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Abstract

Using a novel reformulation,we develop a framework to computeapproximateesamplingdata
averagesanalytically The methodavoids multiple retrainingof statisticalmodelson the samples.
Ourapproachusesacombinationof thereplica“trick” of StatisticalPhysicsandthe TAP approach
for approximateBayesianinference. We demonstrat@ur approachon regressionwith Gaussian
processesA comparisorwith averageobtainedoy Monte-Carlosamplingshavs thatour method
achieszesgoodaccurag.

Keywords: bootstrap,kernel machines Gaussiamprocessesapproximateinference,statistical
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1. Intr oduction

Resamplingis a widely applicabletechniquein statisticalmodelingand machinelearning. By
resamplingdatapointsfrom a single given setof dataone cancreatemary new datasetswhich
allows to simulatethe effects of statisticalfluctuationsof parameteestimatespredictionsor ary
otherinterestingfunction of the data. Resamplings the basisof Efron’s bootstap method(Efron,
1979,EfronandTibshirani,1993)whichis agenerabpproacHor assessinthe quality of statistical
estimatorslt is alsoan essentiapartof the bagging andboostingapproaches; MachineLearning
wherethe methodis usedto obtainabettermodelby averagingdifferentmodelswhichweretrained
ontheresamplediatasets.

In this paper we will not provide theoreticalfoundationsof resamplingmethods,nor do we
intendto give a critical discussiorof their applicability Interestedeadersarereferredto standard
literaturesuchas(Efron, 1982,Efron and Tibshirani,1993,Shaoand Tu, 1995). The main goal of
the paperis to present novel methodfor dealingwith the large computationabompleity thatcan
present significanttechnicalproblemwhenresamplingmethodsareappliedto comple statistical
MachineLearningmodelson large datasets.

To explain theresamplingmethodin afairly generalsetting,we assumea given sampleD, =
(z1.29,...,zy) Of datapoints.E.g., z; mightdenoteapair («;, y;) of inputsandoutputlabelsused
to train a classifier New artificial datasamplesD of arbitrarysize S canbe createdby resampling
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pointsfrom Dy. Writing D = (2}, 2, ..., 2) onechoosesachz; to beanarbitrarypoint of Dy.
Hence,somez; in Dy will appeamultiple timesin D andothersnotatall. A typical taskin the
resamplingapproachs the computatiorof certainresamplingaverages Letd (D) denoteaquantity
of interestwhich depend®nthedatasetsD. We defineits resamplingaverageby

Ep~p,[6(D)]= Y W(D)6(D) 1)
D~Dy

where}_, ., denotesasumover all setsD generatedrom D, usingaspecificsamplingmethod
andW (D) denotesa normalizedweight assignedo eachsampleD. If the modelis suficiently
comple (for examplea supportvectormachine(seee.g. Scholkopf etal., 1999))theretrainingon
eachsampleD to evaluate® (D) andaveragingcanbe rathertime consumingevenwhenthetotal
sumin Eq. (1) is approximatedoy a randomsubsamplaising a Monte Carlo approach.Hence,
it is usefulto develop analytical approximationtechniquesvhich avoid the repeatedetrainingof
the model. Existing analyticalapproximationgbasedon asymptotictechniquesjounde.g. in the
bootstrapliteraturesuchasthe delta methodandthe saddlepoint method(seee.g. Shaoand Tu,
1995)usuallyrequireexplicit analyticalformulasfor the quantitiesd( D) thatwe wish to average.
Thesewill usuallynotbeavailablefor morecomplex modelsin MachineLearning.

In this paperwe introduceanovel approacHhor theapproximatecalculationof resamplingaver-
ages.t is basednacombinationof threeideas.Wefirst utilize thefactthatoftenmary interesting
functionsé (D) canbe expressedn termsof basicstatisticalestimatorsor parameter®f certain
statisticalmodels. Thesecanbeimplicitly definedas pseudoBayesianexpectationswith suitably
definedposteriorGibbsdistributions over modelparametersHence,the methoddoesnot require
an explicit analyticalexpressionfor thesestatistics. Within our formulation, it becomegossible
to exchangeposteriorexpectationsanddataaveragesandperformthe latteronesanalytically using
the so-called‘replicatrick” of statisticalphysics(Mézardet al., 1987). After the dataaverage we
areleft with atypically intractableinferenceproblemfor aneffective Bayesiamprobabilisticmodel.
As afinal step,we usetechniquedor approximatenferenceto treatthe probabilisticmodel. This
combinationof techniquesallows us to obtain approximateresamplingaveragesby solving a set
of nonlinearequationgatherthanby explicit sampling. We demonstratéhe methodon bootstrap
estimatordor regressionwith Gaussiamprocesse$GP) (which is a kernelmethodthathasgained
high popularityin the MachineLearningcommunityin recentyears(Neal,1996))andcompareour
analyticalresultswith resultsobtainedoy Monte-Carlosampling.

The paperis organizedasfollows. Section2 presentghe key ideasof our theoryin a general
setting.Section3 discussebootstragn the context of ourtheory i.e. we specializeo the casethat
thedatasetsD areobtainedfrom Dy by independensamplingwith replacementin section4, we
derive generaformulasfor interestingesamplingaverageof GPmodelssuchasthegeneralization
errorandthemeanandvarianceof the prediction.In section5, we applytheresultsof section3 and
4 to the bootstrapof a GP regressiormodel. Section6 concludeghe paperwith a summaryanda
discussiorof theresults.

2. Outline of the Basicldeas
2.1 STEPI: Deriving Estimators from Gibbs Distrib utions

Our formalism assumegshat the functionsHA(D) which we wish to averageover datasetscanbe
expressedn termsof a setof basicstatistics (D) = (f1(D), ..., fau(D)) of thedata.f(D) canbe



AN APPROXIMATE ANALYTICAL APPROACH TO RESAMPLING AVERAGES

understoodasan estimatorfor a parametewectorf which is usedin a statisticalmodeldescribing
thedata.To bespecificwe assumehatt (D) canbeexpandedn aformal multivariatepower series
expansiornwhich we write symbolicallyas

0(D) =Y ¢, f(D)", (2)

r

wheref(D)" standdor a collectionof termsof theform | f,k andthe:;’sareindicesfrom the
set{1,...,] M}. ¢, denotesa collectionof correspondingxpansioncoeficients.
Ourcrucialassumptioris thatthebasicestimatord (D) canbewritten asposteriorexpectations

ﬂD):@):/ﬁffﬂﬂD) 3)

with a posteriordensity
P(f|D) =

1
Z05)6) (DI @

thatis constructedrom a suitableprior distribution x(f) andalikelihoodterm P(D|f).

Z(D) = /df 11(£) P(DIf) (5)

denotesanormalizingpartitionfunction. We will denoteexpectationsvith respecto (4) by angular
braclets(- - -). Thisrepresentationavoids the problemof writing down explicit, complicatedfor-
mulasfor f. Our choiceof (3) obviously includesBayesiar(point) estimatorof modelparameters,
but with specificchoicesof likelihoodsand priors maximumlikelihood and MAP estimatorscan
alsobe coveredby theformalism.

Fromthe expansionEq. (2) andthelinearity of the dataaveragesit seemgeasonablé¢o reduce
the computatiorof theaverageF p..p, [#(D)] to thatof averagingthesimplemonomialsf(D)" and
try aresummatiorof theaveragedseriesattheend.Using Eq. (3) we canwrite

E") = Epp,[f] = Ep~n,[(f)'] = Ep~p,

ﬁ/ [ taf* £ () PDIEY}] - (6)
a=1

whichinvolvesr copiesi.e. replicast® fora = 1,. .., r of theparametevectorf. Thesuperscripts
shouldNOT be confusedwith poversof thevariables.

2.2 Stepll: Analytical ResamplingAverageUsing the Replica Trick

To understandhe simplificatiors which canbe gainedby our representatiorq. (3), one should
notethatin avarietyof interestingandpracticallyrelevantcasest is possibleto computeresampling
averagesof thetype Ep..p, [[[.—, P(D|f*)] analyticallyin a reasonablysimpleform. Hence,if
thepartitionfunctionsZ (D) in thedenominatoof Eq. (6) wereabsentpr would notdependon D,
onecouldeasilyexchangehe Bayesaveragewith the dataaverageandwould be ableto getrid of
resamplingaveragesn an analyticalway. Onewould thenbe left with a single Bayesiantype of
averagewhich could be computedby othertoolsknown in thefield of probabilisticinference.

To dealwith the unpleasanpartitionfunctionsZ (D) to enablean analyticalaverageover data
sets(which is the “quencheddisorder”’in the languageof StatisticalPhysics)oneintroducesthe
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following “trick” extensvely usedn StatisticaPhysicsof amorphousystemgMézardetal., 1987).
We introducethe auxiliary quantity

E() = Ep.p, [Z(D)“"‘ / T e () P(DIEE)

a=1
for arbitraryrealn, which allows to write

E" = 1im E(").

n—0

Theadwantageof this definitionis thatfor integers n > r, the partitionfunctionsZ(D) in Ef(f) can
be eliminatedby usinga total numberof n replicasf!, f2. ..., f" of theoriginal variablef. Using
theexplicit form of the partitionfunction Z(D), Eq. (5), we get

n

E{") = Ep.p, [ / [T taf* p(e*) PDIE)} ] f“] ©)
a=1

a=1
Now, we canexchangehe expectationover datasetswith theexpectationover f’s andobtain

EV ==, << H £ >> (10)
a=1

where((- - -)) denotesan averagewith respecto anew GibbsmeasureP(f', ..., f"|Dy) for repli-
catedvariableswhich resultsfrom the dataaverage.lt is definedby

P(f',.... f"|Dy) = Ei <Hu[fﬂ]) P(Dy|f',... ") (11)

a=1

with likelihood
P(Dylft,....f") = Ep~p,

II P(le“)] (12)
a=1
andnormalizingpartitionfunction=,,. Sinceby constructiorim,,_,o =,, = 1, we will omit factors
=, in thefollowing.

2.3 Steplll: Approximate Inferencefor the ReplicaModel

We have mappedhe original problemof computinga resamplingaverageto aninferenceproblem
with aBayesiarmodel,wherethehiddenvariableshave thedimensionalityd! x n andn mustbeset
to zeroattheend. Of coursewe shouldnotexpectto beableto computeaveragesverthemeasure
Eq. (11) analytically otherwisewe would have found an exactsolutionto theresamplingoroblem.
Ourfinal ideais to resortto techniquedor approximateinference(seee.g.OpperandSaad,2001)
which have recentlybecomepopularin MachineLearning. Poverful methodsarethe Variational
Gaussiamapproximation the MeanField method the Betheapproximationandthe adaptive TAP
approach.They have in commonthat they approximatentractableaveragesy integrationsover
tractabledistributionswhich containspecificoptimizedparametersWe foundthat for thesemeth-
ods,the“replicalimit” n — 0 canbe performedanalytically befoe thefinal numericalparameter
optimization.Note, thatthe measureeq. (11) (which we will approximateharacterizethe aver
age propertiesof thelearningalgorithmwith respecto the ensemblef trainingdatasetsD ~ D.
We do NOT approximateheindividual predictorsf (D).
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3. IndependentSamplingwith Replacement

Often, statisticalmodelsof interestassumdik elihoodswhich arefactorizingin theindividual data

points,i.e.
N

P(Dylf) = [ exp (=h(£.z))) (13)

j=1
whereh is atype of “training error”. Eachnew sampleD ~ D, canberepresentethy a vectorof
“occupation’numberss = (s1,...,sy) wheres; is the numberof timesexamplez; appearsn the

setD andwe requireZ;.V:l s; = .5, whereS is thefixed size of the datasets. In this casewe can

write
N

P(DIf) = [] exp (—s;jh(f. =) (14)
j=1
andtheresamplingaverageE p.~. p, becomesimply anaverageover the distribution of occupation
numbers.

We specializeto the importantcaseof anindependentesamplingof eachdatapoint with re-
placementisedin thebootstrapgEfron, 1979)andBagging(Breiman,1996)approachesachdata
point z; in Dy is choserwith equalprobability 1/N to becomean elementof D. The statistical
weight W(D) — W(s) for a sampleD representedy the vectors in the resamplingaverages
Eqg. (1) canbe obtainedfrom the fact that the distribution of s;'s is multinomial. However, it is
simpler(anddoesnot malke a big differencewhenthe samplesize S is sufiiciently large) whenwe
alsorandomizethe samplesizesby usinga Poissondistribution for S. In the following, the vari-
able S will denotethe meannumberof datapointsin the samplesin this casewe getthe simpler
factorizingweightfor the samplegivenby

)i G_S/N

N
W ( =H N (15)

Usingtheexplicit form of thedistribution Eq.(15) andof thelikelihoodEg.(14),theneaw likelihoods
Eq.(12)

N

HP(D|f“)] Z” {H —8j Xa=1 h(f, m]

J=l1

will againfactorizein the datapointsandwe get

]\T
P(Dolf',....f") = [ L;(£".....£7) (16)

=1

with thelocal likelihood

L; fl ..... ™) = exp _i 1— efll(f“,:j) ) 17
i 1) Pl-y

a=1

We will continuethediscussiorfor the exampleof the bootstrap Note however, thatthe following
resultscan beapplledto othersamplingschemesswell by usinga suitablefactorizingdistribution
W(s) = ]"[J 1 p(s;) andreplacingEqg. (17) by therespectre expressiorfor thelikelihood.

5
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4. ResamplingAveragesfor GaussianProcesdModels

4.1 Definition of GaussianProcessModels

We will apply our approachto the computationof bootstap estimatedor a variety of quantities
relatedto GaussiarprocesgGP) predictions.For thesemodels the Bayesiarframeavork of section
2.1is the naturalchoicewherethe vectorf representshe valuesof an unknavn function f atthe

input pointsof thedataDy, i.e. f = (f1, f2,..., fn) with f; = f(x;). Theprior measure:(f) is

an N dimensionajoint Gaussiardistribution of the form

; 1 1.
[l(f) = W (‘Xp [—;fTK_lf] N (18)

4

wherethekernelmatrix K hasmatrixelementsy (x;, «; ), whicharedefinedhroughthecovariance
kernel K (x, 2") of the process.For supervisedearningproblemseachdatapoint z; = (z;,y;)
consistof theinputz; (usuallyafinite dimensionalector)andareallabely;. We will assumehat
thetrainingerrorfunctionh(f, z;) is local, i.e. it depend®nthevectorf only throughthe function
value f;. Hence we will write

h(f,z;) = h(fj, =) (29)
in thefollowing. Thevectorf(D) representthe posteriormeanpredictionof theunknavn function
attheinputsz; for: = 1,..., N. Forary choiceD ~ D, someof theseinputswill alsoappeaiin

thetrainingsetD while otherscanbe usedastestinputs.

4.2 ResamplingAveragesof Local Quantities

Let usbegin with simpleresamplingveragesf theform Ep. p, [ﬁ-(D)] andEp..p, [(f,-(D))Q},

fromwhichonecanestimateghebiasandvarianceof the:’th componenof the GPprediction. These
averagesanbedirectly translatednto the replicaformalismpresentedby Eq. (6) andsection2.2.
We get

Epwp, [fi(D)] = Tm((f)) (20)
Epw, [(fAD)?] = lm (71 47)

wherethesuperscript®ntheright handsidearereplicaindicesand((- - -)) denotesanaveragewith
respecto the Gibbsmeasurdeq.(11)for replicatedvariables.

A somevhat more complicatedexampleis Efron’s estimatorfor the bootstap genealization
error of the predictorf ( D), Eq.(3), wherewe specializeo the squareerrorfor testing

N 2
' Ep~p, |0s;0 { fi( D) = yi
S(S) - LYXN: - LDjDE [(55'[10] y) ] . (21)

Eq. (21) computeshe averagebootstraptesterror at eachdatapoint : from Dy. The Kronecler
symbol,definedby d,, o = 1 for s; = 0 and0 else,guaranteethatonly realizationof trainingsets
D contributewhich do not containthetestpoint. Its occurrenceequiresa smallchangen our basic
formalism. A simple calculationshaws thatthe effect of thetermd;;, o in the resamplingaverage




AN APPROXIMATE ANALYTICAL APPROACH TO RESAMPLING AVERAGES

is thereplacemenof the:-th localllikelihood L;, Eq. (17), in the productEq. (16) by one. Hence,
with aslight generalizatiorof Eq. (10) we have

2l _ (f! =y (F = vi)
Eoan [ (7401 =) | = o, (B2 ) @2

Note, thatwith Eq. (19)thelocallikelihoodsEq. (17)simplify asL;(f!,...,f*) — L;(f1, ..., 7).

4.3 Approximate Inferencefor the Replica Model using the ADATAP Approach

To dealwith the intractableBayesianaveragesn Eq. (20) and (22) we have usedthe Variational
Gaussiarapproximation(VG), theMeanField approximation(MF) andtheadaptiveTAP (ADATAP)
approach.Sincethe graphof the probabilisticmodel correspondingo GP’s is fully connectedve
did refrain from usingthe Betheapproximation We found thatthe ADATAP approachof Opper
and Winther (Opperand Winther, 2000,2001a,b,Csab et al., 2002) was the most suitabletech-
niquewhich gave superiorperformancecomparedo the VG andMF approximationsHence,we
will give the explicit analyticalderivationsonly for the ADATAP method,but will presentsome
numericalresultsfor the performancef the othertechniques.

An importantsimplificationin the computationof Eq. (20) and (22) comesfrom the fact that
thesearelocal averagesvhich dependonly on thereplicatedvariablesf;* for a single datapoint
andcanbecomputedrom theknowledgeof the maminal distribution P; (ﬁ) alone,wherewe have
introducedthen-dimensionalectors

f;_(fl7"71)

for: = 1,....] N. The ADATAP approximationpresentsa selfconsistentapproximation® of
mawginal distributions P;( f;) fori = 1,..., N. It is basedn factorizing

-

Li(f) Pu(f) (24)
fdez( P\z( _‘)

-

Pi(f)=

wherethe cavity distribution is definedas

N
P [ I1 o T1ne) 1 L. (25)

J=1j#i a=1 J=1j#i

It representtheinfluenceof aIIvariabIesﬁ- = ( ]-1, e f]’-‘) with j # ¢ onthevariablef;. Following
(Opperand Winther, 2000) (slightly generalizingthe original ideato vectorsof n variables),the
cavity distribution Eq. (25) is approximatedy a Gaussiardistribution, i.e. a densityof theform

R 1 _i7r ; Pz I_TH
Rl =7 e LA )T T )

To computethe parameters\.(i) and7.(i) in the N approximateccavity distributions Eq. (26)
selfconsistentlyoneassumethattheseare,independentlyf thelocallikelihoodfunctions,entirely

1. For motivationsandalternatve derivationsof the approximationseeOpperandWinther (2000,2001a,b)andCsab
etal. (2002).
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determinedy the valuesof thefirst two marginal moments

7 Jaf F L f) Pu(F)
A FLi(f) Pu(F 27)
) =
— d Ry L; - P i )
G 7y = ST Pl
[df Li(f) Pu(f)
fori =1,..., N wherewe usedEqg. (24). The setof parameters\.(i), 7.(¢) which correspondo

theactuallikelihood canthenbe computediusingan alternatve setof tractablelikelihoodsjij. For
GPmodelswe chooseL; to be Gaussian

~ — g

Li(f) = o s ITAD TGS (28)

Thesetof parametera () and¥(j) in Eq.(28)is chosernn suchaway thatthe correspondingpint
Gaussiardistribution (with GP prior Eq. (18))

n N
Po(f) < [[ ntt*) T1Li(F) (29)
a=1 j=1
hasfirst two maiginal moments
(Fy = [ dE i padh) 30)

(F Fy = / 0 F. JT Pu()

that coincidewith thosecomputedin Eq. (27) for the intractabledistribution P(?|D0), Eqg. (11),
fori = 1,... N. Herewe have definedf = (f',...,f"). Hence,usingEq. (24) andthe assumed
independencef P;( f) onthelikelihood,we get

(fi) = i (31)

3} 77T
(fi 1y = o

Thethreesetsof Equationg27), (30), (31) determinethe setsof parameterd\ (), v(¢), Ac(z) ve(7)
togethemwith the setsof momentdfor i = 1,..., N within the ADATAP approach.Note, thatthe
integralsEqg. (30), (31) areGaussiarandcanbe performedtrivially.

4.4 The ReplicaLimit n — 0

Themostcrucialobstaclen computingtheparametersf thecavity distribution Eq.(26),i.e. then x
n matrix A.(:) andthen dimensionalector,(:) is thelimit n — 0. To dealwith it, oneimposes
symmetryconstraint®n A .(i) andy.(:) whichmake thenumberof distinctparametersrdependent
of n. Thiswill imply asimilar symmetryfor themaiginal momentsandfor theparameterd. (i) and
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F(i). To be specific,by the symmetry(exchangeability)of all » componentsf, ..., fI* for each
vector f; in thedistribution, we will assumehe simplestchoiceknown asreplicasymmetryi.e.

Agb(i) Ac(i) fora #0b, AL(i) = /\0(2) for all a (32)
A®G) = AN4) fora#b, A(i) = \(i) for alla

andalsoy“(i) = v(i) andy¢(i) = ~.(¢) foralla = 1....,n. More complicatedparameterizatios
arepossibleandeven necessaryn comple S|tuat|onSNhen multivariatedistributionshave a large
numberof modeswith almostequalstatisticalweight(seeMézardetal., 1987).

Usingthe symmetrypropertiesEq. (32), we candecouplehereplicavariablesn Egs.(30), (31)
by thefollowing transformation

HNOP0T 2 [ [] {0 00T @)

a=1

.2

_1,
3t

We have definedAX.(i) = (i) — A\.(i) anddG(u) = du asthe standardnormal

Gaussiardistribution.

1
—F€
V27

4.5 Resultsfor the ADATAP Parameters

The TAP approaclcomputessimultaneoushapproximatevaluesfor the first two setsof maiginal
momentsof the posteriorEq. (11) of the replicamodel. With Eq. (32) they obey the following
symmetryconstraints

(fy =m; and ((f)*)=M; fora=1,...,n (34)
«fiafib» =Q; fora#b.

We caninterprettheirvaluesin thelimit n = 0 (within the TAP approximationjn termsof averages
over thebootstrapensembleWith Eg.(20)andsection2.2

mi = Epp, [fi(D)]
M; = Epep, [{((f(D))*]
Qi = Ep~p, [(fi(D))ﬂ

To computethe valuesof m;, M; and();;, we usethe symmetrypropertiesEg. (34) anddecouple
thereplicavariablesn Eq.(30), (31) by atransformatiorof thetype Eq. (33). We performthe limit
n — 0 andsolve theremainingGaussianntegrals.Eq. (31) yields

1

M;— Qi = NGEYSY0 (35)
)+ eld)
M= XN T AN (36)
Qi —m? = —- A FAl) (37)

(AA(D) + AA(i))?

9
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whereAX(7) = A%(i) — A(i) andAX.(i) = A2(i) — (7). Eq.(30)yieldsfor GPmodels

M; = Qi = (G)i (38)
m; = (Gv); (39)
Qi —m? = —(GdiagX)G); (40)
with the N x N matrix
G = (K™ + diagAX))~". (41)

To performtheintegral in Eq. (27) it is usefulto expandthe likelihoodfirst into a power series?
introducingtheabbreviationv = S/N

n n

ra i k -V a
Li(fi) =exp [—I/ (1 - H e~ hlfi ’Zi))] = Y Z‘ H e~ kh(fi ) (42)
k=0 )

a=1 a=1

After decouplingthe variablesby Eqg. (33) we cantake thereplicalimit » = 0. By introducingthe

measure _
o kh(f20) = 22U 2 f (e ()4 un /=X (D)

Pi(fluk) = — — 43
heh [ df e kh(m)= 254 e (i)Fuy/=Ac(0) (*+3)
we arrive at thefollowing compactesults

> ke v ; ,

m; = Z % /dG(u)/df f Pi(flu, k) (44)
k=0 )

: o~ Ve , 2

Mi = ) —5— [ dG(u) [ df f* Pi(flu.k) (45)
k=0 )
> kev ; 2

Qi = Y. 5 / dG(u) / df f Pi(flu,k) (46)
k=0 )

For avariety of “training enegy” functionsh( f;, z; ), theintegralscanbe performedanalytically

While the parametersn;, M;;, (Q;; give local bootstrapaveragesat specificdatapointsi, it is
possibleto extendthe approximatiorto correlationdbetweerdifferent datapoints. Onesimply uses
thefull covariancematrix of the auxiliary distribution P(;(f'), Eqg. (29),in orderto approximatehe
covariancematrix of thetrue replicaposteriorP(f). We getsimilarly to Eq. (40)

Qij = Ep~p, | (D) f;(D)] = = (G diag(N)G);; + mim; (47)

With Eqg. (38), we caninterpretthe matrix G, Eq. (41) as a theoreticalestimateof the average
bootstrappegbosteriorcovariancewhere

Gij = Ep~p, [{fi(D)f;j(D))] = Qij -

2. Note, that this seriesrepresentgust the averageover all possiblevaluesof the occupationnumberk = s; (see
Eq. (15)). We may easilyusea differentseriescorrespondingo someotherresamplingscheme.

10
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4.6 Resultsfor the ResamplingEstimate of the Generalization Err or

Specializingto Efron’s estimatorof the generalizatiorerror Eq. (21) andits replica expression
Eq. (22), we seethatthelatteris immediatelyexpressedy anaverage(: - - ))\; with respecto the
cavity distribution Eq. (25)

2
Epen, [ w0 (£(D) = ) ] = lim ((CF7 = o)) = w))) (49)
with replicaindicesa, b wherea # b. Note the similarity to the computationof a leave-one-
out estimate.Herehowever, the leave-one-outestimatehasto be computedfor the replicatedand
aveliaged system.nsertingEq. (26) with Eq. (33) into Eq. (49) yields

(U =D =u)),,

[ dG(u (fdf F—y)e §me#WAﬁﬂuﬁ33502(Z(u”nz
- [ dG(u)(Z;(u))" (50)

wherewe have defined
Zi(u) = /df o 228 P e () /=2 ()

In Eq. (50), thenumbern of replicasappearsn aform which allows continuationto valuesn < 2
andto performthelimit » — 0

(=it =),

Y 1 —Ade(i) g2 e (D) Fur/—Ae (i 2
= /(lG(u) (Z(u) /df (f —y;) e 2 T2 +F (e (D) +ur/=Ac ))) (52)

Solving the remaining Gaussiarintegrals, our approximationfor the bootstrappedneansquare
generalizatiorerrorbecomes

N

ey = Lo (el) = gidA(0)? = Ae(i)
*S_F;, ESWHE : (53)

As discussedn section2.1, we canextendthe whole agumentto yield resultsfor bootstrapping
alternatve generalizatiorerrorsmeasuredy otherlossfunctionSg(fx( ); x,y). Expandingthe

lossfunctionin a Taylor seriesin the variable( f,(D) — y), we canapply the replicamethodto

individual termslike ¢/~ Ep.. p, [, 0(fi(D) — y;)"]. This simply replaceghe power 2 in Eq. (52)

by thepower r. We canthusresumthe Taylor expansionandobtain

1 X Ep-~p, [dsi‘09<fi(D)§l’i~yi)}

e L
(S = § 2 o Do 0]

1)+ uy/—A:(2)
= N z/dC (u) < () Iivyi) (54)

11




MALZAHN AND OPPER

4.7 Further Bootstrap Averages

In thefollowing, we derive resultsfor the resamplingstatisticsof the posteriomeanpredictor f, of
theunknavn function f atarbitrary inputsz.

4.7.1 MEAN AND VARIANCE OF THE PREDICTOR

As is well known (seee.g.Csab and Opper,2002), posteriormeanpredictorsfor GP modelsat
arbitraryinputsz canbe expressedn theform

N
fo=(fe) = ZO’{K(L ;) (55)
=1

wherethe setof «;’s is independentf » and canbe computedirom the distribution of the finite
dimensionalectorf = (fi,..., fn) alone. Hence,the bootstrapmeanandthe secondnoments
canbeexpresseds

N
Evep, [fo(D)] = Y Epen ek (e, ) (56)
=1

N
> K(a,2)Ep~p,faiaj]K (xj,2")

ij=1

Ep~p, |£+(D)f.(D)]

Settingm; = Epp, [f,(D)] andQu, = Ep~p, [fI(D)fk(D)], for arbitrarytraining inputs z;

andxzy, with [,k =1,..., N, wegetfrom Eq. (56)
EDNDO[a] = K 'm?”
E T T _ el T ~1
p~pyle’ @] = Ep~py[a]’ Ep~p,la] = K (Q—-m'm)K

As shawn in section4.5,the TAP approactcomputesapproximatevaluesfor the vectorm andthe
matrix Q. With Eq. (39), (47), our final resultsfor bootstrapmeanandvariancearegivenby
Epp, |fo(D)] = k(x)T+" (57)

Epp, [(£(D)?] = (Ep-n, [f;(m])z = —k(2)Tdiag(A\)T k(x)"

with k(z) = (K(x,21),...,K(x,2y))" andT = (I + diag(AX)K)~!. The parameters(i),
AAX(2), and A(:) aredeterminedogetherwith the parameters,.(i), AA.(i), and A\.(:) of the NV
approximatecavity distributionsEq. (26). NotethatEqgs.(57) arevalid for arbitrary inputsz.

4.7.2 BOOTSTRAPPING THE FULL DISTRIBUTION OF THE PREDICTOR

Themaminal distribution P;, Eq. (24),is non-Gaussiamueto theinclusionof thelocal likelihood
L;(f). However, it is analyticallytractablefor a variety of interesting’training enegy” functions
h(f:, z;). Following thediscussiorin sectior4.6,we cancomputedataaverageof highermoments
of the predictor f;(D) = (f;(D)) andgeneralizefrom this to averagesof otherfunctionsg. We
obtainthegenerakesult

vhe—v

En-nlali00) = Y- i [dctwa ( [ o 1 istes) 58)
k=0 '

12
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wherer = S/N andg is an arbitrary function. The measureP;( f|u, k) is definedin Eq. (43)
and dependsexplicitly on the training enegy h(f;, z;). Eq. (58) canbe usedto geta nontriial
approximatiorfor the entire probability distribution of the estimatorwhich is definedasp;(h) =
Ep~p,[8(fi(D) — h)] whered(x) denoteshe Dirac § distribution. For finite NV and S, the exact
densityof theestimatorata datapointi is asumof Diracd peaks.Ourapproximatiorinsteadyields
asmoothedrersionof it.

5. Application to GaussianProcessRegression

The mainresultsof the previous sectionare Eq. (53), (54), Eq. (57) andEq. (58). They arevalid
for all GP modelsandcomputevariousinterestingoropertieof thebootstrapensemblanalytically
from a setof parameterprovided by the TAP theory The latter aredeterminedby Eq. (35)-(41)
(which apply to all GP models)and Eq. (44)-(46) which dependon the choiceof the likelihood
modelEqg. (14) andon theresamplingschemeln generalthe setof equationanbe solveditera-
tively. For somelikelihoodmodels,onecanrestrictthe iterationto a specificsubsef theoretical
parameters.

In the following, we will considerGP regression(Neal, 1996, Williams, 1997, Williams and
Rasmusser,996)with trainingenegy

h(fj,z) = %(fi —yi)*. (59)
This modelis optimally suitedfor a first, nontrivial testof our approximation. The estimator f
of the GP regressionmodelis obtainedfairly easily and exactly without iteratve methods. Note
however, thatwe have not usedthe analyticalformulafor the estimatorf in our theory Its explicit
form is only usedfor the Monte Carlosimulation(which senesasa comparisorto thetheory)and
is givenby f.(D) = 3.7, oK (x, 2}) with o' = (K’ + o2I)" 'y’ wherey' containsall targetsof
the bootstrarirammgsetD andthe S x S kernelmatrix K’ is computedon thetraininginputs.

To completethe setof equationsvhich determinghe parametersf our theoryfor regression,
weinsertEq. (59)into Eq. (44)-(46).Thisyields

| > vke—v 1
M;— Qi = IZ:: NG R0 (60)
mi = (Ve(i) = yiAA())(M; — Qi) + yi (61)

and

2 oo k_—v
2 [ (YN ve 1 2
Qii = mi = <(J\L’ - Qii> /\F(Z)) kL (AX(i) + k[o?)? = (mi = i) (62)

Closelnspectlonof Eqg. (35)-(41)andEq. (60)-(62) revealsthat we cansolwe first for A\.(i) and
AM\(i) by iterating

AN(1) = (Giu)™h = AX(D) (63)
, O pkev 1 -
AMG) = (g K AN +1./a) — AAL) (64)

13



MALZAHN AND OPPER

Average number of test points 7
3|41 2(|30 1|55 194 70
O Simulation
— Theory (TAP)
- Approx. theory (TAP)
-- Theory (Var. Gaussian)
~~~~~ Theory (Mean field)

O Simulation: Efron’s Estimatg
6 — Theory (TAP)

=

40r

30

Bootstrapped square loss
Bootstrapped-insensitive loss

20- 3
f Boston, N=506 2 Boston, N=50f
10F el
N 1E 8nm Robot, N=500
05566400600 800 ~Too0 %0360 406 600 800 1000
Size S of bootstrap sample Size S of bootstrap sample

Figurel: Bootstrappedearningcurvesfor GPregressionLeft BootstrappedquardossonBoston
housingdata.Comparisorbetweersimulation(circles)and4 differentapproximationgo
thereplicaposteriorEq. (11): ADATAP (solidline), approximateADATAP (dot-dashed),
Variational Gaussiandashed) Mean Field (dotted). Right Bootstrapped-insensitve
losson Bostonhousingdata(N = 506) and8nm Robotarmdata(N = 500).

usingthe definiton G = (K~! + diaglAX))~!, Eq. (41), whereK denoteshe N x N kernel
matrix which is computedon the inputs of dataset Dy. The appendixdescribesa methodfor
gettingtypically goodinitial valuesfor the iterationEg. (63), (64) andexplainshow to accelerate
theiteration.With AX.(7), AA(:) andG known, all remainingparametersanbecomputedirectly
by simplematrix operationswithout furtheriterations.We obtain

v(i) = pAAG) (65)
l\f

E (g — diag (d));1 (m; — y;)?

j=1

>
—~
~.
~—

wherey; denoteshetargetvaluesofdatasetDo, m; = Z] L Giiv(4), gij = (Gy;)* andthevector
k_—v

d hastheentriesd(i) = 7% with H(i) = 3320 “e (AX(i) + &)~2. Further

(1)—gi
Ye(i) = —=v(i) + mi(AX(@) + AX(7)) (66)
N Mg (m; — yi)?
Aeli) = H(i) — gii * Gii

We solwe Eq. (63)-(66)for agivendatasetDy andcovariancekernel K’ (x, 2') andplug the result-
ing parameters\A.(i), A\.(7) and~.(7) into Eq. (54). It computeghe bootstrappedeneralization
error ,(5) measuredy an arbitrary lossfunction g. Figure 1 comparesour theoreticalpredic-
tionsfor the bootstrappedeneralizatiorerror (solid lines) with simulationresults(circles)on two
benchmarldatasets(bostonandpumadyn-8nn{Delwe)). As testmeasurewe have chosersquare
lossg(f;x,y) = (f» — y)? (Eq.(53), Fig. 1 left panel)ande-insensitve loss(Eq. (54), Fig. 1 right
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Figure2: Bootstrappednean(left) andvariance(right) of the predictionat testinputsfor GP re-
gressionon Bostonhousingdata. Thefirst 50 pointsof the Bostondatasetprovide the
testinputs, the remainderD, of thedata(N = 456 points)wasusedfor the bootstrap

whereS = N.
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with§ = f, —y, 3 = 0.1 ande = 0.1. The GP modelwas trainedwith squareloss Eq. (59)
wheres? = 0.01 andwe usedthe RBF kernel K (z, z') = exp(— Z;.l:l(xj - x})Q/(vle)) with
1> = 3 for 8nmRobotarmdata(RA) andi?> = 73.54 for Bostonhousingdata(BH). vj wassetto
the component-wis varianceof the inputs (RA) or the squareroot thereof(BH). Figure 1 shavs
a larger part of a learningcurve wherethe averagenumberof distinct examplesin the bootstrap
datasetsD is S* = N(1 — ¢~°/). Whenthe bootstrapsamplesize $ increasespne startsto
exhaustthe dataset D, which leadseventuallyto the obsered saturatiorof the bootstrapgearning
cune. Simultaneouslyoneis left with a rapidly diminishingnumberof testpoints (Ne=°/V, see
top axis bar of Fig. 1, left panel). We obsere a goodagreemenbetweentheory (solid line) and
simulations(circles) for the whole learningcurve. For comparisonwe shav the learningcurve
(dot-dashedine) which resultsfrom a fasterbut approximatesolutionto the TAP theory It avoids
theiterationEqg. (63), (64). Insteadwe usethe startvaluefor AX givenin AppendixA.2, compute
G = (K~ ! + diag(AX))~!, setA).(i) = (G;)~' — AX(i) andsolwe Eq. (65), (66). Theresults
of this approximatesolutionimprove with increasingsamplesize S. We alsocomparethe TAP ap-
proachwith two lesssophisticatedpproximatios to the replicaposteriorEq. (11), the Variational
Gaussianapproximation (Fig. 1 left panel,dashedine) andthe Mean Field method(Fig. 1 left
panel,dottedline). Both methodscomputefor integern optimal approximationgin the Kullback-
Leibler sense}o Eq. (11) within atractablefamily of distributions. Onechoosessaussiangor the
former (Malzahnand Opper 2003) and factorizingdistributions (in the exampleindex ) for the
latter approximation(seee.g.OpperandSaad,2001). Both methodsallow for a similar analytical
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Figure3: Bootstrappedlistribution of the GP prediction f}(D) at a given input =; for Boston
housingdata,S = N = 506. Most distributions are unimodalwith variousdegrees
of skewnessor a flank in the shoulder(left panel). The distribution may be unimodal
but non-Gaussiatiinsetleft panel)or bimodal (not shovn) with a broadanda sharply
concentratedomponent.Thetheory(line) describeghe true distribution (histogram)in
80% of all casewery accuratelyandcanmodelahigh degreeof structure(right panel).

continuationto arbitraryn asthe TAP approachWe seehowever, thatbothapproximationgive by
far lessaccurataesults.Hence we arenot presentinghe analyticalformulashere.

UsingEq.(65) andEq. (57) we obtainanalyticalresultsfor thebootstrappetheanandvariance
of the prediction f, for GP regressionat arbitrary inputs . In the following, we considerthe
Bostonhousingdataset which we split into a hold out setof 50 datapointsanda set Dy with
N = 456 data. Figure2 shaws resultsfor the bootstrappedanean(left) andvariance(right) of the
GP predictionon the 50 testinputswherethe bootstrapis basedon resamplingdataset D, with
S = N. Wefind a goodagreemenbetweenour theory (crossespndsimulationresults(circles).
Thesimulationrepeatedhe bootstrapaverages timesover setsof 5000samplesCirclesanderror
barsdisplaythe meanandstandarddeviation (squareroot of variance)of these5 average values.
Reliablenumericalestimate®f the bootstrappeanodelvariancearecomputationallycostly which
emphasizetheimportanceof thetheoreticakestimate.

Finally, we canusethe resultson AA.(¢), A.(¢z) and~.(:), EQ. (63)-(66),to approximatethe
entiredistribution of theGPpredictionunderthebootstramverage.ThegenerabxpressmrEq.(58)
with g(f;(D)) =8(f;(D) — h) yieldsfor the GPregressiorproblemEg. (59) aninfinite mixture of

Gaussians
2
— () = yigr) ) . (67)

L (2)ke N (AN + &) (h (AX() + &
pilh) = Z A =) exp (— 5(
Figures3, 4 shav resultsfor the Bostonhousingdatasetwherethe bootstrags basednresampling
all availabledata(/V = 506) with S = N. We computedhe distributionsof the GP predictionson
eachof the 506 inputs. Sincethe ADATAP approximationis basedbon a selfconsistentomputation
of first andsecondnomentsonly, we shouldnot expectthatthe resultson the full distribution will

be as accurateasthe meanand variance. However, for 80% of all caseswe found that the the-
ory (line) modelsthe true distribution (histogram)as accuratelyasthe examplesshavn in Fig. 3.
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Figure4: Theleft panelshavstwo typicalexampleswherethetheoryfor thebootstrapistribution
underestimatethe amountof structurein the true distribution (histogram).The weights
or the numberof mixture componentsnay bewrongly predicted20% of all cases)The
examplein theright panelis a very atypicalcase(only 2%).

Mostdistributionsareunimodalwith variousdegreesof skewnessor ashoulderin oneflank (Fig. 3,

left). We find bimodaldistributionswith onebroadandonesharplyconcentrate@domponeni{not
shavn). The examplein the right panelof Fig. 3 was selectedo demonstratehat the theorycan
model structureddensitiesvery accurately For 20% of all pointsof the dataset, we found that
the theoryunderestimatethe true amountof structurein the distribution. Fig. 4, left panel,shavs

typical examplesof this effect. We found a small numberof atypical caseq2%) wherethe the-
ory predictsa broadunstructuredlistribution (Fig. 4, right panel)whereaghe true distribution is

highly structured. The percentagesibore are basedon optical judgmentbut are alsowell sup-
portedby similarity measurefor densities.To illustratethis, we computehebounded’1 distance,
L1(pg, p) = %fdhlpo(h)—p(h” < 1, betweerthetruedensityp, andourapproximatiorp. Fig. 5

shavs thealundanceof L1 valueswhich wereobtainedfor all 506input points.Wefind L1 < 0.1

for 86.2% of all inputsand L1 > 0.2 for 2% of all inputs. The maximalvalueis L1 = 0.3109.

In contrastto other sophisticatednodelsin machinelearning,the GP regressionmodel can
be trainedfairly easily by solving a setof linear equationsy’ = (K’ + o2I)e’ for the weights
o to the kernel functions K (x, 2%) (seee.g. Williams, 1997). In comparisonwe note, that the
computationallymost expensve stepof the ADATAP theoryis the computationof the N x N
matrix G = (K~! + diag AX))~! for theiterationEq. (63), (64). The appendixdiscussesimple
methodswhich save computationtime. In both casest suficesto computethe N x N kernel
matrix K only once,i.e., we usecachedkernelvaluesfor modeltraining andmodelevaluationin
the Monte-Carlosimulation. ComposingdatasetsD, of varioussizesN from variousbenchmark
data,we find thattheMATLAB programsolvesourtheoryfor S = N with highaccurag in thetime
equialentof aMonte-Carloaverageover maximal25 sampledor N < 2500 (maximall5 samples
for N < 500). Ourtheoryis moreaccuratehanMonte-Carloaverageswith sucha smallamount
of sampling. In the exampleof Fig. 2 where N = 456, Monte-Carloaveragesover 20 samples
fluctuateby up to £0.6 (up to £3%) for the meanpredictionandby up to +2.2 (up to £49%) for
thebootstrappedarianceof the GPregressiormodelat the testpoints.
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Figure5: Histogramof L1-distancebetweerthetrueandtheoreticallypredicteddistribution of the
bootstrappe@stimatoron all N = 506 inputsof the Bostonhousingdataset. We used
histogramsp (1), p(h) with bin-sizeAh = 0.2 to computeL1(pg, p) & & 3, |po(h)—
p(h)| < 1. Theinsetenlagesa partof thefigure.

6. Summary and Outlook

In this paperwe have presentedn analyticalapproacto the computationof resamplingaverages
whichis basednareformulationof theproblemandacombinatiorof thereplicatrick of Statistical
Physicswith an adwvancedapproximatanferencemethodfor Bayesianmodels. Our methodsaves
computationatime by avoiding the multiple retrainingof predictorswhich are usuallynecessary
for directsampling.It alsodoesnotrequireexplicit analyticalformulasfor predictors.

Sofar, we have formulatedour approacHor GP modelswith generallocal likelihoods. Appli-
cationsto a GPregressiommodelshaved promisingresults wherethe methodgivesfairly accurate
predictionsfor bootstrapesterrorsandfor the meanandvarianceof GP predictions.Surprisingly
even the full bootstrapdistribution is recoveredwell in a clear majority of cases. Theseresults
alsosuggesthattheapproximatiortechniqueusedin our framework, the ADATAP method works
ratheraccuratelycomparedo lesssophisticatednethodslik e variationalapproximationsThenon-
trivial shapef the bootstrapdistributions clearly demonstratethatthe ADATAP approachs not
simply anapproximatiorby a “Gaussianbut ratherincorporatestronglynon Gaussiareffects.

In thenearfuture,we will give resultsfor GPmodelswith nonGaussiatikelihoodmodelsJike
classifiers,ncluding SupportVector Machines(usingthe well establishednathematicatelations
betweenGP’s and SVM's (seee.g. Opperand Winther, 2000)). For thesenon Gaussiarmodels,
training on eachdatasamplewill requireto run an iterative algorithm. Hence,we expect that
thecomputatiorof our approximatéootstragwhichis alsobaseddn solvingasystemof nonlinear
equationgy iteration)will have roughlythesameorderof computationatompleity asthetraining
ontheoriginaldataset. This couldgive ourapproacta goodadwantageover samplebasedootstrap
methods,wherethe computationakostwill scalewith the numberof bootstrapsamplesusedin
orderto calculateaverages.For a further speedupwhenthe numberof datapointsis large, one
may probablyapply sparseapproximationgo kernelmatrix operationssimilar to thoseusedfor
thetraining of kernelmachineqseee.g.Csab andOpper,2002,Williams and Seger,2001). The
bootstrapestimatedor classificationtest errorsmay be useful for model selection,becausehe
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expressionsare not simply discreteerror counts,but smoothfunctionsof the model parameters
which maybe minimizedmoreeasily 3

While GP modelsseemnaturalcandidategor an applicationof our new analyticalapproach,
we view our theoryasa moregeneraframeavork. Hence we will investigatédf it canbe appliedto
statisticalmodelswheremodel parametersre objectswith a more complicatedstructurelike e.g.
treesor Markov chains.Also moresophisticatedamplingschemesvhich couldinvolve correlations
betweerdatapointsor which generateéhe new datasetdy thetrainedmodelsthemselescouldbe
of interest.

Sofar, anopenproblemremaingo establishasolidrigorousfoundationto the StatisticalPhysics
methodsusedin ourtheory Onemayhopethatafurtherreformulationof theproblem replacingthe
“replicatrick” by theso-calledcavityapproadc (Mézardetal., 1987)cangive moreintuitive insights
into thetheory It mayalsoallow for the applicationsof recentrigorousprobabilisticmethodqsee
e.g.Talagrand)which allowedto justify previous StatisticalPhysicsresultsobtainedby the replica
trick.
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Appendix A. Application to GaussianProcessRegression

A.1 The Algorithm

Require: DatasetDy = {(x;,y;);i =1...N}
Computekernelmatrix K oninputsof Dy.
Computeeigervaluesw of K.
For bootstrap samplesizesS:
Initialize: Findroot AX of Eq.(69)with (68). (Singleone-dimensionaiootsearch.)
Iterate:
UpdateA . from A\ accordingo Eq. (63).
UpdateA X from A ). accordingto Eq. (64).
Until corverged
~, A accordingto Egs.(65).
“Yes Ac accordingto Eqgs.(66).
Bootstrappedesterrorby Eq. (54); bootstrappedlistribution of estimatory Eq. (67)
Bootstrappedneanpredictionandvarianceby Egs.(57)
End for

A.2 Algorithm Initialization

ThealgorithmsolvesEq. (63), (64) iteratively which requiresa goodinitialization for the AA(i)’s.
A reasonablénitialization can be obtainedin the following way: We neglect the dependencef

3. The bootstrapgeneralizatiorerror Eq.(21)estimateghe bias betweentraining error ¢; (D, ) and generalizatiorer-
ror ¢,(Dy) of alearningalgorithmtrainedon dataset Dy. Take for exampleEfron’s .632 estimate:e (Do) =~
0.368 ¢: (Do) 4 0.632 (V) (seealsoEfron andTibshirani,1997).
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G;; ~ G andof AX(¢) ~ AX ontheindex : andwrite

4

N
1
NTZG,L_i r(K~! + diag A\))~ NYZTAM (68)

wherew;, for k = 1,..., N aretheeigemwaluesof thekernelmatrix K. Usingthe sameapproxima-
tion within Eqg. (63), (64) yields

= ke G
G = 69
kz—:o Bl 1= G(AXE) — k/a?) (69)

Solving Eqg. (69) and(68) with respecto A\ by a onedimensionakoot finding routinegivesthe
initialization for the iterationof Eq. (63), (64). The iterationis foundto be stableand shavs fast
convergencewherebythe numberof requirediterationsdecreasewith increasingsamplesize S.
Forlarge NV, onecansavetime by computingEq (68)with theeigervalue&; of asmallerkernel
matrix baseobnarandomsubsebf > of thedata(replace— by in Eq.(68)). ThechoiceP =4
yieldsstartvaluesfor A\ which aresllghtly degradedbut equallyefﬁmentfor theiteration.

A.3 Standard Iteration Step

The t-th iterationusesA\’ to computethe matrix G = (K~ + diag(AX"))~!. Thisis the
mosttime consumingstepof the TAP theory We remarkthat we can easily rewrite G! to avoid
computatiorof K~! (whichmaybecloseto singular).UnderMATLAB it paysoff to usethedivision
operatoron symmetrignatrices

G! = diag(AX)"! (diag(AX) ! +K) 'K (70)

From G!; and Eq. (63), (64) we obtain the updatesAX.'™', AX*!. The solution hasusually
the propertythat AA (i) >> AX(i) whereAA.(7) |ncrease$|gn|f|cantIyW|th S. We determine
AX(7), AX(7) with atleast£10~* accuray relative to theirabsolutevalues We definetheabsolute
erroratiterationstept by

8 =AXTI— AN, (71)
The numberA of siteswith changeds;| > 10~ dropsto valuesA << N aftertypically 2 — 3

iterations.We storethe correspondingiteindicesin an A dimensionakector7(A). For A << N,
we cancomputethe matrix updateEg. (70) moreefficiently usingthe Woodhury formula

GHtl=G'—-ua+w)'u’, (72)
U is N x A dimensionalvith entriesG?, /5, where: = 1.... . randk € J(A),i.e.thecolumns

of U areproportionalto the A columnsof G which correspondo active sites. 7 (A). Theidentity
matrix I and matrix W areboth A x A dimensional. W hasthe entries(;’fm,ﬁw/o',\.lcik2 with
ki,ke € T(A).
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A.4 Approximate Iteration Step

The iterationrequiresonly updatesof the diagonalelementsG}fjrl (seeEq. (63)). This subsection
discussesn approximateupdatefor Gf,-“ which savestime andaidscorvergenceto small active
setsA. Wewill placesuchapproximateupdatebetweerexactupdatesof G*! by Eq.(70)or (72).
Thelatterensureghatwe do notaccumulateerrors.

WeregardG! asanapproximatiorto theunknavn matrix G‘*+!, definetheapproximatiorerror
byR =1I—- G!(G!T")~! = —G'diag(é) andget(Presstal., 1992)

GH'=(1I-R)"'G'= <I+iR’) G! (73)

=1

whichis determinedy thechanges, Eq.(71),andby G'. G' hastypically smallentriesG}; << 1
(for I;; < 1). * Eq.(73) enablesusto obtainapproximateupdatesfor Gﬁi“ which requireonly
O(N?) operationsWith g;; = (G};)* we approximate

N
1 ‘ c2 v 3
Gt m G =Y gij (0, — 65GY; + 6gj5) (74)
=

Eq.(74)is non-localwith respecto 6. Thequadraticandcubictermsin ¢; approximatehe second
andthird ordercontritutions(R? + R?)G! underthe assumptionhatoff-diagonalentriesin G are
smallin comparisorto diagonalentries.Note that Eq. (74) usesthe valuesG!, = G!,(AX") from

ourlastexactcomputatiorwith AX'. We defineG! = & S, G, andfind thatif |6,;|G* < 0.1 for

all sitesj = 1,..., N, we cando repeatedterationsusing Eq. (74) wherewe updateAX'*! (and
AXT but keepG!;, AX" unchangeds is updatedaccordingo Eq. (71). It is beneficiato doup

to 3 iterationsbeforerecomputingG!*! from thefinal AA‘*! by anexactmethod.
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