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A Residue Number System Based Parallel
Communication Scheme Using Orthogonal
Signaling: Part [I—Multipath Fading Channels

Lie-Liang Yang Senior Member, IEEEBNd Lajos HanzoSenior Member, IEEE

Abstract—A novel signaling scheme is presented, where a set ofsignaling schemes, equal gain combining (EGC) has been
orthogonal signals is transmitted in parallel. The signals are se- commonly used, whereby several multipath components are
lected according to the so-called residue number system (RNS). yomodylated, equally weighted, and then added noncoherently.
Hence the system is essentially a multiple code parallel communi- This technique is considered the optimal combining technique
cation scheme using high-modulation alphabets. Itis demonstrated a ’ P i 9 a
that the system performance can be substantially improved by ex- for noncoherent demodulation. However, from an implementa-
ploiting a number of advantageous properties of the RNS arith- tional point of view, having a receiver complexity dependent
metic. ) _ _ on the number of resolvable paths is undesirable. Alterna-

The model treated in Part | of this paper is extended here to tively, a simple suboptimal selection combining (SC) scheme

account for the effects of the multipath Rayleigh fading channel be invoked [2]. i hich | ltioath t
when using noncoherent demodulation. Diversity reception tech- &N b€ invoked [2], in which several multipath components

niques with equal gain combining (EGC) or selection combining are demodulated. The one having the highest amplitude (or
(SC) are concerned. The related performance is evaluated for both signal-to-noise ratio) is selected for decision.

nonredundant and redundant RNS-based orthogonal signaling. In- |n this part of this paper, we focus our attention on the multi-
terleaving and forward error-correction techniques are introduced path fading channel, each path obeying a Rayleigh probability

for enhancing the system’s bit error rate (BER) performance. The " . ~ . ) .
concept of concatenated coding with a Reed—Solomon (RS) code ag'smbu“on' The bit error rate (BER) of the proposed residue

the outer code and a redundant RNS code as the inner code is pre-Number system (RNS)-based orthogonal signaling scheme for
sented, and the performance of the proposed concatenated code ishe above-mentioned two noncoherent diversity combining
evaluated. Expressions of the error probability for the above-men- schemes—namely, for EGC and SC—is studied and the effects
tioned scenarios are presented, and the associated BER perfor-uf tha RNS arithmetic on the BER characterized. Furthermore
mance is evaluated numerically with respect to specific system pa- : . ’
rameters. Without concatenated coding, coding gains up to 8.5 or concatenated coding with a Reed-Solomon (RS) code a_s the
11 dB are achieved at a BER of 10° using the lowest reliability —outer code and a redundant RNS (RRNS) code as the inner
dropping technique of Part | and one or two redundant moduli, code is proposed and its performance analyzed.
respectively. The BER is substantially higher than that over the  |nthe nextsection, the structure of the system is described and
additive white Gaussian noise channel reported in Partl. With the - 1o channel and the receiver models are presented. Section Il
aid of RS coding, an additional 7.5-dB coding gain is achieved. addresses the derivation of the BER without redundancy. In Sec-
Index Terms—Code-division multiple access (CDMA), concate- tion 1V, the analytical results obtained for the additive white
nated coding, forward error correction, joint demodulation/de- Gaussian noise (AWGN) channel are extended to the multipath
coding, M -ary orthogonal signaling, redundant residue number . - . . -
system (RRNS), residue number system (RNS). Rayleigh fading channel. In S_ectu_)n_v, the previously ment_loned
concatenated RS-RRNS coding is introduced for enhancing the
system performance. Our numerical results and their interpreta-
. INTRODUCTION tions are given in Section VI. Our summary and conclusions in

N Part I of this paper, the analytical results obtained in Papection VIl complement this paper.
I [4] will be extended to account for the effects of the mul-
tipath fading channel. The transmitted signal is impaired by the [I. SYSTEM DESCRIPTION

channel. In our receiver, several replicas of it can be obtainedThe functional block diagram shown in Fig. 1 illustrates the

using diversity techniques, such as space diversity, time dive[sn | fiow through a typical digital communication system in-
sity, or frequency diversity.

h | signali . I ited T h cluding error-control coding, interleaving/deinterleaving, mod-
Ort ogona S|gna|n% IS V‘I'e, su|_|te r?r nonc,oherer\ﬁlation, RNS processing, and the channel. The blocks of residue
re%eptlon,dand\{j-alry _ort t?gona;) S|gna|ng ?C emes W'lt NONEumMber system transform (RNST), inner encoder, orthogonal
co erenth emodu z;\]tlon ?jve ZeT use Mor pract;]ca Syslt%dulation, RNS processing, and inner decoder are similar to
[1]. For the noncoherent demodulation f-ary orthogona the related components described in Part I. The noncoherent
demodulation block of Fig. 1 with EGC/SC for receiving the
Manuscript received November 17, 1999; revised November 19, 2001.  residue digitr; is shown in Fig. 2, where the box of multipath
The authors are with the Department of Electronics and Computer Seﬁversity combining and maximum likelihood detection (MLD)
ence, University of Southampton, SO17 1BJ Southampton, U.K. (e—malll]:cI des the EGC or SC scheme and the detection. Finallv. the
lly@ecs.soton.ac.uk; Ih@ecs.soton.ac.uk). inciu _ lon. Finally,
Digital Object Identifier 10.1109/TVT.2002.804849 output of the demodulation blodk;, as well as that of the ratio
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Fig. 1. Block diagram of the proposed system using error-control coding, orthogonal signaling, and RNS techniques.

statistic test (RST)\;, fori = 1,2,...,u, are input to the whereyp; = ¢; — 2r f.7; is uniformly distributed in [0, 2)
RNS-processing unit of Fig. 1. Error correction and interleavirend N (¢) represents a stationary zero-mean Gaussian random
are introduced, where in the various contexts error correctiprocess with single-sided power spectral densitWef

may be the outer error correction, the inner code correction, or

the concatenated RS-RRNS code. The interleaving includes t0 Receiver Model

stages: the outer interleaving and the inner interleaving. The in- ) ] ) ]

terleaving here is used to randomize the burst errors induced by N€ receiver of Fig. 2 has a diversity structure; herce
the fading of the channel and to enhance the efficiency of tRmber of multipath components will be tracked, where 1,
error-control codes. The outer interleaving is an RS symbol i+ 3 ---» and the actual number of combined branches of
terleaver, and the inner interleaving is a residue digitinterleavér. < Lp depends on the maximum acceptable complexity
The deinterleaved RS symbols and deinterleaved residue digitdhe receiver, although there afg, number of transmitted
will be affected essentially independently by the channel ingignal replicas at the receiver. The received signal is first input

pairments. to u banks of decorrelators for receiving the transmitted
residue digits, as seen in [4, Fig. 2]. Each bank of decorrelators
A. Channel Model processes one residue digit. For a residue digit with related

odulusm; and anLth order diversity receiveryn; L decorre-
ators are required for receiving the residue digit
After correlation, the decision variables will be combined ac-

The low-pass equivalent impulse response of the multip
Rayleigh fading channel can be written as [3]

Ly ) cording to the investigated EGC or SC multipath diversity recep-
h(t) = Z Bre??5(t — 7)) (1) tion methods. Following the multipath diversity reception stage,
I=1 the next step is RNS processing, which is similar to [4, Section I

where§(-) is the Dirac function, while3,, ¢;, andr, are, re- Of Fig..2]. Error-dropping—only decoding, er.ror-correc'tion—only
spectively, theth path gain, phase shift, and time delay of thé€coding, and error-dropping-and-correction decoding can be
transmitted signal. The difference between the maximum atfiroduced in order to optimize the system’s performance. Fi-
minimum values of; is referred to as the maximum path delay?@lly, v number of RNS-processing outputs are mapped to the
spread, which is denoted 1,,. We assume that the maximumresidue digits with respect to the related moduli and then input
delay spread., is significantly less than the residue symbol© the inverse RNST block of [4, Fig. 2] in order to transform
duration in order to avoid residue intersymbol interferencdh® RNS based information to binary information. After the RS
We assume thak, number of transmitted signal replicas ar&0de symbols are received, the symbol errors might be corrected
available at the receiver. Each diversity path is assumed to!Bethe outer RS decoding.

frequency-nonselective and slowly fading, while the fading pro-
cesses on thé, channels are assumed to be mutually statis-
tically independent, exhibiting a uniform power-delay profile.
Hence, for any input signal¢) expressedin the formof [4, (6)], | this section, we first compute the output variables of
the channel output signa(t) produced by the multipath fadingthe square-law detectors [3] invoked for receiving the dif-
channel consists of a sum of delayed, phase-shifted, and atte@vent residue digits over théh diversity channel, where
ated replicas of the input signal. Hence the low-pass equivalgnt. 1 2 1 < L,. Then the BER performance of the

I1l. PERFORMANCEWITHOUT RNS FROCESSING

received signal can be written as uncoded system without RNS processing is evaluated using
L, u EGC and SC.
r(t) = Z Z Biei? Uy, (t—7)+ N(t) 2) Let the uncoded information symbol Bé = 0, which is rep-

1=1 i=1 resented by a residue sequence of {0,.0, 0} with respect to
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Fig. 2. The noncoherent demodulation branch for receiving residuerdigit
moduli{mi, ms, ..., m,}. Since no RNS processing is considprobability density functions (pdfs) ofU,;} are chi-square
ered in this section, i.e., no redundant RNS is used; herce.  distributed [3] with Z. degree of freedom. After normalization
and the information dynamic range becomds= [, m,. by Uij = 4¢No/u, the pdfs of {U;;} can be expressed

LetU};,i=1,2,...,u,j = 0,1,...,m; — 1 be the output of upon modifying Proakis’ approach [3, p. 828, (14.4-31) and
the square-law detector assigned toitheesidue digit received (14.4-32)]

over thelth diversity channel. Since the symhul= 0 was as-

sumed to be transmittedf,}j can be expressed as [3] fu (@) = 1 sl exp (— ) ;220
2 ” (1+750)" (L= 1)! 7/

Ui,l() Z‘gﬁzew’ + Nio| ,i=1,2,...,u 3) -~

” 1 wL Lexp(—z), >0 @)

v (1) =
UL = NP =120 = L2 -1 @) O ST

when an equal transmitted energy is assumed for each of tbe i = 1,2,...,u, wherey, = FE [ﬂf] ¢/(uNg) =

u number of residue digits (this assumption is maintainefd [ﬂ2] ¢/(uNp) and the indexj = 0 corresponds to the pdfs
throughout this part of the paper), whehg; is a zero-mean fu,,(z), % = 1,2,...,u, associated with the correlator outputs
complex Gaussian random variable with variancgVd/u  matched to the transmitted residue sequence of (0,0,0),

and the channel gain coefficiemie’#' is also a zero-mean while fo,; (@), i =1,2,...,u,j = 1,2,...,m; — 1, corre-
complex Gaussian random variable with variang§3?]. sponds to the distributions of the correlator outputs mismatched
Here, E[] represents the expected value of the argumett.the transmitted residues’ sequence. The probability that the
Taking the expectation of (3) and (4), the meandf is residue digitr;, i = 1,2,...,u will be decoded correctly—re-
Uéo _ (4£2E[[312]/u+ 4£N0) /u and the mean of eaoﬁilj membering thal/;o(¢), ¢« = 1,2, ..., u, was transmitted—can

fori = 1,2,...,uandj # 0is Ui-j = 4¢Ny/u. Let us now be written as
derive the expressions of the average error probabilities for th

receiver using EGC and SC. 37”"(0) = P (Ui < Ui, Uiz <Usp; - Ui(m 1) < Vi) .

8)
Assuming that/;;, j = 1,2,...,m; — 1, are independent

) ) ) ) ~identically distributed (i.i.d.) random variables, then (8) can be
For a receiver withi.th order L < Lp) diversity reception gpnown to lead to

and EGC, thd. branches are equally weighted and then added

in order to form the decision variables, which can be expresslg /°° 1 -1 ( Y )
(C) = — X
0= | s o

A. Equal Gain Combining

as T 1+7,
I L—1 yk m;—1
Uij = Uj (5) {rmwwzﬁ] dy. (9)
=1 k=0
fori =1,2,...,uandj =0,1,...,m; — 1. Since no redundant moduli are considered in this section,

Since the symbols are orthogonal and the additive noiaesymbol is received correctly if and only if all residue digits
processes are mutually statistically independent, the randane received correctly. Hence, the probabilty(C') of correct
variables{U;;} are also mutually statistically independent. Theymbol recovery can be expressed as the product of receiving all
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residue digits constituting the symbol correctly, which is giveRinally, the correct symbol probabilit®,(C) and the BER of

by P,(e) can be expressed according to (10) and (11).
Y We have obtained the expressions for the evaluation of the
BER of the RNS-based system when EGC or SC receivers are
P,(C)= || P(C). 10 )
©) 1;[1 ©) (10) considered. The results of [4] have shown that the BER perfor-

mance of the RNS-based system can be improved by using RNS
Lastly, the BERP,(¢) can be approximated as [3, p. 260processing. Hence, let us now analyze the BER performance of
(5.2.24)] the system with RNS processing using a similar method to that
1 of [4], but over fading channels.
Py(e) = (1 = Py(0)) (11)
IV. PERFORMANCEWITH RNS FROCESSING

hen th ber of bit bol is high.
when the number ot bits per symbolis hig In order to evaluate the BER performance of the RNS-based

B. Selection Combining system with the aid of RNS processing, as seen as in [4, Fig. 2],
we first compute the pdfs of the RST under the hypothesis that

For an L-branch diversity receiver with SC—where thne qemodulator output for receiving residue digits correct
branch signal with the highest amplitude is selected for dem 1) or in error (Hy). For the residue digit;, i = 1,2, ..., u

ulation—the decision variables are given by (3) and (4) for thfe "RST has been defined as = lmax{}/2max{}
Ith multipath component when the residue sequence (0.0, ;. [4], where !max{-} and 2max{-} represent the (first)

0) is transmitted. These decision variables are exponentigly«imum and the “second maximum’” in the variable set
distributed, and their pdfs can be expressed as [3, p. 4{‘&7‘0 Ui Uitm, 1)}, respectively, and wherdJ;; for
205 Yaly - - Yi(m, — ’ ’ 1]

(2.1-126)] j = 0,1,...,m; — 1, represents the output after multipath
AT s cpmbining. For EGCU;; is given by (5)._Its normalized_ pdfis

foj () = Aije » 220 (12) given by (6) whery = 0 or by (7), otherwise, remembering that

fori = 1,2,....uandj = 0,1,..., m; — 1, where;, = the residue sequence (0, .0,, 0) was transmitted. However,

u?/ (462 E[B?] + 46Nou) whenj = 0 or Ay = u/(4¢Np) for an L-branch diversity receiver with SC, we cannot directly

: yse the branch outputs in order to invoke the RST, since there
are L number of correlator outputs matched to the transmitted
c%gnal. In this paper, a two-stage maximum selection [5] is
assumed in order to invoke the RST. In the first-stage max-
imum selection, the maximum of the diversity components

{UL,U%, ..., UL} for each specific given and; is selected.

or mismatched to the transmitted residue digjtrespectively.
Since the branch signal having the highest amplitu

is selected for demodulation, the residue digit will be

received correctly if there is nbf}j value forj # 0 and

1 < 1 < L thatis larger than the maximum output Ufo Exolicitl | outi tched to the t itted si |
with 1 < [ < L, corresponding to the messagé. Let xg citly, (inytinetou putis matchedto the transml_ttedy_gnal
US assignUiomae = maX{UilO for | — 1,2,...,L} and an (n; — 1) outputs are mismatched to the transmitted signa

Uijmax = max{U,}j fori=1,2,...,Landj #0}. As- after this selection. Hence, the first-stagebranch diversity

suming that the average signal-to-noise ratio (SNR) on ea%%lectlon outputs are expressed as

diversity reception path is equal and the noise processes are
i.i.d. variables, then upon using the approach of [4, Appendix 1],
the pdfs ofUip,max andU;; max, ¢ = 1,2, ..., after normal-

Ui = max {UL, U7, ...,UL (16)

70 g

fori =1,2,...,uandj =0,1,...,m; — 1. Assuming that the

.. —lI
izing by U;; = 4{No/u can be expressed as transmitted residue sequence is (0Q,.0, 0), the normalized pdf
I of Uy is given by (13), and the pdfs 6f;; with j # 0 are given
"
o) == 0w (12 )
b L(#) = Lexp(—x) [ —exp(—z)]* ™1, 2 >0 (17
i exp (_ z_ )} 230 13) fu.. (z) exp(—z) [1 —exp(—z)]" ™", x > (17)
147, )
_ Y L (mi—1)L—1 forj =1,2,...,(m; — 1).
Ui o (€) = (mi = 1) Lexp(=2) [1 — exp(—)] ’ In the second-stage maximum selection, the
x>0 (14) maximum of the first-stage outputs—namely, that of
_ 9 . : (Uio, Uit .-, Uim,—1))—is selected for demodulation.
wherey, = E[5°]¢/(uNo). The probability that the residue simyltaneously, the ratio of the maximum to the “second
digitr;,7 = 1,2,...,u, isreceived correctly is simply the prob-aximum” is computed in this stage, which will be used in

ability thatUip, max €xceedd/ij,max. Using the pdfs of (13) and the RNS processing. Note that using the above two-stage
(14), we can express the probabilityrofs being received cor- maximum selection, the probability that residue digitis
rectly as demodulated correctly is the same as in (15).
I Limi—1) The pdfs of the maximum, the “second maximum,” and their
P(C) = Z (—1)m+L <L> H ( n ) ) corresponding ratia,; under the correct and erroneous reception
— m n+ (1+n—l%) hypothesis offf; and H,, can be derived using the pdfs &f;,
(15) which are given in [5] and [6] for the EGC and SC receiver.

m n=1
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Finally, the pdfs of\; under the correct and erroneous receptiomhere the shorthan@(y) was defined as
hypothesis off; and H, can be expressed as

L
fr 0HY) =Cur, xgr, GIHD) y>1 (18) 90 =3 (-1H () expl-k)
fxi (yHo) =CHy X gx, (y[Ho), y > 1 (19) k=t
=1—[1 —exp(—y)]". (25)
whereg,, (y|H1) andgy, (y|Ho) can be shown to obey the fol-
lowing. The parameterSy, andCp, in (18) and (19) can be obtained
For EGC by integrating both sides of (18) and (19) from one to infinity,
- which arrive at
gx (ylHy) =y" =" [ 2 lexp <—x p— ) 1
Jo 1+%, Cr, =—= (26)
[1— W(ay)]™ 1 = W(x)]™ Ji9x: (ylHy) dy
1
xr
1 dz 20 ChHy, = 7= : (27)
(1+%) v (20) S 9n (ylHo) dy
g, (y|Ho) =y*~1 22 exp(—ay)[1 — U (zy)]™ 2 We have obtained the probability distribution functions\gf
0 1 =1,2,...,u,under the hypothesis éf, andH, for EGC and

[ L+ of the average BER by first estimating the correct symbol prob-
{ < T > i ()] ability after the IRNST stage of [4, Fig. 2]. The average BER
e exp(- _

1

(1+7 )L 1+7, can be estimated using (11).
. 0 5 Let us now assume that an RRNSv) code is introduced for

+ (mi — 2) exp(~1) residue digit protection. In the RNS-processing stage of Fig. 2,

. [1 L ( T )} }da: 21) d (d < u — v) number of lowest reliability inputs of the RNS-

I < Yy ﬂ U(x)[1 — U(z)™—32 SC. Let us now focus our attention on deriving the expression
1

147, processing unit—i.e., thé number of inputs with the lowest
values of)\; amongst the: inputs—are first dropped. Then the
where the shorthand (y) was defined as remaining residue digit errors may be corrected by the reduced
RRNSu — d,v) decoding, as discussed previously in Part I.

! y* According to the analysis of [4], we know that an RRMNS-
U(y) = exp(~y) Z T CON) v) code can correct up Q.. = [(u—v—d)/2] residue digit
k=0 errors and detect up ta (— v — d) residue digit errors.
For SC Let ¢t represent the number of residue digit errors in the re-
ceived RRNS$u, v) codeword, and let (s < d) represent the
ox. (4l Hy) = /°° [(1 exp (_ Ty )> number of residue digit errors discarded by droppinaimber
t 0 147, of the lowest reliability RNS-processing inputs in [4, Fig. 2] be-
-1 fore RRNSw« — d, v) decoding. Since an RRN& — d, v) code

can correct up t@,,.x = [(u — v — d)/2] residue digit errors
[9], following the analysis of [4, Section V], the correct symbol
probabilities of EGC and SC after IRNST can be treated ac-

1= Qay)]™ <1 _::7 > cording to the following three cases.
0

(1 — exp(—a)

1= Q)™ 2z exp (—x 1 f_y_ > dr  A. Error-Correction-Only RNS Processing
To (23) When error-correction-only RNS processing is used, the

oo residue digit errors can be corrected by the RRINS)
gy, (y|Hp) = / [1 — exp(—zy))F~? [1 Q ( i )} error-correction decoding, but in this case no lowest reliability
/0 L+ i RNS-processing inputs are dropped before decoding. Conse-
11— ( )™ () - [1 = Q)™ quently, the correct symbol probability after IRNST can be
z expressed as
I+ eXP ( I+ ’Yo)
L1 Py(C)
[1 — exp < — >] [1—Q(z)]

2)eXP( )[1—eXP( )t = >

ol ) E et

- zexp(—zy)dz (24) (28)
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wheret .. = [(u — v)/2], H?):l(-) = 1, while P; (C) B. Error-Dropping-Only RNS Processing

and P;, (C') are given by (9) or (15) for EGC or SC, respec- por 5 receiver designed with error-dropping-only RNS pro-

tively. Furthermore{ji, ja, ..., ju} is & possible mapping of cegsing, the symbol can be recovered correctly by the IRNST,

{1,2,...,u} andQ 1; represents thatout ofu of the MLD  even if there were residue digit errors, provided that the erro-
' neous inputs are the lowest reliability inputs. Hence they are

.dropped during the RNS processing by droppihgumber of

residue digits are received in error before the RNS processiig. e namelv. those having the lowest values.otence
but the other ¢ — t) residue digits are error-free. All possible Puts, Y, 9 ¢ '

. h | ili IRNST
selections of elements from{1, 2, ...,u} are represented by the correct symbol probability after ST can be expressed as

outputs{U;, Us, ..., U.} were decided wrongly, i.et,out of u

’ )

Z . d t u
Q<u> P(C)=) > [ 1-F.©) [ P.©
t t=0 Q(,l;) m=1 n=1,n#m
- P(d,t) (30)

Similarly to Part I, here we briefly portray the relationship be-

tween the well-known RS codes and the less widespread RRNS

codes. Specifically, if an RS coded system is considered, th&here P(d, t) is the probability that number of residue digit

P;, (C) = P; (C) = P;(C) and errors are successfully discarded by droppimgumber of the
lowest reliability inputs of the RNS-processing unit. Accord-
ingly, P(d,0) = 1.

Z _ (U) . LetA = {)\ml,)\mg,...,)\m(u,t)} represent the ratio set
t for which the residue digits are received correctly, whitle=
Q <7t‘> {Anys Anys -+ -5 A, } represent the ratio set for which the residue

digits are received in error, where the overbangf is used to
indicate the erroneous reception hypothesigigf Then, the
probability P(d, t) in (30) can be expressed as shown in (31) at
the bottom of the page, Whefam{_} (y|H1)andfx ~ (z|Ho)
are given by (18) and (19), respectively. v

Note that iffxn{ (z|Hyp) is approximated as a Dirac pulse

function of §(y — 1)—as discussed in Part |—thd?(d, t) is

r©) =3 (1) u-rErmErT. @)

t=0
d—t
Pdt)=>"¢ Y Pl Ay, <X A, < Anpseeos Ay, < Anyi
S INAAWNETS. e
1 h
Mgy > X Mgy > Ao A > A
11.—7—}1
Ay < AnpsAne < Ao Anpy < Anps Ay < Angsos An, < An,,
t—1
d—t

h Ed u—t—h oo
|J}1:[1/0 fAnzm(y|H1)d?/‘| [yl:[l /T fAmjV(y|H1)dy‘|

an . (L|H0)dL } (31)
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reduced to [4, (25)] wherf;, f5 '

(y|Ho)dy = 1/2 is assumed. where the termp;

1553

(C) is the correct reception probability of

m

Furthermore, if an RS coded system is considered, (31) canbe given by (9) or (15) for EGC or SC, respectively. The term

simplified to

t—1
" 55, o) dy} fs. (alHo)de. (32)

C. Error-Dropping-and-Correction RNS Processing

Similarly to our discussions in [4, Section V], the correct

symbol probability after IRNST can be expressed as

—_

d+tmax t
Py = 550 v [ (1= P, (©)
t=0 u m
Q( ;

)

P(s > t — tmax) in (33) represents the probability that the
number of discarded residue digit errors is not less thai, .«
Accordingly, P(s > t — tmax) = 1, if t < tyax. By con-
trast, whent > t,,., it can be expressed as shown in (34)
at the bottom of the page, wherg, (., and Xn{.} are from
ratio sets A and B, which were defined previously. Note that if
tmax = 0, thenP(s > ¢ — tnax) Of (34) becomes equivalent to
P(d, t) of (31). Furthermore, if; (z[Ho) is approximated as a
Dirac pulse function of(x — 1)—as discussed in Part [—then
P(s > t — tmax) IS reduced to (27) of [4], upon assuming that
fo fx, WlHo)dy = [ fx (y|Ho)dy = 1/2. Furthermore,

if an RS coded system is considered, (34) can be simplified to

T (u—t\ [
wo= 20 (1) () (L)
h=0

P(s>t—

We have analyzed the performance of the proposed RNS-

“P(s>t—tmax) (33) based orthogonal signaling system when noncoherent demod-
d+t., t
P(s >t — tmax) = > Yo P A, <A, <A Ami, < Ay
h=0 o FYol®=t\of * 7
1 h tmax

A’m]‘1 > )‘n“f/)‘nlj2 > An“, PR Anl](u—t—h) M
uf‘trfh

Ang, > Anyy Any, > /\nﬂ,...,)\nkt“ > An,i
tona

)‘nzl < /\"H7/\"12 < )‘m ..... )‘"l(t B < )\nu;
t— t,::x 1

d+tnlax t

oo h z u— t h
/0 Ll;[l/o fAml.n(?/|H1)dZ/][ / f,\ 1/|H1)dy]

/ fr.,, 0Ho)dy | 1 (34)

y., (@l Ho)d }
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ulation, diversity reception with EGC or SC, and RNS prowhere P; represents the probability of a random symbol error
cessing were considered. However, for wireless communiadter RRNS decoding, which is given, for example, hy—
tions, powerful forward error correction (FEC) is required irP;(C)), depending on the RRNS structure and decoding algo-
order to maintain high-reliability communications. Hence let usthm used. If RS symbol erasure information can be provided
now discuss the structure and the performance of the proposgdthe RRNS decoding, error-and-erasure correction RS de-
RNS-based orthogonal system in conjunction with a concatading can be applied. Consequently, the resulting symbol error
nated RS code. probability after RS decoding is approximately given by [16]

N. N.—
1 o Ne N.—1

V. PERFORMANCEWITH CONCATENATED ERROR ORRECTION ~ s,a(€) & FZ > (i+4) ( ; ) ( i L)

Concatenated coding [7], [11]-[13] is a technique of com- i=io® - Nooij
bining relatively simple channel codes in order to form a pow- -P{P!(1- P, —F.) (37)
erful coding system for achieving a high performance and larggere j, (i) = max{0, N. — K. + 1 — 2i}, while P, and P,
coding gain with reduced decoding complexity. In practical agre the probability of a random symbol error and a symbol era-
plications, traditionally the inner code is usually a relativelyyre after RRNS decoding. Note that 4(¢) in (37) is the av-
short binary block code or a binary convolutional code with regrage joint probability of uncorrectable random symbol errors
atively short constraint length. The outer code is usually an Rad symbol erasures—in other words, the average probability
code with symbols from a Galois field GF{2. of decoding failure.
~ The family of RRNS codes constitutes a class of max- p, andP, can be computed according to the RRNS decoding
imum-minimum distance codes [9] akin to RS codes. RRNsigorithm discussed previously. However, for an error-detec-
codes can provide a powerful error-correction and error-dgon-only RRNS codeP, and P. can be computed by [8]

tection capability that is similar to that of RS codes, but the 1

inherent parallel structure of the RNS arithmetic, the associated P %ﬁPs(e) (38)
independent residue processing, and the availability of con- MT 1

venient decoding algorithms render RRNS codes an attractive P, =— Ps(e) (39)

alternative for use as inner codes. Short RRNS codes can be
combined with RS codes, where the former is used as thdere Ps(¢) is the average symbol error probability be-
inner code, in order to form a concatenated RS-RRNS codere RRNS decoding, i.e., before RNS processing; and
Furthermore, as we have shown in this paper, it is possibled- = [[;Z; m.+: is the product of the redundant moduli.
realize high-bit-rate communication using an RNS arithmetfgom (38) and (39), we infer that after RRNS decoding, most
by combining the RNS with highly efficient modulationRS error symbols will be marked as erasure. Let us now

and demodulation schemes, such as the RNS-bageaty €valuate the BER performance of the proposed RNS-based

orthogonal signaling scheme discussed in this paper. orthogonal system numerically.
Using an RS-RRNS concatenated code, after RRNS inner
decoding, the symbol error probability is typically decreased to VI. NUMERICAL RESULTS AND ANALYSIS

a degree that may maximize the external RS coding gain. Hence,, yhis section, we first consider the distribution of the RST
the average symbol error probability is further decreased to thgision variable,;, i = 1,2, ..., u, over Rayleigh fading mul-
required degree using RS decoding. In addition, the error-ggsas, channels. Then the average BER is evaluated as a func-
tection capability of the RRNS code can provide symbol errgf,, of the average SNR per bit, which is obtained by computing
information or erasure information for the RS outer decodln%.b = Lyu¥y/(logy [T, ms) for all systems described above.
Consequently, the effectiveness of the RS code utilizing Figs.13 and 4 shovﬁhe pdfs of the RST under the hypotheses
error-and-erasure correction decoding can be enhanced UPRMand H, for EGC (Fig. 3) and SC (Fig. 4) for different values
exploiting the explicit error-detection capability of the inney m. and for SNR per bit values of, = 5,8, and15 dB. In the
code, since in this case the error positions are known by the Bénbutations, we assumed that there M@e: 3 resolvable
decode_r. Hence all the RS syndrome-equations can be l_Jsth[ﬂtipath components at the receiver, but ohly= 2 of them
determine a doubled number of RS symbol error magnitudgz e combined for the sake of maintaining a low complexity.
in comparison to the scenario where there is no erasure—i§y; results were computed according to (18) and (19) associated
no error position information is available—requiring thg, (20) and (21) for EGC and associated with (23) and (24)

determination of both the error positions and the magnitudesty. 5 \when the parameter; took values of 8, 32, 128. From
Let V. andK. be the length of an RS code and the number @fe resyits, we observe that for a given valuerof the peak

original information symbo'ls, respectively. If ideal interleavingy +he distribution offx. (y|H1 ) will shift to the right for both

of the RS code symbols is assumed, then after ermor-correGsc and SC, whildy, (y|Ho) is distributed essentially around

tion-only decoding, the resulting symbol error probability afteyr ~ 1, but at a point slightly higher thap = 1. The peak

RS hard decision decoding is approximately given by [14]  of the distribution offy, (y|Hy) becomes lower as the SNR per

N, bit increases from 5 to 15 dB. However, for a given value of
Z i (NC) Pi(1—P)N" %, the peaks of the distributions ¢, (v|H1) and £y, (y|Ho)

i=[(N.—K.)/2]+1 ! become higher when increasing the valuergf Especially for

(36) thedistributionfy, (y|Ho), the peak changes significantly when

1
PS,d(E) ~ F
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Fig. 6. EGC, SC: BER versus average SNR per bit for the RNS-based

N . o 2], . orthogonal signaling system with three modul, = 7, m, = 8, and
Ebocated vith (23) and (24) it the sestmption GBnc s cang the. ™2 = 9 Ly = 3 evaluated fiom (9).(11), and (15).
moduli of m; = 8,32,128, L, = 3, L = 2, and Rayleigh fading channel
SNR/bit ofy, = 5,8, and15 dB. Fig. 6 shows the BER for the EGC and SC schemes with
L = 1,2,3 upon evaluating (9)—(11) for EGC and (11) and
changing the value of:;. Observe furthermore that the pdfs 0f{15) for SC. We assumed that there wdrg = 3 resolvable
the RST decision variablg;, : = 1,2,...,u, are similar for multipath components at the receiver. A nonredundant RNS-
both EGC and SC, as shown in Figs. 3 and 4. based system with its moduli taking valueswof = 7, my = 8,

In Fig. 5, we used SC as an example to evaluate the effectof = 9 was considered. As expected, both the EGC and the
the number of multipath components at different SNRs per I8C schemes provide dramatic BER improvements for moderate
on the distribution offy, (y|H1) and fy, (y|Ho). We assumed to high SNRs per bit when the number of combined diversity
thatm; = 32, L, = 5, and that the receiver could combinepathsL increases. Furthermore, the results show that the EGC
L = 1,2,3 multipath components. The results show that for scheme has a lower BER than the SC scheme. Again, this is
given SNR per bit, when increasing the number of the multbecause EGC is the optimal diversity combining scheme for a
path components that the receiver combined, the peak of theaoncoherent demodulation technique.
distribution fy, (y| H1) shifts to the right, while the peak of the In Fig. 7, which is related to the EGC scheme, and in Fig. 8
distribution of £\, (y|Hy) is increased. The above results sugsharacterizing the SC scheme, we evaluated the BER perfor-
gest that an erroneous input to the RNS processing of a receivemce of a system employing RNS processing without redun-
using more multipath components will be dropped with a higheancy, or using one redundant modulus with one lowest reli-
probability than that of a receiver using fewer multipath conability input of the RNS processing discarded, which we de-
ponents, since the dropping failure depends on the area of ttide asd = 0 andd = 1, respectively. In the related proba-
overlapping region of x, (y|H1) andf, (y|Ho) ata given SNR bility expressions of (31), moduli taking values of 29, 31, 32,
per bit. 33, 35, 37, and 41 were used. There wege= 3 resolvable
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Fig. 7. EGC: BER versus average SNR per bit for the RNS-based orthogonal
signaling system with seven modulis, = 29, m, = 31, m3 = 32, my = Fig. 9. EGC: BER versus average SNR per bit for the RNS-based orthogonal
33, ms = 35, ms = 37, m; = 41—andL, = 3, whered is the number of signaling system with ten modulis; = 29, m, = 31,m3 = 35, m4 = 36,
lowest reliability inputs of RNS processing dropped, evaluated from (11) amds = 37, ms = 41, m; = 43, mg = 47, mg = 53, m1p = 59—and
(30). L, = 5, wheret,,., is the number of errors corrected by RRNS- d, v)
andd is the number of lowest reliability inputs of RNS processing dropped,
evaluated from (11) and (33L = 1,2, 3.

— d=0,t,,,,=0
0 » ‘max
10 — Jres—— d=0, t...=1
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Fig. 8. SC: BER versus average SNR per bit for the RNS-based orthogon: 0 5 Avégage SN1125 per bitzgdB) » 30

signaling system with seven modulisy = 29, m> = 31, m3 = 32, my =
33, ms = 35, mg = 37, my = 41—andL, = 3, whered is the number of )
lowest reliability inputs of RNS processing dropped, evaluated from (11) afdg- 10. SC: BER versus average SNR per bit for the RNS-based orthogonal
(30). signaling system with ten modulis; = 29, m, = 31, m3 = 35, m, = 36,
mys = 37, m¢g = 41, my; = 43, mg = 47, mg = 53, myg = 59—and
. . L, = 5, wheret,,., is the number of errors corrected by RRNS- d, v)
paths, and. = 1,2, or 3 paths were actually combined in théand is the number of lowest reliability inputs of RNS processing dropped,

receiver using an EGC or SC scheme. The results show theluated from (11) and (33). = 1,2, 3.

when the RNS is designed with redundant moduli, the BER

performance of both the EGC and the SC scheme is substan5.5 dB gain at’,(¢) = 10~ by using one lowest reliability
tially improved. TakingL = 2, 3 paths as examples, the EGQnput dropping forL. = 2 or 3, respectively. The coding gains
scheme can achieve a BER of T0at SNRs per bit of 18 or 13.5 observed in Figs. 7-11 are summarized in Table I.

dB when one lowest reliability input of the RNS processing is Similarly to Figs. 7 and 8, in Figs. 9 and 10, we evaluated the
dropped during the RNS processing, shown byitke1, L =2 BER performance of a ten-moduli RNS-based orthogonal sig-
andd = 1, L = 3 curves. However, if the RNS-based system isaling system using EGC or SC schemes whies 2 lowest
designed without redundancy, an average of 26 or 19 dB SM&iability inputs were dropped at,.. = 1 residue digit error

per bit is required for the EGC scheme using- 2 or L = 3to  correction RNS processing was considered. Obviously, these
achieve the BER of 10*. This implies that we can obtain abouttwo RNS-based systems used the same number of redundant
8 or5.5dB gain af’,(¢) = 10~* by using one lowest reliability moduli and had the same information rate. The parameters re-
RNS-processing input dropping fdr = 2 or 3, respectively. lated tothese investigationswerg = 29, my = 31, mg = 35,
Similarly, the SC scheme usirlg = 2 or 3 can achieve a BER my = 36, ms = 37, mg = 41, m7; = 43, mg = 47,

of 10~* at SNRs per bit of 18.5 or 14.5 dB and obtain about 89 = 53, m9 = 59, andL, = 5. We notice that the BER
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TABLE |
SUMMARY OF CODING GAIN ACHIEVED IN FIGs. 7-10

RNS-processing k Values of Moduli EGC | L, | L | Coding gain (dB)
Mode (bits) or SC 1x1073 | 1x10°6
One redundant my =29,my=31,m3=32,| EGC | 8 | 2 6 > 10
modulus and 30 | mg =33, ms = 35, mg = 37, 313 3.5 8.5
lowest-reliability my =41 SC 8|2 6 > 10
wmput dropping 313 3.5 8.5
Two redundant my =29,my=31,m3=235,| EGC | § | 2 8 > 11
moduli and 41 | my = 36,ms = 37, mg = 41, 513 6 11
lowest-reliability my = 43, mg = 47, mg = 53 SC 512 8 > 11
mput dropping myio = 59 513 6 11
Two redundant my =29,my=31,m3=235,| EGC | § | 2 6.5 >9
moduli and 41 | my =36,m5 = 37, mg = 41, 518 4.5 9
one residue digit my = 43, mg = 47, mg = 53 SC 512 6.5 >9
error correction myg = 59 513 4.5 9

ability inputs of the RNS processing is lower than that of the

_ %(égl\fv};t};is RRNS(10,8) one residue digit error-correction decoding.
e __ SC without RS In Fig. 11, we evaluated the BER performance of the
118-2 e Pgge ——— EGC without RS RNS-based orthogonal signaling system when additional
0 ", 8 e == concatenated RS-coding was introduced. Specifically, an
1o} *fttéiéfl = outer RS(255, 223) code over Galois field GH(2sing
}8:; ‘\3\\&\\&\4 8-bit symbols was invoked. This RS(255, 223) scheme has

RNS(4,3):erasurb RS been proposed in the Consultative Comm?ttee fo_r Space Data
- e System standard as an outer code combined with a half-rate
’/ RNS(3,3)+RS constraint-lengtlK’ = 7 inner convolutional code for data pro-
e 4 tection [17]. Two decoding techniques—error correction only
A\ and error and erasure correction—were assumed, depending
Y\ on the inner RRNS decoding. An 8-bit symbol was assumed
to be transmitted per symbol period. The symbol erasure
15 20 25 information—when required—was provided by the RRNS
Average SNR per bit (dB) error-detection decoding. Since 8 bits were transmitted per
Fig. 11. EQC, _SC: BER versus average SNR per bit for the RNS—bas§_¥mb0| pe_rlod, hinfe for_a nonred_undant RNS_baS.ed system,
orthogonal signaling system using concatenated coding when megus 5, e moduli ofm; = 5, my = 7, m3 = 8 were appropriate for
my = 7,ms = 8 are employed for RNS(3,3)u; = 5,m, = 7,ms = 8, transmitting the 8-bit symbol, sinde 7 -8 = 280 > 256 = 28.

ma = 9 for RRNS(4,3) and RS(255223),, = 5, L = 3 are assumediis  However, for this nonredundant RNS-based system, the symbol
the number of lowest reliability inputs of RNS processing dropped, and erasure d lelv by th d
represents that RS symbol erasure information obtained from the RRNS(£4J0rs were corrected solely by the outer RS(255223) code.

decoding. The modulus values for the concatenated RRNS-based system
can be selected similarly, which were; = 5, mo = 7,
of the RNS-based system with the two lowest reliability inputs.; = 8, andm, = 9 for the RRNS(4,3) code witd = 1
of the RNS processing discarded is lower than that of the systéawest reliability input of the RNS processing being dropped.
with one residue digit error-correction-based RNS-processirgmilarly, m; = 5, my = 7, mg = 8, andmy = 9 were
when the same number of multipath components are combinestd for the RRNS(4,3) scheme with RRNS error-detection
in the receiver. Specifically, the EGC scheme with two loweskecoding, i.e., providing erasure information for the outer
reliability inputs dropped requires 2 or 1.5 dB less bit-SNR thadecoding by the RRNS decoding. The other parameters related
the system with one residue digit error correction for achievirig our proposed systems wekg = 5, L = 3.
aBER of 10* whenl, = 2 or . = 3 multipath componentsare  From the results of Fig. 11, we observe that the BER
combined in the receiver, respectively. The results imply that fperformance of the proposed system is dramatically improved
a ten-moduli RNS-based system, RNS processing using lowbgtusing the RS-RRNS concatenated coding for both the EGC
reliability dropping is a highly effective method of improvingand SC combining schemes. For example, for the receiver
the system’s BER performance. Furthermore, the complexitywfth EGC at an average bit-SNR of 15 dB, the average BER
the RRNS(10,8) decoding of dropping two of the lowest relof 6 x 10~ for the nonredundant RNS(3,3) system is first
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decreased to 7.2£10™* using the RRNS(4,3) scheme withtions performance in AWGN and in multipath Rayleigh fading
one lowest reliability input of the RNS processing beinghannels. Based on the independence and on the equal weight
dropped. It is further decreased to about 4.20~° using properties of the residue digits of an RNS, a novel receiver for
RS(255223) error-correction-only decoding. By contrasteceiving RNS arithmetic-based orthogonal signals has been
without the inner RRNS(4,3)-based RNS processing, tlkesigned. In this novel receiver, an RRNS code can be de-
average BER after RS(255223) decoding can reach abeooted by first discarding a number of the lowest reliability
6.9x 107°. Similar results can be obtained for the receivesymbols according to the so-called ratio statistic test—which
using the SC scheme, but it is obvious that the SC combinirggcomputed as the ratio of the (first) maximum to the “second
technique is not as effective for the noncoherent receiver as thaximum” of the inputs of RNS processing—and then de-
EGC scheme, which was noted previously. Furthermore, fraznding the reduced and simultaneously simplified RRNS code.
the figures, we notice that using RRNS error detection ai@bncatenated coding techniques have been discussed in a dis-
by providing erasure information for the outer RS decodingersive multipath fading scenario. The concatenated coding
the BER performance is improved less dramatically thgrerformance in conjunction with an RS code as the outer code
by using RNS processing with the lowest reliability inpuaind the RRNS code as the inner code has been evaluated both
of the RNS processing discarded and additionally using thealytically and numerically. Our future work is focused on
RS error-correction-only decoding. This phenomenon can tie design and performance evaluation of soft-decision-based
explained as follows. Using lowest reliability input droppingadaptive RNS schemes, while the simulation-based verification
most erroneously received RS symbols are successfully recof-the analysis was the topic of [18].
ered after inner decoding. Consequently, this decreased the
number of erroneous RS symbols to be corrected by the RS
decoder. However, if the inner RNS decoding is only used to
provide erasure information for the outer RS decoding, the[l] L. M. A. Jall?]ul and hJ- K. Holtzmaﬂ, “Perflorm?énlce analysislof
DS-CDMA with noncoherenf\f-ary orthogonal modulation in mul-
sum of erroneous and erasured S_ymb0|s m_ajy exceed the RS tipath fading channels,|EEE J. Select. Areas Communrol. 12, pp.
codec’s error-and-erasure correction capability, although RS  862-870, June 1994.
decoding using error-and-erasure correction can correct morél <b3_-|_th(1)>]gir,T$ Gn-1 quozléilzb tﬁ}gg C?-é\fé_fiiizé;?:ntgghseﬂzog eef:%r rgf?g_;]
. ility ximum- i iversity i Vi ylei
erroneous and erasured symbols than RS error-correction-only - faging channel,IEEE Trans. Communvol. 37, pp. 79-83, Jan 1989.
decoding without erasure information. For example, if the [3] J. G. ProakisDigital Communications4th ed. New York: McGraw-
error probability of each residue digit concerning the above — Hil 2000.

. . Jé] L. L. Yang and L. Hanzo, “Performance of a residue number system
computations is less than 0.25, then the average erroneo based parallel communication system using orthogonal signaling: Part
number of residue digits in RRNS(4,3) is less than one. Hence, :\I—Syzsg)%r; outline, IEEE Trans. Veh. Technokol. 51, pp. 1528-1540,

. . . . Ov .
the erroneous, reS|d_ue digit can be typlcqlly .dropped by. the[5] L.-L. Yang, K. Yen, and L. Hanzo, “A Reed-Solomon coded DS-CDMA
RNS processing using one lowest reliability input dropping. ~ system using noncoheredt’-ary orthogonal modulation over multi-
Consequently, there are very few erroneous symbols in the ggzhofazoz"gg f\lh;/ngggéEEE J. Select. Areas Communol. 18, pp.
RS que' HOWGV(?I‘, when using error-detecthn-only .mner[ﬁ] L.-L. Yang and L. Hanio, “Performance analysis of codegdary or-
decoding, the previously dropped erroneous residues will now  thogonal signaling using errors-and-erasures decoding over frequency-
i selective fading channelslEEE J. Select. Areas Communwol. 19, pp.
result in erased RS symbols. Consequently, the number of RS 211221, Feb. 2001,
symbol errors often exceeds the error-and-erasure correctiofy; ——, “erformance of residue number system based DS-CDMA over
capability of the outer RS code. multipath fading channels using orthogonal sequencisy. Trans.
. . . . . . _ Telecommunyol. 9, pp. 525-536, Nov.—Dec. 1998.
Aga'”’_the codmg gains aChleveg in FIg_S. 7-10 were sum [8] K. W. Watson, “Self-checking computations using residue arithmetic,”
marized in Table |, whergé = [log, [ [,_; m;] is the number of Proc. IEEE vol. 54, pp. 1920-1931, Dec. 1966.
bits of the transmitted symbol represented by the related RRNSI[®] H. Krishna and J. D. Sun, “On theory and fast algorithms for error cor-
. . . rection in residue number system product coddsE2E Trans. Comput.
Note that using RS-RR_NS concater_latt_aq c_odlng const_ltuted BY  vol. c-42, pp. 840-852, July 1993.
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