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Abstract The problemsof Booleansatisfiability (SAT) and automatictest pattern gen-
eration (ATPG) are strongly related- both in termsof applicationareas(pre-
manufacturingdesignvalidation and post-manufacturingesting),aswell asin
termsof techniquesisedin their practicalsolutions(searchingarge combina-
torial spaceghroughefficient pruning). However, historically thesedomains
have evolved somevhat independentlywith limited interaction. While ATPG
hasbeenprimarily driven by reasoningbasedon circuit structure SAT hasfo-
cussedon reasoningusing conjunctivenormal form (CNF) representationsf
Booleanformulas. In this chapter we introducetheseproblems,describekey
techniquesisedto solve themin practice andhighlightthecommonthemesand
differencedetweerthem.

12.1 INTRODUCTION

The problemsof Booleansatisfiability (SAT) and automatictest pattern
geneation (ATPG)have beeninvestigatedntensvely for mary decadesBool-
eansatisfiabilitysenesasanimportantreferenceproblemin compleity theory
of ComputerSciencelt hasbeenshovn thatmary difficult decisionproblems
from variousapplicationdomainscan be reducedto the Booleansatisfiabil-
ity problem. Algorithmsfor solvingthis problemhave beenan active field of
researclandsteadyprogresshasbeenachiesed over mary years.

Theproblemof ATPGfor combinationatircuitsis closelyrelatedto Bool-
eansatisfiability ATPG dealswith the problemof efficiently generatingest
stimuli for testingchipsafter fabrication. As with SAT, ATPG hasalsobeen
well studied.
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SAT and ATPG algorithmshave receved even strongerinterestmore re-
cently sincethey have beenusedsuccessfullyas Booleanenginesfor equiv-
alencechecking(seeChapterl3) andlogic synthesigseeChapter2). In this
chapter we ignorethe physicalaspectf testingand do not considertesting
of sequentiakircuits. Our interestis exclusively in the combinatorialsearch
problemsin SAT andATPG.

Traditionally, theresearcldomainsof SAT andATPGdevelopedquiteinde-
pendentlyof eachother With abroadspectrunof applicationsasbackground,
the researchin SAT typically focusedon generalconceptsusefulin diverse
fields. Due to the more specializedoroblemformulation, researchin ATPG
focusedon techniqueghat are fine-tunedto dealingwith digital circuits. In
general,however, thereare a lot of commonalitiesbetweenthe notionsand
methodsdevelopedin the two researcidomains. This chapterdescribeshe
basicconceptf SAT andcombinationalATPG. Wherepossible,it attempts
to bridgethe gapbetweerthe terminologycommonlyusedin thetwo areas.

12.2 SAT AND ATPG PROBLEM
FORMULATIONS

Algorithms for automatictest patterngenerationin combinationalcircuits
are traditionally basedon a gate netlist descriptionof the circuit under test
(CUT). SAT algorithmstypically representhe circuit by a conjunctivenormal
form (CNF) formula. This distinctionis not very sharp,however. SAT and
ATPG are closely relatedproblemsand therealso exist various ATPG tools
basednaCNFrepresentationf thecircuit. Notethatagatenetlistdescription
canalwaysbetranslatednto a CNF formula, asdescribedn the next section,
but not vice versa. In the following, we presentthe problemformulations
for Booleansatisfiabilityandcombinationabktuck-atfault testingbasedon the
corventional CNF- andgatenetlistrepresentationsespectiely.

12.2.1 CONJUNCTIVE NORMAL FORM AND
SATISFIABILITY

Instance®f SAT aremostoftenrepresentedsCNF formulas.A CNF for-
mula is a conjunction(product) of clauses wherea clauseis a disjunction
(sum)of literals, andalliteral is eitheravariableor its complementFor exam-
plep = (21 + —z2)(—z1 + z3), denotesa CNF formulawith two clausesand
threevariables.

The Booleansatisfiabilityproblemfor a CNF formulais formulatedasfol-
lows: GivenaCNFformula, ¢, representingBoolearfunction, f(z1, ..., z,),
thesatisfiabilty problemconsistof identifying a setof assignmentto thefor-
mulavariables,{z; = vy,...,z, = v,}, suchthatall clausesare satisfied,
i.e., f(vi,...,v,) = 1, or proving thatno suchassignmenéxists.
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Combinationalcircuits can easily be representedising CNF formulas. A
CNF formulais associatedavith eachgate,andcaptureshe consistentassign-
mentsbetweernhe gateinputsandoutput. The CNF formulafor the circuit is
the conjunctionof the CNF formulasfor the gatesin the circuit; assignments
to thecircuit nodesareconsistentf andonly if the assignmentareconsistent
for theinputsandoutputof eachgatein thecircuit.

Thedervationof theCNFformulafor agatez = f(wy, ..., w;) is straight-
forward. First, a new Booleanfunctioné, = = & f(ws,...,w;) is defined.
Obsere that¢, only assumewsaluel provided z and f(wy, ..., w;) assume

thesamevalue.Next, &, is representedsa product-of-sumgorm, .. Hence,
the CNF formula ¢, assumesaluel if andonly if the valueof z is equalto
the value of f(wy,...,w;). As anexampleconsidera 2-input AND gate,

z = a -b. The resultingformula becomest, (z,a,b) = =& f(a,b) =
z-(@+b)+7-a-b=T+a) (T+b) - -(z+aT+b) = p,.

12.2.2 GATE NETLIST AND STUCK-AT FAULT
TESTING

Technique®f testgeneratiormostoftenrely on a gatenetlistdescriptionof
the circuit. A gatenetlistcanbe modeledasa Booleannetwork A Boolean
networkis agraph,with verticeyreferredalsoto asnodesyariablesor signals)
representingatesanddirectededgesepresentingonnectiondetweergates.
Eachvertex hasafunctionassociateavith it which correspond$o thefunction
of thegateit represents.

In the following, we alwaysassumehat eachfunctionin the Booleannet-
work is very simple suchthatit canbe implementedby oneof the primitive
gatetypesAND, OR,NOT, NAND or NOR. Eachof thesegatescanhave an
arbitrary numberof inputs. Extendingthe ATPG techniqueof this chapter
to XOR, XNOR or othermore complex functionsis possiblebut will not be
furtherconsidered.

The goal of testingis to detectphysicaldefectson a chip inflicted by the
fabricationprocessor thoseoccurringlater during the operationof the chip.
Physicaldefectsare describedat the gatelevel by certainfault models The
singlestudk-at fault is a widely acceptednodel. It assumeshata singleline
in the combinationakircuit fails to changeits logic valueandis “stuck” ata
constanvalueof O or 1.

Technique®f testgeneratiortanberoughlydividedinto randomanddeter
ministicmethods.In randommethodsa setof randominput stimuli is gener
atedfor thecircuit undertest(CUT). A fault simulatorcanbeusedto measure
the quality of therandomstimuli with respecto detectinga givensetof faults.
For a surwy of fault simulationtechniqguesand the useof randomtestingin
the contet of designfor testability, see,e.g. [1]. In deterministicATPG,the



312 LOGIC SYNTHESIS AND VERIFICATION
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Figure 12.1.  Circuit undertest(CUT).

Y

startingpoint of all operationss a list of faults that mustbe detectedby the
teststo bedetermined Thefaultsin thefault list aretargetedoneaftertheother
andfor every fault atestis derived by the ATPGalgorithm.In this chapteywe
exclusively considerdeterministicATPG. For reasonf simplicity the word
“deterministic”is oftenomitted.

The problemof testgeneratiorfor single stuck-atfaultsin combinational
circuitsisillustratedin Figure12.1. For agivengatenetlistC' thereis afaultlist
b = {¢1, b9, ..., o1} containingall faultsfor which atesthasto begenerated.
Thesefaults are calledtargetfaults Let C' have n primaryinput signalsand
m primaryoutputsignalsandlety = (y; = vy, y2 = va, ..., Ym = vn) bethe
responsef thefault-freecircuitandz = (v = v}, y2 = v, ...,y = v},) be
the responsef thefaulty circuit to someinput stimulusx = (z1 = wy,z2 =
Wy, ..., Ty = wy) With v;, v}, wg € {0,1}. Theinput stimulusx is calleda
testfor a fault ¢ if andonly if the circuit response in the presenceof ¢ is
differentfrom the responsey of the fault-free circuit. Theremay not exist a
testfor every faultin acircuit. Untestabldaultsarealsocalledredundant The
taskof a deterministicATPG algorithmis to calculateatestx for a givenfault
¢ if atestexists, or to prove its untestabilityotherwise. An input stimulusx
thatdetectsafault ¢ is alsocalledatestvectoror testpatternfor fault ¢.

12.3 COMBINATIONAL DETERMINISTIC
ATPG

After introducingthe basic problemformulationsfor SAT and ATPG we
now considerthe algorithmsfor solving theseproblems.The basicSAT pro-
cedurewill be describedn Section12.4. This sectiongivesan introduction
to the generalcombinationalATPG procedure.lt will becomeapparenthow
ATPGandSAT aregenerallyrelated.

12.3.1 LOGIC ALPHABETS

A combinationalcircuit with » primary inputs andm primary outputsis
specifiedat the gatelevel by anm-ary function f : B®* — B™, whereB is
the choserdomainof logic values.For fault-freecircuitsit is commonto use
thelogic alphabetB; = {0, 1}. Often,for specificproblemsotherlogic alpha-
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AND | 0 1 X D D OR|0 1 X D D flf
0 0 0 0 0 O 0 0 1 X D D 0|1
1 0 1 X D D 1 1 1 1 1 1 1|0
X 0 X X X X X | X 1 X X X X | X
D 0 D X D O D|D 1 X D 1 D|D
D |oD X 0 D D|D 1 X 1 D D|D

Table 12.1 . AND-, OR-,NOT-operationn the5-valuedlogic alphabetBs.

betsarerequired.In orderto describethe faulty behaior of a circuit, Roth’s

D-calculus[37] hasbecomewidely accepted.In Roth’s notationa signalis

assignedhe logic value D if it assumed in the fault-freeandO in the faulty

circuit. In the oppositecase,if the signalis 0 in the fault-freeand 1 in the

faulty circuit, it is denotedoy D. For logic valuesbeingequalin thefault-free
andfaulty casesnamely0 or 1, thesignalvalueis denoted or 1, respectiely.

With thesenotationswe obtainthe logic alphabetB, = {0, 1, D, D}. For test
generatiorit is of advantageto introducea fifth logic value, X, describingthe
casewhereno uniquelogic valuehasbeenassignedThis valueis usuallyre-

ferredto asthe don't care or unknownvalue. Including X into B, resultsin

thefive-valuedlogic alphabetBs = {0, 1, X, D, D}. A 5-valuedalgebraover

Bs canbe obtainedby straightforwardextensionsof the usualoperationsof

conjunctiondisjunction,andnegationfor B,; thetruth tablesfor theseexten-
sionsareshavn in Table12.1. Althoughsomeapplicationsespeciallyin delay
testingrequiremore sophisticatedogic alphabet42, 14] Roth’s D-alphabet,
to this date formsthebasisfor mary modernATPGalgorithms.

12.3.2 ATPG ALGORITHMS: AN OVERVIEW

It is the greatmerit of Roth’s D-calculusthatit allows usto completelyde-
scribethe faulty behaior of the circuit on its structuralgate-level description
paving the way for efficient heuristics.In this section,we describea corven-
tional procedureof testgeneratiorbasednthe D-alphabebperatingon agate
netlistrepresentatioof thecircuit.

For illustration of the generalATPG procedureconsiderthe circuit of Fig-
urel2.2.Considerthe singlestuck-at-1(s-a-1)fault at signalj. Obviously, an
input vectorcanonly be a testfor this fault if it exhibits a faulty logic value
or fault signal at the fault line j. This processs calledfault excitation fault
setupor fault injection In ourexample,signalj hasto be contwolled from the
primaryinputsin suchaway thatit assumes logic 0 in thefault-freecase.If
signalj is 0 in thefault-freecaseandl in thefaulty casethenit assumeshe
logic valueD in Roth’s notation.
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Figure 12.2.  Faultinjection.

The problemof identifying a setof valueassignmentatthe primary inputs
suchthatafaulty logic valueis producedatthefault line is calledthecontmolla-
bility problemin ATPG.Further it mustbe ensuredhata faulty signalatfault
line f canpropagatdo at leastone primary outputof the circuit. Identifying
asetof valueassignmentat the primaryinputssuchthata signalchangeat f
from 0to 1 or from 1 to O canpropagateo atleastoneprimaryoutputis called
theobservabilityproblemfor f. Testgeneratiorfor stuck-atfaultsrequireshe
simultaneousolutionof the controllability andthe obserability problemfor
agivenfaultline f.

After fault injectionall commontestgeneratorperformlogic implications,
i.e., they makevalueassignmentshat canbe derived from fault injection. In
ourexample we assumehattheimplicationprocedurgproduceghenew value
assignmentg = 0, i = 0, j; = D andj; = D asshavn in Figure12.2. This
is the startingpoint for all subsequensteps. Among the signalassignments
generatedluring the ATPG processtherearetwo setsof signalsthat are of
particularinterestcalledthe D-frontier andthe J-frontier.

The D-frontier F' consistsof all fault signals,i.e., signalsbeingassigned
eitherD or D, which areinput signalsof logic gateswhoseoutputsignalis
unspecified. The D-frontier indicateshow far the faulty signalshave propa-
gatedfrom thefault locationtowardsthe primary outputs.In Figure12.2fault
injectionhasproducedhe D-frontier F' = {j1, j»}.

TheJ-frontier U consistof all outputsignalsof gatesheingassignedvalue
of 0 or 1, wherethis logic valuecannotbeimplied from thelogic valuesat the
gateinputs. More commonly the signalsof the J-frontierarecalledunjustified
lines They represensignalsin the circuit, wherevalueassignmenthave pro-
ducedfixed logic valuesat the outputsof internal gateswhich, however, are
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not completelyjustified by the valueassignmentat the gateinputs. In Figure
12.2two unjustifiedlinesU = {i, ¢} have beencreated.For a valid test,they
have to bejustifiedin subsequerdtepsof testgeneration.

Using thesenotationsthe task of a testgeneratorcan be reformulatedas
follows: find a setof binary value assignmentst the primary inputs of the
circuit, suchthat

» theD-frontierreacheshe primaryoutputsj.e., atleastoneprimaryout-
putassumes faulty value(solve the obsenrability problem),

» theJ-frontier reacheghe primary inputs,i.e., thereexist no unjustified
linesin theinterior of the circuit (solve the controllability problem).

Note that the controllability problemis essentiallya SAT problem,andis
solved by identifying a setof assignmentgor the inputs of the circuit such
thatall signalsof the J-frontieraresatisfied Therefore notsurprisingly mary
algorithmic conceptsior combinationaltestgenerationare closely relatedto
thoseof SAT solvingmethodsandSAT solverscanbeusedto solve the ATPG
problemin partsor entirely.

To accomplishthe above two tasksmostalgorithmsfor deterministictest
generationproceedstepby step,assigningappropriateogic valuesat well-
selectedsignalsin the circuit suchthat the D-frontier is moved towardsthe
primary outputsandthe J-frontieris moved towardsthe primaryinputs.

Along the proces=f testgeneratiorwe distinguid two typesof value as-
signments First, we considemecessanassignmentsNecessarassignments
areuniquely determinedby the currentsituationof valueassignmentén the
circuit andary testvectorthat canbe generatedstartingfrom the currentsit-
uationmustcontainthis valueassignment.In Figure12.2 fault injection has
producedhenecessaryalueassignments = 0, g = 0, j; = D, j, = D. Be-
sidesnecessargssignmentsvery testgeneratomakesoptionalassignments
Optionalassignmentare assignmentshat can be madein orderto reachthe
goalof generatingatestvector The existenceof optionalassignmentsesults
from thefactthatthereusuallyexists morethanjust onetestvectorfor agiven
fault. By makingoptionalassignmentsve continueto restrictthe numberof
possibletestvectorsuntil we finally endup with exactly one. The choiceof
optionalvalueassignmentss subjectto heuristics

Testgenerationcan be understoodas a sequencef making optional and
necessarassignmentsFigure 12.3 shavs a generalprocedurethat outlines
the stepsfor combinationaktestgeneratiortypical of mary populartools. In
the following, we discussheseconceptdriefly - they will betreatedin more
detailin latersections.

A) Faultinjection (fault set-up)
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fault injection

implications

select alternative value assign- select optional value assignment | |
ment based on decision tree based on heuristics

[ aborted] [ redundant ]

Figure 12.8.  Generaprocedureof testgeneration.

As explainedabove, the fault signal at the fault locationimmediatelyre-
sultsfrom the fault value (stuck-at-1or stuck-at-O)and the definition of the
underlyinglogic alphabetln Figure12.2thisis illustratedfor 5-valuedlogic.

B) Uniquesensitization

After fault set-upa topologicalanalysisexaminesthe pathsalong which
the fault signalcanpropagateCertaintopologicalconceptsareusedto derive
value assignmentshat are necessaryor the propagationof the fault signal.
Thisis calleduniquesensitizatio andis discussedn Section12.5.1.4.

C) Implications

For the previously madevalue assignmentsimplicationsare performedin
orderto restrictthe searchspace At this point, tools maydiffer in their ability
to performdifferenttypesof implications. Implication techniqueswill bethe
subjectof Section12.5.1.

D) Cheding

Beforetaking further stepsit hasto be examinedwhetherthe currentsitu-
ation still allows for the generatiorof a testvector This is generallynot an
easytask. However, therearetwo conditionsthatmustbefulfilled atary point
duringthetestgeneratiorprocessandthesecaneasilybe checked:
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= |ogic consisteng

= existenceof anX-path

First,thelogic valueassignmentmustbeconsistenti.e. theremustbenologic
contradictionsbetweensignal valuesin the circuit. This is usually verified
during the implication process. Second,there hasto exist at leastone path
in the circuit alongwhich the fault signalcanpropagateo at leastoneof the
primary outputs. This conditionis fulfilled if thereis a pathfrom atleastone
signalof theD-frontierto oneof theprimaryoutputsalongwhichall signalsare
unspecifiedi.e., they have thelogic value X. We saythatthe currentsituation
passeshe X-path-tiek. Generallywe speakof a conflictif eitherthe X-path-
checkhasfailed or logic inconsistenciehave occurred.

E) Optionalvalueassignments

If noconflicthasoccurredandno testvectorhasbeenobtainedyet, heuris-
tic methodsareemployedo suggesbptionalvalueassignmentsimportantly
only oneandnot several optional valueassignmentare madeat a time. (An
exceptionis the testgeneratorof [17] whereundercertainconditionssereral
assignmentsanbe madeat once.) After eachoptionalvalueassignmentm-
plicationshave to be performedagain. Heuristicsto selectoptionalvalue as-
signmentswill bediscussedn Section12.5.4.1.

F) Decisiontree(badtracking)

In mostpracticalalgorithms,the searchconsistsof making decisionsthat
areaddedto a decisiontree Optionalvalueassignmentsonstitutedecisions.
Eachdecisionis associatedvith a nodein thedecisiontree. Importantly nec-
essaryassignmentarenot decisionsandthey arethereforenotrepresenteth
thedecisiontree.If aconflictoccursduringtestgenerationpreviousdecisions
andthe necessanassignmentassociateavith themhave to bereversed,and
aswill be explainedin Section12.4.1systematidacktrackingis performed.
The decisiontree guaranteeshat the searchis complete In Section12.5.2.2
we will presenanenhancemerto the basicbacktrackingscheme.

Finally, it shouldbe notedthatthe notionsdescribedn this sectionarealso
usefulwith thoseATPG approacheshat mapthe stuck-attestingproblemto
a Booleansatisfiability problemandusea CNF representatiomf the circuit,
e.g.[27], [43]. CNF-basedTPG methodscanexploit mary basicconceptof
the netlist-basedpproachesandvice versa. As pointedout before,control-
lability is a SAT problemby natureand obsenability canbe mappedo SAT
using the notion of Booleandifference[27]. Constraintdike uniquesensiti-
zation conditionscan be expressedn termsof clauseshat are addedto the
CNE In thisway, structuralcircuitinformationsuchasgivenby the D-frontier
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becomeswvailableto the underlyingSAT algorithm. Corversely conceptsle-
velopedin thecontet of SAT solving canbe usedto solve controllability and
obserability in ATPG.

12.4 SAT ALGORITHMS: A TAXONOMY

Thearetwo main classef algorithmsfor solvinginstancef SAT: com-
plete algorithmsandincompletealgorithms Completealgorithmscan prove
unsatisfiability given enoughresource®f memoryandtime. Incompleteal-
gorithmscannotprove unsatisfiability

Completealgorithmsentailthe following approaches:

m Algorithmsbasedn backtracksearchwherethe searchspaces implic-
ity enumeratedseeSection12.4.1).

= Algorithmsbasedndifferentformsof deductionthatallow deriving all
necessargonsequence@.e., all necessarassignmentsr establishing
unsatisfiability for a given CNF formula(seeSection12.4.2.1).

= Algorithmsbasedn functionrepresentatiorExamplesncludethevar-
iousfamiliesof decisiondiagrams(seeChapterll).

Most incompletealgorithmsutilize local search,and consequentlhare based
onapplyingsomeform of variableassignmentiipping [41]. We will notfocus
onthis classof algorithmsasthey find limited usein synthesisandverification.

In thenext few sectionghefirst two classe®f SAT algorithmsaredescribed
in moredetail.

12.4.1 BACKTRACK SEARCH

We have alreadyintroducedbacktrackingasthe basicsearchingschemen
ATPG.Also in thedomainof SAT, backtracksearchis mostwidely usedand
is known asthe Davis-Logemann-Lovelaprocedue [11]. Beforedescribing
backtracksearchfor Booleansatisfiability it is importantto distinguis be-
tweenthe original Davis-Putnamprocedurg12], thatis basedon the consen-
sus/resolutiomperatiommndnoton backtracksearchandthe morewell-known
Davis-Logemann-LeelandprocedurgDLL) thatimplementsaform of back-
track search11]. Thesimplestform of backtracksearchis illustratedin Fig-
urel12.4. A partialassignment! to the probleminstancevariabless extended
at eachstep. Eachtime an unsatisfiedclauseis identified, the searchproce-
durebacktracksaand attemptsa differentassignment.The processs repeated
until eithera solutionis found, i.e., all clausesbecomesatisfied,or no more
variablescan be toggled,in which casethe probleminstanceis deemedun-
satisfiable.Despitethis procedures simplicity a few dravbacksareapparent.
Considettwo clausesy, = (z1+ 22 +2g42) andwy = (21 + 22+ "Tp42),
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BacktrackSearch(A)
if (4 unsatisfieoneor moreclauses)return false
if (A satisfiesll clauses)return true
else selecttamgetvariabler andvaluev
A=Au{(z,v)}
if (not BacktrackSearch(A))
A= (A~ {(z,v))U{()}
if (not BacktrackSearch(A))
A=A-{(z,9)}
return false
return true

Figure 12.4.  Naive backtracksearch.

andthe assignmentd = {(z,0), (22, 1)}. Clearly by inspectionone can
concludethatassignmenti cannotbe extendedio anassignmenthatsatisfies
thetwo clauseqi.e. a satisfyingassignment)Assumingthatin the backtrack
searctprocedurainassignedariablesarepickedin lexicographicabrder then
it cantakeup to 2* decisiongon variableszs, . . ., Tr+2) to concludethatthe
assignment! cannotbe extendedto a satisfyingassignment.

All backtracksearchSAT algorithmsaddresghe above problemby imple-
mentingthesocalledunit-clauseruleunitclauserule [12]: if apartialvariable
assignmentausesa clauseto be unit (i.e. with a single unassignediteral),
thentheremainingunassignediteral mustbe assignedsalue 1. For example,
assumelausev = (z1+-22+23), andtheassignmentt = {(zy = 0), (z3 =
0)}. Underthisassignmenty is unit, andsoz,; mustbeassignedalue0 for w
to besatisfied.Theiteratedapplicationof the unit-clauserule is oftenreferred
to asBooleanconstaint propagationBCP)andcorrespondso theimplication
processn ATPGaswill beexplainedin moredetailin Section12.5.1.1.

Anotherlessutilized simplificationtechniques the pure literal rule (PLR)
[12]. If for a given variablez all of its literals are eitherall positive or all
negative, thenthe variable can be assignedhe value that satisfiesall of its
clauses.

Thefirst backtracksearchalgorithmfor Booleansatisfiability thebacktrack
searchversionof the Davis-Logemann-Leelandprocedurg11], implements
backtracksearchaugmenteavith Booleanconstrainfpropagatiorandthe pure
literal rule. The original Davis-Putnamprocedure despitebeing basedon
theiteratedapplicationof the consensusperationalsoincorporate88CP and
PLR.

Thestandardacktracksearchalgorithmis shovn in Figure12.5. Thebasic
philosophyis the sameaswith the ATPG procedureof Figure12.3. Function
doBCP() implementsBCP andhasthetaskof performingimplicationsafter
eachdecision. FunctionundoBCP( ) erasesll assignmenténplied dueto
themostrecentapplicationof BCP
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BacktrackSearch(A)

if (4 unsatisfieoneor moreclauses)return false

ApplyPLR(4)

if (A satisfiesll clauses)return true

else
selecttagetvariablexr andvaluev

A=Au{(z,v)}

if (doBCP(4) # CONFLICT and BacktrackSearch(A))
return true

undoBCP(A4)

A=A—{(zv)}u{(z0)}

if (doBCP(4) # CONFLICT and BacktrackSearch(A))
return true

undoBCP(4)  /* Undoimplied assignment¥/

A=A —{(z,v)} I*Undodecisionassignment/

return false

Figure 12.5.  Standardavis-Logemann-Leelandprocedurgbacktracksearch).

12.4.2 DERIVING ALL NECESSARY
CONSEQUENCES

We now considera completelydifferentapproachor checkingthe satisfia-
bility of a CNF-formulaor thetestabilityof a stuck-atfault. While backtrack-
ing, asdescribedn Section12.4.1,systematicallymakesdecisionsn orderto
generatasatisfyingvector theapproachesonsiderechow generatemecessary
conditionsandprove satisfiabilityby the absencef a conflict.

12.4.2.1 RESOLUTION

The resolutionmethodis a classicalmethodfor CNF-basedSAT solving
that deducesall logical consequencefom a given formula in the form of
additionalclauseshat areaddedto the CNF. Resolutions a fundamentable-
ductionmechanismin the Booleandomainthe principle of resolutionis given

by

(@+y)H+2)=(@+y)y+2)(z+2)

Thetermz + z is calledtheresolvenof z + y andy + z andwe denote
r+z=res(z+y, 7+ z,y).

Thislaw is alsoknown astheconsensugule. This nameis oftenusedin the
field of logic synthesisvherethe disjunctive form of thelaw,

Ty +yz=zy+yz+zz

is morecommon. Resolutionor consensusanbe usedto checksatisfiability
of a CNF-formulausingthe procedureknown asiteratedresolutionor iterated
consensushawn in Figure12.6.
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IteratedResolution(y)
for (eachvariablex € ¢)
Let 2, bethesetof clauseshaving = asaliteral
Let Qz bethesetof clauseshaving —x asaliteral
for (everypairof clauseqwz, wz), With wz € Qz,ws € Q7)
wr = res(wx, Wi, X)
if (wr = 0) return false
addw, to
deletefrom ¢ all clausesn 2z andin 2,
return true

Figure 12.6.  Theiteratedresolutionprocedure.

Theprocedurdasicallyappliesresolutionoperationdetweerpairsof clauses
with the goal of eliminatingonevariableat eachstepof thealgorithm. If the
emptyclauseis derived, thenthe probleminstances unsatisfiableOtherwise,
the emptysetof clauseds derived, andthe probleminstances declaredsat-
isfiable. At eachstepof the iteratedresolutionprocedurepnecanutilize the
iteratedunit clauserule (i.e. BCP) and the pure literal rule. The resulting
algorithmis the original Davis-Putnanmprocedurd12].

Note an importantdifferencewith the backtracksearchalgorithmin Sec-
tion 12.4.1.If theformulais satisfiablethe resolutionmethodwill notimme-
diately yield a satisfyingvector Satisfiabilityis proved by the absencef the
emptyclause.This principle hasalreadybeenemployedto checkthe validity
of Booleanformulasever sincethe early daysof Booleanalgebra(seealso
[7]). Later, in the 1950s,it wasdiscoveredby QuineandMcCluskey thatthe
methodof iteratedconsensusanbe usedwhenminimizing two-level circuits.
If iteratedconsensug runto completionandall subsumedermsareremoved
we obtain the prime implicants(if they are productterms)or prime clauses
(if they aresumterms)of a Booleanfunction. They play animportantrole in
almostall exacttwo-level minimizationprocedures.

When solving the Booleansatisfiability problem,exhaustie deductionas
given by the above procedures only of limited useasit mayleadto thegen-
erationof an exponentialnumberof clauses.Therefore resolutionis usually
only appliedto generate limited amountof additionalclausesThesecanhelp
to prunethe searchspacdn abacktracksearchbasedn adecisiontree.

12.4.2.2 AND/OR SEARCH

A differentapproactfor deductionapplicableespeciallyin multi-level cir-
cuit representationfiasbeensuggestedh [25, 26] andis known asrecursive
learning or AND/ORreasoning With ATPG asbackgroundit wasoriginally
developedto run directly on a gatenetlist descriptionbut is also applicable
to CNF-basedAT solving. The basicphilosophyis similar to that of resolu-
tion methods.Insteadof exploring all “options” to fulfill acertainrequirement
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Problem A

strategy A1 strategy A2

@)

D
conflict !

strategy D1 strategy D2

Figure 12.7.  Problemsolvingwith AND/OR trees.

asin backtracking.all “necessities’are enumerated.This leadsto a general
searchingschemesometimesateyorizedasAND/OR searchin the Al litera-
ture [36]. Unlike thedecisiontreeof Section12.4.1the AND/OR searchiree
hastwo typesof nodes AND-nodesandOR-nodes.

ConsiderFigure12.7. Theinitial problemto be solved correspondso the
rootnodein the AND/OR tree. Severalstratgiesarepossible.If onestratgy
is successfuthe problemis solved. Therefore the root nodeis an OR-node.
In our example,problem A canbe solved by stratgly A1 or A2. In stratgy
Al threesub-problemsB, C' and D arise. All needto be solved, therefore
A1 correspondgo an AN D-node. Actually, it turnsout that D leadsto a
conflict. Hence stratgy A1 is not successfuandwe considerA2. Thisleads
to problemsE and I’ wheretwo stratgiesexist for problem F'. This process
continuesuntil the given problemscan no longer be decomposednto sub-
problems. A closeranalysisrevealsthat no matterwhat stratgy we choose,
problemC’ needgo be solved. This yieldstheimplicationsA = C andC =
A. Anotherimplicationthatis perhapsdessevidentis GH = A.

In [26] an AND/OR searchingschemewasformulatedto derive all neces-
sary conditionsfor the satisfiability of a Booleanfunction in a Booleannet-
work. In contrasto backtracksearchbasedn adecisiontree)thatcansome-
timesfinish quickly whena sufiicient solutionexists, AND/OR reasoningcan
sometimederminateearly when no solution exists. The original motivation
wasthereforeto prove the untestabilityof stuck-atfaultsin combinationatir-
cuits.

Otherapplicationsresultfrom the fact that for an arbitrary nodey in the
Booleannetwork, AND/OR reasoningcan derive producttermsof the form
x1-%3-...¢, Withn > 1 suchthat(z; -29-...2, = 1) = (y = 1) or
(z1-29-...2, = 1) = (y = 0). Theseproducttermshave beenreferred
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to in [26] as1-implicantsandO-implicants respectiely. In the specialcaseof

n = 1, thetechniquds calledrecursivelearningandcanbe usedto derive all

implicationsin a Booleanmnetwork(seealsoSection12.5.1.1) Besidegpruning
thesearchspacejmplicationsandimplicantsin multi-level circuitscanbevery
usefulin multi-level logic synthesig26]. Thisis basednthesamephilosophy
asfor two-level minimizationwheredeductionmethodsto derive implicants
suchasiteratedconsensubave playedanimportantrole for alongtime.

12.5 SEARCH ACCELERATION
TECHNIQUES

12.5.1 DEDUCING CONSTRAINTS

This sectionprovidesadditionaldetailon techniqueso identify simplelog-
ical relationshipsand constraintsthat permit us to simplify the problemin-
stances.

12.5.1.1 BOOLEAN CONSTRAINT PROPAGATION AND
IMPLICATIONS

As alreadypointedout in previous sections,SAT and ATPG algorithms
makeextensve useof techniquedhat evaluatethe given setof value assign-
mentsto thevariableqsignals)of the CNF-formulaor the Booleannetworkin
orderto derive furtherassignmentthatareuniquelydeterminedy thecurrent
situation. In the contet of testgenerationthis procesds usuallyreferredto
asperformingimplications In the terminologyof SAT solving methodsit is
calledBooleanconstaint propagation (BCP).

It is helpful to usethefollowing classificationof implicationtechniquesn
Booleannetworks.

In aBooleametwork,a valueassignmenatanarbitraryinputor outputsig-
nal of alogic gateg follows by simpleimplicationif it is uniquelydetermined
by previous logic valueassignmentat otherinput or outputsignalsof g and
by thefunctionof ¢ (AND, OR,NOT, NAND, NOR). A simpleimplicationis
a local evaluationof a given gate. Additionally, it is commonto distinguish
betweenforward and badkward implication, dependingon whetherthe new
valueassignmenis implied at the outputsor theinputsof the consideredjate.
Figure12.8a) andb) shov examplesof simpleforward andbackwardimpli-
cations. Simpleimplicationshave an equivalentcounterparin the domainof
evaluating CNF-formulas. Simpleimplicationsin a Booleannetwork corre-
spondto the applicationof the unit-clauserule asdescribedn Section12.4.1
if thecircuitis modeledoy a CNF-formula.

A logic valueassignmenis saidto be obtainedby directimplication, if it is
determinedoy a sequencef simpleimplications. While simpleimplications
arerestrictedto locally evaluatingsingle gates,directimplicationscan make
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d) after direct implication ¢) example of an indirect implication

Figure 12.8.  Typesof implicationsin a combinationatircuit.

valueassignmentacrossseveral gatesalongthe pathsin a circuit; seeFigure
12.8c) andd). Directimplicationsin a Booleannetworkcorrespondo BCP
basedn theunit-literal rule for a CNF-formula.Notealsothatthe pure-literal
rule of Section12.4.1hasa counterparin ATPG. Applying the pure-literal
rule corresponds$o makingassignmentso so calledheadobjectiveq16] that
canbeidentifiedin Booleannetworksby badtracingtechniquesuchasthose
describedn Section12.5.4.1.

If avalueassignmentt a given signalis uniquely determinedby previ-
ousvalueassignment the circuit andcannotbe implied directly, thenit is
saidto be determinedy indirectimplication. Figure 12.8e) shavs an exam-
ple of anindirectimplication. Indirectimplicationscanonly be identifiedby
more sophisticatedleductionschemesuchas the onesalreadydescribedn
Sectionsl2.4.2.1and 12.4.2.2,as well asadditionaloneswe describenext.
SOCRAES[39] wasthefirst testgeneratoto identify someindirectimplica-
tions.

12.5.1.2 VARIABLE PROBING

Thegoalof identifyinglogicalconstraintsn ATPGhasmotivatedresearchers
to studyvariableprobingtechniqueg39, 40], alsoknown asasstaticanddy-
namiclearning The objectve of variableprobingis to identify relationships
amongvariables.Consideragainthecircuitin Figure12.8e.If theassignment
f = 0is“probed”,andall direct(forwardandbackward)Ymplicationsareper
formed,thentheimplied assignment. = 0 is identified. As a result,we can
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ProbeVariables(p, level)

(¢, C) =simplerulesf)

if (is_satisfied{)) return (C, true)

if (is_unsatisfiedg)) return (¢, false)

if (level > 1)

for (everyz € )

(Cq, status) = ProbeVariables (¢ A C' A (z),level — 1)
if (status = true) return (C, status)
(C=, status) = ProbeVariables (¢ A C' A (—z),level — 1)
if (status = true) return (C, status)
C=CU(CzNCF)
if (0 € C) return (@, false)

return (C, false)

Figure 12.9.  Variableprobing(S#lmarcks method).

saythat f = 0 — h = 0. Moreover, we canalsoconcludeby applyingthe law

of contrapositiorthath = 1 — f = 1. Obsere thatthelatterimplicationis

notreadilyobtainedy a sequencef simpleimplicationsbut requiresanaddi-
tional conceptjn this case thelaw of contraposition.Suchimplicationshave
beenreferredto asindirectin Section12.5.1.1andwerecalledglobalin [39].

Indirectimplicationscanbeidentifiedduringa preprocessinghasei.e. static
learning)or during the searchphase(i.e. dynamiclearning). Note thatit is

notobviouswhatsignalsshouldbe probedin orderto identify additionalvalue
assignmentsTherefore,in staticanddynamiclearningprobingis performed
for all unassignedignalsof thecircuit.

In SAT anexampleof usingvariableprobingis StalmarcksmethodSM) [42,
21]. SMis a completeproof procedurefor Booleansatisfiability The core
techniqueof this proof procedurecan be interpretedas the recursve appli-
cationof variableassignmenprobing. While staticand dynamiclearningof
[39, 40] applyprobingonly to all singlevariablesof thecircuit SM extendsthe
probingprocessecursvely to all pairs,all triplesandsoforth.

A recursve versionof thevariableprobingalgorithm(adaptedrom [21]) is
illustratedin Figure12.9. At eachdepthof the recursve procedureasetC’ of
conclusionge.g.,unit clauseslenotingnecessargassignmentsy maintained.
For everyvariablez thetwo possibleassignmentareevaluatedand,depending
on the outcome,the probleminstancecan be deemedsatisfied,or currently
unsatisfiable.

It is plain to concludethat variableprobing with arbitrary depthidentifies
all necessarassignmentsMoreover, if the probleminstanceis unsatisfiable,
variableprobingis ableto concludeso.

12.5.1.3 RESOLUTION AND AND/OR REASONING

Resolutionand AND/OR reasoningsolve satisfiability by deducinglogi-
cal consequencemtherthanenumeratinghe variablespace.The examplein



326 LOGIC SYNTHESIS AND VERIFICATION

h=1

stragtegy 2:
justify by e =1

strategy 1:
justify by g =1

g=1c=1 f=1 e=1b=0a=1 f=1

Figure 12.10.  AND/OR reasonindreefor h = 1.

Figure12.8ecanbeusedto comparehetwo techniquesSupposeave wantto
performtheimplicationsfor ~ = 1. First,we considerresolutionbeingapplied
to thecharacteristi€NF-formulaof the circuit asgivenby

= (a+b+fi-@+H2- b+ s (F+9a(c+9s-(+f+9)s-
(a+é)7-(b+é)s-(a+b+e)g-(e+g+h)io-(€+h)11-(g+h)i2

For betterreadabilityof this examplethe clauseshave beennumberedasin-
dicatedby the index at eachclause. Performingthe implicationsfor » = 1
meansthat we would like to identify all clausesof type (h + z) wherez is
somesignalof thecircuit. Applying resolutionto all pairsof clausegesultsin
thefollowing resohents:

1-4: (a+b+ghs 1-8 (a+é+ s 1-9 (lj+€+f)15
260 (a+c+g)e 270 (e+ fhr 3-6: (b+c+g)is
39 (a+ e+ e 4-10: (e+ f+ }})20 5-10: (g +e+ }})21
6-12: (E + f + h:)22 7-10 (a +g+ h:)23 8-10: (b +g+ hb)24
9-10: (a + b+ h)25

Clauseghatarecoveredby otherclausexanbeeliminated.Next, thepairwise
comparisonshave to be performedfor the nev clausestoo. This procedure
hasto be continueduntil no morenew clausesare generated For reasonsof
brevity we omit thesestepsbut notethattheclausesl 7 and20yield theclause
(f + h)26. This correspondso theimplication (h = 1) = (f = 1) whichis
indirect.

We now examinehow the sameimplication canbe identifiedby AND/OR
reasoningFigure12.10shavs the AND/OR reasoningreefor theassignment
h = 1. Therearetwo possiblestratgiesto reachthis assignmenctalledjusti-
ficationsin [25]. We canjustify h = 1 by e = 1 or g = 1 (or both). For each
justificationwe performdirectimplicationsasdescribedn Section12.5.1.1.
Note that in either casewe immediatelyobtain f = 1. Hence,f = lisa
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necessargssignmenandtheimplication(h = 1) = (f = 1) is obtained.For
adetaileddescriptionof recursve learningandAND/OR reasoningsee[26].

The exampleillustratessomedifferencedetweerresolutionand AND/OR
reasoningResolutiorproducesll prime clausedor a given CNF-formula. If
the CNF-formularepresents multi-level Booleannetworkwe obtainall im-
plicationsandimplicantsbetweenall nodesin the network. Thereis usually
atremendousiumberof suchrelationshipsothatonly a subsebf all clauses
canbe generatedn practice.lt is usuallyhardto develop heuristicssuchthat
only thoseclausesaregenerateavhich arerelevantfor theproblembeingcon-
sidered.In theabore example wherewe areonly interestedn theimplications
for h = 1 it would be sufficientto only generateslausesl 7,20 and26.

AND/OR-reasoningolvesa morespecificproblemthanresolution.lt gen-
eratesall implicantsfor a particulartargetline in a multi-level circuit, suchas
h in theabove example,i.e.,it only generatesll clausef theform (h + .. .)
or (h + ...). Thereforejt canbe moreefficient thanresolutionif our interest
is in implicantsfor a specifictargetline or in implicationsfor a specificsetof
valueassignments a multi-level circuit.

In general however, both,resolutionand AND/OR-reasoningrefairly ex-
pensve methods.They shouldonly be usedin SAT or ATPGwhenotherless
expensve methoddail.

12.5.1.4 TOPOLOGICAL ANALYSIS FOR UNIQUE
SENSITIZATION

In ATPG, the requirementof fault obsenability can resultin additional
searchconstraintscalled unique sensitizatio. This is basedon a topologi-
calanalysisconductednarepresentatioof thecircuit C' asadirectedacyclic
graph(DAG).

Notethatafaultsignalcanonly propagatéhroughaspecificgateif theother
inputsof thatgatearesetto specificvalues(1 for AND-gates 0 for OR-gates).
Thisis calledsensitizatio of agate.A topologicalanalysisof thecircuit graph
canoftenidentify setsof gatesthroughwhich the fault signalmustpropagate
in orderto reachanoutput[16], [24].

As anexample,considerthecircuit in Figure12.2. For atargetfault atsig-
nal b it is obvious thatthe fault signalmustpropagatehroughgatesd, f and
h. In the DAG representatiomf the circuit thesenodesare called domina-
tors. For thecircuitin Figurel2.2uniguesensitizatiorresultsin thenecessary
assignments ;3 = 1, « = 0 ande = 0.
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12.5.2 SEARCH PRUNING BY CONFLICT
ANALYSIS

Thereexist avariety of dedicatedechniquegor pruningthesearctspacdn
backtracksearchalgorithms. Most of thesetechniquesomeinto play when-
ever conflictingconditionsareidentifiedandareequallyapplicablein SAT and
ATPGtools.

To explain thesetechniquesijt is usefulto note the following additional
definitionsrelating to the backtracksearchprocess(seeSection12.4.1). A
decisionlevel is associatedvith eachvariableselectionandassignmentThe
first variableselectioncorrespondso decisionlevel 1. For eachnew decision,
thedecisionlevel is incrementedy 1. The applicationof the unit clauserule
yields variableswhosevalueis implied. The unit clausew,. thatimpliesthe
assignmenbf a variablez to valuev(z) is referredto asthe antecedentf
z, a(z). Thedecisionlevel of eachimplied variablez, é(z), is givenby the
highestdecisionlevel of thevariableghatdirectly makew a unit clausg(before
z is assigned).The notationz = v(z)@d(z) : a(z) is usedto denotethat
variablez is assignedaluer(z) with decisionlevel §(z) andantecedent(z).
When a variable w is a decisionvariable,and so with no antecedentthen
a(w) = NIL.

For example,to computethedecisionlevel of avariablez, implied dueto a
unit clausew,., thefollowing formulacanbeapplied:

z) =maz{d(y): (y €Ewx) Ay #2)}

Obsenre thatthe unit clausew,. becomessatisfiedassoonasz is assignedts
implied valuev(z). Moreover, obsenre thatdecisionlevels, althoughstrictly
not necessaryor implementingthe techniquesescribedoelow, significantly
simplify the procesf explainingthosetechniques.

12.5.2.1 CLAUSE RECORDING

At thecoreof mosttechniquedor pruningthesearctspaces clauserecod-
ing, which hasbecomeone of the mostoften utilized techniquesn state-of-
the-artSAT solvers[33, 5, 47,35]. Neverthelessit isimportantto obsene that
clauserecording(also known as nogoodrecoding) hasbeena widely used
techniquein differentareasof Artificial Intelligence[38]. Clauserecording
entailstechniquesfor addingnew clausesto the CNF formula that explain
identified conflicting conditionsor help prevent future potential conflicting
conditions.For SAT, a formal explanationof onepossibleapproactto clause
recordingduring backtracksearchs describedn [33]. In this, asin otherap-
proachesthe basicideasupportingclauserecordingis to identify a suficient
setof causedor a given conflictingconditionto takeplaceduringsearch.
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e=1

Figure 12.11.  Exampleof clauserecording.

Considetthefollowing exampleCNF formula:

p=(atb)- (btctd)- (bt o) (ndtet )

Moreover assumeéhe sequenc®f decisionassignments = 0 and f = 0.
In this case the orderof decisionss ¢ = 0 first (hence,c = 0 @ 1 : NIL),
and f = 0 next (hence,f = 0 @ 2 : NIL). Let us further assumea few
otherdecisionassignmentgp be usedin the next section,andfinally assume
thedecisionassignment = 0 @ 5 : NIL.. Theobtainedmplicationsequence
resultingin a conflictis shovnin Figure12.11.

By inspectionit is straightforwardo concludethat(c = 0) A (f = 0)A(a =
0) = (¢ = 0). Sincethe objective is to have ¢ = 1, thenoneimmediately
concludeshaty = (¢ + f + a). Hence(c + f + a) denotesa new clause
that can be addedto the CNF formula(i.e. it canbe recorded). Moreover,
(¢ + f + a) canbe viewed asan explanationof this conflict, andso enables
avoiding the sameconflictto occuragainduringthe search.

As theexampleillustrates relevantassignmentaresplitinto assignmentat
thecurrentdecisionlevel andassignmentatlower, i.e. earlier decisionlevels.
Assignmentstlower decisionlevelsarerecordedwhereasassignmentat the
currentdecisionlevel areusedto tracethe cause®f the conflictto thedecision
assignmentTheresultingsetof assignmentgall at lower decisionlevelswith
the exception of the decisionvariable)are usedto specify the clauseto be
recorded33].

In generalit is not feasibleto recordthe explanationsfor all conflicting
conditionsdentifiedduringthesearch As aresult,it is oftenthecasethatlarge
clauseswith a numberof literals above a certainsize are eventually deleted
duringthesubsequergearcH33]. Largeclausesanbedeletedvheneerthey
becomeunresoledduringthe subsequergearch.

Thereis no equivalentdevelopmentto clauserecordingin the ATPG do-
main. The mostrelatedconceptsareprobablythe techniquesn [17, 15] that
usethenotionof anE-frontierin netlist-basedTPGwith thegoalof capturing
equialentanddominantstateduringthe searchprocessTherecordednfor-
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conflict f=0

Figure 12.12.  Exampleof non-chronologicabacktracking.

mationis usedto reducethe amountof searchfor the currentandsubsequent
targetfaults.

12.5.2.2 NON-CHRONOLOGICAL BACKTRACKING

Thebacktracksearctprocedureasdescribedn Sectionl2.4.1,implements
chronological badtracking, where backtrackingis alwaysperformedto the
mostrecentdecisionassignmenivhich hasnotyet beentoggledby a previous
backtrackstep. In general,for real-world probleminstanceschronological
backtrackingcanperformpoorly whencomparedvith alternatve approaches,
namelynon-chronologicabacktrackingwherethesearchalgorithmcanback-
trackto decisionassignmentsvhich arein factdeemedelevantfor eachiden-
tified conflict.

It is interestingto obsene thattheutilization of clauserecording(described
in the previous section)providesthe necessarynformationfor implementing
non-chronologicabacktracking.The remainderof this sectionillustratesone
possibleapproacHor implementinga non-chronologicabacktrackingsearch
stratgy. A detailedexplanationof the implementationof non-chronological
backtrackings availablein [33].

In orderto illustrate how non-chronologicabacktrackingcan be imple-
mentedassumen augmentedersionof the examplein the previous section,

o = (a+b)-(btetd) (bt e) - (nd+ et f)(natg):
(g +8)- (h+ ) (mi+ k) - (a+c+ ),

wherethe clauserecordedasa resultof the conflict analyzedn the previous
sectionis alreadyshovn. Moreover, assumehe decisionassignments = 0,
f =0,h = 0and: = 0. Theimplication sequencehat resultsfrom this
scenarias shaovn in Figure12.12. Note thatthe previous decisionvariablea
is now implied by the just derived conflict clause(a + ¢ + f), andthatthe
new implication sequencéeadsto anotherconflict. Analysisof this new con-
flict readilyyieldsanew clause(c + f), which indicatesthatbacktrackings
requiredandthatthe backtrackingstepcanbe non-chronological.The newly
derived clause(c + f) indicatesthatthe decisionsh = 0 and: = 0 areirrel-
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conflict f=C

Figure 12.13.  Exampleof uniqueimplicationpoint.

evantfor the two mostrecentconflicts,andthat backtrackingto oneof these
two decisionassignmentsvould not eliminatetheseconflicts. To remove the
conflicting conditionsthe backtracksearchalgorithm needsto backtrackto
oneof the decisiongndicatedby (¢ + f). In generalthe backtrackingstepis
performedio the mostrecentdecision,in this casef = 0.

In ATPGtheutilization of non-chronologicabacktrackingsearctstratgies
wasinitially outlinedin [29, 30], anddetailedandimplementedn [31]. Inter
estingly thework of [15, 17] did not utilize non-chronologicabacktracking,
andthework of [29, 30, 31] did not considersearchequivalenceor dominance
conditions.

12.5.2.3 RELEVANCE-BASED LEARNING AND UNIQUE
IMPLICATION POINTS

Besideghecreationof conflict clausestheability to backtracknon-chrono-
logically, andthe deletion of large clauses,a few additionalsearchpruning
techniquedave beenproposedhatalsobuild uponclauserecording.

Relevance-basettarning[5] consistof extendingthelife-spanof clauses,
by deletingunresoled recordedclausesonly aftera certainnumberof literals
becomeaunassigned.We shouldnote that relevance-basedkarningis often
integratedwith deletionof large clausesandsolarge clausesareonly deleted
whena certainnumberof literalsbecomesinassigned.

Uniqueimplication pointsdenotedominatorg45] in the graphof implica-
tionsof decisionassignmentwith respecto identifiedconflicts. Uniqueimpli-
cationpointsrepresenvariableassignmentshich, by themseles,cantrigger
sequencesf implied assignmentshatyield the sameconflicts. Considerthe
following CNF formula,

(0+0): (bt +9) (bt ~h) (g +h+i): (~i-+d) (it ) (ot et f)

andthe sequencef decisionassignments = 0, f = 0 anda = 0. The
resultingimpliedassignmentareshavnin Figure12.13.Theclauserecording
procedureutlinedin section12.5.2.wouldidentify thenew clause(a+c+ f).
However, noting thatthe implied assignmeni = 1 yields by itself the same
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conflict,onecancreateinsteadtwo clausesnamely(—i + f) and(a + ¢ + 7).

After erasingthe mostrecentsequencef implied assignmentsnd decision
assignmenta = 0), anew unit clauseis identified(—¢ + f) andtheresulting
impliedassignmenticlude: = 0 anda = 1, thatresultfrom thetwo recorded
clausesObsene thatthe original procedurevould only imply « = 1 from the
solerecordectlause.

12.5.3 OTHER PRUNING TECHNIQUES

Thebacktracksearctprocedureanbeaugmentedvith differenttechniques
describedin previous sections,namely resolution, AND/OR reasoningand
variableprobing[32]. The integrationof thesetechniqueswith othersearch
pruning techniquesusedin backtracksearchis technically challenging,be-
causeeachderived necessargssignmeninustbe explainedin termsof newly
addedclauses. Interestingly the identification of explanationsfor the nec-
essaryassignmentgdentified with resolution,AND/OR reasoning(recursve
learning)andvariableprobing (Stalmarcks method),providesanothemmech-
anismfor clauserecording,andconsequentlyallows establishingiew pruning
techniqueshatdiffer fundamentallydueto clauserecording)rom theoriginal
ones.

Recentwork in SAT hasinvolved formula simplification techniqueq34]
and searchstratgies basedon randomizatiorwith restarts[19, 4]. Formula
simplificationestablishesonditionsfor removing variablesandinferring nev
clausesRandomizatiomwith restartsallows the searchprocesgo consideral-
ternatve searchpathsaftera pre-determinediumberof backtrackss reached.

12.5.4 BRANCHING HEURISTICS

12.5.4.1 SEARCH PATHS IN ATPG

The performanceof testgeneratorganbe greatlyinfluencedby the useof
badtracing proceduress hasbeenshowvn in the FAN-algorithm[16]. Their
goalisto effectively drive thetestgeneratiorprocesgowardscertainobjectives
[16]. The objectvesresultfrom the generalstratgy to move the D-frontier
towardsthe primary outputsandthe J-frontiertowardsthe primaryinputs.

In [16] an objective is definedasa triple (f, no(f),n1(f)) where f is a
signalin the Booleannetwork, no(f) is an integer numberexpressinghow
strongly the logic value O is requiredat f andn,(f) is aninteger number
expressindhow stronglythelogic valuel isrequiredat f. Theinitial objectives
arederivedfrom thesignalsin theJ-andD-frontier andoftenexploit testability
measues seee.g. [1]. Backtrackingmeansthat theseinitial objectvesare
propagatetbackwardsn thecircuit accordingo simplerules.A few examples
areshavn in Figure12.14.
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Suppose that a is more controllable than b according
to some testability measure.

(a, ng, ny) a

(b, n,,0) b @ f (f ngny)
(a, ng, n,) a -

(b,0,n) b :D f (f ng n)
(a, ng+me,n +m) a t fo(f ne,m)

g (g my,m)

Figure 12.14.  Backpropagatioof objectivesin FAN.

The main goal of backtracingis the early identificationof conflicts. If a
fanoutpoint f is reachedwith contradictoryrequirementsi.e., nqo(f) > 0 and
n1(f) > 1, the backtracingprocessstopsand an optional value assignment
is madeat f, i.e., a decisionis madeat at this fanout point and insertedin
thedecisiontree.If no conflict occursbacktracingcontinuesuntil the primary
inputsarereachedandthe numbersng (f) andn, (f) indicatewhatvalue as-
signmentshouldbe madeto reachthe objectvesof thetestgeneratiorprocess.
Importantly aslong asbacktracingoroducedanoutpointswith contradictory
requirementshesearealwayschoserfirst for decisionmakingsothatconflicts
aredetectedasearlyaspossibleandbacktracksareavoided. An improvement
to this schemebaseddn single pathbacktracinchasrecentlybeenproposedn
[22].

Note thatthis is relatedto the generalstratgy of selectingthe non-unate
variablesin two-level circuit representationas decisionpointsin SAT solv-
ing or tautologychecking. If we formulatedthe objectves of a FAN-based
testgeneratiorprocedureby a Booleanfunction to be satisfied,the conflict-
ing variableswould correspondo non-unatevariablesof this characteristic
function. This explainswhy backtracings very important. It is the basicin-
strumento incorporatea strat@y alsoknown asunaterecursiveparadigm[6]
into a Booleandecisionmaking procedureoperatingon multi-level Boolean
networks.Therefore backtraceroceduresepresenanintegral partof almost
all modernATPGtools.

Theabove backtracédranchingheuristicaareessentiallpbasednthecircuit
structureandtry to generateearlyconflictsby focusingonthefaultjustification
and propagationpaths. In contrastto this, since CNF basedSAT doesnot
have structuralinformation, its branchingproceduresnustrely on different
heuristicshasedn the distribution of literalsin theclauses.
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12.5.4.2 BRANCHING HEURISTICS IN CNF-SAT

Oneof themostimportantbut leastunderstoocspect®of SAT algorithmsis
how to choosehe next decisionvariableat eachbranchingpoint. Variousau-
thors[28, 23,8, 13] have experimentedvith mary differentbranchingschemes
with differentdegreesof successGomesetal. provide anexcellentreview of
this subject20].

Despitethe effort spenton decisionschemesit is still unknavn whatprop-
ertiesmakea particulardecisionschemebetterthanothers. Currentdecision
schemesre mostly basedon intuition andempiricalresults. Usually, a good
decisionschemefor a certainclassof problemsmay not be goodfor others.
Thus,it is very hardto determinevhich decisionschemeshouldbe usedfor a
certainclassof problems.

Traditional decisionschemegenerallyemphasizehe quality of the deci-
sion,e.g.,minimizationof thetotal numberof decisiongequiredto solve cer
tain problems. Although the numberof decisionss a straightforwardmetric
to comparedifferentstratgies— fewer decisionsoughtto meansmarterdeci-
sions—it is not the only metric, sincenot all decisionsyield an equalnumber
of BCP operations.As aresult,a shortersequencef decisionsmay actually
leadto more BCP operationghan a longer sequencef decisions. Besides,
traditional decisionschemeaisuallyinvolve updatingsomestatisticsdynam-
ically, andthusare computationallyexpensve. As the deductionprocesse-
comesmoreandmoreoptimized,thetime spenton decisionmakingin a SAT
solverbecomesion-ngligible. Thereforejt is importantto keepthedecision-
makingoverheado aminimum,while maintainingthequality of thebranching
heuristic.RecentlyChaf hasintroducedavery low overheaddecisionscheme
referredto asvariable stateindependentecisionstrategy (VSIDS) [35]. The
emphasi$iereis onminimizing computatioroverheador decisionstatemain-
tenancen changeof variablestateduringbranchingandbacktracking.

12.6 IMPLEMENTATION ISSUES

Algorithmsfor ATPG andSAT are especiallysensitve to variationsin im-
plementation- particularly to the basic datastructuresused. Netlist based
ATPGtoolsareusuallybuilt on ad-hocdatastructures.They candirectly ex-
ploit the physicalandstructuralinformationrepresenteih the netlist. On the
other hand, the logic operationsneededare usually more comple than for
CNF-basedools. In contrast,in a CNF-basedramework it is moredifficult
to exploit structuralcircuit information, however, highly efficient datastruc-
tureshave beenproposedor BCP andconflict analysis.In thefollowing, we
describesomeof thesedatastructures.
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12.6.1 CLAUSE DATABASE STORAGE

12.6.1.1 SPARSE MATRIX REPRESENTATION

The simplestand currentlymostwidely useddatastructureis to represent
the clausesin a sparsematrix. Eachclausestoresa vector of the literals in
it, and somestatisticaldata,e.g., the numberof total literals, the numberof
free literals, etc. Eachvariablemay keepa list of all its occurrencegasin
GRASPJ[33]) or someof its occurrencgasin SATO [47] or Chaf [35]) in the
clausedatabase.

Counter based BCP.  ThemoststraightforwardBCP methodoperating
onasparsanatrix clausedatabasés to keepthreecounterdor eachclausethe
total numberof literals, the numberof literals evaluatingto 1, andthe number
of literalsevaluatingto 0. Thefirst counteiis constantluringtheentirelifetime

of theclause Theothertwo countersareupdatedvheneertherelatedvariable
is set/unseto avalue. Thestatusof a clause- conflict, satisfiedor unit - canbe
determinedy thesethreecounterge.g., GRASP[33] ). An efficientvariation
of this methodeliminatesthe needto storethe numberof literalsthatevaluate
to1(e.g.,relsat5] ).

Pointer based BCP. A moreefficient way to implementthe BCP op-
erationis proposedy SATO [46]. Althoughthedatastructurein SATO is also
basedon sparseamatrices,it determineghe statusof the clausedn a different
way. Eachclausehastwo pointers:HeadandTail to pointto its first andlast
unassignediterals. Insteadof keepingtrack of all the literal occurrences
for eachvariable,the HeadList is a collectionof its occurrencessthe first
unassignediteral in the clausesandthe Tail List is a collectionof its occur
rencesasthelastunassignediteral in theclausesStartingfrom avariable,one
needgo only visit the clauseghathave this variableastheir Head/&il. Unit
clausesaindconflict clausesaredetectedy examiningtherelative positionsof
theHeadandTail pointerof theclauses.

The key adwantageof this algorithmis that whenever a variable changes
state,only the clausesin the Head/®il list for this variablewill be visited.
Whenwe move the Head/Ril literals, it is possiblethat we will encountea
valuel literal very early if the clauseis satisfied. Whenever a searchfor the
next Head or Tail encounters literal with value 1, the Head or Tail of the
clausewill stopto be active, thuseliminatingthe needto updatethe statusof
theclausen thefuture.

Chaf [35] proposeanevenmoreefficientimplementatiorof the BCP pro-
cedurethanthatusedin SATO. Chaf’s BCPis basedntheobsenrationthatif
aclausehasmorethanl unassignediteral, it canbeneithera unit clausenora
conflictclause.In Chaf, for eachclausetwo literalsarebeing“watched”. The
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“watched”literalshave the propertyof beingthelastto be assignedo value0
if theclausds notsatisfied Eachvariableonly keepsalist of all its “watched”
literals. In practice the“watched”literalsof thetwo differentphasegcomple-
mentedanduncomplementedrekeptin separatarrays.Wheneeravariable
becomesassigned Chaf traversesthroughall the “watched” literals of this
variableevaluatingto O.

Chaf’s BCP algorithmhasall the advantagef SATO’s algorithmduring
thedeductiorprocedureMoreover, duringbacktrackingundoingassignments
doesnot requirea changein the statesof the clausesj.e. thereis no needto
changethe “watched” literals. The reasonis thatthe “watched” literals have
thepropertyof beingthelastto beassignedalueO if theclausds notsatisfied,
thereforethey will bethefirstto becomeunassignedf theclauseis freeagain.
Therefore,un-assigningvariableassignmentsn backtrackingis very cheap.
Thisis avery significantperformancexdvantage.

12.6.1.2 IMPLICIT DATA STRUCTURES

Besidesthe sparsematrix clausedatabaseepresentationthere are some
otherdatastructureshat have beenproposedn the literaturefor storingthe
clauses.

A versionof SATO usesa datastructurecalled a trie to storethe clause
databaseA trie is aternarytree. Eachinternalnodein thetrie structureis a
variableindex, andits threeleaf edgesarelabeledPos,Neg and DC respec-
tively for positive, negative anddon't care.A leaf nodein atrie is eitherTrue
or False. Eachpathfrom root of thetrie to a True leaf represents clause.A
trie is saidto be orderedif for every internalnodeV, Parent(V)hasa smaller
variableindex thanthe index of variableV. The orderedtrie structurehasthe
nice propertyof beingableto detectduplicateandtail subsumedlausesf a
databaseuickly. A clauseis saidto betail subsumedy anotherclauseif its
first portion of theliterals (a prefix) is alsoa clausein the clausedatabasefor
example,(a + b + ¢) is tail subsumedby (a + b).

Intuitively an orderedtrie has somesimilarity with binary decisiondia-
grams,i.e. easysharingof commonparts. This hasnaturallyled to the ex-
plorationof otherdecisiondiagramstyle setrepresentation<hatalic[10] and
Aloul [3] have both experimentedvith usingzen-suppessedinary decision
diagrams(ZBDD) to representhe clausedatabase A ZBDD representation
of the clausedatabaseandetectnot only tail subsumptiorbut alsoheadsub-
sumption. Both authorsreportsignificantcompressiorof the clausedatabase
for certainclasse®f problems.

It is unclearif theirredundanyg advantage®f thetrie andZBDD datastruc-
turearesuficientto justify the additionalmaintenanceverheadf thesedata
structurexomparedo the sparsanatrix representation.
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a) binary clause x +y b) ternary clause x +y +z

Figure 12.15.  Implicationgraphfor clauseswith two andthreeliterals.

12.6.2 GRAPH DATA STRUCTURES FOR BCP

In the context of CNF-basedATPG algorithmsimplication graphg9, 44]
have beenproposedas specificdatastructuresfor efficient implementations
of implication techniques.The implication graphof [44] is a directedgraph
G1 = (V, E) wherethe vertex setis partitionedinto a setof signalnodesVs
anda setof A-nodesV,. Signalnodesrepresenthe encodingpits of a signal
z. For simplicity, we assumea three-aluedlogic alphabet{0, 1, X}. In this
case for eachclausevariablez two nodes,z andz’ areintroducedin G;. If
we assignin thecircuitz = 1 or z = 0 thenin GG; nodex or z’, respectiely,
is saidto be set Eachn-ary clausein the characteristic€CNF of the circuit is
representedby » associatedh-nodesin G; andn? edgesconnectingthe A-
nodeswith thesignalnodedfor the clausevariables. Theimplicationgraphfor
abinaryandternaryclauseareshovn in Figure12.15.

Directimplicationscanbeperformedn 7 by settingsignalnodesaccord-
ing to thefollowing rule:

Startingfrom aninitial setof setsignalnodesall immediatesuccessonodes
v; aresetif nodew; is an A-nodeandall its immediatepredecessorareset,or
if nodev; is asignalnodeandat leastoneimmediatepredecessas set.

Thisrule is appliedrepeatedlyuntil no additionalnodecanbe set. A logic
inconsistenyg occursif thereis asignalz in the graphsuchthatbothz andz’
areset.

The simplicity of the above implication rule facilitatesan efficient encod-
ing of logic alphabetsandafastbit-parallelimplementatiorof theimplication
engine.In [44] arecorvergenceanalysiss proposedo identify indirectimpli-
cationsandit is shaovn haw AND/OR-reasoninganberealizedefficiently on
this datastructure.
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12.7 HISTORICAL PERSPECTIVES AND
OPEN PROBLEMS

Thefirst completemethodto generatdestvectorsfor singlestuck-atfaults
was the famousD-algorithm proposedby Roth [37]. Goel [18] formulated
testgeneratiorasbacktracksearchfor theinputvariablesof thecircuit. In his
testgeneratoPODEM heintroducedthe generalATPG procedureaswasdis-
cussedn Section12.3.Importantrefinementgo this procedurevereproposed
by Fujiwaraand Shimono[16]. Their ATPG tool FAN wasthefirst to incor
poratea sophisticatedacktracingprocedureaswell asuniquesensitization.
Anothersignificantstepwasmadein SOCRATES [39] whereit wasshovn by
Schulzetal. thatthe ATPG processcangreatlybenefitfrom the identification
of indirectimplications.

With respectto the SAT domain,the first algorithm was the well-known
Davis-Putnamprocedure{12], which is basedon the applicationof iterated
resolution. Shortly afterwards the first backtracksearchalgorithmwas pro-
posed11], whichis commonlyknown asthe Davis-Logemann-Leeland(DLL)
procedure.Recentyearshave seensignificantsimprovementsbeingmadeto
the basicDLL procedurewith the introductionof non-chronologicaback-
tracking,clauserecordingandseveralothervery effective searctpruningtech-
niques[33, 5]. More recently theimplementatiorof efficient SAT solvershas
beensubjectto key improvementq35].

Onemay expectthatfurther progresdn the areaof SAT andATPGis very
hard after decade®f research.However, innovation could resultparticularly
from combinationf searchpruningtechniqueghathave sofar beenconsid-
eredindependentlfrom eachother As alreadypointedoutin Section12.5.3,
the conceptof clauserecordingthathasbeenappliedin backtracksearchand
AND/OR reasoningcouldbe extendedo otherreasoningschemedike resolu-
tion or variableprobing, or even approachesisinga mix of backtracksearch
andreasoningschemes.

ATPG and SAT continuouslyconquernewn applicationdomains. Specific
applicationsrequire specificheuristics. As an example, SAT-basedproperty
checkingrecentlybecameanintensve field of researctandit is a challenging
taskto adaptSAT algorithmsto traversingsequentiakircuits. Therefore,as
with SAT and combinationalATPG today in the nearfuture, we may seea
unificationprocesf SAT andsequentiaATPG, promisingnot only a unified
terminologybut alsosubstantiallymore powerful tools.
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