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Abstract. In this paper we consider the optimal design of English auctions with dis-
crete bid levels. Such auctions are widely used in online internet settingaiaan
is to automate their configuration in order that they generate the maxim@enuev
for the auctioneer. Specifically, we address the problem of estimatingathesvof
the parameters necessary to perform this optimal auction design bsvivigsthe
bidding in previous auctions. To this end, we derive a general exprettst relates
the expected revenue of the auction when discrete bid levels are implemauitehe
number of participating bidders is unknown. We then use this result to sfaivhe
characteristics of these optimal bid levels are highly dependent on teetexinum-
ber of bidders and on their valuation distribution. Finally, we derive amaahestrate
an online algorithm based on Bayesian machine learning, that allows thiesevun
parameters to be estimated through observations of the closing priceobys
auctions. We show experimentally that this algorithm converges rapidlyrdotive
true parameter values and, in comparison with an auction using the nmoready
implemented fixed bid increment, results in an increase in auction revenue.

1 Introduction

The popularity of online internet auctions has increaseangtically over recent years,
with total online auction sales currently exceeding $30dsilannually. This popularity
has prompted much research into agent mediated auctionspaeifically the develop-
ment of autonomous software agents that are capable ofifigfthe role of auctioneer or
bidder on behalf of their owner. Now, much of the theoretigatk on these agent medi-
ated auctions has focused on direct sealed bid protocals as.the second-price (Vickrey)
auction. These protocols are attractive as they are ecaadlynefficient and provide sim-
ple dominant bidding strategies for participating agedtsvever, despite these properties,
such sealed bid protocols are rarely used in practice [1#§.vast majority of current on-
line and real world auctions implement variants of a singietian protocol, specifically,
the oral ascending price (English) auction with discretelévels [8]. Under this protocol,
the auctioneer announces the price of the next bid and watilsaubidder indicates their
willingness to pay this amount. Upon receiving such an iatian, the price moves on to
another higher discrete bid price, again proposed by thiécgeer. The auction continues
until there are no bidders willing to pay the bid price reqady the auctioneer. At this
point, the object is allocated to the current highest bidated that bidder pays the last
accepted discrete bid price.



Now, despite its apparent popularity, an auctioneer implging an English auction
with discrete bid levels is faced with two complimentary lidrages. Firstly, it must deter-
mine the actual discrete bid levels to be used within theiawucThe standard academic
auction literature provides little guidance here sinceoihmonly assumes a continuous
bid interval, where bidders incrementally outbid one agothy an infinitesimally small
amount. However, discrete bid levels do have an effect, @awe Ibeen investigated by
Rothkopf and Harstad [13]. They showed that the revenueeétittion is dependent on
the number and distribution of discrete bid levels impletadrand, in general, the use of
discrete bid levels reduces the revenue generated by thiemuConversely, the discrete
bid levels also act to greatly reduce the number of bids thattrhe submitted in order
for the price to reach the closing price. This has the efféatareasing the speed of the
auction and, hence, reduces the time and communicatioa ebbbth the auctioneer and
bidders. By analysing the manner in which the discrete bidian could close and then
calculating the expected revenue of the auctioneer in a pummblimited cases (which
we detail in section 2), they were able to derive the optinistrithution of bid levels that
would maximise this revenue. Then, in previous work, we rotéel this result to the gen-
eral case, and we can now determine the optimal bid levelarfaruction in which the
environmental parameters are given [4]. Specifically, éhmrameters are the number of
bidders participating in the auction and the bidders’ vauredistribution .

Thus, performing this optimal auction design introduces shcond of the two chal-
lenges; that of determining, for the particular setting @emdonsideration, the values of
these environmental parameters. Now, in some settinge thay be well known. How-
ever, in most cases they will not, and, to this end, in thisepape tackle the problem of
determining the optimal discrete bid levels when theseesust be estimated through
observations of previous auctions. In so doing, we exteadstate of the art in three key
ways.

1. We extend previous work by deriving an expression thatriless the expected rev-
enue of a discrete bid auction when the number of bidderécjpting is unknown
but can be described by a probability distribution.

2. We use this expression to calculate the optimal bid legsmaximise the auction-
eers’ revenue in this case. We demonstrate that the optiswbte bid levels produced
by this method are dependent on the distribution of the nuiiqgarticipating bidders
and on the distribution that describes the bidders’ vatuati

3. We show that this same expression allows us to use madanadmg, and specifically
Bayesian inference, in an online algorithm that generatgaentially better estimates
for the parameters that describe the two unknown distebst{i.e. the distribution of
the number of bidders participating in any auction and tis&ritution of the bidders’
valuation) by observing only the closing price of previoustions.

The results that we provide may be used in the design of oalitions or may be used
by automated trading agents that are dynamically adophtiegdle of an auctioneer within

a multi-agent system. In such settings these auction prist@re attractive as they pro-
vide a relatively simple bidding strategy for the agentg, yalike second price sealed
bid auctions, do not require the bidders to reveal theirgtilfate information to the auc-

tioneer. In this setting, there is clearly a need to fullyomuate the design of such auction
mechanisms, and the work presented here represents a ey ties direction.



The remainder of the paper is organised as follows: in se@iove present related
work and in section 3 we describe our auction model and ptekerpreviously derived
results for the expected revenue of this auction (in ordardke this paper self-contained).
In section 4 we extend this result to the case that the nunfliédders participating in the
auction is described by a distribution and we use this neultressderive optimal discrete
bid levels in this case. In section 5 we present our Bayesi@nence algorithm and show
how it can be used to estimate the auction environmentahpateas through observations
of previous auctions. Finally we conclude and discuss &nuork in section 6.

2 Related Work

The problem of optimal auction design has been studied sixiy for the case of auc-
tions with continuous bid increments [12, 10]. In contrasi;tions with discrete bid levels
have received much less attention, and much of the work theg dxist is based on the
assumption that there is a fixed bid increment and thus tlge pfithe auction ascends in
fixed size steps [15, 3, 16]. In contrast, Rothkopf and Hdrstmsidered the more general
guestion of determining the optimal number and distributibthese bid levels [13]. They
provided a full discussion of how discrete bid levels afféet expected revenue of the
auction and they considered two different distributionstfe bidders’ private valuations
(uniform and exponential). In the case of the uniform disttion, they considered two
specific instances: (i) two bidders with any number of allblgabid levels, and (i) two
allowable bid levels with any number of bidders. In the firstance, evenly spaced bid
levels (i.e. a fixed bid increment) was found to be the optitmathe second instance, the
bid increment was shown to decrease as the auction progrédsaversely, for the expo-
nential distribution (again with just two bidders), the iaml bid increment was shown to
increase as the auction progressed.

In previous work, we extended the analysis of Rothkopf andtdd [13]. Specifically,
rather than analyse the ascending price English auctioimited cases, we presented a
general expression that relates the revenue to the acudévels implemented. In the
case of a uniform valuation distribution we were able todednalytical results for the
optimal bid levels. In the general case, we were able to usegpression to numerically
determine the optimal bid levels for any bidders’ valuatiistribution, any number of bid
levels and any number of bidders.

In this paper, we extend this previous work and address thklgm of estimating
the number and valuation distribution of the bidders thtoobserving the closing price
of previous auctions. This problem is similar to that stddiethe econometrics literature,
where it has been used to identify the behaviour of biddemsdahworld auctions [6]. More
recently, it has received attention within electronic coence, with the goal of determining
the reserve price in a repeated procurement auction [2jcailp this work uses statisti-
cal maximum likelihood estimators to determine the paransghat describe the bidders’
valuation distribution through observations of their bidgbehaviour. In our case, this
task is somewhat different as much of this information i¢ inghe discretisation of the
bids. Thus, rather than adopt these statistical methodase¢he expression that we have
already derived for the revenue of the discrete bid auctimhuse Bayesian inference to
infer parameter values through observations of the clgsiivg of previous auctions. This
method is attractive, as whilst in general it converges éosthme result as the statistical
methods, rather than providing a single parameter estiataach iteration, it provides a
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One bidder has a valuatior> ;1 1, one or more bidders have valuations in the
range[li,li+1) and the bidder with the highest valuation was the current highest

bidder atl;.
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One bidder has a valuation> |, one or more bidders have valuations in the
rangelli—1,li), and the bidder with the highest valuation was not the current
highest bidder af_1.

Fig. 1. Diagram showing the three cases whereby the auction closes at the bij.leveach case,
the circles indicate a bidder’s private valuation and the arrow indicatesidheve! at which that
bidder was selected as the current highest bidder.

full distribution that describes the auctioneer’s belie¢iothe entire range of possible pa-
rameter values. The shape of this distribution then prevadeindication of the confidence
that the auctioneer should have in his current estimatérf@ddition, Bayesian inference
tends to be computationally simpler than maximum likelith@oethods, since it does not
require us to maximise a function over several dimensiohs [1

3 Auction Model and Expected Auction Revenue

In this work we consider the same standard model of an Engligtion that was used
by Rothkopf and Harstad [13]. In this modaelrisk neutral bidders are attempting to buy
a single item from a risk neutral auctioneer. Bidders hadefrendent private valuations,
x;, drawn from a common continuous probability density fumetif (x), within the range
[%,X]. This probability density function has a cumulative disaition function,F(x), and
with no loss of generality- (x) = 0 andF (X) = 1. The bidders participate in an ascending
price auction, whereby the bids are restricted to disceatel$ which are determined by
the auctioneer. We assume there @mr¢ 1 discrete bid levels, starting ktand ending at
Im. At this point, we make no constraints on the actual numbénesge bid levels, nor on
the intervals between them.

The auction starts with the auctioneer announcing the fisstete bid level (effectively
the reserve price of the auction) and asks the bidders toadt®ltheir willingness to pay this
amount. In traditional English auction houses, this intigcais normally accomplished
by a surreptitious nod to the auctioneer. Whilst in curredinenauctions such asmw.
onsal e. comit requires a click of a mouse. If no bidders are willing to ghis amount
within a predetermined and publically announced interved,auction closes and the item
remains unsold. However, if a bid is received, the auctiomédiately proceeds and the



auctioneer again requests bidders willing to pay the nesdrdte bid level. The auction
continues, with the price ascending through the discratddsiels, until no bidders are
willing to pay the new higher offer price. The auction theasds and the item is sold to
the current highest bidder.

Now, in order to determine the optimal bid levels that thetimneer should announce,
an expression for the expected revenue of the auction midstuhbd. Rothkopf and Harstad
initially considered this problem and identified three naliy exclusive cases that de-
scribed the different ways in which the auction could clasang particular bid level [13].
These cases are shown in figure 1. They then calculated tbalglity of each case occur-
ring in a number of limited cases. In our earlier work we hagerbable to use the same
descriptive cases, but derive a general result for eachapility [4]. Thus we are able to
describe the probability of the auction closing at any pattr bid level:

[1—F ()] [F(|i+1)n*:§(::)n] i=0
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Note that the subscript iR, indicates that the expression is in terms of the actual numbe
of bidders,n, who participate in the individual auction, and that we defitrfly1) = 1.
Now, the expected revenue of the auctioneer is simply foyrglimming over all possible
bid levels and weighting each by the revenue that it gengrate
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Thus, by substituting equation 1 into this expression amtbpming some simplification,
we get the result:
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In our previous work we used this result to generate optiritaldvels when the number
of bidders and the bidders valuation distribution are known

4 Optimising Over Uncertainty In The Number Of Bidders

Now, in this paper, we wish to deal with the more general chaethe number of bidders
participating in the auction is not known by the auctiongerdo so, we have to carefully
define what we mean by participation. Thus, a bidder is salmbtparticipating in (or has
entered) the auction, if they have generated a valuatiotihéitem being sold, are present
and are prepared to bid. It is this number of bidders (plus trauation distribution and
the discrete bid levels implemented) that determines tipe@a®d revenue of the auction
(as described in equation 3). However, in the English anatmnsidered here, not all of
the bidders who are participating will necessarily subridshio the auctioneer (i.e. many
will find that the other bidders have raised the price beydmairtown private valuation
and thus they have no opportunity to bid). Thus, the aucéprgenot able to determine the
number of bidders who are participating by simply obsentrggbids.

In addition, in any specific setting, the number of biddensip@ating in an auction is
unlikely to be fixed but will most likely be described by a patility distribution. Leven



and Smith showed this by considering an auction model in kvtiie number of bidders
participating was endogenously determined [7]. They nexialpool of potential bidders,
and showed that, at equilibrium, each potential bidder h&igea probability of actu-
ally participating in (or entering) the auction. The numbgbidders participating in any
auction was thus described by a binomial distribution. Bajad Hortacsu considered a
similar model and compared their model to data collectexhfe®Bay auctions selling col-
lectable U.S. coins [1]. They note that in such online aunajohe pool of potential bidders
is extremely large. However, the fact that, in general, @nmall number of bids are ob-
served, suggests that the probability that a potentialds&lgarticipates in any individual
auction is very low. Thus, they assume that, in such casesjssdh distribution is an
appropriate approximation for the binomial proposed bydreand Smith.

In light of this work, we describe the number of bidders pptting in any auction
by a Poisson distribution and thus the probability thatdders participate is given by:

P(n) = (4)

Here the parameter describes the mean of this distribution and thus represbatex-
pected or average number of participants in any individuetian. Given this distribution,
we can extend the results described in the previous seatidexpress the probability of
the auction closing at any bid level, in terms of the parameteather tham. To do so,
we simply sum the probability given in equation 1 multiplieg the probability of that
number of bidders actually occurring:

Ru(If) = ip(n)Pnai) 5)

Now substituting equations 1 and 4 into this expression aakimg use of the identity
SmoV"/n! = €’ allows us to derive the result:
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Now finally, as before, we are able to perform a weighted susr all of the discrete
bid levels to determine the expected revenue of the audiggieen the uncertainty in the
number of bidders that are participating in any specificianct

m e[F (1)~ _ gu[F(h)-1]
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This is a key result. It expresses the expected revenue aiutigon in terms of the actual
bid levels implemented, the bidders valuation distributand,v, the mean number of
bidders who participate in each auction. We use this reauhieé next section to derive
optimal bid levels in spite of the inherent uncertainty ie tiumber of bidders who will
participate in any individual auction.

4.1 Optimal Discrete Bid Levels

The expression presented in the last section describegpleeted revenue of the auction
when discrete bid levelk...Iy, are used. Thus, in order to find the optimal bid levels
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Fig. 2. Pseudo-code algorithm for calculating solutions for the optimal bid levels.

in this case, we must find the valuks..l, that maximise this expression. In general,
it is not possible to perform this maximisation analytigao we must use a numerical
algorithm. Now, given that there are many numerical mukiehsional optimisation al-
gorithms available (see Numerical Recipes [11] for exas)plavo key features of this
problem guide our choice. Firstly, since each term in thersation in equation 7 con-
tains only pairs of bid levels (i.¢. andl;1), we note that maximising this expression, and
thus solvingdE, /dl; = 0, is equivalent to solving a tri-diagonal setrof+ 1 simultaneous
equations, that, by denotirdr, /dl; as fi, we can write as:

fo(lo,11) =0
filli—a,li,liy1) =0 fori=1tom—1 (8)

fm('m—lylm) =0

Secondly, the solutions to these equations are constrair@tthat their ordering remains
constanti.eli_1 <l < li11. Typically, a general purpose optimisation package willtta
exploit the first feature and will be heavily constrained bg second. However, we can
produce a simple and efficient numerical algorithm by immating a version of Jacobi
iteration whereby we iteratively solve the+ 1 simultaneous equations [5]. That is, whilst
fixing all other bid levels, we find the value hfthat maximises equation 7, allowihgto
vary in the rangdi_1 < I; < l;;1. Between these limits, the expression is well behaved
and has a single maximum that can be found using hill climisingny well established
one-dimensional gradient based method. We sequentiadlstagalll; and then iterate the
process until the bid levels converge to the necessary acgur

We present this numerical algorithm in pseudo-code in fi@uaad note that the ex-
pressiorEy(lo, . ..,Im) represents the revenue expression shown in equation 7.t\Whils
purpose here is not to prove the convergence propertiessoitehative algorithm, in our
experiments it was found to converge reliably and rapidiyeg that two starting condi-
tions forl; were satisfied. Specifically, at the initial iteration, nd EBvel may be outside
the upper limit of the bidders’ valuation distribution (ile < X) andlg must be greater
or equal to the reserve price predicted for the equivalentiwoous bid auction (i.e. for
a uniform bidders’ valuation distributioly > max(x,%/2)). In the first two lines of the
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Fig. 3. Optimal bid levels for (a) uniform and (b) exponential valuation distribigion

algorithm, we provide suitable starting conditions for thve valuation distributions that
we consider in the next section.

4.2 Comparison of Valuation Distributions

The numerical solution described in the previous sectiting/a us to calculate the opti-
mal discrete bid levels for any value of(i.e. the mean number of bidders present in any
auction) and any bidders’ valuation distribution. In thézgon, we compare the optimal
bid levels over a range of values wiwhen two different bidders’ valuation distributions
are used. Specifically, we compare the exponential distoibbproposed by Rothkopf and
Harstad, with the more common uniform distribution, andallow us to compare these
two directly, we chose their parameters so that the expaxttesihg price of the auctions
are similar in both cases. Thus for the uniform distributime consider a range of [0,4]
meaningf (x) = %( andF(x) = 2% wherex = 0 andx = 4. For the exponential distri-
bution, we havef (x) = ae"® andF(x) = 1 — e ® wherea = 1. The resulting optimal
discrete bid levels are shown in figure 3, for three diffener@an numbers of bidders
(v =2, 20 and 40) and over a continuous range from 2 to 100. In betbs; we use 10
bid levels (i.e.m = 10), as this makes clear the differences between the twe.chiste
that whilst changing the number of bid levels does affedt tredue, it does not affect the
general form of the distribution seen in the plot.

Now, the work of Rothkopf and Harstad showed that in the caserevthere were two
bidders, the optimal discrete bid level distribution foe thniform distribution is a fixed



bid increment with evenly spaced bid levels. In additionthia case of the exponential
distribution, the optimal bid levels with two bidders is aglieasing bid increment with bid
levels becoming more widely spaced as the auction progge@sg results show that in the
general case, where there is uncertainty over the numbeddéis that are participating,
the distribution of the optimal discrete bid levels is coexlin the case of the uniform
distribution there is a decreasing bid increment whereleydiscrete bid levels become
closer together as the auction progresses. The expondigidbution is more complex

still and we see that the bid increment initially decreaseaches a minimum size and
then subsequently increases again.

We also see that in both cases, as the number of bidders $esrghe value of the first
bid level, lg, increases. In the work of Rothkopf and Harstad, the valdi¢beofirst and
last bid levels were fixed at the extremes of the valuatiotribigion (i.e. for the uniform
case/p = x andl, = X). However, we make no such restriction and thus the valués of
andl, are optimised at the same time as the other bid levels. Nogekj is equivalent to
the reserve price of the auction (i.e. the item will not sethere are no bidders willing to
pay at leaskp) the results indicate that, in contrast to the literaturemifmal auctions with
continuous bid increments, the optimal reserve price ofuati@an with discrete bid levels
is dependent on the mean number of bidders. In general, wiaaeehen the number of
bid levels is large, or the mean number of bidders is smadlvidue ofly tends toward
the continuous result (for the uniform distribution, thisxi = max(x,%/2), and for the
exponential distribution it ig* = 1/a [10]).

Intuitively we can understand these effects by the fact ¢hatn a fixed number of
bid levels, we should position them closer together in avdzare they are most likely to
differentiate the bidders with the highest valuations. §hn the case of the uniform dis-
tribution, the bid levels become closer together neardraéapper limit of the distribution.
Whilst in the exponential distribution, they become closgyether in the area where we
expect to find the bidder with the second highest valuatitis flesult suggests that it may
be possible to describe the distribution of the optimal bickls in terms of the distribution
of the expected second highest valuation. However, it hapnoved possible to describe
the revenue of the discrete bid auction in these terms, $ahbment, this shortcut is not
available to us.

5 Estimating Auction Parameters

In the previous sections, we have shown that the optimaletisdid levels, and hence
the revenue of the auctioneer, are highly dependent on gtehditions that describe the
number of bidders that participate in any auction and thauations. Now, in cases that
the values of the parameters that characterise thesebdistris are not known, we have
no alternative but to estimate their value through obsematof previous auctions. Since,
in this paper we have derived an expression for the prolyabilithe auction closing at any
particular bid level (given these parameter values) it isir@ to use Bayesian inference
to perform this task. That is, having observed an auctiosietpat a certain bid level, we
calculate our belief that a particular set of parameteraslgave rise to this event. This
method contrasts with statistical maximum likelihood t&iglues since rather than simply
providing a single ‘most likely’ parameter value, we deravalistribution that describes
our belief over all possible parameter values.



To illustrate this process, we describe a general settimghich an auctioneer imple-
ments a regularly repeating auction, and in each auctiongiesidentical item is sold.
As described earlier, we assume that there is a large poadtehpal bidders, who have
private independent valuations that are drawn from a comdistmnibution. Each poten-
tial bidder has a small probability of actively participagiin any auction, and thus each
repeated auction faces a number of bidders that is desdnjpdioe Poisson distribution
shown in equation 4. Note that whilst their numbers are simihese bidders are different
individuals with different valuations and, since we arel@xily interested in the actions
of the auctioneer, we assume that their bidding behaviaumaéfected by their own obser-
vations of previous auctiohsThus, our goal is to estimate the typical number of bidders
who participate in each auction,and also the parameters that describe their common val-
uation distribution. These estimated parameter valuetheambe used to calculate optimal
discrete bid levels in subsequent auctions.

5.1 Estimating The Mean Number Of Bidders

We first consider an example in which the bidders’ valuatiistridution is known, buty,

the parameter that characterises the Poisson distribatidirepresents the mean number
of bidders participating in each repeated auction, is unknd hus, if at timet the auc-
tioneer implemented an auction that used the discrete basiE = {1} ...I{,} and closed

at bid levell!,, we wish to find the valug that best explains this outcome. In other words,
we wish to calculate the probability distributid{v|I},,F(x),I'). Now, in equation 6 we
have already derived the probability of the auction clogibgny bid level, in terms of the
mean number of bidders, the bidders’ valuation distribuéind the actual bid levels imple-
mented. Thus, in the notation we are using here, we havedgidsxivedP(1},|v, F (x),I!).
With this expression, we can use Bayes’ theorem in orderltulzde the required result:

_ PV, F(x),1YP(v)

P (v[lyy, F(x),1") = TECRD ©

Now, this described the case where the auctioneer has madesanvation of a single
auction. In general, if such auctions have been observed, the auctioneer can wsfe all
this evidence to improve its estimate. Thus if the bid lewsed in these auctions were
L = {I,...,I}, and the observed closing prices wkye= {I},...,I%}, we have:

|t! (|i| (x) |i) (V)
P(1ylv,F(x),1") P(v
)l) i=

PV, F(x), (10)

In this expressionZ is a normalising factor that ensures tRgw I, F (x),L ) sums to one
over the range of possible valueswfNow, P (v|lw,F(x),L) is a continuous probability
distribution. However, for our purposes, we calculate iaatiscrete probability distribu-
tion over a suitable range. In this example, we calcutgly, F (x),L ) for integer values
of v fromv to V. Thus, this normalising factor is given by:

z= Vi Lﬁp (I\iN\v,F(x)Ji) P(v)} 1)

1 This assumption is reasonable in circumstances where historical auatimischot available to
the bidders. However, we intend to investigate the full implications of thisnag8an in future
work.



Actual Number Of Biddergn) Posterior Probability (v|lw, F (x),L)

0.12 T

30—

. . ° . a. Prior
20 . ] 0.1f b. Posterior after 2 auctions -
N e o, S . . c. Posterior after 4 auctions
. . ° . 0.08 d. Posterior after 20 auctions|
10— . . . .
5 10 15 20
Repeated Auctions 0.06t

Bid Levels & Observed Closing Pricék, l,)

0.04-

@ 1l

I rrelnm

[ RN

[
[ Ll
I el

0.02-

N L
o

10 15 0 20 40 60 80
Repeated Auctions Mean Number Of Bidder&/)
a. b.
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Finally, P(v) represents the auctioneers’ prior belief; an initial agstion as to which
values ofv are most likely to occur, before any observations have besatenif no such
intuition is available (as in our simulations here), theopgan simply be initialised as a
uniform distribution, and it will have no effect on the estites generated.

Thus the procedure adopted by the auctioneer is as folldvisstiuses its prior belief
(i.e. an initial guess) to calculate the bid levels for thstfauction. Having observed the
closing price of this auction, the expression in equationislitsed to calculate the prob-
ability distribution that describes its updated belief e tparametev. This probability
distribution is then used to choose the valuevdbr the calculation of the optimal bid
levels to be implemented in the next auction. There are twysvila which this choice
can be made, either: (i) the most likely valuewotan be used (i.e. the value wfwhere
the probability distribution has a maximum), or (ii) a valofev may be randomly drawn
from this probability distribution. The first option is idécal to a statistical maximum
likelihood estimator. However the second option ensureemapid convergence in cases
where the auctions that occur early in the learning procga®sent more extreme events
(i.e. through the stochastic nature of the auction, all idddrs have extremely high or low
valuations or the auction happens to have many more or masyldders than is typical).

Simulation results for this procedure are shown in figureere;iwe consider the same
uniform valuation distribution as discussed in sectioné&Xi= 0 andx = 4). The real value
of vin this case is 20, whilst the auctioneer’s prior belief Bttihlies somewhere between 0
and 100 (i.ev = 0 andv = 100 andP(v) is a uniform distribution over this range). In figure
4a we show the actual number of bidders that participatedéh auction (again unknown
to the auctioneer) and the bid levels that were implememtedé¢h repeated auction, along
with the actual bid level at which the auction closed (deddig a filled circle on the
appropriate bid level and observed by the auctioneer). imdigb, we show the probability
distribution,P (v|lw, F (x),L), that describes the auctioneers’ belief in the values thiat
gave rise to the observed auction closing prices. Thisibiigton is shown after 2, 4 and
20 repeated auctions. The variance in the observed audtisimg prices is driven by the
stochastic nature of the number of bidders, their valuatenmd also the changing auction
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Fig. 5. Plots showing (a) the converging estimates generated by the learningratgand (b) how
this results in improvements in the auctioneer’s revenue.

bid levels. However, despite this variance, the auctisidmslief in the most likely value
of v converges very rapidly to the true value. Thus the bid leiralslemented by the
auctioneer converge to the those which generate the maxienenue for the auctioneer.

To demonstrate the convergence of this algorithm, aften egjpeated auction we cal-
culate the error in the estimate that it produced (i.e. tfferdince between the estimated
value and the true value). We repeat the process 1000 tinregthe same parameter val-
ues (i.ev = 20 and a uniform bidders’ valuation distribution where: 0 andx = 4) and
average over the results. In figure 5a we show the mean absdtiination error plotted
against the number of repeated auctions. The plot showshbastimates improve very
rapidly after the first few auctions and then gradually cogedoward the true value.

Figure 5b shows the improvement in revenue that results breimg able to accurately
estimate the mean number of bidders who are participatinigeirauctions, and then use
this result to optimise the discrete bid levels used in sgbset auctions. For the same
simulation runs presented in figure 5a, we show the efficiefidpe auction, calculated
in terms of the percentage of the second highest biddensatiah that the auction was
able to extract. We compare this revenue to that which woale lbeen achieved with an
auction that used the more commonly implemented fixed bigement, with and without
setting a reserve price. Clearly, as the estimates of thBoauparameters improve, so
the revenue of the auctioneer increases. Significanthygitbatest improvement is realised
after the first few auction and after this point, the revenueds that generated with fixed
bid increments.

5.2 Estimating Multiple Parameters

The algorithm that we have presented here is certainly reiticted to learning single
parameters. In figure 6 we present a second example, thigdirtiee exponential valuation
distribution presented in section 4.2. In this case we ib&h the value of parameter that
describes the distribution of the number of biddersand the value of the parameter
that describes the bidders’ exponential valuation distiiim, a. Thus we must calculate
the two-dimensional joint probability distributidd(v,a|lw,F(x),L). Again, despite the
stochastic nature of the auction process, after twentyategeauctions the probability
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Fig. 6. Plots showing (a) the actual number of bidders that participated in the ayatianown to
the auctioneer) and the actual bid levels and closing prices observee by¢tioneer and (b) the
joint posterior belief distributions of the auctioneer after 20 repeated asctio

distribution shows a clear peak around the true values-6f20 anda = 1, and thus the
bid levels converge toward the true optimal bid levels. $pdmes not allow us present a
full analysis of the convergence in this case, however, irega, increasing the number of
parameters that are learnt reduces the convergence rate.

We can easily extend this method to estimate more parametesimply calculating
larger joint probability distributions in more dimensioffowever, in so doing, the cost of
performing this exact calculation increases geometsickbrtunately Bayesian inference
is a well developed field with several sophisticated methibdsallow us to approximate
these distributions. For example, variational methodsclwive intend to explore in the
future) allow us to approximate the fultdimensional joint distribution as the product of
n independent distributions, with a corresponding compurtat saving [9].

6 Conclusions

In this paper we considered the optimal design of Englistians with discrete bid levels
and our aim was to automate their configuration, in orderttigt generate the maximum
revenue for the auctioneer. To this end, we extended eavbek and derived an expres-
sion for the revenue of the auction under uncertainty in tivalmer of bidders who are
participating in the auction. We used this result to nunaiyccalculate optimal bid levels
under this uncertainty and showed that the value and dissiib of these optimal bid lev-
els are highly dependent on both the mean number of biddershenbidders’ valuation
distribution. Finally, we considered the case in which éhesvironmental parameters are
unknown to the auctioneer, and presented a learning aigotitat used Bayesian infer-
ence to estimate these parameters through observatiohg afdsing price of previous
auctions. We showed that despite the stochastic nature@btions, the estimates gen-
erated by this algorithm rapidly converged to the true vallre addition, we showed that
by correctly estimating the true values of these parametieesauctioneer is able to bid
levels that result in an increase in auction revenue.

Our future work in this area consists of extending and furtheestigating the con-
vergence properties of the inference method that we hawepted here. In addition, we



would like to use these techniques to perform model ideatifim and selection. Thus,
we would infer the full parameters of several different weion distributions (using vari-

ational methods to minimise the computational cost of tagk} and then infer which of

these distributions best explains the closing prices trexevobserved. In so doing, we
believe these techniques will significantly contribute aodvour goal of automating the
mechanism design of optimal discrete bid auctions.
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