of (21) and (22).
cision according to the OTT, RTT, or MO-RTT. Furthermore, According to (28)_(33), we can see that the Symbo' erasure
we investigate the codeword decoding error probability usifgobability and random symbol error probability after erasure
“errors-and-erasures” decoding by considering both that the [gsertion decision are functions of the noise plus interference
ceiver has perfect PBGI side-information or when the PBGhectral densities and the thresholds. For a given transmitted
side-information is unavailable at the receiver. More explicitlx,ower and for a given value d¥,,, the thresholds can be opti-
by side-information, we mean information concerning the pregized numerically, in order to achieve the minimum codeword
ence or absence of interference on a given FH tone. decoding error probability. When the PBGI side-information as-

Let us assume thafy is a threshold associated with the OTTgociated with each RS code symbol is unavailable, the optimum
Ar is a threshold associated with the RTT, and furthermor@,reshmds can only be derived by minimizing the average code-
(Yr, A7) are two thresholds associated with the MO-RTTuord decoding error probability averaging over both the cases
which activate an erasure insertion, wheneYer < Y7 inthe absence and in the presence of the PBGI. However, when
in terms of the OTT,A > Az in terms of the RTT, and perfect PBGI side-information is available at the receiver, then,
{Y1 <Yz} ){A > Az} interms of the MO-RTT, respectively. it was shown in [9] that two different thresholds can be invoked
Based on the properties of the OTT, RTT as well as MO-RT{gr improving the performance. Specifically, one corresponding
their corresponding symbol erasure probabiliff( ), and to the case of AWGN only, while the other one corresponding
random symbol error probability( ), after erasure insertion tg the presence of AWGN plus PBGI. Consequently, the op-
decision can be summarized as follows. Note that, since befihum thresholds associated with the OTT, RTT or MO-RTT
the symbol erasure probability and random symbol errgan be derived by minimizing the average codeword decoding
probability after erasure insertion decision are functions of tgror probability by considering both the absence of PBGI and
thresholds involved, the thresholds are explicitly presentedtife presence of PBGI. This implies the optimization of thresh-

the following equations. oldsYr,, Vg, forthe OTT,\p,, Ag, forthe RTT, oYz, Ar, ),
« OTT: (Yr,, A\p ) for the MO-RTT, respectively. Consequently, for the
v above thresholds invoked in the OTT, RTT or MO-RTT, the
T .
P.(N,, Yr) = Py, (H.) Fy. (y|Hy) dy average symbol erasure prob_ablllty qn_d random symbol error
probability after erasure insertion decision can be expressed as

Y5
T . OTT:
+ P, (Ho) fyvi (y|Ho) dy, (28)
0

P. =(1— p)P.(No, Y1,) + pP.(No+ N1 /p, Y1,),  (34)
fv, (y|Ho) dy] (29) P =(1-p)P(No, Y1) + pP:(No + Nt /p, Y1,)  (35)

* RTT:

Yr

Py(N,, Yr) =Py, (Ho) [1 -
0

where the PDFs ofy, (y|H1) andfy, (y| Ho) are given by

(24) and (25), respectively. Pe=(1—p)Pe(No, A1) + pPe(No + Ni/p, A1,)  (36)

" RTT: P, =(1 = p)Pi(No. Azy) + pP(No + Ni/p, Az,)  (37)
1
Po(Nu, Ar) =Py, (H1) | [a(r|Hy) dr * MO-RTT:
AT

. Pe =1~ p)Pe(No, Y7, A1y ) + pPe(No + N1 /p, Yr,, A1)
—+ PN,,, (Ho) f)\(7’|H0) dr (30) (38)
AT
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P, =(1 = p)PNo, Y1, Az, ) + pPu(No + Ni/p, Y, , Ary ). M=32, E,/No=10dB, Ey/Nj=8dB

107 T T T 1711 T T T T [ 1T T T [ T1
(39) P ==
s m=2 ]

In (34)—-(39),p < 1 is the fraction of the band that the PBGI m=3-
contaminatesp.(No, ...), P.(No,...) are the corresponding
symbol erasure probability and random symbol error probability
associated with absence of PBGI, white(Ng + N;/p,...),
P,(No+Ny/p,...)are the corresponding symbol erasure prob-
ability and random symbol error probability associated with

5

Average BER
8

presence of PBGI. Furthermore, we emphasize that if the knowl- 2| .
edge of PBGI is unavailable at the receiver, in (34)—(39), the |
thresholds o¥’, andY7,, Ay, andAz, should be setto be equal, 10755 'o!z' = 'ofﬁ = lo{s‘ BT R
i.e.,Yr, = Yr,, A\, = A, and then optimized, since the re- Interference duty factor p

ceiver is unaware, whether the received symbol is interfered. i A BER PBG duty faciospert orth ded
. oA L4, verage versus uty racterpertormance for the uncoae

Finally, based on the SYmbO' erasure probability and randcﬁﬁFK based SFH/SS system computed from (17) with the aid of (14) and (16).
symbol error probability, if we assume that the symbol errors
and sym_bol erasures within a RS codewqrd are i_ndependent M=32, E,/Nog=10dB, E,/N;=10dB
due to using perfect symbol-based channel interleaving, then the e L, g
codeword decoding error probability after “errors-and-erasures” = =
RSV, K) decoding can be expressed as [14]: [

N N—1 .

Pr=> 3 <N> <N - L)P;‘Pﬂ'u — P, — P)N=imi
. ] ] ¢ '
- ) ‘

(40)
wherejo(i) = max{0,N — K + 1 — 2}, while P. and P,
represent the symbol erasure probability and random symbol
error probability before RS decoding, respectively, which are
given by (34) and (35) for the OTT, (36) and (37) for the RTT, L T e T R
and (38) and (39) for the MO-RTT. Interference duty factor p

Above we have analyzed the codeword decoding error proba-

bility associated with the OTT, RTT and MO-RTT by using “er¥ig. 5. Average BER versus PBGI duty facteperformance for the uncoded
rors-and-erasures’ decodlng. Let us now evaluate the SySteM%ZK based SFH/SS system computed from (17) with the aid of (14) and (16).

performance for a range of parameters.

Average BER

m=1, p=0.15, M=32, E,/N,=15dB, E,/N;=15dB, RS(32,20)
V. PERFORMANCERESULTS ~ oNo LEN (

In this section the performance of the RS coded MFSK based
SFH/SS system using “errors-and-erasures” decoding associ:
ated with the OTT, RTT or MO-RTT erasure insertion scheme
is evaluated and compared for a range of parameters.

In Figs. 4 and 5 we investigated the influence of the PBGI
duty factor,p, on the average BER performance of an uncoded
MFSK based SFH/SS system over Nakagamfading chan-
nels for fading factors ofn = 1, 2, 3, 4, 5, 10 and 100. The
parameters of Fig. 4 we® = 32, signal to noise ratio (SNR)
per bit of £, /Ny = 10 dB and SIR per bit ofE, /N; = 8
dB. The parameters in Fig. 5 were the same as in Fig. 4, ex-
cept for F, /Ny = 10 dB. From the results of Figs. 4 and 5 we
observe that for each curve associated with a fading factor of 3

‘\ “w,

bed
th
L

W ““ ou"'l:f" ”' "";;,,;;.
i
\\\\\\\\\\\\\\\

'
S
1

$ I lI ’Ill 'Il
1l \\\ i m m,' ,”,;:,

I
I v &

Log of codeword decoding error probabihty
. s .
W

m > 1, there exists a PBGI duty factqr, which results in the 0

highest BER. By contrast, for the Rayleigh fading channel cor- 4%1,% 6 - !
responding torn = 1, the maximum BER is observed, when : esp,, 12 02 \d O

p = 1, which implies that spreading the PBGI power over the Wy, PO o eshO

whole band used results in the worst possible BER.
Figs. 6 and 7 show the codeword decoding error probgig. 6. Codeword decoding error probability versus the amplitude threshold,

bility of (40) associated with (38) and (39) over the Rayleighr and the ratio threshold)r for the RS(32, 20) FEC code using
‘errors-and-erasures” decoding based on the MO-RTT erasure insertion

fad!ng channel hav_mgn =1 ('_:'g 6) qnd Nakagami®  gcheme over Rayleigh fading channels ( 1). The results were evaluated
fading channel havingn = 2 (Fig. 7) using the proposed from (40) with the aid of (38) and (39).
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m=2, p=0.15, M=32, E/Ny=15dB, E,/N;=15dB, RS(32,20) M=32, p=0.15, Ey/No=10dB, RS(32,20)
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0 3 [ 9 12 15

SIR per bit erpressed in dB (E,/N))

Codeword decoding error probability
S

Fig. 8. Codeword decoding error probability versus SIR per bit for RS(32,
20) “erasures-and-erasures” decoding using the OTT, RTT and joint MO-RTT
erasure insertion schemes. The results were computed from (40) with the aid of
(34) and (35) for the OTT, using (36) and (37) for the RTT, and (38) and (39)
for the MO-RTT, respectively.

Log of codeword decoding error probability

Fig. 7. Codeword decoding error probability versus the amplitude threshold,
Yr and the ratio thresholdA+ for the RS(32, 20) FEC code using
“errors-and-erasures” decoding based on the MO-RTT erasure insertion
scheme over Nakagami- fading channels form = 2. The results were
evaluated from (40) with the aid of (38) and (39).

joint MO-RTT. The RS(32, 20) code over the Galois Field
GF(32) = GF (2%) corresponding to 5-bit symbols was used
and “errors-and-erasures” decoding based on the proposed N
MO-RTT insertion scheme was employed. From the results T S
we observe that there exists an optimum threshold valug-of SIR per bit erpressed in dB (E,/N,)

or Yz, for which the “errors-and-erasures” decoding achieves

the minimum codeword decoding error probability. This obFig. 9. Codeword decoding error probability versus SIR per bit for RS(32,

servation in turn implies that for given values &f. SNR per 20) “erasures-and-erasures” decoding using the OTT, RTT and joint MO-RTT
! erasure insertion schemes. The results were computed from (40) with the aid of

bit of £3/No, SIR per bit of£;, /N as well as for a given RS (34) and (35) for the OTT, using (36) and (37) for the RTT, and (38) and (39)

code, there exist optimum thresholds}ef and Az, for which  for the MO-RTT, respectively.

the “errors-and-erasures” decoding using the joint MO-RTT

erasure insertion scheme achieves the minimum codewdi&#SK based SFH/SS system employing the OTT, RTT and

decoding error probability. This minimum codeword decodinglO-RTT erasure insertion schemes over Nakaganfading

error probability is lower, than that associated with using thehannels having different fading parameters. The results were

RTT alone or the OTT alone. Note that the point correspondimgmputed from (40) associated with (34) and (35) for the OTT,

to Yy = 0 and Ay = 1 represents the codeword decoding36) and (37) for the RTT, and (38) and (39) for the MO-RTT

error probability using “error-correction-only” decoding, i.e.erasure insertion schemes, respectively. The different parame-

no erasure insertion at all. Therefore, we can observe thats used when generating these two figures &gV, = 10

for both cases considered, the “errors-and-erasures” decodifgy p = 0.15 associated with Fig. 8, whil&, /Ny = 8 dB,

outperforms the “error-correction-only” decoding, if the aps = 0.3 were employed in Fig. 9. From the results of Fig. 8

propriate thresholds are invoked. However, if the threshgld we observe that, whem = 1,2, 3,4,5 or when the SIR ex-

is too high and simultaneously the thresholg is too low, pressed ai,/N; is sufficiently low, both the proposed OTT

too many erasures will be activated, potentially erasing correntd MO-RTT erasure schemes outperform the RTT erasure in-

demodulated symbols. Consequently, the codeword decodsggtion scheme. However, when the channel fading is not severe,

error probability using “errors-and-erasures” decoding miglharacterized for example by the fading parameten.cf 10,

be higher, than that using “error-correction-only” decoding. we observe that the RTT outperforms the OTT, provided that
Since the optimum thresholds invoked in the OTT, RTT ake SIR is sufficiently high, for example, SIR9 dB. Similarly,

well as MO-RTT can be derived numerically for a given rangieom the results of Fig. 9 we observe that whan= 1,2, 3 or

of parameters, in our further investigations we assumed theten the SIR expressed &%/N; is sufficiently low, both the

the optimum threshold was employed, whenever “errors-an@dT and MO-RTT erasure schemes outperform the RTT. How-

erasures” decoding was used. In Figs. 8 and 9 we evaluag@r, whenrn = 4, 5, 10, and when the SIR is sufficiently high,

the codeword decoding error probability of a RS(32, 20) codede observe that the RTT outperforms the OTT. Furthermore,

Codeword decoding error probability
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Fig. 10. Codeword decoding error probability versus SIR per bit for RS(32,

20) “erasures-and-erasures” decoding using the OTT erasure insertion schdtige,11. Optimum thresholds invoked in the OTT for achieving the codeword
with and without perfect PBGI side-information. The results were computetecoding error probability versus SIR per bit performance shown in Fig. 10.
from (40) with the aid of (34) and (35).

value is sufficiently high, all the optimum thresholds converge to

from the results of Figs. 8 and 9, as predicted, the MO-RTthe relatively less sensitive values and vary over a limited range.
erasure scheme outperforms both the RTT and the OTT era-

sure insertion schemes, provided that all the erasure insertion
schemes are operated at the optimum decision thresholds. From
the results we can also observe that, when the channel qualityn summary, we have proposed two novel erasure insertion
is relatively poor (characterized for exampleday= 1,2), the schemes based on the OTT and MO-RTT, which have a similar
codeword decoding error probability of the OTT and MO-RTEomplexity to the RTT, for RS coded SFH/SS communications
becomes similar. By contrast, when the channel quality becomessng MFSK modulation. The exact PDFs of the decision
better (for example in conjunction with = 5, 10in Fig. 9), the variables in terms of the OTT, RTT and MO-RTT have been
codeword decoding error probability of the RTT and MO-RT HBerived, when the channel is modeled as flat Nakagami-
becomes similar. fading in the presence of AWGN and PBGI, under the hy-
As we discussed previously in Section IV, when the receivpotheses that thé/-ary demodulated symbol is corredt)
does not have any PBGI side-information, a single optimuand incorrect f,). With the aid of these PDFs, we gained an
threshold exists. However, if the PBGI side-information is availnsight into the basic characteristics of the OTT, Viterbi's RTT
able at the receiver, two optimum thresholds can be derivex well as the MO-RTT, and determined the optimum decision
in order to further enhance the RS “errors-and-erasures” dbresholds for these erasure insertion schemes, in order to
coding performance. Hence, as an example, in Fig. 10 we evathieve the minimum codeword decoding error probability
uated the codeword decoding error probability of a RS codeding “errors-and-erasures” RS decoding for a range of param-
MFSK based SFH/SS system using the OTT erasure inserteters over Nakagamiz fading channels. The performance of
scheme, when the PBGI side-information was unavailable RS coded SFH/SS systems using the OTT, RTT or MO-RTT
the receiver, or the receiver employed perfect PBGI side-ibhased “errors-and-erasures” RS decoding has been investigated
formation. Fig. 11 shows the optimum thresholds invoked @nd compared over Nakagami-fading channels, when non-
Fig. 10 for achieving the minimum possible codeword decodirmpherent MFSK demodulation is considered. The numerical
error probability. From the results of Fig. 10 we observe tha¢sults suggest that when using “errors-and-erasures” decoding,
when the SIR per bit is lower than 9 dB, the codeword decodifitfs codes of a given code rate can achieve a significantly higher
error probability of the receiver benefiting from perfect PBGtoding gain, than without erasure information, provided that
side-information and associated with two optimum thresholdsappropriate thresholds are invoked. Assuming that all schemes
lower than that without side-information and using one optimuare operated at the optimum decision thresholds, we found
threshold. However, when increasing the SIR per bit value, ttieat the OTT outperformed the RTT, when the channel fading
codeword decoding error probability of the receiver using pemas severe. However, the situation was reversed and the RTT
fect PBGI side-information or that without PBGI side-informaeutperformed the OTT, when the channel fading was moderate
tion converges to the same value. The results of Fig. 11 shawd the SIR was sufficiently high. Finally, the MO-RTT
that when the SIR per bit is low, the optimum threshold correutperformed both the OTT and the RTT, regardless of the
sponding to the symbols contaminated by PBGI is highly sensiverity of the fading and the SIR experienced. Furthermore,
tive to the change of the SIR per bit value. By contrast, the ofite numerical results suggest that if explicit PBGI side-in-
timum threshold corresponding to the uninterfered symbols, aftdimation is available at the receiver and if the interference
the optimum threshold of the receiver having no PBGI side-ipower is high, two optimum thresholds—where one threshold
formation is relatively stable. However, when the SIR per bis matched to the AWGN only and the other is matched to

VI. CONCLUSIONS
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the AWGN plus PBGl—can be employed, in order to further LetY; =Y, Y> = Y A. Then, it can be shown that the abso-
improve the performance of the investigated RS coded SFH/B® value of the Jacobian of the transformation [26] is given by
systems using “errors-and-erasures” decoding. The analysig.JJh =Y. Consequently, upon using this transformation in (42),
this paper can be extended to that of RS coded systems vitik joint PDFs ofY; and A under the hypothesi&; of correc-

or without spreading, where noncohereit-ary orthogonal tion decision can be expressed as

modulation, such as MFSK or Walsh function based orthogonal Frialy, r|Hy)

signaling is employed. (M -1y M-2
i o) [ o]
APPENDIX N

DERIVATION OF THE JOINT PDFS fy, (v, 7|H1) AND 0<y<oo,0=r<l (43)
fyi, A(y, 7| Ho) INVOKED IN MO-RTT where fy, (y) is the PDF of the decision variable matched to
the transmitted symbol, whilgy;, (z) and fy, (x) represent the
DFs of the decision variables mismatched to the transmitted

MO-RTT based erasure insertion scheme. These PDFs & rr;k;o(l).fyUp;): du)\SIunr? dt:ftshiiDFsthegse;?ngneggi[f?éiigomt
be derived by first deriving the joint conditional PDFs of the ! yp ! P

maximum,Y;, defined in (18), and that of the “second” maxas seen in (21).

imum, Y2, defined in (19). Once these PDFs are obtained, the ppF Under the Hypothesi#,
joint conditional PDFsfy, , A(y, 7| H1) and fy,, x(y, r|Hp) can
be readily derived by invoking the transformation technique
of [26]. Remembering the assumption that the fifdtary
symbol is transmitted, thetf, represents the decision variable/vi, v (y1, y2|Ho)

In this appendix we derive the joint conditional PDF
fvi,a(y, r|H1) and fy, a(y, r|Ho) associated with the

For the hypothesiély, the joint PDF ofY; in (18) andY; of
ig) can be expressed as

corresponding to the transmitted symbol, which obeys the PDF o? Py, < Vo < wolH.
of (11), while {Us, Us, ..., Uy} are constituted by noise, — gy, dy, (Y1 S, Y2 < 9ol Ho)
which obey the i.i.d. having the PDF of (8). Consequently, for 1 52
the hypothesidgdy, the joint PDF ofY; in (18) andY> of (19) = P(Y1 <1, Yo <, Ho)
can be expressed as P, (Ho) Oy1 dys
M-1 &
thYz (y32y2|H1) = PNn (HO) 3y1 ayQ
= 910 P(Y1 <1, Y2 < yo|Hy) AP(U=Y1 <y, Uh=Ya < {U; < ULML, o)
1 82 +(M_2)P(Un1:YiSylaUJ_YésyQa
= P (HL) Oy1 91 P(Y1 <1, Yo <y, Hy) {Uy < Uj}£i17k¢nl7j)}. ) | (44)
In (44) Py, (Hy) represents the probability that for given value
_ 1 o of N, the demodulator output is in error. In deriving the third
Py, (Hy) Oy Oy2 step from the second step, we assumed that the maximum of
-P(Y1 =U; <y1,Ye =max{U,,Us,..., Uy} < 1)  the decision variablefl;, Us, ..., Uy} wasU, # Uy, since
M_1 o9 the demodulated/-ary symbol is in error. Furthermore, when

=53 50 proceeding from the second step to the third step, the “second”
N, (H1) Oyi Oy2 maximum has been divided into two cases. Specifically, the first
P(Up UL <1, Upy <, {U; S U3 im) case is whei/; is the “second” maximum, which is described

M1 5 by the first term of the third step, while the second case is when
= / fu,. (z)dz U7 is not the “second” maximum, i.e., the “second” maximum
Py, (Hy) Ou ‘992{ is also associated with a decision variable mismatched to the
y1 £ M—2 transmitted symbol. This case is described by the second term
{/ Jo, dy} {/ fu dy} } (41)  of the third step. Upon using the PDFs of the decision variables,
{U1, Us, ..., Un}, (44) can be further written as

In (41) Pn, (H1) represents the probability that the demodulatofy, v, (y1, y2|Ho)

output is correct at a given value éf,,. Upon executing the M1 52 ” -
partial differential operations in (41) associated withandys., = 50 5.8 { / Ju,(z)dz { / fu,. (y) dy}
the joint PDF ofY; andY,—which are expressed as (18) and . y1dy2 Jo x
(19), respectively— under the hypothegis can be expressed @ M-2 )
as : [/ Ju dy} M-2 / fu
0 0
Y1 xT
v, v (Y1, y2|H1) . [/ fu.. (%) dy} {/ fo, (v) dy}
M — - T 0

/ M-2
fl/l(Ul fu,. (y2 fu,(y) dy , - M3
= Px,(H) { } . { 7 }
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Upon executing the partial differential operations in (45) asso-[3]
ciated withy; andys., the joint PDF ofY; andY; under the
hypothesisH, can be formulated as (4]
Iyi,ve (1, y2|Ho)
M1

Py, (Ho)

+ (M = 2)fu, (y1) fo,; (y2) [/0312 fo.(w) dy}

(5]

o M2
Fo (1) fu () [ /0 fo, ) dy} .

(71

” M-3
: |:/ Ju () dy:| ) Yy 2 y2 2 0. (46) [8]
0

Upon using the transformation techniques of [26] in (46), as ]
in (42), the joint PDFs of; andA under the hypothesi&, of

erroneous decision can be expressed as [10]

fn,A(.% 7’|H0)

(M 1) yr M-=2 (11]
_ — Y ) Ay )
= G fon )| [ o o) e
ur [12]
01 =20, W) | [ o)
yr M-3
U fovk(a:)da:} , 0<y<oo,0<r<1 [13]
0
(47)
[14]
where fy,(x) represents the PDF of (11), while,

fu,.(x), fu,(x) and fy, (x) represent the PDFs of (8). Upon [15]
substituting these PDFs in the above equation, the joint PDFs
of Y1 and A\ under the hypothesis aff; can be expressed [16]
as in (22).
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