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Abstract

We prove that if a component of the response signal of a controllable linear time-invariant system is persistently exciting of
sufficiently high order, then the windows of the signal span the full system behavior. This is then applied to obtain conditions
under which the state trajectory of a state representation spans the whole state space. The related question of when the matri
formed from a state sequence has linearly independent rows from the matrix formed from an input sequence and a finite
number of its shifts is of central importance in subspace system identification.
© 2004 Elsevier B.V. All rights reserved.

Keywords:Behavioral systems; Persistency of excitation; Lags; Annihilators; System identification

1. Introduction of a linear time-invariant system is observed. Now

consider, for somd., 1< L <T, the ‘windows’ of
Persistency of excitation of an input or a noise sig- |engthL:

nal is of importance in system identification and adap- _ . .
tive control, see, for exampl§],3—6] In this paper, [w(1), w(2), ..., w(L)]
we examine consequences of persistency of excitation[w(2), w(3), ..., w(L + 1)]
using the behavioral language. )

The problem studied may be posed as follows. As- _ .
sume that a response [W(T —L+1),d(T —L+2),..., (). 1)
Under which conditions do these windows span
the whole space of all possible windows of length
L which the system can prodiite

w(l), w(2), ..., w()
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2. Linear time-invariant systems
We use the behavioral langua@el1]. A dynamical

system is defined a& = (T, W, B), with T € R
the time axis,W the signal space, arth C W' the

behavior In the present paper, we deal exclusively

with discrete-time systems with time axis=N, W a

finite-dimensional real vector space (generic notation

W = RY), and a behaviofB that is (i) linear, (ii)
shift-invariant 8 < ¢%B, wheres denotes the shift:
(af)®) = f(@ + 1)), and (iii) complete, i.e.®B is

closed in the topology of pointwise convergence. We

denote the class of systerlis= (N, R*, B) satisfying

(i)—(iii) by £™. Since throughout the time axis equals

N, we use both notations € £” and®B € £¥. If w
is not specified, we us& € £° or B € £ whence
= UwEZ+ v,

Itis well known (sed10, Theorem 5]that®B ¢ ¥
if and only if there exists a real polynomial matiixe
R**™[&] (this notation meansR is a matrix of poly-
nomials in the indeterminatg& with real coefficients,

w columns, and any finite number of rows) such that

B={w:N— R"|R(c)w=0}.

Equivalently,B = ker(R(0)). We call R(e)w =0 a
kernel representationf this B or of X' = (R, R¥, B).
The kernel representation associated with a gidea

2" is not unigue, and there exists always one in which

the polynomial matribR has full row rank. Such kernel
representations are call@tinimal

Let B € £°. Denote, forT € N, by B|;1,7) the
w € B restricted to1, 7], i.e.

Bliir={w:[L,T] > R"|FveB:
w) =v(t) for 1<r<TY.

Closely associated with a kernel representaffoa
2" is the module ofinnihilatorsof B, Ity < RV [£],
defined by

Ny = (n € RV[E]|n" (0)B =0}.

It is easy to see thdlly is a submodule oR¥[£].

Nier(r (o)) IS, In fact, the submodule generated by the

rows of R. Consider also for nonnegative integetrs
7, the annihilators of degree less thdn

%%::{n € R¥[&]|each element of is of degree< 4}.
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Observe that there holds (with apologies for the slight
abuse of notation), fof. € 7.,

i]té{l = ker(%[l,L]).

There are a number of important ‘integer invariants’

associated witl? " . The following are of interest to us
in this paper.

w: £ — 7, thevariable cardinality If B € 2%,
thenw(B) := w.

m: 2 — Z,, theinput cardinality This may
be defined as followsm(B) = m if there exists
an m-dimensional subvector that is free 3. An
m-dimensional subvectow; is free inB if after
permutationw = (w1, w2) with wy : N — R,
w2 : N — RY2, andwi + wo = w, then for all
w1 : N — R™! there exists a, : N — R"2, such
that (w1, wp) € B.

p: & — Z.,theoutput cardinality defined as
pP(B) :=w(B) — m(B).

n: L — Z,, thestate cardinality This may be
defined as follows. Ever§B ¢ £” admits a state
representation, i.e., there exists 7 (called the
state dimension) an®’ € £*"", such that

B={w|Ix : (w,x) e B}

and such that®B’ satisfies thestate axiom
This means that if(wy, x1), (w2, x2) € B and
to € N satisfy x1(tp) = x2(fp), then (w, x) =
(w1, x1) Ay (w2, x2) € B. A4 denotes concatena-
tion atzg, defined by

for ¢ < 1o,
for t > 1.

(w1, x1) ()
(w2, x2)(1)

The smallest state-space dimension among all state
representations dB is the state cardinalityn(B)
of B.

(wlv xl)/\to(wz, )Cz) = {

o L: 8" — 7., thelag. This may be defined as fol-

lows. Let R(o)w = 0 be a kernel representation of
B. The maximum of the degrees of the polynomial
elements oRis called the lag associated with this
particular kernel representatidn(*B) is the small-
est possible lag over all kernel representatiort of
In fact, L (B) is also the smallest such thatiitg'3
generates the modulg. In particular, there ex-
ist a kernel representation & with equation lags
less than or equal tb(‘B).
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o | : 2" — 7., theshortest lagThis may be defined
as follows. LetR(o)w = 0 be a kernel representa-
tion of B. Define the degree of a vector of polyno-
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Define the Hankel matrix adepth Lassociated with
the vector signalf (1), f(2), ..., f(T) by

mials to be equal to the largest of the degrees of the HLf)

entries. The minimum of the degrees of the rows
of Ris called the minimal lag associated with this
kernel representation:; each equatiorkitv)w =0
involves lags at least equal to the minimal 1&@3)

is the smallest possible minimal lag over all ker-
nel representations ¢B. Every equation in every
kernel representation & has lag at leadi(B).

These integers are all readily computable from
a kernel representation, and certainly from an in-
put/state/output representation & (see[10, Sec-
tion 7]). It is, for example, possible to prove that

n(B)=>L(B).
Also,

L>2L(B) < dim(B|i1,2)) = m(B)L + n(B)
& dimtgH =p(B)L — n(B),

and

L<|(%) i=4 dim(%hl’“) = W(QS)L
& dimg H =0.

Recall that® € £ is said to becontrollable : <
forall T € N, w1 € Bl 7}, andwz € B, there exists
v e BandT’ e N, such thaw|j1,7) = w1 andwa(r —
T —T)=v()fort>T + T'. Denote by ,nioliable
and L& honable Of the controllable element8” and
Q¥ respectively.

3. Sequences with spanning windows

Let B € £°, and assume that a finite trajectory
w € B[, 77 is ‘observed’.Under which conditions it
is possible to recover from the laws of the systef
that generatedv? This question is closely related to
the question asked in the introductiddnder which

O f@ FT—L+1)
@ G FT—L+2)
L) FL+D £(T)

Note that the columns of the Hankel mati§y ()
correspond to the windows af displayed in the intro-
duction. Of course, sincé € Bl[1, 7], anyn € ‘ﬁ%‘l,

n(&) =no+nié+---+np_1&-71, is such that
[ng n{ -+ nj_4191()=0.

Therefore, the left kernel oy, (w) contains the
vectors generated by the elements iﬁ}%‘l. The
qguestion is:When are there no other annihilat@s
Equivalently (with a very slight abuse of notation):
When is leftkernel$, () = g ', equivalently,
rowspan$ . (w)) = Blj1,11?

Crucial in our result is the persistency of excitation
of a component (typically, the input component) of
w. The signalf = [1, 71NN — R/ is said to be
persistently exciting of ordef. :< rank($H,.(f)) =
Lf, i.e., if there exist no non-trivial linear relations
of orderL among thef(z)’s. In other words, there
are noas, az, ...,ar € R/, not all zero, such that
al f) +a) fG+D+-+a] ft+L—-1)=0,
forr=212,...,T — L.

The following is the main result of the paper.

Theorem 1. Consider B € £ wollable L€t #
[L,T]— R™ 5.1, 7] > RP"® andw=(a, 7).
Assume thaiv € B|;1,77. Then if & is persistently
exciting of orderL + n(B),

leftkernel () = Nk, K)
and
rowspani9Hz (w)) = Bl 0]

Proof. We only need to prove (K). The inclusion
leftkernelH,, (@) 2 g is obvious.

Consider the reverse inclusion: leftkerie}

conditions do the observed windows of length L span (W) € m%_ Assume, to the contrary, that

the space of all possible windows of length L which
the system can produge

0 # rT — [rc—)r rir e rZ_l] S |eftkel’net55L(ﬁ)))
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butr(&)=ro+rié+---+rp-1E" 1 ¢ 9Nt Consider
Dr+nw)(w). Obviously, leftkernel (97 (W))
containsﬁi%’m(%)_1 + R, with R c R*[&] the linear
span of

R =sparir (), & (©),..., P rTE).
Recall that
dim@ig™® ™ = (L + n(B)pB) - n(B).

Clearly, dim(R) = n(B) + 1. We now show that
the persistency of excitation assumption implies

RN NP £ (o) 1f RN RGP = (0}, then

dim9ig " £ R) = (L + n(B)p(B) + L.
But the persistency of excitation implies

rank(Hz+n®) (W) = (L +n(B))m(B).
Hence

dim(m%+n(%)—l R
=(L+nB)p(B)+1
< dim(leftkernel 9 ) (W0)))
<(L +n(B)p(B).

ThereforeR N iTié;’n(%) # {0}.
Consequently, there is a linear combination of

rh @), &7 @), ..., T,

that is contained it "™ . In terms of the minimal
kernel representatioﬂ(%)w:O of B, this means that
there is 0% f e R[¢], such thatfr = FR, for some

0 # F e RMOWdM(R) £ 1f deg( £) > 1, then there is
A e C, such thatf (/) =0, henceF (A)R(X) = 0.
Now use the well-known facfl1] that R(c)w = 0

of B is a minimal kernel representation of a control-
lable behavior if and only ifR(4) has full row rank
for all 4 € C. Hence controllability implies” (1) =0.
This implies thaf and each element &f have a com-
mon root/’. Cancel this common factor. Proceed un-
til deg(f) = 0. But thenr = F'R. This contradicts the
assumptiorr ¢9?§;1. Hence leftkerndky, ()) C

%k 1, and (K) holds. O
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4. Comments and corollaries

1. The interesting, and somewhat surprising, part of
Theorem 1 is that persistency of excitation of order
L +n(B) is needed in order to be able to deduce
that the observed sequences (1) of lenigthave
the ‘correct’ annihilators and the ‘correct’ span. In
other words, we have to assume a ‘deeper’ per-
sistency of excitation o than the width of the
windows of (iz, y) which are considered.

2. Note that Theorem 1 holds for dll(and not just
for L > L(B)). So, in particular, ifL <I(B), and
under persistency of excitation of ordern(B),

91 (w) has full row rank. Also, ifL > L (®B), and
under persistency of excitation of order n(B),

the left kernel ofH; (w) (identified in the obvious
way with polynomial vectors) generates the full
annihilator modulétyg. The observed system sig-
nal then completely specifies the laws of the sys-
tem.

3. An interesting special case is wh#his the usual
state space systesm = Ax + Bu. Note that for this
systemL (B)=1. Theorem 1 yields the following
corollary.

Corollary 2. Assume thatsx = Ax + Bu is con-
trollable. Consider a trajectoryi(1), ii(2), ..., u(T);
X(1),x(2),...,x(T) of this system. Then

() If & is persistently exciting of ordedim(x), then
ranx(1) x(2) --- X(T)]=dim(x) + 1.
(ii) If u is persistently exciting of ordedim(x) + 1,

then rank
(1) T .
%D )E(T)} =dim(x) +dim(u).
(i) If u is persistently exciting of ordedim(x) + L,
then rank
55}@} — dim(x) + L dim(u),

where

X:=[xQ) --- X(T-L+1D].

In [9, Section 3.3]the conditions ranEg}(ﬂ)] =
dim(x) + L dim(u) is recognized to have a crucial
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role in subspace system identification. To the best of Acknowledgements
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