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Abstract

The maximum likelihood PCA (MLPCA) method has been devised in chemometrics as a generalization of the well-known PCA method in
order to derive consistent estimators in the presence of errors with known error distribution. For similar reasons, the total least squares (TLS
method has been generalized in the field of computational mathematics and engineering to maintain consistency of the parameter estimat
in linear models with measurement errors of known distribution. The basic motivation for TLS is the following. Let a set of multidimensional
data points (vectors) be given. How can one obtain a linear model that explains these data? The idea is to modify all data points in such
way that some norm of the modification is minimized subject to the constraint that the modified vectors satisfy a linear relation. Although the
name “total least squares” appeared in the literature only 25 years ago, this method of fitting is certainly not new and has a long history in the
statistical literature, where the method is known as “orthogonal regression”, “errors-in-variables regression” or “measurement error. modeling”
The purpose of this paper is to explore the tight equivalences between MLPCA and element-wise weighted TLS (EW-TLS). Despite their
seemingly different problem formulation, it is shown that both methods can be reduced to the same mathematical kernel problem, i.e. findinc
the closest (in a certain sense) weighted low rank matrix approximation where the weight is derived from the distribution of the errors in
the data. Different solution approaches, as used in MLPCA and EW-TLS, are discussed. In particular, we will discuss the weighted low rank
approximation (WLRA), the MLPCA, the EW-TLS and the generalized TLS (GTLS) problems. These four approaches tackle an equivalent
weighted low rank approximation problem, but different algorithms are used to come up with the best approximation matrix. We will compare
their computation times on chemical data and discuss their convergence behavior.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction availability of efficient and numerically robust algorithms in
which the singular value decomposition (SVD) plays a promi-

1.1. Total least squares: problem formulation, nentrolg?2]. Anotherreasonisthe factthat TLS is an applica-

algorithms and extensions tion oriented procedure. It is suited for situations in which all

data are corrupted by noise, which is almost always the case
The total least squares (TLS) method is one of several lin- in engineering applications. In this sense, TLS and errors-in-
ear parameter estimation techniques that has been devised teariables (EIV) modeling are a powerful extension of classi-
compensate for data errors. The univariate line fitting prob- cal least squares and ordinary regression, which corresponds
lem was already discussed since 18147 More recently, the  onlyto apartial modification of the data. Acomprehensive de-
TLS approach to fitting has also stimulated interests outside scription of the state of the art on TLS from its conception up
statistics. One of the main reasons for its popularity is the to the summer of 1990 and its use in parameter estimation has
been presented [B]. While the latter book is entirely devoted
mp onding author. Tel.: +32-16321143. toTLS,a ;econ{;ﬂ] and th.ird booK5] pre;ent t'he progress ip
E-mail addressmieke.schuermans@esat.kuleuven.ac.be TLS and in the broader field of errors-in-variables modeling
(M. Schuermans). respectively from 1990 till 1996 and from 1996 till 2001.
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The problem oflinear parameter estimatioarises in a the SVD only partially or iteratively if a good starting vector
broad class of scientific disciplines such as signal processing,is available. More recent advances, e.g. recursive TLS al-
automatic control, system theory and in general engineering,gorithms, neural based TLS algorithms, rank-revealing TLS

statistics, physics, economics, biology, medicine, etc. It startsalgorithms, regularized TLS algorithms, TLS algorithms for

from a model described by a linear equation:

E1b1+ -+ &by =1 1)

.,& and n denote the variables and =
b,]T € R” plays the role of a parameter vector that

where &1, ..
[b1,...,

large scale problems, etc., are reviewei/b].

Under specific conditions, the TLS solution, as introduced
in numerical analysis, computes optimal parameter estimates
in models withonly measurement errpreferred to as clas-
sicalEIV models. These models are characterized by the fact

characterizes the specific system. A basic problem of appliedthat the true values of the observed variables satisfy one or

mathematics is to determine an estimate oftthe but un-

knownparameters from given measurements of the variables

In generaly can be a vector of dimensiah> 1. In this case,

the parameters form a matiand more than one (indepen-

dent) linear relationship betweenand the variable§; has

to be estimated. This gives rise to averdeterminedet of

m linear equationsif > n):
XB~Y (2)

where thath row of data matrixX € R™*" and vectorY <

more unknown but exact linear relations of the fofhy In

_particular, we defing8—10]the following.

Definition 2 (Multivariate EIV regression model). Assume
that them measurements iX, Y are related to: x d un-
knownsB by:

EB=7n X=E+AXandY=n+AY (4)

whereA X, AY representthe measurement errors and all rows
of[ AX AY]arei.i.d. with zero mean and covariance matrix

R™*4 contain respectively the measurements of the variablesc, known up to a scalar multiple?.

£1,...,& andn.

In the classical least squares approach, as commonly useclif

in ordinary regression, the measuremexigf the variables

& are assumed to be free of error and hence, all errors are

confined to the observatior¥s However, this assumption is
frequently unrealistic: sampling errors, human errors, mod-
eling errors and instrument errors may imply inaccuracies of
the data matrixX as well. One way to take errors Kinto
account is to introduceerturbations also in XTherefore,
the following TLS problem was introduced in the field of
computational mathemati¢®,6] (R(X) denotes the range of
Xand| X| g its Frobenius nornii7]):

Definition 1 (Total least squares problem). Given an overde-
termined set oim linear equationsYB ~ Y in n x d un-
knowns B. The total least squares problem seeks to

_min |[AX AY]|[rsubjectto & — AX)B=Y — AY
AX,AY,B

3

Bis called a TLS solution andf X AY ] the corresponding
TLS correction.

In most multivariate problems, the TLS probl€B) has
a unique solution which can be obtained from a simple scal-
ing of thed right singular vectors of X Y ] corresponding to
its d smallest singular values. Extensions of this basic TLS
problem to problems in which the TLS solution is no longer
unigue (called minimum norm TLS since then the solution
with minimal norm is selected) or fails to have a solution
altogether (called non-generic TLS) and to mixed LS-TLS
problems that assume some of the columnX tj be error-
free, are considered in detall j8]. In addition, it is shown
how to speed up the TLS computations directly by computing

additionally C = o021 is assumed with the identity ma-

trix (i.e. Ax;; and Ay;; are uncorrelated random variables
with equal variance) and lig, oo = exists and is pos-
itive definite, then it can be prove®,6] that the TLS so-
lution B of XB ~ Y estimates thérue parameter valueB,
givenby (' £)~1= Ty, consistentlyi.e. B converges t® as

m — oo. This TLS property does not depend on any assumed
distributional form of the errors. If additionally the errors are
normal, then TLS computes the ML estimate. It should be
noted that the TLS correctiorN X AY ], being of rank< d,
cannot be considered as an appropriate estimator for the true
measurement error& X and AY, added to the datg,3].

Note also that the LS estimates are inconsistent in this case.
In these cases, TLS gives better estimates than does LS, as
confirmed by simulation§3]. This situation may occur far
more often in practice than is recognized. It is very common
in agricultural, medical and economic science, in humanities,
business and many other data analysis situations. Hence TLS
should be a quite useful tool to data analysts. In fact, the key
role and importance of LS in regression analysis is the same
as that of TLS in EIV regression. Nevertheless, a lot of con-
fusion exists in the fields of numerical analysis and statistics
about the principle of TLS and its relation to EIV modeling.
Roughly speaking, TLS is a special case of EIV estimation
and, as such, TLS is reduced to a method in statistics but,
on the other hand, TLS appears in many other fields, where
mainly the data modification idea is used and explained from
a geometric point of view, independently from its statistical
interpretation.

The statistical model that corresponds to the basic TLS ap-
proach is the no-equation-error EIV regression model with
the restrictive condition that the measurement errors on the
data are i.i.d. with zero mean and common error covari-
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ance matrix, equal to the identity matrix up to an unknown norm minimization, various computational algorithms have
scalar. Most published TLS algorithms just handle this case been presented, as surveyed4ib], and shown to reduce
while other more useful EIV regression estimators did not the computation time by exploiting the matrix structure in
receive enough attention in computational mathematics. Tothe computations. In addition, it is shown how to extend the
relax these restrictions, several extensions of the TLS prob-problem and solve it, if latency or equation errors are in-
lem have been investigated. In particular, thexed LS-TLS  cluded. Recently, robustness of the structured TLS solution
problem formulation allows extension of the consistency of has been improved by adding regularization, see[£8j-

the TLS estimator in EIV models, where some ofthe variables ~ Yet, another important extension is tleement-wise

& are measured without error. Thata least squareprob- weighted TLYEW-TLS) estimator{19,20] (see definition
lem refers to the special case in which all variables except in the next section). EW-TLS computes consistent estimates
n are measured with error and was introduced in the field of in linear EIV models, where the measurement errors are
signal processing by DeGroat and Dowlifid] in the mid- element-wise differently sized or, more generally, where the
1990s. Whenever the errors are independentubegually corresponding error covariance matrices may differ from row
sized,weighted TLSroblems should be considered using to row, provided the total covariance structure of the errors
appropriate diagonal scaling matrices in order to maintain is known up to a scalar factor. Some of the variables are
consistency. If, additionally, the errors are also correlated, allowed to be exactly known (observab[)21]. Mild con-
then thegeneralized TL$GTLS) [12] problem formulation ditions for weak consistency of the EW-TLS estimator have
(defined in the next section) allows extension of the con- been given and an iterative procedure to compute it has been
sistency of the TLS estimator in EIV models, provided the proposed.

corresponding error covariance mattéixis known up to a

factor of proportionality (se®efinition 2). 1.2. Total least squares in chemometrics: state-of-the-art
More general problem formulations, such @stricted
TLS which also allow the incorporation of equality con- Although TLS has already been applied in chemometrics

straints, have been proposed, as well as equivalent problensince 198422], its concept and properties are not well known
formulations using other §_norms and resulting in the so-  in chemometrics and in fact a lot of confusion exists about
calledTotal L , approximationgsee[3] for references). The  its proper use and relation to well-known chemometric tech-
latter problems proved to be useful in the presence of out- niques such as principal component analysis (PCA), partial
liers. Robustness of the TLS solution is also improved by least squares (PLS) and other EIV approaches such as latent
adding regularization, resulting in thegularized TLSneth- root regression (LRR).
ods|[5,13,14] In addition, various types of bounded uncer- Several authors, such as Burnham et[28], de Jong
tainties have been proposed in order to improve robustness 0{24,25] and Phatal4,26,27] have described the close re-
the estimators under various noise conditions and algorithmslationships between a variety of multivariate regression tech-
are outlined4,5]. nigues, including TLS, mainly from a theoretical point of
Furthermoreconstrained TLSroblems have been for-  view. Although TLS should be primarily used for parameter
mulated. Arun15] addressed the unitarily constrained TLS estimation, it can be used for prediction provided the solu-
problem, i.e.XB =~ Y, subject to the constraint that the solu- tionis appropriately computdd2,28]. In[22], the prediction
tion matrixB should be unitary. He proved that this solution accuracy and stability of the TLS estimator is compared to
is the same as the solution to the orthogonal Procrustes probthat of ordinary LS, PC regression (PCR), ridge regression
lem[7, p. 582] Abatzoglou et al[16] considered yet another  and shrunken estimators in a chemical example in multivari-
constrained TLS problem, which extends the classical TLS ate regression in the presence of multicollinearities among

problem(3) to the case where the errorda X AY] in the the independent variables. In many chemical applications of
data [X Y] are algebraically related. However, if there is multivariate regression like the present example of relation-
a linear dependence among the error entriesAX[AY], ships between chemical structure and biological activity, the

then the TLS solution no longer has optimal statistical prop- predictive properties of the model are of prime importance
erties (e.g. maximum likelihood in case of normality). This and the regression estimates therefore often need to be sta-
happens, for instance, in dynamic system modeling when bilized. The exampl¢22] shows that minimum norm TLS
we try to estimate the impulse response of a system from gives a solution to the multivariate regression problem which
its input and output by discrete deconvolution. In these so- is stabilized in comparison with the LS solution and which
called structured TLSproblems, the data matrixX Y] is has (at least in the example investigated) minimal predic-
structured, typically block Toeplitz or Hankel. In order to tion error. Stabilization is performed by reducing the matrix
preserve maximum likelihood properties and consistency of [ X y]to a matrix of much smaller rank.

the solution16,17], the TLS problem formulation, given in More generally, the usefulness of an EIV model for pro-
Definition 1, must be extended with the additional constraint viding insights into the multivariate calibration probl¢29]

that any (affine) structure of or [ X Y] must be preserved was demonstrated by Thom§s30]. Predicting new con-

in AX or [AX AY], whereAX andAY are chosen to min-  centrations of a multicomponent sample from the associated
imize the error in the discrete;L.L, and L, norm. For L new spectra can be viewed as parameter estimation in an EIV
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framework with maximum likelihood properties. Moreover, data of three-component mixtures, it is shown that the ML
using the responses (spectra) from the available members omethods outperform PCR and PLS in case of non-uniform er-
the prediction set together improves the accuracy of the newrors. MLLRR generally performed better than MLPCR, but
concentrations compared to estimation based on only one rein most cases the improvement was marginal.
sponse of the current member of the prediction set. Finally, it should be noted that structured TLS (STLS)
Another EIV approach to multivariate calibration and mul-  clearly differs from dynamic PCf85]. Although both meth-
tivariate regression, two kernel problems in analytical chem- ods focus on modeling dynamic systems in an EIV context,
istry, was developed by Wentzell et §8], who general- dynamic PCA is based on computing the truncated SVD of
ized the PCA method to maximum likelihood PCA (MLPCA) an input/output data matrix and as such does not preserve the
[31,32] MLPCA is an analog to PCA that incorporates in- matrix structure during rank reduction in contrast with STLS
formation about measurement errors to develop PCA modelsand is hence not optimal.
that are optimal in a maximum likelihood sense. A glob-
ally convergent algorithm based on an alternating regressionl1.3. The use of TLS and extensions in multivariate
method has been derived. Generalization of the algorithm al- (ML)PCR
lows its adaptation to cases of correlated errors provided the
error covariance matrix is known. Simplifications to the orig- ~ From the previous subsections it should be clear that TLS
inal algorithm apply when errors are correlated only within and its extensions can be used in any multivariate (ML) re-
the rows of a data matrix and when all of these row covari- gression/calibration problexiB ~ Y by computing the best
ance matrices are equal. Simulated and experimental data fofower rank approximatio® = [ X Y ] of the augmented data
three-component mixtures show that inclusion of error co- matrix D = [ X Y] according to a weighted norm. As such,
variance information via MLPCA outperforms PCAwhenthe (EW)TLS is equivalent to (ML)LRR in problem formula-
true error covariance matrix is available. Using MLPCA, two tion. However, (EW)TLS can also be used in any multi-
approaches to multivariate calibration have been describedvariate (ML)PCR problemXB ~ Y where an MLPCA of
that allow information on measurement uncertainties to be X is sought prior to the computation & Indeed, assume
included in the calibration process in a statistically meaning- that the true pseudorank &fis p and the measurement er-
ful way. These methods, referred to as maximum likelihood rors on the elements of are i.i.d. normal, then the opti-
PCR (MLPCR) and maximum likelihood LRR (MLLRR) are  mal rankp matrix approximatiork € R">*" in an ML sense
based on principles of ML parameter estimation and general-is obtained by solving the TLS probleX; B ~ X2 where
ize PCR, which has been widely used in chemistry, and LRR X is split up in two partsX = [ X1 X>] such thatX; has
[33,34] which has been almostignored in this field. Whereas p columns and rankp. The TLS approach then computes
MLPCR is based on the decomposition of the calibration minimal (with respect to the Frobenius norm) corrections
matrix X by MLPCA, MLLRR decomposes the augmented AX = [ X1— X1 X2 — X»] such thatX = [ X1 X»] is of
data matrix [X Y] using MLPCA. In multivariate calibra-  rankp. In otherwords, TLS projects the datanto a lower di-
tion, this is the original calibration matrix of response vari- mensional (of dimensiop) subspac&(X) such that exactly
ablesX augmented by the corresponding concentration vec- N — p independent linear relations are imposed between
torsY. (ML)LRR is equivalent to (EW)TLS in the sense that andX». Equivalently, for correlated normally distributed er-
it computes the best lower rank approximatiﬁn: [X Y] rors where the error covariance matii% of the errors in
of the augmented data matri@ = [ X Y] in a (weighted) each row of the data matriX is known, an optimal lower
leastsquares senseXlfe R(Y), TLS computesthe minimum  rank approximation in an ML sense is obtained by minimiz-
norm solution which equals the minimum norm LS solution ing aweighted sum of squared corrections. If#llare equal
andhenceTLSis equiva|entto LRR, as reportqﬁm. How- to each Other, EW-TLS reduces to GTLS. As SUCh, TLS and
ever, if only non-predictive multicollinearities (i.e. linear de- EW-TLS algorithms can be applied to compute the PCA and
pendencies among the columnsanly) have beenremoved ~MLPCA of a matrixD = X, as used in PCR and MLPCR,
via the rank reduction, theki ¢ R(Y) and the TLS problem  or D =[X Y], asused in LRR and MLLRR. Other methods
is called non_generic_ In this case, the LRR solution differs eXiSt in the ”terature to taCkle the We|ghted IOW rank matriX
from the non-generic TLS solution, as shown[&}. After approximation problem, such as the weighted low rank ap-
removing the non-predictive multicollinearities, the LRR es- Proximation (WLRA) method36]. Itis the goal of this paper
timate is found by minimizing a sum of squared residuals, to compare the performance of the algorithms used for solv-
while the non-generic TLS solution is found by minimizing ing TLS problems and its extensions with the algorithms used
the corrections applied to the data such that the corrected datd" chemometrics for computing PCA and MLPCA. Also, the
satisfy the constraink € R(Y). By using estimates of the ~ WLRA algorithm will be considered in this comparison.
measurement error variance, MLPCR and MLLRR are able ~ The paper is organized as follows.$ections 2 and,3ve
to extract the optimum amount of information from each mea- Will discuss the WLRA, the MLPCA, the EW-TLS and the
surement and, thereby, outperform conventional multivariate GTLS problems. These four approaches tackle an equivalent
calibration methods such as PCR and PLS when there is nonWeighted low rank approximation problem, but different al-
uniform error structure. Using simulated and experimental 9orithms are used to come up with the best approximation
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matrix D of a given data matri®. In Section 4ve will com- Any of the representatiorl —C3 for the rank constraint
pare their computation times on simulated as well as real-life is bilinear. To handle such a bilinear problem, different opti-
chemical data and discuss their convergence behavior. Conimization techniques can be used:
clusions are made iSection 5 T1: applying an alternating least squares algorithm;

T2: eliminating one of the variables and obtaining an equiv-

alent problem in the other variable;

2. Weighted low rank matrix approximation: T3: linearizing the constraint and solving iteratively
problem formulation equality-constrained least squares problems.

When the measurement noise is centered, normal and in—NOW’ we can formulate the WLRAS6], the MLPCA[31],

dependentidentically distributed, the optimal closeness normthe EW-TLS[19] and the GTLY12] problem:

is the Frobenius norni, - ||. This is used in the well-known ~ WLRA : min NvecT(KT))W‘lvec(KB) st.

TLS and the PCA methods. Nevertheless, when the measure- (D — @)NZ 0. where\ € RN*(n-p) and

ment errors are notidentically distributed the Frobenius norm NN =T, '

is no Ior.1ger. opt.lmal and a We|ghteq norm |s'needed |n§tead.M|_F,CA - ming. p vecT(ZB)W—lvec(Zb) st

The weighting is related to the noise covariance matrix. In AD = D— TP with T c R"<P and P € RV*P

this case a closed-form solution is no longer available and is EW-TLS '_minA o Z’:m vecT(@-)W*lvec(Kb-) si

only implicitly defined via a non-convex optimization prob- ' B.AD ~i=1 A e

lem, which is the case in this paper. —. | B N .
Mathematically, we will consider the following weighted (D —AD) _11 = Owith AD; € RY theith row of

low rank matrix approximation problem:

AD and W; theiith weighting matrix defined as the

minvec' (D — D)W ~Yvec(D — D) st.rank®) < p (5) covariance matrix of the errors in thth row of the
D data matrixD. - -
with D € RN m < N, the noisy data matrixp <m,  GTLS :miny = 57, vec'(AD;)Wy 'vec(Dy,)st.
AD = D — D the estimated measurement noise #ithe __ | B _
covariance matrix of ve&{ D) where vecfs D) stands for the (D—-AD)| I] = 0 with AD,; € R theith row
vectorized form ofA D, i.e., a vector constructed by stacking = — o
the consecutive columns @D in one vector. of ADz, AD = [0AD2] e R"*" and the weighting
We will discuss the WLRA, the MLPCA. the EW-TLS and matrix W is the covariance matrix of the errors in
the GTLS method to tackle this matrix weighted low rank ap- theith row of the noisy data matri®; assumed to be
proximation problem. These methods differ in the representa- equal for all rows D € R™*"z is the noisy part of the
tion of the rank constraint rank) < p in problem(5) and in data matrixD € R"*N. Some columns ob can be
the applied optimization technique in order to solve problem known exactly, s = [ D1 Dz] = [ D1 D2 + AD;]
(5). In this section a short description is given of the different with D1 € R™*M noise-free andv1 + N2 = N.

problem formulations an(_:i the different approac.hes for .these-l-he WLRA and the MLPCA problem are the most general
methods. In the next section their different algorithms will be problem formulations. The weighting matri/ can be any

dlscusse_d. _ ) possible positive definite covariance matrix of the measure-
The_: different representations of the rank constraint are thement noise. So, for all data sets, no matter what kind of cor-
following: relation exists among their measurement errors, the WLRA
Cl: D=TPT,whereT ¢ R"*P andP € RN*P: and the MLPCA method can be applied. For the EW-TLS
C2: DN = 0, whereN € RVX(N=p) andNTN = I; and the GTLS problem the covariance matikhas a spe-
R cific block diagonal structureW = blkdiagW4, ..., W)
D, ] =0, whereB € RP*(N=7), andW = blkdiagW/, ..., W) respectively. Interms of cor-
N=p relation, it means that there should be no correlation at all
C1 andC2 are equivalent. Representatiatd andC3 only among the measurement errors along the columns of the data
differ in the way\ is restricted to be full rank. Represen- matrix. Only the rows of the measurement noise matrix can
tationC2 imposes the additional constraikt /' = I, while be correlated. In calibration problerf32], the rows of the

representatiod3 sets the lower — p) x (N — p) block of data matrix are formed by individual spectra. Hence, itis rea-
N'to —I. The constraint? A/ = I has the advantage thatit sonable to discuss the case where correlations between the
avoids the so-called non-generic cases, but it is more difficult measurement errors exist only along the rows. The GTLS
to deal with. Indeed, by using3 for representing the rank  problem is restrictive in the way that the covariance matrices
constraint, the condensed problem is an unconstrained op-of the rows of the measurement noise matrix should be the
timization problem, while using2 the condensed problem same for all rows. In this paper we considér = 0. Thus,
remains to a constrained optimization problem since the con-all the columns of the data matr@ contain measurement
straint\V' \/ = I cannot be substituted in the object function. noise. For real-life data this is mostly the case.
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Table 1

Different approaches of the WLRA, the MLPCA and the EW-TLS problem
Approach WLRA MLPCA EW-TLS
Rank constraint c2 Cc1 Cc3
Optimization technique T2 71 T2

Another difference between the WLRA-/MLPCA prob-
lem and the two TLS problem formulations is the approxi-
mation variable. The first two problems are matrix approxi-
mation problems to find the approximation matfix while
the latter ones are looking for a solutiérof a linear model.
Nevertheless, one can easily find the correspondirigm

~ ~ | B A A
D such thatD [ ] = 0 and at any optimal solutio, D

from the TLS problem formulation® can be obtained from
B and the weighting matrices via a closed form expression
[20, Eqg. (14)] Thus except for the above-mentioned differ-
ences, the four formulated problems are equivalent. Their
numerical algorithms, however, are different. This will be
discussed in the next section.

In Table 1the rank constraint representations and the op-
timization approaches of the four mentioned problems are

summarized. Because the GTLS problem is a special case of

the EW-TLS problem withW; = W, fori=1,...,m, the
GTLS problem is not included in the tableig. 3 explains
the hierarchy of the four problem formulations.

3. Different algorithms for one problem
3.1. GTLS algorithm

The GTLS algorithm is derived for the special case when
W = blkdiagW, ..., W) with W € RV*V,

The following input/output representation of the model is
used:

rank(D) < p & XB =Y, whereD =[X ¥]

with col dim(X) = p, X e R"*? and ¥ e R"*(N-7),
Hence, the low rank approximation probl€¢&) can be writ-
ten as

m
min > vecT(@i)Wflvec(@i) st.(D—AD)
B.AD S

To compute a solution of proble®) the data matrixD =
[ X Y]is scaled such that the error covariance mak¥ix of

the transformed dat®* = [ X* Y*] is diagonal with equal
variances, i.eW*% ~ I. The classical TLS algorithr{B] is
used to solve this transformed set of equatiaris™* ~ Y*

and finally the solution of the transformed setis converted into

259

a solution of the original set of equatioN®8 ~ Y. An outline

of the GTLS algorithm is given iAlgorithm 1. Alternatively,

the GTLS problem can also be solved by making use of the
Generalized SVIJ7]. This approach is recommended when
W is close to rank deficiency. For more details, the interested
reader is referred tf12].

Algorithm 1. GTLS algorithm via rescaling the data.

1. Input: the data matrixD € R™*V, the error covariance
matrix W, € RV*¥ which is equal for all rows ob and
a rank specificatiop.

2. DefineD = [ X Y], with X € R™*? andY e R"*(N=P),
3. Compute the Cholesky factorizationWf; : Wy = C'C.
4. Rescale the data matiix

D*=[X*Y*]=[XxY]C?!

p N-p
=[XY]|Cu Ci2 p
0 Ca2| N—p

5. Applythe classical TLS algorithm to the dd?a: compute
arankp truncated SVD approximatioD*ys = U, S, VpT

of D*, with the SVD of the matrixD* equal toUSV T,
U, the truncation of the matriy to m x p, S, the
truncation of Sto p x p and V, the truncation ofV
to N x p,UjU, =1V, V, =1, compute the solution

E;ﬂs of X*B* ~ Y*:
if p> N — pthenB¥ys = —V12V,5', where
p

p N-p

Vir Va2
Va1 Va2
elseB*ys = (V{}) " 1V,.
6. Output:Bgus = (C11B*1s — C12)Cy; Dgtis = D*4sC.

Note 1 (Special cases: ordinary TLS and weighted TLS).
It is worth noting that wheriV ~ I (i.e., the errors of the
data matrixD are uncorrelated and equally sized), the GTLS
solution reduces to the ordinary TLS estimate. Whenever the
errors are uncorrelated but unequally sizédig¢ diagonal),

the GTLS problem formulation reduces to the weighted TLS
problem.

3.2. Alternating least squares algorithm

The alternating least squares algorithm is based on an im-
age representation of the model

rank(D) < p < D =TP', where
T e R™*P p e RN*P
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which allows us to write the low rank approximation problem
(5) equivalently as

min  min vec (D — TP )W lvec(d — TPT)  (7)
TeRm*xp pcRNxp
The following two problems:

min vec' (D — TPT)Wtvec(D — TPT) (8)
TE]R’"X”

min vec' (D — TPT)Wtvec(D — TPT) (9)
PeRNxp

derived from(7) by fixing, respectivelyP and T to given
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6. k=k+1.
7. Compute the solution @)

vec® Dy = (LOT w-1L Y=L AT w-1yecp),
whereL®) = p®) & ,.

8. W = 7(®) p*)T

9. until |D® — DE=Dje/| DV < &.

10. Output:D = DW.

Note 2 (Initial approximation). The covariance mati¥
can partially be taken into account in the computation of the
initial approximation by using the GTLS method, thereby

values are least squares problems and therefore can be solvei%proving the convergence rate as showséttion 4 How-

in closed form. They can be viewed as relaxations of the non-

convex problen{7) to convex problems.

ever, the initial approximation can also be chosen to be
a rank p TLS approximationDys of D, as proposed in

The alternating least squares method is aniterative method[31 32} _compute a rankp truncated SVD approximation

that alternately solve8) and (9)with respectively® andT
fixed to the solution of the previously solved relaxation prob-

lem. The resulting alternating least squares algorithm, see

Algorithm 2, is given for the case of an arbitrary positive
definite covariance matri. WhenW happens to be block

diagonal or diagonal (corresponding to respectively column-

DO = Dys =U,S, Vv, of D, with the SVD of the matrix
D equal toUSVT U the truncation of the matri}J to
m x p, S, the truncat|0n ofSto p x p andV, the trun-
cation ofV tON x p,U,Up=1V,V,=1and letTys =

UpSp. Pjs = V], such thatDys = Tys .

wise and element-wise uncorrelated measurement errors),

Algorithm 2 can be implemented more efficiently by taking
into account the structure ©¥. For example, let

W = blkdiag(Wa, ..., W

~N), whereW; ¢ R™*™"

and defineD = [dj - - - dy]. The solution of problen@8) can

be computed efficiently in this case as follows:
=@"win)yirwld, fori=1,...,N

where p; is theith column of PT. In a similar (but not so

straightforward) way, the block diagonal structur&\édan be

taken into account forimproving the computational efficiency
when solving problen{9). We skip the algorithmic details.

Algorithm 2. Alternating least squares algorithm.

1. Input: data matrix® € R™>*V covariance matri® e
RNmxNm ‘rank specificatiop, and relative convergence
tolerances.

2. Initial approximation: compute a rapGTLS approx-
imation Dy of DT with Wy = L 5"V | W; whereWw;
is the submatrix ofV at the intersection of the rows
(i—1)m+1toi-m and the columnsi( 1)m + 1
to i -m (seeAlgorithm 1 and letT© = Tyys, DO =
Dgus, PO — Pgﬂs, where Pgys is the matrix, such that
Dgtls = TgtlsP

3. k=0.

4. repeat

5. Compute the solution ¢8)

vec(P*+1Ty =

tls

MOTw=IME)=IMOTw=lvecp),

whereM®) = 1y @ T®.

The alternating least squares algorithm monotonically de-
creases the cost function value, so that it is globally conver-
gent. The convergence rate, however, is linear and depends on
the distribution of the singular values bf[36, IV.A]. With
a pair of closely spaced singular values the convergence rate
could be rather low.

3.3. Algorithm of Premoli—Rastello

The algorithm of Premoli—Rastello, sgd,20]is derived
for the special case when

Rm xXm

W = blkd|ag(Wl, s WN)’

whereW; €
The following input/output representation of the model is
used

rank(D) < p <= XB=7Y, whereD" =[X Y]

with coldim(X) = p, coldim(Y) = d, andm = p +d. The
low rank approximation problerd) can be solved partially
by minimizing analytically with respect tD. In this way the
following equivalent unconstrained optimization problem is
derived:

B* = argminf(B), (10)
B

where

N
f(B)=> d'RT(RW;'R") 'Rd;, R=[BT —I]
i=1

(11
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Define the residual matrix 1. Input: the data matri®o € R™*V, the covariance ma-
R R ) R R trices {W;}¥ ;, a rank specificatiop, and a conver-
E(B)=(RD)'=XB -, ET(B)=[e1(B) - - en(B)] gence tolerance.
2. Initial approximation: compute a GTLS solution
and partitiond; andW; as follows: Bgus of XB~Y where DT =[X Y] with Wr=
% Ef‘il W; whereW,; is the submatrix otV at the in-
p d tersection of the rowsi (- 1)m + 1 to i - m and the
di = B’] Z L W= [ W Wl op columns (— 1)m + 1toi - m and letB© = Byys (see
i Wyi Wyl d Algorithm 1).
x PR x
) 3. Define:p= | * N] P , whered = m — p.
The first order optimality conditiorf’(B) = 0 of (10)is 4 L0 yio | d
N . = .
. N N 5. repeat
T -1 -1
Zz(xiei (B)Fl (B) = (WyiB — ny’i)['i 6. LetG = opdxpd andh = Opa’xl-
i=1 7.fori=1,...,Ndo
(Byei(B)e! (BYITH(B) = 0 8. e = B xi — i
T
where 9. N = B | B “
S —1I Yl -1
Ii(B) = RWi_lRT' 10. n; = Nje;.

o _ ) 11. G =G+ Ni ® (xix]) — (nin] ) ® W .
We aim to find a solution off’(B) = 0 that corresponds to 12. h = h + vec(y, Ni — Wyyinin]).
a solution of the low rank approximation problem, i.e.,toa 13 end for l o

global minimum point of. o 14. Solve the syster@b = h and letB**1) = vec1(p).
The algorithm proposed [19] uses an iterative procedure 15 — k + 1.
starting from an initial app'rolgkr?atloﬂ(o) and generating 16, until | B® — B¢Djje/| BV < e
a sequence of approximatioss”, k = 0, 1,_ 2, ._that_ ap- 17. Output:B* = B®,
proaches a solution of’(B) = 0. The iteration is implicitly
defined by the equation Note 3. Inthe special cases of rank reduction by one, jrex,
F(B(k+1) B(k)) -0 (12) m — 1, EQ.(12) becomes particularly simple. In this case,
r:(b®), e;(b®)), andy; are scalars, so th&t2)can be written

where as

N N
F(B(k-‘rl)’ B(k)) — ZZ(xi(B(k+l)TXi _ yi)lei—l(B(k)) Z(xi(x;rb(k-‘rl) _ yl)n_l(b(k)) _ (Wx,ib(k+1) _ ny,i)

i=1 i=1

~(We i BED Wy )L B (Bl 1 pW)e (0W)e (0@ 1 (6®)) = 0,
< (B 1(B8W)) which is equivalent to a standard linear system of equations
O p&+1) — p(pk)
Note thatF(B**1, %)) is linear in B*+1), so thatB*+1) GE™)b = h(™),
can be computed in a closed form as a functioB®t. Eq. N T 2050
. &) £ . . . XiX; ) ei( ) k41
(12) with B\ fixed can be viewed as a linear relaxation of o~ WeiT2om
the first order optimality condition fLO), which is a highly i=1 i) )
nonlinear equation. e
An outline of the Premoli—Rastello algorithm is given in

Algorithm 3. In general, solving the Eq12) for B+ re- N oy e2(b0)
guires vectorization. The vec operator vectorizes a matrix ~ Z r(p®) - xy,ifz(b(k))
column-wise an@® denotes the Kronecker product. The fol- =1 '
lowing identity is used ve&(BY) = (Y T ® X)vec(B) in or- h(H®)

der to transform(12) to the classical system of equations

G(BW)vecB*+Y) = h(B®), whereG andh are given in  Note 4 (Relation to Gauss—Newton type algorithms).

the algorithm. The mapping = vec(B) — Bis denoted by  Algorithm 3is not a Gauss —Newton type algorithm for solv-

vec ™. ing the first order optimality condition because the approxi-
mationF is not the first order truncated Taylor seriesfof

Algorithm 3. Algorithm of Premoli-Rastello. it is a different linear approximation. The choice makes the
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derivation of the algorithm simpler but complicates the con-
vergence analysis.

Note 5 (Convergence propertiefdlgorithm 3 is proven to

be locally convergent with a super linear convergence rate,
see[20, Section 5.3]Moreover, the convergence rate tends
to quadratic as the approximation gets closer to a minimum
point. The algorithm, however, is not globally convergent and
simulation results suggest that the region of convergence to
a minimum point could be rather small. This requires a good
initial approximation for convergence.

3.4. An algorithm based on classical local optimization
methods

Both the alternating least squares and the Premoli—
Rastello algorithm are heuristic optimization methods. Next,
we describe an algorithm for the low rank approximation
problem based on classical local optimization methods. The
classical local optimization methods have reached by now a
high level of maturity. In particular, their convergence prop-
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1. Input: the data matrid0 € R™*V, the covariance matri-
cesW;,i=1,..., N, a rank specificatiop, and a con-
vergence tolerance

Initial approximation: compute a GTLS approximation
Bgus of D, and letB© = Byys. (See Step 2 ohlgorithm

3)

Apply a standard optimization algorithm, e.g., the BFGS
(Broyden, Fletcher, Goldfarb, and Shanno) quasi-Newton
method, for the minimization dfover B with initial ap-
proximation B© and with cost function and first deriva-
tive evaluation performed vialgorithm 4. Let B* be the
approximation found by the optimization algorithm upon
convergence.

4. Output:B*.

2.

3.

The optimization problen{10) is a nonlinear least squares
problem, i.e.,
f(B)= FT(B)F(B)

for certain F : RP*4 — RN4, Therefore, the use of spe-

erties are well understood, while the convergence propertiescial optimization methods like the Levenberg—Marquardt

of the alternative methods are still not.

In order to apply classical optimization algorithms for the
solution of(5), first we have to choose a parameterization of
the model. A possible parameterization is given by the in-
put/output representation, so the considered probldiOis

method is preferable. The vectdi(B), however, is com-
puted numerically, so that the Jacobid(B) = §F; /SB],
whereB = vec(B), cannot be found in closed form. A possi-
ble workaround for this problem is proposed&7], where

an approximation, called quasi-Jacobian is used instead. The

A quasi-Newton type method requires an evaluation of the quasi-Jacobian can be evaluated in a similar way to the one for
cost functionf(B) and its first derivative’’(B). Both the cost  the gradient, which allows use of the Levenberg—Marquardt
function and its first derivative are available in closed form, method for the solution of the low rank approximation prob-
so that their evaluation is a matter of numerical implementa- lem.

tion of the involved operations. The computational steps are
summarized irAlgorithm 4. The proposed algorithm, based
on a classical optimization method, is outlineddlgorithm

5.

Algorithm 4. Cost function and first derivative evaluation.

1. Input:D € R™N (W} || p, andB.
2. Define:D = T AN P , Whered = m — p.
Y1+ YN
3. Letf =011 andf’ = Opxa-
4. fori=1...,Ndo
5. ¢ = BTx,' — .
- T -
B B
6. Solve the syste [ | Wi [ I] ni = e
7. f= f+e nl
8. f'=f + xin; _(szB nyl)nn
9. end for
10. Output: the cost functiohand its first derivative 2’ at

B.

Algorithm 5. Algorithm based on classical local optimiza-
tion.

Note 6 (Row versus column error covariancegjgorithms

3 and 5are designed for the case wher> N and row-wise
correlated measurement errors. In chemometrics the data ma-
trix usually has sizen x N with m < N. When the mea-
surement errors are uncorrelated or column-wise correlated,
Algorithms 3 and 5can be applied to the transposed data
matrix. For other cases of measurement error correlation, the
algorithms need to be optimized by considering the left ker-
nel of D, i.e., the following modifications @f2 andC3 should

be used:

' N D =0, whereN e R"™"=P) and NN = I;
' :[BT —I,_,]1D =0, whereB € RP*(m=p),

4. Performance comparison of MLPCA versus
EW-TLS

In this section the different approaches of the MLPCA and
the EW-TLS method are compared with each otherin order to
discuss their individual weak and strong points. For the dis-
cussion, several simulated and experimental data sets from
chemical measurements are used. The presented results are
obtained by implementing the different algorithms in Mat-
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lab (version 6.1) on a PC i686 with 800 MHz and 256 MB the measurement error matrix. The measurement errors are

memory. uncorrelated and the covariance matrices of the errors in the
The data sets which are used differ in the structure of the rows are assumed to be equal for all rows. This class of mea-

covariance matrixV of the measurement noise. In the first surement noise structure (uncorrelated errors with equal row

subsection we use data sets with uncorrelated measuremergrror variance) is quite common for real-life data.

errors. The second subsection contains a data set with row-

wise correlated measurement errors. 4.1.2. Unequal row error variances
To discuss the performance of the MLPCA and the EW-
4.1. No correlation among the measurement errors TLS approach for data with uncorrelated measurementerrors,

we use simulated data sets.
In this section we use data sets without any correlation

among their measurement errors. For these data sets th@&xample 2. The data sets all have 10 rows, but the number

weighting matrixW in problem(5) is diagonal. of columnsN increases from 10 till 200 in steps of 10. So,
this simulation set contains data sets of size<1¥ and pseu-
4.1.1. Equal row error variances dorank 2. For each data set the error-free data matgixs
In order to give results for the case of uncorrelated mea- generated by multiplying a 12 2 random matrix of full rank
surement noise with a diagonal covariance méffixwhich (with Matlab’sr and) by a 2< N matrix that also is created

is equal for all rows, we use an experimental data set which with r and. The matrix of the measurement standard devia-
was used previously by Wentzell and Andref@d]. The tions corresponding to this 10 N matrix is determined by
reader is referred to the original work for a complete de- generating a 1& N matrix of uniform distributed random
scription of the experiment. In here, we only describe shortly numbers between 0 and 0.01. This ensures that there is no
the experiment. pattern in the standard deviation matrix. Now, thex1®/
matrix of measurement errorsD is generated by taking a
Example 1. Thirty-one three-component mixtures contain- 10 x N random matrix with normally distributed elements
ing toluene, chlorobenzene and heptane were derived fromwith Matlab’s r andn) and multiplying this, element-wise,

an augmented, three-le_vel, three-factor, full factorial design. py the standard deviation matrix. Finally, the noisy data ma-
The spectra were obtained over the range 400-2500 nm onyrix D is the sum of the error-free matri®y and the noise

an NIRSystems model 6500 grating spectrometer at intervalSmatrix A D.
of 2nm and were the average result of 32 scans. Only stan-

dard deviations calculated from the replicate data for the first we applied the MLPCA method to the given data matrix
sample were available. The standard deviations for the firstp and the EW-TLS method to the transposed data matrix
sample were used for all samples. So, the error covariancep™ (seeNote 6 to approximate the ‘best’ rank 2 approx-
matrix was the same for every row of the measurement errorimation matrix D and the results are presentedTable 3
matrix. Because there was no information about the correla- andFig. 1 For the mipca approach (se¢31, Table 1) the
tions among the data, we used a diagonal covariance matrixruncated SVD solution (se¥ote 2 is used as initial value.
for each row. For the mipca(gtls) approach the GTLS approximation (see

) ) Algorithm 1) is used as initial value instead of the truncated
Because the error covariance matrix was the same for eachsy/p solution Table 3andFig. 1also contain the results of ap-

row, the GTLS approach could be used. We applied both, the yying the EW-TLS approach with two different algorithms.
MLPCA and the GTLS, approaches to the noisy data matrix For ‘ewtls Algorithm 3is used and foréwtls(opt) Algorithm

D of size 31x 1050 in order to estimate the error-free mea- 5 is applied to the transposed data. For both algorithms we
surement data matrib of rank 3. The MLPCA algorithm  have ysed the GTLS approximation as initial starting point.

that we used for this data set is the standard MLPCA algo- : ; o—DllE ;
rithm for uncorrelated errors (s¢21, Table 1). The GTLS Table scontains the relative err(yJ{ll)‘DT after applying the

algarithm that we applied ialgorithm 1 from the previous four algorithms to a data set of size X0200. The results in

. : the table are the average of the relative error over 100 rep-
section. For tl)gtﬁ[l)"ltre MLPCA andthe GTLS, algorithms the etitions for different noise realizations. From the table it is

relative error ol and the computation time is presented cjear that theewtls Algorithm 3diverges. Itis very sensitive
in Table 2 The table demonstrates that GTLS is a practical

alternative to MLPCA for this specific class of structure in Tapje 3
MLPCA and EW-TLS for data with uncorrelated measurement error de-

Table 2 scribed inExample 2
MLPCA and GTLS for near-infrared spectroscopic data described in Approach Relative error
Example 1
Relati Ti mipca 0.00262998780684
elative error ime (S)  mipca(gtis) 0.00267695997595
MLPCA 0.15834292416862 33150 ewtls 0.29211400246120

GTLS 0.15834292417331 4760 ewtls(opt) 0.00263335308541
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Fig. 1. The cputime of the MLPCA and the EW-TLS approaches for data with uncorrelated measurement error dedexérag|im 2

to local minima. Nevertheless, thevitls(opt) Algorithm 5 tween 0 and 1 from a uniform random number distribution.
converges to the same solution as the MLPCA algorithms do. The spectral profiles of the three components were Gaus-
Fig. 1shows the computation time of the algorithms. For each sian with a standard deviation of 20 nm and maximum mo-
N, the experiment is repeated 100 times for different noise re- lar absorptivities at 480, 500 and 520 nm, respectively. Pure
alizations and the average execution times are reported. Thespectral vectors were generated between 400 and 600 nm at
EW-TLS method outperforms the MLPCA method for this 20 nm intervals. The noise-free data matf was calcu-
specific case of measurement error. Especially for data setdated by multiplying the 10« 3 matrix of concentrations by

of size 10x N with 10 « N, the EW-TLS is much more  the 3x 11 matrix of pure component spectra. To add a noise

efficient. matrix A D of correlated measurement errors to the noise-free

matrix Do, firsta 10x 11 matrixD’ of uncorrelated measure-
4.2. Correlation among the measurement errors along ment errors was generated. The matrix of the measurement
the rows only standard deviations corresponding to thisx1@1 matrix is

determined by generating a X011 matrix of uniform dis-

In calibration problem$32], the rows of the data matrix  tributed random numbers between 0 and 0.01. This ensures
are formed by individual spectra. Hence, it is reasonable to that there is no pattern in the standard deviation matrix. Now,
discuss the case where correlations between the measuremetite 10x 11 matrix of uncorrelated measurement errbrs
errors exist only along the rows. So, the errors are uncorre-is generated by taking a 2011 random matrix with nor-
lated along the columns of the data matrix. In these cases themally distributed elements (with Matlalrsandn) and multi-
full covariance matrixV of the matrix of measurement errors  plying this, element-wise, by the standard deviation matrix.
will be block diagonal and can be stored as a sparse matrix.To introduce correlations among the errors within the rows,
To calculate the inverse &% the diagonal blocks can be in-  the rows of matrixD’ were filtered using a X 5 moving
verted individually. For the discussion of this specific class average digital filter (seg81, Egs. (34)—(36)for the def-
of measurement structure a simulated data set from chemicalnition) to construct the correlated error matixD. This
measurements is used which was previously described in aerror matrixA D w as added to the noise-free paxg in or-
paper by Wentzell and Lohn§32]. der to complete the noisy data matfix= Do + A D of size

10x 11.
Example 3. The simulated data set contained spectra from
10 samples of three-component mixtures. The concentration To this simulated data set we have applied the MLPCA
of each component in each of the 10 mixtures had a value be-approach and the EW-TLS algorithms. Although the EW-
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Fig. 2. The cost function value per iteration number is displayed for the MLPCA and the EW-TLS approaches applied to data with row error covariance only
as described ikExample 3

Correlations among the measurement errors
along the columns and the rows

(MLPCA,WLRA)
W >0
/ Correlation along the rows only \
(EWTLS) Correlation along t}le colunilns only
4 - .( | /- e
W = blkdiag(Wi, ..., W) W blkd‘:‘g(w 1 W)
\\ I / T
Uncorrelated,
Correlation along the rows only, unequal variance Correlation along the columns only,
equal row-covariance (GTLS) (Weighted TLS) equal column-covariance
W = blkdiag(Wy, ..., W) W = blkdiag(Wy, ..., Wy) W = blkdiag(Wy,..., Wy)
Wi>0 Wy = diag(w), Wr>0
weR™ w>0

Uncorrelated,
equal variance (TLS)

W~ InNn

Fig. 3. Hierarchy of covariance structures of the measurement noise. Between brackets are given the problems that use the assumption
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Table 4 that the EW-TLS method certainly has potential for the
MLPCA and EW-TLS for data with row error covariance only as described problems in chemometrics. EW-TLS outperforms MLPCA

in Example 3 for data sets with unequal row error variances. Neverthe-
Approach Costt 10°) Relative error less, a strong point of the MLPCA approach is its good
mipca 0.00058253884923 0.00472272972683 convergence. But, the current algorithm is computation-
emv'vF:giflgt';)ithm . 90-20101%54%2635%611715%416 0021%41%87%%91%%195‘;‘;8 ally not very efficient. Future work will focus on improv-
eWtIs(oSt)AIgorithm 5 000058356157547  0.00478011794589 N9 the computational efficiency of MLPCA by combining

its good convergence with the efficiency of the EW-TLS

algorithm.
TLS algorithms are not yet optimized for handling corre-
lated measurement errors in data sets where& N, as
is the case here (sed¥ote §, we nevertheless applied it Acknowledgements
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