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Abstract

Bigraphs are emerging as a (meta-)model for concurrent calculi, like CCS, amhients,
calculus, and Petri nets. They are built orthogonally on two structures: a hierarchical place
graph for locations and a link (hyper-)graph for connections. Aiming at describing bigraph-
ical structures, we introduce a general framework, BiLog, whose formulae describe arrows
in monoidal categories. We then instantiate the framework to bigraphical structures and we
obtain a logic that is a natural compaosition of a place graph logic and a link graph logic.
We explore the concepts of separation and sharing in these logics and we prove that they
generalise well known spatial logics for trees, graphs and tree contexts. As an application,
we show how XML data with links and web services can be modelled by bigraphs and de-
scribed by BiLog. The framework can be extended by introducing dynamics in the model
and a standard temporal modality in the logic. However, in some cases, temporal modalities
can be already expressed in the static framework. To testify this, we show how to encode a
minimal spatial logic for CCS in an instance of BiLog.
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1 Introduction

To describe and reason about structured, distributed, and dynamic resources is one
of the main goals of global computing research. Recently, rspatial logicshave

been studied to fulfill this aim. The term ‘spatial,” as opposed to ‘temporal,’ refers

to the use of modal operators inspecting the structure of the terms in the model,
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rather than a temporal behaviour. Spatial logics are usually equipped with a sepa-
ratiorycomposition operator thaplits a term into two parts, to ‘talk’ about them
separately. The notion skeparations interpreted dterently in diferent logics.

e In‘separation’ logics [34], it is used to reason about dynamic update of heap-like
structures, and it istrongas it forces names of resources in separated compo-
nents to be disjoint. Consequently, term composition is usually partially defined.

¢ In static spatial logics, for instance for trees [6], graphs [10] and trees with hidden
names [11], the separati@momposition does not require any constraint on terms,
and names are usually shared between separated parts.

¢ In dynamic spatial logics, too, the separation is intended only for locations in
space (e.g. for ambients [13] m+calculus [4]).

Context tree logic, introduced in [7], integrates the first approach above with a
spatial logic for trees. The result is a logic able to express properties of tree-shaped
structures (and contexts) with pointers, and it is used as an assertion language for
Hoare-style program specifications in a tree memory model. Essentially, Spatial
Logic founds its semantics on model structure.

Bigraphs [25,28] are an emerging model for structures in global computing, that can
be instantiated to model several well-known examples, includiaglculus [31],

CCS [32],#-calculus [25], ambients [26] and Petri nets [29]. Bigraphs consist es-
sentially of two graphs sharing the same nodes. The first grapplabe graphis

tree structured and expresses a hierarchical relationship on nodes (viz. locality in
space and nesting of locations). The second grapliythgraph is an hyper-graph

and expresses a genefimany-to-many’relationship among nodes (e.g. data link,
sharing of a channel). The two structures are orthogonal, so links between nodes
can cross locality boundaries. Thus, clarify th&atience between structural sepa-
ration (i.e., separation in the place graph) and name separation (i.e., separation on
the link graph).

In this paper we introduce a spatial logic for bigraphs as a natural composition of
a place graph logic, for tree contexts, and a link graph logic, for name linkings.
The main point is that a resource has a spatial structure as well as a link structure
associated to it. Suppose for instance to be describing a tree-shaped distribution
of resources in locations. We may use an atomic formulaRi&éA) to describe a
resource of ‘typePC (e.g. a personal computer) whose contents safisignd a
formula likePC,(A) to describe the same resource at the locatidiote that the lo-
cation type is orthogonal to the name. We can then id@€T) ® PC(T) to charac-

terise terms with two unnaméC resources whose contents satisfy the tautological
formula (i.e., with anything inside). Named locations, as e..0a(T) ® PCy(T),

can express name separation, i.e., that naaresd b are diterent (because sep-
arated by®). Furthermore, link expressions can force nhame-sharing between re-

sources with formulae likeC,(in. ® T) Q% PCp(out, ® T). The formula describes
two PC with different namesa andb, ‘uniquely’ sharing a link on a distinct name



¢, which models, e.g. a communication channel. Nan®used as inpultir) for
the firstPC and as an outpub(it) for the secondPC. No other name is shared and
c cannot be used elsewhere inskles.

A bigraphical structure is, in general, a context with several holes and open links
that can be filled by composition. The logic therefore describes contexts for re-
sources at no additional cost. We can then express formulaedk@ ® HD(id,)),

that describes a modular compuBZ, whereid; represents a ‘plug-able’ hole in

the hard dis¢HiD. Contextual resources have many important applications. In par-
ticular, the contextual nature of bigraphs is useful to characterise their dynamics,
but it can also be used as a general mechanism to describe contexts of bigraphical
data structures (cf. [19,23]).

As bigraphs are establishing themselves as a truly general (meta)model of global
systems, and appear to encompass several existing calculi and models (see for in-
stance [25,26,29,32]), our bigraph logRil og, aims at achieving the same gen-
erality as a description language: as bigraphs specialise to particular models, we
expect BiLog to specialise to powerful logics on these. In this sense, the contribu-
tion of this paper is to propose BiLog as a unifying language for the description of
global resources. We will explore this path in future work, fortified by the embed-
ding results for the static spatial logics presented in 85, and the positive preliminary
results obtained for semistructured data (cf.86) and CCS (cf.87).

The paper is organised as follows: 82 provides a crash course on bigraphs; 83 intro-
duces the general framework and model theory of BiLog; 84 shows how to derive
some useful connectives, such as a temporal modality and assertions constraining
the “type” of terms; 85 instantiates the framework to obtain logics for place, link
and bi-graphs; 86 focus on the applications of BiLog to XML data; 87 studies how
to deal with dynamic models. An abridged version of this work appears in the con-
ference paper [20] and the application to XML was presented in [19]. Here a new
embedding result for a dynamic logic based on CCS [5] is added to our main tech-
nical result, that is the embedding of the static spatial logics of [6], [10] and [7] by
BiLog. In particular, CCS embedding is based on an structural way of expressing
the ‘next-step’ modality by composition adjuncts and bigraphical contexts. More-
over we show proofs, examples and properties more in detail. Further examples and
technical details can be found in [17,27].

2 Aninformal introduction to Bigraphs

Bigraphs formalise distributed systems by focusing on two of their main charac-
teristics: locality and interconnections. A bigraph consists of a sebdés which
may be nested in a hierarchical tree structure, the so-cpléexd graph and have
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Fig. 1. A bigraphG : (2, {x,y,Z v,w}) — (L, {X, y}).

ports that may be connected to each othelittiys, the so-calledink graph Place
graphs express locality, that is the physical arrangement of the nodes. Link graphs
are hyper-graphs and formalise connections among nodes. The orthogonality of the
two structures dictates that nestings impose no constrain upon interconnections.

The bigraphG of Fig. 1 represents a system where people and things interact. We
imagine two dfices with employees logged ®Cs. Every entity is represented by a
node, shown with bold outlines, and every node is associated wibhtzol (either

PC, U, R1, R2). Controls represent the kinds of nodes, and have faxéaks that
determine their number of ports. ContfdC marks nodes representing personal
computers, and its arity is 3: in clockwise order, the ports represent a keyboard
interacting with an employe#, a LAN connection interacting with anoth&C

and open to the outside network, and the mains plug of fiigedR. The employee

U may communicate with another one via the upper port in the picture. The nesting
of nodes (place graph) is shown by the inclusion of nodes into each other; the
connections (link graph) are drawn as lines.

At the top level of the nesting structure sit tlegions In Fig. 1 there is one sole
region (the dotted box). Inside nodes there may be ‘contmtés drawn as shaded
boxes, which are uniquely identified by ordinals. The hole marked by 1 represents
the possibility for another usér to get into dfice R1 and sit in front of &PC. The

hole marked by 2 represents the possibility to plug a subsystem in§ideR2.

Place graphs can be seenaagws over a symmetric monoidal category whose
objects are finite ordinals. We writ¢: m — nto indicate a place graph with m

holes andh regions. In Fig. 1, the place graph®fhas type 2- 1. Given the place
graphsP;, P,, their compositiorP; o P, is defined only if the holes dP;, are as
many as the regions &f,, and amounts tdilling holes with regions, according to

the number each carries. The tensor prodRycd P, is not commutative, as it lays

the two place graphs one next to the other (in order), thus obtaining a graph with
more regions and holes, and it ‘renumbers’ regions and holes ‘from left to right'.

Link graphs are arrows of a partial monoidal category whose objects are (finite) sets
of names. In particular, we assume a denumerabla séthames. A link graph is

an arrovX — Y, with X Y finite subsets ofA. The setX represents théner
names (drawn at the bottom of the bigraph) an@presents the set ofiternames



Fig. 2. Bigraphical compositior] = G o (F1 ® F»).

(drawn on the top). The link graph connects ports to namesextgeqrepresented
in Fig. 1 by a line between nodes), in any finite number. A link to a nanopés)
i.e., it may be connected to other nodes as fé@ce of composition. A link to an
edge ixclosed as it cannot be further connected to ports. Thus, edggwiasde, or
hidden, connections. The composition of link grajhs W’ corresponds tbnking
the inner names oW with the corresponding outer names\f and forgetting
about their identities. As a consequence, the outer namég @esp. inner names
of W) are not necessarily inner (resp. outer) namewos W’. Thus link graphs
can perform substitution and renaming, so the outer nam@g tan disappear in

the outer names of this means that either names may be renamed or edges may be

added to the structure. As in [25], the tensor product of link graphs is defined in the
obvious way only if their inner (resp. outer) names are disjoint.

By combining ordinals with names we obtaitterfacesi.e., couplesm, X) where

mis an ordinal andX is a finite set of names. By combining the notion of place
graph and link graphs on the same nodes we obtain the notion of bigraphs, i.e.,
arrowsG : (m, X) — (n,Y).

Figure 2 represents a more complex situation. Its top left-hand side reports the
system of Fig. 1, in its bottom left-hand sifie represents a userready to interact
with aPC or with some other userk; represents a user logged on its laptop, ready
to communicate with other users. The system WdtlandF, represents the tensor
productF = F; ® F,. The right-hand side of Fig. 2 represents the composition
G o F. The idea is to inseff into the context. The operation is partially defined,
since it requires the inner names and the number of hol&tofmatch the outer
names and the number of regionsFgfrespectively. Shared names create the new
links between the two structures. Intuitively, compositfst places every region

of F in the proper hole oG (place composition) anthenjoins equal inner names
of G and outer names & (link composition). In the example, as a consequence of
the composition the usér in the first region ofF is logged onPC, the uselU in

the second region @ is in roomR2. Moreover note the edge connecting the inner
namesy andzin G, its presence produces a link between the two useFsafter

the composition, imagine a phone call between the two users.



Table 3.1BiLog terms

I

GG :=Q constructor (for Q € ®)
GoG vertical composition
Ge G horizontal composition

3 BilLog: syntax and semantics

The final aim of the paper is to define a logic able to describe bigraphs and their
substructures. Since bigraphs, place graphs, and link graphs are arrows of a (partial)
monoidal category, we first introduce a meta-logical framework having monoidal
categories as models; then we adapt it to model the orthogonal structures of place
and link graphs. Finally, we specialise the logic to model the whole structure of
(abstract) bigraphs.

Following the approach of spatial logics, we introduce connectives that reflect the
structure of the model. In this case, models are monoidal categories and the logic
describes spatially the structure of thafrows

The meta-logical framework we propose is inspired by the bigraph axiomatisation
presented in [30]. The model of the logic is composeddiynsof a general lan-
guage withhorizontaland vertical compositions and a set of unary constructors.
Terms are related by structural congruencghat satisfies the axioms of monoidal
categories, and possibly more. The corresponding model theory is parameterised
on basic constructors and structural congruence. To be as free as possible in choos-
ing the level of intensionality, the logic is defined otransparencypredicate. Its

role is to identify the terms allowing inspection of their contérgnsparenterms,

and the ones that do natpaqueterms. We inspect the logical equivalence induced

by the logic and we observe that it corresponds to the structural congruence when
every term is transparent, and it becomes less discriminating with the introduction
of opaque termscf. §3.2.

3.1 Terms

To evaluate formulae, we consider the terms freely generated from a set of con-
structors®d, ranged over by, by using the (partial) operators: compositioh &nd
tensor &). The order of binding precedenceds®. BiLog terms are defined in
Tab. 3.1. When defined, these two operations must satisfyithiectoriality prop-

erty of monoidal categories, thus we refer to these terms albdf@sctorial terms

Terms represent structures built on a (partial) monbldg, €) whose elements are
dubbednterfacesand denoted by, J. To model nhominal resources, such as heaps
or link graphs, we allow the monoid to be partial.



Table 3.2.Typing rules

typgQ) =1 —-J G:I'’>J Fil-ol
Q: 1l -3 GoF:l—>1J
Gili-J F:ilb>X I=h®ly J=31®J
GeF:I =J

Table 3.3 Axioms

Congruence Axioms:

G=6G

G=G implesG' =G

G=G and G' = G” implies G = G”

G=G andF=F impliesGoF =G o F’

G=G andF=F implesG®F=G ®F’
Monoidal Category Axioms:

GOid| EGEidJOG

(G10Gy) 0 Gz =Gy 0 (Gy 0 Gy)

GRid,=G=id,®G

(GC1®Gy) ®G3 =061 ® (G, ® G3)

id| ® |dJ = id|®3

(GC1®F1) 0 (G2®F3) =(G10Gp) ® (FroFy)

Reflexivity
Symmetry
Transitivity
Congruence o
Congruence ®

Identity
Associativity
Monoid Identity
Monoid Associativity
Interface Identity
Bifunctoriality

Intuitively, terms represent typed structures with a source and a target intéeface (

| — J). Structures can be placed one near to the other (horizontal composition) or
one inside the other (vertical composition). E&zin © has a fixed typéypgQ) =

| — J. For each interfacg, we assume a distinguished constnggt: | — |. The

types of constructors, together with the rules in Tab. 3.2, determine the type of each

term. Terms of type — J are calledyround

The term obtained by tensor is well typed when both corresponding tensors on
source and target interface are defined, namely they are separated structures. On
the other hand, composition is defined only when the two involved tstrasea
common interface. In the following, we consider only well typed terms.

Terms are defined up to the structural congrueackescribed in Tab. 3.3. It sub-
sumes the axioms of the monoidal categories. All axioms are required to hold when-
ever both sides are well typed. Throughout the paper, when esarg: we imply

that both sides are defined; and when we need to remark that a bigraphical expres-
sion E is well given, we write E) | . Later on, the congruence will be refined to
model specialised structures, such as place graphs, link graphs or bigraphs.

The axioms correspond to those for (partial) monoidal categories. In particular we
constrain the structural congruence to satisfy the bifunctoriality property between
product and composition. Thus, we can interpret our terms as arrows of the free
monoidal category onM, ®, €) generated b. In this case the term congruence



corresponds to the equality of the corresponding arrows.

Example 1 An intuitive example of bifunctorial terms is provided by located re-
sources. Every location is represented lpel; every cell can contain a resource.
Horizontal composition represents the merging of cells, and vertical composition
combines the resources included in the cells. This model will provide a semantics to
the logical operators we are defining, and will show that BiLog, although inspired
by bigraphs, is not only connected to the bigraphical framework (cf. Ex. 2).

The set of resources is a monoidal structuvk 4, -) freely generated by a s&t

of resource generators. The resource monoid may possibly be partial. In this case,
the monoid of interfaces is the commutative monoid of ordinBblg0(+), freely
generated byl}. We define the construct : 1 — 1 for the neutral element

and a constructdra | : 1 — 1 for each elemerd € A. Every element | repre-
sents a cell, the construc represents a cell containing the resource generator
a. Table 3.4 outlines the two composition operators. The vertical composition
between two cells g, | and[ a, | corresponds to combine — when possible — the
two generators contained in the cells, thus producing the eglla, | containing

the resourcey - a,. This operation produces a c for every resourcen € M.

The horizontal compositio® consists of aligning two cells, thus producing lists of
cells.

The terms generated by these settingsraseurces vector§heir inner and outer
faces correspond to their size. The horizontal compos#iamin general the jux-

taposition of vectors. Given the vectdrey | ... | m, | : n — n, of sizen, and

|m; | .| ny, | — ', of sizen, the compositiom is formally defined as

[ [m|e[m .. [,

The resulting vector is typed by ¢ n") — (n+ n’), and has siza + n'.

[y [ [ m W ]

The vertical compositior is defined only between vectors with equal size, and
corresponds to combine the resources cell by cell, as follows:

L I I I e I S R

The two operations satisfy the bifunctiorial property, which represents here the
possibility to chose either to concatenate the vectors first and then to combine the
resources, or vice versa. For cells, the bifunctorial property says

([ ®[m])o ([me]e[m])=([mo[ms])e([m]o[m]).
The two terms above corresponq oy - mg | My - My \ The bifunctorial provides

two possible normal forms(i) the horizontal outermos( o0...0 ) ®
..®([@]o...o[am |). witha' e A, that first combines by and then bys;




Table 3.4 Cell Compositions

®...®

o ’a.:|_a/1||aﬂa;1

®...®

and(ii) thevertical outermost[a, |® ... ®[ &, |)o...o ([a |®...®[ah |).

wherea! € A U {1) anda = 1impliesa/** = 4, that first combines bg and then
by o. The congruence on resource vectors is represented by the equality on normal
forms, and it satisfies all the axioms of Tab. 3.3. In Particuthy represents the

empty resource vectad; corresponds t, and in generald, is :

n—n.

The properties of these particular terms depend strictly on the choice of the under-
lying resource monoid, which can be either non-commutative (whenever consider-
ing sequences of resources, or ordered trees), or commutative (whenever consider-
ing multisets of resources, or unordered trees), or partial (whenever dealing with
heaps). This example is rather limited, in the sense that inner and outer faces are
forced to be equals, an there are only two kinds of constructors. The full general-
ity will be reached with bigraphs. The aim of this model is to hint that BiLog can
characterise models not directly based on bigraphs, as Ex. 2 will show.

3.2 Transparency

In general not every structure of the model corresponds to an observable structure
in a spatial logic. A classical example is ambient logic. Some mobile ambient con-
structors have their logical equivalent, e.g. ambiefits] , and other ones are not
directly mapped in the logic, e.g. tieandout capabilities. In this case the observ-
ability of the structure is distinguished from the observability of the computational
terms: some terms are used to express behaviour and other to express structure.
Moreover there are terms representing both notions since ambients can be opened.

The structure may be used not only to represent the distribution or the shape of
resources but also to encode their behaviour. We may want to avoid a direct rep-
resentation of some structures at logical level of BiLog. A natural solution is to
define a notion otransparencyover the structure. In such a way, entities repre-
senting the structure ateansparentwhile entities encoding behaviour aspaque

and cannot be distinguished by the logical spatial connectives. Transparent terms
allow the logic to see their entire structure while opaque terms block the inspection
at some opacity point. A notion of transparency can also appear in models without
temporal behaviour. In fact, consider a model with a variable access control pol-
icy determined by some structural characteristics. Thus, some terms may be either



transparent or opaque, depending on the current policy, and the visibility in the
logic, or in the query language, will be influenced by this.

When the model is dynamic, the reacting contexts, namely those with a possible
temporal evolution, are specified with an activeness predicate. We may be tempted
to identify transparency and activeness. Although these concepts collapse in some
case, they are orthogonal in general. There may be transparent terms that are active,
such as a public ‘browse-able’ directory; opaque terms that are active, such as an
agent that hides its contents; passive transparent terms, such as a portable code; and
passive opaque terms, such as controls encoding synchronisation.

More generally the transparency predicate prevents logical identification of terms.

As an example, consider an XML document. We may want to restrict our attention

to a particular set of nodes; we could, e.g., ignore data values when interested in
the structure. In other situations, we may wantféedent logic focused on values,

but not on node attributes.

Transparency is essentially a way to restrict the observational power of the struc-
tural logic Notice that in general such a restriction of the observational power in
the static logic does not imply a restriction of observational power in the dynamic
counterpart. In fact, a next step modality may induce a ‘new’ intensionalisation of
the controls by observing how the model evolves, as shown in [5] and [36].

3.3 Formulae

BiLog internalises the constructors of bifunctorial terms in the style of the ambi-
ent logic [13]. Constructors appear in the logic as constant formulae, while tensor
product and composition are expressed by connectives. Thus the logic presents
two binary spatial operators. This contrasts with other spatial logics, with a single
one: Spatial and Ambient Logics [4,13], with parallel composifohB, Separa-

tion Logic [34], with separating conjunctioA = B, and Context Tree Logic [7],

with applicationK (P). Both the operators inherit the monoidal structure and non-
commutativity properties from the model.

The logic is parameterised by the transparency predidgteas explained in the
previous section, opaque terms do not allow inspection of their contents. We say
that a termG is transparent, or observable,G) is verified. We will see that
when all terms are observable the logical equivalence correspoed¥\e assume
thatid, and ground terms are always transparent,apieserves:, henceg ando.

Given the monoid ¥, ®, €), the set of simple term®, the transparency predicate
7 and the structural congruence relationthe logic BiLogM, ®, €, 0, =, 1) is for-
mally defined in Tab. 3.5. The satisfaction relatiogives the semantics. The logic
features a constag} for each transparent construet In particular it has the iden-
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Table 3.5BiLog(M, ®, €,0, =, 1)

Q:=id|... a constant formula for every Q s.t. 7(Q)

AB :=F false A= B implication
id identity Q constant constructor
A® B  tensor product AoB composition

Ao B leftcomp. adjunct A —- B right comp. adjunct
A® B leftprod. adjunct A -® B right prod. adjunct

GEF iff never

GEA=B iff GEAimples GEB
GEQ iff G=Q

GEid iff exists| s.t. G = id,

GEA®B iff exists G,Gyst. G=G1® Gy, withG; EAand G, E B

GEAoB iff exists Gp,Gy.5.t. G =Gy 0 Gy,
with 7(G1) and G; E Aand G, = B

GEA-—B iff forallG,thefactthatG’ E Aand r(G’) and (G’ o G)|
impliesG’ c GE B

GEA—-B iff 7(G)implies that forall G,
if G EAand (GoG)| thenG oG EB

GEA® B iff forall G,thefactthat G’ E Aand (G’ ® G)|
impliesG’ @ G B

GEA—®B iff forallG,thefactthatG’ E Aand (G ® G')|
impliesG® G’ B

tity id, for each interface. The satisfaction of logical constants is simply the con-
gruence to the corresponding constructor. Tilbeizontal decompositioformula

A ® Bis satisfied by a term that can be decomposed as the tensor product of two
terms satisfyingA and B respectively. The degree of separation enforcec lne-

tween terms plays a fundamental role in the various instances of the logic, notably
link graph and place graph. Thertical decompositioformulaA o B is satisfied

by terms that can be the composition of terms satisiiragmdB. We shall see that

in some cases both connectives correspond to well known spatial ones. We define
theleft andright adjunctsfor composition and tensor to express extensional proper-
ties. The left adjunch o— B expresses the property of a term to satBfywhenever
inserted in a context satisfying Similarly, the right adjuncA — B expresses the
property of a context to satisywhenever filled with a term satisfying A similar
description holds fog— and—®, the adjoints of®. Clearly these adjoints collapse
whenever the tensor is commutative in the model.

Example 2 Consider the resource vectors defined in Ex. 1. When a BiLog formula

is interpreted in that context, it represents a class of resource vectors. For sake of

simplicity, we assume that all this terms are transparent. Thus, when instantiated on

these terms, BiLog provides a form foreach construct. The semantics

of E represents the class of all the terms whose normal form is the constructor
. For instanc ®idg E @ The formulaA ® B means that a resource

vector can be horizontally divided into two resource vectors satis#iagdB re-
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spectively. For instance the form ® T is satisfied by all the resource vectors
having@ as first cell. On the other hand, the form o T implicitly says

that a resource vector is composed by a single cell containing a resource whose
generators include. In addition, if the resource monoid is not commutative, the
previous formula says that the first element in the composition is actaalijne
formulaT ® A ® T characterises resources vectors with a subvector satisfying

In particularT ® (A o id;) ® T means that one of the cells in the vector satisfied

A. Finally, if we useT ® (T o @ o T) ® T says that the resour@appears
somewhere in the resource vector. More generally the foridyla T means that

the resource vector has size 1, then itis a simple sequence.

The formulaCell £id; o (-id; A (=(-id; o —id;)) states that a resource vector is
not empty and it is not composed by two not empty vectors, then it is a single cell.
The Cell formula is useful to define two operators that correspond to the Kleene
stars for the bigraphical combinators. Let |** < —|(T ® (CeII A _.@) ® T).

This formula is satisfied by resource vectors that are not composed by @etedi

from @ Thus@ & characterises resource vectors of the ®...0 @
namely elements of the Kleene star generatedebyand the compositiom. This

idea can be extended to a forméla

A% © (Te(CellA-A)T);
A E (T (CellA-AT).

A vector of resources satisfié§* if it is composed only by cells satisfying.

3.4 Properties

Here we show some basic results about BiLog. In particular, we observe that, in
presence of trivial transparency, the induced logical equivalence coincides with the
structural congruence of the terms. Such a property is fundamental to describe,
query and reason about bigraphical data structures, as e.g. XML (cf. §6). In other
terms, BiLog isintensionalin the sense of [36], namely it can observe internal
structures, as opposed to the extensional logics used to observe the behaviour of
dynamic system. Inspired by [24], it would be possible to study a fragment of BiLog
without the intensional operatogs o, and constants.

The lemma below states that the relatfemespects the congruence.

Lemma 1 (Congruence preservation)For every couple of terms G and & G
Aand G= G thenG E A.

Proof. Induction on the structure of the formula, by recalling that the congruence
is required to preserve the typing and the transparency. In detail

12



Case F. Nothing to prove.

CaseQ. By hypothesi$s £ Q andG = G'. By definitionG = Q and by transitivity
G = Q, thusG’ E Q.

Case id. By hypothesisG E id andG = G’. Hence there exists ansuch that
G =G =id, and soG’ [ id.

CaseA = B. By hypothesisG £ A = BandG = G’. This means that iG = A
thenG E B. By induction ifG’ E AthenG E A. Thus ifG’ E AthenG E Band
again by inductiorc’ = B.

CaseA ® B. By hypothesisG E A® BandG = G’. Thus there exigB;, G, such
thatG’ = G = G; ® G, andG; E AandG; E B. HenceG’ E A® B.

CaseA o B. By hypothesi<z £ A o BandG = G’. Thus there exigb;, G, such
thatG’ = G = G; o G, andr(G;) andG; E AandG; = B. HenceG’ E Ao B.
CaseA o— B. By hypothesi$s A o— BandG = G'. Thus for everyG” such that
G” E Aand7r(G”)and G” o G)| itholdsG” o G | B. Now G = G’ implies
G” o G = G” o G’; moreover the congruence preserves typing&odq G')| .

By inductionG” o G’ B, then conclud&’ = A -— B.

CaseA — B. If (@) is not verified, therG’ E A — B trivially holds. Suppose
7(G’) to be verified. ASG = G’ and transparency preserves congruen(®) is
verified as well. By hypothesis for ea@t satisfyingA such thatG o G”)| it
holdsG o G” E B, and by inductiorG’ o G” E B,asG =G and G o G”)|
implies G’ ¢ G”)| andG o G” = G’ o G”. This provess’ E A — B.

CaseA @ B (and symmetricall A —® B). By hypothesisG £ A @ B andG =
G’. Thus for eacls” such thaG” = Aand G” ® G)| thenG” ® G  B. Now
G =G impliesG” ® G = G” ® G, again the congruence must preserve typing
so G” ® G’)| . Thus by inductiorG” ® G’ = B. The generality of5” implies
G EA® B O

BiLog induces a logical equivalencg on terms in the usual sense. We say that
G; =L G, if for every formulaA, G;  AimpliesG, = A and vice versa. It is easy

to prove that the logical equivalence corresponds to the congruence in the model if
the transparency predicate is true for every term.

Theorem 1 (Logical equivalence and congruenceYVhen the transparency pred-
icate is always true, then G G’ if and only if G= G’ for every term G, G

Proof. The forward direction is proved by defining the characteristic formula for
terms, as every term can be expressed as a formula. In fact, the transparency pred-
icate is total, hence every constant term corresponds to a constant formula. The
converse is a direct consequence of Lemmari.

The logical equivalence is less discriminating in presence of opaque constructors.
For instance, the logic cannot distinguish two opaque constructors of equal type.

The particular characterisation of the logical equivalence as the congruence in the
case of trivial transparency can be generalised to a congruence ‘up-to-transparency.’

13



Table 4.1 Derived Operators

I
T, AV, & < -

Classical operators

A % Aoid, Constraining the source to be |

A,y T idjoA Constraining the target to be J

AL ¥ (A); Constraining the type to be | — J

Ao B * Aocid oB Composition with interface |

Ao—3BE A, ;0-B Contexts with J as target guarantee
A—< BE A —-B Composing with terms having | as source
AcB ¥ —(-A® -B) Dual of tensor product

AeB £ —<(-Ao-B) Dual of composition

AeB & —(-Ao -B) Dual of composition left adjunct

A—-B £ —(-A— -B) Dual of composition right adjunct

A TRART Some horizontal term satisfies A

A® € FogAoF Every horizontal term satisfies A

At " ToAoT Some vertical term satisfies A

AY° “ FeAeF Every vertical term satisfies A

A E(ToA). Somewhere modality (on ground terms)
A L <-A Anywhere modality (on ground terms)

L

That means we can find an equivalence relation between trees that is ‘tuned’ by
the morer covers, the less the equivalence distinguishes. This relation will be better
understood when we instantiate the logic to particular terms. A possible definition
of transparency will be provided in 85.6.

4 BiLog: derived operators

Table 4.1 outlines several operators that can be derived in BiLog. The classical
operators and those constraining the interfaces are self-explanatory. The ‘dual’ op-
erators are worth explaining. The form@ B is satisfied by term& such that for
every possible decompositiégh= G; ® G, eitherG; | A or G,  B. For instance,
AeAdescribes terms whekeis true in, at least, one part of eagkdecomposition.

The formulaFe(T_,, = A)eF describes those terms where every component with
outerfacd satisfiesA. Similarly, the compositio\ e B expresses structural prop-
erties universally quantified on evesydecomposition. Both these connectives are
useful to specify security properties or types.

The adjunct duah « B describes terms that can be inserted into a particular con-
text satisfyingA to obtain a term satisfyinB, it is a sort of existential quantification

on contexts. For instanc€( v Q,) e A describes the union between the class of
two-region bigraphs (with no names in the outerface) whose merging sa#isfies
and terms that can be inserted eithe€inor Q, resulting in a term satisfying.
Similarly the dual adjuncA — B describes contextual tern@ such that there
exists a term satisfying that inserted irG gives a term satisfying.
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The formulaeA™®, A", A%, andA’° correspond to quantifications on the horizon-
tal/vertical structure of terms. For instan€¥° describes terms that are a finite
(possibly empty) composition of simple terns Next section discusses spatial
modalities<> andx.

Following lemma states a first property involving the derived connectives, by prov-
ing that the interfaces for transparent terms can be observed.

Lemma 2 (Type observation) For every term G, it holds: G= A _,; if and only if
G:1 - Jand GE A and7(G).

Proof. For the forward direction, assume tlat= A,_;, thenG = id; o G’ o id,

with G £ Aand7(G). Now,id; o G’ oid; : | —» J. By Lemma 1.G : | —
JandG E A andt(G). The converse is a direct consequence of the semantics
definition. O

Thanks to the derived operators involving interfaces, the equality between inter-
faces,| = J, is derivable by and®-, as

T ® (id, A (id, ®- id)). (1)

Whenever a bigraph satisfies such a formula, the interfaeesl J are equal. To
gather the basic idea, assume the bigi@satisfies (1). This means that= G; ®
G, with G; E T andG; E id, A (id; ® id;). By definition, the latter is equivalent
to G, = € andG; E id, ® id;. ThenG = G; ande E id; ® idj, by Lemma 1.
Hencee ® id, E id;, that entailsd, = id;. Clearly, the last equality holds only
if 1 = J. By reversing the reasoning, it is easy to see that wherewved, every
bigraph satisfies (1).

4.1 Somewhere modality

The idea oublocationC defined in [14], can be extended to the bigraphical terms.
A sublocation corresponds to a subterm and it is formally defined on ground terms
as follows. The definition of sublocation makes sense only for ground terms, as
the structure of ‘open’ terms (i.e., with holes) is not known a priori. Formally it is
defined as follows.

Definition 1 (Sublocation) Giventwoterms Ge - Jand G : e —» J,term G
is defined to be a sublocation for G, and write GG, inductively by:

e GCG,IfG =G;

e GCG, ifGEG]_@Gz, with G CGiorG C Gy
e GLCG,IfG= Gy 0 Gy, with T(Gl) and G C Go.
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This relation, introduce ‘@somewhere”modality in the logic. Intuitively, a term sat-
isfies“somewhere” Awhenever one of its sublocations satisffedRephrasing the
semantics given in [14], a term ground te@rsatisfies the formulasomewhergA

if and only if there exist$&s’ C G such thatG’ E A. Quite surprisingly, such a
modality is expressible in the logic. In fact, in case of ground terms, the previous
requirement is the semantics of the derived connectiydefined in Tab. 4.1.

Proposition 1 For every ground term G:

G E <A if and only if there exists G= G such that G A.

Proof. First prove a supporting property characterising the relation between a term
and its sublocations.

Property 1 For every ground term G and Gt holds: G C G if and only if there
exists a term C such tha{C) and G=C o G'.

The direction from right to left is a simple application of Definition 1. The direction
from left to right is proved by induction on Definition 1. For thasic stepthe
implication clearly holds i’ C G in caseG’ = G. Theinductive steglistinguishes
two cases.

If G’ C G is due to the fact that = G; ® G,, with G’ C G; or G’ C G,. Without

loss of generality, assunt& C G;. The induction says that there exi€such that
7(C) andG; = C o G'. HenceG = (C o G’) ® G,. Now the typing isC : Ic — Jc;

G :e—> |C;Gz:E—>Jz;andG:€®€—>Jc®J2.SOGE(COG,)(X)(GZOidE).

As the interface is the neutral element for the tensor product between interfaces,
composeC @ Gy i lc ® € —» Jc ® Jp, andG’' ® id, : € ® € = Ic ® €. Hence

the term C ® G,) o (G’ ® id,) is defined. Note that(C ® G,) is true,asr(G,) is
verified sinceG, : € — J, andt(C) is true by induction. Hence, by bifunctoriality
property, conclud& = (C ® Gy) o G, with 7(C ® G,), as aimed.

On the other hand, &’ C G is due to the fact that = G; o G,, with 7(G,) and
G’ C G,. The induction says that there exi§issuch thatr(C) andG, = C o G'.
HenceG = G; o (C o G’). ConcludeG = (G, o C) o G, with 7(G; o C).

Suppose now thab = <A, this means thab = (T o A).. According to Tab. 4.5,
this means that there exiStandG’ such thatG’ = A andr(C), andG = C o G'.
Finally, by Property 1, this meaid C G andG’ F A. O

Theeverywherenodality (=) is dual to<>. A term satisfies the formuba A if each
of its sublocations satisfies
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4.2 Logical properties deriving form categorical axioms

For every axiom of the model, the logic proves a corresponding property. In partic-
ular, the bifunctoriality property is expressed by formulae

(A o BL)® (A, 0B, & (A ®A,) o (B ®B,,)

valid when ( ® J)| .

In general, given two formulad, B we say thatA yields B and we writeA + B,
if for every termG it is the case that E A impliesG  B. Moreover, we write
A 4+ Bto say bothA+ BandB + A.

Assume that and J are two interfaces such that their tensor produa J is
defined. Then, the bifuctoriality property in the logic is expressed by

(A 0 BL) @ (A 0 B.,;) 4 (A ® Ay) o (B ® B.,)). 2)
Proposition 2 Wheneve(l ® J)| , the equation (2) holds in the logic.

Proof. Prove separately the two way of the satisfaction. First préves(B_,|) ®
(Aj o B+ (A ® A)) o (B, ® B',;). Assume thaG (A o B,)) ® (A] o
B’,,). This means that there exi&t : I’ — 1”7, G” : J' — J” such that’ ® J’ and
1” ® J” are defined, anG = G’ ® G”, withG’' E A o B_,; andG” | Aj o B ;.
Now, G’ E A, o B_,; means that there exi&; andG, such tha{i) G’ = G; o Gy,
(i) Gy : | - X, with 7(G;) andG; E A, and(iii) G, : I’ — |, with G, E B.
Similarly, G” = A, o B',; means(i) G” = G} o G, and(ii) G} : J — J”, with
7(G)) andG] E A, and(iii) G, : I” — J, with G,  B'. In particular, conclude
G =(G10Gy) ® (G 0 G)). Asl ® Jis defined, G, ® G)) o (G, ® G)) is
an admissible composition. The bifunctoriality property implies (G, ® G)) o
(G2 ® G)). Moreoverr(G; ® G)), ast(G;) and7(G}). Hence conclude tha®
(A ® A)) o (B, ® B, ), as required.

For the converse, prové( ® A)) o (B, ® B ;) + (A o B,)) ® (A] o B',)).
Assume thaG (A ® A)) o (B, ® B',;). By following the same lines as
before, deduce th& = (G1 ® G)) o (G, ® G)), where(i) 7(G1 ® GY)), (ii)

G;: | = Y suchthaG; E A, (i) G} : J —» J” suchthaG] E A, (iv) G, : I’ — |

such thatG, B, and(v) G, : I” — J such thatG, = B'. Also in this case,

the tensor product of the required interfaces can be performed. Hence compose
(G1 0 Gy) ® (G} o G)). Again, the bifunctoriality property implie& = (G; o

Gy) ® (G] o G)). Finally, by observing that(G; ® G)) implies7(G;) and(G)),
deduceG; o G, E (A o B,)) and G} o G)  (A] o B,;). Then conclude
GE(AoB.)®(A,0B,). O

—
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Table 5.1 Additional Axioms for Place Graphs Structural Congruence

I
Symmetric Category Axioms:

Ymo = idm Symmetry Id

Ymn © Ynm = 1dmgn Symmetry Composition

Ymw ©c(G®F)=(F®G) o ymn Symmetry Monoid
Place Axioms:

joino (1®idq) =id; Unit

join o (join ® id1) = join o (id; ® join) Associativity

join o y11 = join Commutativity

5 BiLog: instances and encodings

In this section BiLog is instantiated to describe place graphs, link graphs and bi-
graphs. A spatial logic for bigraphs is a hatural composition of a place graph logic,
for tree contexts, and a link graph logic, for name linkings. Each instance admits
an embedding of a well known spatial logic.

5.1 Place Graph Logic

Place graphs are essentially ordered lists of regions hosting unordered labelled trees
with holes, namely contexts for trees. Tree labels correspond to coKtrdis— 1
belonging to a fixed signaturk. The monoid of interfaces is the monoid, &, 0)

of finite ordinalsm, n. Ordinals represent the number of holes and regions of place
graphs. Place graph terms are generated from the set

O={1:0-1lidy:n—>njoin:2—->Lypn:M+Nn->n+muUK

The only structured terms are the contr&lsrepresenting regions containing a
single node with a hole inside. All the other constructorgéaeingsand represent
treesm — n with no nodes: the place identitgl,, is neutral for composition; the
constructor 1 represents a barren regjom is a mapping of two regions into one;
Ymn IS @ permutation that interchanges the firstegions with the followingn.
The structural congruence for place graph terms is refined, in Tab. 5.1, by the
usual axioms for symmetry of,,, and by the place axioms that essentially turn
the operatiorjoin o (_® ) in a commutative monoid with 1 as neutral element.
In particular, the places generated by composition and tensor producyfieare
permutationsA place graph igrimeif it has typel — 1, namely it has a single
region.

Example 3 The term

G &' (serviceo (join o (name® description)) ® (pusho 1)
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is a place graph of type 2 2, on a signature containirsgrvice name description
andpush It represents an ordered pair of trees. The first tree is labsdiedceand
hasnameanddescriptionas (unordered) children, both children are actually con-
texts with a single hole. The second tree is ground as it has a single node without
children. The tern® is congruent togervice® puslh) o (join ® 1) o (description®

name. Such a contextual pair of trees can be interpreted as semi-structured partial
data (e.g. an XML message, a web service descriptor) that can be filled by com-
position. The order among holes is a major issue in the composition, for instance,
(K1 ® Ky) o (K3 ® 1) is different from K; ® K;) o (1 ® K3), as nodes plugs into

K; in the first case, and insid& in the second one.

Fixed the transparency predicateon each control ik, the Place Graph Logic
PGL(K, 1) is BiLog(w, +, 0, =, K U {1, join, ymn}, 7). We assume the transparency
predicater to hold forjoin andyn,,. Theorem 1 can be extended to PGL, thus such

a logic can describe place graphs precisely. The logic resembles a propositional
spatial tree logic, in the style of [6]. The mainfléirences are that PGL models
contexts of trees and that the tensor product is not commutative, unlike the parallel
composition in [6], and it enables the modelling of the order among regions. The
logic can express a commutative separation by ugiimgand the tensor product,
namely theparallel compositioroperatorA | B £'join o (A1 ® B_,;). At the term

level, this separation, which is purely structural, correspongaitoe (P; ® P,),

that is a total operation on all prime place graphs. More precisely, the semantics
says thaP E A | B means that there exi84 : I; — 1 andP; : I, — 1 such that:

P= join o (Pl ® Pz) andPl = Aansz = B.

5.2 Encoding STL

Not surprisingly, prime ground place graphs are isomorphic to the unordered trees
modelling the static fragment of ambient logic. Here we show that, when the trans-
parency predicate is always verified, BiLog restricted to prime ground place graphs
is equivalent to the propositional Spatial Tree Logic of [6] (STL in the following).
The logic STL expresses properties of unordered labelled Treesmstructed from

the empty tree 0, the labelled node containing a&fé@é, and the parallel composi-

tion of treesT | T,, as detailed in Tab. 5.2. Labalsare elements of a denumerable
setA. STL is a static fragment of the ambient logic [13] and it is characterised
by the usual classical propositional connectives, the spatial connectias|]0,

A| B, and their adjunct&@a, A> B. The language of the logic and its semantics is
outlined in Tab. 5.3.

Table 5.4 encodes the tree model of STL into prime ground place graphs, and STL
operators into PGL operators. We assume a bijective encoding between labels and
controls, and we associate every labealith a distinct controK(a) of arity 0. As
already said, we assume the transparency predicate to be verified on every control.
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Table 5.2Information tree Terms (ovex) and congruence

I
T,T:=0 empty tree consisting of a single root node
a[T] single edge tree labelled | € A leading to the subtree T
T | T’ tree obtained by merging the roots of the trees T and T’
T|0=T neutral element
TIT=T"|T commutativity
(TIT)|T"=T|(T’|T”) associativity
|

Table 5.3 Propositional Spatial Tree Logic

AB:=F anything alA] location
0 empty tree A@a location adjunct
A= B implication A|B  composition
A>B  composition adjunct
T Ee F iff never
T Ewm O iff F=0

TEmw A=>B iff Thkg A impliesT kg B
T Esn aA] iff thereexists T’ s.it. T=a[F’] and T’ g A
ThEam A@a  iff  a[T] Fa A
TEwA|B iff there exists T1, T2 s.t.
T=T1|Te and T1 g A and Ty ¢ B
T Ea A B iff forevery T': if T g A implies T | T’ gy B

Table 5.4 Encoding STL in PGL over prime ground place graphs

Trees into Prime Ground Place Graphs
[0]1 =1 [aTIIEK@o[T] [TalT2] Ejoino ([Ti]®[T20)
STL formulae into PGL formulae

[0] ='1 [alAl] £K(@) o1 [A]
[FI1=F [ A@a] ='K(a@) -1 [ Al
[A=B] =[A]l =1[8B] [AIBI=TA]ILBI]

[A>B] £ ([ A] lid1) o—1 [ B]

The monoidal properties of parallel composition are guaranteed by the symmetry
and unit axioms ojoin. The equations are self-explanatory once we remark (ihat:

the parallel composition of STL is the structural commutative separation of PGL;
(i) tree labels can be represented by the corresponding controls of the place graph;
(iii) location and composition adjuncts of STL are encoded by the left composition
adjunct, as they add logically expressible contexts to the tree. This encoding is
actually a bijection tree to prime ground place graphs. In fact, there isvanse
encoding( ) for prime ground place graphs in trees defined on the normal forms
of [30].

The theorem of discrete normal form in [30] implies that every ground place graph
g: 0 — 1 can be expressed as

g=joino(My®...® My1) €))
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where everyM; is a molecular prime ground place graph of the favin= K(a) o g,
with ar(K(a)) = 0. As an auxiliary notatiorjpin,, is inductively defined apin, &
1, andjoin,,,; £'join o (id; ® join,). The bifunctoriality property implies

joino(Mp®...® Mp_1) =
= join o (Mg ® (join o (M; ® (join o (... ® (join o (Mp_2 ® Mn_1))))))).

The work in [30] says that the normal form in (3) is unique, up to permutations.

For every prime ground place graph, the inverse encoding ( ) considers its discrete
normal form and it is inductively defined as follows

(joing) £'0
(K@-oa) =a(a)]
([joinso (Mo@...@ Ms—l)]) d:efq:Mo]) | |(]:M5_1:D

The encodings [ ] and ( ) are one the inverse of the other, hence they give a bijec-
tion from trees to prime ground place graphs, which is fundamental in the proof of
the following theorem.

Theorem 2 (Encoding STL) For each tree T and formula A of STL:

TEm A ifandonlyif [T]E[AL

Proof. The theorem is proved by structural induction on STL formulae. The trans-
parency predicate is not considered here, as it holds on every control. The ba-
sic step deals with the constarfisand 0. CaseF follows by definition. For the
caseO, [T] E [0] means [T] E 1, that by definitionis [T] = 1 and so
T=([T]) =(1) £0, namelyT E, O.

The inductive steps deal with connectives and modalities.

CaseA= B. Assuming[T] E[A= B]lmeans[T] E[ A] = [ B]; by defi-
nition thissaysthat[ ] £ [ Al implies[ T] E [ B]. By induction hypothesis,
this is equivalent to say that =, AimpliesT [, B, namelyT E,, A= B.

CasealA]. Assuming [T] E [ alA]]lmeans[T] k& K(a) o1 ([ A]). Thisamount
to say that there exist : 1 — 1 andg: 0 —» 1suchthat[T] = G o gand
G E K(@) andg E [A], thatis [T] = K(a) o g with g E [ A]. Since the
encoding is bijective, this is equivalent 1o = (K(a) o g) £ a[{ g])] with
g E [ A]. Sinceg: 0 — 1, the induction hypothesis says thad ) £ A. Hence
it is the case thal k,, a[A].

CaseA@a. Assuming [T ] E [ A@a] means [T] E K(a) —; A. This is equiv-
alent to say that for ever¢ such thatG £ K(a), if (G o [T]) | thenG o
[ T] E [ A]. According to the definitions, thisik(a) o [ T] E [ A], and so
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[a[T]] E [ Al By induction hypothesis, this@&T] ., A. HenceT [, A@a
by definition.

CaseA|B. AssumingthatT] E[A| Bl means [T] E [A] | [ B]. This
is equivalent to say thatT] kE join o ([ A]_1® [ B] 1), namely there exist
01,02 : 0 —» 1suchthat[I'] = join o (g1 ® g2) andgs = [ A] andg; [ B].
As the encoding is bijective this means that (g:) | ( 92), and the induction
hypothesis says thatgf ) = Aand (g;) E B. By definition this isT g, A| B.

CaseAr»B. Assumingthat[T] E[ A>» Bl means[T] E join([ A] ® idy)) o—

[ B], namely for everyG : 1 — 1 such thatG E join([ A] ® id,) it holds
Go[T]E[B] Now,G:1— 1andG E join([ A] ® id;) means that there
existsg : 0 —» 1 suchthag E [ A] and G = join(g ® id;). Hence it is the case
that for everyg : 0 —» 1 suchthag = [ A] itholdsjoin(g®id,) o[ T] E [ B,
thatisjoin(g® [ T]) E [ B] by bifunctoriality property. Since the encoding is
a bijection, this is equivalent to say that for every tféesuch that [T’ ] = [ Al

it holdsjoin([T'] [ T]) E [B], thatis [T’ | T] E [ B]. By induction
hypothesis, for every’ such thaflT’ |, AitholdsT’ | T kg, B, that is the
semantics ol |k, A>B. O

Differently from STL, PGL can also describe structures with several holes and re-
gions. In 86 we show how PGL describes contexts of tree-shaped semistructured
data. Consider, for instance, a function taking two trees and returning the tree ob-
tained by merging their roots. Such a function is represented by thederrwhich

solely satisfies the formujain. Similarly, the function that takes a tree and encap-
sulates it inside a nodabelledby K, is represented by the terhand captured by

the formulak. Moreover, the formulgoin o (K ® (T o id,)) expresses all contexts

of form 2 — 1 that place their first argument insid&Kanode and their second one

as a sibling of such node.

5.3 Link Graph Logic (LGL).

Fixed a denumerable set of namesve consider the monoidP,(A), W, 0), where

Pin(L) is the finite powerset operator ands the subset disjoint union. Link graphs

are the structures arising from such a monoid. They can describe nominal resources,
common in many areas: object identifiers, location names in memory structures,
channel names, and ID attributes in XML documents. The fact that names cannot
be implicitly shared does not mean that we can refer to them or link them explicitly
(e.g. object references, location pointers, fusion in fusion calculi, and IDREF in
XML files). Link graphs describe connections between resources performed by
means of names, that aieferences

Wiring terms are a structured way to map a set of inner na¥h@so a set of

outer names’. They are generated by the constructges:: {a} — 0 and?/x :
X — a. The closure/a hides the inner nama in the outer face. The substitution
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Table 5.5 Additional Axioms for Link Graph Structural Congruence

I
Link Axioms:

8/a=ida Link Identity

/ao?/p=/b Closing renaming

/aca=id,. Idle edge

P/ veay © (idy ® 3/x) = P/vux Composing substitutions
Link Node Axiom:

@ o Ky =Ky Renaming

a/x associates all the names in the 3¥eto the namea. We denote wirings by
w, substitutions by, 7, and bijective substitutions, dubbeenamings by «, 3.
Substitution can be specialised a:£" 2/, anda « b £ 2/, anda & b &
%/ap- The constructor represents the introduction of namagthe terma « b
corresponds to renanteto a, anda & b links, or fusesa andb to namea.

Given a signaturé& of controlsK with arity functionar(K) we generate link graphs
from wirings and the constructd¢z : ® — dwithd = a;,...,a, K € K, and
k = ar(K). The controlK; represents a resource of kikdvith named ports. Any
ports may be connected to other node ports via wiring compaositions.

In this case, the structural congrueneds refined as outlined in Tab. 5.5 with
obvious axioms for links, modelling-conversion and extrusion of closed names.
We assume the transparency prediedt®@ie on wiring constructors.

Fixed the transparency predicatdor each control ink, the Link Graph Logic
LGL(%K, 1) is BiLog(®Psin(A), W, 0, =, K U {/a,2/x}, 7). Theorem 1 extends to LGL:

the logic describes the link graphs precisely. The logic expresses structural spatial-
ity for resources and strong spatiality (separation) for names, and it can therefore
be viewed as a generalisation of Separation Logic for contexts and multi-ports lo-
cations. On the other side, the logic can describe resources with local (hidden or
private) names between resources, and in this sense the logic is a generalisation of
Spatial Graph Logic [10]: it is Sticient to consider the edges as resources.

Moreover, if we consider identity as a constructor, it is possible to define
a—b¥(@aeh)o(a®idp).

In LGL the formulaA ® B describes a decomposition into teeparatdink graphs,

sharing neither resources, nor names, nor connections, that saasfyB respec-

tively. Since it is defined only on link graphs with disjoint infarter sets of names,

the tensor product is a kindspatiafseparationoperator, in the sense that it sepa-
rates the model into two distinct parts that cannot share names.

In this case, horizontal decomposition inherits the commutativity property from
the monoidal tensor product. If we want a naa® be shared between separated
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resources, we need to make the sharing explicit, and the sole way to do that is
through the link operation. We therefore need a way to first separate the names
occurring in two wirings as to apply the tensor, and then link them back together.

As a shorthand, itV : X - YandW : X’ — Y with Y c X', we write W]W
for (W ® idy\y) o Wand ifd = a,...,a, andb = by,...,b,, we writed « b
fora; « by ® ... ® a, « by, similarly ford & b. From the tensor product it is
possible to derive a product with sharing@arGivenG : X —» YandG' : X' - Y’
with X 0 X’ = 0, we choose a ligh (with the same length & of fresh names. The
composition with sharing is

G&G ®[de BB — G o).

In this case, the tensor product is well defined since all the common r@ines
W are renamed to fresh names, while the sharing is re-established afterwards by
linking thed names with thds names.

By extending this sharing to all names we define the parallel compo§tidd” as

a total operation. However, such an operator does not behave ‘well’ with respect to
the composition, as shown in [30]. In addition a direct inclusion of a correspond-
ing connective in the logic would impact the satisfaction relation by expanding the
finite horizontal decompositions to the boundless possible name-sharing decom-
positions. (This may be the main reason why logics describing models with name
closure and parallel composition are undecidable [18].) This is due to the fact that
the set of names shared by a parallel composition is not known in advance, and
therefore parallel composition can only be defined by using an existential quantifi-
cation over the entire set of shared names.

Names can be internalised antieetively made private to a bigraph by the closure
operator/a. The dfect of composition withya is to add a new edge with no public
name, and therefore to makedisappear from the outerface, and be completely
hidden to the outside. Separation is still expressed by the tensor connective, which
not only separates places, but also makes sure that no edge — whether visible or
hidden — crosses the separating line.

As a matter of fact, without name quantification it is not possible to build formulae
that explore a link, since the latter has theeet of hiding names. For this task,
we employ the name variablas, ..., X, and the fresh name quantificatién in the
style of Nominal Logic [35]. The semantics is defined as

GEWMX...%. A iff thereexista...a, ¢ n(G)Un(A)
suchthatG= A{X;... X, < a1...a,),

whereA{x; ... X, < a;...a,} is the usual variable substitution.

By fresh name quantification we define a notio@dinked name quantification for
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fresh names, whose purpose is to identify names linket] &s
ALXAEUX (A= X) ®id) o A

The formula above expresses that the variable® denote inA names that are
linked in the term tad, and the role ofd & X) is to link the fresh nameg with

d, while id deals with names not id. We also define aeparation-up-taas the
decomposition in two terms that are separated apart from the link on the specific
names ird, which crosses the separation line:

A®BEAL X (X &) ®id) o A) @ B. @)

The idea of the formula above is that the shared nahaes renamed in fresh names
X, so that the product can be performed and fingliy linked tod to actually have
the sharing.

The following lemma states that the two definition are consistent.

Lemma 3 (Separation-up-to) If g E Aé B with g: € — X, andX is the vector of

the elements in X, then there existg — X and g : ¢ » X such that g= g; é o2
andg F Aand g E B.

Proof. Simply apply the definitions and observe that the identities must be neces-
sarilyid,, as the outer face afis restricted to b&X. O

The corresponding parallel composition operator is not directly definable by using
the separation-up-to. In fact, in arbitrary decompositions the name shared are not
all known a priori, hence we would not know the vectom the operator shar-

. , X . o
ing/separation operat@. However, next section shows that a careful encoding is
possible for the parallel composition of spatial logics with nominal resources.

5.4 Encoding SGL

We show that LGL can be seen as a contextual (multi-edge) version of Spatial
Graph Logic (SGL) [10]. The logic SGL expresses properties of directed gfaphs
with labelled edges. The notati@tx, y) represents an edge from the nod® y

and labelled bya. The graph<s are built from the empty graphil and the edge
a(x,y) by using the parallel compositidd; | G, and the binding for local names

of nodes {x)G. The syntax and the structural congruence for spatial graphs are
outlined in Tab. 5.6.

The graph logic combines standard propositional logic with the structural connec-
tives: composition and basic edge. Although we focus on its propositional fragment,
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Table 5.6.Spatial graph Terms (with local names) and congruence

G,G = nil empty graph
a(x,y) single edge graph labelled ae A connecting the nodes X,y
G|CG composing the graphs G, G’, with sharing of nodes
(vX)G the node x s local in G

Glnil=G neutral element
G|G =G |G commutativity
G1G6)|IG"=G| (GG associativity

y ¢ fn(G) implies (vX)G = (vW)G{X « Yy} renaming

(v)nil = nil extrusion Zero

x ¢ fn(G) implies G| (vX)G' = (vX)(G | G’) extrusion composition
X # Y,z implies (vx)a(y, 2 = a(y, 2 extrusion edge
(rX)(mY)G = (vy)(vX)G extrusion restriction

Table 5.7 Propositional Spatial Graph Logic (SGL)

o, =F false a(x,y) anedgefromxtoy
nil empty graph ¢|y¥  composition
¢ = ¢ implication

Gk F iff never

G Egp nil iff G =nil

Grme=y |iff Gla ¢ impliesG g ¢
GEm axy) iff G=a(xy)
GEsely iff there exist G1,G2 s.t. G1 g ¢ and Gy g Y and G = G1 | Gy

the logics of [10] also includes edge label quantifier and recursion. In [10] SGL is
used as a pattern matching mechanism of a query language for graphs. In addi-
tion, the logic is integrated witlransducergo allow graph transformations. The
applications of SGL include description and manipulation of semistructured data.
Table 5.7 depicts the syntax and the semantics of the fragment we consider.

We consider a signatur® with controls of arity 2, we assume a bijective function
associating every labalto a distinct controK(a). The ports of the controls repre-

sent the starting and arrival node of the associated edge. The transparency predicate
is defined to be verified on every control. The resulting link graphs are interpreted
as contextual graphs with labelled edges, whereas the resulting class of ground link
graphs is isomorphic to the graph model of SGL.

Table 5.8 encodes the graphs modelling SGL into ground link graphs and SGL
formulae into LGL formulae. The encoding is parametric on a finiteXsgithnames
containing the free names of the graph under consideration. Observe that when
we force the outer face of the graphs to be a fixed finiteXseghe encoding of
parallel composition is simply the separation-upxtavhereX is a list of all the
elements irX. Notice also how local names are encoded into name closures. Thanks
to the Connected Normal Form of [30], it is easy to prove that ground link graphs
featuring controls with exactly two ports are isomorphic to spatial graph models.
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Table 5.8 Encoding Propositional SGL in LGL over ground link graphs

ISpatial Graphs into Two-ported Ground Link Graphs
[ nil]x £'X
[a(xy)Ix & K@xy ® X\ {X,y}
[(X)GIx E ((/x® idx\p) © [ Glixux)) ® (X} N X)
[GIGIxE[GCIx ® [G'1x
SGL formulae into LGL formulae
[ nil Ix £'X [ a(xy)Ix £ K@xy ® (X\ {x.y})
[FIxEF . [e=vIxELelx = [vix
| [elvIxETelx©[v]x

As we impose a bijection between arrows labels and controls, the signature and the
label set must have the same cardinality.

Lemma 4 (Isomorphism for spatial graphs) There is a mappindg ) from two-
ported ground bigraphs to spatial graphs, such that for every set X of names:

(1) The mappind ) is inverse tq ] x.
(2) For every ground link graph g with outer face X in the signature featuring
a countable set of control&, all with arity 2, it holds fr{{g)) = X and

[Cadlx=g9
(3) For every spatial graph G with f{&) = X it holds[G]x : ¢ - X and

(I[GIx) =6G.

Proof. The idea is to interpret link graphs as bigraphs of type> (1, X) with-
out nested nodes. As proved in [30], bigraphs without nested node&laxgas
outerface have the following normal form (whetec X):

G = (/Z]idix) o (X[ Mo|...| M)
M:i=Ky(@ol

The inverse encoding is based on such a normal form:

((/Z1id@x) o (XIMol... | Mic))) Z(vZ)(nil [ (Mo) | ... 1( Mc1))
(Kxy(@) o 1) ='a(x,y)

Notice that the extrusion properties of local names correspond to node and link
axioms. The encodings [ ] and ( ) provide a bijection, up to congruence, between
graphs of SGL with free names and ground link graphs with outer fa¢éand

built by controls of arity two. O

The previous lemma is fundamental in proving the soundness of the encoding for
SGL in BiLog, stated in the following theorem.

Theorem 3 (Encoding SGL) For every graph G, every finite set X that contains
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fn(G), and every formula of the propositional fragment of SGL:

GIZSGL‘;O if and Onlylf |[G]IX|:|[90]]X

Proof. By induction on formulae of SGL. The transparency predicate is not consid-
ered here, as it is verified on every control. The basic step deals with the constants
F, nil anda(x,y). CaseF follows by definition. For the casail, [ G] x E [ nil ] x

means [G]x E X, that by definitionis [G]x = XandsoG = ([ G]x) = ( X) &

nil, namelyG [k, nil. For the casa(x,y), to assume ] x E [ a(x,y) ]x means

[GIx E K(@xy ® X\ {xy}. S0G = ([ G]x) = (K@)xy ® X\ {Xy}]) = a(x.y),

that isG k. a(x,y). The inductive steps deal with connectives.

Casep = y. Toassume B]x E[¢ = ¢lx means G]x E [¢]x = [¥]x;
by definition this says thatG ] x E [ ¢1x implies [G]x E [ ¥ ] x. By induction
hypothesis, this is equivalent to say tlatk=,, ¢ impliesG kg, ¥, hamely

GIZSGL‘p:)w' 2
Casep |¢. Toassume Bx E [¢ | ¢]x means [Glx F [¢lx ® [¥]1x. By

Lemma 3 there existgy, g, such that [G]x = g é 02 andg; E [ ¢]x and
O F [¢]x LetGy = (g1) andG; = (g2), Lemma 4 says thatG: ] x = ou
and [G,]x = g, and by conservation of congruencez{]x E [ ¢]x and
[ G21x E [ ¥ 1x- Hence the induction hypothesis says Bat; ¢ andG;

X X
Y. In addition [G; | G2]x = [GC1lx ® [G2]x = 91 ® g2 = [ G] x. Conclude
thatG admits a parallel decomposition with parts satisfyfgndB, thusG .
ely. O

Also, LGL enables the encoding of Separation Logics on heaps: names used as
identifiers of location are forcibly separated by tensor product, while names used
for pointers are shardihked. However we do not encode it explicitly since in 85.7

we will encode a more general logic: the Context Tree Logic [7].

5.5 Pure Bigraph Logic

By combining link graphs and place graphs we generate alldbstract pure)
bigraphsof [25]. In this case the underlying monoid is the product of link and
place interfaces, namelyw(x Piin(A), ®, €) where(m, X) ® (n, X) £{(m+n, X w'Y)
ande £'(0, 0). As a short notation, we uséfor (0, X) andn for {(n, 0).

A set of constructors for bigraphical terms is obtained as the union of place and link
graph constructors, except the controls which are subsumed by the#iserete ion
constructors, denoted b§; : 1 — (1, 8). It represents a prime bigraph containing

a single node with ports nametland an hole inside. Bigraphical terms are thus
defined in relation to a control signatyieand a set of names, as detailed in [30].
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Table 5.9 Additional axioms for Bigraph Structural Congruence

I
Symmetric Category Axioms:

Ve =id Symmetry Id

g0y =idigg Symmetry Composition

ywyo(GeF)=(F®G)oy Symmetry Monoid
Place Axioms:

joino (1®idq) =id; Unit

join o (join ® id1) = join o (id; ® join) Associativity

join o y11 = join Commutativity
Link Axioms:

8/a=idy Link Identity

/ao?/p=/b Closing renaming

/aca=ide Idle edge

P/ veay © (idy ® 3/x) = P/yux Composing substitutions
Node Axiom:

(id1 ® @) o Kz = Kyg Renaming

The structural congruence for bigraphs corresponds to the sound and complete
bigraph axiomatisation of [30]. The additional axioms are reported in Tab. 5.10:
they are essentially a combination of the axioms for link and place graphs, with
slight differences due to the interfaces monoid. In detail, we define the symmetry
asyi; & ymn ® idxwy Wherel = (m, X) andJ = (n,Y), and we restate the node
axiom by taking care of the places.

PGL excels at expressing propertiesusinamedesources, that are resources ac-
cessible only by following the structure of the term. On the other hand, LGL char-
acterises names and their links to resources, but it has no notion of locality. A
combination of them ought to be useful to model nominal spatial structures, either
private or public.

BiLog promises to be a good (contextual) spatial logic for (semi-structured) re-
sources with nominal links, thanks to bigraphs’ orthogonal treatment of locality
and connectivity. To testify this, 85.7 shows how recently proposed Context Logic
for Trees (CTL) [7] can be encoded into bigraphs. The idea of the encoding is to
extend the encoding of STL with (single-hole) contexts and identified nodes. First,
85.6 gives some details on the transparency predicate.

5.6 Transparency on bigraphs

In the logical framework we gave the minimal restrictions on the transparency pred-

icate to prove our results. Here we show a way to define a transparency predicate.
The most natural way is to make the transparent terms a sub-category of the more
general category of terms. This essentially means to impose the product and the
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composition of two transparent terms to be transparent. Thus transparency on all
terms can be derived from a transparency policy, i.e., a predig@)edefined only
on the constructors as follows.

Definition 2 (Transparency) Given the monoid of interfacd$/, ®, €), the set of
constructors®, the congruence and a transparency policy predicatg defined
on the constructors i® we define the transparency on terms as follows:

G =id, AI.G:e— | G=Q 1716(Q)
7(G) 7(G) 7(G)

GC=G18G;, 1(Gy) 71(Gy) G=G106G; 1(G1) 1(Gy)
7(G) 7(G)

Next lemma proves that the conditions we required on the transparency predicate
holds for this particular definition.

Lemma 5 (Transparency properties) If G is ground or G is an identity then(G)
is verified. Moreover, if G G’ thent(G) is equivalent tar(G’).

Proof. The former statement is verified by definition. The latter is proved by induc-
tion on the derivations. O

We assume every bigraphical constructor, which is not a control, to be transparent
and the transparency policy to be defined only on the controls. The transparency
the policy can be defined, for instance, by security requirements.

5.7 Encoding CTL

Paper [7] presents a spatial context logic to describe programs manipulating a tree
structured memory. The model of the logic is the set of unordered labelledTirees
andlinear contexts Cwhich are trees with a unique hole. Every node has a hame,
so to identify memory locations. From the model, the logic is dubbed Context Tree
Logic, CTL in the following. Given a denumerable set of labels and a denumerable
set of identifiers, trees and contexts are defined in Tab. & i€presents a label
andx an identifier. The insertion of a trek in a contextC, denoted byC(T), is
defined in the standard way, and corresponds to fill the unique hd@ewoth the

treeT. A well formed treeor contextis one where the node identifiers are unique.
The model of the logic is composed by trees and contexts that are well formed.
In particular, composition, node formation and tree insertionpamial as they

are restricted to well-formed trees. The structural congruence between trees is the
smallest congruence that makes the parallel operator to be commutative, associative
and with the empty tree as neutral element. Such a congruence is naturally extended
to contexts.
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Table 5.10Trees with pointers and Tree Contexts

I
T,T7 = 0 empty tree
ax[T] atree labelled a with identifier x and subtree T
T | T’ partial parallel composition
C = = an hole (the identity context)
ax[C] atree context labelled a with identifier x and subtree C
T |C context right parallel composition
C|T context left parallel composition

Table 5.11Context Tree Logic (CTL)

I

PP .= false

0 empty tree formula

K(P) context application

K<P context application adjunct
P = P implication

false

— identity context formula
ay[K] node context formula
P>P"  context application adjunct
P|K parallel context formula

K = K’ implication

K,K”:

The logic exhibits two kinds of formulad®, describing trees, and, describing
tree contexts. It has two spatial constants, the empty tre® famd the hole for

K, and four spatial operators: the node formaigfK], the applicatiorkK(P), and

its two adjunctK > P andP; « P,. The formulaa,[K] describes a context with a
single root labelled by and identified by, whose content satisfié& The formula
K> P represents a tree that satisflegvhenever inserted in a context satisfyikg
Dually, P; <« P, represents contexts that composed with a tree satisBimgoduce

a tree satisfying®,. The complete syntax of the logic is outlined in Tab. 5.11, the
semantics in 5.12.

CTL can be naturally embedded in an instance of BiLog. The complete structure of
the Context Tree Logic has also link values. For sake of simplicity, we restrict our
attention to the fragment without links. As already said, the terms giving a seman-
tics to CTL do not to share identifiers: two nodes cannot have the same identifier, as
it represents a precise location in the memory. This is easily obtained with bigraph
terms by encoding the identifiers as names and the composition as tensor product,
that separates them. We encode such a structure in BiLog by lifting the application
to a particular kind of composition, and similarly for the two adjuncts.

The tensor product on bigraphs is both a spatial separation, like in the models for
STL, and a partially-defined separation on names, like pointer composition for sep-
aration logic. Since we deal with both names and places, we define a fadqgula

to represent identities on places by constraining the place part of the interface to
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Table 5.12Semantics for CTL

T 4 false iff  never

TEsFO iff T=0

T E+ K(P) iff  there exist C, T’ s.t. C(T’) well-formed, and T = C(T’)
and CE«¢ K and T' E+ P

TErK<«P iff  forevery C: C E« K and C(T) well-formed
implies C(T) £+ P

TeErP=>P iff TEs Pimplies T Eq P

C E« false iff  never
CEx - iff C=-
C Ex ax[K] iff  there exists C’ s.t. ax[C’] well-formed, and

C=aCland C' Ex K

CEkEx PsFP iff foreveryT: T Eq P and C(T) well-formed
implies C(T) £+ P

CkEx P|IK iff  there existC’,T s.t. T |C’ well-formed, and
C=T|C and TEs P and C' £k K

CEx K=K iff CEg Kimplies T s K’

be fixed and leaving the name part to be frge;, , £ idy ® (id A =(id)®)). The
semantics says th& [ id,m-, means that there exits a set of nan¥esuch that

G = id, ® idx. By using such an identity formula we define the corresponding
typed compositior, , and the typed adjuncts-(m_y, —om.:

A O(m,_) B d:ef Ao id(m) oB
Ao—m,B £ (idm,oA) B
A—omyB = (Aoidm,)o—B

We then define the operaterfor the parallel composition with separation operator
* as both a term constructor and a logical connective:

D x E £'[join](D ® E) for D andE prime bigraphs
AxB¥(join ®idg,) o (ALay® B,y for AandBformulae

The operator enables the encoding of trees and contexts to bigraphs. In particular,
we consider a signature with controls of arity 1 and we define the transparency
predicate to be verified on every control. Moreover we assume a bijective function
from tags to controlsa, — K(a)y. The details are outlined in Tab. 5.13. The
encodings of trees turn out to lgeound prime discrete bigraph®igraphs with
open links and type 6> (1, X). The result in [30] says that the normal form, up to
permutations, for ground prime discrete bigraphs is:

g=(oin,®idyx) o (M1 ®...® My),

whereM; are calleddiscrete ground moleculemd are of the fornM = (K(a)x ®
idy)g. We can now define the reverse encoding ( ) of [ ], from ground prime
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Table 5.13Encoding CTL in BiLog over prime discrete ground bigraphs

Trees into prime ground Contexts into unary discrete bigraphs
discrete bigraphs [-Tc &idy
[0] £1 [ax[Cllc £ (K(@x ® idtnc)) o [ Clc
[axTI] £ (K@x®idinm) o [ T1 [TICIcELTI+I[Clc
[Tel T2l E[T1] +[T2] [CITIcE[CIc+ITI
TL formulae into PGL formulae CTL formulae into PGL formulae
[ false]p £'F [ false]k £'F
[0l =1 [-1k £idy
[KP)Ip ET[KIk o1y [PIp [P>P Ik E[PIp <, [PIp
[K<Plp €[ K]k =, [Ple [ adK]Tk £ ((K@)x) ®id) o [ K1k
[P=PIrE[Plr=[P1Ir [PIKIk E[PIp+[ Kl

[K=KIk €[KIk = [K Ik

discrete bigraphs to trees, involving such a normal form:

(joing) £'0
((K@x®idy)og 4 a[(9g)]
((joing,®idy) o M1 ®...® M) £ (M) *...x ([ M)

Moreover, the encodings of linear contexts turn out taibary discrete bigraphs
G: bigraphs with open links and typd, X) — (1,Y). Again, the result in [30]
implies that the normal form, up to permutations, for unary discrete bigraphs is:

G = (join, ®idy) o (R® My ® ... ® My_1)

whereM; are discrete ground molecules aRadan be eitherd; or (Kz ® idy) o Q.
Again, we can define the reverse encoding ( ) of [ ], from unary discrete bigraphs
to linear contexts, involving such a normal form:

(id.]) £~
((K(@x ® idy) o Q) = a[( Q)]
((joing®idy) c (REM1®@...® Mica)) E(R) [ (M1)D | ... 1 ( Mia)

As the bigraphical model is specialised to context trees, so BiLog logic is spe-
cialised to the Context Tree Logic. The encodings of the connectives and the con-
stants are in Tab. 5.13, and their soundness is shown in the next lemma.

Theorem 4 (Encoding Context Tree Logic)For each tree T and formula P of
CTL, TE+ Pifandonlyif[ T] E [ P]e. Also, for each context C and formula K
of CTL, CE« Kifand only if[C]c E [ K] k.

Proof. Follow the lines of Theorem 2 and 3, by structural induction on CTL formu-
lae and by exploiting the fact that the encoding of contexts trees into unary discrete
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bigraphs is bijective. O

The encoding shows that the models introduced in [7] are a particular kind of dis-
crete bigraphs with one port for each node and a number of holes and roots limited
to one. Hence, this shows how BiLog for discrete bigraphs is a generalisation of
Context Tree Logic to contexts with several holes and regions. On the other hand,
since STL is more general than separation logic, cf. [7], and it is used to charac-
terise programs that manipulate tree structured memory model, BiLog can express
separation logic as well.

6 BiLog for XML data and contexts

XML data are essentially tree-shaped resources. Starting from [8], where XML
data were modelled by unordered labelled trees, much work on spatial logic for
semistructured data and XML has been proposed [10,11,21]. A query language
on semistructured data based on Ambient Logic was studied in [12]. Here we add
links on resource names to that tree-shaped model, so as to obtain a more general
framework for semistructured data and XML. A similar step was undertaken in [9].
As bigraphs naturally model XML contexts, here we improve on [9] by showing
that BiLog is suitable to describe XML contexts, which can be interpreted as web
services or XML transformations.

Here we focus on the applications of BiLog to XML data. In particular, we first
show how XML data, contexts, and a class of web services can be interpreted as
a bigraph. Then, equipped with a ‘bigraphical’ representation of XML data and
contexts, we show how BiLog can describe and reason about XML.

6.1 Modelling XML Contexts as Bigraphs

The importance of the underlying hierarchical structure in XML, as well as the
fact that links are used only to model relations between nodes, suggests bigraphs
as good models for XML documents. Ground bigraphs represent XML documents,
while those with holes represent XML contexts. The interpretation is trivial when
nominal constraints (such @b andIDREF attributes and nhamespaces) are not con-
sidered. Without nominal attributes there is in fact no link between nodes, and
XML tree structures can be mapped to place graphs by associating tags and values
to bigraphical controls with arity zero. This yields an ambient-like formalism [8].

To model nominal resources and links, controls must be enriched by identification
and pointer ports, connected to each other by the link graph. The model so obtained
is similar to the one in [9], wher&ees with dangling pointerare considered. In
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Table 6.1 XML documents as ground bigraphs

I

(V) = Kval(V) value

(VDaZ Kyai(V)a value linked to an attribute name a
(D (Vidoy, ®...® (Vndo, With¥=vi...vpandb=by...by

(0) £'1 empty tree
(T)E/@ooo Ktag(t)u’a’ﬁ o joinp (V)g ® @10 (T1) ® ... ® an o (Tn))
with T=(t ID=ud=00b=V)Ts,..Ta(/t) XML tree

d=a;...a link attributes

G=Up...U names

b= bi...bp value attributes

V=Vi... W values

i renaming the names of T; into fresh names
o=a;'U...Ueyt  inverse renaming

/d%¥ /a1 ®...® /a, closure of the names in &

joing, merging among n + K bigraphs (definable from join)

addition, link graphs model local names, and so also unnamed connections.

As seen in 85.5, the main constituents of a bigraph are the discret&jpnose

ports are linked to the names & In XML settings, a ion representstag with
someattributes Since ports are unambiguously identified, they can be associated
to attributes. The first port of a ion is associated to a (unique) name, which identi-
fies, as ariD attribute, the element represented by the ion. Other ports are linked
either to other nodedDs, so acting fectively asIDREFS, or to internal edges con-
nected to internal nodes, so representing general attributes. Example 4 will clarify
the idea. Embedding a ion into the hole of another ion, represents the inclusion of
the corresponding elements.

XML data are encoded as ground bigraphs as outlined in Tab. 6.1. Without at-
tributes, XML data are completely modelled by the place graph, since the arity is
zero for every bigraphical control. When dealing with attributes, names and edges
represent XML attributes and XML links between elements, respectively. We con-
sider theIDs used in XML data as names and we assume two functions for values:

Kvai(v) maps the value to a single node with no outer names, no nodes and no
holes inside, and it is actually used to encode the valnebigraphs.

Kval(V)a maps the value a single node with outer nan@ no nodes and no holes
inside, and it is auxiliary to encode values linked to attributes.

We assume a clagds,g of controls. Let be an XML tag, and\tt the list of attributes

for t. Being finite and ordered, the ligtit can be associated to an ordin&tt In
particular, every attribute can be identified by the position. So theitagssociated

to Kiag(t, )a, Which represents the ion with contiél,g(t) € Kiag @and arity #Att. The
vectord indicates the names connected to the control. These names correspond to
the IDs associated to the attributesAtt. A value attribute is encoded as a value
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inside the node and connected to the port whose position marks the corresponding
attribute. ldentifiers ID) and links ([DREF) attributes becom@amesof the tag

and can be connected with other names to model references. The connection is
performed by link graph constructora: & b, to create a reference, arid, to

create a closed connection for attributes.

In Tab. 6.1 the term 1 corresponds to the empty tree. The core of the translation is
the encoding of (non empty) trees. Here, the rol¢oaf is to group together the
(encodings of the) set of children df and the (encodings of the) values linked

to attributes. The renamings guarantee that the product is defined and they are
obtained by choosing fresh names, not appearing in the encoded tree, and by com-
bining operatorsa < b. The bigraph obtained bgin is single-rooted, thus it fits

in the ion associated to the tagAfter the composition with the ion, names are
renamed in order to actualise all the references, finally the links between the root
and the values linked to attributes are closed. The renaming is obtained by consid-
ering the inverse af; (definable by using the operat@as— b anda & b), and the
closure is obtained by combining the closures of the names associated to attributes.

Example 4 Consider a database that stores scientific papers and information about
their authors, and focus on the fragment quoted in the document below.

<authors>
<author n="ID1" name="Conf" coauth="ID4">

<add n="ID2">"..."</add> <phon n="ID3">"..."</phon>
</author>
<author n="ID4" name="Mace" coauth="ID7">

<add n="ID5">"..."</add> <phon n="ID6">"...'"</phon>
</author>
<author n="ID7" name="Sass" coauth="ID10">

<add n="ID8">"..."</add> <phon n="ID9">"..."</phon>
</author>
</authors>

Tag author has the following attributes: an identifi@bn, a link to another au-

thor coauth, that is anIDREF, and a general attributeame. In the corresponding
bigraphical encoding (see Fig. 6.3) every tagthor is associated to a control

of arity three. Exploiting the order of the ports, we identify a port with the corre-
sponding XML attribute unambiguously. In the picture we assume the ports ordered
clockwise. The first port corresponds to the identifi®, and is connected to an
outer name. The second one corresponds to the general attrdmeteand is con-
nected by a closed link to a value. The final attribute corresponds to the reference,
coauth, and it is connected to a name that corresponds to anathéor tag.

This encoding does not capture the order among children of a node, so they rep-
resent lists of unordered trees connected through links. This model can be used
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authors
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Fig. 3. XML encoding

for XML data whose document order is not relevant, as, for instance, for XML
encodings of relational databases [2], or for distributed XML documents in a P2P
computing, orsemantics welwhere attaching meaning to denote order is undesir-
able. Sorting disciplines may provide an encoding that respects the order.

More generally, a bigraph represents a context for unordered XML data, just be-
cause there can be holes in it. So in Ex. 6.4 we can imagine holes in place of some
nodes. This yields a contextual XML document, representing a functiowgbr
service that takes a list of XML files and returns their composition in the con-
text, by fitting every file in the relative position. In this way, besides plain XML
documents, we can model web services.

6.2 BilLog for XML Contexts

This section informally discusses how BiLog can be used for describing, querying
and reasoning about XML. We analyse three possible ca$&5L to model XML
data trees and tree contexts, without nominal resou(ée$pgics for discrete bi-
graphsto model XML data trees with identified nod€si) BiLog to model XML
data trees with soft-link connections, that are implemented with nominal resources.

XML without IDs As said in 86.1, without nominal resources XML amounts to
unordered labelled tree. In [8] the author outlines the similarities between such a
model and ambient calculus. Then Ambient Logic is used in [12] to introduce a
qguery language for semistructured. In 85.2 and § 5.7 we show that PGL extends
the static fragment of ambient logic and models general contexts of tree-shaped
resources. Hence it can describe XML contexts, without attributes.

The models of PGL arpositivefunctionsm — n, which produce a list oh XML
contexts from a list ofln XML contexts. The adjective ‘positive’ means that the
functions can onlyadd structure to the parameters, without removing or replace
any part of XML data. In this sense, XML contexts are viewed as positive XML
web services that take XML documents and return XML documents. This is similar

37



to Positive Active XML [1], but presents a remarkabl&eience, as the bigraphical
model does not handle ordered trees. We ubst ®f parameters and lest of re-
sulting contexts. For instance, consider a web semwigcéhat satisfies the formula
Kq(idy) | Ky(id,). This web service takes two trees and puts the first inside a node
labelled byK;, then it puts the second inside a node labelledKbyand finally it
performs a parallel composition between the two resulting trees. The ordered pa-
rameters are required to fix the exact correspondence between holes and roots. The
web servicewb is characterised by the formula above, but it satisfies also the for-
mulaK,(id;) | T. The formula characterises web services which have at least one
hole and are the composition of a node with arity one labelledKbyn parallel

with something else. In this sense a notiortygfefor web services arises: we can
use PGL to formalise web service types and constraints.

Since XML active documents are contexts, PGL actually describes active XML
documents and web service in an unique framework. In addition, an approach simi-
lar to TQL [12] can be used to query Active XML documents and web service. PGL
may be eventually used to type web service in order to avoid useless invocations.

XML Contexts with identified nodes A simple tree structure does not allow
logic and model to directly identify the resources, which are accessed only through
navigation. When XML documents have nominal resources in addition to the tree
structure, names can refer to locations, hence the resulting model can be seen as
an extension of a heap memory model. In particular, names are intrinsically sep-
arated by the tensor product. Trees with names correspond to discrete bigraphs,
namely place graphs with named resources but no name sharing betWeemtli
resources. PGL extended by named contkglgnd renamingx « vy is suitable

to describe these models. In detdl, denotes a node labelled i with name
identifier x, and an hole inside. The rename« Yy is suitable to map names of
different sources to flerent identifiers. The tensor product constraints two models

to be separated both in locality and in names. In fact, a models sasteeB

if it has two sub-models satisfying and B respectively and with disjoint sets of
identifiers, i.e., disjoint outer faces. Such a PGL extension characterises (contexts
of) resources which can be accessed either by navigation through the tree structure
or by using name controls as pointers.

XML Contexts with Connections For XML data models, nodes which are not
related by a parent-child relationship can be connected either explicittp layd

IDREF attributes or implicitly by namespaces. BiLog’s notion of sharing can model
connections between resources to treat structures with pointers. Sharing is obtained
through links between names of resources. In Tab. 1, identifiers are encoded as
tag names andDREFs as pointers to names in the same document. The connec-
tion betweenID andIDREF is expressed in BiLog by closed names. Moreover the
‘separation-up-to’ operator, defined in (4), can express properties like “The author
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of paperX has a relationship with the author of pap€rwhich express separation

on resources, since there aréelient authors for dierent papers, but sharing on
linked names. BiLog can also express XML contexts with links. For instance a al-
teration to a namespace can be represented by a link composed to an identity, and
unnamed resources can be represented by closed names.

7 Towards dynamics

A main feature of a distributed system is mobility, or dynamics in general. In deal-
ing with communicating and nomadic processes, the interest is to describe not only
their internal structure, but also their behaviour. So far, it has been shown how
BiLog can describe structures, this section is intended to study how to express
evolving systems. BiLog is able to deal with the dynamic behaviour of models. Es-
sentially, this is due to its the contextual nature, suitable to characterise structural
parametric reaction rules that model dynamics.

The usual way to express dynamics with a logic is to introducexa stepnodality
(0), that hints how the system develops in the future. In general, a process satisfies
the formula¢A if it may evolve into a process satisfyifg

In process algebras, dynamics is often presentegdgtion(or rewriting) rules of
the formr —> r’, meaning that the term(theredey is replaced by’ (thereactun)

in suitablecontexts, namedctive The ‘activeness’ is defined on the structure of
contexts by a predicate

In general, digraphical reactive system a bigraphical system provided with a set

of parametric reaction rules, namely a Satf pairs’> (R,R : | — J), whereR and

R are the redex and the reactum of a parametric reaction. We consider only ground
bigraphs, as they identifies processes, contrary to non-ground bigraphs that are open
and identifies contexts. The active bigraphs are identified by the predicdtsed

for compositions andls. A ground bigraplg reacts tagy’ (writteng —> @') if there

is a couple R R) € S, a set of name¥, a bigraphD (usually not ground) with

6(D) true, and a ground bigraph such that:

g=Do(R®idy)od and g =Do(R®idy)od.

When the model is enriched with a dynamical framework, the usual way to intro-
duce the modality is to extend the relatiog by defining'g E ¢Aiffg — g and

2 This is a simplification to capture the case of CCS presented in this section. In general,
bigraphical theory does not requiRkandR’ to have the same inner face.
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g E A! According to the formulation of the reduction given above, we obtain

gF 0A iff thereexifR R) € S, idy, D active, and d ground
suchthatg=e Do (R®idy) odand Do (R ® idy) cd E A (5)

One may wonder whether the modalityis the only way to express a temporal
evolution in BiLog. It turns out that BiLog has a built in notion of dynamics. There
are several cases in which BiLog itself igistient to express the computation. One
of them is the encoding of CCS, shown in the following.

We focus on the fairly small fragment of CCS considered in [5], consisting of prefix
and parallel composition only, Q will range over CC$rocessesa, b, c overac-
tions chosen in the enumerable gatts anda, b, € overcoactions Process syntax

is defined by the following grammar:

P == 0| aP | P|P

A = a | a

As operator is not included, all the actions appearing in a process are not bound;
this fact yields the encoding to produce bigraphs with open links. Moreovactas

will actually be the set of names for the bigraphs used to encode CCS processes, we
will refer to its elements as names. In particular, the ‘names’ of a CCS process are
all the elements oActsappearing in its syntax, both as actions and as coactions.
For instance, the names in the procagd.a.0 area, b, c.

The structural congruence is defined as the least congruence on processes such
thatP |0=P,P|Q=Q|PandP | (Q|R) = (P| Q) | R Finally, the usual
reduction operational semantiggves dynamics:

P Q P=P P>Q Q=Q
aP|aQ—>P|Q P|R->Q|R P> Q

(6)

The work [32] presents a bigraphical encoding for this CCS. The bigraphs suitable
to encode CCS are built by two controls with aritydct for actions andcoact

for coactions. As mentioned above, every actioa Actsis treated as a name in

the bigraphical model. The corresponding constructors assume theabttyrand
coact,. Reactions are intuitively expressed as

act,0q | coacta0; —> a| 01 | Oa. (7

Rules are parametric, in the sense that the two halegnd,, can be filled up

by any process, and the lirdis introduced to maintain the same interface between
redex and reactum. By definition, redex can be replaced by the reactum in any
bigraphical active context. As the active contexts are identified by the predicate
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in this particular case such a predicate has to project CCS’s active contexts into
bigraphs. It is easy to see that rules in (6) imply that active CCS contexts have the
form ‘P | O, whose corresponding bigraphical context i | O, where [P]

is the bigraphical encoding fdP. Since Lemma 7 will prove that the encoding
introduced in this section is bijective on bigraphs that are gropnhe (i.e., with

a single root, as for the definition on place graphs) and with open links, the formal
definition for an active bigraphical context is

glo, (8)

forg : € - (1,Z) ground, prime and with open links. Moreover, contrats
andcoact are declared to bpassivei.e., no reaction can occur inside them. It is
straightforward to conclude that the most general context ready to react has the
form ‘0O | acta0; | coact,0,” and the most general reaction is

Og | actydq | coact,d, —> Og | @ | O1 | Oa, (9)

where holesi,, 0O; and, has to be filled in by prime ground bigraphs with open
links. Such a reduction turns out to be compositional with parallel operator.

The encoding maps CCS processes into ground, prime open linked bigraphs, and it
is denoted by [ k. Such an encoding is parameterised binde subsetX C Acts

it yields ground bigraphs with outer fa¢g, X) and open links. The valueH] x is
defined only the names A belong toX:

[0]x £ 18X
[aP]x & (acta®idy)o[P]x
[aP]x £ (coact, ® idy) o [ P]x
[PIQlx & (oin®idy o ([PIx®[Qlx

X a
wherea € X, and the sharingeparation operato® stands for® wheredis any
array of all the elements iKX.

Note, in particular, that the sharing tensor% idy’ enables the definition to be
compositional, as the outer face (&, X) for every encoding. Moreover, such a
sharing tensor allows the process filling the holeat, (andcoact,) to perform
othera actions. In fact, consider the simple CCS procaad, then [a.a.0] is

(act, ® id) o (coact, ® idig) o (1 ® a). Clearly, the composition is granted by
the sharing operator.

In the encoding for parallel, operatfmin makes tensor commutative. There is a
straight correspondence between parallel operators in the two calcul’, g®[ x
corresponds to P]x | [ Qlx, that is the parallel operator on bigraphs, defined
in [30]. The result stated in Lemma 7 says that the encoding is bijective on prime
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ground bigraphs with open links. First, Lemma 6 provides a general result on bi-
graphs and parallel composition. It says that to add names that already appear in a
bigraph dos not alter the bigraph itself.

Lemma 6 (Adding Names) If x is in the outer names of G, then|&G = G.

Proof. Express the parallel in terms of renamings, linkings and tensor product as in
[30], and use axioms of [30]. Assun@: (m, X) — (n,{x} U Y), withy ¢ {x} UY.
ThenG | x corresponds toifnyy ® (X £ V) o (G ® ((y « X) o X)), that is
(idiny, ® (X £Y)) o (G ®y) by the third link axiom. By bifunctoriality property,

this is congruent toidny, ® (X £ y)) o (idny, ® idx ® y) o (G ® id.), and
again to ((dmyy © idinyy) ® (X &£ y) o (idg ® y))) o G. The latter is congruent

to (idhy, ® idy) o G, by the second link axiom. Sincé{,y, ® idy) o G = G,
conclude the thesis.O

Lemma 6 is useful to prove that the encoding is bijective on ground prime bigraphs
with open links.

Lemma 7 (Bijective Translation) For every finite subset X Acts:

(1) The translatior - ] x is surjective on prime ground bigraphs with outerface
(1, X) and open links.

(2) For every couple of processes@and for every finite subset X Acts con-
taining all the names in P and Q, it holds:PQ iff [ Plx =[ Qlx-

Proof. Prove point (1) by showing that every prime ground bigraph with outerface
(1, X) has at least one pre-image for the translatiofi§ Proceed by induction on

the number of nodes in bigraphs. The Connected Normal Form (CNF) for bigraphs
presented in [30] simplifies the proof. According to [30], every prime ground bi-
graphG with outerface(1, X) and open links has the following connected normal
form: G ::= X | F, whereF ::= My | ... | My, with M ::= (K, | idy) o F for

a € ActsandK, € {act,, coacty}. In particular, a ternM is aground molecule

The base of induction iX, intended as a bigraph, and clearl@x = X. For the
inductive step, consider a bigra@with at least one node. This mea@s= X |

((Ky | idy) o F) | G’. Without losing generality, assunkg = act,, S0G = ((act; |

idy) o (X | F)) | (X|G") by Lemma 6. Now, the induction says that there exist P and
QsuchthatP]x = X|Fand [Q]x = X | G/, hence conclude§.P | Q] x = G.

The forward implication of point (2) is proved by showing that the translation is
sound with respect to the rules of congruence in CCS. This has been already proved
in [30], where the parallel operator between bigraphs is shown to be commutative
and associative, and to have 1 as a unit. Moreover, by Lemma 6, the bigeaph 1

is the unit for the parallel operator on prime ground bigraphs with outetigcé.

The following claim, stated in [32], is the crucial step in proving the reverse impli-
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cation of point (2). Its proof considers the connected normal form for bigraphs.

Clam1 IfGj(i=1...m)and F (j = 1...n) are ground molecules and,G. . . |
Gm=Fil...|Fy thenm=nand G = F,; for some permutation on m.

The proof of the reverse implication of point (2) proceeds by induction on the struc-
ture of the CCS proce$a The base of induction B = 0, in this case the statement

is verified since R]x =[0]x = XimpliesQ = 0] ... | 0. For the inductive step,
letP=a.P;|...| anPnforanym> 1, and assume@Q] = [ P]. Furthermore

we haveQ = b;.Qq | ... | bn.Qn, then

[PIx = (acts, ®idx) o [ P11 | ... | (acts, & idx) o [ Pnlx
[ Qlx = (acty, ®idx) o [ Qulx | ... | (acts, & idx) o [ QmIx

Since the two translations are both a parallel compositions of ground molecules,
the previous claim says that = n, and there exists a permutatieron m such that
8 = ay() and |[Q|]I = |[ P;r(i)]l- By induction Qi = P,r(i), henCGQ =P. O

Paper [32] proves that the translation preserves and reflects the reactions, namely:
P— P ifand only if [ P]x — [ P’ ] x. A similar result is obtained in this case.

In the current bigraphical system, reaction rules are definechasg ( idy,) |
(coacty | idy,) — a | idy, | id(1y,. It is easy to see that this can be mildly
sugared to obtain the rule introduced in (7). Moreover, the active contexts intro-
duced in (8) can be specialised@b(id; ® idy), for g : € — (1, Z) ground, prime

and with open links. Moreove¥, Y; andY, must be finite sets of names, viz., the
outer names of the term that can fill the contexts. Finally, the general reaction (9) is
specialised as

(id; ® idy) | (acta | idy,) | (coact, | idy,) —> (id; ® idy) | a | idy, | idy,.  (10)

When a reacting (ground) bigraph is a CCS encoding, suctPds[it can actually

be decomposed into a redex, essentially the one in the left-hand side of (10), and
a ground bigraph with a well defined structure, essentially with three regions. The
composition of such a bigraph with the corresponding reactum, essentially the one
in the right-hand side of (10), gives the result of the reaction. Lemma8 expresses
such a characterisation. Redex and Reactum are formally outlined in Tab. 7.1. They
complex structure is due to the fact that tensor product is defined only disjoint
names, and this is guaranteed by renamings. To better understand the table, it is
worth to reintroduce some syntactic sugar, as in (9). According to such a notation,
Rede¥¥>""2 andReacf""? are simply | acta0; | coacta0, andOo | O | O,

where the sets of nam&sY,, Y, are respectively associated to the hatgst,, 0O,

and they must be disjoint to allow the tensor product. Nayaesndy, are useful

to join the action with the corresponding coaction, they must be disjointXyity

andY,. WiringsW, W’ andjoin operators assure that the outerfaces ar).
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Table 7.1 Reacting Contexts for CCS encodings

IBigraphs:
Rede¥Y>Y1"2 &'\ 5 (idy ® join) o (idy ® join ® id1) o {((y1 < &) ® id1) o
oacty ® ile ® ((y2 « @) ® idy) o coacty ® idy2 ® id(l’)()}
Reacf®?  ®'W o (idy: ® join) o (idy ® join ® ids)
Wirings:
w (XEY) ®idy) o (idy, ® (X & Y2) ®id1) o (idy, ® idy, ® idx\(g ®
®@aEsy)®idy) o (ile ® idy2 ® idx\{a} ® id{yl} ® (aEe yo) ®idy)
W E'((X & Y1) ®idy) o (idy, ® (X & Y2) ® idy)
Supporting Sets:
Y £y, ¥y} UYrU YU X
Y €Y U YU X

Lemma 8 (Reducibility) For every CCS process P, the following are equivalent.

(1) The translatiorf P]x can perform the reductiohP]x — G.

(2) There exist bigraphs $G,,G3 : € — (1, X) and name ae X, such that
[ Pl1x = ((acta | idx) o Gy) | ((coact, | idx) o Gy) | Gz and G= G, | G, | Ga.

(3) There exist actions & X and y,y, ¢ X, and two mutually disjoint subsets
Y1, Y2 C Acts with the same cardinality as X, but disjoint withyXy,, and
there exist the bigraphs H. € —» (L Y1), Ho : e - (L Yo),and K : € —
(1, X) with open links, such thdtP]x = Rede¥Y*"**2 o (H; ® Hy ® Ha)
and G = Reac{*" o (H; ® H, ® Hs), where Redek’>""2, Reacf+"? are
defined in Tab. 7.1.

Proof. First prove that points (1) and (2) are equivalent. Assume that the bigraph
[ P]x can perform a reaction. This means th®][x = ((acty | idy,) o G}) |
((coacty | idy,) o G)) | G; and thatG = a | G} | G, | G; for some suitable
ground bigraphs3], G, andG; and actiona € X. Since the type of both P ] x
andGise — (1, X), Lemma6saysthdd = (X | G) | (X | G)) | (X | G}) and

[ PIx = ((acta | idx) o (X | G})) | ((coacts | idx) o (X | G))) | (X | G3). Then
defineG; to be X | G/ fori = 1,2,3, and conclude that = G; | G, | G; and

[ PIx = ((acta | idx) o G1) | ((coacta | idx) o G2) | Ga.

Then prove that point (2) implies point (3). Assume th&J[x = ((acty | idx) o
Gl) | ((coacta | Idx) o Gz) | G andG = G1] Gy | Gs, with G1,G,,G3: € — (1, X).
Chose two actiongy, y, ¢ X and two mutually disjoint subsets, Y, C Actswith
the same cardinality aX, but disjoint with X, y1,y,, and follow the definition of
parallel operator in [30] to obtain

[P]x =W o (idy ® join) o (idy ® join ® id;) o {((y1 « &) ®

®ideyy) o (acta ® idy,) o (Y1 < X) ® id(1y,)) 0 G1 @ (2 — @) ®
® Idl) o (coacta ® idyz) o ((Y2 — X) ® |d1) o Gz ® Gg}
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and

G =W o (idy & join) o (idy ® join ® idy) o
o {((Y1 < X) ® id(1vy) 0 G1 ® ((Y2 « X) ® id1) 0 G, ® G3}

whereY = {y;} U Y1 U {y,} U Y, U XandY’ = Y; U Y, U X. The bigraph&V andw'
are defined in Tab. 7.1, they both link the subsgtandY, with X, and moreover
W links y; andy, with a. By bifunctoriality property, [P] x is rewritten as

W o (idy ® join) o (idy ® join ® id;) o {((y1 « @) ® id;) o
o act, ® idy, ® ((y2 « &) ® id;) o coact, ® idy, ® Gz} o
o {((Y1 < X)®id;) 0 Gy ® (Y2 « X) ®idy) 0 Gy},

and, again by bifunctoriality property, as

W o (idy & join) o (idy & join ® idy) o {((y1 — @) ® idy) o
oact; ® idyl ® ((y2 — a) ® |d1) o coact; ® idY2 ® id(]ﬂx) } o
o {((Y1 < X)®id1) 0 G1 ® ((Y2 « X) ®idy) 0 G2 ® G3}.

Point (3) follows by definingd! = ((Y; « X) ® id;) o G; fori = 1,2, andH; = G
. Note that the three bigrapl andH; have open links as so doe®[] x. Finally,
point (3) implies point (2), by inverting previous reasoninga

By following the ideas of [32] it is easy to demonstrate that there is an exact match
between the reactions generated in CCS and in the bigraphical system. This a con-
sequence of the fact that CCS reacting contexts are clearly identified and easily
transferred in bigraphical settings.

Proposition 3 (Matching Reactions) For every finite set X, that contains all the
names appearing in P and Q, it holds:-P Q ifand only if[ P]x — [ Q] x-

Proof. For the forward direction, proceed by induction on the number of the rules
applied in the derivation foP — Q in CCS. The base of the induction is the
only rule without premixes, meaning thRtis a.P; | a.P, andQ is P, | P,. The
translation is sound as regards this rule, since the reactive system says

((acta [ idx) o [ P1]x) | ((coacty | idx) o [ P2]x) — X[ P1Ix I [ P21x.

The induction step considers two cases. First, assuméthatQ is derived from
P - @Q,wherePis P | RandQis Q' | R Then the induction hypothesis says
that[P']x — [ Q ]x, hence [P']x | [RIx — [ Q' 1x | [ R]x. Conclude that
[PIx—[QIx,as[Plxis[P'Ix [ RIxand [Qlxis[Q Ix | [ RIx. Second,
assume tha® — Q is derived from the congruenc®s= P’ andQ’ = Q, and from
the transitionP” —» Q. By Lemma 7, [P]x =[P Jxand [Q' Ix =[ Qlx , and,
by induction hypothesis, P’ J]x — [ Q' ]x. Conclude [P]x — [ Q] x, since the
reduction is defined up to congruence.
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Table 7.2 Semantics of formulagspatin CCS

P Espat O ifP=0

P Espat —A if not P f=gpat A

P Espast AAB  if PEspatAand P gpat B

P Espat AIB if there exist R, Q, s.t. P =R | Q, REgpatAand Q | Bgpat
P Espat A>B if for every Q, Q Espat Aimplies P | Q spat B

P Espat 0A if there exist P’ s.t. P—> P" and P’ Egpat A

For the reverse implication, assum®Jx — [ Q] x. Lemma 8 says that there
exist the bigraph&;, G,,G;3 : € — (1, X) and the nama € X such that [P]x =
((acty | idyx) o Gy) | ((coacty | idy) o G1) | Gz andG = G; ® G, ® Gz. Now,
Lemma 7 says that for every= 1, 2, 3 there exists a CCS proce’ssuch that [P, ]
corresponds t&;, hence [P] =[aP.|aP, | PsJand[Q] =[P. | P2 | Ps].
Again, Lemma 7 says th® = aP, | aP, | P;andQ = P, | P, | P, then
P->Q O

Tanks to Lemma 7, the previous result can be further specialised: whenever a bi-
graphical encoding reacts, so does the corresponding CCS process.

Proposition 4 (Conservative Reaction)If [ P]x — G for a CCS process P, then
there exists a CCS process Q such h@]x = G and P— Q.

Proof. Assume [P]x — G, then point (2) of Lemma 8 says th& has type
e — (1,X) and open links, as so doed[|x. Lemma 7 says that there exists a
process Q such that)] x = G. ConcludeP - Qby Lemma 3. O

Paper [5] introduce<s,a, a spatial logic suitable to describe structure and be-
haviour of CCS processes. Such a logic is based on the langusge= 0| AA B

| AB| -A| A»> B| 0A. It includes the void constant O and the basic spatial op-
erators: composition) and its adjunct. It presents also a temporal operator, next
step modalityo, to capture process dynamics. Table. 7.2 outlines the semantics of
Lspar in term of CCS processes, as defines in [5]. In particular, parallel connective
describes processes that are the parallel composition between two processes that
satisfies the corresponding formulae. A process satisfieB if it satisfies the for-

mula B whenever put in parallel with any process satisfyfg-inally, next step

A is satisfied by a process that can evolve into a process satiglying

The logic Lspa: Can be encoded in a suitable instantiation of BiLog, without using
the modality defined in (5), but exploiting BiLog expressivity, suitable to charac-
terise reacting contexts. Itisicient to instantiate the logic BILOM, ®, €, ©, =, 1)

to obtain the bigraphical encoding of CCS. We detin® be composed by the stan-
dard constructor for a bigraphical system with= {act, coact}. Moreover, trans-
parency predicate must be always true. This fact is determinant for the soundness
of the logical encoding, as it enables BiLog to fully describe any bigraphical term,
and, therefore, to detect all reacting contexts by simply analysing their ‘spatial’
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Table 7.3 Encoding ofLspatinto BiLog

IEncodings:

[0]x LX®1

[-Alx £-[ Alx

[AABIx E[AIx AL BIx

[AlBIx £join o ([ Alx®[ B]x)

[ A>Blx EUY. (Y — X) ® id1) o Ax) —® (join o (X & Y) ®id1) o [ B]x)
[ OATX &'V acx Vy1.Y2.Y1.Ys. RedextY2":Y2 o [(React™™ o [ A]x) A Triple]
Supporting Formulae:

Open & —Ux. <>(/xoT)

Ax d=Ef|[ A]Ix A Te_)<1,yz) A Open

Triple & Tes@wv) ® Teswyy ® Temx

structure.

Lemma 8 is informally rephrased by saying that reactions for encoded CCS pro-
cesses are determined by couples of the fdRedey, Reacturg), cf. Tab. 7.1, and
every reacting process is characterised by

[ PIx — [ Qlx iff there exists a bigraph g andaX such that
[ Plx = Redexo g and[ Q] x = Reactug o g.

Sincer is always true, it is possible to define a characteristic formula for every
redex and reactum, simply by rewriting every bigraphical constructor and operator
with the correspondent logical constant in their bigraphical encodings. For the new
namesyy, y», and the new subse¥, Y, denote withRedex¥>"2 andReac{* "

the characteristic formulae féRede¥¥>""2 and Reac}*"2, respectively. Clearly,

G E Redex¥>"+"2 if and only if G = Rede¥Y>"*2, and the same for reactum.
This has a prominent role in defining the encoding of the temporal modality in
BiLog.

Table 7.3 formally defines logical encoding, that is parameterised on th¢ afet
names, as so does the process encoding. The encodings for logical connectives and
spatial composition are self-explanatory. In particular, spatial composition requires
the sharing of all the names Xu it corresponds to the logical parallel operator when

the set of bigraph names is fixed and finite, as happens for processes encoded by
[ 1 x- The encoding foe introduces an auxiliary notation. Intuitively, formubeg

is defined to constrain a bigraph to be the encoding of a CCS process and to satisfy
[ Alx. Infact,G E Ax means thaG satisfies [A] x, it has types — (1, X) and its

links are open, as a bigraph satisfi@gen only if no closure appears in any of its
decompositions. Proposition 5 will show that a bigraph satisfRe,[ = [ A>B]x

if it satisfies [B]x whenever connected in parallel with any encoding of a CCS
process satisfying A ] x.
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In the encoding for the temporal modality the supporting formul@riple is sat-

isfied by processes that are the composition of three single-rooted ground bigraphs
whose outerfaces have the same number of nam&s Bsoposition 5 will show

that a process satisfie®A\] x if and only if it is the combination between a partic-

ular redex and a bigraph that satisfies the requirement of Lemma 8, and moreover
that the corresponding reactum satisfies]|.

Proposition 5 formalises the main result of the. It expresses the semantical equiva-
lence betweers,: and its encoding in BiLog, note, in particular, the requirement

for a finite set of actions performable by the CCS processes. Such a limitation is
not due to the presence of the next step operator. Indeed, inspecting the proof, one
can see that the induction step for the temporal operator still holds in the case of

a not-finite set of actions. The limitation, in fact, is due to the adjoint opesator

the number of names shared between the processes must be bound. This happens
because of the fferent choice for the logical product operator in BiLog. On one
hand, spatial logic has parallel operator built in. This means that the logic does not
care about the names that are actually shared between the processes. On the other
hand, BiLog has a strong control on the names shared between two processes, and
they must be known with accuracy.

Proposition 5 If the set of names in every CCS process is bounded to be a finite set
X, then Pegpac Aifand only if[ Pl x = [ Al x.

Proof. Proceed by induction on formula structure. Base of induction is formula 0.
To assume P]x E[0] x means [P]x = X ® 1, that correspond tB = 0, hence
P [Espat O by definition.

Inductive step deals with connectives. Treatments,of and| are similar; hence
focus on parallel operator.

Case A| B.Tosay [P]x E [ A| B]x means that there are two bigrapisg,,

with g1 = [A]lx andg: E [ Blx, such that [P]x = join o (g é g2). The
bigraphsg;, g, must have type — (1, X) and open links, as so doed[] x. By
Lemma 7, there are two process@sandQ, such that [Q; ] x and [Q.] x areg:

andg;, respectively. Then concludeH] x = join o ([ Q1] x é [ Q21x%), that means
P = Q:| Qy, again by Lemma 7. Moreover, induction hypothesis saysGhat A
andQ; E B, henceP gt A| B.

Case A> B. Assume [P]x E [ A» B]x, then by definition there exists a fresh
setY of actions such that for evei® satisfying ((Y < X) ® id;) o Ay) it holds
[Plx®GEjoin o (X&Y)®idy) o— [ B]x, thatis

joino (X&Y)®idy) o ([P]x®G) E [ B]x (11)

Now G E (((Y « X) ® id;) o Ax) means that there ig E Ax such thatG =
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((Y « X) ® id;) o g. As previously discussed (cf. the introduction to the current
proposition)g E Ax says thag = [ A] x and thatg is a bigraph with open link and
typee — (1, X). By Lemma 7gis [ Q] x for some CCS proce<3 whose actions
are inX.

Hence, as the set of actioAstscorresponds t&, (11) is rephrased by saying that
for everyCCS procesf) such that [Q] x E [ A]x it holds

joino (X& Y)®idy) o ([P]x ® ((Y « X) ®id1) o [ Q]x) [ Blx

thatis [P | Q] x E [ B]x. Then, the induction hypothesis says that for ev@ryf
Q Espat AthenP | Q gpa B, NnamelyP [pat A B.

CasedA. to assume P]x E [ ¢A]x signifies that there exists an actiane X
such that

[ P1x = Redef”"% o H (12)
whereyy, y, are fresh nameg/;, Y, are fresh subsets with the same cardinality as
X, andH is a bigraph satisfying

H | (React™" o— [ A]x) A Triple. (13)
In particular, Property (13) amounts to assert the two following points.
(1) H E React*" o- [ A]x, that means
React*"2 o H = [ Al x. (14)
(2) HE Toavy ® Teowyy ® Teoax, that means
H=H;® H,® Hj (15)
with Hi : e —» (1,Y;), fori = 1,2, andH; : € — (1, X).

Now [ P]x = Rede¥¥>"¥2 o (H; ® H, ® Hs), by (12) and (15). This means
[ P1x — Reac*" o (H; ® H, ® H3), by Lemma 8. Furthermore, the bigraphs
Hi, H,, Hz have open links, as so doe®[] x. Hence Lemma 7 says that there exists
the CCS proces® such that [Q] x corresponds tReact*" o (H; ® H, ® Ha),
henceP — Q by Proposition 3. Finally, (14) says thatd]x E [ Alx, and this
meansQ [spat A by induction hypothesis. Conclude thalP[] x = [ ¢A] x is equiv-
alent toP — Q with Q kgpat A, NamelyP gpat A O

The main steps in encoding CCS spatial logic into BiLog have been to encode the
underlying calculus into bigraphical settings, to find the right reaction rules and,
and then to characterise the corresponding reactive contexts by BiLog formulae.
This hints how it may be possible to extend such a result to other calculi, such as
and ambients by employing their encodings, already provided in [25,26].
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8 Conclusions and future work

This paper moves a first step towards describing global resources by focusing on
bigraphs. Our final objective is to design a general dynamic logic able to cope uni-
formly with all the models bigraphs have been proved useful for, as of today these
includeA-calculus [31], Petri-nets [29], CCS [32], pi-calculus [25], ambient calcu-
lus [26], and context-aware systems [3]. We introduced BiLog, a logic founded on
bigraphs, whose formulae describe arrows in monoidal categories.

BiLog may at first appear complex and over-provided of connectives. On the con-
trary, the backbone of the logic is relatively simple, consisting of two operagors (
and®) regulated by elementary monoidal and interchange laws. Such a structure
gives then rise to many — occasionally complex — derived connectives. This is a fun-
damental expressiveness property that does not puf:UBibog is in fact meant to

be a comprehensive meta-level framework in which seveftdrént logics can be
isolated, understood and compared.

In particular, here we have seen how the ‘separation’ plays in various fragments of
the logic. For instance, in the caseRlace Graph Logicwhere models are bigraphs
without names, the separation is purely structural and coincides with the notion of
parallel composition in Spatial Tree Logic. Dually, as the modeld_fok Graph

Logic are bigraphs with no location, the separation in such a logic is disjointness
of nominal resources. Finally, fdigraph Logi¢ where nodes of the model are
associated with names, the separation is not only structural, but also nominal, since
the constraints on composition force port identifiers to be disjoint. In this sense, it
can be seen as the separation in memory structures with pointers, like Separation
Logic’s heap structures [34], and trees with either pointers [7] or hidden names [11].

In 86 we sketched the application of BiLog to describe XML data, and we plan to
extend the logic to more sophisticated semistructured data models. The similarities
between XML and bigraphs have been pointed out independently also in [23] where
XML is proposed as a language to codify bigraphs. In 86 we have focused on the
other way around, by considering ‘bigraphs as models for XML.

In 87 we showed how BiLog can deal with dynamics. A natural solution is adding

a temporal modality basically describing bigraphs that can compute according to
a Bigraphical Reactive System [25]. When the transparency predicate enables the
inspection of ‘dynamic’ controls, BiLog isiritensional in the sense of [36], as

it can observe internal structures. In the case of the bigraphical system describing
CCS [32], BiLog can be so intensional that its static fragment directly expresses
a temporal modality. A transparency predicate specifies which structures can be
directly observed by the logic, while a temporal modality, along with the spatial
connectives, allows to deduce the structure by observing the behaviour. It would
be interesting to isolate some fragments of the logic and investigate how the trans-
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parency predicate influences their expressivity and intensionality, as done in [24].

The existentiguniversal quantifiers are omitted as they imply an undecidable sat-
isfaction relation (cf. [16]), while we aim at a decidable logic. The decidability of
BiLog is an open question. We plan to extend the result of [6] to isolate decidable
fragments of BiLog. We introduced the freshness quantifier as it is useful to express
hiding and it preserves decidability in spatial logics [18].

We have not addressed a logic for tree with hidden names. As a matter of fact,
we have such a logic. More precisely we can encode abstract trees into bigraphs
by controlsambs with arity one. The name assigned to this control will actually
be the name of the ambient. Extrusion and renaming of abstract trees have their
correspondence with closure and substitution of bigraphical terms. At the logical
level we may encode operators of tree logic with hidden names as follows:

©a ¥ (a—ae®id)oT
CxA & Imx(/xeid)o A
a®A & (-©aAAV(/a®id)oA
Hx A &£ Ux.x® A

The operator© a says that the nama appears in the outer face of the bigraphs.
The new quantifieCx. A expresses the fact that in a process satisfirgname

has been closed. The revelati® says thatA can be asserted by revealing the
restricted namea, which may be hidden in the model as it must either to be closed
by an edge or not to appear in the model. The hiding quantificatiederived as

in [15]. We are currently studying the expressivity and decidability of this logical
framework. Moreover, to obtain a robust logical setting, we are developing a proof
theory, a sequent calculus in particular, that will be useful to compare BiLog with
other spatial logics, not only with respect to the model theory, but also from a proof
theoretical point of view.

Several important questions remain: as bigraphs have an interesting dynamics,
specified using reactions rules, we plan to extend BiLog to such a framework.
Building on the encodings of ambient anctalculi into bigraphical reactive sys-
tems, we expect a dynamic BiLog to be able to express both ambient logic [13] and
spatial logics forr-calculus [4]. Finally, more recent works that suggest applica-
tions and possible extensions for BiLog are [22,33].
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