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ABSTRACT

The performance of Reed-Solomon (RS) coded di-
rect-sequence code division multiple-access (DS -
CDMA) systems using non-coherent M-ary orthog-
onal modulation is investigated over multipath Ray-
leigh fading channels. Equal gain combining (EGC)
diversity reception is invoked and the related per-
formance is evaluated for both uncoded and RS-
coded DS-CDMA systems. ‘Errors-and-erasures’
decoding is considered, where the erasures are based
on Viterbi’s so-called ratio threshold test (RTT).
The performance of the ‘errors-and-erasures’ de-
coding technique employing the RTT is compared
to that of ‘error-correction-only’ decoding over mul-
tipath Rayleigh fading channels. The numerical re-
sults show that when using RTT-based ‘errors-and-
erasures’ decoding, RS codes of a given code rate
can achieve a higher coding gain than without era-
sure information.

1. INTRODUCTION

The ability of direct-sequence code division multiple-access
(DS-CDMA) systems to benefit from the diversity effect of
multipath fading and the option of mitigating the multiuser
interference by multiuser detection [1] has rendered them
popular in recent years. It has been argued that CDMA can
offer a higher system capacity, than Time Division Multi-
ple Access (TDMA) or Frequency Division Multiple Access
(FDMA) in cellular networks [2]. On the up-link of a DS-
CDMA cellular system, due to the high complexity of coher-
ent modulation/demodulation, which would require a pilot
signal for each user, non-coherent M-ary orthogonal modu-
lation using M = 64, i.e. 6-bit symbols, has been proposed
for example for the reverse link of IS-95 [3]. The analysis of
DS-CDMA systems using M-ary orthogonal signaling has
been provided for example in [4]-{7] for both Additive White
Gaussian noise (AWGN) and multipath fading channels.
Forward error-correction (FEC) is often used in cel-
lular DS-CDMA for mitigating the effects of fading and
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interference. The so-called ‘errors-and-erasures’ decoding
schemes [8] are often preferable to ‘error-correction-only’
decoding, since typically more erasures than errors can be
corrected. Hence, it is beneficial to determine the reliabil-
ity of the received symbols and to erase the low-reliability
symbols prior to the decoding process. An erasure inser-
tion scheme suitable for M-ary orthogonal modulation is
the Ratio-Threshold Test (RTT), which was proposed by
Viterbi [9]. Kim and Stark [10] have employed it for miti-
gating the effect of Rayleigh-fading and have analysed some
of the performance limits of an RS-coded DS-CDMA sys-
tem upon using ‘errors-and-erasures’ decoding.

In this contribution, we investigate the performance of
an RS coded DS-CDMA system, when M-ary orthogonal
signaling is employed in conjunction with an RTT-based
erasure insertion scheme over multipath Rayleigh-fading cha-
nnels. Equal gain combining (EGC) diversity reception is
considered and its performance is evaluated in the context
of the proposed RTT-based erasure insertion scheme. The
probability density function (PDF) of the ratio defined in
the context of RTT is investigated, when either the cor-
rect detection hypothesis (H:) or the erroneous detection
hypothesis (Ho) is satisfied by the received M-ary signals.
These PDFs are then employed in order to quantify the
performance of the M-ary DS-CDMA system investigated.
Furthermore, with the aid of the PDFs, we can gain an
insight into the basic characteristics of Viterbi’s RT'T and
determine the optimum decision threshold for practical sys-
tems.

2. SYSTEM DESCRIPTION AND CHANNEL
MODEL

2.1. The Transmitted Signals

The transmitter schematic of the coded M-ary orthogonal
modulation based DS-CDMA system is shown in Fig.1. The
information bits are first grouped into b-bit symbols, where
b =log, M. Then, K information symbols are encoded into
an N-symbol RS codeword. Finally, after the randomising
symbol-interleaving each RS-coded symbol is M-ary mod-
ulated in the baseband, DS spread and carrier-modulated
using the approach of Jalloul and Holtzman [6]'. In a DS-
CDMA system supporting K active users, the signal trans-

1For convenience, we adopt notations similar to those used in
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mitted by user %, 7 =1,2,..., K, can be expressed as [6]:

si(t) = VPW (£)a}(t) coswet
+ VPWI(t — To)ab(t — To)sinwet, 0 <t < Ty, (1)

where P is the transmitted power per symbol, T is the
symbol duration, w, is the carrier’s angular frequency, and
To is an offset time. Furthermore, W3(t) is the jth Walsh-
Hadamard orthogonal function, which represents the jth
orthogonal signal of the ith user’s symbols, while a}(t) and
ag(t) represent the spreading waveforms of the in-phase (I)
and quadrature (@) phase channels, respectively. These
quadrature components are expressed as:

oo

ai(t) = Y ap'p(t—hT) @)
h=-—00

ag(t) = Y alip(t—hT.), (3)
h==00

where a{l‘i, a,?’i are independent identically distributed (i.i.d)

random variables assuming values of +1 and -1 with equal
probability of 1/2. Furthermore, T, represents the chip du-
ration and p(t) is assumed to be the rectangular chip wave-
form, which is defined over the interval (0,Tc]. Moreover,
we assume that Ny = T, /T. = bT/Tc = bN, where T is the
bit-duration and N = T/T.

Interleaver p
a;(t)

coswct

sin wet

Figure 1: Transmitter block diagram of the DS-CDMA sys-
tem using M-ary orthogonal modulation, RS encoding and
symbol interleaving.

2.2. The Channel Model

We assume that the channel between the ith transmitter
and the corresponding receiver is a multipath Rayleigh fad-
ing channel [11]. The complex lowpass equivalent represen-

tation of the impulse response experienced by user i is given
by:

Lp
hi(t) = Z a1, 6(t — Ta,) exp(—jdir, ),

Ip=1

)

where a;i,, T, and ¢;;, represent the attenuation factor,
delay and phase-shift for the l,th multipath component of
the channel, respectively, while L, is the total number of di-
versity paths and §(t) is the Delta-function. We assume that
the ith user’s multipath attenuations {aup} in Eq.(4) are
independent Rayleigh-distributed random variables having
a PDF given by [11]:

2

fanp (R) = %Ii €xp <_%‘> ) (5)
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where Q = F [(a,'zp)Z]. The phases {¢,-1p} of the different
paths are assumed to be uniformly distributed random vari-
ables in [0, 27), while the ith user’s path delays of {'r,-zp}
are modelled as random variables that are mutually inde-
pendent of each other and uniformly distributed in [0, T5).
Upon assuming that ideal power control is employed, the
signal received at the base station generated by the K users
can be expressed as:

K
r(t) =) ui(t) +n(t),

(6)
=1
where
LP
wi(t) =Y VPou, [W(t -7, )ai(t — a,)
=1
- cos (wc(t ~Tu,) — i)
+WI(t — To — 7, Jag(t — To — Tar,)
-sin (we(t ~ 7ut,) — ¢, )], ¢

while n(t) represents the AWGN, which is modeled as a
random variable with zero mean and double-sided power
spectral density of No/2. After the receiver’s bandpass fil-
ter, the noise n{t) becomes a narrow-band noise process,
which can be expressed as [6]:

n(t) = nec(t) coswet + n4(t) sinwet,

®)

where n.(t) and ns(t) represent lowpass-filtered Gaussian
processes.

3. THE DETECTION MODEL
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Figure 2: Receiver model of the DS-CDMA system investi-
gated using non-coherent M-ary demodulation, multipath
diversity combining, maximum-likelihood detection (MLD),
erasure insertion based on the RTT, deinterleaving and RS
‘errors-and-erasures’ decoding,.

The receiver schematic of the studied DS-CDMA system
including non-coherent M-ary demodulation, multipath di-
versity combining, maximum-likelihood detection (MLD),
RTT-based erasure insertion, deinterleaving and RS ‘errors-
and-erasures’ decoding is shown in Fig.2. The square-law-
based non-coherent M-ary demodulation block is the same
as that used in [6] and hence the interested readers are
referred to [6] for further details. Multipath diversity com-
bining invoking the EGC - where the input L-path signals
are equally weighted and summed - was implemented in
the ‘EGC’ block. The MLD block selects the largest from



its input variables and computes the value of \; defined as
the ratio of the largest to the second largest of the MLD’s
inputs. Following the MLD stage, the next block may out-
put an M-ary RS code symbol or insert an erasure. Fi-
nally, after symbol-based deinterleaving, the RS decoder
invokes ‘errors-and-erasures’ decoding and then outputs the
received information bits.

Upon assuming that Gaussian approximation of the mul-
tipath interference and that of the multiple access interfer-
ence can be employed, according to [6], U*(m,!) in Fig.2 is
the sum of the square of two Gaussian random variables,
each having a variance of [6] (Eq.(28)):

2
8

_No EQ _
= T+ oKL, - 1), )

where  was defined in Eq.(5).
For a receiver using L-th order (L < L,) diversity re-
ception and EGC the L branches are equally weighted and

then summed in order to form the decision variables, which
can be expressed as:

L
Ui =3 Um,) (10)
=1

form = 1,2,...,M and i = 1,2,...,N, where N is the
length of the RS code. Assuming that the jth symbol was
transmitted, then, since U’(m,1) is the sum of square of
two Gaussian random variables, it can be shown that, for a
given set of multipath attenuations {1, iz, ...,air}, UL,
is Chi-square distributed with 2L degrees of freedom. The
normalized PDF can be derived and expressed as:

(L-1)/2 _
fustwh) = (—3-) exp (~ly + D) In-1 (vayy) , (1)

__ 1 L-1 .
foi () = - exp(—y), m#j5 (12)
where I (-) is the modified Bessel function of the Lth order
[11], and

L 2
B Nt
_ 2 B\~
7, [WS(KLP—M( =) ] (14)

We assume throughout that all the path gains are i.i.d ran-
dom variables. Consequently, with the aid of Eq.(5), it can
be shown that the PDF of « can be expressed as:

1

L-1 Y
=7 epl|l—-=]-
-1k ( %)

f(v) = @

(15)

Since the decision variables {U{, Ui,... ,U,‘;,} are inde-
pendent random variables, the conditioning in Eq.(11) can
be removed with the aid of Eq.(15), yielding:

) - (16)

y
47,

1 _
fU]i (y) = m?f !exp (—
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4. AVERAGE ERROR PROBABILITY
WITHOUT FEC

Let Hi: and Hp represent the hypotheses of correct and
erroneous decisions in the MLD block, respectively. Then
the average erroneous symbol probability of P(Hp) can be
expressed as:

P(Ho) 1— P(H,), (17)
where P(H,) is the average correct symbol probability. With
the aid of Egs.(12) and (16), P(H1) can be expressed as:

P = [ e oo (1)
L-1 M-!
[1 — exp(~y) y‘u] dy. (18)
k=0

5. PERFORMANCE USING RS FORWARD
ERROR-CORRECTION CODES

5.1. Error-Correction-Only Decoding

Upon assuming that sufficiently long randomizing symbol
interleaving was invoked, the codeword decoding error prob-
ability after ‘error-correction-only’ decoding can be expressed
as [11):

N

>

n=[(N-K)/2]+1

Py

(N ) (P(HO)"(1 - P, (19)

n
where P(Hp) is given by Eq.(17).

5.2. Errors-and-Erasures Decoding

Let {U1z JUS, .. .,UI‘;,,} represent the decision variables in-
put to the MLD block of Fig.2. The ratio A; involved in
Viterbi’s RTT is computed according to the following defi-
nition [9]:

Yy =max, {U},U3,...,Un }
' Yo =max {U, U5, U}

(20)

where Y1 = max; {-} and Y, = max; {-} represent the max-
imum and the ‘second’ maximum of the decision variables of
{U{, Us, ..., U}W}, respectively. Viterbi [9] pointed out the
plausible fact that the demodulated symbols having rela-
tively high ratio of A\; were more reliable, than those having
relatively low values of A\;. Consequently, a pre-set thresh-
old Ar can be invoked, in order to erase these low-reliability
symbols associated with a ratio of A; < Ar, which consti-
tutes the so-called RTT.

The PDF of A; defined in Eq.(20) conditioned on both
the correct detection hypothesis (H1) and erroneous detec-
tion hypothesis (Hp) associated with the transmitted M-ary
symbol can be expressed as:

fA.' (ylHl)
Fxi (y|Ho)

Cuy, x g, (y|Hy), y2>1,
Cuo x g, (ylHo), y2>1,

(21)
(22)
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where _

o0
g (ylHL) = "7 / z*r~texp (—z -1 2y )
0 +Ye

N =@M - @)t (ﬁ“) dz, (23)

9x: (y|Ho) = y* 7! /m 2 exp(—zy) [1 - ¥(ay))M~?
0
. [1 -0 (1 f’ﬁ )] ()1 — Y(z)M?
1 T
{<_+—>“ (-7 v

1+
+(M — 2) exp(—7) [1 - (1 fi )} }dz, (24)

1
Cry, = —m——) 25
! I ax (ylHi)dy #)

1
Cuy = T (26)

I 9n (ylHo)dy

In order to erase the low-reliability RS-coded symbols,
we assume that Az is the threshold, which activates an era-
sure insertion, if A; < Ar. Consequently, the correct symbol
probability, P, and the random symbol error probability,
P, after erasure insertion can be formulated as:

P = P [ lH)dy (27)
AT

P = P(H) / Pn@lH)y  (28)
Ap

and the symbol erasure probability P. can be expressed as:
P,=1-P.-P. (29)

Finally, the codeword decoding error probability Puw
after ‘errors-and-erasures’ decoding can be expressed as:

o5 2, 007)

PiPi(1— P, — PN, (30)

where jo(i) = max {0,N = K +1 — 2¢}, while P;, and P,
are given by Eq.(28) and Eq.(29).

6. NUMERICAL RESULTS

Fig.3 and Fig.4 show the codeword decoding error proba-
bility of Eq.(30) over Rayleigh fading channels for the EGC
scheme, when employing the RS(32,20) code over the Ga-
lois field GF(32) =GF(2°) corresponding to 5-bit symbols
using ‘errors-and-erasures’ decoding. In Fig.3 the codeword
decoding error probability was portrayed for different val-
ues of SNR per bit and for different thresholds Ar. By
contrast, in Fig.4 the codeword decoding error probability
was evaluated for different number of users and for differ-
ent thresholds Ar. From these results we conclude that for

a constant SNR per bit , 7, - where 3, = L,¥,/b - or for
a constant number of active users, K, there exists an op-
timum threshold, for which ‘errors-and-erasures’ decoding
achieves the minimum codeword decoding error probability.
Hence, an inappropriate threshold leads to higher codeword
decoding error probability, than the minimum seen in the
figures. From Fig.3 and Fig.4 we gain an explicit insight
into the characteristics of Viterbi’s RTT over the dispersive
Rayleigh fading channels characterised in Eq.(20), suggest-
ing that the optimum threshold was typically around 1.5 to
2.

In Fig.5 and Fig.6 we evaluated the codeword decoding
error probability of an M-ary DS-CDMA system employ-
ing either ‘error-correction-only’ or ‘errors-and-erasures’ de-
coding. The parameters used in these investigations were
shown at the top of the figures. The optimal threshold, Ar,
was adjusted according to the average received SNR per bit
in Fig.5, while in Fig.6 according to the number of active
users. The results show that under dispersive multipath
Rayleigh fading conditions the decoding algorithms using
‘errors-and-erasures’ decoding based on the RTT erasure
insertion scheme outperform ‘error-correction-only’ decod-
ing.
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Figure 3: Codeword decoding error probability versus the
average SNR per bit, ¥,, and versus the threshold, Az,
for the RS(32,20) FEC code using ‘errors-and-erasures’ de-
coding over the Rayleigh fading channel characterised by
Eq.(4), evaluated from Eq.(21)-(30).
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Figure 4: Codeword decoding error probability versus the
number of active users, K, and versus the threshold, Ar,
for the RS(32,20) FEC code using ‘errors-and-erasures’ de-
coding over the Rayleigh fading channel characterised by
Eq.(4). The results were evaluated from Eq.(21)-(30).
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Figure 5: Codeword decoding error probability versus the
average SNR per bit, ¥,, for the RS(32,20) FEC code using
‘error-correction-only’ decoding (ECOD) and ‘errors-and-
erasures’ decoding (E?D) with parameters of M = A = 32,
K =120, K =10, N =128, L, = L = 1,2,3 over the
dispersive Rayleigh fading channel characterised by Eq.(4).
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Figure 6: Codeword decoding error probability versus the
number of active users, K, for the RS(32,20) FEC code
using ‘error-correction-only’ decoding (ECOD) and ‘errors-
and-erasures’ decoding (E*D) with parameters of M = A
32, K =20, 5, = 20dB, N =128, L = L, = 1,2, 3 over the
dispersive Rayleigh fading channel characterised by Eq.(4).



