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Abstract

Usinga novel reformulation,we developa framework to computeapproximateresamplingdata
averagesanalytically. Themethodavoidsmultiple retrainingof statisticalmodelson thesamples.
Ourapproachusesacombinationof thereplica“trick” of StatisticalPhysicsandtheTAP approach
for approximateBayesianinference.We demonstrateour approachon regressionwith Gaussian
processes.A comparisonwith averagesobtainedby Monte-Carlosamplingshows thatour method
achievesgoodaccuracy.

Keywords: bootstrap,kernelmachines,Gaussianprocesses,approximateinference,statistical
physics

1. Intr oduction

Resamplingis a widely applicabletechniquein statisticalmodelingand machinelearning. By
resamplingdatapoints from a singlegiven setof dataonecancreatemany new datasetswhich
allows to simulatethe effectsof statisticalfluctuationsof parameterestimates,predictionsor any
otherinterestingfunctionof thedata.Resamplingis thebasisof Efron’s bootstrap method(Efron,
1979,EfronandTibshirani,1993)whichis ageneralapproachfor assessingthequalityof statistical
estimators.It is alsoanessentialpartof thebagging andboostingapproachesin MachineLearning
wherethemethodis usedto obtainabettermodelby averagingdifferentmodelswhichweretrained
on theresampleddatasets.

In this paper, we will not provide theoreticalfoundationsof resamplingmethods,nor do we
intendto give a critical discussionof their applicability. Interestedreadersarereferredto standard
literaturesuchas(Efron,1982,Efron andTibshirani,1993,ShaoandTu, 1995).Themaingoalof
thepaperis to presenta novel methodfor dealingwith thelargecomputationalcomplexity thatcan
presenta significanttechnicalproblemwhenresamplingmethodsareappliedto complex statistical
MachineLearningmodelson largedatasets.

To explain theresamplingmethodin a fairly generalsetting,we assumea givensample
��������	��
���
	
�������
������

of datapoints.E.g.,
���

might denoteapair
������
��	���

of inputsandoutputlabelsused
to train a classifier. New artificial datasamples

�
of arbitrarysize � canbecreatedby resampling
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pointsfrom
���

. Writing
��� ������ 
����
 
�������
����� � onechooseseach

����
to beanarbitrarypoint of

���
.

Hence,some
���

in
���

will appearmultiple timesin
�

andothersnot at all. A typical taskin the
resamplingapproachis thecomputationof certainresamplingaverages. Let � � � � denoteaquantity
of interestwhichdependson thedatasets

�
. We defineits resamplingaverageby�! #"$ &%�' � � � �)( � * #"$ &%,+ � � � � � � � (1)

where -  #"$ &% denotesa sumover all sets
�

generatedfrom
���

usinga specificsamplingmethod
and + � � � denotesa normalizedweight assignedto eachsample

�
. If the model is sufficiently

complex (for examplea supportvectormachine(seee.g.Scḧolkopf et al., 1999))theretrainingon
eachsample

�
to evaluate. � � � andaveragingcanberathertime consumingevenwhenthetotal

sumin Eq. (1) is approximatedby a randomsubsampleusing a Monte Carlo approach.Hence,
it is usefulto develop analytical approximationtechniqueswhich avoid the repeatedretrainingof
themodel. Existinganalyticalapproximations(basedon asymptotictechniques)founde.g. in the
bootstrapliteraturesuchasthe delta methodandthe saddlepoint method(seee.g.ShaoandTu,
1995)usuallyrequireexplicit analyticalformulasfor thequantities� � � � thatwe wish to average.
Thesewill usuallynotbeavailablefor morecomplex modelsin MachineLearning.

In thispaper, weintroduceanovel approachfor theapproximatecalculationof resamplingaver-
ages.It is basedonacombinationof threeideas.Wefirst utilize thefactthatoftenmany interesting
functions � � � � canbe expressedin termsof basicstatisticalestimatorsfor parametersof certain
statisticalmodels. Thesecanbe implicitly definedaspseudoBayesianexpectationswith suitably
definedposteriorGibbsdistributionsover modelparameters.Hence,the methoddoesnot require
an explicit analyticalexpressionfor thesestatistics. Within our formulation, it becomespossible
to exchangeposteriorexpectationsanddataaveragesandperformthelatteronesanalyticallyusing
theso-called“replica trick” of statisticalphysics(Mézardet al., 1987). After thedataaverage,we
areleft with a typically intractableinferenceproblemfor aneffective Bayesianprobabilisticmodel.
As a final step,we usetechniquesfor approximateinferenceto treattheprobabilisticmodel. This
combinationof techniquesallows us to obtainapproximateresamplingaveragesby solving a set
of nonlinearequationsratherthanby explicit sampling.We demonstratethemethodon bootstrap
estimatorsfor regressionwith Gaussianprocesses(GP) (which is a kernelmethodthathasgained
highpopularityin theMachineLearningcommunityin recentyears(Neal,1996))andcompareour
analyticalresultswith resultsobtainedby Monte-Carlosampling.

Thepaperis organizedasfollows. Section2 presentsthekey ideasof our theoryin a general
setting.Section3 discussesbootstrapin thecontext of our theory, i.e. wespecializeto thecasethat
thedatasets

�
areobtainedfrom

���
by independentsamplingwith replacement.In section4, we

derivegeneralformulasfor interestingresamplingaveragesof GPmodelssuchasthegeneralization
errorandthemeanandvarianceof theprediction.In section5, weapplytheresultsof section3 and
4 to thebootstrapof a GPregressionmodel. Section6 concludesthepaperwith a summaryanda
discussionof theresults.

2. Outline of the BasicIdeas

2.1 STEP I: Deriving Estimators fr om Gibbs Distributions

Our formalismassumesthat the functions � � � � which we wish to averageover datasetscanbe
expressedin termsof asetof basicstatistics/0 � � � � � /1 ��� � ��
�������
 /1�2 � � �3� of thedata. /0 � � � canbe
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understoodasanestimatorfor a parametervector
0

which is usedin a statisticalmodeldescribing
thedata.To bespecific,weassumethat � � � � canbeexpandedin aformalmultivariatepowerseries
expansionwhichwewrite symbolicallyas� � � � �4*6587 5 /0 � � � 5 
 (2)

where /0 � � � 5 standsfor a collectionof termsof theform 9 5:<; � /1 �>= andthe ? : ’sareindicesfrom the
set @	A 
�������
�BDC . 7 5 denotesa collectionof correspondingexpansioncoefficients.

Ourcrucialassumptionis thatthebasicestimators/0 � � � canbewrittenasposteriorexpectations/0 � � � �FE 0�G �4HJI 0K0!L � 06M � �
(3)

with aposteriordensity L � 06M � � � AN � � ��O � 0 � L � � M 0 � (4)

thatis constructedfrom a suitableprior distribution O � 0 � anda likelihoodterm
L � � M 0 �

.N � � � �8HDI 0 O � 0 � L � � M 0 � (5)

denotesanormalizingpartitionfunction.Wewill denoteexpectationswith respectto (4) by angular
brackets

E�P�P�P G
. This representationsavoids theproblemof writing down explicit, complicatedfor-

mulasfor /0 . Ourchoiceof (3) obviously includesBayesian(point)estimatorsof modelparameters,
but with specificchoicesof likelihoodsandpriors maximumlikelihoodandMAP estimatorscan
alsobecoveredby theformalism.

FromtheexpansionEq.(2) andthelinearityof thedataaverages,it seemsreasonableto reduce
thecomputationof theaverage

�! #"$ &%�' � � � �)( to thatof averagingthesimplemonomials/0 � � � 5 and
try a resummationof theaveragedseriesat theend.UsingEq.(3) wecanwrite��Q 5�R ��4�! #"$ &%�' /0 5 ( �4�! #"$ &%�'SE 0�G 5 ( �T�! #"$ &%�U AN � � � 5 H 5VW ; � @ I 0 W 0 W O � 0 W � L � � M 0 W ��C�X8� (6)

whichinvolves Y copies,i.e. replicas
0 W

for Z � A 
�������
 Y of theparametervector
0
. Thesuperscripts

shouldNOT beconfusedwith powersof thevariables.

2.2 StepII: Analytical ResamplingAverageUsing the ReplicaTrick

To understandthe simplifications which canbe gainedby our representationEq. (3), oneshould
notethatin avarietyof interestingandpracticallyrelevantcasesit is possibleto computeresampling
averagesof the type

�! #"$ &%&' 9 5W ; � L � � M 0 W �)( analytically in a reasonablysimpleform. Hence,if
thepartitionfunctions

N � � �
in thedenominatorof Eq.(6) wereabsent,or would notdependon

�
,

onecouldeasilyexchangetheBayesaveragewith thedataaverageandwould beableto getrid of
resamplingaveragesin an analyticalway. Onewould thenbe left with a singleBayesiantype of
averagewhichcouldbecomputedby othertoolsknown in thefield of probabilisticinference.

To dealwith theunpleasantpartitionfunctions
N � � �

to enableananalyticalaverageover data
sets(which is the “quencheddisorder” in the languageof StatisticalPhysics)oneintroducesthe
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following “trick” extensively usedin StatisticalPhysicsof amorphoussystems(Mézardetal.,1987).
We introducetheauxiliaryquantity��Q 5�R[ ��T�! #"$ &%�U3N � � � [	\ 5 H 5VW ; � @ I 0 W O � 0 W � L � � M 0 W � 0 W C<X
for arbitraryreal ] , whichallows to write� Q 5�R �J^>_>`[�a � � Q 5�R[ �
Theadvantageof this definitionis thatfor integers ]cbTY , thepartitionfunctions

N � � �
in
� Q 5�R[ can

beeliminatedby usinga total numberof ] replicas
0 � 
 0 
 
�������
 0 [

of theoriginal variable
0
. Using

theexplicit form of thepartitionfunction
N � � �

, Eq. (5), weget� Q 5�R[ �T�! #"$ &% U3H [VW ; � @ I 0 W O � 0 W � L � � M 0 W ��C
5VW ; � 0 W X (9)

Now, we canexchangetheexpectationover datasetswith theexpectationover
0
’s andobtain��Q 5�R[ �Td [�e&e 5VW ; � 0 W6fgf (10)

where
E3E�P�P�P G3G

denotesanaveragewith respectto a new Gibbsmeasure
L � 0 � 
�������
 0 [ M ��� �

for repli-
catedvariableswhich resultsfrom thedataaverage.It is definedbyL � 0 � 
�������
 0 [ M ��� � � Ad [ih [VW ; � O ' 0 W (>j L � ��� M 0 � 
�������
 0 [ � (11)

with likelihood L � ��� M 0 � 
�������
 0 [ � �T�! #"$ &%�U [VW ; � L � � M 0 W ��X (12)

andnormalizingpartitionfunction
d [ . Sinceby construction̂

>_>` [�a �$d [ � A , we will omit factorsd [ in thefollowing.

2.3 StepIII: Approximate Inferencefor the ReplicaModel

We have mappedtheoriginal problemof computinga resamplingaverageto aninferenceproblem
with aBayesianmodel,wherethehiddenvariableshavethedimensionality

Blk ] and ] mustbeset
to zeroat theend.Of course,weshouldnotexpectto beableto computeaveragesover themeasure
Eq. (11) analytically, otherwisewe would have foundanexactsolutionto theresamplingproblem.
Our final ideais to resortto techniquesfor approximateinference(seee.g.OpperandSaad,2001)
which have recentlybecomepopularin MachineLearning. Powerful methodsaretheVariational
Gaussianapproximation, the MeanField method, the Betheapproximationandthe adaptiveTAP
approach.They have in commonthat they approximateintractableaveragesby integrationsover
tractabledistributionswhich containspecificoptimizedparameters.We foundthat for thesemeth-
ods,the“replica limit” ]nmpo canbeperformedanalytically before thefinal numericalparameter
optimization.Note,that themeasureEq. (11) (which we will approximate)characterizestheaver-
age propertiesof thelearningalgorithmwith respectto theensembleof trainingdatasets

�rq4���
.

We doNOT approximatetheindividual predictors /1 � � � .
4



AN APPROXIMATE ANALYTICAL APPROACH TO RESAMPLING AVERAGES

3. IndependentSamplingwith Replacement

Often,statisticalmodelsof interestassumelikelihoodswhich arefactorizingin theindividual data
points,i.e. L � ��� M 0 � � �Vs ; �ut�v6w ��x!yg� 0 
�� s �3� (13)

where
y

is a typeof “training error”. Eachnew sample
�zqF���

canberepresentedby a vectorof
“occupation”numbers{ � ��|u��
�������
�|��K� where

|��
is thenumberof timesexample

���
appearsin the

set
�

andwe require - �� ; � |�� � � , where � is thefixedsizeof thedatasets.In this casewe can
write L � � M 0 � � �Vs ; � t�v6w �3x!| s yg� 0 
�� s �3� (14)

andtheresamplingaverage
�! #"$ &%

becomessimply anaverageover thedistribution of occupation
numbers.

We specializeto the importantcaseof an independentresamplingof eachdatapoint with re-
placementusedin thebootstrap(Efron,1979)andBagging(Breiman,1996)approaches.Eachdata
point

� s in
���

is chosenwith equalprobability A�}<~ to becomean elementof
�

. The statistical
weight + � � � m + � { � for a sample

�
representedby the vector { in the resamplingaverages

Eq. (1) canbe obtainedfrom the fact that the distribution of
|��

’s is multinomial. However, it is
simpler(anddoesnot make a big differencewhenthesamplesize � is sufficiently large)whenwe
alsorandomizethesamplesizesby usinga Poissondistribution for � . In the following, thevari-
able � will denotethemeannumberof datapointsin thesamples.In this casewe getthesimpler,
factorizingweightfor thesamplesgivenby+ � { � � �Vs ; � � �� ������� \ ��� �| s�� (15)

Usingtheexplicit form of thedistributionEq.(15)andof thelikelihoodEq.(14),thenew likelihoods
Eq.(12)L � ��� M 0 � 
�������
 0 [ � �4�! #"$ &%�U [VW ; � L � � M 0 W ��X �8*6� + � { ���� �Vs ; � � \ ���6������6�	� Q�� ��� � � R���
will againfactorizein thedatapointsandwegetL � ��� M 0 � 
�������
 0 [ � � �Vs ; �6� s � 0 � 
�������
 0 [ � (16)

with thelocal likelihood� s � 0 � 
�������
 0 [ � � t�v6w U x �~ h A x [VW ; � � \ � Q�� � � � � R j�XF� (17)

We will continuethediscussionfor theexampleof thebootstrap.Notehowever, thatthefollowing
resultscanbeappliedto othersamplingschemesaswell by usinga suitablefactorizingdistribution+ � { � � 9 �s ; �	� ��| s � andreplacingEq.(17) by therespective expressionfor thelikelihood.
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4. ResamplingAveragesfor GaussianProcessModels

4.1 Definition of GaussianProcessModels

We will apply our approachto the computationof bootstrap estimatesfor a variety of quantities
relatedto Gaussianprocess(GP)predictions.For thesemodels,theBayesianframework of section
2.1 is thenaturalchoicewherethevector

0
representsthevaluesof anunknown function

1
at the

input pointsof thedata
���

, i.e.
0 � � 1 �<
 1 
�
�������
 1 �K�

with
1 � �� 1 �������

. Theprior measureO � 0 � is
an ~ dimensionaljoint Gaussiandistribution of theformO � 0 � � A� �)���g� � M ��M t�v6wn� x A� 0��g� \ � 0<� 
 (18)

wherethekernelmatrix
�

hasmatrixelements� �����)
�� s � , whicharedefinedthroughthecovariance
kernel � ���$
��,��� of the process.For supervisedlearningproblemseachdatapoint

� s � ��� s 
�� s �
consistsof theinput

� s (usuallyafinite dimensionalvector)andareallabel
� s . Wewill assumethat

thetrainingerrorfunction
yg� 0 
�� s � is local, i.e. it dependson thevector

0
only throughthefunction

value
1 s . Hence,wewill write yg� 0 
�� s � m yg� 1 s 
�� s � (19)

in thefollowing. Thevector /0 � � � representstheposteriormeanpredictionof theunknown function
at theinputs

���
for ? � A 
�������
 ~ . For any choice

��q4���
, someof theseinputswill alsoappearin

thetrainingset
�

while otherscanbeusedastestinputs.

4.2 ResamplingAveragesof Local Quantities

Let usbegin with simpleresamplingaveragesof theform
�! #"$ &%�  /1 ��� � �)¡ and

�! #"$ &%�  � /1 ��� � �3� 
 ¡ ,
from whichonecanestimatethebiasandvarianceof the ? ’ th componentof theGPprediction.These
averagescanbedirectly translatedinto thereplicaformalismpresentedby Eq. (6) andsection2.2.
We get �! #"$ &%�  /1 ��� � �)¡ � ^>_>`[�a � E3E 1 �� G3G (20)�! #"$ &%   � /1 ��� � �3� 
 ¡ � ^>_>`[�a � E3E 1 �� 1 
� G3G
wherethesuperscriptsontheright handsidearereplicaindicesand

E3E�P�P�P G3G
denotesanaveragewith

respectto theGibbsmeasureEq.(11)for replicatedvariables.
A somewhat morecomplicatedexampleis Efron’s estimatorfor the bootstrap generalization

error of thepredictor /0 � � � , Eq. (3), wherewe specializeto thesquareerrorfor testing

¢ � � � �� A~ �* � ; � �! #"$ &% ��£ ��¤ � �K¥ /1 ��� � �gx��	�>¦

 ��! #"$ &%g' £ ��¤ � � ( �

(21)

Eq. (21) computesthe averagebootstraptesterror at eachdatapoint ? from
���

. The Kronecker
symbol,definedby £ ��¤ � �!� A for

|�� � o and o else,guaranteesthatonly realizationsof trainingsets�
contributewhichdonotcontainthetestpoint. Its occurrencerequiresasmallchangein ourbasic

formalism. A simplecalculationshows that the effect of the term £ ��¤ � � in the resamplingaverage

6
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is thereplacementof the ? -th local likelihood � � , Eq. (17), in theproductEq. (16) by one. Hence,
with aslight generalizationof Eq. (10)we have�! #"$ &% ��£ ��¤ � � ¥ /1 ��� � �gx§�	� ¦ 
 � �J^>_>`[�a �&¨<¨ � 1 �� x��	���<� 1 
� x��	���� ��� 1 �� 
�������
 1 [� �p©�© (22)

Note,thatwith Eq.(19)thelocallikelihoodsEq.(17)simplify as � ��� 0 � 
�������
 0 [ � m � ��� 1 �� 
�������
 1 [� � .
4.3 Approximate Inferencefor the Replica Model using the ADATAP Approach

To dealwith the intractableBayesianaveragesin Eq. (20) and(22) we have usedtheVariational
Gaussianapproximation(VG), theMeanFieldapproximation(MF) andtheadaptiveTAP(ADATAP)
approach.Sincethegraphof theprobabilisticmodelcorrespondingto GP’s is fully connectedwe
did refrain from usingthe Betheapproximation. We found that the ADATAP approachof Opper
andWinther (OpperandWinther,2000,2001a,b,Csat́o et al., 2002)was the mostsuitabletech-
niquewhich gave superiorperformancecomparedto theVG andMF approximations.Hence,we
will give the explicit analyticalderivationsonly for the ADATAP method,but will presentsome
numericalresultsfor theperformanceof theothertechniques.

An importantsimplificationin the computationof Eq. (20) and(22) comesfrom the fact that
thesearelocal averageswhich dependonly on thereplicatedvariables

1 W�
for a singledatapoint ?

andcanbecomputedfrom theknowledgeof themarginal distribution
L ���$ª1 ���

alone,wherewehave
introducedthe ] -dimensionalvectors ª1 � � � 1 �� 
�������
 1 [� �
for ? � A 
�������
 ~ . The ADATAP approximationpresentsa selfconsistentapproximation1 of
marginal distributions

L ���$ª1 ���
for ? � A 
�������
 ~ . It is basedon factorizingL ���$ª1 � � � ���$ª1 � L&«3� �$ª1 �¬ I ª1 � �3� ª1 � L&«3� � ª1 � (24)

wherethecavitydistribution is definedasL «3� �$ª1 ���®­ H �Vs ; � � s�¯; � I ª1 s [VW ; � O � 0 W � �Vs ; � � s�¯; � � s �$ª1 s �#� (25)

It representstheinfluenceof all variables
ª1 s � � 1 �s 
�������
 1 [s � with °²±� ? onthevariable

ª1 �
. Following

(OpperandWinther, 2000)(slightly generalizingthe original ideato vectorsof ] variables),the
cavity distribution Eq.(25) is approximatedby a Gaussiandistribution, i.e. a densityof theformL&«3� �$ª1 � � AN [ � ? � � \ �³&´µ<¶�·g¸ Q � R ´µ�¹ ´º ¸ Q � R ¶ ´µ � (26)

To computethe parameters»�¼ � ? � and ª½ ¼ � ? � in the ~ approximatedcavity distributions Eq. (26)
selfconsistently, oneassumesthattheseare,independentlyof thelocal likelihoodfunctions,entirely

1. For motivationsandalternative derivationsof theapproximation, seeOpperandWinther(2000,2001a,b)andCsat́o
etal. (2002).
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determinedby thevaluesof thefirst two marginal momentsE�E ª1 � G�G � ¬ I ª1 ª1 � ��� ª1 � L&«3� � ª1 �¬ I ª1 � ��� ª1 � L&«3� � ª1 � (27)E�E ª1 �¾ª1��� G�G � ¬ I ª1 ª1 ª1 � � ���$ª1 � L&«3� �$ª1 �¬ I ª1 � ��� ª1 � L&«3� � ª1 �
for ? � A 
�������
 ~ wherewe usedEq. (24). Thesetof parameters»�¼ � ? � , ª½ ¼ � ? � which correspondto
theactuallikelihoodcanthenbecomputedusinganalternative setof tractablelikelihoods /� s . For
GPmodels,wechoose /� s to beGaussian/� s � ª1 � � � \ �³&´µ<¶�· Q s R ´µ�¹ ´º Q s R ¶ ´µ � (28)

Thesetof parameters» � ° � and ª½ � ° � in Eq.(28) is chosenin suchaway thatthecorrespondingjoint
Gaussiandistribution (with GPprior Eq. (18))L&¿ ��À0 �®­ [VW ; � O � 0 W � �Vs ; � /� s �$ª1 s � (29)

hasfirst two marginal moments E�E ª1 � G�G � HDI À0 ª1 � L&¿ ��À0 �
(30)E�E ª1 �Áª1��� G�G � HDI À0 ª1 �Áª1��� L&¿ ��À0 �

that coincidewith thosecomputedin Eq. (27) for the intractabledistribution
L ��À06M ��� �

, Eq. (11),
for ? � A 
������ ~ . Herewe have defined

À0 �� � 0 � 
�������
 0 [ �
. Hence,usingEq. (24) andtheassumed

independenceof
L&«3� �$ª1 �

on thelikelihood,wegetE�E ª1 � G�G � ¬ I ª1 ª1 /� ���$ª1 � L&«3� �$ª1 �¬ I ª1 /� ��� ª1 � L&«3� � ª1 � (31)E�E ª1 �¾ª1��� G�G � ¬ I ª1 ª1 �Áª1 �� /� ���$ª1 � L&«3� �$ª1 �¬ I ª1 /� ��� ª1 � L&«3� � ª1 � �
Thethreesetsof Equations(27), (30),(31)determinethesetsof parameters» � ? � , ½ � ? � , »�¼ � ? � ½ ¼ � ? �
togetherwith thesetsof momentsfor ? � A 
�������
 ~ within theADATAP approach.Note, that the
integralsEq. (30), (31)areGaussianandcanbeperformedtrivially.

4.4 The ReplicaLimit ]Âmlo
Themostcrucialobstaclein computingtheparametersof thecavity distributionEq.(26),i.e. the ] k] matrix »�¼ � ? � andthe ] dimensionalvector ª½ ¼ � ? � is thelimit ]cmlo . To dealwith it, oneimposes
symmetryconstraintson »�¼ � ? � and ª½ ¼ � ? � whichmakethenumberof distinctparametersindependent
of ] . Thiswill imply asimilarsymmetryfor themarginalmomentsandfor theparameters» � ? � and

8
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ª½ � ? � . To bespecific,by the symmetry(exchangeability)of all ] components
1 �� 
�������
 1 [�

for each
vector

ª1 �
in thedistribution,we will assumethesimplestchoiceknown asreplicasymmetry, i.e.» W�Ã¼ � ? � �4Ä ¼ � ? � for Zc±�iÅ 
 » W�W¼ � ? � �8Ä �¼ � ? � for all Z (32)» W�Ã � ? � �4Ä � ? � for Zc±�iÅ 
 » W�W � ? � �8Ä � � ? � for all Z

andalso ½ W � ? � � ½ � ? � and ½ W¼ � ? � � ½ ¼ � ? � for all Z � A 
�������
 ] . More complicatedparameterizations
arepossibleandevennecessaryin complex situationswhenmultivariatedistributionshave a large
numberof modeswith almostequalstatisticalweight(seeMézardetal., 1987).

UsingthesymmetrypropertiesEq.(32),wecandecouplethereplicavariablesin Eqs.(30),(31)
by thefollowing transformation� \ �³&´µ<¶�·g¸ Q � R ´µ�¹ ´º ¸ Q � R ¶ ´µ �4HJI,Æ ��ÇÈ� [VW ; �gÉ � \ËÊ�Ì ¸�Í ¤ÏÎ³ Q µ � R ³ ¹$µ � Q º ¸ Q � R ¹$Ð	Ñ \ÈÒ ¸ Q � R�R<Ó �

(33)

We have defined Ô Ä ¼ � ? � �lÄ �¼ � ? �Õx Ä ¼ � ? � and
I,Æ ��ÇÈ� � �Ö 
3× � \ �³ Ð ³ I Ç as the standardnormal

Gaussiandistribution.

4.5 Resultsfor the ADATAP Parameters

TheTAP approachcomputessimultaneouslyapproximatevaluesfor thefirst two setsof marginal
momentsof the posteriorEq. (11) of the replicamodel. With Eq. (32) they obey the following
symmetryconstraintsE�E 1 W� G�G �TØ �

and
E�E � 1 W� � 
 G�G � B��

for Z � A 
�������
 ] (34)E�E 1 W� 1 Ã� G�G �4Ù �Ú�
for Zc±�iÅ �

Wecaninterprettheirvaluesin thelimit ] � o (within theTAP approximation)in termsof averages
over thebootstrapensemble.With Eq.(20)andsection2.2Ø � � �! #"$ &%   /1 ��� � � ¡B�� � �! #"$ &%KÛ�E � 1 ��� � �3� 
 G)ÜÙ �Ú� � �! #"$ &%   � /1 ��� � �3� 
 ¡
To computethevaluesof

Ø �
,
B��

and
Ù �Ú�

, we usethesymmetrypropertiesEq. (34) anddecouple
thereplicavariablesin Eq.(30),(31)by a transformationof thetypeEq.(33). Weperformthelimit]Âmlo andsolve theremainingGaussianintegrals.Eq. (31) yieldsB���x Ù �Ú� � AÔ Ä � ? �$Ý Ô Ä ¼ � ? � (35)Ø � � ½ � ? �gÝ ½ ¼ � ? �Ô Ä � ? �$Ý Ô Ä ¼ � ? � (36)Ù �Ú�Èx Ø 
� � x Ä � ? �$Ý Ä ¼ � ? �� Ô Ä � ? �gÝ Ô Ä ¼ � ? �3� 
 (37)
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where Ô Ä � ? � �4Ä � � ? �gx Ä � ? � and Ô Ä ¼ � ? � �8Ä �¼ � ? �gx Ä ¼ � ? � . Eq. (30) yieldsfor GPmodelsB���x Ù �Ú� � �)ÞÂ���Ú�
(38)Ø � � �)ÞFßË� �
(39)Ù �Ú�Èx Ø 
� � x§��Þ

diag
�)à®�$ÞÂ� �Ú�

(40)

with the ~ k ~ matrix Þ � � � \ � Ý
diag

�)á§à®�3� \ � �
(41)

To performthe integral in Eq. (27) it is useful to expandthe likelihoodfirst into a power series2

introducingtheabbreviation â � �$}<~� �3�$ª1 ��� � t�v6w U x â h A x [VW ; � � \ � Q µ �¤ � � ¤ R j�X �äã*:<; � â : � \Èåæ � [VW ; � � \ : � Q µ �¤ � � ¤ R � (42)

After decouplingthevariablesby Eq. (33) we cantake thereplicalimit ] � o . By introducingthe
measure L ��� 1#M Ç$
 æ � � � \ : � Q µ � � ¤ R \ËÊ�Ì ¸�Í ¤ÏÎ³ µ ³ ¹$µ Q º ¸ Q � R ¹$Ð Ñ \ÈÒ ¸ Q � R�R¬ I 1 � \ : � Q µ � � ¤ R \ËÊ�Ì ¸3Í ¤ÏÎ³ µ ³ ¹$µ Q º ¸ Q � R ¹$Ð Ñ \ÈÒ ¸ Q � R�R (43)

wearrive at thefollowing compactresultsØ � � ã*:<; � â : � \Èåæ � HDI,Æ ��ÇÈ� HrI 1²1¾L ��� 1#M Ç$
 æ �
(44)B�� � ã*:<; � â : � \Èåæ � HDI,Æ ��ÇÈ� HrI 1²1 
 L ��� 1#M Ç$
 æ �
(45)Ù �Ú� � ã*:<; � â : � \Èåæ � HDI,Æ ��ÇÈ�Õç HJI 1²1¾L ��� 1#M Ç$
 æ �)è 

(46)

For avarietyof “training energy” functions
yg� 1 �)
����)�

, theintegralscanbeperformedanalytically.
While the parameters

Ø �
,
B��Ú�

,
Ù �Ú�

give local bootstrapaveragesat specificdatapoints ? , it is
possibleto extendtheapproximationto correlationsbetweendifferentdatapoints.Onesimplyuses
thefull covariancematrix of theauxiliary distribution

L&¿ � À0 �
, Eq. (29), in orderto approximatethe

covariancematrixof thetruereplicaposterior
L ��À0 �

. We getsimilarly to Eq.(40)Ù � s ��T�! #"$ &%�  /1 ��� � � /1 s � � �)¡ � x§��Þêé _Së�ì �)à®�3ÞÂ� � s Ý Ø � Ø s � (47)

With Eq. (38), we can interpretthe matrix
Þ

, Eq. (41) as a theoreticalestimateof the average
bootstrappedposteriorcovariancewhereÆ � s �4�! #"$ &%g'SE 1 ��� � � 1 s � � � G (,x Ù � s �

2. Note, that this seriesrepresentsjust the averageover all possiblevaluesof the occupationnumber íJîïFð ¤ (see
Eq.(15)). We mayeasilyuseadifferentseriescorrespondingto someotherresamplingscheme.
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4.6 Resultsfor the ResamplingEstimate of the GeneralizationErr or

Specializingto Efron’s estimatorof the generalizationerror Eq. (21) and its replica expression
Eq. (22), we seethatthe latter is immediatelyexpressedby anaverage

E�E�P�P�P G�G�«3�
with respectto the

cavity distribution Eq.(25)�! #"$ &% ��£ ��¤ � �K¥ /1 �)� � �gx��	�S¦ 
 � �J^>_>`[�a �&ñ�ñ � 1 W� x��	���<� 1 Ã� x��	����ò�ò «3� (49)

with replica indices Z 
 Å where Zr±�lÅ
. Note the similarity to the computationof a leave-one-

out estimate.Herehowever, the leave-one-outestimatehasto becomputedfor the replicatedand
averaged system.InsertingEq.(26)with Eq.(33) into Eq.(49)yieldsñ�ñ � 1 W� x��	���3�<� 1 Ã� x��	��� ò�ò «3�� ¬ I,Æ ��ÇÈ� ¥ ¬ I 1 � 1 x§�	���&� \ËÊ�Ì ¸3Í ¤ÏÎ³ µ ³ ¹$µ Q º ¸ Q � R ¹$Ð Ñ \ÈÒ ¸ Q � R�R ¦ 
 � N �3��ÇÈ�3� [	\ 
¬ I,Æ ��ÇÈ�<� N �3��ÇÈ�3� [ (50)

wherewehave defined N ����ÇÈ� �8HDI 1 � \ËÊ�Ì ¸3Í ¤ÏÎ³ µ ³ ¹$µ Q º ¸ Q � R ¹$Ð Ñ \ÈÒ ¸ Q � R�R �
In Eq. (50), thenumber] of replicasappearsin a form which allows continuationto values]§ó �
andto performthelimit ]Âmôo^>_>`[�a �&ñ�ñ � 1 W� x��	���3�<� 1 Ã� x��	����ò�ò «3��8HJI,Æ ��ÇÈ�Õç AN ����ÇÈ� HDI 1 � 1 x��	���#� \ËÊ�Ì ¸�Í ¤ÏÎ³ µ ³ ¹$µ Q º ¸ Q � R ¹$Ð Ñ \ÈÒ ¸ Q � R�R è 


(52)

Solving the remainingGaussianintegrals, our approximationfor the bootstrappedmeansquare
generalizationerrorbecomes¢ � � � � A~ �* � ; � � ½ ¼ � ? �gx��	� Ô Ä ¼ � ? �3� 
 x Ä ¼ � ? �Ô Ä ¼ � ? � 
 �

(53)

As discussedin section2.1, we canextendthe whole argumentto yield resultsfor bootstrapping
alternative generalizationerrorsmeasuredby other lossfunctions õ � /1�ö � � ��÷��$
��,� . Expandingthe
lossfunction in a Taylor seriesin the variable

� /1�ö � � �ËxT�,� , we canapply the replicamethodto
individual termslike

� ��� � �! #"$ &%�' £ ��¤ � � � /1 ��� � �ÈxÂ�	��� 5 ( . Thissimply replacesthepower
�

in Eq.(52)
by thepower Y . We canthusresumtheTaylor expansionandobtain¢�ø � � � � A~ �* � ; � �! #"$ &%�  £ ��¤ � � õ ¥ /1 �)� � ��÷�����
��	�S¦È¡�! #"$ &%g' £ ��¤ � � (� A~ �* � ; � HJI,Æ ��ÇÈ� õ h ½ ¼ � ? �$ÝùÇ � x Ä ¼ � ? �Ô Ä ¼ � ? � ÷����)
��	�Sj

(54)
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4.7 Further Bootstrap Averages

In thefollowing, wederive resultsfor theresamplingstatisticsof theposteriormeanpredictor /1�ö of
theunknown function

1
atarbitrary inputs

�
.

4.7.1 MEAN AND VARIANCE OF THE PREDICTOR

As is well known (seee.g.Csat́o andOpper,2002),posteriormeanpredictorsfor GP modelsat
arbitraryinputs

�
canbeexpressedin theform/1�ö ��êE 1�ö	G � �* � ; �gú � � ���$
����)� (55)

wherethe setof ú � ’s is independentof
�

andcanbe computedfrom the distribution of the finite
dimensionalvector

0 � � 1 ��
�������
 1 �K�
alone. Hence,thebootstrapmeanandthe secondmoments

canbeexpressedas �! #"$ &%�  /1�ö � � �)¡ � �* � ; � �! #"$ &%�' ú �S( � ���$
����)� (56)�! #"$ &%   /1�ö � � � /1 ö�û � � � ¡ � �*� � s ; � � ���$
����)� �! #"$ &%�' ú � ú s ( � ��� s 
�� � �
Setting

Ø²ü®�r�! #"$ &%   /1 ü � � � ¡ and
Ù�ü : �r�! #"$ &%   /1 ü � � � /1 : � � � ¡ , for arbitrarytraining inputs

� ü
and

� : , with ý 
 æ � A 
�������
 ~ , wegetfrom Eq.(56)�! #"$ &%�'Úþ ( � � \ ��ÿ ��! #"$ &%�'Úþ � þ (,x �! #"$ &%�'Úþ ( � �! #"$ &%�'Úþ ( � � \ � ���êx ÿ � ÿ � � \ �
As shown in section4.5,theTAP approachcomputesapproximatevaluesfor thevector

ÿ
andthe

matrix
�

. With Eq.(39), (47),our final resultsfor bootstrapmeanandvariancearegivenby�! #"$ &%�  /1�ö � � �)¡ � � ���È��� ß �
(57)�! #"$ &%�  � /1�ö � � �3� 
 ¡Kx ¥��! #"$ &%�  /1�ö � � �)¡�¦ 
 � x � ���È����é _Së�ì �)à#��� � � ���È� �

with
� ���È� � � � ���$
��$����
�������
 � ���$
������3� � and

� � ���!ÝTé _Së�ì �)á§à®� � � \ �
. The parameters½ � ? � ,Ô Ä � ? � , and

Ä � ? � aredeterminedtogetherwith the parameters½ ¼ � ? � , Ô Ä ¼ � ? � , and
Ä ¼ � ? � of the ~

approximatecavity distributionsEq.(26). NotethatEqs.(57)arevalid for arbitrary inputs
�
.

4.7.2 BOOTSTRAPPING THE FULL DISTRIBUTION OF THE PREDICTOR

Themarginal distribution
L �

, Eq. (24), is non-Gaussiandueto theinclusionof thelocal likelihood� ���$ª1 � . However, it is analyticallytractablefor a varietyof interesting”training energy” functionsyg� 1 �)
����)�
. Following thediscussionin section4.6,wecancomputedataaveragesof highermoments

of the predictor /1 �)� � � �ôE 1 ��� � � G
andgeneralizefrom this to averagesof otherfunctions õ . We

obtainthegeneralresult�! #"$ &%�' õ � /1 ��� � �3�)( � ã*:<; � â : � \Èåæ � HJI,Æ ��ÇÈ� õ ç HJI 1²1¾L ��� 1#M Ç$
 æ � è
(58)
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where â � �$}<~ and õ is an arbitrary function. The measure
L ��� 1#M Ç$
 æ �

is definedin Eq. (43)
anddependsexplicitly on the training energy

yg� 1 �)
����)�
. Eq. (58) can be usedto get a nontrivial

approximationfor the entireprobability distribution of the estimatorwhich is definedas � ����yÈ� ��! #"$ &%�' £ � /1 ��� � �#xiyÈ�)( where £ ���È� denotestheDirac £ distribution. For finite ~ and � , theexact
densityof theestimatoratadatapoint ? is asumof Dirac £ peaks.Ourapproximationinsteadyields
a smoothedversionof it.

5. Application to GaussianProcessRegression

The main resultsof theprevious sectionareEq. (53), (54), Eq. (57) andEq. (58). They arevalid
for all GPmodelsandcomputevariousinterestingpropertiesof thebootstrapensembleanalytically
from a setof parametersprovided by the TAP theory. The latter aredeterminedby Eq. (35)-(41)
(which apply to all GP models)andEq. (44)-(46)which dependon the choiceof the likelihood
modelEq. (14) andon theresamplingscheme.In general,thesetof equationscanbesolved itera-
tively. For somelikelihoodmodels,onecanrestrictthe iterationto a specificsubsetof theoretical
parameters.

In the following, we will considerGP regression(Neal, 1996,Williams, 1997,Williams and
Rasmussen,1996)with trainingenergyyg� 1 s 
�� s � � A�	� 
 � 1 ��x�� s � 
 � (59)

This model is optimally suitedfor a first, nontrivial test of our approximation. The estimator /1
of the GP regressionmodel is obtainedfairly easilyandexactly without iterative methods.Note
however, thatwe have not usedtheanalyticalformulafor theestimator /1 in our theory. Its explicit
form is only usedfor theMonteCarlosimulation(whichservesasa comparisonto thetheory)and
is givenby /1�ö � � � � - �� ; � ú � � � ���$
��,�� � with

þ � � � � �6Ý
� 
 ��� \ ��� �
where

� �
containsall targetsof

thebootstraptrainingset
�

andthe � k � kernelmatrix
� �

is computedon thetraininginputs.
To completethesetof equationswhich determinetheparametersof our theoryfor regression,

we insertEq. (59) into Eq.(44)-(46).This yieldsB��,x Ù �Ú� � ã*:<; � â : � \Èåæ � AÔ Ä ¼ � ? �$Ý æ } � 
 (60)Ø � � � ½ ¼ � ? �gx��	� Ô Ä ¼ � ? �3�<��B��Èx Ù �Ú���$Ýù�	� (61)

and Ù �Ú�Èx Ø 
� � h ç Ø ��x§�	�B���x Ù �Ú� è 
 x Ä ¼ � ? �)j ã*:<; � â : � \Èåæ � A� Ô Ä ¼ � ? �gÝ æ } � 
 � 
 xT� Ø ��x§�	��� 
 (62)

Closeinspectionof Eq. (35)-(41)andEq. (60)-(62)revealsthat we cansolve first for Ô Ä ¼ � ? � andÔ Ä � ? � by iterating Ô Ä ¼ � ? � � � Æ �Ú��� \ � x Ô Ä � ? � (63)Ô Ä � ? � � h ã*:<; � â : � \Èåæ � AÔ Ä ¼ � ? �$Ý æ } � 
 j \ � x Ô Ä ¼ � ? � (64)
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Figure1: Bootstrappedlearningcurvesfor GPregression.Left: BootstrappedsquarelossonBoston
housingdata.Comparisonbetweensimulation(circles)and4 differentapproximationsto
thereplicaposteriorEq.(11): ADATAP (solid line), approximateADATAP (dot-dashed),
VariationalGaussian(dashed),MeanField (dotted). Right: Bootstrapped
 -insensitive
lossonBostonhousingdata( ~ ��� o�� ) and8nmRobotarmdata( ~ ��� o	o ).

using the definition
Þ � � � \ � Ý

diag
�)á§à®�3� \ �

, Eq. (41), where
�

denotesthe ~ k ~ kernel
matrix which is computedon the inputs of dataset

���
. The appendixdescribesa methodfor

gettingtypically goodinitial valuesfor the iterationEq. (63), (64) andexplainshow to accelerate
theiteration.With Ô Ä ¼ � ? � , Ô Ä � ? � and

Þ
known, all remainingparameterscanbecomputeddirectly

by simplematrixoperationswithout furtheriterations.We obtain½ � ? � � �	� Ô Ä � ? � (65)Ä � ? � � �*s ; � ���Áx�é _Së�ì ���#�3� \ �� s � Ø s x�� s � 

where

�	�
denotesthetargetvaluesof dataset

���
,
Ø � � - �s ; � Æ � s ½ � ° � , õ � s � � Æ � s � 
 andthevector�

hastheentries
I � ? � � � Q � R ø ¤Ï¤� Q � R \ ø ¤Ï¤ with � � ? � � - ã:<; � å =������:	� � Ô Ä ¼ � ? �gÝ :� ³ � \ 
 . Further½ ¼ � ? � � x ½ � ? �gÝ Ø ��� Ô Ä � ? �gÝ Ô Ä ¼ � ? �3� (66)Ä ¼ � ? � � Ä � ? � õ �Ú�� � ? �&x õ �Ú� Ý � Ø ��x��	��� 
õ �Ú� �

We solve Eq.(63)-(66)for a givendataset
���

andcovariancekernel � ���$
��,��� andplug theresult-
ing parametersÔ Ä ¼ � ? � , Ä ¼ � ? � and ½ ¼ � ? � into Eq. (54). It computesthebootstrappedgeneralization
error ¢�ø � � � measuredby an arbitrary lossfunction õ . Figure1 comparesour theoreticalpredic-
tionsfor thebootstrappedgeneralizationerror(solid lines)with simulationresults(circles)on two
benchmarkdatasets(bostonandpumadyn-8nm(Delve)). As testmeasure,we have chosensquare
loss õ � /1 ÷��$
��,� � � /1�ö x��,� 
 (Eq.(53),Fig. 1 left panel)and 
 -insensitive loss(Eq.(54),Fig. 1 right
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Figure2: Bootstrappedmean(left) andvariance(right) of the predictionat test inputsfor GPre-
gressionon Bostonhousingdata. Thefirst

� o pointsof theBostondatasetprovide the
test inputs, the remainder

���
of the data( ~ ����� � points)wasusedfor the bootstrap

where � � ~ .

panel) õ � £ � �  !" !# 0 if
M £ M�$ ' o 
�� A x&%#� 
 (Q(' )*' \ Q � \,+ R.-�R ³/ + - if
M £ M�$ ' � A x0%#� 
 
�� A Ý
%#� 
 (M £ M x 
 if
M £ M�$ ' � A Ý&%#� 
 
*1�(

with £ � /1�ö xT� , % � o � A and 
 � o � A . The GP modelwas trainedwith squarelossEq. (59)
where

� 
 � o � o6A andwe usedthe RBF kernel � ���$
��,��� � t�v6w ��x -�2s ; � ��� s xi�,�s � 
 } ��3 s ý 
 �3� withý 
 �54 for 8nmRobotarmdata(RA) and ý 
 �7684 � �	� for Bostonhousingdata(BH).
3 s wassetto

the component-wise varianceof the inputs(RA) or the squareroot thereof(BH). Figure1 shows
a larger part of a learningcurve wherethe averagenumberof distinct examplesin the bootstrap
datasets

�
is �:9 � ~ � A x4� \ ��� � � . Whenthe bootstrapsamplesize � increases,onestartsto

exhaustthedataset
���

which leadseventuallyto theobservedsaturationof thebootstraplearning
curve. Simultaneously, oneis left with a rapidly diminishingnumberof testpoints( ~ � \ ��� � , see
top axis bar of Fig. 1, left panel). We observe a goodagreementbetweentheory(solid line) and
simulations(circles) for the whole learningcurve. For comparison,we show the learningcurve
(dot-dashedline) which resultsfrom a fasterbut approximatesolutionto theTAP theory. It avoids
theiterationEq.(63), (64). Insteadwe usethestartvaluefor

á§à
givenin AppendixA.2, computeÞ � � � \ � Ýùé _Së�ì �)á§à®�3� \ �

, set Ô Ä ¼ � ? � � � Æ �Ú�)� \ � x Ô Ä � ? � andsolve Eq. (65), (66). Theresults
of thisapproximatesolutionimprove with increasingsamplesize � . We alsocomparetheTAP ap-
proachwith two lesssophisticatedapproximations to thereplicaposteriorEq. (11), theVariational
Gaussianapproximation(Fig. 1 left panel,dashedline) and the MeanField method(Fig. 1 left
panel,dottedline). Both methodscomputefor integer ] optimalapproximations(in theKullback-
Leibler sense)to Eq. (11) within a tractablefamily of distributions.OnechoosesGaussiansfor the
former (MalzahnandOpper, 2003)and factorizingdistributions (in the exampleindex ? ) for the
latterapproximation(seee.g.OpperandSaad,2001). Both methodsallow for a similar analytical
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Figure3: Bootstrappeddistribution of the GP prediction ;<8=�>�?A@ at a given input B = for Boston
housingdata, CEDGF DIH8J�K . Most distributions are unimodalwith variousdegrees
of skewnessor a flank in the shoulder(left panel). The distribution may be unimodal
but non-Gaussian(inset left panel)or bimodal (not shown) with a broadanda sharply
concentratedcomponent.Thetheory(line) describesthetruedistribution (histogram)inL J�M of all casesvery accuratelyandcanmodelahigh degreeof structure(right panel).

continuationto arbitrary N astheTAP approach.We seehowever, thatbothapproximationsgiveby
far lessaccurateresults.Hence,wearenot presentingtheanalyticalformulashere.

UsingEq.(65)andEq.(57)weobtainanalyticalresultsfor thebootstrappedmeanandvariance
of the prediction ;<8O for GP regressionat arbitrary inputs B . In the following, we considerthe
Bostonhousingdataset which we split into a hold out setof H8J datapoints anda set

?QP
withFIDSR�H8K data.Figure2 shows resultsfor thebootstrappedmean(left) andvariance(right) of the

GP predictionon the H8J test inputswherethe bootstrapis basedon resamplingdataset
?QP

withCTDUF . We find a goodagreementbetweenour theory(crosses)andsimulationresults(circles).
Thesimulationrepeatedthebootstrapaverage5 timesover setsof 5000samples.Circlesanderror
barsdisplaythemeanandstandarddeviation (squareroot of variance)of these5 average values.
Reliablenumericalestimatesof thebootstrappedmodelvariancearecomputationallycostlywhich
emphasizestheimportanceof thetheoreticalestimate.

Finally, we canusethe resultson VXW,Y >�Z�@ , W,Y >�Z�@ and [�Y >�Z�@ , Eq. (63)-(66), to approximatethe
entiredistributionof theGPpredictionunderthebootstrapaverage.ThegeneralexpressionEq.(58)
with \ > ;<8=�>�?A@�@ D^] > ;<8=�>�?A@`_&ab@ yieldsfor theGPregressionproblemEq.(59)an infinitemixture of
Gaussiansc =�>�ab@ Dedfg*h P >�ij @

g8k8lnmopbq > VXW,Y >�Z�@sr gt	u @v _xw8y W,Y >�Z�@Uz|{�}0~ _
� a � VXW,Y >�Z�@`r
gt	u�� _ [�Y >�Z�@�_&��= gt	u��	�w�>�_ W,Y >�Z�@�@ �G� (67)

Figures3,4 show resultsfor theBostonhousingdatasetwherethebootstrapis basedonresampling
all availabledata( F�DSH8J�K ) with C
D�F . We computedthedistributionsof theGPpredictionson
eachof the H8J�K inputs.SincetheADATAP approximationis basedon a selfconsistentcomputation
of first andsecondmomentsonly, we shouldnot expectthat theresultson thefull distribution will
be asaccurateasthe meanandvariance. However, for

L J�M of all cases,we found that the the-
ory (line) modelsthe true distribution (histogram)asaccuratelyastheexamplesshown in Fig. 3.
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Figure4: Theleft panelshowstwo typicalexamples,wherethetheoryfor thebootstrapdistribution
underestimatestheamountof structurein thetruedistribution (histogram).Theweights
or thenumberof mixturecomponentsmaybewrongly predicted(

w J�M of all cases).The
examplein theright panelis a very atypicalcase(only

w M ).

Mostdistributionsareunimodalwith variousdegreesof skewnessor ashoulderin oneflank(Fig. 3,
left). We find bimodaldistributionswith onebroadandonesharplyconcentratedcomponent(not
shown). The examplein the right panelof Fig. 3 wasselectedto demonstratethat the theorycan
model structureddensitiesvery accurately. For

w J�M of all pointsof the dataset,we found that
thetheoryunderestimatesthetrueamountof structurein thedistribution. Fig. 4, left panel,shows
typical examplesof this effect. We found a small numberof atypical cases(

w M ) wherethe the-
ory predictsa broadunstructureddistribution (Fig. 4, right panel)whereasthe true distribution is
highly structured. The percentagesabove are basedon optical judgmentbut are also well sup-
portedby similarity measuresfor densities.To illustratethis,wecomputethebounded��� distance,��� > c P8� c @ DE������ a��

c P�>�ab@�_ c >�ab@|��� � , betweenthetruedensity

c P
andourapproximation

c
. Fig. 5

shows theabundanceof ��� valueswhichwereobtainedfor all 506input points.We find ��� � J � �
for
L K � w M of all inputsand �����^J � w for

w M of all inputs.Themaximalvalueis ���xD�J ��� �	J�� .
In contrastto other sophisticatedmodelsin machinelearning, the GP regressionmodel can

be trainedfairly easilyby solving a setof linear equations�`��D >�� � r�� �|� @�� � for the weights� � = to the kernel functions � > B � B � = @ (seee.g. Williams, 1997). In comparisonwe note, that the
computationallymost expensive stepof the ADATAP theory is the computationof the F¡ ¢F
matrix £¤D >�� l � r diag

>�¥&¦�@�@ l � for theiterationEq. (63), (64). Theappendixdiscussessimple
methodswhich save computationtime. In both casesit suffices to computethe F¡ 
F kernel
matrix

�
only once,i.e., we usecachedkernelvaluesfor modeltrainingandmodelevaluationin

theMonte-Carlosimulation.Composingdatasets
?QP

of varioussizesF from variousbenchmark
data,wefind thattheMATLAB programsolvesour theoryfor C&D^F with highaccuracy in thetime
equivalentof aMonte-Carloaverageovermaximal

w H samplesfor F �^w H8J�J (maximal �8H samples
for F � H8J�J ). Our theoryis moreaccuratethanMonte-Carloaverageswith sucha smallamount
of sampling. In the exampleof Fig. 2 where F§D¤R�H8K , Monte-Carloaveragesover

w J samples
fluctuateby up to ¨xJ � K (up to ¨ � M ) for themeanpredictionandby up to ¨ w � w (up to ¨©R���M ) for
thebootstrappedvarianceof theGPregressionmodelat thetestpoints.
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Figure5: Histogramof ��� -distancesbetweenthetrueandtheoreticallypredicteddistributionof the
bootstrappedestimatoron all FªDUH8J�K inputsof theBostonhousingdataset. We used
histograms

c P�>�ab@
,

c >�ab@
with bin-sizeV a D^J � w to compute��� > c P8� c @�«U¬�­�^® ­ �

c P�>�ab@	_c >�ab@|��� � . Theinsetenlargesa partof thefigure.

6. Summary and Outlook

In this paperwe have presentedananalyticalapproachto thecomputationof resamplingaverages
whichis basedonareformulationof theproblemandacombinationof thereplicatrick of Statistical
Physicswith anadvancedapproximateinferencemethodfor Bayesianmodels.Our methodsaves
computationaltime by avoiding the multiple retrainingof predictorswhich areusuallynecessary
for directsampling.It alsodoesnot requireexplicit analyticalformulasfor predictors.

Sofar, we have formulatedour approachfor GPmodelswith generallocal likelihoods.Appli-
cationsto a GPregressionmodelshowedpromisingresults,wherethemethodgivesfairly accurate
predictionsfor bootstraptesterrorsandfor themeanandvarianceof GPpredictions.Surprisingly,
even the full bootstrapdistribution is recoveredwell in a clear majority of cases.Theseresults
alsosuggestthattheapproximationtechniqueusedin our framework, theADATAP method,works
ratheraccuratelycomparedto lesssophisticatedmethods,likevariationalapproximations.Thenon-
trivial shapesof thebootstrapdistributionsclearlydemonstratesthat theADATAP approachis not
simplyanapproximationby a “Gaussian”but ratherincorporatesstronglynonGaussianeffects.

In thenearfuture,wewill giveresultsfor GPmodelswith nonGaussianlikelihoodmodels,like
classifiers,including SupportVectorMachines(usingthe well establishedmathematicalrelations
betweenGP’s andSVM’s (seee.g.OpperandWinther,2000)). For thesenon Gaussianmodels,
training on eachdatasamplewill require to run an iterative algorithm. Hence,we expect that
thecomputationof ourapproximatebootstrap(which is alsobasedonsolvingasystemof nonlinear
equationsby iteration)will haveroughlythesameorderof computationalcomplexity asthetraining
ontheoriginaldataset.Thiscouldgiveourapproachagoodadvantageoversamplebasedbootstrap
methods,wherethe computationalcostwill scalewith the numberof bootstrapsamplesusedin
orderto calculateaverages.For a further speedup,whenthe numberof datapoints is large, one
may probablyapply sparseapproximationsto kernelmatrix operations,similar to thoseusedfor
thetrainingof kernelmachines(seee.g.Csat́o andOpper,2002,Williams andSeeger,2001).The
bootstrapestimatesfor classificationtest errorsmay be useful for model selection,becausethe
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expressionsare not simply discreteerror counts,but smoothfunctionsof the model parameters
whichmaybeminimizedmoreeasily. 3

While GP modelsseemnaturalcandidatesfor an applicationof our new analyticalapproach,
we view our theoryasa moregeneralframework. Hence,we will investigateif it canbeappliedto
statisticalmodelswheremodelparametersareobjectswith a morecomplicatedstructurelike e.g.
treesorMarkov chains.Alsomoresophisticatedsamplingschemeswhichcouldinvolvecorrelations
betweendatapointsor which generatethenew datasetsby thetrainedmodelsthemselvescouldbe
of interest.

Sofar, anopenproblemremainstoestablishasolidrigorousfoundationto theStatisticalPhysics
methodsusedin ourtheory. Onemayhopethatafurtherreformulationof theproblem,replacingthe
“replicatrick” by theso-calledcavityapproach (Mézardetal.,1987)cangivemoreintuitive insights
into thetheory. It mayalsoallow for theapplicationsof recentrigorousprobabilisticmethods(see
e.g.Talagrand)which allowedto justify previousStatisticalPhysicsresultsobtainedby thereplica
trick.
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Appendix A. Application to GaussianProcessRegression

A.1 The Algorithm

Require: Dataset
?QP DT¯ > B =�����=�@�°�Z DS� �|�|� F&±

Computekernelmatrix
�

on inputsof
?QP

.
Computeeigenvalues² of

�
.

For bootstrap samplesize C :
Initialize: Find root VXW of Eq. (69)with (68). (Singleone-dimensionalrootsearch.)
Iterate:

Update
¥&¦:³

from
¥&¦

accordingto Eq.(63).
Update

¥&¦
from

¥&¦:³
accordingto Eq.(64).

Until converged´ ,
¦

accordingto Eqs.(65).´ ³ , ¦:³ accordingto Eqs.(66).
Bootstrappedtesterrorby Eq.(54); bootstrappeddistribution of estimatorby Eq.(67)
Bootstrappedmeanpredictionandvarianceby Eqs.(57)

End for

A.2 Algorithm Initialization

ThealgorithmsolvesEq.(63), (64) iteratively which requiresa goodinitialization for the VXW >�Z�@ ’s.
A reasonableinitialization canbe obtainedin the following way: We neglect the dependenceof

3. The bootstrapgeneralizationerror Eq.(21)estimatesthe biasbetweentraining error µ�¶�·¹¸»º�¼ andgeneralizationer-
ror µ�½	·¹¸»º�¼ of a learningalgorithmtrainedon dataset ¸»º . Take for exampleEfron’s ¾ ¿*À*Á estimate: µ�½|·¹¸»º�¼xÂÃ ¾ À*¿*Äsµ�¶�·¹¸»º�¼�Å Ã ¾ ¿*À*Á,Æ8·¹Ç�¼ (seealsoEfron andTibshirani,1997).
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£ =È=`«�É andof VXW >�Z�@�« VXW on theindex
Z
andwriteÉT« �F jf = h � £ =È= D �FEÊsË >�� l � r diag

> VXW @�@ l � « �F jfg*h � ² g� r ² g VXW (68)

where² g for
p DS� � �|�|� � F aretheeigenvaluesof thekernelmatrix

�
. Usingthesameapproxima-

tion within Eq.(63), (64)yieldsÉ D dfg*h P�Ì
g�k lbÍpbq É� _¢É¢> VXW >�Z�@�_&p,Î	� � @ � (69)

SolvingEq. (69) and(68) with respectto VXW by a onedimensionalroot finding routinegivesthe
initialization for the iterationof Eq. (63), (64). The iterationis found to be stableandshows fast
convergencewherebythenumberof requirediterationsdecreaseswith increasingsamplesize C .

For large F , onecansavetimeby computingEq.(68)with theeigenvalues² of asmallerkernel
matrixbasedona randomsubsetof

j Ï
of thedata(replace �j by

Ïj in Eq. (68)). Thechoice ÐSD^R
yieldsstartvaluesfor VXW whichareslightly degradedbut equallyefficient for theiteration.

A.3 Standard Iteration Step

The Ñ -th iteration uses
¥&¦�Ò

to computethe matrix £ Ò D >�� l � rTÓ�Ô.Õ8Ös>�¥&¦�Ò�@�@ l � . This is the
most time consumingstepof the TAP theory. We remarkthat we caneasilyrewrite £ Ò to avoid
computationof

� l � (whichmaybecloseto singular).UnderMATLAB it paysoff to usethedivision
operatoron symmetricmatrices£ Ò D Ó�Ô.Õ8Ös>�¥&¦�Ò�@ l � � Ó�Ô.Õ8Ös>�¥&¦�Ò�@ l � r
� � l � � (70)

From
É Ò =È=

and Eq. (63), (64) we obtain the updates
¥&¦:³*Ò.× � , ¥&¦�Ò.× � . The solution hasusually

the propertythat VXW,Y >�Z�@QØ�Ø VXW >�Z�@ where VXW,Y >�Z�@ increasessignificantlywith C . We determineVXW,Y >�Z�@ , VXW >�Z�@ with at leasẗn�	J lbÙ accuracy relative to theirabsolutevalues.Wedefinetheabsolute
errorat iterationstepÑ by Ú D ¥&¦ Ò.× � _¢¥&¦ Ò � (71)

The number Û of siteswith changes
� ]�Ü ��Ø �	J l,Ý dropsto values ÛEÞ�ÞUF after typically

w�_ �
iterations.Westorethecorrespondingsiteindicesin an Û dimensionalvector ß > Û @ . For ÛTÞ�Þ^F ,
wecancomputethematrixupdateEq.(70) moreefficiently usingtheWoodbury formula£ Ò.× ��D�£ Ò`_&à5> � r&áâ@ l � àäã � (72)à

is F¤ XÛ dimensionalwith entries
É Ò = g�å ] g where

Z DS� � �|�|� � F and
päæ ß > Û @ , i.e. thecolumns

of
à

areproportionalto the Û columnsof
É Ò

which correspondto active sites ß > Û @ . Theidentity
matrix � and matrix

á
are both ÛE ¢Û dimensional.

á
hasthe entries

É Ò g*ç�è g u v ] g*ç ] g u withp � ��p � æ ß > Û @ .
20



AN APPROXIMATE ANALYTICAL APPROACH TO RESAMPLING AVERAGES

A.4 Approximate Iteration Step

The iterationrequiresonly updatesof thediagonalelements
É Ò.× �=È= (seeEq. (63)). This subsection

discussesanapproximateupdatefor
É Ò.× �=È= which savestime andaidsconvergenceto small active

setsÛ . Wewill placesuchapproximateupdatesbetweenexactupdatesof £ Ò.× � by Eq.(70)or (72).
Thelatterensuresthatwedonot accumulateerrors.

Weregard £ Ò asanapproximationto theunknown matrix £ Ò.× � , definetheapproximationerror
by é �D � _ £ Ò > £ Ò.× � @ l � D _ £ Ò Ó�Ô.Õ8Ös> Ú @ andget(Pressetal., 1992)£ Ò.× � D > � _ é @ l � £ Ò D ~ � r df ê�h � é

ê � £ Ò (73)

whichis determinedby thechanges

Ú
, Eq.(71),andby £ Ò . £ Ò hastypically smallentries

É Ò = Ü Þ�ÞT�
(for � = Ü � � ). 4 Eq. (73) enablesus to obtainapproximateupdatesfor

É Ò.× �=È= which requireonlyëä> F � @ operations.With \ = Ü©D >�É Ò = Ü @ � weapproximateÉ Ò.× �=È= «�É Ò=È= _ jfÜ h � \ = Ü � ]�Ü _ ] �Ü É ÒÜ�Ü r ]
ÙÜ \8Ü�Ü � (74)

Eq. (74) is non-localwith respectto

Ú
. Thequadraticandcubictermsin ]�Ü approximatethesecond

andthird ordercontributions
>�ì � r&ì Ù @�É Ò undertheassumptionthatoff-diagonalentriesin £ Ò are

small in comparisonto diagonalentries.Note thatEq. (74) usesthevalues
É Ò ê�ê D É Ò ê�ê >�¥&¦�Ò�@ from

our lastexactcomputationwith
¥&¦�Ò

. Wedefine íÉ Ò D¡�j ® jê�h � É Ò ê�ê andfind thatif
� ]�Ü � íÉ Ò ÞîJ � � for

all sitesïXDU� � �|�|� � F , we cando repeatediterationsusingEq. (74) wherewe update
¥&¦�Ò.× � (and¥&¦:³*Ò.× � ) but keep

É Ò ê�ê
,
¥&¦�Ò

unchanged.

Ú
is updatedaccordingto Eq.(71). It is beneficialto doup

to 3 iterationsbeforerecomputing£ Ò.× � from thefinal
¥&¦�Ò.× � by anexactmethod.
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