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ABSTRACT

Soft-decision based redundant residue number
system (RRNS) assisted error control coding is
proposed and its performance is evaluated. An
RRNS(n, k) code is a maximum-minimum dis-
tance block code, exhibiting identical distance
properties to Reed-Solomon (RS) codes. Hence
their error correction capability is given by ¢t =
(n — k)/2. Different bit mapping methods are
proposed, which result in systematic and non-
systematic RRNS encoders. We show that the
classic Chase algorithm can be invoked, in or-
der to contrive soft-decision detection for RRNS
codes and to exploit the soft channel outputs,
which provide the relative reliability of each of
the received binary digits. We found that soft
decision based RRINS decoding is at least 1.5dB
better as compared to hard decision assisted
RRNS decoding.

1. INTRODUCTION

Since their introduction, redundant residue number sys-
tems (RRNS) have been considered to constitute a pro-
mising way of supporting fast arithmetic operations [1]—
[9]. The arithmetic advantages accrue from the prop-
erty that the RNS has the ability to add, subtract or
multiply in parallel, regardless of the size of the num-
bers involved, without generating intermediate carry
forward digits or internal delays [1,2]). Furthermore,
RRNSs have been studied extensively for the fault-
tolerant protection of arithmetic operations in digital
filters as well as in general purpose computers [2]—[8].
A coding theoretical approach to error control cod-
ing invoking the RRNS has been developed in {7, 8].
The concepts of Hamming weight, minimum distance,
weight distribution, error detection capabilities and er-

ror correction capabilities were introduced. A compu- -

tationally efficient procedure is described for example
in (8], for correcting multiple errors.

In this paper, we propose an approach to exploiting
the error control properties of the RRNS(n, k) code us-
ing powerful soft-decisions. Since a RRNS based code
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constitutes a non-binary block code, we propose two
methods for mapping the binary source bits to the non-
binary RRNS code symbols, which result in a so-called
non-systematic and systematic RRNS code. At the re-
ceiver, we combine the RRNS decoder proposed in [8]
with the classic Chase Algorithm [10] in order to im-
prove the performance of the code using soft-decisions.

In Section 2 we give a brief introduction to RRNSs.
Both systematic and non-systematic encoders are de-
scribed in Section 3 and the decoder is detailed in Sec-
tion 4. In Section 5 we propose a novel soft decoding
method. Finally, our simulation results are presented
in Section 6 and 7.

2. REDUNDANT RESIDUE NUMBER
SYSTEM

A RRNS is defined in terms of an n-tuple of pairwise
relative prime positive integers, mi, mg, ..., Mg, Me41,
..., My, referred to as moduli. The moduli mq, ma, ...,
my, are considered to be non-redundant moduli. The
remaining (n — k) moduli, my41, Mgt2, ..., My, form
the set of redundant moduli that allows error detec-
tion and correction in the RRNS. The product of the
non-redundant moduli represents the so-called dynamic
range, My, of the RRNS, which is given by:

k
M = H mj . (1)
j=1

The interval [0, M} — 1] is also often referred to as the
legitimate range, while the interval [My, M, — 1] as the
illegitimate range, where M, = H?:I m;.

Any positive integer X, where 0 < X < M, can be
represented by an n-tuple residue sequence given by:

s Zn) (2)

where the quantity z; is the lowest positive integer re-
mainder of the division X by m; and is designated as
the residue of X mod (modulo) m; or IXImJ,. The pos-
itive integer z; is also termed the j-th residue digit of
X.

X +— (21,22, .0, Tk, Tht1,
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Given the n-component residue vector, z;, z2, ...,
Zn, we can reconstruct the integer X from the residues
using a procedure known as the Chinese Remainder
Theorem (CRT) [1,2], according to:

X = |Y Mjla;L),, | mod My, (3)
Jj=1

where M; = —A"’—fn and Lj; is the multiplicative inverse of

Mj mod my, 'IJ’ijlmj =1.

The so-called Mixed Radix Conversion (MRC) can
also be used to replace the CRT, representing the inte-
ger X in the form of:

n i—1
X=> a]lm,
i=1 j=1

where 0 < a; < m; and H?=1 mj = 1. In the MRC
algorithm, the digits a;, as, ..., ai are referred to as
the mixed radix information digits, and agy1, ..., an
will be termed as the mixed radix parity digits.

4)

3. RRNS ENCODER

In the previous section we stated that an RRNS code is
given by a set of residues with respect to a pre-defined
set of moduli. Since the moduli and the residues can
assume positive integers - representing by an arbitrary
number of binary bits - the RRNS constitutes a non-
binary code, based on transmitting the residues con-
veying a number of bits. In this section, we propose
two different mapping methods from the binary source
bits to the non-binary RRNS code, which result in a
so-called non-systematic and a systematic RRNS code,
respectively.

3.1. Non-systematic Encoder

IX|

mapping my

ky Binary
Data Bits

Integer,
X

Residues

Figure 1: Non-systematic encoding procedures.

We summarised the non-systematic encoding pro-
cess in Figure 1. The non-systematic encoder accepts
ky number of binary data bits each time, where the in-
teger 2% must be in the range [0, M}y, — 1] and M} was
defined by Equation 1 and hence has to obey:

max
ky {2} <My . (5)

The data bits are then mapped to an integer X, which
has to be in the range of [0, 2% — 1]. Note that the full
‘range of the RRNS might not be used. Using the mod-
uli in the RRNS, the residues z; are simply obtained
by taking the modulus, as shown in Figure 1.
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3.2. Systematic Encoder

mapping_| BEX_ | Redundant]

Residues

ky Binary
Data Bits

Non-redundant,
Residues

Figure 2: Systematic encoding procedures.

Figure 2 characterises the systematic encoding pro-
cess. Unlike the non-systematic encoder, which maps
all the data bits to be transmitted to an integer X,
the systematic encoder divides the bit sequence to be
encoded into shorter groups of bits, each of which is
represented by a non-redundant residue z;. Here we
state that the mapping rule we proposed is not nec-
essarily unique, but with the aid of the proposed soft-
decision algorithm we will be able to resolve the associ-
ated ambiguity with a high probability. The reason for
introducing this non-unique mapping is to ensure that
the dynamic range offered by the RRNS code used is
exploited in bit-mapping terms as efficiently as pos-
sible. This issue will be further clarified during our
forthcoming discussions. Explicitly, we define the sys-
tematic mapping rule such that the number of binary
data bits ks, assigned to each non-redundant residue

x; must be the smallest number, satisfying 2k > m;,
obeying:

min
ko, {2} > m; (6)
As a consequence of the above allocation of data bits,
there might exist a number of integers X, which cannot
be uniquely represented by kj; data bits, since they are
equal to or greater than the modulus, i.e. X > m;.

Hence, we define the mapping rule as:

o

where X is the integer represented by a group of ky,
data bits. The mapping rule of Equation 7 implements
bitwise complement computations, if X > my, in or-
der to achieve maximum Hamming distance separation
between the two bit patterns that are mapped to z;
according to Equation 7. At the receiver - since these
integers exhibit maximum Hamming distance separa-
tion - we can calculate the Euclidean distance of both
integers from the received integer, in order to determine
the more likely transmitted integer. The total number
of data bits that the systematic encoder encodes each
time becomes k, = E§=1 ks,-

Accordingly, as shown in Figure 2, the data bit se-
quences to be encoded are mapped to the non-redundant
residues directly. Then the so-called Base Extension
(BEX) algorithm can be invoked [1], in order to com-
pute the redundant residues from the known non-redun-
dant ones.

X
ok _1 - X

ifX<mj
1fX2mJ ’

(™
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4. RRNS DECODER

The minimum distance d.;, is a fundamental param-

eter associated with any error control code. In [7,8],
Krishna et. al. derived the necessary and sufficient con-
ditions concerning the redundant moduli for an RRNS
code to exhibit a minimum distance of d;;n. The min-
imum distance of an RRNS code is dyin, if and only if
the product of redundant moduli satisfies the following
relation (7, 8]:

Amin dmin—1
max{ H mj,}‘> Mn_y > max{ H mji} )

i=1 i=1

(8)

where My_ = []_;,, ™m; represents the 'redundant
dynamic range’ of7 the code and my; is any of the n
moduli of the RRNS code, for 1 < j; < n. Similarly
to Reed-Solomon (RS) codes, the error correcting ca-
pability of an RRNS is also given by [7}:

e=| ==L ©)

where |e| means the largest integer not exceeding e.
From Equation 8, the smallest value of M, for a
minimum distance dp,;, is obtained by setting

dmin—1
M, _ = max { H mj,} . (10)

i=1

Equation 10 shows that the left hand side inequal-
ity of Equation 8 is satisfied trivially. It also shows that
an optimal RRNS, which is associated with the mini-
mum necessary redundant dynamic range of M,_j for
achieving a minimum distance of dp.;, has the largest
modulus of d,nin — 1 as the redundant modulus. There-
fore, we can write that:

n—k
k+ dmin — 1. (11)

dmin —1 =

n =

Using the standard coding theoretical terminology, we
will refer to an RRNS that satisfies Equation 11 as
a maximum distance separable RRNS (MDS-RRNS)
code. :

The RRNS decoder invoked in this paper was pro-
posed in [8]. The multiple error correction procedures
in [8] are extensions of those in [5,9). In [5,9], the algo-
rithms for locating a single residue digit error are based
on the properties of modulus projection and Mixed
Radix Conversion (MRC). However, the proposed RRNS
decoder assumes that the output of the demodulator is
binary. This implies that the algorithm is incapable of
exploiting the soft outputs provided by the demodu-
lator at the receiver. Here, we propose soft decoding
of RRNS codes by combining the classic Chase algo-
rithm [10] with the hard decision based RRNS decoder
of [8].
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5. SOFT DECODING OF RRNS CODES

We consider the transmission of block coded binary
symbols {—1, +1} using BPSK modulation over an AWGN
channel. At the receiver, the demodulator provides
the received signal values y for the RRNS decoder. A
maximum-likelihood decoder is capable of finding the
codeword that satisfies:

mjn . 9
j weight(ly —z;|%) , (12)

where z;; € {—1, 41} are the transmitted binary coded
symbols and the range of j is over all possible legiti-
mate codewords. The decision given by Equation 12 is
optimum, but the computational complexity increases
exponentially with k£ and becomes prohibitive for block
codes with £ > 6. As a remedy, the Chase algorithm
was proposed for near maximum-likelihood decoding of
block codes [10]. The algorithm is sub-optimum, but it
offers a significantly reduced complexity.

& ¢
Figure 3: Stylised illustration of the Chase algorithm.

At the demodulator, the received bits y are sam-
pled, yielding the sequence z and the associated confi-

- dence values |y| are fed to the Chase Algorithm. Ac-

cordingly, the sampled sequence z is intentionally per-
turbed by a set of test patterns T'P, which is a binary
sequence that contains binary 1s in the bit positions
that are to be tentatively inverted. By modulo two
adding this test pattern to the received sequence a new
sequence 2z’ is obtained, where:

Z=z0TP. (13)

Using the test patterns, the perturbed received sequence
2 falls within the decoding sphere of a number of valid
codewords, namely in that of for example ¢t ...ct, as
shown in Figure 3. In the figure r represents the max-
imum distance of the perturbed received sequence 2’
from the original sampled received sequence z. If we
increase r, the perturbed received sequence 2’ will fall
within the decoding sphere of more valid codewords.
In order to reduce the associated decoding complexity,
only I bit positions associated with the least reliable
confidence values |y| are considered for perturbation.
If the perturbed received sequence 2z’ falls within
the decoding sphere of a valid codeword, by hard de-
cision RRNS decoding a new error pattern ¢’ is ob-
tained, which may be an all-zero or a non-zero tuple.
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The actual error pattern e associated with the received
sequence z is given by

e=¢e ®TP, (14)

which may or may not be different from the original test
pattern T P depending on whether or not the perturbed
received sequence 2’ falls into the decoding sphere of
a valid codeword. However, only those perturbed re-
ceived sequences 2z’ that fall into the decoding sphere
of a valid codeword are considered. In this case, we
are concerned with finding the error pattern e of min-
imum ’analogue weight’, where the analogue weight of
an error sequence e is defined as:

W)=Y eyl - (15)
i=1

The generated test pattern T'P will be stored, if the as-
sociated analogue weight W is found to be lower, than
the previously registered analogue weights. The above
procedure will be repeated for the maximum number
of test patterns, which is tolerable in complexity terms.
Upon completing this loop, the memory is checked in
order to determine, whether any error pattern has been
stored, and if so, the corrected decoded sequence will
be z @ e. Otherwise, the decoded sequence is the same
as the received sequence z.

6. SIMULATION RESULTS

As an example, we have quantified the performance of
the RRNS(28, 24) code in our simulations. The moduli
chosen were 131, 137, 139, 149, 151, 157, 163, 167, 173,
179, 181, 191, 193, 197, 199, 211, 217, 223, 227, 229,
233, 239, 241, 247, 251, 253, 255 and 256. Moduli 251,
253, 255 and 256 are the redundant moduli. Applying
Equation 8, we can show that the minimum distance
dmin 1s equal to 5. Therefore, we can calculate the er-
ror correction capability ¢ using Equation 9, which is
equal to 2. Besides, the RRNS(28,24) code also satis-
fies Equation 11 and hence it .is a maximum separable
code. '

Figure 4 shows the performance comparison be-
tween non-systematic and systematic RRNS encoders,
which were described in Section 3. Due to their differ-
ent mapping methods, the code rate for the systematic
encoder is R = 0.86 as compared to R = 0.81 for the
non-systematic encoder. The performance of the sys-
tematic encoder is about 1.0 dB better than the non-
systematic encoder. The figure also shows the perfor-
mance of the systematic Reed Solomon code RS(28,24)
code over GF(8) in comparison to the systematic RRNS-
(28,24) code. It can be seen that ‘the performance
of the systematic RS(28,24) code and the systematic
RRNS(28,24) code is similar.

Figure 5 shows the associated performance curves
of systematic RRNS soft decoding for different num-
ber of test positions I. At a BER of 107°, there is
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Figure 4: Performance comparison between non-
systematic and systematic RRNS hard decoding using
BPSK modulation over AWGN channels. The perfor-
mance of RS(28,24) Reed-Solomon code over GF(8) is
also included.
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Figure 5: Performance of systematic RRNS soft decod-
ing for different number of test positions ! using BPSK
modulation over AWGN channels. The performance of
systematic RRNS hard decision decoding is also shown
for comparison.
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a coding gain of 2.3 dB for ! = 1. Upon increasing
the number of test positions I, the larger the subset of
tentatively decoded words, the more likely that it con-
tains the transmitted codeword, and hence the better
the coding gain. However, the improvement becomes
smaller, as the number of test positions ! increases.
Furthermore, the complexity of the algorithm increases
exponentially, since the number of test patterns is equal
to 2!, The performance of systematic RRNS hard de-
coding is also shown in Figure 5 for comparison. For
{ =4, i.e. for 16 test patterns, the coding gain of RRNS
soft decoding is about 3.2 dB at a BER= 10-°.

7. PERFORMANCE OF RRNS CODES
OVER RAYLEIGH CHANNELS
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Figure 6: Performance of systematic RRNS soft decod-
ing for different number of test positions [ using BPSK
modulation over uncorrelated Rayleigh fading channels
assuming perfect fading inversion. The performance of
systematic RRNS hard decoding is also shown for com-
parison.

The performance of the RRNS code investigated
was also evaluated using BPSK modulation over the
so-called perfectly interleaved or uncorrelated Rayleigh
fading channel assuming perfect Rayleigh-fading enve-
lope inversion. In Figure 6, we compared the soft de-
coding RRNS coding performance over both AWGN
channels and Rayleigh fading channels under the inves-
tigated conditions. At BER= 1075 the performance of
RRNS(28,24) code with [ = 4 is about 6 dB better,
than that of hard decision decoding.

8. CONCLUSION

We have proposed a novel non-binary error control code,
namely the RRNS code. Its performance was found to
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be similar to Reed Solomon codes. The Chase algo-
rithm was then used to implement the soft decision
decoding of RRNS codes. In our future work, we are
researching turbo RRNS codes.
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