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A Residue Number System Based Parallel
Communication Scheme Using Orthogonal
Signaling: Part I—System Outline
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Abstract—A novel signaling scheme is presented, where a set ofsystem—where the operands of the signal-processing steps are
orthogonal signals is transmitted in parallel. The signals are se- represented by the conventional weighted number system—due
lected according to the so-called residue number system (RNS).tO the carry forward required by the weighted number system,

Hence the system is essentially a multiple code parallel communi- . .
cation scheme using high modulation alphabets. It is demonstrated a bit error may affect all the bits of the result. By contrast, the

that the system’s performance can be substantially improved by SO-called residue number system (RNS) [1] is a nonweighted,

exploiting a number of advantageous properties of the RNS arith- carry-free number system, which has received wide attention

metic. ) ) . due to its robust self-checking, error detection, error correction,
In Part | of this paper, we focus our attention on the system’s and fault-tolerant signal-processing properties [1]-[22].

description and on the associated background of the RNS arith- - ) d .
metic, as well as on the performance evaluation of the residue An RNS is defined [1] by the choice efnumber of positive

number system arithmetic, using both nonredundant and redun- integersm; (i = 1,2,...,v), referred to asnoduli If all the
dant moduli based orthogonal signaling schemes, over an additive moduli are pairwise relative primes, any inte@ér describing
white Gaussian noise (AWGN) channel. Redundant RNS codes arethe information symbols to be transmitted in this paper, can

introduced in order to protect the transmitted information. The e njguely and unambiguously represented by the so-called
detection techniques used in this novel system are different from id in th H<N<M
conventional detectors. Specifically, a novel decision algorithm, residue sequences( rs, ..., r,) in the range of) < < I
referred to as a ratio statistic test, is designed, which implies Wherer; = N (modm;) represents the so-called residue digits

dropping some of the lowest reliability demodulation outputs of N upon division by the modulin, and M; = [];_, m;
before the residue digits are transformed back to binary symbols. can be referred to as the information dynamic range, i.e.,
This improves the system'’s performance. This dropping technique the legitimate range of the information symbdé This is

is different from the conventional “errors and erasures” decoding, t imolv b the b f duli bi |
where the erased symbols (or bits) should be computed and filled rue, simply because number of moduli unambiguously

during decoding. We argue that the demodulated/decoded infor- describe any integer information symkglin this range. In the

mation can be obtained by decoding the retained or undiscarded above process, the algorithm that transforms any conventional
symbols upon exploiting the properties of the RNS arithmetic. weighted number system to the residue number system is
Our numerical results show that the proposed scheme constitutes defined as the residue number system transform (RNST).

a high-efficiency parallel transmission method for high-bit-rate . . .
communication, achieving a coding gain of 2 dB at a bit error rate  According to the so-called Chinese reminder theorem (CRT)

of 107 over ANGN channels. [8], for any givenv-tuple of residuesr{,rs,...,r,), Where
Index Terms—Code-division multiple access (CDMA), error 0 < 7 < m;, there exists one and only One_ integérsuch
control, orthogonal signalling, parallel signalling, ratio statistc that0 < N < M andr; = N (modm;), which allows us
test, redundant residue number system (RRNS), residue number to uniquely recover the messagé from the received residue
system (RNS). digits. The process that transforms the residue number system
to the weighted number system is defined as the inverse RNST
I. INTRODUCTION URNST)' .
) ) . For incorporating error control [1]-[11], the RNS has to be
F LEXIBLE, high-bit-rate low-bit-error-rate (BER) commu- gesigned with redundant moduli, yielding a so-called redundant
nication is becommg an issue of Increasing IMportancRS (RRNS) code. An RRNS code is obtained by appending an
Conventionally, communication system design is based on th&gitional @ — v) number of moduliny. 1, myta, . . . , My, 1O

well-known weighted number system representation, usinge previously introduced RNS in order to form an RRNS code
for example, a base of 2, 8, 16, etc., for implementation, ultt ,, positive, pairwise relative prime moduli. The so-called re-
mately favoring the weighted binary system. In a conventiong{,ndant moduli have to obey,,; > max {my,ma,...,m,}

[5], [8], [10]. Now an integerN in the range [0 M) is rep-
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number systems, such as, for example, the binary weightggplicable to this scenario; however, all the operations are cast
number system representation. These two features are [1], fidre in the context of the RNS, which lends itself to a range of
1) the carry-free arithmetic and 2) the lack of ordered signi€onvenient novel detection procedures.
icance amongst the residue digits. The first property implies Explicitly, the nonbinary RRNS code symbols are amenable
that the operations related to the different residue digits aee transmission using/-ary orthogonal signaling schemes.
mutually independent, and hence the errors occurring durikignce, in this two-part paper, we focus our attention on
addition, subtraction, and multiplication operations, or dugtudying the performance of the RNS and RRNS codes in the
to the noise induced by transmission and processing, remaantext of M/ -ary orthogonal signaling schemes.
confined to their original residues[1], [5]. In other words, these The contribution of this two-part paper is a generalized
errors do not propagate and hence do not contaminate otherformance analysis of RNS-based MOK over Gaussian and
residue digits due to the absence of a carry forward. The abowaltipath Rayleigh fading channels. In this, Part I, we concen-
second property of the RNS arithmetic implies that redundatnéte on the system’s description, on the inherent properties
residue digits can be discarded without affecting the resutif the RNS, and on its performance evaluation over additive
provided that a sufficiently high dynamic range is retained hyhite Gaussian noise (AWGN) channels. We will investigate
the resultant reduced RNS system in order to unambiguoughg system’s performance under different design criteria, using
describe the nonredundant information symbol. different number of redundant moduli. The effects of forward
As is well known in VLSI design, usually systolic archi-error control (FEC) coding, interleaving, diversity combining,
tectures are invoked to divide a processing task into seveest., over Rayleigh fading channels are treated in Part I
simple tasks performed by small, (ideally) identical, easily def this paper. Our numerical results show that the system’s
signed processors. Each processor communicates only withBtsR performance can be improved by exploiting the inherent
nearest neighbor, simplifying the interconnection design apdoperties of the RNS arithmetic.
test while reducing signal delays and hence increasing the proThe remainder of this paper is organized as follows. Section Il
cessing speed. Due to its carry-free property, the RNS arithmegiesents the communication model, while Sections Il and 1V
further simplifies the computations by decomposing a probleptiovide the performance analysis of the RNS arithmetic-based
into a set of parallel, independent residue computations.  orthogonal signaling system with or without redundant moduli.
The properties of the RNS arithmetic suggest that an RRNSBIr numerical results and their interpretations are given in Sec-
code can be used for self-checking, error detection, and ertién V, while our conclusions are offered at the end of Part . Let
correction in digital processors. The RRNS coding techniqu first consider the proposed communication system model.
provides a useful approach to the design of general-purpose sys-
tems, capable of sensing and rectifying their own processing [I. COMMUNICATION MODEL
and transmission errors. For _examp_le_z, if a digital filter is imA_ Transmitter and Channel Model
plemented using the RRNS with sufficient redundancy, then er- ) _
rors in the processed signals can be detected and corrected by’€ transmitter block diagram of the proposed RNS-based
the RRNS-based decoding. Furthermore, the RRNS coding 8p"0gonal communication system is shown in Fig. 1. As men-
proach [1] is the only one where it is possible to use the Vep)oned before, the information to be transmitted is transformed

same arithmetic module in the very same way for the genef¥ the RNST block to the residue sequence s, . .., .). The

tion of both the information part and the parity part of an RRNEgSidue digits are then mapped to a set of orthogonal signals
codeword. In conventional communication system design, erféfir. (1), Uzr, (), ..., Uur, ()) and multiplexed for transmis-
protection of signals in the process of signal processing afi@n- More rigorously, let

during'sign.al transmission is treated separately. However, in Uio(t), Ur1(t), .., Ur(my —1)(1);

most situations, the RRNS can be used not only for the protec- Uzo(t), Uz1(t), .. ., Us(um,—1)(1); 1)

tion of the operands or signals, while they are being processed  } ... .. ;

in the transceivers, but also for enhancing the system'’s perfor- Uuo(t),Uui (1), - - -, Uy, —1)(t)

mance over the communication channel [11]. From this pointhe a

view, the communication system might be simplified by Simp“ﬁals i?(t:h O;r%:i:é;gi f(;:rorg_plr?;l- Vﬁgffm-gggﬁgo?ﬁé :igt;set
fying the whole encoding and decoding procedure. » Wi u 'g 1Ssion. u

. {Uio(t),Uil(t),...,Ui(m._l)(f/)} of 1) fori = 1,2,...,u

The M-ary orthogonal keyed (MOK) commumcauonis used for the transmission of the residue digitin (1), the
scheme [23], [24], [29]—where a set df mutually orthogonal '

signals is utilized for the transmission of data—is a widely useoéthogonal signals’ power is given by

arrangement. An example of orthogonal signals suitable for 1 r U (02 dt 2
MOK is constituted by sine waves havidg number of uni- b= 2 /o Ui ()] @
formly spaced frequencies, leading 3d-ary frequency-shift fori=1,2,....uandj =0,1,...,m; — 1, if we assume that

keying (MFSK). In the field of code-division mUItIple""IC_]aach signal of the orthogonal signal set used for transmitting a

cess (CDMA). spread-spectrum communications, typlCalé’pecific residue digit has equal power, whétreepresents the
waveforms usingM number of orthogonal pseudorandom;

spreading codes [25]-[30] are employed Adrary signalling. signaling interval duration. The orthogonality is expressed as
A practical manifestation of such a scheme is the 64-ary uplink T U (DU ()dt = 26, (i=14d,5=7)
of the well-known 1S-95 system. The results of this paper are i (U7 (£)dt = 0, (otherwise).
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Fig. 1. The transmitter block diagram.

To transmit an information symbol whose value A, andN(¢) represents a zero-mean Gaussian stationary random
which is confined to the dynamic range< N < [[;_, m; process with single-sided power spectrum densityVpf Let
of the system using nonredundant RNS, the symbol is firgé now consider the receiver’s operation with the aid of Fig. 2.
transformed to the RNS representation of,(-,..., Tw)s
which we refer to as the residue sequence. Then the orthogo@\‘al-rhe Receiver
signal set{Uy,,(t), Uy, (t),..., U, (t)} is obtained from  Fig. 2 portrays the proposed coherent receiver designed for
the residue sequence, as seen in Fig. 1, i.e., by assignisgeiving the RNS-based orthogonal signals in the form of
an orthogonal code to each residue digit We note that if (6). The receiver is constituted by three Sections. Section |
for practical reasons perfect code orthogonality cannot Bensists ofu number of banks of correlators, where each bank
maintained, each residue digit of a symbol interferes with othigr dedicated to receiving one residue digit from the set of
residue digits of the same symbol, inevitably degrading tHe,,r,,...,r,}. According to the first property of the RNS
system’s performance. Finally, the setwobrthogonal signals arithmetic, the operations based on the residue digits belonging
{Ur,(t),Uzpy (t), ..., Uur, (1)}, is combined in the transmitter to the different moduli;m;, i = 1,2,...,u are mutually
of Fig. 1. This composite signal modulates the carrier, yieldirigdependent, hence the receiver banks of different residue
the transmitted signal expressed as digits in Fig. 2 are independent. Therefore, each bank structure
of the receiver in Fig. 2 is optimum for the AWGN channels
=Re Z Ui., (t) exp (j27 fet) (4) considered in part | of this paper and the receiver is optimum
for the given received power of each residue digit. However,
for0 <t <T, Wherefc is the carrier frequency. Since in thewe will see in Section V that for a given total transmitted
proposed system number of orthogonal signals are combinegower, different error probabilities are achieved by distributing
linearly, as seen in (4), high peak-to-average amplitude ratidigferent transmitted powers for the transmission of different
can be encountered, potentially resulting in nonlinear distaesidue digits.
tion, unless “infinite dynamic range” linear amplification is as- According to the second property of the RNS arithmetic, if the
sumed. Technigues minimizing the envelope fluctuations afteNS is designed with redundant moduli using the RRNS codes,
linear combining of multiple signals have been proposed inthen some of the channel-impaired received residue digits can
number of publications [31], [32]. However, due to space limbe discarded as an error-correction measure, provided that a suf-
tations, these issues are beyond the scope of this paper.  ficiently high dynamic range is retained by the reduced-range
According to (2) and (3), the total energy «ft) per symbol system, in order to unambiguously decode the result. The above

period can be directly computed as statement can be augmented as follows.
T u Let{my,ms,...,m,} beasetofimoduliofan RRNS code,
E= / s2(t)dt = Z & (5) wherem; < my < -+ < m,. Let N be the integer mes-
0 i= sage associated with a nonbinary information symbol, which is
where the orthogonal signals’ powgrwas expressed in (2). now expressed as the residues, (2, . . -, r,) With respect to

We assume that the channel has no bandwidth limitatiortke above moduli. If the dynamic range of the nonbinary in-
simply attenuates the signaling waveforms transmitted, delagger messag®’ is [0, [];_, m;), wherev < u, thenN can
them in time, and corrupts them by the addition of Gausside recovered from any out of theu number of residue digits
noise. Hence, the low-pass equivalent received signal maydmel their relevant moduli. This property implies that—after the

expressed in the form of maximum likelihood detection (MLD) stage of thereceiver
banks in Fig. 2—d (d < u — v) number of MLD outputs can
= ae’? Z Uir.( )+ N(t) (6) be dropped before the IRNST stage, while still recovering the

transmitted symbolV using the retained MLD outputs, pro-
where « represents the channel attenuation factoiis the vided that the retained MLD outputs are those matched to the
time delay,p = —2xf.7 is the delay-induced phase rotationrelated residue digits. Alternatively, the residue digit errors in
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Fig. 2. The receiver block diagram with RNS processing.

the retained MLD outputs can be corrected using the RRNS deAfter the RNS processing, the setwofetained residue digits
coder. The variablea; for: = 1,2,...,u in Fig. 2 are com- of the RNS-processing outputs are input to the IRNST block of
puted in the process of demodulating the residue digits. ThEig. 2 (Section Ill). The estimation of the information symbol
are used as the metrics for making decisions as to which ML ensues according to known RNS decoding algorithms [14],
outputs will be dropped before RRNS decoding, an issue tHab].

will be discussed in Section IV. The structures of the transmitter and receiver in the RNS-

Given the properties of the RNS arithmetic, here we propoBased or the RRNS-based parallel communication systems sug-
RRNS codes for error control. RRNS codes can be construc@@$t that the moduli have to be selected according to the fol-
according to the characteristics of the RNS arithmetic [6]—[8PWing criteria.

They are so-called maximum-distance-separable codes [8].1) For a given information dynamic rangé, the informa-
An RRNSu,v) code—where the information dynamic range tion can be uniquely and unambiguously represented by

is [0, T];_, m;) and the total code dynamic range is [0, a residue digit sequence with respect to the moduli.
1L, mi;)—has a minimum distance of.¢ v+1) and henceis  2) Since the sum of the modulus values determines the
capable of detectingi(—v) or less residue digit errors or correct number of required correlators, the number of moduli
up t0tmax = [(u — v)/2] residue digit errors. Alternatively, and the modulus values must be selected such that their
an RRNSu, v) code is capable of correcting a maximumtof product is maximized and their sum is minimized. Hence,
residue errors and simultaneously detect a maximuyh of ¢ for a given number of moduli, the modulus values have
residue errors, provided that+ 5 < u — v. Algorithms for to be selected to be as close to each other as possible for
RRNS decoding can be found in [6]-[8]. the sake of maximizing their product and minimizing
their sum.

However, if we let/ be the number of discarded residue digits, _ _
whered < u — v, then an RRN&:, v) code is converted to a  Now, we focus our attention on the performance analysis of

RRNSu — d,v) code afterd out of thew residue digits and the proposed algorithms. We note here that readers mainly inter-
their corresponding moduli are discarded. Hence, the redu®sded inthe system’s BER performance—rather than in its math-
RRNSu — d, v) code can detect up ta.[- v — d] residue digit ematical characterization—can directly proceed to Section V.
errors and correct up td4 — v — d)/2] residue digit errors.
This property suggests that the RRNSv) decoding can be Ill. AVERAGE BIT ERRORRATE WITHOUT RNS FROCESSING
designed by firstdiscarding(d < u—wv) outoftheu outputs of | this section, we derive the expression of the BER for
the MLDs in Section | of Fig. 2, which is followed by RRN&-  the proposed system over AWGN channels without RNS
d,v) decoding. Since the discarded outputs are not requiredfigcessing. This implies that = « and all moduli are used
be considered in the RRN& — d, v) decoding, the decoding for signal transmission, or, in other words, the dynamic range
procedure is therefore simplified. of the transmitted symbols is given by [0}, m;). Note that
Accordingly, as seen in Fig. 2, Section Il of the receivethe expressions of the BER are reduced to the corresponding
is used to implement the above RNS processing, such asventional formulas for the\/-ary orthogonal signalling
error-correction-only decoding, error-dropping-only decodingcheme discussed in [23], when= 1.
and error-dropping-and-correction decoding. The performanceDue to the independence of different residue digits in the
of this system will be analyzed in the forthcoming sections. RNS, we may compute the system’s BER by first computing
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the error probabilities for receiving the residue digits separatefyre received correctly. Hence, the probabifty(C') of correct
Then the system’s average BER can be obtained by exploitisggnbol recovery can be expressed as

the previously stated properties of the RNS arithmetic, it will u
become explicit during our further discourse. P(C) =[] R(C). (15)
When a coherent receiver is considered, the set of decision i=1
variables can be written as [23] Finally, the BERZE; (¢) can be approximated as [23]
T 1
U.; —Re |¢~i / UL dt] Py(e) = 5 (1= P(C)) (16)
70 whenM = [];_, m, is sufficiently high.
J=0,1,...,m; =1 (7) Whenu = 1, (16) is simply reduced to the BER of the con-

for receiving residue digit; (i = 1,2, ...,u), wheres is the yentionalM—a_ry orthogonal signaling_syst_em [23]. However,
carrier phase. Let us assume that the orthogonal sequerlE& conventionallf-ary orthogonal signaling system has the

{Uin(t), i = 1,2,...,u} are selected for transmitting theSame number of bits per symbol, as the RNS-based system, then
residue sequence (0, Q,., 0). Then, the decision variables can B -
be expressed as M = l:[lmi a7

Uio =2a&; + Nio (8) must be satisfied. This implies that for the conventiah&lary

U;j =Nij (9) orthogonal signaling systend/ = [T:_, i number of cor-

relators are required in order to demodulaeg{ [T:"_, m;)-bit

symbols, in contrast to the proposed RNS-based parallel orthog-
(T . onal signaling scheme, in which onlyT’_ , m;) number of cor-

™7 /0 N(t)Uij(t)dt] (10) relators are necessitated. Wl

- ' _ ) ) In the context of the well-known 64-ary IS-95 system, clearly

are zero-mean Gaussian random variables with variafice 3 total of 64 correlators are required in order to detect the 6-bit

2¢i No. Consequently, the probability density functions (pdfsjympols transmitted. By contrast, in our proposed RNS-based

of the decision variable&io, i = 1,2,...,u andUi;, j = system, we may opt for using the relative prime moduli of three,

forj =1,2,...,(m; — 1) and a giveni, where

N,j]' = Re

1,2,...,m; — 1 for a given index; are given by [23]. After foyr and seven. The demodulation of each of the associated
normalization by the mean-square noise power,othe above yesjdues in Fig. 2 requires only three, four, and seven correla-
distributions are given by tors, respectively. Explicitly, only + 4 + 7 = 14 correlators
1 (z — \/2—%)2 are required at the receiver, instead of 64 in the conventional
fu.o(2) = Nors expl\ -5 |- IS-95-like M -ary system.
2w .
] As a more extreme example of a futuristic system, let us con-
fori=1,2,....u ) (11)  sider the system in the first line of [36, Table I], transmitting:
fu. (@) = 1 exp <_33_> 30 bits per symbol and hence requirigdf = 1 073 741 824
‘ V2T 2 ) correlators, which is clearly impractical for any application. By

forj=1,2,...,(m; — 1) andforagivet  (12) contrast, the proposed RNS-based system re®e¢s31 4 32+
wherev; = a?¢; /N, denotes the output signal-to-noise ratig> T 39 + 37_+ 4_1 ~ .238 correlators. He_nce, the complexity of
é: e receiver is significantly decreased in terms of the number of

SNR) of the demodulator dedicated to receiving residue didft ; .
5,. M(zreover if we letl/:. — max{U;; for all j gé 0} for a orrelators required. However, in RNS- or RRNS-based parallel
7" 1 1), max — (¥ -

giveni, then the pdf ot/ max can be expressed as (Appendix Ij:qmmu_nlcatmn systems, an _R_NST umt is required gt the .tran.s-
’ mitter side and an IRNST unit is required at the receiver side in

foi . (x)= mi—1 [1—Q ()™ *exp <_“”_2> (13) order to implement binary-to-residue and residue-to-binary con-
o V2r 2 versions, respectively. The complexity of the IRNST converter
where Q(y) is the Q-function defined asQ(y) = can be significantly decreased when using systematic RRNS
1/vV2r fy"" exp (—t2/2) dt. codes and the so-called mixed radix conversion (MRC) based

The probabilityP; (C) of correctly receiving the residue digiton base extension (BEX) algorithm [19]. In the following sec-
r; is the probability that/;, exceeds all other decision variabledion, we derive the BER expressions for the RNS-based system
Ui1, Uiz, - - ., Ui(m, —1) Within its residue bank in Fig. 2, or the having redundant moduli, i.e., after RNS processing in Fig. 2.
probability thatl/;o exceedd/; j max, Which can be computed as
[23] IV. AVERAGE BIT ERRORRATE WITH RNS RROCESSING

Pi(C) = 1 /OO - Q)™ In this section, we derive the BER expression of the RRNS-
! Vor J oo based orthogonal system when redundant moduli are consid-
ered. In this part of this paper, an approximation is proposed

) dy (14) for evaluating the BER over the AWGN channel in order to
render the numerical analysis tractable. By contrast, accurate

fori =1,2,... u. BER computations are invoked over Rayleigh fading channels
Since no redundant moduli are considered in this sectioninaPart Il of this paper [36]. We also assume an equal energy for

symbol is received correctly, if and only if all residue digitghe different residue digits in the following analysis. We note

2

exp (_M
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furthermore that all equations derived in this section and in [36,
Section V] are suitable for the average BER computation of
Reed-Solomon (RS) coded systems [35] using similar design
criteria. To characterize the BER performance of RS codes, we 06
simply replace the corresponding modulj of the RRNS codes
in the computations by a constant modulusiof= 2°, which
is the dynamic range of the RS coded symbblis;the number
of bits per RS coded symbol. In [36, Section IV], we will elab- & [
orate on this issue further, emphasizing that the corresponding 03
RS-coded system constitutes the special scenario-efcon- .
stant number of bits per symbol. _
The properties of the RNS arithmetic indicate thatifan RNS- |
based orthogonal signaling scheme is designed(withv) > 0 :
number of redundant moduli, then up to-{v) number of MLD 0.00' : s
outputs in Fig. 2 can be dropped before the IRNST while still Variable (x)
recovering the transmitted symbol using the retained MLD out-
puts, provided that the retained MLD outputs are those matclfégl 3. The noise-contaminated pt#,, (), fu,; max(2) according to (11)
to the related residue digits. Conventionally, this kind of drog® (13) for the modulus of. = 16 and an ANGN channel SNR per bit of
ping is referred to as “erasure.” An example of this is known in '
the context of RS codes [29], [30], [34], [35], where the lowest
reliability symbols are erased and error-and-erasure decoding is
employed at the receiver. In the proposed system, we introduced
the so-called ratio statistic test (RST). A relative of this test was
defined as the ratio threshold test (RTT) by Viterbi [34] due to 1.0
invoking a threshold in his system. In this paper, the RST is used
in the demodulation process in order to decide which MLD out- g
puts of Fig. 2 may be dropped in the RNS processing before E
RRNS decoding or the IRNST. The RST of the correlator bank .6
for receiving residue digit;, 7 = 1,2, ..., u, is defined as [34]:

07 F

*x)

Uij.mux

05

02F

»

IIIIIIIIIIIIlIIIIll’IIIIllll

Ho: m,=32,'yb=6dB
Ho! mi=1 6,’)’b:6dB
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o
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where ! max;{-} and ?max;{-} represent the maximum 2 3 4
and the “second maximum” of the correlator outputs of Variable (y)
{Uio,Uir, ..., Usm, -1y}, respectively, which are invoked for

detecting residue digit;. The RST is based on the fact that arfrig- 4. The pdf offA;| = ‘1 max; {-}/? max; {-}’ according to (19) under
unreliable received signal is likely to have nearly equal enerdf nypothesis off, andHy, using the moduli ofi; = 16 and32 atan AWGN

in both the correlation branch matched to the transmitted signa"fInnEI SNR per bit of, = 2 and6 db.

and the correlation branches mismatched to the transmitted

signal, in particular, as far as the second largest one is cétitputs having the lowest absolute value\gffor the RST are
cerned. More explicitly, let the residue sequence (Q,.Q,0) the lowest reliability outputs. The exact pdfs bf under the
be transmitted. Then the noise-contaminated pdf&gfand assumptions ofi; and H, are given in Appendix Il. Finally,
Uijmax fOr i = 1,2,...,u, which are given in (11) and (13), the pdfs ofl\;| under assumptiond; andH, can be expressed
are shown in Fig. 3 for an AWGN channel at a bit-SNR of 2S

dB. Let us assume thdll; and H, represent the hypotheses

that a residue digit is demodulated correctly and erroneously, fix,| (¥|He) = fx, (y|Hg) + fx, (=y|Hs), y >0  (19)
respectively. Then—under the error-free reception hypothesis

of H;—the amplitudes of/;y andU;; max are most likely to whered € {1,0}.

reside in the area & andN of Fig. 3, respectively. However, The exact pdfs off|x,|(y|H1) and f|x, (y|Ho) are shown in

if the residue digitr; is decided erroneously—i.e., under thd-ig. 4 at SNRs per bit of 2 and 6 dB when moduliref = 16
hypothesis ofH,—both the amplitudes ot/;, and U;; max andm; = 32 are considered. As expected, when a residue digit
are most likely to reside in the areaBf Since these decision is demodulated correctly, the value|af| most probably resides
regions are comparable in size, we often arrive at erronednshe area of) > 1, while underH,, the value of\;| is likely to
decisions. Accordingly, we can argue that the absolute valuelw close tg; = 1. As evidenced by Fig. 4, when increasing the
Ai, .., [Ai| under the error-free reception hypothesis—is  SNR per bit, the distribution ofj | (y|H1 ) will shift to the right
usually higher than that under the erroneous reception hypotbr a given value ofn;. Moreover, when increasing the SNR per
esis of Hy. Consequently, we can assume that the demodulabsror the value ofn;, the peak of the distribution ¢ff 5| (v| Ho)
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aty = 1—the peak of the distribution under the erroneous de- However, using the exact pdfs ¢fy  (y|Hp) in order to
cision hypothesis—becomes higher. These phenomena caresiimate the BER after IRNST is an arduous task due to
explained with reference to Fig. 3 as follows. L& be the cor- the quadruple or even higher number of embedded integrals
relator output matched to the transmitted residue digitvhile involved. Hence, in this part of this paper, we invoke ap-
{Ui1, Uiz, . .., Ujam, -1y } are the correlator outputs mismatchegroximations in order to simplify the analysis, noting that for
to r;. Then, sincd/;p was not the maximum correlator outputRayleigh channels, we will provide exact equations in Part
under the erroneous decision hypothddjs the expression of 1l [36]. First, under the error-free decision hypothedis,

' max{-} in (18) obeys the pdfs of! max{-} and? max{-} can be approximated by
) the individual pdfs in (11) and (13), respectively, when the
maX{Ui07 Ui, ..., Ui(mi—l)} SNR per bit is sufficiently high, which leads to the terms of

= max {Us1, Usa, ... .Usmi—1y} . 20) [1 = Q()], P:(C), andQ(y — y/27) becoming near unity in
the effective area off: .. (y|H1) and f . (y|H1). These
Furthermore, when carrying out an erroneous decision, \#@proximations also imply that under the error-free decision
found that in AWGN, the most likely event is thdfy is hypothesisH;, the pdfs of! max{-} and ?max{-} are the
the second largest correlator output and hence the “secamtonditional pdfs of the correlator output matched to the

maximum,” namely; max{-} in (18), obeys transmitted residue digit and the maximum among the other
) correlator outputs mismatched to the transmitted residue digit,
max {Ui1, Uiz, ... Ui(n; 1) } respectively. Using the above approximation, we can obtain the

<*max {Uio,Ui1, .., Uim,—1) } pdf of \; under H;, which is formulated as shown in (22) at

< max {Us1, Uiz, - ., Ui(mi—1) } - (21) the bottom of the page, whefe(C') represents the probability

that U,o exceedd;; max, i-€., P;(C) is the correct reception
It can be shown mathematically that under the erroneous dewiobability of residue digit;, which is given by (14).

sion hypothesigi, and for a given SNR per bit, we have Secondly, we approximate the pdf ¢ok;| under the er-
roneous decision hypothesigl, by a Dirac pulse, i.e.,
*max {Ui1, Uiz, - . ., Ujm,—1y } fix|(wlHo) = 6(y — 1). Note that the first approximation

~ max {Up, Uss, .. ., Uimi—1) } increases the estimated BER, since the pdf$wfx{-} and

2max{-} are assumed unconditionally to reside in the dtea

i.e., when using a high value ef;, statistically both the first of Fig. 3—rather than residing there conditionally—which con-

maximum and the second maximum of the correlator outpugsquently increases the pdf overlap probability that is indicative

dedicated to receiving the residue digjttake a similar value. of the BER. By contrast, the second approximation decreases

Consequently, the distribution peak of their ratio, namely, thtte estimated BER, since the distributionfgf | (y| Ho) is more

of fix,(y|Ho) aty = 1, is increased when increasing thenoise-resilient whery > 1, since increased noise-samples are

value ofm;. Viewing the same phenomenon from a differentequired for its corruption. However, when the SNR per bit of

perspective in AWGN, for a given value af; and for a high the transmitted signal is sufficiently high, the estimated result

SNR per bit —i.e., when the effects of noise are negligible—thg very close to the exact BER.

second maximum of the correlator outputs dedicated to re-Having determined the pdfs df\;| under H; and Hy, we

ceiving residue digit; is the most likely error event undéf,, now estimate the BER by first estimating the correct symbol

which is most likely to happen around the crossing point of thigrobability after the IRNST block in Fig. 2. After obtaining the

curves offy,, («) and fy,; ... (x) in Fig. 3. Consequently, both correct symbol probability, the average BER can be estimated

the first maximum and the second maximum of the correlatasing (16).

outputs dedicated to receiving residue digithave a similar  Let ¢ represent the number of residue digit errors encoun-

value, which increases the pdf peak of their ratio, namelgred in the received RRNS, v) codeword and let < d rep-

that of f)x,|(y|Ho) aty = 1. Furthermore, from the resultsresent the actual number of residue digit errors discarded by

of this part of the paper concerning AWGN and on the basisoppingd number of lowest reliability MLD outputs before

of the results of Part Il [36] concerning multipath fading, w&kRNS« — d, v) decoding. Since a RRNS — d,v) code can

can argue—without a formal proof—that the distribution oforrect up tot,,.x = [(u — v — d)/2] residue digit errors [8],

fin:(y|Ho) tends to a Dirac pulse when increasing the value af symbol is recovered without errors after IRNSTz iind s

m; toward infinity. follow @) 0 < ¢ < tmax OF D) tmax + 1 < ¢ < tmax + d and

2(7rm1;—i_(é)) JS @ exp (—%)

ot = § {1 2o (<EFE) L e (<O byt )

mi— oe z? ", — zy—+/27; 2
it e (<5) 1 - Qe (-7 ) s y>1
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s >t — tmax, Where @) indicates that there were less than  where P(d, t) is the probability that number of residue digit

residue digit errors in the RRN%, v) code and hence all wereerrors are successfully discarded by droppingumber of the

corrected. Condition b) suggests that there weesidue digits, lowest reliability MLD outputs in Fig. 2.

which were received in error in the RRIS v) code, buttheac-  Let A = {|\, |, [Asl, - - [ Amu_s |} represent the abso-

tual number of discarded errossdue to droppingl number of lute ratio set for which the residue digits are received correctly.

the lowest reliability MLD outputs, exceeds- ¢,,.x, Which is  Then, the probability oP(d, t) can be computed by

the number of errors in excess of the error-correction capability

tmax = [(u — v — d)/2] of RNSu — d,v). Both situations will

lead to decoding success. Hence, the correct symbol probabilit d-t t

after the IRNST block of Fig. 2 can be computed according t (d;t) = Z gt—1
n=0

n o1
> [lIA ﬂmgwﬁhﬂ4

the following three cases. Q(u - t)
n
A. Error-Correction-Only RNS Processing ut
For this cased = 0—i.e., dropping no low-confidence . H / fia,. | (ylHy)dy (25)
residues—leads te = 0, and hencé.x = [(v — v)/2] j=1gi 71 ’
number of residue errors can be corrected by the associat%d .
X L where{| A, |, [A\vsls- -y [Au_, |} rEpresents a possible map-
RRNSu,v) code. The residue digit errors are error-correcs, - - ¢ {|)1 | |2/\ | <|u)\ R 1. Note that in derivin
tion-only decoded by the RRNS decoding, but no other RN mabrma s R (u—n 9

processing is carried out in Fig. 2. Consequently, the corrdéP). We used the approximation 6 fin (wlHo)dy = 1/2.
symbol probability after the IRNST block of Fig. 2 can pel he detailed derivations of (25) and (27) can be found in Part

expressed as Il of this paper [36].
P,(C) C. Error-Dropping-and-Correction RNS Processing
If the RNS processing of Fig. 2 is designed using error drop-
tmax t u ping and correction, i.et,,.. > 0, d > 0, then the transmitted
= > II[a-r.c) JI P.© symbol can be recovered correctly if the residue digit errors en-
t=0 = n=1n#m countered due to the channel effects are dropped by dropping
Q( t > error correct d number of the MLD outputs having the lowest valueg.af

23) and/or corrected by the RRN& — d, v) decoding. Hence, the
correct symbol probability after the IRNST block of Fig. 2 can
whereH%zl(-) =1, {j1,j2,...,ju} is @ possible mapping of be expressed as

{1,2,...,u},and@ (?2 represents thatout ofu of the MLD

outputs{Uy, Us, ..., U, } in Fig. 2 were decided wrongly, i.e., dt tmax ‘
t out of u residue digits are received in error before the RNS Py(C) = Z Z H (1-15,(0)
processing, but the othet (— t) residue digits are error-free, =0 of © m=1
while Y u represents all possible selectiong elements t
Q
t u
from {1, 2,..7, u}. - I P.© }
n=1,n#m
B. Error-Dropping-Only RNS Processing P (s>t — timax) (26)

In this case{,.x = 0—i.e., no residue error correction takes\'/vhereP(s > £ — tyae) is the probability that the number of
place—and hencéu — v) = d number of lowest confidence . ; X )

. . iscarded residue digit errors is not less thant ... Accord-
residues can be dropped. The symbol is recovered correctly aﬁ}erI P(s > t— twae) = 1if £ < ¢ Whent > ¢ we
IRNST in Fig. 2, if and only if all the number of residue digit gy, Fls =2 max/ Lo max maxs

errors inflicted by the channel are discarded by droppingzlthehave

number of MLD outputs having the lowest value |af|. Ac- P(s >t — tyax)
cordingly, the correct symbol probability after the IRNST block dttmax—t
of Fig. 2 can be expressed as - {211_1 <f t )

P,(C) =0

> [£IA ﬂ&J@”ﬂﬁ@]

(u—t
] } (27)

(1-p,©) I P

) |:m—l n=1,n#m

d
0 Z )
t= U
Q oo
(t -{ 1T Sixo, 1 (Y Hy) dy
- P(d,t) (24) i=1#i7 !
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where {|\,, [, [\, ], - .-, [Av,_, |} represents a possible map- [ e —— ]

ping of {| A, |, [Ams s -+ s [Am,_,, |} @nd we used the approxi- s E — Changing SNR of 3
mation Offol St (wlHo)dy = [ fix, (y|Ho)dy = 1/2 in the 10‘2‘ = gﬁ:ﬁggg gg 2£ g
derivation of (27). ) S =

We note here that instead of the above RRNS codes, the well-
known RS codes can be introduced for the protection of the par- |2
allel transmitted information symbols. Recall that RS codes are ¢ s
based on a constant valueaf = 2°—whereb is the number m
of bits per RS-coded symbol—and a similar BER performance 10
is maintained for an R&,v,t) and an RRN&,v,t) code.

This is because both codes constitute a class of maximum-dis-

tance-separable codes [35]. An RSv) code can correct up 10'5
to [(u — v)/2] errors and detect up ta.[— v] errors. More- ,
over, an R&u, v) code can correct up 1.5 errors and! era- 0

10 1

8 2 14 16
SNR of residue digits (dB)

sures, if and only if 2,.x + d < u — v. Hence, upon using
an RSu, v) code for the protection of the parallel transmitted
information instead of the RRNS, v) scheme described pre-rig.5. BER versus residue digit SNR, 72, andys for the RNS system when
viously, up tod = (u — v) number of the lowest reliability unequal energy is distributed for the residue digitsr», andr; (m, = 3,
outputs of the MLDs can be discarded, yielding a similar BER? = 17:™s = 53) computed from (16) and (14).
performance to that of our proposed RNS-based system. How-

ever, if an MLD output is discarded, the RS decoding interprets 10° == ===

the related symbol as an erasure, and error-and-erasure corre A
tion decoding is used for error correction and erasure filing 107 =
[35]. Consequently, the decoding procedure cannot be simpli- S~ 57
fied by discarding some outputs of the MLDs in Fig. 2, and ;g2 - L (8.9 |
hence the decoding complexity cannot be decreased. Furthe! (‘\(;\ \1\\\\ = ‘>\V = (S re=aram:
more, short RS codes are usually designed by shortening lon 510_3 \N AN AV
RS codes, which implies complex decoding algorithms, since @ 37557 X =
shortened RS code decoding typically uses full-length decoding ~ _, {5#65) AN
of the zero-padded shortened code. The above similarities an  '© 55 oy ey X N
dissimilarities of RS and RRNS codes were mentioned in order )2 o’z:)' 3 AU AN
to link the less known RRNS codes to their better known rela- 107 = ST c
tives. However, RS coding of the parallel transmitted informa- S AV w—— \
tion is not discussed further in this paper. 107° M WAL AN A\

0o 1 2 3 6 7 8 9 10 11 12 13

4 5
SNR per bit (dB)

V. NUMERICAL RESULTS AND ANALYSIS
Fig. 6. BER performance of various nonredundant RNS-based orthogonal

In this section, the previously derived analytical expresignaling schemes with = 2 moduli and a dynamic range 6 = mm»
sions are numerically evaluated and interpreted. In Fig. $mputed from (16) and (14).
we evaluated the influence of unequal residue digit en-
ergy on the BER. The relative prime moduli used wereepresents the BER when equal residue energy is assumed, i.e.,
(m1,me,m3) = (3,17,53), which did not achieve a SNR= 10log, ([logy(mimams) - Ey/No) /3] = 13.8 dB. To
near-maximum dynamic range, since that requires values clashieve the optimum BER performance, the curves indicate that
tom; ~ my & mg due toM; = []?_, m,. Nevertheless, theseless than the average energy should be allocated to those residue
different values allowed us to demonstrate the effect of unequtiits whose moduli are less than the average. By contrast, more
residue energy distribution. The symbol-SNR could be e#ian average energy should be allocated to moduli larger than
pressed ag = (a2¢/Ny) = o?(&1+E+E3)/No = v1+72+73  the average. However, for systems having approximately equal
according to (5). This implied that we could examine the immoduli, e.g., 2 —1, 2", 2" +1, the equal residue energy scheme
fluence of unequal residue energy on the BER by changiogn achieve near-optimum BER performance.
the SNR per residue digit. Hence, we let the bit-SNR be The BER performance of various nonredundant RNS-based
Ey /Ny = 8 dB. Then the total SNR for transmitting the threesystems using = 2 moduli was computed according to (16)
residue digits can be computedby= log,(mimams)-Ey /No. and (14). The associated BER curves are shown in Fig. 6.
Hence, by changing one of the, 7., 73 values, say;;, Throughoutour experiments, a range of different moduli values
(i = 1,2, 3), the other two follow the relation; = (v —7;)/2 were assumed, which are explicit in the figures. In the com-
for j # i. putations, equal energy residue digits were employed for the

Consequently, three curves were obtained. The curves sRINS-based system. The results show that when the values of
gest that the equal residue energy scheme is not the optimtlra relative prime moduli increased—in fact, when the product
one. More explicitly, the point where the three curves interseat the two moduli increased—the BER decreased gracefully.
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TABLE |
THE PARAMETERS RELATED TO THE NUMERICAL COMPUTATIONS OFFIG. 7 1o o — d:O,tmuxzo
| : ! — d=1,t,,=0
d | tmaz | kB | m1| ma| ms| my| ms| mg| ms — d=2,t,,,,=0
0| o |25|29]31|32|33]|35 =0, tma=1
d:Ltmax:l
1 0 256(129|31| 32| 33|35 37 .
2 0 25129|31|32|33|35|37] 41
0 1 25129]31|32|33|35|37] 41

p— 10°
! i 1 ° T d=0,t;,,=0 i %  —_ i .
10" o — d=1,t;,=0 1070 5 ; 6\ AN 8\ 1’0
= N~ o T d=2t=0 SNR per bit (dB)
10 ¢ T d=0,ty=1
= N i i = Fig. 8. BER versus SNR performance for the RRNS-based orthogonal
o 103 signaling system with parameters given in Table Il using (26)—(27), and (16).
I i RN, :
lO A —— X
= =
10° TABLE I
‘\\ ‘\"\\ 5'\ i PARAMETERS RELATED TO THE NUMERICAL COMPUTATIONS OFFIG. 8
1076 X X X
s d | tmae | K | my| ma| ms| my| ms| me| ms| mg| mo| Mo
17 A\ T\
0 2 4 6 8 10 0 0 36| 29|31|35|36|37|41|43
SNR per bit (dB)
1 0 36| 29| 31| 35| 36| 37| 41| 43| 47
Fig. 7. BER versus SNR performance for the RRNS-based orthogoni 2 0 36| 29| 31| 35| 36| 37| 41| 43| 47| 53
signaling system with parameters given in Table | using (24), (25), and (16).
1 36| 29|31|35|36|37|41| 43| 47| 53
This may be explained on the basis of (14), since when th 1 | 1 |36|29]31]35/36| 3741 43| 47| 53] 59

product of my, ms increases, the dynamic range and the
number of bits per residue symbok—=log,(mms,)—also

increases, implying that the energy per symbol, or the enerja}é’

used for transmitting each residue digit, increases. Hence,
BER is decreased.

ecause upon usingnumber of redundant moduli, we can
up tod number of residue digit errors and recover the
codeword correctly by using the proposed RST-based dropping

Fig. 7 portrays the BER performance computed from ttReheme, while we can only correct up @2 residue digit

the information bit energy was limited. In this figure, we
evaluated the effect of the error-dropping and error-correcti

equations of Section IV conditioned on the assumption th@krOrs by using our error-correction scheme.

Similarly, in Fig. 8, we evaluated the BER performance of

{he RNS-based orthogonal system, when error-dropping-only,

policies on the BER performance of the proposed RNS-basgiOr-correction-only, and error-dropping-and-correction RNS

orthogonal signaling scheme with = 7 moduli. The param-

processing were considered. The parameters concerned were

eters related to the computations were given in Table |, whélven in Table Il. The results show that in the scenario consid-

sults of Fig. 7 show that by designing the RNS-based orthogo
signaling scheme with redundant moduli—i.e., upon using t

k = log,([]°_, m:) is the number of bits per symbol. The re.ered using the same number of redundant moduli, about twice as
20 Li=1 T Hégh SNR gain can be obtained upon using error-dropping-only

S processing than by error-correction-only RNS processing.

proposed RRNS-based orthogonal signaling scheme—codit@yt !t of this paper considers the associated system perfor-

gain can be obtained to improve the BER performance for b
error-dropping-only and error-correction-only RNS processing

Upon employing error-dropping-only RNS processing, an SNR

nce over Rayleigh channels.

APPENDIX |

gain of about 1.5 or 2.1 dB can be achieved, respectively, usihfE PROBABILITY DENSITY FUNCTION OF THEATH MAXIMUM

Inthis Appendix, we derive the pdf of théh maximum of the
error-correction-only RNS processing, only about 1-dB SNRdependent random variabl¢s(;, X,, ..., X,,}, which may
gain can be achieved using two redundant moduli at a bit erigs expressed as
rate of 10°°. Hence, the RST-assisted RNS-based orthogonal
signaling scheme is an attractive communication scheme. This

one or two redundant moduli at a bit error rate of 10Using

Y = m}?\lX{XhXQ

’

P

(28)
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whereX; for i = 1,2,...,n follows the pdf of fx,(z). The are equal to one and (31) represents the well-known
distribution function ofY” can be written as pdf of the distributionY = max{X;,Xo,...,X,} or
Y = min{X,, X»,..., X, }, where the corresponding pdfs are
P(Y <) written as [33]
=P <m};\1x{X1,X2,....Xn}<U> .
. Fr(y) =nfx.(9) [P (X; <) (32)
-y ¥ P(Xil > Xi Xo, > Xy oo Xio L > Xis Fr(y) =nfx,(y) [P (X; > )" (33)
= (n - 1)
A-1 respectively.
le < Xi,XjQ < Xi, . ,Xj,17A < Xl,
i, Jm 2| Xi =Y < /y) APPENDIX I
" ) THE PROBABILITY DENSITY FUNCTIONS OF THERATIO
_ Z /J P(X- Se X0 > X S g STATISTIC TESTUNDER ASSUMPTIONSH; AND H
1 ? 2 RA Ix—1 ’
T The aim of this Appendix is to derive the pdfs of the RST de-
Q<)\ _ 1) fined in (18), under the hypotheses that the demodulator output

is correct ({,) and that itis in errorK). Under the assumption
of Hy, the normalized pdfs of the maximum and the “second
i, Jm £ 4| Xs = x) fx:(z)dz (29) maximum” of the correlator outputfl;o, Ui1, . . ., Uim, —1)}
can be expressed as
where}’ )\ represents the sum of different selections of
Q

le < 1177Xj2 <ZT,..., Xjn—)\ < T;

’ ’

1

" fr o (0| H) = [1 = Q)™
i out of n. Note that at the second step of the above derivation, /' max yith T Pi(C) Yy
we assumed that; = Y was the\th maximum. Consequently, 1 (1 _ \/T)Z
there were X—1) out of the remainingr{—1) variables whose exp (_ Y i ) (34)
values were lower thai;, and the values of the remaining-¢ V2 2
A) variables were higher thaXy;. Since{ X;} fori = 1,2,...,n » _mi =1 m;—2 . :
are independent random variables, (29) can be expressed as Jomax (y1H) = Pi(C) 1= Q)] @ (y ' 2%)
1 y?
n g [A-1 - —— exp (—?> (35)
ry<n=y Y| (me,,m)) var
i=1 n—1\" — \i=1
Q()\ _ 1> whereP;(C) is given by (14). Under the assumptionidj, the
P pdfs can be expressed as
. (H P(X,, < x)) Ix;(z)dz.
m=1 m; — 1
(30) St max (¥|Ho) :m [1 -Q (y - 2%’)}
v 1 2
After differentiating the above equation with respect to the vari- 1= Q(y)]"“’2 . exp (—%) , (36)
abley, we finally obtained the pdf of (28) as L V2
LR _ mi—3
. N fz max (y|H0) _1 — PZ(C)Q(y) [1 Q(y)]
po-y X (resn) o) e =V’
i= _ . — X -
L_1Q<n_1> I=1 Y \/ﬁ p B
A—1

+(mi—2) [1-Q (y- v2u)]

(T rx, <0) ). @Y :
T

Note that whem\ = 1 or A = n and{X;} obey identical

distributions, then Consequently, the pdfs of; = !max{-}/?max{-} condi-

tioned on the assumption that the maximum is larger than the

Z and Z second maximum, and under the assumption$,0dndH, can
o ( n—1 > o ( n—1 ) be derived. Due to space limitations, we do not provide the inter-
n—1 vening steps, only the results, which are shown in (38) and (39)
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( 27r[Pr(C)]2Pzrllin?a1x>2max|H1 Jo ‘TeXp( %)
Qe QW2 [1- @ o+ ) enp (2
P ) =9 41 Qy)™ ™ 1= Q@) ? [Q (v — v2w)] exp (‘ S ) st o
ZW[PT(C)]QPE?L?;X>2 x| H1) Jo wexp (_%
|1 - Q" - QM2 [@ (o - VI exp (- YT )d y>1
(el o v Q) 1 - Q@) exp (-2
Q (2y + v2%) [Qey)]™ 2 [Q(x)]™ "
. {Q(a:)exp < I+m ) +(m; —2)Q (x + \/2_%) exp (—%)]
i m;—4
f/\z' (y|H0) — + [1 - Q(l’y)] [ Q (xz \/2_%)] [1 - Q(QZ)] (39)
= ewien (<C2FE) 4 - 1- Q- vED] e (-5 | fny <1
PO e e o 7 Q@) [T = Q@) exp (- 25)
= Q)™ T [1-Q (ay — v2v)] [1 = Q)™ "
\ <[1 — Q(z)] exp <—%> +(mi—2)[1-Q (z — v2v)] exp (—%)) dz, y>1

at the top of the page, wher&(! max > ? max |Hp). 0 = 0,1  [11]
represents the probability that the maximum exceeds the second
maximum of the correlator outpu{€/;o, Ui1, . . ., Uim, -1 }- [12]
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